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CHAPTER 1

INTRODUCTION

Kirchhoff’s rules, two statements about multi-loop electric circuits that embody the
laws of conservation of electric charge and energy and that are used to determine the
value of the electric current in each branch of the circuit. They were first described in
1845 by German physicist Gustav Kirchhoff. This generalized the work of Georg Ohm
and preceded the work of James Clerk Maxwell. Widely used in electrical engineering,
they are also called Kirchhoff’s rules or simply Kirchhoff’s laws. These laws can be
applied in time and frequency domains and form the basis for network analysis.

Both of Kirchhoff’s laws can be understood as corollaries of Maxwell’s equations in
the low-frequency limit. They are accurate for DC circuits, and for AC circuits at fre-
quencies where the wavelengths of electromagnetic radiation are very large compared
to the circuits. The first rule, the junction theorem, states that the sum of the currents
into a specific junction in the circuit equals the sum of the currents out of the same junc-
tion. Electric charge is conserved: it does not suddenly appear or disappear; it does not
pile up at one point and thin out at another. The second rule, the loop equation, states
that around each loop in an electric circuit the sum of the emf’s (electromotive forces,
or voltages, of energy sources such as batteries and generators) is equal to the sum of
the potential drops, or voltages across each of the resistances, in the same loop. All the
energy imparted by the energy sources to the charged particles that carry the current
is just equivalent to that lost by the charge carriers in useful work and heat dissipation
around each loop of the circuit.

On the basis of Kirchhoff’s two rules, a sufficient number of equations can be writ-



Vi

ten involving each of the currents so that their values may be determined by an alge-
braic solution.

Kirchhoft’s rules are also applicable to complex alternating-current circuits and
with modifications to complex magnetic circuits.

In the first chapter, we are going to give some definitions and reminders of the
results necessary for the continuation of this work like Holder’s inequality, Young’s in-
equality and Fatou’s lemma. And we are going to cite in particular certain elementary
results of the functional spaces.

In the second chapter, we are going to talk about the singular Kirchhoff type prob-
lem with the Dirichlet boundary value condition in the simple case and try to prove
the uniqueness of its solution.

In the last chapter we are going to present Kirchhoff type problem driven by a
nonlocal fractional operator and involving singular term and a critical non linearity

and we are going to prove existence of the solution.
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CHAPTER 2

PRELIMINAIRES AND SOME
BASIC TOOLS

In this chapter, we present some definitions and reminders of the results necessary for
the continuation of this work. We will cite in particular certain elementary results of

the functional spaces.

2.1 Functional spaces

2.1.1 LP(Q2) spaces

In what follows, €2 denotes an open of R equipped with the Lebesgue measure dz.

Definition 2.1. Let p € Rwith 1 < p < oo, we pose

LP(Q) = {f Q=R mesurableand/ | f(z) |P de < oo},
Q

e = | [ Vst 17 ] "

It can easily be checked that ||.||.» defines a norm on the vector space L” (€2) what

we note

show that L? (Q2) is a normed space.
Definition 2.2. We pose

L*(Q)={f: Q=R f ismesurable. 3C >0 suchthat| f(z)|<C pp sur Q},

7



2.1. FUNCTIONAL SPACES 8

L () is a normed space when it is endowed by

[fllze = inf{C,| f(z) |[<C on Qf.

Theorem 2.1. [I3] we have
1. The space L* (2) is a Banach for 1 < p < oo,
2. The space LP (2) is separable forl < p < oo,

3. The space LP (2) is reflexif for 1 < p < oc.

Let 1 < p < oo, we denote by ¢ the conjugate exponent of p, i.e.

1 1
-+-=1, so0 q:L.
P q p—1

Proposition 2.1 (Holder’s inequality). Let f € L? () and g € L? () with p € [1, 00 so
f.g € L*(Q) and
1591 dz <1 1uslglon

Proposition 2.2 (Young's inequality). Va > 0,Vb > 0, suppose that :1 < p < oo
1 1
ab < —aP + =b2.
p q

Writing f,(x) — f(x) a.e on , means that the sequence f,(z) converges to f(z)

almost everywhere on (2.

Theorem 2.2 (Lebesgue dominated convergence). Let (f,,) a sequence of functions L'(Q)
. We suppose that

1.fo(x) = f(x) ae on 9,

2. There exists a function g € L* (Q) such as for each n,| f,(x) |< g(x)a.e. onQso, f € L*(Q)

and || fn — f|lzr — 0.

Theorem 2.3 (Inverse Lebesgue dominated convergence). Let (f,,) a sequence of LP((2)
such that || f,, — f||z2 — 0. So, there is an extracted subsequence ( f,,, ) such that

1. fo,(z) = f(z)a.eon Q,

Université de M’sila



2.1. FUNCTIONAL SPACES 9

2. | fu.(x) |< h(z) YV k and a.e on Q with h € LP(Q).

The following result introduces some topological properties of Lebesgue spaces.

Definition 2.3 (weak and strong convergence). Let (), a sequence of the norme vector
space (E,||.||z) and let E' its topological dual . We say that (x,,) converges weakly in E if there

exists an element x € E such that

Vf€E, lim f(z,) = f(z) so ((fon) = (f,)).

We will note z,, — z in E, the weak convergence in E . We will note likewise z,, — x

in E, i.e. the strong convergence in E ( convergence in norm ).

The Sobolev Space W7 (Q)

Let Q C RY be an open interval, possibly unbounded, and let p € R with 1 < p < co.

Definition 2.4. The Sobolev space W?(Q) is defined to be

WP(Q) = u e LP(I);3g € LP(Q)  such that/qup = /g(p Vi € CH(Q)
Q Q
We set

HY(Q) = W2(Q).
Notation

The space W' is equipped with the norm
lullwre = llulle + [ Vul[zo

or sometimes, if 1 < p < oo, with the equivalent norm (||u/%, + || Vu|[%,)"/. The space

H' is equipped with the scalar product

(u,v)g1 = (u,v) 2 + (Vu, Vo) 2 = /(uv + VuVv),
Q

and with the associated norm

1/2
lullen = (lullfe + | VullZ:)

Université de M’sila



2.2. FRACTIONAL SOBOLEV SPACES 10

The Sobolev Space W, (1)

Definition 2.5. Given 1 < p < oo, denoted by W, *(Q) the clouser of C() in W'P(Q) . Set
Hy () = Wy ().

The space W,”(Q) is equipped with the norm of W'?(Q), and the space H; is
equipped with the scalar product of H' The space W, (1) is a separable Banach space.

Moreover, it is reflexive for p > 1. The space H} is a separable Hilbert space.

Remark 2.1. When Q = RN we know that C}(RN) is dense in W,?(RN) and therefore
Wy (RY)=W"#(RN)

2.2 Fractional Sobolev spaces

Generalities

Let €2 be a possibly nonsmooth, open set of the Euclidean space R” and p € [1, 4+00).
for any 0 < s < 1, we would define the fractional Sobolev space W*?(Q2). In the
literature, fractional Sobolev-type spaces are also called Aronszajn, Gagliardo, or Slo-
bodeckij spaces, by the names of the ones who introduced them, almost simultaneously
For more details see [7] [1] .

For a fixed s € (0, 1), the sobolev space W*?(() is defined as follows:

WeP(Q) = {u e LP(Q) : H“ﬂf‘c_) y_ﬁ/(fj' e LP(Q x Q)} .

It is endowed with the natural norm

| u(z) —u(y) [P 1
U||psp@) = u(x) [P d:c—ir/ dxdy
[ullwsne (/Q\ (@) | P P e

, where the term
| uz) —uly) )””
ulyswq) 1= dzdy
s (/stz |z —y [ntes

Université de M’sila




2.2. FRACTIONAL SOBOLEV SPACES 11

is the Gagliardo seminorm of w.

The space W*P((2) is well defined and is a Banach space for every 0 < s < 1. As in the
classical case (i.e., s = 1), any function in the fractional Sobolev space W*?(R") can be
approximated by a sequence of smooth functions with compact support. Indeed, for
any 0 <s <1,

Coo @) IWer e — pysa(gey,

that is the space C§°(R") is dense in W*?(R").
In general if @ C R™, the space C§°(?) is not dense in W;”(€2). Hence, we denote by

W5 () the closure of C§°(£2) with respect to the norm ||.||ys.r(q); that is,

WEP(Q) = m”-\\ws,p(m .

2.2.1 Embedding properties

This subsection is devoted to the embeddings of fractional Sobolev spaces into Lebesgue
spaces. We point out that Sobolev inequalities and continuous (compact) embeddings
of the spaces W*? into the classical Lebesgue spaces L? are exhaustively treated in
[7,1]. Here we recall briefly some basic facts.

Now we are ready to discuss the embedding properties of W*?. For this purpose, we
distinguish three different cases, that is, sp < n, sp = n, and sp > n. We refer to [7] for
a proof of these results.

Casel: sp<n

Theorem 2.4. Let s € (0,1) and p € [1,+00) such that sp < n. Let Q0 C R™ be an extension

domain for W*P. Then there exists a positive constant C' := C(n,p, s,2) such that, for any
u e Wer(Q),

[ull oy < Cllullwsr @),

for any q € [p,p:]; that is, the space W*P(2) is continuously embedded in L(2) for any

Université de M’sila



2.2. FRACTIONAL SOBOLEV SPACES 12

q € [p,pi]. If, in addition, Q) is bounded, then the space W*?(Q)) is compactly embedded in
L(Q2) for any q € [1,p}).

Case2:sp=n

For an extension domain €2, we have the following embedding result:

Theorem 2.5. Let s € (0,1) and p € [1,+00) such that sp = n. Let Q@ C R" be an extension
domain for W*P. Then there exists a positive constant C' := C(n, p, s, ) such that, for any
u e Wr(Q),

[ull o) < Cllullwsr @),
forany q € [p,+o0); that is, the spaceW*?(Q2) is continuously embedded in L?(R") for any
q € [p, +00). If, in addition, Qs bounded, then the space W*P () is continuously embedded in

Li(Q) for any q € [1,400).

Case 3: sp > n. Here C**(Q) denotes the space of Holder continuous functions,
endowed with the standard norm
| u(z) — uly)
||U||Co,a(9) = ||u||L°°(Q) + sup —a'
zyeslisi<t |2 =y
Corollary 2.1. Let s € (0,1) and p € [1,+0c0) such that sp > n. Let Q be a C%! bounded

domain of R". Then the embedding
WHr(Q) — C*(Q),
is compact for every 8 < o, with o := (sp —n)/p.

The Sobolev space H*((2)

In this subsection, we focus our attention on the Hilbert case p = 2, dealing with its

relation with the fractional Laplacian. Let €2 be an open subset in R”, and denote

H*(Q) = W**(Q),

Université de M’sila



2.3. THE FRACTIONAL LAPLACIAN OPERATOR 13

for any s € (0,1). This is an important case because the preceding fractional Sobolev

space turns out to be a Hilbert space. Indeed, the inner product on H*(?) defined by

(U, V) s () = /ﬂu(m)u(y)dx +/Q (u(w) = uly)(v(z) - U(y))dxdy.

xQ | r—=y |n+2s

Clearly, for every s € (0, 1), one has

H(R") := W*P(R") = {u € L*(R") : [u)ws2mn) < +o0} .

2.3 The fractional Laplacian operator

Nonlocal equations have attracted much attention in recent decades. The basic opera-
tor involved in this kind of problems is the so-called fractional Laplacian (—A)® with
s € (0,1). This operator and its generalization appear in many areas of mathematics,
such as, for instance, harmonic analysis, probability theory, potential theory, quantum
mechanics, statistical physics, and cosmology, as well as in many applications, as we
highlighted at the beginning of this chapter. This section is devoted to the definition of
this operator and to its properties.

Let s € (0,1), and define the operator (—A)*:( — L?(R") by

(=A)*u(z) := C(n, s) lim ufz) — uly)

dy xr € R", (2.1)
e—0t R\ B(z,¢) ‘ T —vy ’n+25
Where B(z,¢) is the ball centered at x € R” with radius ¢, and C(n,s) is the following

(positive) normalization constant

with ¢ = (¢, ¢'),¢ € R,
The operator defined in is the fractional Laplacian. Commonly, in defining (—A)*

, the abbreviation for “in the principal-value sense” is adopted. Precisely,setting

py [ M),y u(w) ~uly)

| @ —y [t €00 Jpm\ Blae) | T — Y [MFET

Université de M’sila



2.3. THE FRACTIONAL LAPLACIAN OPERATOR 14

We can write

(—A)°u(x) = C(n, s)P.V./ Mdy x € R". (2.2)

Re | @ —y |
The singular integral given in (2.2) can be written as a weighted second-order differen-
tial
Proposition 2.3. Let s € (0.1).Then , forany u € ¢ .

(—A)u(z) = —%O(n, 5) / n uz+y) +| Zﬁi —W2Wy, sern @9)

Proof. by we have that

u(y) — u()
—A)’u(z) = —-C(n,s P.V./ ——dy, (2.4)
R T
for every « € R".Hence ,substituting z = y — x in (2.4), it follows that
(—=A)*u(x) = —C(n, s)P.V. / uz rzj)n;j‘(x)dz, (2.5)
for every x € R". However , by putting z* = —z, one has
u(r + z) — u(x) / w(r — 2*) —u(x)
PV. = PV. dz".
V. /n ‘ = |n+25 dz V. n | o* |n+23 <

So, after relabeling z* as z, the following equalities hold

u(r + z) — u(x) u(r + 2) — u(x) u(r — z) — u(x)

2.P.V. dz = P.V. d PV. d
V. R ’ 2 |n+25 < V. Rn | z |n+25 Z+ &P | z |n+23 <
S U ELTE

Finally, a second order Taylor expansion yields

u(z +y) +ulx —y) = 2u(x) _ [[D?ulr=gn
|y |t = |y 22

and since s € (0,1), one has

u(r +y) + ulx —y) — 2u(x)

e LYR™).
| y |n+2$ ( )

Université de M’sila



2.3. THE FRACTIONAL LAPLACIAN OPERATOR 15

Thus, for any u € ¢, we have that

u(r +y) —ulr —y) —2u(x) , u(z +y) —u(x —y) — 2u(x)
PV. /n ‘ Y ‘n+23 dy = /n dy

Remark 2.2. Let s € (0,1/2). Observe that for any u € ¢ and for a fixed x € R™, we have that

u(z) — u(y) |z —y| 1
fuTemapmt=C [, gty oo [ ey

z,R) | v — R"\ B(z,R) | v —

<(J</R1d+/w 1d><+
< —dp P 00,
0 p25 R p2s+l

where C is a positive constant depending only on the dimension n and the L> norm of the

function u. Hence, in the case s € (0,1/2), the integral

[ =,

|z —y e
is not singular near the point x, so one can get rid of the P.V. Some recent results on frac-
tional Laplacian equations can be found in [4, 7] and references therein. Moreover, very re-
cently, a new nonlocal and nonlinear operator (the fractional p-Laplacian (—A); was consid-

ered. Namely, for p € (1,+00), s € (0, 1), and u smooth enough, it is defined as

) = P [ LA P ) )y, e

p |z —y [rtor

Up to some normalization constant depending on n, p, and s, this definition is consistent with
the one of the fractional Laplacian (—A)® in the case p = 2. For the motivations that lead to the

study of such operators, we refer the reader to the seminal paper of Caffarelli [2} 5]

Theorem 2.6 ( Lebesgue’s dominated convergence theorem). Let (f,,) be a sequence of
complex-valued measurable functions on a measure space (S, , jt). Suppose that the sequence
converges pointwise to a function f and is dominated by some integrable function g in the sense

that

| fu() < g(2),

Université de M’sila



2.3. THE FRACTIONAL LAPLACIAN OPERATOR 16

for all numbers n in the index set of the sequence and all points v € S. Then f is integrable (in

the Lebesgue sense) and

lim/\fn—f\du:(),
s

n—oo

which also implies

lim fndu / fdu.
S

n—oo

Theorem 2.7 (The Monotone Convergence Theorem(Beppo-Levi)). Let (X,), p) be a
measure space. Let (fu)nen € M3, be an increasing sequence of positive y —measurable
functions. Let sup f,, : X — R, be the pointwise supremum of (fy,)nen, Where R denotes the

neN
extended real numbers.Then

/ sup fpdp = sup / fndis.
neN neN
Theorem 2.8 (Vitali-Caratheodory). Suppose f € L'(n), f is real-valued, and ¢ > O .

Then there exist functions v and v on X such that u < f < v, u is upper semicontinuous and

bounded above, v is lower semicontinuous and bounded below, and

/X(v —u)du < e.

Lemma 2.1 (Fatou’s lemma). Let (f,,), a sequence of functions L' (Q) such that
1. Foralln, f, > 0a.e. on (2,
2. sup [, fo(x)dz < 4oc0.

for all = € Q we pose

n—oo

f(z) = lim mf/fn
so f € LY Q) and
f(z)dz < lim inf/ fulz)dz
Q Q

n—o0

Lemma 2.2. Let (X, ) be a measure space and let f,, be a sequence of measurable complex-
valued functions on X which converge almost everywhere to a function f. The limiting func-

tion f is automatically measurable. The Brezis—Lieb lemma asserts that if p is a positive number,

Université de M’sila



2.4. DERIVATIVES OF A FUNCTIONAL AND CRITICAL POINTS 17

then
i [ (1 FP =1 5P+ £ = fu P du=0,
n—oo X
provided that the sequence f,, is uniformly bounded in LP(X, j). A significant consequence,

which sharpens Fatou’s lemma as applied to the sequence | f,,|P, is that

Jorrran=n ([ nran- [ 1750 a).

2.4 Derivatives of a functional and critical points

Gateaux derivative

Definition 2.6. Let be 2 part of a Banach space E and I : Q0 — R a real-valued function. If
uw € Qand v € E are such as for t > 0 quite small v + tv € Q, we say that I admits (on point

w ) directional derivative v if the limit

lim I(u+tv) — [(u)7
t—0+t t

exists. Note this limit I) (u).
We note that function I can have a derivative directional in any direction v € E, without
being continous. when derivative direction I exists for some v € E we introduce the notion of

derivative in the sens of Gateaux.

Definition 2.7. Let be 2 a set of a Banach space E and I : Q@ — R.
Ifu € Q, we say that I is derivable in the sens de Gateaux (where G-derivable or G -differentiable)
in w, if there exists A € E' such as in any direction v € E where I(u + tv) exists for t > 0

quite small, directional derivative I{,(u) exists and we have :

lim I(u+tv) — I(u)

t—0t+ t

= (4, v),

we pose I'(u) := A.

Université de M’sila



2.4. DERIVATIVES OF A FUNCTIONAL AND CRITICAL POINTS 18

Example 2.1. Let €2 be an open of R and let be 2 < p < 400, the functionals

o) = / u(O)Pdt, () = / ()| dt,

where u™ is the positive part of u, are class C* (LP(Q),R) and we have
(. =p [ O 2u®hd, @ =p [ {at©F b
0 0

Frechet derivative

Definition 2.8. Let E be a Banach space, 2 C E an open set and I : Q0 — R a functional.

we say that I is differentiable in the sens of Frechet in u € Q, if it exists A € E' such that

Iu+v) —I(u) — Av

lim
o] =0 o]l

=0.

So, for I a differentiable functional we have
I{u+v) —I(u) = Av + o(]Jv]|)

if I is differentiable, A is unique and we note I' (u) := A.
The set of differentiables functions of Q — R will be noted C* (2, R) which implies that if I is

differentiable en u, then I is continuous in w.

Proposition 2.4. Suppose that Q) C E an open, such that I Gateau differentiable of Gateau in
Qand 1(, is continuous in u € €.

So 1 is differentiable too in u, and of course

IG(u) = I'(u).

Remark 2.3. The importance of the proposition (2.4) resides in the fact that it is often
technically easier to calculate the derivative in the sens of Gateau and then to prove that is

continuous , rather that directly proving differentiability in the sense of Frechet.

Université de M’sila



2.4. DERIVATIVES OF A FUNCTIONAL AND CRITICAL POINTS 19

Critical points

Definition 2.9. Let ) be an open set of a Banach spacce E. Suppose that I € C*(Q,R). we

say that uw € Q is a critical point of I, if
I'(u) = 0.

If v is not a critical point, then we say u est is a regular point of /. If ¢ € R, then we

say c is a critical value of I, if there exists u € (2 such that
I(u) = cand I'(u) = 0,

if ¢ is not a critical value, then we say it is a regular value of I.

Université de M’sila



CHAPTER 3

A UNIQUENESS RESULT FOR

KIRCHHOFF TYPE PROBLEM WITH

SINGULARITY

In this chapter, we are going to immerse ourselves in a singular Kirchoff type problem
with the Dirichlet boundary value condition in the simple case and try to prove the

uniqueness of its solution.

3.1 Presentation of Problem

Let consider the following kirchhoff type problem
- (a—i—b/Vu |2 dm) Au = f(z)u™ — AP, in €,
Q

(3.1)
u >0, m o §,

u =0, in 09,

\
where 2 ¢ RY(N > 3) is a bounded domain, 0 < v < 1, A > 0,0 < p < 2* — 1 and
a,b>0,a+ b > 0 are parameters. The coefficient f & Lﬁ(Q)with f(x) > 0 for any
z € Q, and 2* = 25 denotes the critical Sobolev exponent for the embedding H}(2)
into L?(Q) for every ¢ € [1, 255].

The Kirchhoff type problems have been widely investigated, and a lot of classical re-

sults have been obtained on a bounded domain or unbounded domain see[9, ?, ?, (16,

17].

20



3.2. MAIN RESULT 21

Definition 3.1 (weak solution). A function u is called a weak solution of problem if
u € H} () such that u > 0 in Q and

a+b [ | Vul|?de (Vu,Vo)dr + X | vPodr | f(z)u™"¢dx =0, (3.2)
[1eere)] [e]

Q Q

forall ¢ € H(Q).

The energy functional corresponding to problem is defined by

a b A 1
I = Sl = 2wt pl g 1= J
(u)—2|]uH +4HUH +p 1/Qlu| dx 1_7/S)f(x)\u] dx

Because of the singular term the functional / can not be Frechet differentiable , so we

can not apply the critical point theory to obtain the existence of solutions directly.

3.2 Main result

The main result in this section is the following

Theorem 3.1. Suppose a,b > 0, a+b >0, A >0,0< v <1, 0<p<2"—1and
fe ¥ (Q) with f(x) > 0 for almost every x € Q). Then problem possesses a unique

positive solution .Moreover , this solution is a global minimizer solution .

Remark 3.1. From one side, to the best of our information and knowledge, the studies of the
existence and uniqueness of solutions for problem are rare. The result that we get in
Theorem holds not only for the degenerate case, but also for the non-degenerate case. On
the other side, in Refs. [13| 10, 121, problem (3.1) was considered only in dimension N = 3.
However, we get the existence and uniqueness of solutions for problem in high dimensions,

ie. N > 3.

Remark 3.2. When a = 1, b = 0, problem reduces to the classic semilinear singular
equation. Theorem is also true. Moreover, when A = 0, our Theorem is the corresponding
result of [6]l. We point out that the condition that f € L7 () is more general than the

condition that f € L>(Q) in [l6]].
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3.3 Proof of main result

3.3.1 Global minimizer of /

[ s@ el de <yl e lul

since 0 < v < 1, A > 0,with

P+l - 1—y 1—y
s [ ruptae - @) fa T dez O 1 e

so by the Holder inequality and Sobolev inequality, we have got

a
M) = Gl + el + 25 [ luptde— = [ fo) |uf™ da

a 2 0 4 X 1y
> Sl Dl O el

where C' > 0 is a constant. This implies that I is coercive and bounded from below
on H}(Q). Then m = inf, Hi@) {(u) is well defined. Moreover, since 0 < 7 < land
f(xz) > 0 for almost every z € Q2 we can easily get m < 0. Before proving Theorem

(3.1), we need to see the following useful lemma.

Lemma 3.1. Assume that 0 < v < 1L,LA > 0,0 <p < 2*—1,a,b > 0witha+b > 0 and
fe [F (Q) withVx € Q, f(x) > 0. Then I attains the global minimizer in H}(Q)) , that

is , there exicts u, € H}(Q) such that I(u,) =m < 0.

Proof. According to the definition of m, there exists a minimizing sequence u,, C Hg ()
such that lim,,_, I(u,) = m < 0. Since I(| u, |) = I(u,), then we may assume that
u, > 0 for almost every z € Q. Obviously, u, is bounded in Hj (). Going if necessary

to a subsequence, still denoted by wu,, there exists u* > 0 such that O

Up — Uy, weakly in  Hj(Q),
Up, — Uy, strongly in L°(Q2), 1<s <2, (3.3)

Un () = ui(x), ae. in
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as n — oo. As usually, letting w,, = u,, — u., we need prove that ||w,| — 0as n — oo.

So,by the previous theorem , we can claim that

lim [ f(z)|u, |7 do = / f(z) | u, |77 da. (3.4)
Q Q

n—oo

And now, we only have to prove that { [, f(z) | u, |'™ dz,n € N} is equi-absolutely-
continuous. Note that {u,} is bounded, by the Sobolev embedding theorem, there

exists a constant C' > 0, such that | w,

2+< C. For every € > 0, by the absolutely-

771, there exists § > 0 such that Jo | f(@) T dp <

continuity of [, | f(z)

o*

er+~-1for every I/ C {2 with meas F < ¢ . Consequently, by the Holder inequality, we

have
2% 4y—1

2% 2 _
2 4y—1 dx) < C'7e.

[ 1wt <ot ([ 150
E E
Thus, claim is valid. Moreover, by the weak convergence of {u,} in Hj(Q) , we

obtain

luall* = llwnll* + [lus]* + o(1), (3.5)

lunll® = Tlwall* + lus[* + 2llwnl*|u* + o(1), (3.6)

|y |2 de = / | wy |* d:zc+/ | uy |2 da + o(1), (3.7)
Q 0 Q

where 0(1) is an infinitesimal as n — co. Hence, in the case that 0 < p < 2* — 1, from

[3.3) — (3.6), we deduce that

m = lim I(u,)
n—oo
b 1
= 1w+ fim (Gl Jll + o)
> I(u.)
> m,
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which implies I(u,) = m. In the case that p = 2* — 1, it follows from (3.4)) — (3.7)) that

b 1 A .
m= 1)+ tim (Gl Gl + gl + 3 1w )

v

I(uy)

v

m,

which yieldes /(u,) = m . This completes the proof of the previous lemma.

3.3.2 Minimizer of ] is a positive solution of (3.1)

Since I(u.) = m < 0, we have got u, > 0 and u, # 0. Now, we are going to divide the
proof in three steps.
First of all, we prove that u,(z) > 0 for almost everyz € (2. Since u.(z) > 0 for z € Q

No € Hi(Q),¢>0and ¢t > 0, we have
I(uy, +to) — I(u.)
- t
a

t
_ a/(Vu*,ng)dx—}—?/ V6 |2 dx+b||u*||2/(Vu*,V¢)d:v
Q Q Q

bt 2 2 ? 2 2
b hallof? o ([ (uvoyac) ool [ (Ve Vo) do

A (u*—i—t(b)p“—i—up‘*‘l
+ el + 2 | t :

1 (. +19)17 — ul™

By using the Lebesgue Dominate Convergence Theorem, one has

lim
t—0+ p+ 1

1 / (uy + t@)PTL + P!
Q

; da::/gu{f(bdx. (3.8)

For any z € 2, we denote

[us(2) +to(2)] ™ —u, 7 (2)
(L=t

h(t) = f(z)

Then
w7 (7) = [yt () + ua(@)][ua(z) + td(2)] 7

W) = (o) T <0,
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which implies that &(¢) is non-increasing for ¢t > 0. Moreover, one has

limy_o+h(t) = f(x)u,7(x)o(x),

for every = € ), which may be+oo when u,(z) = 0 and¢(x) > 0. Consequently, by the

perevious theorem , we have got

(us + @) 7 —u; ™
t

1
lim ——
= T

o = [ flay o
Q

which possibly equals to -+oo. Combining this with (3.8), lett — 07,

/ F@)u édz < (a+ bllu?) / (Vu, Vo)dz + A / Pz, (39)
Q Q Q

for all ¢ € H}(Q2) with ¢ > 0. Let e; € Hj () be the first eigenfunction of the operator

—A with e; > 0 and ||e;|| = 1. Particularly, taking ¢ = e; in (3.9), one gets

/ f(x)uerdr < (a+ blju.?) /(Vu*, Vey)dz + )\/ ulerdr < 00,
0 0 Q

which implies that u, > 0 for almost every x € (2 Secondly, we show that u, is a solution
of problem (3.1). We claim that inequality is true for all ¢ € H}(f2). Indeed, from
the definition of u., there exists § € (0, 1) such that u, + tu, € H} forall | ¢ |< §. We
difine that ¢ : [—0,] — R by ¢(t) = I(u. + tu.), thus ¢ attains its minimum at ¢t = 0

which implies that

© (0) = alju,||? + bl|u||* + )\/Quf:“dx — /Qf(x)uiﬂdx =0 (3.10)

Suppose ¢ € H} and ¢ > 0, define ¢y € H} by v = (u. + £¢)", where (u, + £¢)* =
maz {u, + ¢, 0}. Obviously, ¢ > 0. Then replacing ¢ with ¢) in , letQ ={x €Q:u,+e¢p <0]
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one has

0 < /Q(a+b]|u*H2)(Vu*,Vw)dx+)\/Qui’wda:—/Qf(x)uﬁwdx

bl|w, || . A Po — ol d

o [ it w056y 43 [ o o as

- /(a+b||u*||2)(Vu*,V(u*+5))da:—/\/ ul(uy + ep)dx
Q1 Ql

+ (@)u, ™ (us + e¢)da
1951

< 6/ [(a + b||w]|?) (Vits, V@) + AuPp — f(x)u;”qﬁ] dz
Q

5/ [(a+ bllu|*)(Vuy, V) + Ml o] d
951

since meas §2; — 0 as ¢ — 07, diving by ¢ and letting ¢ — 0%, we have

(a+ bllus|?) /Q(Vu*, Vo)dz + A/

Q

uPpdr — / f(z)u, " pdx > 0,
Q

for all ¢ € Hj(Q). Hence, this inequality also holds equally well for —¢. Then our
claim is proved. It follows that u, is a solution of problem (3.1). Moreover, according

to Lemma (3.1), we have I(u.) = inf,c g I(u). Thus u. is a global minimizer solution.

3.3.3 Uniqueness of solution

Now, we prove the uniqueness of solutions of problem (3.1). Assume that v, is another

solution of problem (3.1), then it follows from that

(a—l—b||u*|]2)/Q(Vu*,V(u*—v*))dx—l—A/

uP (uy —v, ) dz— z)u, "(us—v.)dz =0 (3.11
(. —v)da— [ @ (w—v)de =0 311

(a—l—bHU*HQ)/(VU*,V(u*—U*))dx—i-)\/uﬁ(u*—v*)daﬁ—/ f(x)v, " (us—vy)dx =0 (3.12)
0 0 0
From (3.11) and ()B.12) , we obtien

alu. — wlP +b [nu*n‘* ] / (Vatw, Vo )dz — [ / (Vatw, Vo )dz + [

+ [ = ) = e = [ f@)r =) = v)de =0
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Denote
Tty 02) = [l — | / (Y, Vo )dz — [Joa]? / (Van, Vo) + o
Q Q
By, the holder inequality, one has

T(usv) = sl = NwdlPlvdll = loel Pl + o[
= (el = Toal)* (eI + Hlase vl + o)

> 0
Since 0 < v < 1 and p > 0, it is easy to get the following elementary inqualities
(m™ —=n"7)(m—n) >0, Ym,n > 0.

Thus
/ f@)(u,” —v.7) (us — vi)dz <0, /(uf — vP)(uy — vy )dz > 0.
0 0

Consequently, if a > 0, it follows from that a|lu, — v.||*> < 0. Then |lu. — v.|* = 0. If
a = 0, one has [Ju,|| = ||vi]| and J(u.,v.) = 0. As a result, J(u,,v.) = |Ju.|[*(2]|u]]* —
2 [o(Vu,, Vv, )dz) = ||u.*||u. — v.]|* = 0, this implies ||u, — v,]|> = 0. Thus, for every
a > 0, one has u, = v,. Therefore u, is the unique positive solution of problem (3.I).

This completes the proof of Theorem (3.1).
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CHAPTER 4

A FRACTIONAL KIRCHHOFF PROBLEM

INVOLVING A SINGULAR TERM AND

CRITICAL NONLINEARITY

4,1 Main result

This chapter is devoted to the study of a class of Kirchhoff-type problems driven by a
nonlocal fractional operator and involving a singular term and a critical nonlinearity.

More precisely, we consider

0—1
|2dd (=A)° S )
|N+2 Yy v="a )

u>0 in
u=0 in R\ Q.

(4.1)

\

Where () is an open bounded subset of R" with continuous boundary, dimension
N > 2s with parameter s € (0,1), 28 = 2N/(N — 2s) is the fractional critical Sobolev
exponent, A > 0 is a real parameter, § € (1,2%/2), while v € (0,1). Here (—A)® is the
fractional Laplace operator defined, up to normalization factors, by the Riesz potential

as

(—AYp(z) = / 2p(x) — sOTZJ'rN?i)Q: p(r — y)d% r € RY,

RN

28
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Then our problem is the fractional version of the following nonlinear problem:
2 A 2 -1
-M /|Vu(x)| dr | Au=—+u in Q
u

4.2)
u >0 in €,

u=>0 in 0.

\

Theorem 4.1. Let s € (0,1), N > 2s,0 € (1,2%/2), v € (0,1) and let Q2 be an open bounded
subset of RY with 0 continous. then there exists X > 0 such that for any X € (0, \) problem

(4.1) has at least one solution.

4.2 Variational setting

We suppose without further mentioning that s € (0,1), N > 2s, 6 € (1,2%/2), v
(0,1) and  is an open bounded subset of R with dQ continuous. As a matter of
notations, we denote with p* = max {¢,0} and ¢~ = {—¢, 0} respectively the positive
and negative part of a function ¢. Problem has a variational structure, and the
natural space where finding solutions is the homogeneous fractional Sobolev space
Hi ().

In order to study , we need to encode the “boundary condition” u = 0 in RV \ Q
in the weak formulation, by considering also that the interaction between 2 and its
complementary in R gives a positive contribution in the so-called Gagliardo norm,

given as:
/2

1
2
U/
o) = ||l 2@y ({R/ | |N+l| dxdy (4.3)

The functional space that takes into account this boundary condition will be denoted

[l

by X, and it is defined as:

={ueH* (RY):u=0 ae in RY\Q}.
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In X, we can consider the norm :

1/2

u@) I”
|u||X0 - —y ’N+25 xray

Now, before going on, we need some preliminary results on X and X,. In the sequel
we denote Q = R*Y \ O, where O = (CQ) x (CQ) Cc R*, and CQ = RY \ Q. The space

X is endowed with the norm defined as

lallx = lgll2i0) + (| 9(z) — g(y) |* K (z — y)dady) "> (4.4)

Lemma 4.1. [T4] Let K : RV \ {0} — (0, 4+00),then

a- there exists a positive constant c, depending only on N and s, such that for any v € X,

o[ @)~ o) P

2 _ 2
||UHL2*(Q) = ||U||L2*(]RN) ¢ |z — gy |[N+2s dzdy,

R2N

b- there exists a constant C' > 1, depending only on N,s,\ and €2, such that for any v € X,

/ | o(a) — o(y) |2 Kz — y)dady < |Jv]%, < C / | o(z) — o(y) |2 Kz — y)dady,

R2N R2N

that is
1/2

Jollx, = { [ 10@) = o(0) P (o~ y)dody
Q
is a norm in X, equivalent to the usual one defined in (4.4)

Proof. Let v be in X, and p = 2 we obtain

2 | v(@) —v(y)
[0l 72r vy < [z —y [V+2s dzdy,
R2N

where c is a positive constant depending only on N and s. Since v = 0 a.e. in RV \ Q,

we get assertion a- For part b-, we note that by it easily follows that

ol > / | v(z) — v(y) |2 K — y)dzdy.
Q
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Moreover, using the fact that L* (Q) —

1/2
ol = | ol 2@ (/v o H?(x)@@J

2

< 2ol +2 [ 10(0) - oly) ! Ko - y)dady
Q
< 210 ol gy +2 [ 10(e) = olo) P Ko = oy
_ 2
< 2| Q|EFAE | rf)— ; T]\(gﬁj dxdy + 2/ | v(z) —v(y) |? K(x —y)dady
R2N
<

o) Q-2 )
2 (f + 1) / | v(z) —v(y) | K(x — y)dxdy.
Q

]

We also recall that(Xy, ||.||x,) is a Hilbert space, with the scalar product defined as:

e

R2N

From now on, in order to simplify the notation, we will denote ||.||x, and (., .)x, by |||
and (., .), respectively, and ||.||z«(q) by ||.||4 for any ¢ € [1, o0] .
In order to present the weak formulation of the problem we will consider the fol-

lowing kirchhoff problem taking into account that we are looking for positive solutions

0—1
|2 —A)’u= A uh)E"1 n
Q/ |x—yww d@J (&) =Gy T ) , 45)

u=0 in RN\ Q.

Definition 4.1 (weak solution). We say that v € X is a (weak) solution of problem (£.5) if

u satisfies

(J[1esiion) ],

R2N

- Ap " 2% —1
_ /Q (e ) (4.6)
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ie.

2(6-1) _ b 251
D) =3 [ e+

forany ¢ € X,.

Problem (4.5) has a variational structure any J : X, — R, defined

1 )\ 1 *
J _ — 20 P + 1_’Yd o + 28
= gl = 2= [ e = Sl

2%
* *
2% s

is the underlying functional associated to the problem (4.5). Because of the presence of
a singular term in , the functional J, is not differentiable on X,. Therefore, we can
not apply directly the usual critical point theory to J,, in order to solve our problem .
If we want to study the compactness property of the functional J,, 5, we have to recall
the best contant of the fractional Sobolev embedding , wich will be very useful, and
this constant is well defined and strictly positive

v(r)—v 2
ffRQN llx(_)y%d'xdy

g = .
ver @) (o | () |% dz)?/%

(4.7)

4.3 Proof of Theorem

4.3.1 Geometric condition

In this section we prove the existence of a solution for the problem (4.1) by a local

minimization argument. For this, we first study the geometry of functional J,.

Lemma 4.2. There exist numbers p € (1,0], \g = Ao (p) > 0and o = «(p) > 0 such that

J\ > aforany u € Xy with ||u|| = p and for any\ € (0, \o|. Furthermore, set
my = inf {J\(u) :u € B,},

Where B, = {u € Xy : ||u|| < p}. Then my < 0 for any X € (0, \o] .
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Proof. Let A > 0. We know that

/(u*)l‘”dng | u |77 da.
Q 0
IQ—T’Y
(o)™ =
Q

From the Holder inequality and (4.7) for any v € X, we have

1—~
2% -

/(u*)lﬂd:)j < Q [@EE1H/Z |y é—v <| Q@12 g1 2 gy |1 (4.8)

Q
Subsequently , using again (4.7) and (#.8), we get

1 STHEZE A 1)/ (1 _
Ia(u) = %HUHZQ - THU - T | Q [B12 G2y 17, (4.9)
Since 1 — v < 1 < 260 < 2, the function
1 20—1+ 372:/2 2F—1+
n(t> = %t T+ Tt s 77 te [07 1]7

S
admits a maximum at some p € (0, 1] small enough, that is ,max;cjo117(t) = n(p) >

0.Thus, let

(1 —~)St-/2
Ao =5 0 =iz 1P)-

Then for any u € X, with |[u]| = p < 1 and for any A < )y, we get
Ja(u) 2 " n(p)/2 = a > 0.

Furthermore , fixed v € X, with v* # 0, for ¢ € (0, 1) sufficiently small we have

% 20 1—y A +\1—y ts +125
J/\(tv):%HUH —t - Q(U ) dx—;”” 2t <0

s

Since 1 —v <1 <20 <2 O

4.3.2 Existence of a local minimizer

We are now ready to prove the existence of solution of (4.1)
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Theorem 4.2. Let A\ be given as in lemma (4.2). then for any X € (0, Xo] problem has a

solution ug € Xo with Jy(ug) < 0.

Proof. Fix A € (0, \o] and let p be as given in lemma (4.2)) .We first prove that there exists
uy € B, such that J,(ug) = my < 0. Let {uz}, C B, be a minimizing sequence for m,,
that is, such that

k—ro0

Since {uy}, is bounded in X, , by applying ([14],Lemma 8) and ([3], Theorem 4.9)
there exists a subsequence, still denoted by {u;}, , and a function u, € Bp such that, as
k — oo, we have X, is reflexif and the embeding of X, in L? is compact, Vp € (1.2}),
then

up, — ug in X, up — ug in  L%(Q
kK — Uo 0 kK — Uo (©) (4.11)
up —ug in LP(Q) forany pe[l,2f), up—uy aein Q.

Since v € (0, 1), by the Holder inequality , for any k£ € N we have

Jtwiyan = [y an) < [ lup =i 17 de < g = o157 210
Q Q Q

which yieldes, by

Jim (uf ) Vdx = / (ud)dx. (4.12)
—00
Q Q

Let wy, = u; — up by Lieb-Brezis Lemma it holds true that

31+ lluoll5: + o(1) (4.13)

23
lurll® = [lwill® + lluoll® +o(1),  Jukllzs = llwe

as k — oo.Since {u}, C B,, by (4.13) for k sufficiently large , we have w;, € B,. Lemma

(4.2) implies that for any v € X, with |Ju|| = p, we get

1 1 -
S llul® = I = >0,

and from this , since p < 1, for k sufficiently large we have

1 1
%HwkHza - ;lej

2 > 0. (4.14)
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Thus , by (.10) ,(4.12) and (4.14) and considering 6 > 1, it follows that, as k — oo,
my = J,\(uk) + 0(1)

1 A _ 1 .
= gl + uolP)’ = 12 @) e = 3ol ) +o(1)
Q

2*
o + [lug

2*

1
2

(Y

lwif 1355 + 0(1) > Jx(uo) + o(1) > my = inf Jy(u)

1
In(ug) + — |we ]| —
A (uo) 29” Kl nf
since uy € Bp. Hence , uy is a local minimizer for J,, with Jy(ug) = m) < 0, which

implies that v, is nontrivial.

4.3.3 The local minimmizer is a weak solution

Now, we prove that u is a positive solution of . For any ¢ € Xy, with ¢ > 0 a.e.
in RV, let us consider a ¢ > 0 sufficiently small so that ug + ¢ € Bp . Since uy is local
minimizer for J, , we have

Ia(ug) < Ja(uo + t)

on the other hand

0 S JA(U()‘I—MU)—J)\(UO)

s 4012 o) = 12 (G0 16017 — )

Q

1 2% 2
= oo lluo +t0llo: = flug [152)-

From this , by dividing by ¢ > 0 and passing to the limit as t — 07, it follows that

lim inf A / (o + t9)")" ™7 - <uaL)lﬂdx < o]0 (ug, 05) — /(u[)*)xlzpdx.

t—o+ 1 —r t
Q Q
(4.15)
We observe that
1 ((uo+t)")' 7 = (ug)'

= ((ug + &Y)Y)"Y ae.in Q

1—7 t
with £ € (0,1) and

((ug + &))"  ae.in Q as t— 0.
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Thus, by the Fatou lemma we obtain

+\1—v __ +\1—v
/\/( )=y < lim inf — / ((uo + t9)7) 77 = (ug) 7 (4.16)
t—0+ 1 —r t
Q Q
Therefore, combining (4.15) and (4.165, we get
ol o, 0 = A [ i) e~ [ (e > 0 @17)

Q Q

for any ¢ € X, with¢ > 0 a.ein RV .

Since Jy(ug) < 0 and by lemma , we have vy € B,. Hence , there exists § € (0, 1)
such that (1 + t)ug € B, for any t € [—4,d]. Let us define J)(t) = J\((1 + )uy). Since ug
is a local minimizer for J, € Bp , the function J, has a minumum at ¢ = 0, that is

1,(0) = luol* — A / (ud)d — / (uPid = 0. (4.18)

Q Q

For any ¢ € X; and any ¢ > 0, let us define ¥. = uj + . Then by (4.17) we have

since
@ZJ:_ = wa + 1/)5_

then:

0 < luolO (ug, 67) — A / ug) M de — / (ug )t do

Q
= Juo P ug, v +907) — A YW + 92 )dr — [ (ug)F (@ + U7 )de
[ /
(4.19)
We observe that, for a.e. 7,y € R",we obtain
(uo () — uo(y))(ug (2) —ug (y)) = —ug (¥)ug (y) — ug (2)ug (y) — [ug () — ug (y)]?
< = Jug () —ug (y) |? (4.20)

from which we immediately get

(uo(2) — uo(y) (ug (#) — ug (y)) <[ uo(x) —uo(y) [*
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From the last inequality we can find that:

a7} = [ Q) D) 05 0) ) U )

| T —y ’N+28
RQN
< / | U|o(xx) _TLJS—FQ o dy+a// e —uo )(ﬁ%) - w(y))dxdy
L // up(r) — 170x _);@DlNS’;z -7 (y ))d dy. (4.21)

R2N

Hence, denoting . = {z € RV : uf (z) 4 ep(z) < 0} and combining (4.19) with ( -

we get

0 < Jluol® + elluol*® Y uo, o) + fuol > (o, vs') — A/(UJ)_”(uJ +ep)dr
Q

— /(uj) Yug + ep)dr + )\/( ) (ud +ep)dr + /(ug)zzl(ug + ep)dx

Q Qe Qe

From (4.18) we have
< uol* - A/(UJ)I_W_ /(“+)2:d$+ o |2~ (uo, v07)
Q
+ € !u 120 (4 )\/ “Todr — /(uj)%lgod:c]
Q

= ol (uo, ) + & [IUOQ(‘”)(%,@ - A/(ué)‘wdv@ - /(UJ)Q“sodx] ,
Q Q
(4.22)

Where the last equality follows from {.18) . Arguing similarly to (4.20), for a.e. =,y €

RY we have
(uo(x) = uo(y)) (ug (x) = ug (y)) > ug () —ug (y) |- (4.23)

Thus denoting
(uo(x) — uo(y)) (V- (2) — ¥ (y)

‘Z‘—y|N+28 ’

U(z,y) =
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by the symmerty of the fractional kernel and (4.23), we get

(up, ) = //Z/{ :cyd:vdy+2 / U-(z,y)dzdy

Qe xQe x (RN\Qe)
< // (z,y)dzdy + 2 // U(x,y)dxdy
€><Q QEX RN\Q
< 2= [ [ |uGe.y) | dody, (4.24)
Qe x Qe

where we set

(uo(x) — uo(y))(p(x) — ¢(y)

|z —y [V+2e

U(r,y) =

Clearly U € L'(R?"), so that for any o > 0 there exists R, sufficiently large such that

// | U(z,y) | dedy < %

(suppp) x (RN\BR,,)

And, by the definition of 2., we have Q. C supp ¢ and | Q. x Bg, |+ 0ase — 0%.

Thus, since Y € L' (R?Y), there exist §, > 0 and ¢, > 0 such that for any ¢ € (0,¢,],

| Q. X B, |<d, and // ]Z/l(x,y)\dxdy<%.

QEXBRO—
Therefore, for any ¢ € (0, &,],
// |U(z,y) | dzd < o,

Qe xRN
from which we get

lim // |U(x,y) | ded = 0. (4.25)

e—0t

Q. xRN

Combining (4.22) with (4.24) , diving by ¢, letting ¢ — 0 and using (4.25), we obtain

ol PO (utp, ) — A / () pdz — / (ud )% pda > 0

Q Q

for any ¢ € X,. By the arbitrariness of ¢ , we prove that v, verifies 2.3, that is, ug is a

nontrivial solution of @.5).
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4.3.4 Positivity of solution

Considering ¢ = ug in 2.3 and using (4.20), we see that |ug || = 0, which implies that

1o is nonnegative . Moreover, by he maximum principle in the next proposition :

Proposition 4.1. Let Q C RY be an open set, and let u be a lower-semicontinu- ous function
in Q such that (—A) uw > 0in Qand u > 0in RN \ Q. Then u > 0 in RY . Moreover, if

u(x) = 0 for one point x inside ), then w = 0 in all RN

We can deduce that v is a positive solution of , and so also solves problem
(4.1). This concludes the proof. O
4.4 More general result

We end this chapter by observing that the result in Theorem (4.2) can be extended to

more general Kirchhoff problems. That is, we can consider the problem :

)‘P s A Py—1 ;
‘x_y’N+PS dxdy (—A)Pu:ﬁ%—us in €,
(4.26)
u >0 mn
u=0 in RM\ Q.
\

where pf = pN/(N — ps), with N > ps and p > 1, while the Kirchhoff coefficient M
satisfies the following condition :

(M) M : R — R{ is continuous and nondecreasing.There exist numbers a > 0 and o
such that foran t € Ry,

t
:/ M(7)dr > at®,
0

with

€ (L,ps/p) ifM(0)=0
o=1 ifM(0) > 0.

?
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The main operator (—A)s is the fractionel p-Laplacian which may be defined , for any

function ¢ € C§°(Q2), as

(—A)SQD(JJ) — 92 lim / ’ (p(.T) — go(y) ‘p_2 ((10(‘%) — 90(3/>>dy = RV
p E%O*_RN\B o ‘ x—y ‘N+ps ’ ’
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conclusion

In this thesis, we presented a study on some results about a fracional Kirchhoff problem
involving a singular term and a critical nonlinearity.

The benefit of studing this topic is to identify new ways to prove the exictence of a
solution to a nonlinear problem, which is represented by minimizing functional.

this topic is fruitful, we hope that the students of the upcoming batchas will immerse

more into this type of important topic.
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Abstract

In this work our goal is to study the existence of a solution of a singular
kirchhoff type problem with the Dirichlet boundary condition, and a frac-
tional kirchhoff problem involving a singular term and critical non linearity.
By combining variational methods with an appropriate truncation argumant.
Keywords: Kirchhoff problem, positve weak solution, singular term, critical
exponant, minimization method.
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