PEOPLE’S DEMOCRATIC REPUBLIC OF ALGERIA
‘ MINISTRY OF HIGHER EDUCATION AND SCIENTIFIC RESEARCH \
MOHAMED BOUDIAF UNIVERSITY - M'SILA

el - Bl 20 Bt FACULTY OF MATHEMATICS AND COMPUTER SCIENCE ol - luogs mn_mb

uuuuuu 5ité Mohamed Boudiaf - Miila niversité Mohamed Boudiaf - Misila

DEPARTMENT OF MATHEMATICS

Order Number : ....cceeveeenn....

THESIS

Presented to obtain a
Doctorate Degree in Mathematics

Domain
Mathematics and Computer Sciences

Option
Numerical Analysis, PDEs and Applications
By

Houp KHIREDDINE

Titled

Existence and Stability of Some Nonlinear
Boundary Value Problems

Defended on 06/06/2026, before the jury composed of:

Nouiri Brahim Prof. Univ. of M’sila Chair
Benabderrahmane Benyattou Prof. NHSM, Sidi Abdellah-Algiers Supervisor
Boukhatem Yamna Prof. NHSM, Sidi Abdellah-Algiers Co-Supervisor
Bougherara Brahim MCA Univ. of M’sila Examiner
Dilmi Mourad Prof. Univ. of Setif 1 Examiner
Sengouga Abdelmouhcene Prof. Univ. of M’sila Examiner

University year: 2025/2026



DEeDICATION

To my dear parents

To my brothers and sisters

To my family

To my friends

To anyone interested in this work



ACKNOWLEDGEMENTS

All praise and glory to Almighty Allah (Subhanahu Wa Taalaa) who gave me
courage and patience to carry out this work. Peace and blessings of Allah be upon
the last Prophet Muhammad (Peace Be Upon Him).

During the preparation of this thesis, I have received a great deal of support,
assistance, and encouragement.

I would like to express my deep and sincere gratitude to my supervisor, Prof.
Benyattou Benabderrahmane, for his wise advice on the treatment of my thesis
subject as well as on the scientific and human aspects.

I would like to thank my co-supervisor Prof. Yamna Boukhatem, who has given
her advice, comments and suggestions.

My sincere appreciation goes to the committee members. I really appreciate the
time, effort, and careful reading that you have dedicated to providing feedback on
this thesis. I am grateful for the insightful suggestions and valuable improvements.
I would like to extend my deepest thanks to all the staff in the Laboratory of Pure
and Applied Mathematics.

Finally, I would like to acknowledge my family and friends who supported me at
all times.

First and foremost, I fully offer my gratitude, blessings and regards to my parents
for their constant love and confidence. I couldn’t be more strong with you. Big
thanks to my siblings for their support. Also, my huge thanks go to all my PhD
colleagues and my friends for every moment of joy and anxiety that we shared
together.

Houd Khireddine



CONTENTS

Page

List of symbols i
General Introduction v
1 A Dynamic Contact Problem with Rigid-Plastic Foundation 1
1.1 Problem Statement and Variational Formulation . . ... ... .. ... ... ... 2

1.2 Local Existence . . . . . . . . 3
1.3 Global Existence . . . . . . . . 8
14 Exponential Stability . . . ... ... .. ... ... o o o 11

2 A Dynamic Contact Problem with Simplified Coulomb’s Friction Law 20
2.1 Problem Statement and Variational Formulation . . ... ... ... ... ..... 21
2.2 Local Existence . . . . . . . . . e, 22
23 Global Existence . . . . . . . . . .. e e, 31
24 Exponential Stability . . ... ... ... ... oo oo oo 34

3 A Dynamic Contact Problem with Tresca’s Law 43
3.1 Problem Statement . . . . . . . . . ... 44
3.2 Global Existence . . . . . . . . . . e, 45
3.3 Exponential Stability . . .. ... ... ... ... .. o 0o oo 52

4 A Dynamic Contact Problem with Thermo-Viscoelastic of Type Ill 64
4.1 Problem Statement . . . . . . . .. e e e e 65
4.2 Global Existence . . . . . . . . e 66
4.3 Exponential Stability . . ... ... .. .. . o o o 76
Conclusion and Future Work 88
Appendix A Modeling and Mathematical Background 90
A.1 Basic Equations and Boundary Conditions . . . ... ... ... .......... 91

A 1.1 PhysicalSetting . . . ... ... ... ... 91

A 1.2 Constitutive Equations . . . . .. ... ... ... ... . 0oL 93

A 1.3 Boundary Conditions . ... ... ... ... ... ... . .. L. 94

A2 Preliminaries on Functional Analysis . . . . . ... ... ... .. .. ........ 96

A 2.1 Function Spaces in Contact Mechanics. . . .. ... ... .......... 97

A 2.2 Elements of Nonlinear Analysis. . . .. ... ... .............. 99

A 2.3 Elementary Inequalities . . . ... ... ... ... ... . ... . ... .. 102
Bibliography 104
Existence and Stability of Some Nonlinear... i



LisT OF sYMBOLS

[
1o r(4)
IS 1
ftvftt
u-v
o.T

v

Div

\Y
I
LP(

Q)

L=(Q)

cm(Q)

o ()
Wk (Q)

: the set of real numbers.

: the extended real line.

: the d-dimension Euclidean space .

: the set of nonnegative real numbers.

: the space of second-order symmetric tensors on R?.
: an open bounded and connected set in the space R?

with Lipschitz boundary.
: the boundary of (2 is decomposed asI' =T'; UT'y UT's where I';,I'; and I's

are three disjoint measurable parts with meas I'y > 0.
: a part of I' which is the boundary of (2.

: the derivatives of the function denoted by f with respect to the time .
: are partial derivative with respect to the time .

: the canonical inner product of the vectors u, v € R%
: the canonical inner product of the tensors o, 7 € S%
: the unit outward normal to the boundary I

: divergence operator.

: gradient operator.

: identity operator.

: the Lebesgue space of p-integrable functions

for1 < p < .

: the space of Lebesgue measurable functions u in 2 such that
de>0:|ul < c,a.e.in Q.

: the space of functions whose derivatives up to and including

order m are continuous in €.
: the space of infinitely differentiable functions with compact support in (2.

: the Sobolev space of functions whose weak derivatives of

orders less than or equal to £ are p-integrable on 2.
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H*(Q) = Wh2(Q).
WP (Q) : the closure of the space C5°(Q2) in W"P(Q).
HE(Q) = WH(Q).
H ={v=(v1,...,v0)" v € L*(Q),1 <i < d}f = LA(Q)1
H ={r=(mj) :mj =715 € L*(Q),1 <i,j < d}.
H ={v=(v1,...,00)" v € H'(Q),1 <i <d}.
Hy ={reH:Divr € H}.
1% ={veH'|v=0 on I}}.
X : denotes a Hilbert space with the inner product (-, - )x

or a Banach space with norm || - || x.

X' : denotes the dual of X.
(u,v)xxx:  :the duality paring between the spaces X and X'.
Vv’ : the dual of V.
(u,v)yxyr  : the duality paring between the spaces V and V".
(u,v) g : inner product of H.
(0,7} X) ={veC(0,T];X): v € C(0,T;X),j=1,...,m}.
L0, 7;X) = q{v:[0,7] = X measurable : ||v||pro,rx) < oo}.
Wkp(0,T; X) = {U € L0, T;X): Hv(j) 0Te) <o00,Vj < k:}
H¥0,T; X)) =Wr(0,T;X).
( = max{r, 0} : positive part of r.
a.e. : almost everywhere.
v : for all.

ZL(t)~E(t) :Z(t) and E(t) are equivalent.

Existence and Stability of Some Nonlinear... K. Houd- Msila University



LisT OF PAPERS

Chapter 1

e Khireddine, H., Benabderrahmane, B., Ouakil, I,. Feng, B. Stability of a dynamic frictionless
contact problem for viscoelastic materials with rigid-plastic foundation and long-term
memory. Z Angew Math Mech, 105, €70260 (2025). https:/ /doi.org/10.1002/zamm.70260.

Chapter 2

e Khireddine, H., Benabderrahmane, B., Boukhatem, Y,. Feng, B. A fully dynamic fric-
tional contact problem for viscoelastic materials with long-term memory and simplified
coulomb’s friction law. submitted for publication.

Chapter 3

e Khireddine, H., Benabderrahmane, B., Abdelaziz, L,. Feng, B. Semigroup Well-posedness
and Exponential Decay of a Viscoelastic Bilateral Contact Model with Tresca’s Law and
Infinite Memory. submitted for publication.

Chapter 4

e Khireddine, H., Benabderrahmane, B., Feng, B. Global Well-posedness and Stability for a
type III thermo-viscoelastic frictional contact problem with infinite memory and simplified
coulomb’s friction law. submitted for publication.

Existence and Stability of Some Nonlinear... iv



(GENERAL INTRODUCTION

<€0ntact mechanics has numerous applications in both industry and daily systems, including
metalworking, braking mechanisms, coupling devices, and internal combustion engines.
These processes play a crucial role in mechanical and structural engineering and are typically
described by nonlinear initial-boundary value problems characterized by complex surface inter-
actions.

In recent years, variational inequalities grew to become a robust device in the mathemati-
cal learning of many nonlinear problems of physics and mechanics, as the complexity of the
boundary conditions and the range of the constitutive equations lead to variational formula-
tions of inequality type. The principles of virtual work and power, first put out via Fourier in
1823, can be defined through the concept of variational inequalities. The prototypes are the
Signorini-Fichera and frictional contact in elasticity issues, which lead to a class of variational
inequalities. The discipline of variational inequality used to be established concurrently with
the answer to the Signorini Problem. For extra statistics on the preliminary developments of the
elasticity principle and variational inequality, see, for example, [68]. As a generalization of varia-
tional inequalities, Panagiotopoulos [70] developed the hemivariational inequalities. Numerous
monographs devoted to resolving a variety of complicated phenomena in contact problems with
various bodies and foundations have been posted for the reason that the theory of variational
or hemivariational inequalities has progressively improved. For instance, Han, Mig6rski and
Zeng [72] considered a frictionless viscoelastic unilateral contact problem with normal damped
response condition and the existence of a unique weak solution was proved. In [73], the authors
considered a viscoelastic contact problem with nonmonotone normal damped response. One
can find more results on contact problems with normal damped response condition in [76,77].
Matei and Micu [78] considered a nonlinear antiplane problem which models the deformation
of an elastic cylindrical body in frictional contact with a rigid foundation and studied an optimal
control problem which consists of leading the stress tensor as close as possible to a given target,
by acting with a control on the boundary of the body. And then they studied the boundary
optimal control of a frictional contact problem with normal compliance, see [97]. For more
results of optimal control for contact problems, one can find in [79, 80, 88]. We refer to [83-87,89]
on more dynamic contact problems.

By the pioneering works of Boltzmann [90] and Maxwell [91], the theory of viscoelasticity
includes the description of materials that exhibit elastic and viscous characteristics. The quanti-
tative description of such substances involves a strain stress relationship that depends on time.
The classical linearization model generates an integral differential equation that enhances the
relevant elastic stress tensor with appropriate memory terms. Regarding the contact problems
for viscoelastic materials with memory terms, by the surjectivity of multivalued pseudomono-

Existence and Stability of Some Nonlinear... A



General Introduction vi

tone operators, Zeng and Migoérski [95] proved the unique solvability of a dynamic frictional
history-dependent viscoelastic contact problem with adhesion. Then they established the solv-
ability and regularity of solutions for a quasistatic frictional contact problem with a viscoelastic
constitutive law, see [92]. Oultou et al. [93,94] studied two kinds of memory-type viscoelastic
frictional contact problems with wear and proved the unique solvability by history-dependent
quasivariational inequality /history-dependent variational-hemivariational inequality. In [50]
and [51], the authors investigated a dynamic frictional contact problem for viscoelastic materials
with normal damped response and finite/infinite memory and established the existence and
exponential stability of solutions. The stability of a dynamic frictionless contact problem for
memory-type viscoelastic materials with rigid-plastic foundation was established in [49].

This thesis focuses on dynamic viscoelastic contact problems between a deformable body and
a rigid foundation. The study establishes the local and global existence of weak solutions and
investigates the exponential stability of energy solutions. The contact is modeled with Tresca’s
friction law, simplified Coulomb’s friction law and rigid-plastic foundation, incorporating long-
term memory effects. The analysis relies on nonlinear operator theory, semigroup method, fixed
point arguments, Galerkin approximation, and Lyapunov stability. In addition to the theoretical
framework, the thesis provides a detailed modeling of the physical setting, material behavior,
and contact conditions, contributing to the mathematical understanding of complex viscoelastic
phenomena.

This thesis is divided into four chapters. A brief description follows

% The first chapter deals with a dynamic frictionless contact problem in viscoelasticity with
a rigid-plastic foundation. The constitutive law is assumed to involve a long-term memory.
We prove the local existence of a weak solution under a specific assumption on the source
term, using a fixed-point argument combined with a classical existence and uniqueness
results for nonlinear first-order evolution inequalities. Then, the global existence result is
proved via energy methods. Finally, we establish the exponential stability by constructing
a suitable Lyapunov functional and applying the energy method. The obtained results are
also the subject of an article that has been published in [49].

% InChapter 2, we analyze a dynamic frictional contact problem for viscoelastic materials with
long-term memory, where the contact conditions are governed by a simplified Coulomb’s
friction law. We establish a rigorous variational formulation and prove the local existence
and uniqueness of a weak solution via a Galerkin scheme combined with compactness and
semicontinuity arguments. By deriving suitable a priori estimates, we extend the analysis
to demonstrate the global existence of solutions through energy methods. Furthermore,
by constructing an appropriate Lyapunov functional, we show that the system enjoys
exponential stability, thereby ensuring that the energy decays at an exponential rate over
time. The outcomes of the current chapter have been submitted for publication.

% In Chapter 3, we consider a dynamic bilateral frictional contact problem for viscoelastic

Existence and Stability of Some Nonlinear... K. Houd- Msila University
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materials. The friction is modeled by Tresca’s law, while the constitutive relation is assumed
to be nonlinear with an infinite memory term. Using semigroup theory, we establish the
global well-posedness of the problem. Moreover, we apply the multiplier method to prove
the exponential stability of the system. The obtained results are also the subject of an
article that has been submitted for publication.

% In Chapter 4, we investigate a thermo-viscoelastic contact problem with friction, where a
type Il thermoelasticity model is adopted. The constitutive law incorporates thermal effects
together with long-term memory. The global existence of weak solutions is established by
employing nonlinear semigroup theory in combination with arguments from nonlinear
operator analysis. Furthermore, by applying the energy method, we prove the exponential
decay of the solution’s energy. The results obtained in this chapter have also been submitted
for publication.

We end our thesis with a general conclusion discussing the achieved results and perspec-
tives for future work. This is followed by an appendix presenting the basic equations and
boundary conditions, preliminaries of functional analysis including function spaces, elements
of nonlinear analysis, and some elementary inequalities, which together form the mathematical
framework of the contact problem.

Existence and Stability of Some Nonlinear... K. Houd- Msila University



A DYNAMIC CONTACT PROBLEM WITH

RIGID-PLASTIC FOUNDATION

%his chapter investigates the local and global existence of a solution to a dynamic contact problem
with a rigid-plastic foundation and establishes the exponential decay of the system. The analysis
is based on evolutionary variational inequalities and employs the Banach fixed point theorem to prove
existence and uniqueness. An appropriate Lyapunov functional is then constructed to demonstrate the
exponential decay.

Existence and Stability of Some Nonlinear... 1



1.1. Problem Statement and Variational Formulation 2

INE Problem Statement and Variational Formulation

In this section, we present a dynamic frictionless contact problem between a viscoelastic body
and a rigid-plastic foundation. We list the assumptions imposed on the problem data and derive
a variational formulation for the contact problem. The governing equations are given by

(1) = Aeilt) + Ge(u(t) [ glt = 5)Be (u(s))ds in 9 x (0,00), (L.1)
piit = Divo(t) + fo(t) in Q x (0,00), (1.2)
u(t) =0 on Iy x(0,00), (1.3)
o(t)y=fy on I'yx(0,00), (1.4)
o,(t) =0 if u,(t) <0,
—F <o,(t) <0 if u,(t) =0, on T'3x (0,00), (1.5)
ou(t) = —F if w,(t) >0,
o.(t)=0 on T3 x (0,00), (1.6)
uw(0) = up, w(0) =u; in €. (1.7)

To derive the variational formulation of problem (1.1)-(1.7), we introduce some additional
notation. Let V' be the closed subspace of H; defined by

V={veH |v=0 on Iy, v,=0 on I}3}.

In the study of the mechanical problem (1.1)-(1.7), we assume that the viscosity operator A
satisfies (A.6), the elasticity operator G satisfies (A.7), the relaxation tensor B satisfies (A.9), and
the mass density p satisfies (A.4).

We suppose that the yield limit F' satisfies
F e L), F(zx)>0, on T, (1.8)
and we assume that the body forces and surface tractions possess the following regularity
folt) e W (R, H),  fo(t) € WH(R,; IA(T5)Y). (1.9)

Finally, the initial data satisfy
up €V, u; € H. (1.10)

Now, by the Riesz representation theorem, we define the mapping f : R, — V' by

(f(t),v)vxxv:/Qfo(t)-vda:Jr/FQ £a(t) - vda, (1.11)

Existence and Stability of Some Nonlinear... K. Houd- Msila University



1.2. Local Existence 3

for every v € V and for almost every ¢t € R, we duduce from (1.9) that

feWhi(R,; V). (1.12)

With respect to the kernel function ¢(¢), we assume that
(H-1) g : R, — R, is a nonincreasing function of C' class and satisfies that

g(0) >0, 1— /0°°9<s)ds —1>0. (1.13)
(H-2) There exists a constant « > 0 such that
g(t) < —ag(t), Vt=>0. (1.14)
(H-3) There exists a positive constant ¢ such that

LA @l < ALF @Oy, VE=0. (1.15)

Remark 1.1. It is straightforward to verify that the function f(t) = ce **h belongs to W (R, ; V")
and satisfies condition (1.15), where h € V' and c is a constant.

Next, the functional j : V' — R is defined by

jw)= [ Fvlda, YvevV. (1.16)
I's

Using a standard procedure based on Green’s formula (A.27), we derive the following variational
formulation of the contact problem (1.1)-(1.7).

Problem PV Find a displacement u : Ry — V such that

(i(t) w = (t)) vy + (A=((1)), 2w = (1)) + (Gelu(®)) 2w = e
= ([ ot =9)Be (w () dssw—i0)) -+ jw) = ja(t)
> (f(t),w —a())yiey Yw €V, Vt >0, (1.17)

u(0) = up, u(0) = uy. (1.18)

Local Existence

The following theorem establishes the local existence and uniqueness of the solution.

Existence and Stability of Some Nonlinear... K. Houd- Msila University



1.2. Local Existence 4

Theorem 1.1. Let the assumptions (A.4),(A.6),(A.7),(A.9) and (1.8)-(1.10) hold. Then, system (1.17)-
(1.18) admits a unique local solution v on [0, T") for some T' > 0 satisfying

u € WH([0,T); V)N CH[0,T); H)n W*%([0,T); V). (1.19)

Consequently, under assumptions (A.4),(A.6),(A.7),(A.9) and (1.8)-(1.10), the mechanical problem
(1.1)-(1.7) admits a unique weak solution with regularity stated in (1.19).

We prove Theorem 1.1 by employing several technical lemmas stated below. The proof is based
on arguments from evolutionary variational inequalities, classical existence and uniqueness
results for nonlinear first-order evolution inequalities, and the Banach fixed-point theorem.
Letn € L?(0,T; V') be given. In the first step, we consider the following variational problem

Problem PV, Find a displacement w,, : [0,7] — V such that

(i (£), w — Uy () vrxv + (Ae(iy (1)), e(w — iy (8))3 + (), w — Uy ())vrxv + j(w) — ji(ty(t))
> (f(t),w —1u,(t)yxv YweV, aete (0,T), (1.20)
uy(0) = ug, 1,(0) = uy. (1.21)

We define the function f,(¢) € V' fora.e. t € (0,T) by

(o () ;0 =ty () vy = (f (8) =0 () s w — iy (1)) 0y, Y €V (1.22)

It follows from (1.12) that
fy € L*(0,T;V')and u; € H. (1.23)

Let us define the operator A : V' — V" as follows
(Av,w = iy (#)) vy = (Ae(v),e(w = iy (), Vo, € V. (1.24)

The function u,, : [0,7] — V is then defined by

t
Uy = /o vy (s)ds +ug, Vtel[0,T]. (1.25)

The following variational inequality is considered.

Problem QV,, Find a displacement v, : [0,7] — V such that

(0n(8), w0 — vy (£ vy + (Avy(£), w0 = v, ()0 + (w) — (0, (1))
> (fy(D),w = vy()vy Yw €V, ae. t € (0,T), (1.26)
0(0) = vo. (1.27)

The first significant result in this section is presented below

Existence and Stability of Some Nonlinear... K. Houd- Msila University



1.2. Local Existence 5

Lemma 1.1. Forall n € L*(0,T,V"), Problem QV,, admits a unique solution
v, € L*(0,T,V)NC(0, T, H) nW"2(0,T,V"). (1.28)

Proof. Existence: Using the continuous embedding of V into L*(I'5)¢, we deduce that j is convex
and continuous. We define the sequence by

Je(w) = /r F\|w,|* — e2da, Yw e V.
3

For all € > 0, j. is convex and C* class on V, and its Frechet derivative satisfies
3050 VweV [l < CIF e, (1.29)

From (c) of (A.6) and the monotonicity of j_ it follows that A+ j. is monotone. Moreover, assump-
tion (b) of (A.6) implies that A : V' — V is a Lipschitz operator, and therefore A is a continuous.
In particular, the mapping ¢t — A(u + tv) is continuous, which ensures the semicontinuity of A.
Since j itself is continuous, we conclude that operator A + j is also semicontinuous.

Now, exploiting (c) of (A.6) and the monotonicity of j. that A + j., we conclude that A + ;. is
monotone, hence
(A+jDu— (A+D)v,u—v)yiy > mallu— 3. (1.30)

Choosing v = 0, in (1.30) and applying the inequality 2ab < maa® + miAbQ, it is obtained that

, 1 1
(A+iDu, wyrcy = mallully, = A0, ully = Smallully — 5[0,V
2 2mA

From (b) of (A.6) and (1.29), we have
(A+gD)u = (A+ jv,u = v)yixy < Lallu = |l + C.
Choosing v = 0, we get
(A + 0w, wyrey < C(Jlully + 1)

For all mu > 0,5—||A0,||3.. € Rand C > 0, it follows from (1.10) and (1.23) that there exists a

72m 4

unique function v, that Ve > 0, v € L*(0,7;V) N W*(0,T; V') such that

05 (t) + Avp(t) + Je(vy(1) = f(t) a.e.t € (0,7), (1.31)
v;(0) = vo
Then, we have
(D;(t) w — Uf;(t))vfxv + (AU;(t), w — U;(t))V’XV =+ js(w) - ]é(%i(t)) (1.32)

Z (fnét),w — U;<t>>V’XV Yw € V, a.e.t e (O,T)

Existence and Stability of Some Nonlinear... K. Houd- Msila University



1.2. Local Existence 6

From (1.31), it follows that

(05 (8), v () vrscv + (Avy (8), v (0))viey + (57 (05 (£)), v () Jvrsev
= (fa), v (O)vixv Vo, €V, ae.te€(0,T).

From (A.6), the monotonicity of j. and (1.31), we concluded that
T T
30>0, ve0 T l@la<C [ lpolvda<c [ emiva<c.

Then, one can extract a subsequence, still denoted by v;(t), such that

vp(t) = vy(t) in L*(0,T;V),and star weakly inL>(0, T; H), (1.33)
U (t) = vy(t) in L*(0,T; V). '
We thus obtain that
v, € C(0,T,H) and v (t) — v,(t) weakly in H, Vit € |0,T]. (1.34)
n n n y

By integrating (1.32), it follows that for all w € L*(0,7T,V),

/T(@a(t) )V/det—i—/ Av, ( )V’xvdt+/Tj€ ()

>/ ), v V,dew/ (AVE(E), 05 (8) vt
+ / JHE) + [ a0) 0 o) vt

> §Hv;<T>HH ~ SO + / (Avg(0),v5(t) vt
[+ [ 0,0 = vyt

By combining (1.33) and (1.34) with the weak lower semicontinuity, it follows that for all w €
L*(0,T,V),

/ T(vn<t> w= o)t + [ (v, 0 = 0Ot + [ () = (i)
> [t w = Ot

which implies that

(0 (t), w0 = vy (1)) vrscv + (Avy(8), w = vy () )yrxy + 5 (w) = j(vy(t))
> <f77( ) (t)>V’><V Yw eV, a.et e (O,T)

It follows that Problem QV,, admits at least one solution v, € L*(0, T, V)NC(0, T, H)NW*2(0,T,V").

Existence and Stability of Some Nonlinear... K. Houd- Msila University



1.2. Local Existence 7

Uniqueness: Let v}, v7 be two solutions of QV;,. From (1.26), we obtain for almost every ¢ € (0,T),
(0 (1) — (), vy (1) — v () vrsev + (Av(t), — Av(t)y, vy (t) — v3(t))a < 0.
By integrating with respect to ¢t and using (A.6) and (1.24), we derive
1 t
Sllon () = vp()ll + mA/O lvg(s) = vy(s)llvds <0, Wt €[0,T].

Hence,

This completes the proof. O

Let U : L?(0,T;V’') — L*(0,T; V') be the operator defined as follows

(n(t), w)yry = — < /0 ot — s)Bs(un(s))ds,a(w)> (G (uy (1)) (). (1.35)

H

The second step is given by the following result.

Lemma 1.2. The operator W : L? (0,T; V") — L? (0,T;V"). has a unique fixed point n* € L* (0, T;V").

Proof. Letn,m, € L?(0,T;V') and ¢ € [0, T]. Denote u; = u,, fori =1, 2.
Using (1.35), (A.7) and (A.9), we obtain the estimate

| (U1 (t) — Una(t), wyviv |
< (Lo [ 9t = 9)u(s) = wa@llvds + Lallua(t) = uz®)l) (1.36)

From (1.26), we get
(01 — 02,01 — Va)vixy + (Avy — Avg, vy — v9)y < — (1 — N2, U1 — V) yrxy- (1.37)

By integrating (1.37) over ¢ and applying the initial conditions v1(0) = v2(0) = u; together with
(A.6), we obtain

t t
ma [ ln(s) = va()lds < [ fls) = ma(s)lvlen(s) = va(s)lvds. (138)
By Young’s inequality, we obtain

f@ﬂ)nﬂ)ﬂ@—WUWw%</hh m(S)lvlos(s) = ea(s)lvds

< ) = m@ s + 7 [ () = vals) s (139)
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Combining (1.38) and (1.39), we get
¢ 4t
[ 1) = ea(o)lits < o [ lm(s) = mas) s
From (1.25), using the fact that u; (0) = u3(0) = uo, we obtain
2 ! 2
[ua () = ua ()]l < C/O [or(5) = va(s)[[i-ds. (1.40)
By employing the previous inequality along with (1.36), we obtain

[m(0) = U@ < ¢ [ Ins) = mls)[Eds Ve e 0,7). (1.41)

After m iterations of the inequality, it follows that

Cme

m)

W™ — ‘I’mn2||3:2(o,T;V/) < [l — 772”%2(0,”[;\/')- (1.42)

For sufficiently large m, the operator U™ defines a contraction on the Hilbert space L*(0,T; V).
Consequently, ¥ admits a unique fixed point n* € L*(0,T; V). O

Proof of Theorem 1.1. Let n* € L*(0,T; V") be the fixed point of the operator ¥ defined in (1.35).
We denote
U* = Uy, (143)

to obtain

(n*(t), whviny = — </0

" g(t — 5)Be(u* (s))ds, 5(w)>H F(Ge (' (8)) (). (1.44)
We show that u* satisfies (1.17)-(1.18) for t € [0, 7).

We write (1.20) for n = n* and using (1.43), (1.44) to get that (1.17) is satisfied for ¢ € (0,7"). And
(1.18) follows from (1.21). From Lemma 1.1 we can get the regularity (1.19).

By using the fixed point of the operator ® we can obtain the uniqueness. O

IE Global Existence

The following theorem establishes the global in time existence of the solution.

Theorem 1.2. Assume that u(x,t) is a weak solution of problem (1.1)-(1.7) belonging to the class
u e WH2(0,T;V)NCY0,T, H), assumptions (H-1),(H-3),(A.4),(A.6),(A.7),(A.9) and (1.8)-(1.10) hold.
Then, u(x,t) is global in time.
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Let us consider the energy functional defined as

ew) = 5 (Nl + (1= [ gts)ds) @)l + 50 w)®))
o (NFUO ey + 17O, Ve 20, (1.45)

Lemma 1.3. Assume that (H-1),(H-3),(A.4),(A.6),(A.7),(A.9) and (1.8)-(1.10) hold. Then the energy
functional defined by (1.45) satisfies, for 6 > 0 and for all t > 0

£) < —(ma—6) a0} +5GIu(OI + (¢ +) IF O
(g 0 w)(1) + (g o u)(E) + e Fu(t) e, (1.46)

where 6, = (40) 17T+ C?2), Go= (1 —1)2(1+ L%) + LL +1, 63 = (1 + L%)(1 = 1).

Proof. By using equations (1.1)-(1.2) together with Green’s formula (A.27), and noting that w = 0,
and w = 2u/(t), we see that

£1) = {al0),u0)) — 39O + a0, a0y (1= [ gs)ds) + 5L 0wt

+ [ gt = )0, ut) — w(s))vds = S Pult) ey

e YFu(t), a(t)) 2w, + (F/(£), F()v

—(Ge(u(t)),e(u(t)))n — (Ae(u(t)), e(i(t)))x

([ ot = 5) (Be ulo) — B (u(0) ds (1))

([ gt — 5)Be (u(t)) ds,a(u(t))>H - [ P (a)da

O, W)~ SaOI + (1= [ o(s)ds) (o), utey
+ /Ot g(t — s){u(t), u(t) — u(s))vds + ;(g' ou)(t)ds

e H(Fu(t), a(t)) 2y + (1), F(E))vr.

IN

It follows from (A.6) that
— (Ae(a(t),e(a(t)))n < —mala®)|- (1.47)

Using Cauchy-Schwarz’s together with Young’s inequality and (A.7), we conclude that

— (Ge(u(t), i) < gD + ST u(e) - (1.48)
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Exploiting Young’s inequality and (A.9) together with (H-1), we have

([ 9(t =) (B (us)) - Be (ut)) ds.=(a(0)))
< @I +0nd ([ ol =)ot = s)llu(t) = u(s)llvds)

< IO + 850 - g o)) (1.49)

Using (H-1), we obtain

¢ ' L.
([ 9t = 9)Be () ds.c(a(e)) < 150~ 08l + 15O (1.50)
Through the application of Young’s inequality, we infer that
. L.
(F@)a®)vrev < SIFOI + O] (1.51)
Using (1.8) and (A.23), we get
- . _ L.
e (Fult), W) gy < 0T Fu) oy + 75 18022y,
Cs ..
< de M Fu)llZaey + 5 I (1.52)

By employing Cauchy-Schwarz’s and Young inequalities along with (H-1), it follows that

(1= [ g()ds) Gate),u < Sl +6 (14 0= D) a2, (159
and
[ ot = )ti0) u(t) — u(s)hvds < (o)} + (1~ D3(g o)) (159
From (H-3), we infer that
(@), F@))vr < CILF@)T- (1.55)
Hence, (1.46) results from the estimates (1.47)-(1.55) and (H-1). O

Remark 1.2. From (1.46), we get that the energy functional is not decreasing in general.

Proof of Theorem 1.2. From (1.46), we have

E't) < —(ma—a) [a®)]y +iGlu®)]y + % /Otg(t — s)lu(t) — u(s)[lvds(t)
+oe” [ Fu(t)l[72,) + (€ +0) [F @) (1.56)
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1.4. Exponential Stability 11

Choosing ¢ large enough such that

7+ C?

we deduce
&)< (Jult + [ ot = )lu®) — u@ds + O + eI Pu)Bay) . 1.57)

where €, = max {J%,,( + 9,063} .
From (1.45), we also have

£ 2% (I} + [ ot = 9lutt) — u(s) s + 1S O + e Fu)Bagey) . (159

where 65 = min{1 l}.

272

Therefore, combining (1.57) and (1.58), we obtain
£(t) < GE(D), (1.59)

where 6 = g—j Therefore,
E(t) < £(0)e%. (1.60)

Hence, by the continuation principle and inequality (1.60), the proof of global existence is
complete. O

Exponential Stability

The aim of this section is to establish the exponential stability of the solution. To this end, we
introduce the Lyapunov functional .#(¢) defined as follows

ZL(t) =E(t) + e(NF1(t) + F (1)), (1.61)
where ¢, N are positive constants to be chosen later and
t
Zut) = (= [ 95)s) 17O+ e IPult) Baqry) + Gi0), ult)) V20, (162

Fo(t) = —<u(t), /Otg(t—s) (u(t)—u(s))ds> w0 (1.63)

H
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1.4. Exponential Stability 12

Lemma 1.4. Assume that (H-1) holds. Then, there exist two positive constants oy and «y such that
a1E(t) < Z(t) < axé(t). (1.64)

Proof. From Young's inequality and (A.26), we get

Z01 < 1= [ o)) IFOIR + eI Pu) ey + ilt), ult)) o
< max {d’171,2(1 - 1), 2} £(t), (1.65)
similarly
20 = |- (a), [ gt =5 (t) — u(s)) ds) |
< max{1, (1 - Dd*}E(1). (1.66)

From (1.45), (1.65) and (1.66), we obtain

| L(t) — E(t)] < easét),

where
a3 = Nmax {d?1"",2(1 = 1),2} + max{1, (1 — 1)d?}.
If )
€< —, (1.67)
as
then .7 is equivalent to £ with oy =1 —eagsand ay =1+ €as . O

Lemma 1.5. Assume that (H-1),(H-3),(A.4),(A.6),(A.7),(A.9) and (1.8)-(1.10) hold. Then, the functional
F1 defined by (1.62) satisfies for §; > 0,

FUt) < (ko +38) [u(t)]3 +Grlg o u)(t) + G a(0)]2
1 1
(g5 =) WO+ (55 =€) e “IFudIry. forall =0, (168

where kJO = Mg — LB(l —l) %7 (- l b ng ‘2‘1 +20§51 +d2

Proof. We obtain

Fi0 = —gIfOI+2 (= [ s)ds) (70, O = e PO,
26 Pu(t), ) e, + [(8) [ + (@), u(t)) .

By multiplying (1.2) by w — u(t) and using (1.1) with w = 0, and w = 2u(t), we deduce from
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1.4. Exponential Stability 13

assumption (A.7) that

b= (A=(i(t). () = malu(t) [}
ot = ) (Be(u(s)) = Be(u(t))) ds,=(u(®)))

g(t — s)Be(u(t))ds, 5(u(t))>H ~ ), Fu/ (t)da

HIO, vy — 9O +2 (= [ g(s)ds) (0, 70}y
e SN Eu ey + 20 (Fult) a(6)) e (1.69)

From (A.6), we obtain

(Ae(u(t)), e(u(t))n

IN

[ Ae(a(t)) [l ()l

L?LX . 2 2
EHU(UHV +of[u(®)]lv-

IN

By Young’s inequality, (A.9) and (H-1), it holds that

< /Otg(t — 8) (Be(u(s)) — Be(u(t))) ds, 5(u(t))>

H
< 2 ([ st = 9luts) — ulo)lvds) +ululo)lf
< L2 DB o0 +aluli

From (A.9) and the hypothesis (H-1), it follows that

([ 9t = 9)Be(u(®)ds. «(®)) < La(1 = Dlut)}-

From (1.8) and (A.23), we conclude that

_ . e ¢t _ .
2¢ " (Fu(t),u(t)) 12wy < T(SlHFU(t)Hé(rg)ﬂL?@ Coulla(t) 172 ry)-

e~ ¢t )
< T&HFU(??)H%ZW + 260 [|a(t)[f5-
Using (H-3), we derive

2([ gto)ds) 15 170
201 lF O}

2 (= [ g(9)ds) (), SO

VARVAN

and
1

(F(#&), ul®))vixy < Ellf(t)HQw +0uflu(®)]v-
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1.4. Exponential Stability 14

Inserting the above estimates into (1.69) and using (A.26), it is inferred that

e rana

Fl(t) < (—ko+36) Ju@®)|l; +
+ (12 42080+ ) 1O + (55— ) WO+ (55 ) e IFuOI:
40, ! v 40 v 20 ATy

where v = ming(t) —2(1 — )¢ . O

Lemma 1.6. Assume that (H-1),(A.4),(A.6),(A.7),(A.9) and (1.8)-(1.10) hold. Then the functional .F,(t)
given by (1.63) satisfies for ; > 0,

Fot) < = /Otg(S)dS ()15 + oo [a(t)[13, + Grody [[u(®) |3 + Cin(g o w)(t)

—C1a(g ou)(t) + 61||f(t)||%/, + 51038(15), forallt > 0, (1.70)
where
Go= L% +d* Go=L%+ L%,
and 41-1) (1=1)3 (0)d?
A - — B 9
= 13, + 13, + Lp(1—1),% 0o

Proof. First, we have

t

Zit) = (i), [ gt = 5)((t) —u()ds)
(o), [ (¢ = $)(u(t) = u(s))ds
~Ga(e), [ (¢ = s)it)ds).

H

From equations (1.1)-(1.2) and the Green'’s formula (A.27), it follows that

Fyt) = (Act(t). [ glt - )c(u(t) - clu())ds)
+¢kwm>gbw—$<<m> u(s))ds)
4 </0tg(t — ) (Be(u(t)) — Be(u(s))) s, [ g(t ) ) = efus)))ds)

0

—<Kga—@8d<>ms/ ot — 9)(e(u(t)) — e(u(s))ds >H
+ N F/Otg(t — 5)(uy, (t) — uyl (s))dsda — <f(t)7/0tg(t —5)(u(t) — u(s))ds>

- (o)

H

VIxV

[ ot =)o~ usNds) -~ [ gts)asla). (1.71)

0

Existence and Stability of Some Nonlinear... K. Houd- Msila University



1.4. Exponential Stability 15
From assumptions (H-1) and (A.6), we obtain
(A=ti®). [ gft = )(c(u(t) ~ ulo))ds)
< ol + 52 e, (1.72)
From (H-1) and (A.7), we derive
(Getu(®). [ gt = s)(ctu(t)) ~ (uls))ds)
< SLu)} + <14gll) (gou)(t). (1.73)
Using Cauchy-Schwar’z inequality together with (H-1) and (A.9), we deduce
([ 9t =) (Be(u(t) - Betulo))ds. [ g(t = 9)(c(u(t) = uls))ds)
< Lp(1=1)(gou)(t). (1.74)
By applying Young’s inequality together with (H-1) and (A.9), we derive
— </0t g(t — s)Be(u(t))ds, /Ot g(t —s)(e(u(t) - E(U(S)))d8>
H
73
< ol + e, (175)
Taking into account (1.8), (H-1), (A.23) and (1.45), we conclude that
/1“3 F </Otg(t —5) (uj(t) — uj(s)) ds) da
< 5,C2E() + u 451” (g ou)(t). (1.76)
Using the same approach, it follows that
t —1
= (s, [ o= o - <alsol+ S genm,
and
= (i), [ 9/t = 5) (ult) — uls)) ds)
< lla@®llall | g'(t = s) (u(t) - uls)) dsllz
< el - L0 en) ). 178)
Substituting estimates (1.72)-(1.78) into (1.71), inequality (1.70) follows. Il
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1.4. Exponential Stability 16

The following theorem establishes the exponential stability of the solution

Theorem 1.3. Assume that (H-1),(H-3),(A.4),(A.6),(A.7),(A.9) and (1.8)-(1.10) hold. Assume that mq
and m 4 satisfies
meg > 3(51+L3(1 —l) (179)

ma > Ao, (1.80)

where Ny > 0 is introduced in (1.87), and the kernel of the memory term g(t) satisfies

g(t) > 2(1 = 1)C. (1.81)

Then, for any to > 0 the energy functional E(t) of problem (1.1)-(1.7) satisfies
E(t) < hpe™™E Wt > g, (1.82)
where \i and )\, are positive constants.

Proof. Since g is positive, it follows that

to
/ ds>/ s)ds :=gop >0, t=>tg.

It follows from (1.46), (1.68), and (1.70), that for all ¢t > ¢,
ZL't) = E(t)+e(NF(t) + F4(t))

2 2 (525 2
(%—& HMHM+JW%—%Q—&@%+%O—%D—7;HMMW

630
2 3

—ma+e(GN + 61%)) |a(t)|3
T (; = in) [ gt = 9ult) — u(s)}ds + Bislg ou)(®)

o
~e (¥ (e~ g5) — G - L) Dy
1 )
(5 (- 55 - () - S0 s 159)

<
(sl

where 6513 = N(g7 + %11 + 653 (N (’}/ — ﬁ) — 51 (1 + Cg)) + (5103
From (1.79), 6, may be chosen such that

I 1 ko 9o
mm{2C ™ }<(51<max{3 C’g}' (1.84)
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1.4. Exponential Stability 17

Accordingly, we can choose N large enough to ensure
N (ko — 381) = 61 (%0 + C5(1 = o)) >0,
N( —1)—5(1+02)>0 (1:8)
T 0

From (H-2), we obtain

(5—€@ia) [ 9t = )u(t) — us) s+ €is [ glt = 9)utt) — u(s)]ds
< (5 c@u) [ 9= s)utt) — uls) s,

where %14 = (512 + %.

From (1.83), we deduce that

Z'(t) = E'(t)+e(NF(t ) + Z5(1))

<<g0 — 061G Hu )13 + (N (ko — 361) — 01 (Cflo +C5(1 - 90)) - %:5) Hu@)H%/)
( 451> _ 5 (1+c§)) fgf) (gou)(t)

—ma+e(GN +66)) lu@)}
¥ (; —c6ia) [ (= 5)u(®) — u(s) s

(¥ (e gx) - 0GE - L) DIy
—c <N (7— ;;1) —6 (1+C3) - :5) 1F )T (1.86)

IN

We assume that m 4 satisfies condition (1.80) by choosing A, as

v~ max d (6N + 61%y) 620 (63N + 01%0)
’ N (’y - ﬁ) -0 (1 —i—C’g)’ N (ko — 301) — 61 (€10 + C5(1 — g0))’
0 (

CsN + 61%6y) (04 ¢) (63N + 6:%y)
1 2’ 1 2 + %1
N(C-)=0C N(v—4)-0a01+C3)

(1.87)
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Moreover, § choosing such that

5 < min{<7_4}51)N_61(1+Cg> (v— )N =8 (1+C3)

a3 , 2614 7
N (kg —361) — 01 (Gr0 + C2(1 — go)) N (ko — 301) — 01 (Gro + CE(1 — go))
Ga0i3 ’ 263614 7
V(e ) -0 V(=) -6
Q3 ’ 2014 ’
(v= &) N=06(1+C3) (y- &) N=6(1+C3)
o 2014
we get
1 1
1 5 5 <min{,(g}7 (189)
(W—E)N—(Sl(l—i—Co) Qs 2%14
d
- 20 < min {1 1} (1.90)
N (k?() — 3(51) — 51 (%10 + Cg(l — go)) Oé37 2%14 ’ ’
and
g <min{1,1}, (1.91)
(=) N —:C% o 26
and
) 1 1
__0*¢ 2 <min{,}. (1.92)
(7—E)N—51 (1+C5) a3 2%
From (1.87), we also obtain
) ma — 61
< , 1.93
(’y— ﬁ)N—(Sl (1+C2)  GN+ 0% (1.93)
d
an %0 _ ma—% (194)
N (ko — 351) — 51 (%10 -+ Cg(l — go)) ngN -+ (51(597 )
d
- 0 L ma b (1.95)
GRS Ak ) |
and
O¥¢ ma = 61 (1.96)

< .
(7— ﬁ)N—él(leCg) CsN + 016y
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Therefore, by combining (1.67) with (1.89)-(1.96), one may choose € such that

4] 650
max , ’
{(7—&)N—51(1+03) N (ko — 301) — 61 (%10 + CF(1 — 90))

J §+¢ }
(=) N=6:C3 (- &) N=6(1+C3)

. ma — Cgl 1 ].
i O 1.97
<e<m1n{(€8N+51%9, 2%14,(13} (1.97)
Thus, we get
/ 1 ¢ ! 2
L) = —eGsft)+ (5 - i) [ gt = )~ uls) s
where
N (ko —3d81) =06 21— — =
%15 = 2min {go - 51037 ( . k 1) - (%10 i OO( 90>> < )
1 —go
1 5 €50
(v ( —451) —6(1+C3)) -2,
1 s 0 1 5y (+0
N(g— 251) 6,02 - 6,N( - 451> —a (1) -2 } > 0.
By (H-1), (1.97) and (1.64), we get
, —6%15
<
20 < 2,
which implies
L(t) < L(tg)e M0 >t (1.98)
h
where %
A = :
14 eas
Finaly, from (1.64) and (1.98) it follows that
E(H) < — 1 P() < — 1 Pty Mo,
—1- €Q3 —1- €Q3
Consequently, inequality (1.82) holds with
/\2 = L g(to)eAlto.
1—eas
This completes the proof of theorem 1.3. O
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A DYNAMIC CONTACT PROBLEM WITH SIMPLIFIED

COULOMB’S FRICTION LAW

C@his chapter is devoted to a rigorous analysis of a contact problem governed by a simplified Coulomb’s
friction law. We first establish the local existence and uniqueness of the solution via a Galerkin
approximation, then extend the results to demonstrate global existence using energy methods. Finally, the
exponential stability of the energy solutions is rigorously established using the multiplier technique.
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2.1. Problem Statement and Variational Formulation 21

yME Problem Statement and Variational Formulation

Consider the following nonlinear contact problem with long-term memory and a simplified
Coulomb’s friction law

o(t) = Ae(u(t)) + Ge(u(t)) — /Ot g(t —s)Be(u(s))ds in € x (0,00), (2.1)
pii = Divo(t) + fo(t) in  Q x (0,00), (2.2)
u(t)=0 on TI'; x (0,00), (2.3)
o(t)v=fy on I'yx(0,00), (2.4)
o, =S, o] <plo,|

lo-| < ploy] = 4, =0 on I'3x (0,00), (2.5)

lo-| = ploy] = IA >0 suchthato, = —Au,
w(0) = ug, w(0) =u; in Q. (2.6)

Let V be the closed subspace of H; defined by

V={veH |v=0 on TIi}.

We assume that the viscosity operator A satisfies (A.6), the elasticity operator G satisfies (A.7),
the relaxation tensors B satisfies (A.9), and the mass density p satisfies (A.4).

Let S : I's — R, be given such that
S e L*(Ts). (2.7)

We assume that the body forces and tractions satisfy the following regularity conditions
folt) € WY R, H),  folt) € WH(R,; LA(T,)). (2.8)

The initial data satisfy
ug, up € V. (2.9)
The operators A and G are Fréchet differentiable on #.

There exist positive constants m/,,m/~ and L. such that
p AMa G

(DA(o)1,7T) > m;‘HTH2, Vo, 7€ H, (2.10)
(DG(o)T,T) > m’(;||T||2, Vo, 7€ H. (2.11)

and
HDG(Ul) — DG(O’Q)H S L'GHal — 0'2”, v01,02 € H. (212)
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By the Riesz representation theorem, the mapping f : R, — V' is defined as follows
(1), D)y = /Q folt) - vdz + /F fat) -vda+ | S vida. (2.13)
For all v € V and almost every ¢ € R, it follows from assumption (2.8) that
feWh(R,; V). (2.14)

(H-4) g : R, — R, is assumed to be a non-increasing function of class C", satisfying

J(t) > —Bg(t), g(0)>0, 1— /O g(s)ds =1 > 0. (2.15)

We now introduce the functional j : V' — R, defined by

j(v) = /r3“|5| v da, VveV. (2.16)

Applying Green'’s formula (A.27), and using the boundary conditions together with the constitu-
tive law (2.1), we obtain the following variational formulation of the system (2.1)-(2.6), expressed
in terms of displacement.

Problem PV Find a displacement u : R, — V such that

(a(t), w —w(t)vxv + (Ae(u(t)), e(w — w(t)))n + (Ge(u(t)), e(w — u(t)))u
Ooog (t —s)Be (u(s))ds,e(w — u(t))> +j(w) —j(u(t))
> (f(t),w — wt)vey Yw €V, VE >0, (2.17)
u(0) = uo, 4(0) = uy. (2.18)

Local Existence

The existence of a local solution to the variational problem (2.17)-(2.18) is established by the
following theorem

Theorem 2.1. Let assumptions (A.4),(A.6),(A.7),(A.9) and (2.7)-(2.12) be satisfied. Then there exists a
unique solution w of (2.17)-(2.18) in [0, T') for T' > 0 satisfying

u € WH([0,T); V) n W2>([0,T]; V). (2.19)
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Consequently, under the assumptions (A.4),(A.6),(A.7),(A.9) and (2.7)-(2.12), the mechanical
problem (2.1)-(2.6) admits a unique local solution u satisfying (2.19).

The proof of Theorem 2.1 is divided into several steps. We begin by proving the existence
result.

Proof. Existence: In order to prove the existence of the solution u to the system (2.17)-(2.18),
we shall use the Faedo-Galerkin approach and the compactness method. To this, let us con-
sider (¢;)ien € V a sequence of linear independent functions such that V' = US>, V™ where

V™ =Span{p, @2, ..., om }. Since ug, u; € V' let uf’, u* € V™ such that

uy” — up, uj" —u; stronglyin V. (2.20)
We now define the approximated solution

W ,t) = 3 (o). (21)

For all € > 0, we consider the family of convex and differentiable functions .: R? — R defined

by
Ye(v) = /|v2+ €2 —¢, veRL

It follows that such a family of functions satisfies

0 <ve(v) < o], YoeR? (2.22)
[Ye(v) — [v]| <€, VveRY (2.23)
L) (w) = —— L Yy, w e RY (2.24)

From equation (2.24), we deduce that

[l (v)(w)| < Jw|, Vv, w e R (2.25)

€

Now, we define a family of regularized frictional functional j.: V' — R by

jw) = [ 1S@I () (o) ds, v eV. (2.26)

The functionals j. are Gateaux-differentiable with respect to v and represent an approximation
of j .i.e there exists a constant C' such that

je(v) = j(v)| < Ce, Vv eV (2.27)
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Let J. : V — V' denote the derivative of the functional j., which is given by

(Je(v), W)y = /F3 S () n()ve (ve(s)) (we(s)) ds,  Vv,weV. (2.28)

We now introduce the following variational problem with regularized friction in the finite-
dimensional space V'™:

Problem PV™ Find a displacement u" : [0, 7] — V"™ such that

(G2 (8) whyrey -+ (A=(G (1)) )+ (Gela? (), ()

([ 9t = 9B () dsiew)) + (Ll (B, wh

= (f(t),w)yiy Yw € V™, V>0, (2.29)
u™(0) = ug', @ (0) = ul". (2.30)

€

As the mapping v — J.(v) is Lipschitz continuous on V™, it follows that problem (2.29)-(2.30)
has a unique global solution ™ € C? ([0, T]; V™).

The continuation of the proof is divided into three parts. We begin by proving that, for each
e > 0 and all m € N the approximate problem admits a unique solution «*. To this end, we
derive a set of a priori estimates, which will be established in the first two parts of the proof. In
the third part, we prove that as ¢ — 0 and m — oo the sequence u" converges (in an appropriate
sense) to a solution of the problem (2.17)-(2.18)

To simplify the exposition, we omit the indices m and ¢ in the first two parts of the proof

(I) The first estimate.
5 IO + GV, () + (A=al0)). (i (0)
< ([ ot = s)B= (ulo) ds,c(a(t) )+ (F(O.6(O)yy @31)
From (A.6) and (A.7), we obtain
(Aei(t)). £(i®)nds > mal @) - 2:32)

and
1G (e(u(®)ll2lle(@(t))]]2
Le (L4 [lu(®)|lv) [[e) v

Zf; (L4 [lu(®)lv)* + ol a() v (2.33)

Q
—
=~

=~
=
~—
—
~—
=~

I~
=
=
L3

IN N

IN
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By exploiting Young’s inequality together (A.9), we get
t
([ gtt = 5Bz (u(s)) ds.=(afe)))
2 1 t 2
< Sl + 4 ([ ot = 5)B= () ds)
w L%
< ool + LI Es gy @234)
Using Cauchy-Schwarz’s and Young’s inequalities leads to
{(F@),alt))vrxv < 45||f( v + i)l (2.35)
Inserting (3.48)-(2.35) into (2.31), we derive that
2 a2 < L 2 2 ! 2
S F IO+ Klla®ly < @I, + K (14 [@IR) + o [ Tu()lds. 236)
where Ko = (ma — 30). K, = %, Ky = loluloloxlh
Note that .
[u@)llv < fluollv +/0 l(s)[lvds (2.37)
we obtain .
lu(®)} < Ko+ Ky [ las)]3ds 238)
where K3 = max {2||u||}, 2T}
Substituting the last inequalities into (2.36) and integrate over (0, t), we have,
1 . 2 ¢ . 2 1 2
SN + o [ W) 3ds < Sl + KT+ 1 [ 1F(6)1.9
t
VYKST /0 a(s) |12 ds (2.39)

where K4 = K1 + K1K3 + K2K3T, K5 = K1K3 + K2K3T.

Now, from (2.14), we deduce that [; || f(¢)||?.d¢ < K. By using the assumptions on the data and

applying Gronwall’s inequality, we obtain the following estimates.

{u}m. isbounded in L>(0,7;V),
{i"}me is bounded in L(0, 75 V) N L*(0, T3 V).

(IT) The second estimate.

(2.40)
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Differentiating (2.29) with respect to ¢ and setting w = 1i(t), we have

(i (0) ) v + (DG(e(u(t)) (1)) 1)
HDA((0) (a0, D)+ 7 a0) )

< (9B @®) + [ (= 9)Be (@) ds,(@®)) + (70O}, (@41

H
Since
d o . S(s)| p(s . 190 .9 . .
<d'ff (i (1)) ’“<t>> _ [ ABONEE) g a2z + i) 2 0,
¢ vy s (Jag]? 4 €2)2
Note that

(DG (e(im(t))) e(m(t)), & (iim(t))) i = j(DG(( m(t))) € (1)), €(m () n

—(D*G(e(tm (1)) e (tim (t))] €(tm (1)), (i (1)) 1r — (DG(e(ttm(t))) €(itm (1)), (it (¢)))@-42)

It follows together with the above equality that

SN+ (DG (eCa(t)) att)), () + iy [ () o < L o)}
+(DG(e(u1)) e(ur), e(ur))p + /(:<D2G(6(ﬂ(¢)))[6(ii(¢))] e((9)), e(i()))nded

+ [ ADG(e(0(6)) e(i0)), (i) + 2 /t ((8),(6)) g b

+/0t <g(0 / ¢ — )Be (u (s)) ds, e(ii (¢>))> dé (2.43)

H

In order to obtain a second a priori estimate, we give the estimate (0), For this purpose, consid-
ering ¢t = 0 in the equation (2.29) and use (2.30), we get

(i(0), w)vrxy + (Ae(ur), e(w))n + (Geuo), e(w))a + (Je(wr), w)y = (£(0), whyry.
Since (Je(u1),w)y;, = 0 for all w € V'™ we obtain
(u(O), w)v/xv = <DiVO’0, U)>H + <f0(0), w>lev.

which implies

It follows that there exists a constant C' > 0, which does not depend on m, such that

i(0) < C. (2.44)

Existence and Stability of Some Nonlinear... K. Houd- Msila University



2.2. Local Existence

27

Using Cauchy-Schwarz’s, Young’s inequalities and (2.12), leads to

/t<D2G< ()[((S)) (0(6)), (0())
< [ ND°G i@ it (i) o
< [ 151G HHue (a()) [dd
<5/ (¢ ||vd¢+ /||u o)L do.
<5 [ o ||v<z>+z<6< )

and
[ (DG(i(6) (6)), (i)
< /tHDG (6))) ()l e ((6)
< [ Lo e(6))l l(a(6)) s

< [ Jalo) o + K5 (5).
0
By exploiting Young’s inequality together (A.9) and (H-4), we get

[ (9(0)Be (u (), <(i())), 6
< [P0 L8 o) 2o+ 5 [ o) o,

and

/Ot </0¢S g'(¢ — s)Be (u(s)) ds, 5(u(¢))> do

H

¢ 1t/ ro 2
<o [latoao+ g [ ([0 98 as) ao
t 2 t
< [ NiC)do+ Lol L [ futs)lias

Using Cauchy-Schwarz’s and Young’s inequalities, we have

[470) i@ vrevds < o [ 17O o+ [ (o) o

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)
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Combining (2.44)-(2.49), choosing ¢ small enough, we conclude

SN+ (DG(E(a(0) (u(e)), (o)) + 1 [ Nl < SO
HDG(e(w)) (), elun + 45 [ 17 (ONFd6+ 58 [ (o) o

2 t t 272
9(0)2L
+*HgllL1HglleLQB/ HU(S)H%dSJr/ 90 L5 u(@)|[3de. (2.50)
) 0 0 o

Now, by using the assumptions on the data and Gronwall’s inequality, we have the following
estimates

{ {t"}m. isboundedin L>(0,T;V), 251)

(ITT) Passage to the limit in m and e.

From (2.40) and (2.51) , we deduce that there exists a subsequence of {u]*},, . such that for
m — oo and € — 0 we have

u® - u  weak™ in  L*(0,T;V),

ut —u  weak™ in  L*(0,T;V),

ut — i weak™ in L*(0,T;H).
If we denote Q2 = Q x (0,T), we obtain that

{u™} e, {8} e are bounded in [H*(Q7)]".

Since W (0,T;V) < C ([0, T]; V) we deduce that there exists a subsequence of {u},, . such
that

u™ —u  strongly in L*(0,T;H), (2.52)
u™ — 1 strongly in  L*(0,7T;H). (2.53)

Moreover, since the trace map from H'(Qr) to L*(0Qr) is a compact operator and 9Qr =
(002x]0, T) U (Q x {0}) U (2 x {T}), we find

u™(T) — w(T'), strongly in H,
. . . (2.54)
w™(T) — u(T'), strongly in H.
we have
u'(T) = u(T'), weakly in V. (2.55)

We only have to verify that u is the solution of (2.17)-(2.18), let w € L*(0,T;V) and {w™} €
L*(0,T;V™) be a sequence such that w™ — w strongly in L?(0,T; V). Let us remark that the
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convexity of j. and the inequality (2.27) imply that
<J€(Z)7w_z> <]e( ) _je(z) S](w> —j(z)+QCe,Vz,w eV (256)

If we use the inequality (2.56), we take v = w™(t) — u™(¢) in (2.29) and integrate from 0 to 7', we
get

2T+ [ (G0, W™ (1) = 02(0) + (A (1)), ™ (1) — (1)) )

+ G 0). 20 — i — [ gle = 9B (0 (5)) ds. w™(0) (e e
+ [ Gl ) — )

> [N 0070 — i Oy

The last inequality implies

2CT + /T (), W (£)) + (A( (8)), e (w™ (1)) dt

+ [Haet )))H—</0tg(t—S)B&t(uzn(s))ds,a(wm(t))>%dt
2(Hu1|!2 i ()P + (Getua). (o)) = { [ gt = 9)B wo) ds. (o)) )
+ / () de — [ F0), 070~ i Oy de
(<Ge< (T >>,e<uz”<T>>>H—< [ ott = 9)Be () ds, (1) ).
+ / (As(i A (1)) edt (2.57)

Since w™ — w strongly in L?(0,T; V) then having in mind (2.52)-(2.53) and (2.54) we find

[ Gwm e - sz [ ) - o)

Therefore, passing to the lower limit in inequality (2.57), first as m — oo and then as ¢ — 0, and
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using the weak lower semicontinuity, we obtain

/T«u(t),w( 1)) + (A=(alt)), (w(t) o) de

+ [ Gty = ([ ot = 9)Be () ds. (i) dr
z(uun\? (T + (G (o) — { [ ot = 5)B= (uo) ds.=(uo) ) )
[ Glaw®) — ) de— [0 — i)y, de

> lminf ;(<Ge<um<T>>,s<u?<T>>>H—< [ ott = 9)Be () ds,eur (@) )

m——+00,e—0

+ liminf (As( ")), (i (£)))dt

((Ge( (T) Vo —< Otg t — s)Be (u (T))ds,e(u(T))>H) |

+ / (Ac(a(t)), e(a(t)))sdt. (2.58)

From this inequality, we have

[ )0 = )+ (A0, (w0 = 0D+ (Gelu(t). el = a(e)t)
- om gt = )B= (o (5)) do (o — 1))+ 5w) = (1))

> | LR w — i)yt (2.59)

Uniqueness: Let u;, us be two solutions of PV with the regularity (2.19) and write v = u; — uy,
if we write the variational inequality (2.17) successively for u; and us, taking w = uy(t) in the
first inequality and w = 1, (¢) in the second one, and add the resulting inequalities, we obtain

(5(), 9(E)) v + (A=(0(8)), 28 + (Ge(o(), (b))
< ([ 9t =9)Be (0 () ds.c(o(0)

We deduce that

By integrating the preceding inequality over time and applying condition (c) of assumptions
(A.6) and (A.7), along with the initial conditions v(0) = ©(0) = 0, we conclude that the solution
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is unique

L ol Il 2
SO + (ma = 26) [ oG |wwb<T(45 LMLe=ZB ) [ ogs) ds (2.60)

Hence, the last inequality implies that

uy (t) = us(t),

which completes the proof. O

Global Existence

In this section, we prove the global existence of solution to system (2.1)-(2.6) using the energy
method under assumption (H-3) and (H-4).
Let £ denote the energy functional corresponding to problem (2.1)-(2.6), given by

ey = 5 (hai+ (1= [ gts)ds) ol
+;«wwxw+awwmuwmw®yumwmﬂ, Wt > 0. (2.61)

Lemma 2.1. Assume that (H-3),(H-4),(A.4),(A.6),(A.7),(A.9) and (2.7)-(2.9) hold. Then the energy
functional is not decreasing in general satisfies for 6 > 0, forall t > 0

E't) < —(ma—a)u®)]y +sGlu®)]y + (¢ + ) IF O
+0G3(g o u)(t) + ;(9’ ou)(t) +de”" || [S u(t)l|Zoery). (2.62)

where ¢, = (40) 17T+ C3), o= (1 —-1)*(1+ L%) + L4 +1, 3= (1 + L%)(1 - 1).

Proof. Differentiating the equation (2.61), using (2.1)-(2.2) and Green’s formula (A.27) and noting
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that w = 0, and w = 2u(t), we arrive at

£1) = (ale),ult)) i — 9O + (@), u)y (1 [ gls)ds)
+ / g(t = $){a(0) u(t) — uls))vds + (g o)1)

S| u(0) W) w6~ ST U0 By + (O, S
—<Gs< (el — (A=l el
+( [ ot = 9) (B (u(s) = Be (u(®) ds.(a(1))

n </0 g(t — 5)Be (u(t))ds,e(u(t))>H - /Fgu!S\ i | da

IN

UORID ;g<t>uu<t>||2v + (1= [ glo)ds) (), u()y
+/t F— s)(a(t), u(t) — ()>Vds+;(g'<>u)(t)ds

e (ulS] () ()>L°°(F3)+<f (t), f(£))vr-

From (A.6), we obtain
— {Ae(a(t)), e(a(t))n < —malla(®)[f5- (2.63)

Using Cauchy-Schwarz’s inequalities, Young’s inequalities along with (A.7), we deduce that

— (Ge(u(t), e(a(t)))n < 415||ﬂ(t)||3/ +0Lg lu(®)][5- (2.64)

By exploiting Young’s inequality together with (A.9) and assumption (H-4), we get
t
([ ot = 5) (B= (u(s)) = Be (u(t) ds.(a(t))

< SlaR 083 ([ ot =)ot = s)llutt) = u(s)llvds)
< NI +501 - DI3(g 0 u)0). 265

From (H-4), it follows that

([ gt = 9)Be ) ds.c@)) < (1= 1PLEu@R + S la0R. @66

By Young’s inequalities, we have

(O, i) vy < SR + (o)} 2.67)

Existence and Stability of Some Nonlinear... K. Houd- Msila University



2.3. Global Existence 33

From (A.23) together with (2.7), we obtain

_ . _ 1.
e (ST u(t), i) iy < O 1S ult) ey + 7 1) e oy

_ Cs ..
< ode tIIMISIU(t)II%oo(rg)+4*§IIU(75)||3/~ (2.68)

By Cauchy-Schwarz’s and Young’s inequalities along with (H-4), it follows that

! : Lo e 2 2

(1= [ ots)ds) (att), u(ev < oo llaC@} +6 (1+ (1= %) a3, (2.69)

and . .
/0 g(t = s){a(t), u(t) —u(s))vds < =l + (1 =Dd(g o u)(®). (2.70)

From (H-3), we infer that

(@), F@)v < CIFO - (2.71)
By combining estimates (2.63) through (2.71), and applying assumption (H-3) and (H-4), we
finally obtain the desired estimate (2.62). O

The following theorem establishes global existence.

Theorem 2.2. Assume that u(x,t) is a weak solution of problem (2.1)-(2.6) belonging to the class
u € Whee(0,T; V), assumptions (H-3),(H-4),(A.4),(A.6),(A.7),(A.9) and (2.7)-(2.9) hold. Then, u(x,t)
is global in time.

Proof of Theorem 2.2. From (2.62), we have
t
Et) < —(ma—&)[a®ly +oGlu®) + 5‘53/0 g(t = s)llu(t) = u(s)[[vds(t)
+oe || S| u®)zoe(ry) + (€ + 0) IF BT (2.72)
Together with equation (2.72), for § large enough, we obtain

7+ C?
44

ma — > 0,

to derive
&) <G (Ju@lt + [ gt = )ul®) — u@IEds + O + e 1S ) Bngy) - @73

where €, = max {065, 0%5,( + d}.
From (2.61), it is inferred that

£t) = % (Ju@lfy + [ ot = lutt) — uds + 17O+ e ulS u®)iegy ) @74
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where ¢; = min {%, 35 %} . Equations (2.73) and (2.74) imply that
E'(t) < CeE(1), (2.75)

where 65 = %. And therefore,
E(t) < E£(0)e%, (2.76)

Since the solution exists locally, and in view of inequality (2.76), the continuation principle
[56] ensures that the solution can be extended globally. This completes the proof of global
existence. O

Exponential Stability

In this section, we state and prove the exponential stability result for the solution. We first
establish some technical lemmas that will be used to prove our main result.

We define the modified Lyapunov functional .Z(¢) as
Z(t) =E(t) + e(NZ1(t) + Fa(t)), (2.77)
where ¢, N are positive constants to be chosen later and
Zit) = (= [ 9(6)ds) @I + e nlS|ult) ey + a0 u(e)) V220, 278)
Fot) = — <a(t), / "ot — ) (u(t) — u(s)) ds>H vt 0. 2.79)
Lemma 2.2. Assume that (H-4) holds. Then, there exists two positive constants oy and oy such that

W E(t) < L) < al(t). (2.80)

Proof. From Young’s inequalities together with (A.26), we obtain

Z01 = 1(= [ 9)ds) FOIR + e e SOy + {ilt), u(t)
< (U= DO + e lalST a0l ey + 5100 + 5 lu)
< max {d’171,2(1-1),2} (), (2.81)
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and
70 = |- (i), [ ot = 5) (ult) — uls))ds ) |
< S+ S o
< max{l, (1 - )d*}E(1). (2.82)

By combining (2.61), (2.81) and (2.82) we obtain
|Z(t) — E(t)] < eas&(t),
where a3 > 0 is chosen such that

a3 = N max {d2l_1, 2(1—1), 2} +max{1, (1 — I)d*}.

then by choosing
1
€< —, (2.83)
a3
we have ¥ ~ Ewitha; =1 —cagand ay = 1 + eay . O

Lemma 2.3. Assume that (H-3),(H-4),(A.4),(A.6),(A.7),(A.9) and (2.7)-(2.9) hold. Then, the functional
F1 defined by (2.78) satisfies for §; > 0,

Fit) < (k4 36) [u@®)y + C(g o uw)(t) + G llat)l]5
1 1
* <451 - ) IF @)1 + (251 - 1) e || S| ul) |2y, forallt >0, (2.84)

Ay 2
where kl = Mg — (1 — Z)LB,%7 = u 4?1[/3,658 = fT’? + 208(51 + d2.

Proof. Taking the time derivative of (2.78), we derive

FU) = g O +2 (= [ 9)ds) (70, 7@ = e 1] uO)leqry
267 || e) ) e + [0) [ + (D) ult))

Mulyipling (2.2) by w — u(t) and using (2.1), w = 0, and w = 2u(t), assumption (A.7) allows us
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to deduce that

b= (As(i(t), e(u(®)n — melu(®)}
([ ot = 5) (Be(u(s)) = Be(u(®) ds.(u(t))

([ att=s)Beunds,eue)) = [ S| furlda

0

HIO, vy — 9O +2 (= [ g(s)ds) (0, 70}y

—e " |S|ult) | Zoe(ry) + 27 (e [S|ult), () o (rs-
It follows from (A.6) that

(Ae(i(t)), e(u(t)))n

IN

[ A2 (i(t)) [l ¢l (u(t)) [l
L124 . 2 2
26, 12Oy + orllu(®)lly-

IN

Using Young's inequality, (A.9) and (H-4), it follows that

< /Ot g(t — 5) (Be(u(s)) — Be(u(t))) ds, 5(u(t))>

H
< ([ gt 9)luts) — ulo)lvds) +uluto)
< 2258 g0 w + i)

From (A.9) and (H-4), it is concluded that

([ 9t~ 9)Be(u®)ds. «(®)) < La(1 = Dlut)]}-

Recalling (A.23) and (2.7), we have

—t
_ . € _ .
27 (| Slu(t), w(t) ey < ol [STult) [ Foe(ry) + 27 00l|a(t) [ 7o ()
201

—t
€ .
= 2751Hu|5!u(t)llioo(r3)+20351HU(t)H%/-

Exploiting Cauchy-Schwarz’s inequality and (H-3)), we obtain

2 (= [ ae)is) (P 5O < 20 = DIF OOl
<

2(1 = DS O,

and
(f(&);ult) sy < A}(Slllf(t)llzw +auflu(®)[F-

(2.85)
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Substituting the above (2.85) and using (A.26), we get

(1-1L%
46,

FU < (30 Jul)} + (9o u)(t)
L% 1 1
«%%+M%MQMW@<M—QMWW(%—thmwmww
where v = ming(t) —2(1 — )¢ . O

Lemma 2.4. Assume that (H-4),(A.4),(A.6),(A.7),(A.9) and (2.7)-(2.9) hold. Then the functional %,
given by (2.79) satisfies for ; > 0,

Fot) < = /Otg(S)dS 1)1 + Godu [a(t)]13, + Grody [[u(®) |3 + Cin(g o w)(t)

—C1a(g ou)(t) + 51||f(t)||%/, + 261035@), forallt >0, (2.86)
where
Go= L% +d* Go=L%+ L%,
and 4(1-1) (1=1)3 (0)d?
40 - — B 9
L T Y Le(l=1). %1 46,

Proof. Taking the derivative of (2.79) with respect to ¢, we get

~{a(e), [ glt = sya(tyds)

Using (2.1)-(2.2) together with the Green’s formula (A.27), we obtain that

Fyt) = (Aalt), [ ot~ s)(eut) - <(u(s))ds)
+<de>>ébu—sx<<» culs))ds)
([ gt = 5) (Be(u(t) = Be(u(s)))ds, [ g(t = )(c(u(t)) — =(u()ds)
—(ﬁg@—$3d<>m5/ gt = 5)(e(u(®) = e(u(s))ds)
IS [[ ot = 9w ®) ~ ur)ds| da~ (£, [ glt = )(ut) - u(s)ds)
—Qm>4ga—sx<w—w@m§H—AE@Mﬂmm@. 287)
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Thanks to (H-4) and (A.6), we get

(Acta(o)), [ gt = 9)(c((t) — =(u(s))ds)

(1-10
45,

H

< SIAJDI} + 2 (gou)(t). (2.89)

Using (H-4) and equation (A.7), we deduc that

(Getut), [ ot = s)(e(u(t)) — =(uls)))ds)
(1-1
4(51

H

~—

< aLglu®]y +

(gou)(t). (2.89)

By applying Cauchy-Schwarz’s inequality together with (H-4) and (A.9), we obtain that

([ ot~ ) (Belutt) - Be(u(s)) ds. [ gt = 5)(c(u(t) - e(u()ds)
<(1-0Ls(gout).  (290)

By Young’s inequalities along with (H-4) and (A.9), it follows that

_ </otg<t — s)Be(u(t))ds, /Otg(t —s5)(e(u(t)) — €(U(S)))ds>

H
13
< sl + L g 0w 291)
From (2.7), (H-4), (A.23) and (2.61), one obtains
181 [ gtt = ) e ®) = e () ds| da
< 20,C3E(t) + a 45 ) (gou)(t). (2.92)

Similarly, we obtain

= (s, [ate =) - ) <alsol s S genn, @9
and
= (i), [ 9/t = 5) (ult) ~ uls)) ds)
< Jalall [~ ) (t) = uls) dsln
< ealal - 20 0w @9
Substituting the estimates (2.88)-(2.94) in (2.87), we obtain (2.86). 0
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We now present the main stability result in the following theorem

Theorem 2.3. Assume that (H-3),(H-4),(A.4),(A.6),(A.7),(A.9) and (2.7)-(2.9) hold. Assume that mg
and m 4 satisfies
meg > 301 + LB(l — l) (295)

ma > Ao, (2.96)

where \g > 0 is introduced in (2.103), and the kernel of the memory term g(t) satisfies

g(t) > 2(1 = 1)C. (2.97)

Then the energy functional E(t) of problem (2.1)-(2.6) satisfies for any t, > 0,
E(t) < hpe™™E Wt > g, (2.98)
where \i, Ay are two positive constants.

Proof. Because g is positive, we have for any ¢, > 0
to
/ ds>/ s)ds =gy >0, t=>tg.

By differentiating (2.77) and using (2.62), (2.84), (2.86), we obtain, for all ¢ > ¢,
Z'(t) = &)+ e(NF(t )+%’( )

2 2 50 2
(90 = 6:1C5) 1) 13 + | N (k1 = 381) — 61 (%19 + CF(1 — g0) ) — — | @]y

~
( V(o) 50 ) - B geu)

—ma+ € (GN +6,%)) lat)|?
+ <1 _ 6%2> /0 §(t = 8)|[ut) — u(s)|2ds + cis(g o u)(?)

2
1 )
e (W (1= 55) 8 - 2) ISty
1 )
(¥ (- g5) B (et - S sk 299)

where %13 = N(g7 + %11 + %3 (N (7 — ﬁ) — 51 (1 + Cg)) + (5103
In view of (2.95), we can choose §; such that

) 1 1 k
min {2 4Py}<51<max{31 202}, (2.100)
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and select NV sufficiently large so that
N (k1 —301) — 61 (6510 +C3(1 - 90)) >0,
1 2
N(y—M)—ﬁdL+%)>O

Under assumption (H-2), it holds that

(2.101)

(5—<@ia) [ o/t = s)lutt) ~ u(@)lds + ia [ gt = 9)u(t) — u(s) [ ds
< (5-c6u) [ 9= 9)lut) - u(s) s,

where %14 = C512 + %.
Hence, from (2.99), It follows that

ZL'(t) = E(t)+e(NF(t )+%( )
(@0 = 5.08) 101+ (¥ s =390 = 1 (0 + 30— 90) - 20 futoly)
( V(o) o (1+68) - 22 own
—ma+e(GN +6:%)) [la(t)|}
n (; — ) [ 9t = 9)ult) — u(s)[pds

e (¥ (1= ) =808 = ) e ISluO ey
— (N (=45 ) -0 (1+C3) - “5> 1)1 (2.102)

IN

46,

Furthermore, suppose m 4 satisfies (2.96) it we choose )\ as follows

A —  max ) (ngN + 51%9) 6525 (ngN + 51%9)
’ N(v— ﬁ) — 6, (1+C2)" N(ki —361) — 01 (610 + C3(1 = g0))’
5 (6N + 6,%y) (C+0) (GsN + 6:%,)
) 17
N(1=g)=6C3 N(v—4)-0a1+C)

(2.103)
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and 0 satisfies
. {(7—4}51>N—51(1+C§) (v- &) N-6(1+C3)
0 < min , ,
Qg 2614
N (k‘l — 351) — 51 ((510 + Cg(l — gg)) N (k’l — 351) — 51 (010 + Cg(l — go))
Ghas ’ 26564 ’
N(1=g) =62 N(1-355) - 0.C3
(6% ’ 2%14 ’
(v- &) N=6(1+C3) (v- &) N=6(1+C3)
¢ VS (2.104)
(6%} 26614
From (2.104), we have
1 d < min {1, 1} , (2.105)
(’y — E) N -6 (1+C3) as 2%
and
650 _ { 1 1 }
<min§—, —, 2.106
N (k’l — 3(51) - 51 (Cglo + Cg(l — go)) Qa3 2%14 ( )
and
0 < min {1, 1} , (2.107)
(1 — ﬁ) N —6,C3 as 2%
and
1 1
N 0+¢ <min{,}. (2.108)
(’y — E) N-6(1+C3) as 2%
It follows from (2.103) that
) ma — 61
< ) 2.109
(7_ ﬁ)N—& (14+C3)  GN+01% ( )
d
" #a0 < b (2.110)
N (k?l — 3(51) — (51 ((gIO + Cg(l — go)) ngN + 51%97 '
and
1 0 <A 6 (2.111)
(1 — ﬁ) N — 6,03 GN + 016
and
0+¢ ma = (2.112)

< .
(’7-&)1\7—51 (1+C2)  GN + 016
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42
Consequently, combining (2.83) and (2.105)-(2.112) we can take e satisfying
max d 9
(v— )N =6 (1+C3) N (ky—=35) =61 (G0 + CF(1 — 90)’
o 0+¢
(1= ) N=6C3 (v— ) N =6 (1+C3)
. ma — Cgl 1 ].
— . 2.11
<e<m1n{(€8N+51%9, 2‘514’043} (2.113)
Thus, we get
/ 1 t / 2
L) < —eBsE(l) + (2 - 6%14> /O Gt — s)ult) — u(s)|2ds, V> to,
where
N (k1 —361) — 0 2(1 — — &l
%5 = 2min {90 — 65, (r = 30) =0 (0 + Go(l = o)) = 7 ;
1 —go
1 5 630
%, (N( _Ml> — 5 (1+CO)> o
1 5 0 1 N (+0
N<1_ 251) — 01 - e’N( _451) —0(1+65) - € } >0
Using (H-4), (2.113) and (2.80), we get
, —6%15
< . .
Z'(t) < o €a3$(t) (2.114)
Integrating (2.114) from ¢, to t , we obtain
L(t) < L(ty)e M)t >t (2.115)
h
where oy
AL = :
1+ eag
Using (2.80) and (2.115), we get
E) < — @@
- 1- €Q3
1
< Aito ,— A1t
< 1_6a3$(t0)e e M

which yields (2.98) with Ay = =~ 2 (to)eM™.
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A DYNAMIC CONTACT PROBLEM WITH TRESCA’S

LAW

C@he primary objective of this chapter is to investigate the global existence of the solution to a dynamic
contact problem governed by Tresca’s law and to establish their exponential decay. To achieve this,
nonlinear semigroup theory is employed to prove the existence of the solution, while exponential stability
is studied through the construction of a suitable Lyapunov functional.
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3.1. Problem Statement 44

CNE Problem Statement

In this section, we present a concise formulation of a dynamic frictional contact problem between
a viscoelastic body and a foundation, together with the assumptions imposed on the problem
data. The classical model is given by the following system

o(t) = Ae(a(t)) + Ge(u(t)) — /0 T g(s)Be (u(t —s))ds in Qx (0,00), (3.1)
pii = Divo(t) + fo(t) in  Q x (0, 00), (3.2)
w(t) =0 on Ty x (0,00), (3.3)

(0, 00)

O'(t)l/ = f2 on FQ X R (34)

or (O] =g = 3A> O such that 0" 2 (0, 00), (3.5)
UT(t) == —/\UT(t)7
u(—t) = up(t), i, 0) = wr(2) := duo(w, t)]mo in 2 [0,00). (3.6)

Let V' denote the closed subspace of H; defined by

V={veH |v=0 on Iy, v,=0 on TI3}.

In the analysis of the mechanical problem (3.1)-(3.6), we assume that the viscosity operator A,
the elasticity operator G, the relaxation tensors B, and the mass density p satisfy conditions
(A.6), (A7), (A9), (A.4), respectively.

The yield limit g satisfies
geL>®Ts), ¢g>0, on Ts. (3.7)

Moreover, the body forces and boundary tractions satisfy the following regularity assumptions
folt) e WH(Ry; H),  fo(t) € WH(Ry; L2(T9)9). (3.8)

For the initial data, we impose
up €V, uy € H. (3.9)

By the Riesz representation theorem, the mapping f : Ry — V' is defined as

(), )y :/Qfo(t)-vdx—l—/FQ fa(1) - vda. (3.10)
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Assumptions (3.8) implies that, for each v € V" and for almost every ¢t € R
feWhi(R,; V). (3.11)

(H-5) The kernel function g : R, — R, is class C*, nonincreasing function satisfying

oo m
9(0) > 0, go = /O g(s)ds < LTj (3.12)

kWA Global Existence

In this section, we establish the global well-posedness of problem (3.1)-(3.6).

Following a method devised in [19], we introduce a new auxiliary variable 7 in order to handle
the infinite memory and distributed time delay terms,

n(z,s,t) =u(z,t) —u(z,t —s), ze€Q, t,se€R,.

Accordingly, system (3.1)-(3.6) can be transformed into

pii(t) — Divo = fy in Q x (0,00),

o= Ae(i) + Ge(u) — /Ooog(s)Bs(u —n(s))ds in Qx(0,00),

= 1U— s in Qx (0,00) x (0,00),

u(z,t) =0 on I'; x (0,00),

n(x,s,t) =0 on I'; x (0,00) x (0,00),

ov = fy on Iy x (0,00), (3.13)

uy(t) =0, o ()] <y,
o7 (t)] < g = () =0,
lo-(t)] =g =3\ >0 suchthat
o, (t) = —du,(t),
u(—t) = up(t), w(z,0) = uy(z) = uo(x,t)[i=o in Q x[0,00),
n(s,0) = up(0) — uo(s) = no(s) for s e (0,00).

on I'3x (0,00),

We denoteby U = (u,v,7)" withv = @ and assuming that o is a regular function (say oeC! (ﬁ; Sd) ) ,
let consider the following Hilbert space

H =V x Hx M. (3.14)

The set M is defined by
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M={x Ry 2V [ g NG ds < +oc) (3.15)

equipped with the inner product
(0= [ 9(5) (B0, 200y s (316)

The Hilbert space .77 is endowed with the following inner product
<U7 ﬁ)if = <u7 a)V + <U7 77>H + <77a ﬁ>Ma (317)

for every U = (u,v,n)" and U = (@, 0,7)" in 2.

The system (3.13) can be rewritten

Ult)+ AU(t) = F(t), Vt>0,
T (3.18)
U(()) = UO = (u07 Uy, 770) 5
where the operator A and the mapping F(¢) are defined by
u —v
Al v | =| —p'Div(Ae(v) + Ge(u)) + p~ ' Div([5° g(s)Be(u —n(s))ds | . (3.19)
n Ns —V
0
Py =| o holt) | (3.20)
0
and the domain D(A) is given by
(w,0,m)" € A5 v EV;n, € M;
ov = foony;
= <
pay =] WW=0 ol ' (3.21)

o ()] < g = (1) =0,
lo,(t)] =g = 3\ >0 suchthat
o-(t) = —Au, (1),

on ['s;

The following theorem establishes the global well-posedness of problem (3.18).

Theorem 3.1. Under the assumptions (H-5),(A.4),(A.6),(A.7),(A.9) and (3.7)-(3.9), for any Uy € D(.A)
and F € LY(Ry; J), system (3.18) admits a unique mild solution satisfying

U e CR.; ). (3.22)
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Proof. To prove Theorem 3.1, it suffices to show that the operator A + wI is m-accretive for some
positive w. The which can be divided into two steps

Step 1. A + wl is accretive operator for some positive constant w

Let U; = (uj,vi,m;) € D(A), i =1, 2. Using (3.17), we obtain

<(A+WI>U1 — (A‘f‘(x)]) UQ,Ul _U2>jf
= —<7)1 — U2, U1 — U2>V
= <,0_1Div (Ae(vy) — Ae(vg)) v — v2>H

— (p' Div (Ge(w) — Ge(us)) ,v1 — va)

<,0_1Dz'v /OOO g(s)Be(uy — n1(s))ds, vy — U2>
p ' Div /OOO g(s)Be(ug — ma(s))ds, vy — 112>

— (=115 + Mas + V1 — V2, 1L — N2) M
+w(Uy — U, Uy — Us) . (3.23)

_|_

H

H

|
—~

Thanks to Green’s formula (A.27) and boundary conditions, we have

<(A+WI) U1 — (.A+ UJ[) UQ, U1 — U2>f;/f
= —<U1 — U2, U1 — Uz)v
+ <A€(U1) — A&T(Ug),&f(@l) — 6(7)2))7.[
+ (Ge(uy) — Ge(ug), e(vy) — e(v2))n

9()Be (11 = m(5)) ds, (o) — e(02))

0(5) Bz (= mas)) s, (1) — 2(0z) )

o0

+{

+ - (UIT - 027) ' (ulT - UQT) da

H

e}

J
J

H

1 o)
~5 ), g ()llm(s) = na(s)[|F-ds — (v1 = va, 1 — 72) m
+ W<U1 — UQ, U1 - U2>%f/‘

Using Cauchy-Schwarz’s inequality in combination with Young’s inequality, we obtain

—(v1 — v, Uy —ug)y > T4 o1 = valf — 1 (g — walf}. (3.24)
From (A.6), it follows that
(Ae(v1) — Ae(va),e(v1) — e(v2)) g > mallvy — val|} (3.25)

Using Cauchy-Schwarz’s inequality together with Young’s inequality and (A.7), we conclude
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that

(Gelur) — Gelus), e(vr) — e(va)) i > ——

4/~L*HU1 — oy — L |lur — ualf} (3.26)

By applying Young’s inequality together with (A.9) and assumption (H-5), we obtain

o0

— ([ os)Be(ur = m(s)) ds = [~ g(s)Be(u = mals)) ds. (1) = (o))
> —Lg /OOO g(s)lur — ua|lvds|lvr — va|lv — Lp /OOO g(s)lIm(s) —na(s)llvdsllvr — vallv

1 . ) o
Z —glv = vally = ' Liggllur — ually — o L%go/o 9()Im(s) = m(s)llvds. — (327)

From (3.7), we have
/F (01, — 097) - (u1r —ug,)da > 0. (3.28)

Moreover, by applying Cauchy-Schwarz’s inequality together with Young’s inequality and
assumption (H-5), we deduce
+oo
—(v1 — v, — M) = — o1 — U2||V/0 9(s)Im(s) = na(s)llv ds

1 . +oo
> el = wld = [ o@)lm(s) —ms) s (329)

Combining estimates (3.24)-(3.29), we obtain

<<A+MI)U1 - (.A"—(UI) U27U1 — UQ)%
)

> (1= o) o = il
— i (1 +Lg+ QSLQB) luy — uslf§,
— 1" (Lo +90) [ 9(s)Im(s) = ma(s)l[ds
+wl|UL = Dol

Consequently, by taking p* > >, we obtain
(A+wl) Uy = (A4 wl) Uy, Uy — Us)p > (w — L) Uy — Us[%,

where L = max {u* (14+ L% + g2L%), pu* (L%90 + go) » }- Thus, the operator A + wI is accretive
whenw > L.

Step 2. A\] + A is surjective for some positive .

It suffices to show that the range of A\I + A is 77 for some A > 0. We need to show that for any
(I, I, I5)" € A, there exists U= (u,v,7)" € D (A) such that

()\I + "4) (U,U, 77)T = (Ilv IQa 13)T7
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that is
Au—v=1
v — ;Div (Ge(u) + Ae(v)) + ;Div (/Ooog(s)Ba (u—n(s)) ds) =1 (3.30)

A +ns —v =13
Since v € V, the first equation in (3.30) yields

w= ]1;”. (3.31)

Therefore,
ueV.

Integrating the third equation in (3.30) and using the condition 7(0) = 0, we obtain
n(s) = e /S e (I3(1) +v)dr, s€R,. (3.32)
0

Hence, system (3.30) is equivalent to

AV — 1Div (Ge (Il j\_ U) + As(v))
p

+;Dz’v (/Ooog(s)Bs ([1 j\_ U e /Os e (Is(1) +v) d7'> ds)
_ I, (3.33)

Let @ : V' — V' be the operator defined by

(®(v), v)vrxy
= (Ao, v)y + <G€ ( ) + Ae(v),f(v)>H

— </OOO g(s)Be (hlj Ve /OS e (hs(T) + ) dT) ds, 5(1})>H
+ [ o (v)-vrda — s fauda. (3.34)

I's

h1—|—U

Therefore, it suffices to prove that the operator ® : V' — V" is surjective. By ( Corollary 1.2 page
45 in [7]) it is enough to show that ® is maximal monotone and coercive.

We first show that @ : V' — V' is maximal monotone. Using Theorem 1.3 in ( [7], p.45), it suffices
to verify that ® is monotone and hemicontinuous.
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Let us check the monotonicity of @, for any v, v € V, we have
<(PU — @'Ij, v — 6>V’><V
- ~ hy +v hy +v -
= (M — 0,0 —0)y + ( Ge — Ge ,e(v) —e(D)
A A Y
+(Ae(v) — Ae(0), e(v )
< ( ! + U S e (ha(1) +v) d7> ds,e(v) — €(E)>
A 0 ”
< (hl U - s e (hs(1) + ) dT) ds,e(v) — £(§)>
A 0 )
+ / . (v) — 0,(B)) - (vr — T,)da.
Using condition (c) of (A.6) and (A.7), we obtain
(Ae(v) — Az (D), 2(v) — (D)3 = mallv — VIl (3.35)
and ) - .
Ge (M) e () sy —e@®)) > ~mgllv — 313 (3.36)
A A y A
By Cauchy-Schwarz’s inequality, condition (b) of (A.9) and assumption (H-5), we have
— </oog(s)Be (hl U o /S e (h3(T) + v) dT) ds,e(v) — €(ﬂ)>
0 A 0 24
+ </oo g(s)Be (hl U _ /s e (hs(T) + ) dT) ds,e(v) — 5(17)>
0 A 0 "
> —gOALBHv—ﬂH?V. (3.37)
From (3.7), we obtain
/ (0,(v) — 0,(5)) - (vs — T,)|da > 0. (3.38)
I's

Combining estimates (3.35)-(3.38), we obtain

m goL _
(Pv — PV, v — V)yxyr > (G % B) o —of5.

It then follows from (3.12) that ® is strongly monotone for some A > 0. Consequently, ® is

monotone and coercive.

Next, we prove that ® is hemicontinuous (see definition 2.2 in [8]).
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Letv € Vand A > 0. Then

<q) (U + 01)1) 777>V’><V — <q)(1)),1~)>vl><v
= 00\, D)y + <Gs <W> — Ge (11 i “) e (17)>
H

+(Ae (v + Ovy) — Ae (v),e(0))n
_< /Ooog(s)&(h + v/\+ v
—e /Os e (I3(1) + v + Ovy) dT) ds, 5(§)>H

e (B [y )t

+ [ (o7 (vy + Ovy;) — 0, (vr)) - v da. (3.39)

I's

By Cauchy-Schwarz’s inequality and relation (A.26), we obtain

|6{Av1, 0) | 6] Mol [0

<
< [01Ad* il 3l — 0. (3.40)

Moreover, using Cauchy-Schwarz’s inequality and condition (b) of (A.7), we have

L +v+0v L +v _ 0 _
Ge (B2 e (B0 @) | < Blachulv i,
A A » A
— 0. (3.41)
6—0
Similarly, using (A.6), we obtain
[{Ae (v + 1) = Ae (v) (V)| < 0] Lallvi[[v[[ollv ——= 0. (342)

Using Cauchy-Schwarz’s inequality, assumption (H-5), and condition (b) of (A.9), we have

00 I 0
‘_</ g(s)Ba<1+v+ U1
0 A

s /05 AT <I3(7—) Py 0v1> dT) ds, 8(17)>
H

< "9|LBQO
A

H

[vsllv ol = 0. (3.43)
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Finally, by Cauchy-Schwarz’s inequality and (A.23), we obtain

[ (0 (s + 601) = 02(v1) - Trdal < CE16] o[y = 0. (3.44)
Combining (3.40)-(3.44), we conclude that

(@ (v + 0v1),0)yiy — (P(v), D)y o 0. (3.45)

Hence, the operator ® : V' — V' is hemicontinuous.

Since ® is monotone, hemicontinuous, and coercive, it follows that ® is maximal monotone and
coercive, and therefore surjective. Consequently, for any (11, I, Is)" € ./, there exists v € V
satisfying equation (3.33).

Moreover, from (3.32), there exists a constant C' > 0 such that

Il < € (sl + 10l12)

which implies n € M.

From the third equation of (3.30), there exists C,. > 0 such that

sl < Co (s34 + 1011 + 17l

and hence n, € M.
Therefore, U = (u,v,n)" € D(A) satisfies (3.30), and AI + A is surjective for some X > 0.

Finally, by Theorem A.29 in ( [6], p.236) and the fact that F' € L' (R, ; ), system (3.18) admits
a unique mild solution

UeC(Ry; ) forevery Uy € D(A),

which completes the proof of Theorem 3.1. O

Exponential Stability

In this section, we investigate the exponential stability of the solution to the contact problem
governed by Tresca’s law. Assuming that o is a smooth, we construct an approriate Lyapunov
functional to establish the desired result.
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Let £ denote the energy functional defined by

£w) = SN0 =5 (O + lu@lE+ [ o) Ints, 0] ds)
b (7 lgu() By + 17N >0, (3.46)

Lemma 3.1. Assume that (H-3),(H-5),(A.4),(A.6),(A.7),(A.9) and (3.7)-(3.9) hold and let Uy € D(A).
Then, the energy functional (3.46) satisfies for 6 > 0, forall t > 0

+oo
£(0) < —(ma— 6 DI + Ol + 5 [ o) Infs. Ol ds
e [T 46 In(a. ) s e g ey + (C+0) L@ (3D
where € = (46)"1(6 + C2), 6y = L% + g2L% + 1,65 = go + goL%.

Proof. Differentiating (3.46) with respect to ¢ and using (3.13); and (3.13)3, together with Green’s
formula (A.27) taking w = 0, and w = 2u(t), we obtain

+o0
Et) = (lt) w®)u + (@t u®)y+ [ gls)mls,0).n(s,))vds

e gu(®) it)) 1=qry) — ¢ tugumu‘z% SIONIOE
Ao 0 G0,
([ 9(9)Be (u(t) = (s, 1)) ds.=(ife)))

= [ ghulda (70, (0} vy + (), u(t)) v

+ [ ol (s tbveds + 5 [ o(s) It ) ds
+e” <9U(t)7 (t)>Loo ry) + (f(0), F())ve

From (A.6), we obtain
— (Ae(a(t),e(a(t)))n < —mala®)|- (3.48)

Using Cauchy-Schwarz’s and Young’s inequalities together with (A.7), we have

— (Ge(u(t)), e(a(t)))n < 415IIU( IV + L& w7 (3.49)

Applying Young’s inequality together with (A.9) and assumption (H-5), we obtain

</OOOQ(S)B€ (u(t) —n(s,t)) ds,s(a(t))>

<[ oto)Beu) = nts.0ds| ol
< SOOI + Ll + 0wy [ o) (s, Ol ds (350
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and )
(f(&),a(t))vxv < OIF@)F + BHﬂ(t)IIQv (3.51)

From Cauchy-Schwarz’s inequalities together with Young’s inequalities and (H-5), we have
. L.
(i(t), u(®)v < )] +ollu@)], (3.52)

and . . .
| g ae)nts. )vds < 6@l +og0 [~ 9() (s 0l ds (353)

From (3.7) and (A.23), we deduce

_ . _ L.
e gu(t), wt)) sy < e lgu() o ray + 51l 20 (ra)

< st gu(®)leey + S0 a0 (354

Finally, by assumption (H-3), we have
(fo®), F@O)v < CLFOIT- (3.55)
Combining estimates (3.48)—(3.55) yields inequality (3.47), which completes the proof. Il

Remark 3.1. Inequality (3.47) shows that the energy functional is not decreasing in general.

We now construct a Lyapunov functional .#(¢) equivalent to the energy functional by employing
the auxiliary functions (.%#;,i = 1, 2), through which the desired result can be established.

Lemma 3.2. Assume that (H-3),(H-5),(A.4),(A.6),(A.7),(A.9)and (3.7)-(3.9) hold and let Uy € D(.A).Then,
the functional

Zit) = (= [ 9)ds) SO + e gult) Bmqry + @0, w0y, 20, (3.56)

satisfies for 61 > 0, forall t > 0

Fi(t) < (—ko+301) ||U(t)||%/ + 6, /[)+Oog(s) ||77(37t)||%/ ds + €s ||u(t)||%/
(g =) @I+ (55— 1) € “lou®lwc, (357)

2 2
Where k’o = Mmg — gOLB,%LL = gidLlB,ng) = % + 203(51 + CZ2.

Proof. Applying the time derivative to (3.56) leads to

Fi0) = —gOIFR +2 (= [ g()ds) (h0), O — e lgult) ey
267 gu(t), d(0) ey + [a(0) [ + (00, u(t)) .
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Multiplying the first equation of (3.13) by w — u(t), integrating by parts over €2 and recalling
Green’s formula (A.27) with w = 0, and w = 2u(t), together with assumption (A.7), we infer

Fi(t) < Ja@)ly — (Ae(i(t)), e(u(t))n — melu®)]}

[e.e]

([ gl Be(u(t) = n(s.)ds.c(u(t)) ~ [ gluc]da

0

HEO )y — 9O +2 (= [ g(s)ds) (). SO
=~ gu) ey + 2 (gu(t), 2B =rs (3:58)

From (A.6), we infer that

IN

A=)l e
< LI + 8]}

(Ae(a(t)), e(u(t))n

By Young’s inequality together with (A.9) and (H-5), we get

</0009(3)B€(U(t) — n(s,t)ds,e(u(t))>H
/OOOQ(S)Be(u(t) —n(s,t)ds ) lle(u(t)) |2

< Lp [ (s) (lu®lly + In(s. ) dsu) v

<

L%qg0 [
< (oL + ) [u®lF + =5 [~ a(lnts. )]s

It follows from (A.23) and (3.7) that

—t
w . e e
2 gu(t), i) 1=y < 5 |90l ey + 267 S0
—t
€ .
< S lau®l ey + 2630 (1) -

By (H-3), the following estimates are obtained

2(= [ gls)ds) (fult), T

IN

290 L@l ILf @)l v
290CI1F ()1,

IN

and
(f(t);ult) sy < 4glllf(lﬁ)llif + o flu(®)][F-
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Substituting the above estimates into (3.58) and using (A.26), we get

/ L3 oo
Fi) < (ko 300) Jull}+ T [ gls) (s, D7 ds
(B aczas @) 1ol + () 101 + (5 —1) e lulo)l
6, % v 45, v a9, Loo(Ts);
where v = min g(t) — 2¢o( . O

Lemma 3.3. Assume that (H-5),(A.4),(A.6),(A.7),(A.9) and (3.7)-(3.9) hold and let Uy € D(A). Then
the functional

Fo(t) = —<u(t), /()+Oog(s)n(s,t)ds> w0, (3.59)

H

satisfies for 61 > 0, for all t > 0

Fi(t) < —go 4Ol + Gbi GO + i ()
+oo
£ d
46 [ o) Ins, 01 ds

+oo
% [ g(5) In(s, DI ds + LSO} + 26 CREQ), (3.60)

3
where 6 = L3 + &, %1 = L%+ Ly, % = 3+ + Lygo, % = %O

Proof. Taking the derivative of (3.59) with respect to ¢ and using the third equation of (3.13), we
get

Zit) = (i), [ glsn(s.0ds) = alla(t)]s
+{ate), [ glsInls, tds)

H

Integrating by parts with respect to s and using lim,_, 1, g(s) = 0 and (0, ¢) = 0, we obtain

Zi0) = = (i), [ glom(s.0ds) = glla(t)]s
—(att), [ g (s, tds)

H

Using the first equation of (3.13), integrating over {2 and employing Green’s formula (A.27)
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together with the boundary conditions, we obtain

Fit) = (Act). [ g(s)etnis.)ds)
<Ga< ). /0 ”g(s) (n(s,0)ds )

H

([ — (s, 0)ds. [~ g()=(n(s. 0)ds)
[ ol [T otsmets.ds| da= (0, [ glomis.s)
< (5,1) ds>H — gl (3.61)
Thanks to (H-5) and (A.6), we get
(Asae). [~ gt >>ds>H
< =@l | [ o
salLAuu()uwaO FRTRITIN (3.62)
And from (H-5) and (A.7), we infer that
(Getuit), [~ gls)etn(s, >>ds>H
< Ge(u(®)ln | [~ o
galLénu()nwf% St . (3.63)
From (H-5) and (A.9), it follows that
~ ([ glo)Betu(t) ~ n(s))ds / o)1, 0)1 >
<[ oto)Betutt
< s L3} + (fgmBgo) / o )n(s. ) s G640
Taking into account (A.23), (H-5), (3.7), and (3.46), it follows that
/Fgg /Ooog(S)UT(S,t)dS da
<2 CREW) + 2 [ 9(s)n(s, D)l (3.65)

451 0
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Similarly, we get
~ (00 [ gmtsnds) <l O+ 2 [Tgs)lnsnlids, (366
0 V/IxV 170
and
= (a0, [ g (s tds )
0 H
< i)l [~ g s, tds
0 H
0) / [
< S lla(2 _ 9(0) ( / 2 )
< sl — g () o/ )lnts. ) s
0)d? [ [
< 225 |l 2 g( ( / 2 ) ' .
< @ala@)l} — L5~ ([ 9@l 0lpds (3.67)
By substituting the estimates (3.62)-(3.67) into (3.61), we obtain
i) < —gollalt)[% + o (L4 + &) ()2
+01 (L& + L) (I + 1llF ()3
_g(O)d2 /+OO / 2
a9 sl ds
490 . 9 > 2 2
+ + o T Leg | [ g(s)ln(s,t)llvds + 20, CoE(?).
4(51 451 0
O]
We define the Lyapunov functional as follows
ZL(t) = E(t) + e(NF (1) + F(1)), (3.68)
where ¢, N are positive constants to be chosen later.
Lemma 3.4. Assume that (H-5) holds. Then, there exist two positive constants oy and «y such that
a1 E(t) < ZL(t) < aw€(t). (3.69)
Proof. By Young’s inequalities together with (A.26), we obtain
t
AW = (= [ gls)ds ) ISR+ e lgu(t) mqey) + (i(t),u(®)
< max(2,2g0,d*)E(t), (3.70)
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and

[ F()] =

(utt). [~ gsims.t)ds) |
< max(1, god®)E(t). (3.71)

Combining (3.68), (3.70) and (3.71), we obtain

|- Z(t) — E()] < eaz&(t),

where
as = N max(2,2go, d*) + max(1, god?).
Thus, by choosing
€< 013, (3.72)
the functional . equivalent to £ which completes the proof of Lemma (3.4). O

We are now in a position to state the main exponential stability result.

Theorem 3.2. Assume that (H-3),(H-5),(A.4),(A.6),(A.7),(A.9) and (3.7)-(3.9) hold. Assume that mg
and m 4 satisfies
mg > 301 + goLB. (3.73)

my > )\0, (374)
where Ny > 0 is introduced in (3.81), and the kernel of the memory term g(t) satisfies
g(t) > 2goC. (3.75)

then, for any Uy € D(A), there exist two positive constants Ay, Ay such that the solution of (3.13) satisfies

IU®)]1% < Aae™ M. (3.76)
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Proof. By differentiationg (3.68) and using (3.47), (3.57), (3.60), we obtain
ZL'(t) = E(t)+e(NF{(t) + F5(t))
620 9
< ((go - GG3) a0+ ( (ho - 380) — 31 (4 + C3) - 20) o)l

(- 35) -0+ ) = Z2) [~ st nts. ol
e (BN +6:%) 0]

N @ — ) [ gt 0pds + 0 [ g(o)lnts, Ol ds

(¥ (1= 55) 8- 2) e laul0 ey
(v (- ) - e ) - ) o 677
( o (

where 1o = N6y + 65 + 65 (N v - ﬁ) -
Using (3.73), we can pick d; such that

11 k
min{2 47} <51<max{ 0 Cg;%} (3.78)

and take N sufficiently large se that

1+C2)) +6,C3.

N (ko = 38) = 61 (%7 + C3) > 0

N(V—Jsl)—&(l—l—CQ)

(3.79)

In view of (H-2), it follows that
1 © i
(5-¢6) [ dGlnts0lltds + o [ gls)lnts. ) ds
1 <,
<(5-<n) [ g0l ds,

where €1 = 6y + %0
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Hence, (3.77) yields
210 < ~((m=0CR) a0l + (¥ =300 =1 (44 G3) - 22 puco )
(@ (5 (- 55) - 1+ 1) - 2 [T st s

+ (61— ma+ (6N +61%)) ()3
1 >~
(5 c@n) [T g nts. Ol ds

1 2 5 —_ 2
e (3 (1= 55) ~ 86 = ) a0y

1 2 C+0 2
—e (N (7—451) —6 (1+¢3) - )llf( - (3.80)
To ensure condition (3.74) holds, we select )\, as
) i ) (%—,N + 61%6%) 620 (65N + 01%5)
0 ( ) 61 ]__|_C'0> (1{30—351)—51 (%7"‘03)7
GsN + 616 0) (65N + 616
J (%5 +16) €+ )1(5 Jr16)2 es (3.81)
and 0 satisfies
(=) N=00+C) (v- ) N=a(1+C3)
0 < min , ,
Q3 2%11
(52053 ’ 2%2(511 ’
N(1-g) =602 N(1-35)—0.C3
Qg ’ 2% ’
(V- N+ (fy—4};1)N—51(1+C§)_C 682
ag , 2%11 ’ .
which leads to 5 L
s ae <t
6o 1 1
N(ko—301) 1 (€7+C2) < min {a3» % } 3.83)
6 il 1 1 .
COIET R o}
6+C¢ 1 1
ety < i)
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From (3.81), we have
5 < ma—%61
<V—ﬁ)N—51<1+6’8) N+’
©6 < _ma=%
N(ko—381)—61 (67 +C2) ~ CsN+01%o”
5 < _ma=6 (3.84)
(1*ﬁ)N7(§10§ CyN+01%9 "
0+¢ ma—%1
(w—ﬁ)]\/—él(wcg) GeN+%o
Therefore, combining (3.72) and (3.83)-(3.84) we can fix € as follows
max 5
(fy— ﬁ)N—(Sl(leCg)’ N (ko — 301) — 61 (67 + CF)’
4] 0+¢
(1= 3)N=0C3 (v— ) N=0 (1+C})
. ma — (gl 1 1
— . 3.85
<6<mm{‘€8N+51‘€9’ 2%11,(%} ( )
Thus, we get
/ 1 o /
2(0) < —etuf () + (5 — ) [ 9 )nts. 0 ds,
where
Jo — 5103
N (ko — 381) — &, (¢ + C3) — 22
; I T 2)) _ 438
%1 = 2min | 63 (N (7 451) 51(1"’00)) e
N(1-3)-ac3-2
N ’y—ﬁ) — 01 (1+C3) — <
Using (H-5), (3.85) and (3.69), we get
, —6%12
Z'(t) < Z(t). .
(0 < () (3.86)
Integrating (3.86) from 0 to ¢ , we obtain
L) < Z0)e ™M, VteR,, (3.87)

€612

where \; = ; -
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Using (3.69), (3.85) and (3.87), we get
@5 = 2E(2t)
= 1-— eag‘g(t
< L
which yields (3.76) with Ay = :=2-2(0). O
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A DYNAMIC CONTACT PROBLEM WITH
THERMO-VISCOELASTIC OF TYPE III

C@he primary objective of this chapter is to investigate a thermo-viscoelastic contact problem. We
establish the global existence of the solution to the system by employing nonlinear semigroup theory
combined with arguments of operator theory. Furthermore, under suitable hypotheses on the problem data,
we derive an exponential decay estimate for the associated energy functional.

Existence and Stability of Some Nonlinear... 64



4.1. Problem Statement 65

‘Wl Problem Statement

In the current chapter, we study the following thermo-viscoelastic contact problem

o(t) = Ae(u(t)) + Ge(u(t)) — /OOO g(s)Be(u(t—s)) ds+CO in € x (0,00), 4.1)
pii = Divo(t) + fo(t) in Qx (0,00), (4.2)
6 — KAG—0*Ad+Bdivii=0 in  x (0,00), (4.3)
u(t)=0 on TI'; x (0,00), (4.4)
o(t)yv=fa on Ty x(0,00), (4.5)
0=0 on I x(0,00), (4.6)
oy =S, los] < il

los| < ploy| = u,=0 on I3z x (0,00), 4.7)

lo,| = plo,| = 3IA >0 such that o, = =i,
W(z,0) =ui(x) in Qx][0,00), (4.8)
u(—t) = up(t), 6(0) =06y, 60)=6 in Q. (4.9)

We introduce the function space IV which is the closed subspace of H; given by

V:{U€H1|U:O on Fl}

We assume that the mass density p, the viscosity operator A, the elasticity operator G, the
relaxation tensors B and the thermal expansion operator C satisfy conditions (A.4), (A.6), (A.7),
(A.9), (A.11) respectively.

Let S : I's — R, be given such that
S e L>(Ty). (4.10)

The body forces and the tractions have the following regularity
fot) e WHY Ry H),  folt) € WH(Ry; LP(Ty)Y). (4.11)
Finally, we assume that the initial data satisfy
up €V, u; € H. (4.12)

By the Riesz representation theorem, we define the mapping f : R, — V' by

(1), o) vy :/Qfo(t)-vdx+/F2 fg(t)-vda—k/FgS-vvda, (4.13)
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forallv € V, t a.e. € R,. It follows from (4.11) that

feWh(Ry; V).

‘Wl Global Existence

(4.14)

In this section, we establish the global existence result for the contact problem (4.1)-(4.9). For

this purpose, we introduce the new variable ¢ defined by
t
o(x,t) = / O(z,s)ds + ¢(z), YreQ, Vt>0,
0
where ¢ € E solves
—KAgb = 5*A90 — 91 — Ble Uy in Q,
=0 onl.
Integrating (4.3) with respect to ¢ and taking into account (4.15)-(4.16), we obtain

¢ — KAp — 8*Agp + Bdivi = 0.
Moreover, as in [19], we use the new variable

n(x, s, t) =u(z,t) —u(z,t —s), ze€Q, t,seR,.

Then, the system (4.1)-(4.9) takes the equivalent form

(4.15)

(4.16)
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pii(t) — Divo = f in Q2 x (0,00),
o= Ae(d) + Ge(u) — /OOO g(s)Be(u —n(s))ds + C¢ in Q x (0,00),
=1 — s in 2 x (0,00) x (0,00),
O — KAp—0*Ap+ fdiva =0 in Q2 x (0,00),
u(z,t) =0 on I'y x (0,00),
n(x,s,t) =0 on [’y x (0,00) x (0,00),
=0 on I' x (0,00),
ov = fo on [y x (0, 00),
o, =S, o] <plo|
o, | < ploy| = w4, =0 . on ['3 x (0,00),
lo.| = plo,| = IA >0 suchthato, = —\i,
W(z,0) = uy(x) in Q,
u(—t) = up(t) in 2 x [0, 00),
n(s,0) = up(0) — up(s) = no(s) for s € (0, 00).
e(0) = o, ¢(0) =1 in Q x [0, 00).
(4.17)

For U = (u,v,n, ¢, l/))T with v = @ and ¢ = ¢. Assuming that o is a regular function, let consider
the following Hilbert space

H =V x Hx M x Ex L*(Q). (4.18)

The Hilbert space /¢ is endowed with the following inner product
(U, 0)or = (u, @)y + (0,0) 1 + (0, )1 + (0, @)+ (,9)1(92), (4.19)

for every U = (u, v, 7, ¢, w)T and U = (ﬂ, 0,7, 9, {/;)T in 7.

The system (4.17) can be rewritten

Ul(t)+ AU(t) = F(t), Yt>0, (4.20)
U(O> = UO = (u07u177707¢07901)T7 .
where the operator .4 and the mapping F(t) are given by
u —v
v —p 'Div(Ae(v) + Ge(u) + CY) + p~ Div([5° g(s)Be(u — n(s))ds
Al n | = Ns — v . (421)
v —¢
P —KAp — 0*Ay + fdive
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Fit)y=1| 0 , (4.22)

and the domain D(A) given by

(u,v,m,0,0)" € H;veV; e E, neM,;
Ko+ 0% € H*(Q),
ov = foony;
DA =19 5,25 |os] < ulo] . (4.23)

lo| < ploy| = u, =0 .on I's;

lo-| = ploy| = IA >0 suchthato, = =i,

The well-posedness of the problem (4.20) is ensured by the theorem that follows.

Theorem 4.1. Under the assumptions (H-5),(A.4),(A.6),(A.7),(A.9),(A.11) and (4.10)-(4.12), for any

Up € D(A)and F € L'(Ry; 52), system (4.20) admits a unique mild solution satisfying
UeCRy; ). (4.24)

Proof. To prove Theorem 4.1, we need to show the operator A + wI is m-accretivity for some
w > 0.

First, we prove the accretivity of the operator A + w/ for some w > 0.
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For any U; = (u;, v, mipi, ;) € D(A), i =1, 2. We have

<(A+CU]>U1 - (.A"‘Cd]) UQ,Ul _U2>jf
= —<U1 — U2, Uy — U2>V
- <p_1Dz'v (Ae(vy) — Ae(vg)) ,v1 — U2>H

- <p_1DiU (Ge(uy) — Ge(ug)) ,v1 — vg>H

< Div (Coby — Oz, vy — v2>H (4.25)
+ (9 Div [~ gls) Be(ur = m(s)ds, v = va)
— <p_1Div /OOO 9(8)Be(ug — m2(s))ds, vy — U2>

— (="s + N5 + V1 — V2, M1 — N2) M

- K(% — o, 1 — <P2>E

— K{Ap1 — Apy, 1 — o) 12(0)

— 6" (AY1 — Athg, 1 — ) 12

+ B(div vy — divvs, Y1 — ¥g) 12(0)

+ w(Uy — Uy, Uy — Us) s (4.26)

H
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Using Green’s formula (A.27) and boundary conditions, we obtain

(A+wlU; — (A+wl)Us, Uy — Us)
—<U1 — U2, U1 — U2>V

Ae(vy) — Ae(va), e(v1) — e(v2))n

Ge(ur) — Ge(uz), e(v1) — £(v2))n

Cpy — Cia, e(v1) — (v2))

Ooog )Be (u; — m1(s)) ds,e(vy) — €(v2)>
+ </Ooog )Be (ug — 19(s)) ds, e(vy) — €(U2>>

+ / O1r — 027‘) : (Ulf - UZT) da
I's

o~ o~

+
+
+

—~

H

H

+/ (01, — 09y) - (U1, — ug,) da
s

1 o)
=5/ 9G)lms) - n2(s)[[ds — (01 = v2, 1 = N2) a4

- K(% — 2, 1 — 902>E

+ K(Vp1 — Vo, Vipy — Vihy) 120
+ 6" (Vip1 — Viby, Vb — Vi) 12
— f{v1 — vg, Vb — V¢2>L2(9)
+w(Uy — U, Uy — Us) s

Using Cauchy-Schwarz’s, Young’s inequalities and (H-5),(A.6),(A.7),(A.9),(A.11), we obtain

(A+wl) U — (A+wl) Uy, Uy — Uz)

6
> (1 g0z ) o = vl

— W (1 +Lg+ gngB) lur — ualf5
— 1" (Lo +90) [ 9s)Im(s) = ma(s)l[pds
— (=) s — vl
— W LE 11 — Yoll72q
M*62

*

+wl|Uy = Us|%-

o1 — U2||iz

Consequently, by taking p* > max <§m A 15 ) , we obtain

(A+wl) Uy — (A4 wl) Uy, Uy = Up) s > (w — L) Uy = Uall,
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where

* 02
L = max {u* (1+ L&+ aLy), 1 (Lpgo+ o), 1L “pf } :
This implies that A + w/ is accretive provided w > L.
Next it suffices to show that the range of A/ + A for some A > 0 is Z. In other words, we need
to prove that for any (I, I, I3, I4, I;)" € A, there exists U= (u,v,n,p4)" € D (A) such that
()\[ + A) (U, v, 1M, P, d])T = ([17 [27 [37 1415)T .

This system can be written as

Au—v= I,
1 1 o0
v — ;Div (Ge(u) + Ae(v) + CY) + ;Dz‘v (/ g(s)Be (u —n(s)) ds) = I,
0
N+ —v= L, &)
)\QO - ¢ = ]47
M) — KAp — Ay + fdive = .
Suppose (v,1) € V x E. Then, from (4.27); and (4.27),, we obtain
L+ L+ (0
U= b= (4.28)
Thus
(u,0) €V x E.
Integrating (4.27); with n(0) = 0, we get
n(s) = e /S e (I3(1) +v)dr, s€ER,. (4.29)
0
Equation (4.27); is equivalent to
A — fﬁd) — Ay + Bdive =I5 + l/\(AL;. (4.30)
Define the operator 7' : E — E' by
T = (A K Vi,V
< (¢)’¢>E’><E - < ¢’¢>L2(n) + X< ¥, ¢>L2(Q)

+5*<v¢’ V1/)>L2(Q) N 6<U’ v¢>L2(Q)'

We aim to establish the surjectivity of T : £ — E'. It suffices to prove that 7" is monotone,
coercive, and hemicontinuous.
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Let ), € E. Then

AW =9), 9 =8) 0+ (K + 5*) (VO =), V@ —=4)) .0

A
> (5 +5) v - 9l

(T4 =T, =)

Thus, T is strongly monotone for A > 0, hence monotone and coercive.

By Definition A.1, we show

T(+ () = T(¥) asC—0, Y0 €E.

Lety € Eand A > 0. Then

- - - K ~
(T + ), 9, = (T, 0),, = G D) + (5 + ) (Ve V), o
Using Cauchy-Schwarz’s and Poincaré inequalities, we obtain

<M, ¥)

(5 + 0 )V V) | 161 (56 Bl 191 — 0 (4.32)
Combining (4.31)—(4.32), we get

| < KIACE Il 195 — 0, 431)

and

(TW+ ), ) —(TW®),¥),  —0,

E'xE E'XE ¢—0
and hence T is hemicontinuous.

Consequently, there exists ¢ € E satisfying (4.27)5. Moreover,

K x
<>\¢> ¢>L2(Q) + X<V¢, V¢>L2(Q) +9 <V1/1, vw>L2(Q) B ﬁ<v, V1/J>L2(Q)
_ <[5 T ‘;{ Al ¢>L2(m, Vo€ E.

Hence,
K . K . 2

By the regularity theory of linear elliptic equations, we get

([j + 5*>¢ 4 [514 € I*(Q).
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Since I, = Ay — 1), it follows that
Ko+d6 vy e H Q).
Note that equation (4.27) is equivalent to

]1+’U

Ao — ;Div (Ga ( ) + Aa(v)) + O

+;Div (/0009(8)35 (h;l\-v s /OS e (Is(1) +v) d7'> ds)
o (4.33)

We now introduce the operator ® : V' — V' defined by

(@(v),v)vixv

= v+ (Ge (M550 4 Aeto) 4 () )
H

+ | o.(v)-veda+ | o,(v)-v,da— / favda. (4.34)
s

F3 FS

To establish surjectivity of ®, we proceed by analogy with the arguments used for the operator
T.
First, we verify monotonicity. Let v, v € V. Then

<(PU — @'Ij, v — 6>V’><V

- <AU—A6,U—5>H+<05 (hlAH;) - (

+H(Ae(v) — Ae(0),£(v) — (V)

< <1+”— - SA dr)ds,e >
A 0 ”
< <h1+” - s AT dT) ds, e(v >
A 0 )

(0)) -

—i—/ or(v (v — Uy da+/ o,(v) —0,(0)) - (v, —v,)da.

From (c) of (A.6),(A.7), we obtain

(Ae(v) — Ae(D),e(v) — () > mallv — 7|7, (4.35)

<G5 (hlj ”) — Ge <h1; 17) e(v) — 6(5)>H > ima\lv — v (4.36)

and

Existence and Stability of Some Nonlinear... K. Houd- Msila University



4.2. Global Existence

74

From Cauchy-Schwarz’s inequality, (b) of (A.9) and (H-5), we have

- </Ooog(s)B€ (’“; D /0 7 (ha(r) + v) dr) ds, (v) - 8(17)>

+ </0oo g(s)Be (hli_ v e /OS e (ha(1) + ) d7'> ds,e(v) — 5(17)>

> _9Ls
- A

H

H

lv = ol[3-

From (4.10), we obtain
/Fg(aT(v) — 0,(®)) - (vy —T,)|da > 0.

and
[ @) = 0 ) (1~ ) lda 2 0

Combining the estimations (4.36)-(4.38), we obtain

_ _ mea — goL _
(v — PV, v — V)yxyr > (C;)\‘%B) lv — UH%/,

which shows that ® is strongly monotone for A > 0, hence monotone and coercive.

Next, we establish hemicontinuity. For any v,v € V, as § — 0 we have

(@ (v+ vy, D)vixy — (P(V), V)vrxy
= 0(\v1, V) + <G€ (W\%) — Ge (Il ;\_ U) ,E (T))>H

+({Ae (v + Ovy) — Ae (v) ,e(0))n
_< /Ooo g(s)Bg<[l + ’U)\—i- v,

—e‘AS/O e (I3(1) + v + 6vy) d7'> ds, 5(17)>H

(2 o))

H

+ /F (o7 (v 4 00) = 07 (00)) Trdat [ (o, (v, + B0n) — 0, (w)) - Tda

I's

Applying Cauchy-Schwarz’s inequality and (A.26) gives

|6{Av1, 0) | 0] Mol [0l

<
< 01 [lullvl[Elly = 0.
—0

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)
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Using Cauchy-Schwarz’s inequality and (b) of (A.7), we get

I 0 I 0
Ge (D20 e (B e | < Blaghivtioly,
A A H A
— 0. (4.42)
0—0
Similar to (4.42) and (b) of (A.6) instead of (A.7) , we get
[{Ae (v +0v1) = Ae (v), £(O))u| < [0] Lallvi[[v[[ollv 5= 0. (4.43)

It follows from Cauchy-Schwarz’s inequality, (H-5), (b) of (A.9) that

00 I 0
‘_</ g(s)B€<1+v+ U1
0 A

s /05 Y <]3(7—) +v+ 91)1> d7'> ds, 5(5)>H

H
< Eodoy, oy — 0 @.44)
Thanks to Cauchy-Schwarz’s inequality, we have
[ (@ (vr 4+ 0017) = 0n(0r)) - Trdal < C316] ol [Tl 5= 0. (4.45)
and
[ (00 4 00) = 0u(0)) - Toda| < G 18] ol Tl 5= 0. (4.46)
Therefore, combining (4.41)-(4.46) yields
[{P (v +Ov1), 0)vrxy = (B(v), V)vrcv| o= 0. (4.47)

Consequently, it follows that ® : V' — V" is hemicontinuous.

By exploiting the monotonicty, hemicontinuity and coercivity of ®, we deduce that ® is maximal
monotone and coercive. This property ensures the surjective of the operator. Therefore for any
(I, I5, I3, 1y, ]5)T € J, there exists v € V satistying equation (4.33).

Finally, from (4.29), one deduces the existence of a constant C' > 0 such that

Il < € (I3l + 10115 -

Then, it holds that n € M.
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It follows from the third equation of (4.27) that there exists C, > 0 such that

Inall3a < Co (3150 + [0l + Imlle) -

Consequently, the regularity 7, € M follows.

Therefore, U = (u,v,1)" € D(A) which verifies (4.27) and thus M\ + A is surjective for some
positive .

From Theorem A.29 in ( [6], p.236) together with the fact that F' € L*(R,; #), we deduce that
the system (4.20) admits a unique mild solution U € C(R,;.7’) whenever U, € D(A) which
completes the proof of Theorem 4.1. O

Exponential Stability

In the current section, we are concerned with the exponential stability result associated to the
energy solution of contact problem (4.20). Assuming that o is smooth, we are going to establish
technical lemmas to prove our result after defining the energy functional €.

The energy functional £ is prescribed by

&) = MU =5 (1 + el + [ o(s) s, 011 ds)
b (e SOy + IO+ KNI + 160 Ba) Ve 2 0. (4489

Lemma 4.1. Assume that (H-3),(H-5),(A.4),(A.6),(A.7)(A.9),(A.11) and (4.10)-(4.12) hold and let
Uo € D(A). Then, the energy functional (4.48) satisfies for 6 > 0, forall t > 0

E(0) < = (ma—) [at)l} + 0G0} +0% [ g(s) (s, ) ds

2/ s) (s, O ds + 8[| 1] w()|[Ze g + (C +8) £ @)1
—(0" )Ilw( Nz + ol ()], (4.49)

where Cgl = (4(5)_1(7+ Cg),(gg = LG +gOL2B +1 (gg = 4o +g0LB,(g4 = L ,%5 = BQ.

Proof. Differentiating the equation (4.48) with respect to ¢, using (4.17);,(4.17)3 and (4.17),4 re-
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calling Green’s formula (A.27) and noting that w = 0, and w = 24(t), it holds that

E(0) = (@(0),a0)n + (alt). u(t)) + /+°° ) (s, 1), (s, )il

T, 10 ecr) — 3 NSO rmiryy + (R(0), SO
+<¢<t>,¢<t>>L s+ K(p(0). (0}
= —(Ae(i(), (0 — (Geu(t)), (@t — (CH(E), =(ilt)))
([ 9(o)Be (ut) = n(s, ) ds.e(@®))

_/ 1 1S) [ur| da+ (F(£), @(t))yrny + (i), ult))y

; / (s Ohveds + 5 [ g/(5) I, ) ds

e (p |5| () ()>L°° rs) + (fe(t), ())V’+K<V¢vv9@(t)>L2(Q)
—K<V<P, Vo (t) @) — 8 IVR() Iy + BLlt), V(1)) 2.

Exploiting (H-3),(H-5),(A.4),(A.6),(A.7),(A.9),(A.11) and (4.10)-(4.12) and Young’s inequality, we
obtain the estimate (4.49). Il

Remark 4.1. From (4.49), shows that the energy functional € is not decreasing in general.

Now, we proceed to establish the auxiliary lemmas that are necessary for presenting our stability
result

Lemma 4.2. Assume that (H-3),(H-5),(A.4),(A.6),(A.7),(A.9),(A.11) and (4.10)-(4.12) hold and let
Uy € D(A).Then, the functional

Zit) = (= [ o6)ds) @I + e ulS|uOl ey + @0, u(@)y >0, (450)

satisfies for 61 > 0, for all t > 0

+00
Fi(t) < (=Ko +46) [u(®)] +<€6/0 g(s) In(s, )13 ds + 6 ()3, + Csllo ()]
1 1
+ (451 - 7) LF @5 + (25 - 1) eS| w(t) 3o ) (4.51)

02

where k’o =mqg — goLB,Cgﬁ = goL, 657 = % + 20251 + d? ng 461 .

461

Proof. By differentiating relation (4.50) with respect to ¢, we obtain

Fi0) = —gOIFR +2 (= [ o()ds) (hle), O — e 1S Oy
267 || 0), ) e+ 00) 3 + (D), wlt))
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Multiplying the first equation in (4.17) by w — u(t), integrating over 2 and applying Green’s
formula (A.27) with w = 0, and w = 2u(t), together with assumption (A.7) , we deduce
Fi(t) < a@®)ly — (Ae(a(t)), e(ut)))s — melu®)[I§ — (Co(t), e(ult))),,
+ ([ 9()Be(u(t) = n(s.0)ds.e(u(®)) ~ [ j]S]]ur|da
HIW w0y — 9O +2 (= [ gls)d ) {ilt), £
—e ST u®) e (ry) + 267 (]S u(t), () Lo (4.52)

Applying Young’s inequality and (A.6), we estimate

(Ae(u(t), e(u®))r < [[Ae(lt))|lnlle (@)l

L2 2 2
< RO + alluo) -

A

Thanks to Cauchy-Schwarz’s, Young’s, and Poincare inequalities, and taking into account (A.11),
we deduce

(Cop(t),e(u(t)))r < NCOE)|llle(ult))ll

< LCC le@@ONE + o llu®)IF-

Using Cauchy-Schwarz’s inequality, Young’s inequality, (A.9) and (H-5), we obtain

([ ots)Beute) - n(s,t>ds,g<u<t>>>H
<[ ot Bttt nts. s 1t
< Lp /0 o(6) ()l + el ()l

L%gy [o°
< (90Lg + 1) [Ju(t)[3 + 4%10/0 g(s)|In(s, )|} ds.

Similarly, by Cauchy-Schwarz’s and Young’s inequalities, together with (A.23) and (4.10), we
deduce

IN

—t
N . e e
e N | S| u(t), w(t)) Loo(rs) 2, |2 |5 u(t)||%oo(r3) + 2e t51||u(t)||%oo(F3)

IN

—t
€ .
S ST Ol + 2630 (0 -

Moreover, exploiting (H-3),

2(= [ gts)ds) (h0), S0

IN

290 L@l ILf @)l v
< 2g0¢IF B,

Existence and Stability of Some Nonlinear... K. Houd- Msila University



4.3. Exponential Stability 79

Finally, Young’s inequality yields

FOu®) vy < ——IF O + 81 )]

~ 40y

Substituting all these bounds into (4.52) and using (A.26), we arrive at

, Ly [
FO) < (ko + 45 )l + 228 (" g(5) s, 01 ds
(B acs v ) 1ol + (o ) 170
46, T V44, v

1 — ) 2c? o
+ (g5 1) e8I uOlmiey + 5 eI

where v = min g(t) — 2¢o( . O

Lemma 4.3. let Uy € D(.A) Then the functional

. 0"
Fa(t) = (p(t), 0(t)) r2@) + Euv@(t)“%?(ﬂ)v vt > 0. (4.53)
satisfies for 61 > 0, forall t > 0
F(t) < G ()l — (K = &) o)l + Cro llo(6)] - (4.54)

2d2 2
where €y = &W’ Co = C2.

Proof. Differentiating (4.53) with respect to ¢, we obtain
Fy(t) = [0 72() + (1), 0(t)) L2y + 6" (V(t), V(b)) 20

Multiplying (4.17)4 by ¢(t), integrating over €, and applying Green’s formula together with
boundary conditions, yields

F5(8) < @O)l120) — KIVEOIE + BLlt), V() r2@)- (4.55)
By Cauchy-Schwarz’s, Young’s inequalities and (A.4), we deduce

Bli(t), Vo) ey < e [a(OI + Sallo (1)
y VY L2(Q) > 462P*2 Vv 21|¥ Jok

Substituting this estimate into (4.55), we obtain the desired result.

zit) < 2

S Loy (Il — (K = &) le @)l + C2 o0 -
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Lemma 4.4. Assume that (H-5),(A.4),(A.6),(A.7),(A.9),(A.11) and (4.10)-(4.12) hold and let Uy € D(A).
Then the functional

Fy(t) = —<u(t), /()+Oog(s)77(s,t)d5> Vo, (4.56)

H
satisfies for 01 > 0, for all t > 0
Z5(t) < —golla@)ll + Eudi 4Ol + Cradr [u(®)]y
+o00
i [ g(s) (s, )} dsisdi ¢l

+oo
—‘514/0 g'(s) (s, DI ds + 6 [ F (DT + 26 CFE(1), (4.57)
where 6y, = L + d*, 6o = L: + L%, 613 = igo + 2 + Lpgy, G4 = %1‘12, €5 = LEC2.
Proof. Differentiating (4.56) with respect to ¢t and considering (4.17)3;, we obtain

Zit) = = (i) [ glsm(s.0ds) —anlla(t)[s
+{ate), [ glsInls,tds)

H

Integrating the term (u(t), [~ g(s)ns(s, t)ds) ,; with respect to s, and using 7(0,¢) = 0 together
with lim,_,, ., g(s) = 0, we deduce

Zi(t) = (i) [ glsm(s.0ds) = gnlla(t)]s
= (att), g nls ds)

By invoking (4.17),, integrating over {2 and applying Green’s formula, boundary conditions, it
holds that

H

Fi(t) = (Acti®). [ genis.0)ds)
+{G=ut), [ gls)=tnls, 0)ds)
+{Cp). [ a(s)etns,)ds)
~([79 ()Bﬁ(()—n(st))dS/ g(s)eln(s, 1)ds)

81 sty = {10, [ otnts i)

= (a(t), [ g (s, tds >H — ol (458)

H
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Thanks to (H-5) and (A.6), we obtain
<Ae< (®) / 9(s)=(n(s >>ds>
H
< || A( H ))d
JAea(e)l || o s
S61LA||u<t>||v+& " g(s)ln(s, Dl ds. (4.59)
451 0
And from (H-5) and (A.7), we infer that
(Getuit). / o(s)=(n(s >>ds>
M
< ||Ge( H ))d
|GeCu(®)l | | o )ds|
SélLéHuUHwﬁl [ 9() (s 1) ds. (4.60)
By Cauchy-Schwarz'’s inequality, (H-5) and (A.7), it is deduced that
(o), [~ 9=t t))ds>
0 H
< lCel | [ a(etnts, 0)ds|
< BIECH |t >||E+45 ool s (@.61)
It follows from (H-5) and (A.9), that
~([7 9Bttt = n()ds, [~ g(s)en(s, )d >
H/ —n(s,t))ds /
2 2 90
< Sl + (45 +LBgo) [ ot)lins, s 4.62)
Taking into account (A.23), (H-5), (4.10) and (4.48) it follows that
/L‘S|‘/ s)n-(s,t)ds| da
§2510§5<)+§1 [ 9() (s, ) ds. (4.63)
Similarly we get
— (S0 [ gmisnds) <l O+ 5 [Tos)nnlids @6
0 VIxV 461 Jo
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and
= (att), [ g s, tds)
< il | [ o' (sInts.)ds]
< alaolf - 22 ([ lnts. 0l )

02 [
< )l — C0 ([ gl ol as). (465

Substituting (4.59)-(4.65) into (4.58), we can get (4.57). [
We now define the Lyapunov functional as follows
ZL(t) =E(t) + e(NF(t) + Fa(t) + F5(1)), (4.66)

where €, N are positive constants to be chosen later.

Lemma 4.5. Assume that (H-5) holds. Then, there exist two positive constants oy and oy such that
a1E(t) < Z(t) < a€(t). (4.67)

Proof. It follows from Cauchy-Schwarz’s, Young’s inequalities and (A.26), we have

Z01 = 1(= [ 9)ds) SO + e e S a0y + {i(t), u(t)

< max(2,2g, d*)E(t), (4.68)

and
2201 = [(6l0), 020 + 5 IV

< max(1,C% + §)E(t), (4.69)

and
Za0 = [(ate), [ gomis.ds) |
< max(1, god®)E(2). (4.70)

Combining (4.66) and (4.68)-(4.70), we obtain

[Z(t) = E()] < eas€(1),
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where the positive constant a3 is defined by

asz = N max(2,2go, d*) + max(1,C? + 6*) + max(1, god?).

Note that, thanks to .
€< —, (4.71)

a3
weget £ ~Ewitha; =1—exgand ay =1+ eag . O

The following theorem provides the result concerning exponential stability issue.

Theorem 4.2. Assume that (H-3),(H-5),(A.4),(A.6),(A.7)(A.9),(A.11) and (4.10)-(4.12) hold. Assume
that m¢q and m 4 satisfies
mg > 451 + gOLB‘ (4:72)

ma > Ao, (4.73)
where Ny > 0 is introduced in (4.81), and the kernel of the memory term g(t) satisfies

g(t) > 2goC, (4.74)

then, for any U, € D(A), there exist two positive constants Ay, Ay such that the solution of (3.13) satisfies
IU®)[15 < Ase™™. (4.75)
Proof. By differentiating (4.66) and using (4.49), (4.51), (4.54), (4.57), we obtain for all ¢ > 0
Z'(t) = &) +e(NF (1) + F(1))

e (o0 = 3G8) Wity + (¥ = 430 = 1 (2 + €)= 2 ) Jucolt

€

(

(@ (5 (- 55) -~ 1+ 8) - 22 [T st s
(
(

IN

5 — 6y -
8N s — %) le()I2

K-i- 50 oo

+ (61 — ma +€(GN + G+ 66n)) |a@®)|3
1 © =
+ (2 — 66514) /0 g (s)In(s,t)[3ds + Ec516/0 g(s)|In(s,t)|[3ds

1 2 5 _ 2
(v (1= ) -G = &) IS Ol

e <N ( - 4{;1) ~6 (1+C2) - C?) £ ()] (4.76)
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where %16 = N(gﬁ +(€13 —F(gg (N (’7 — ﬁ) — (51 (1 + Cg)) + 51002

Using (4.72), we can pick d; such that

11 ko g0
mm{Q,M} <0 < max{4,cg}, (4.77)

and therefore N large enough such that
N (ko — 461) = 01 (%12 + C3) > 0,

N(y—&>—§1(1+03)>0.

(4.78)

Moreover, we have to choose d5 such that
K > 9,. 4.79)

Taking into account (H-2), we obtain

1 00 , 00
(5 ) [ glntsOlltds + s [ gs)Ints. )l ds
0 0

1 oo
< (5 ) [ g G)lnts. )l ds,
where %17 = %14 + %.
By inserting the previous inequality into (4.76), we obtain the following

2() < —e((go—alcé) ||u<t>|r%1+(zv<ko—451>—51 (%wg)—%j‘s) Hu(t)||2v>

(@ (5 (- 55— (14 8) - 2 [ oot s
. <5* — 610

€

_GN — Binds — %) ol

e <K_52 _ C“) eI

€

+ (G = ma+ e (GN + G + 0%0)) [[u)|fy
1 o
(5 =) [T 9Ol 0lds

1 A
(¥ (1= g5 ) -8 = ) IS0 ey

e (N ( - 421) —6 (1+¢3) - C?) [RiGTE (4.80)
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Moreover, we assume that m 4 satisfies (4.73) if we choose )\ as follows

e — max 3 (67N + €y + 61%11) €20 (67N + €9 + 01%11) €50 (61N + €y + 01611)
’ N(y—ﬁ)—él(lﬁLC}?yN(ko_‘wl)_51((512-%03)7 K — 0
I (GrN + 6o + 61611) (C+ ) (GrN + 6y + 01611)
1 Y, 1 Wi, (4.81)

and 0 satisfies

{(v BIN =6 (1+C) (v &) N-86(1+C3)

0 < min o , % ,
N (ko — 401) — 01 (612 + C2) N (ko — 361) — 61 (612 + C?)
%2043 ’ 2(52(517 ’
N(1-5)=0C3 N(1-3)—6C?
% ’ 2%17 ’
(v- %) N=0(1+C) . (v-5)N=6(1+C3) -
a ’ 2%17 ,
K —0y K—10y 0* 0% (K — 09)

Csas | 26567 ?47 Cs (63N + 61501 + G10) + €4 (K — 52)'
F((v— ) N =6 (1+C2))
(GN + G501+ G0) + G (V- &) N =0 (1+C3))

(gg (%SN + C515(51 + Cglo) + %4 (N (k() - 451) - 61 (%12 + Cg)) ’
It follows from (4.82), that we have

) . 1 6* =646
<'y & )N 61(1+02) < mln{a3’ 2%17 ¢ 58N+/15§1+/10}

G20 : 1 1 0* =640
N (ko 451) 251(%12+03) < min {?3’ 2%17” %N+%5§1+%o} ’

: 1 1 0% =646
( >N 5,02 < in {073’ 2¢17° %8N+(515541+(510} ’ (483)
: 1 1 640
( ——)N 51 1+C2) < min {073’ 2617 %8N+%15§1+?o”10} ’
{ 11 5* =646 }

K as? 26170 CsN+%1501+%0 J
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From (4.81), we have

) < ma—%
(v—ﬁ)N—dl(H—C@) 47 N+%o+61%11’
G20 mA—%)l
N (ko—461)—d1 ((5124-03) C1N+%C9+61%11°

) ma—%1
CrN+%9+561611°

(4.84)

1
(17%1 )Nfalcg

0+¢ ma—%1

CrN+Co+61¢11 "
(7—&) N—61 (H—Cg)

ma—%61

K—63 CrN+C9+61%611 "

Therefore, combining (4.71) and (4.83),(4.84) we can fix € as follows

4] 620

m{(v—m

N =6 (142 N(ko—461) — 1 (612 + C5)’
d+¢

%30
(1= )N=6C3 (v— ) N-5(1+C3) K3

<e<min{

GN + Ci500 + G0 CGN + Co + 061611 2617 as

Using (4.85) and inequality of Poincare, we get

(5* — 610
e 74

Thus, we get

: _%N:@—%waﬁ

5 — 6,0 .
(4—%NJ%—%QW@@@>

1

zwhgf%¢@+(j%%04mﬂgm@wm@,

where

%18 = 2min

go — 5103

N (ko — 461) — &1 (12 + C3) — 22
G (N (v—5) =61 (1+C2)) — %0
1— o) — 6,03 -2

Y= ) (14 CE) -

K =5, — %b)

(542 — 6N — 615 — Guo)

*CP\;‘H Xl= 2 2
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Using (H-5), (4.85) and (4.67), we get
L) < 1‘52?33@) (4.86)
Integrating (4.86) from 0 to ¢ , yields
L)< Z0)e ™, VteR,, (4.87)
where \; = %
Using (4.67), (4.85) and (4.87), we get
@5 = 25(;)
= 1—- eozgg(t
< 5 _2€a3$(0>e””,
which yields (4.75) with A\, = —=2—_2(0). O

l—ecas
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CONCLUSION AND FUTURE WORK

Un this thesis, we have investigated several classes of dynamic viscoelastic and thermo-viscoelastic
contact problems under different boundary and frictional conditions. By employing a com-
bination of nonlinear semigroup theory, operator methods, Galerkin schemes, fixed-point ar-
guments, and energy techniques, we established rigorous results concerning the existence,
uniqueness, and exponential stability of weak solutions.

The main contributions of this work can be summarized as follows

e For frictionless viscoelastic contact problems with long-term memory, we established the
local existence of the solution via a fixed-point argument combined with classical existence
and uniqueness results for parabolic inequalities, and further proved global existence
in time. Using the energy method again and an appropriate Lyapunov functional, we
established stability.

e For frictional contact problems with long-term memory governed by a simplified Coulomb’s
friction law, we developed variational formulations, proved local existence through Galerkin
approximations, and extended the analysis to global solvability. Exponential decay was
obtained using Lyapunov and multiplier methods.

e For frictional viscoelastic contact problems with infinite memory, we proved the global ex-
istence of a unique solution using nonlinear semigroup theory under suitable assumptions
on the initial data, and demonstrated the exponential stability via Lyapunov functionals.

e For thermo-viscoelastic contact problems with friction, we incorporated thermal effects into
the constitutive law and established global solvability and exponential decay by combining
semigroup theory with energy methods.

As perspectives for future research, it seems interesting to pursue the following objectives:

¢ Extension of results: Extend the global existence and stability analysis to electro-viscoelastic
contact problems, contact problems with damage, and viscoplastic contact problems.

e General decay results: Establish decay rates for the considered contact problems when
the relaxation function g satisfies general assumptions beyond exponential decrease.

e Weaker assumptions on data: Relax the conditions on problem data, particularly the
regularity of the external force f and the positivity of constants mq and m 4, while still
proving global existence and exponential stability.
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MODELING AND MATHEMATICAL BACKGROUND

Un this appendix, we introduce some basic preliminaries from functional analysis that will be required in

the subsequent developments. We also present the mathematical modeling of contact processes. First,
we review the fundamental equations of continuum mechanics together with the associated boundary
conditions. In the second part, we present several essential tools from functional analysis. We begin
with the function spaces commonly used in contact mechanics, then discuss some standard results from
nonlinear analysis, and finally list several classical inequalities. These elements will be applied repeatedly
in the mathematical analysis of the models developed in the subsequent sections of the thesis. For further
details on the concepts introduced here, the reader is referred to the references [4,9,11,44,60].
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YWl Basic Equations and Boundary Conditions

In order to investigate contact problems, we begin by recalling the fundamental equations of
continuum mechanics, together with the associated boundary conditions. This section introduces
the basic notations, function spaces, and constitutive relations that will be employed throughout
the thesis. The presentation is organized into three parts: the physical setting, the governing
equations, and the boundary conditions, which together establish the mathematical foundation
for the analysis developed in the subsequent sections of the thesis.

Physical Setting

Finite dimensional spaces We first introduce preliminary notations that are needed in this
section. Additional notations used in the mathematical analysis of contact problems will be
introduced in Section A.2. Let R? (d = 2,3) denote the d-dimensional real linear space. The
symbol S¢ stands for the space of second-order symmetric tensors on R?. The canonical inner
products and the corresponding norms on R? and S? are defined by

u-v = uwy, ol = (v-v)Y? forallu = (u;),v = (v;) € R, (A.1)
12 forallo = (0y),7 = (1) € S%. (A.2)

o7 = oyTiy, || =(r.7)

Throughout this work, indices ¢, j run between 1 and d, and unless otherwise stated, the sum-
mation convention over repeated indices is adopted. We will frequently use the following
spaces:

H= {'U, = (ul) ‘ U; € LZ(Q)} s }, H = {O’ = (Jij) ’ Oij = 0y € LZ(Q)} .
The canonical inner product of the previous real Hilbert spaces H, H, are

) = zzd )
(U, v) p2(0a /qu x

(o,T)y = /QUz‘sz'j dz,

with associated norms denoted by || - ||z and || - ||», respectively.

Physical setting. We consider a deformable body occupying a domain Q2 C R? which may
come into contact with a deformable foundation under the action of body forces and boundary
tractions.
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The boundary I' of the body is decomposed into three disjoint measurable parts I'y, I's, I';, with
meas I'; > 0. The body is fixed on I'; and so the displacement field vanishes there. Surface
tractions of density f; act on I'y, and a body force of density fj is applied in €.

I (1 - Body I

r, |v  Jg9-gap

Foundation

FIGURE A .1.1 The physical setting; I'; is the contact surface.

We are interested in mathematical models that describe the evolution of the mechanical state of
the body during the time interval [0, +00). To this end, we denote by u = u(z, t) the displacement
tield, by 0 = o(z,t) the stress field, and by € = ¢(u) the linearized strain tensor. The state of the
system is completely determined by (u, 0);

in other words, the functions u : 2 x R, — R?and o : Q x R, — S? will play the role of the
unknowns in contact problems.

When temperature effects are taken into account, an additional unknown 6 : Q@ x Ry — Ris
introduced, representing the temperature.

We denote partial derivatives and components by subscripts, e.g., the components of the lin-
earized strain tensor ¢(u) are given by

1

e(u) = (ei5(w)),  ey(u) = 3 (uiy +uji).

Equations of motion. The equations of motion governing the evolution of the mechanical state
of the body are
pii = Divo(t) + fo(t) in Q x (0, 00), (A.3)

where p denotes the mass density, i represents the acceleration vector and f; denotes the density
of applied forces. The notation "Div" represents the divergence operator with Dive = (0;;;) . A
dot above a quantity denotes the time derivative, thus @ = u; and i = u;;. We assume that

p € L>(Q), there exists p* > 0 such that p(z) > p*a.e. z € Q. (A4)
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Constitutive Equations

Constitutive equations describe the relationship between stresses and the strains that produce
them, thereby characterizing the mechanical behavior of materials. They provide a framework
for understanding the deformation of a body under external forces and tractions. Although
constitutive laws must satisfy fundamental axioms and invariance principles, their formulation
is largely based on experimental observations. For a general overview of diagnostic experiments
used to construct constitutive relations, we refer the reader to [20,21].

In this thesis, we focus on nonlinear viscoelastic and thermo-viscoelastic materials. A general
viscoelastic constitutive law can be expressed as

o(t) = Ae(u(t)) + Ge(u(t)). (A.5)

where A denotes the viscosity operator, G the elasticity operator, and « the velocity vector.

For the study of mechanical problems involving viscoelastic materials, we assume that the
operators A and G satisfy the following conditions.

(@) A:Q xS?— S%

(b) There exists L4 > 0 such that

|A(x,e1) — A(,e9) || < Laller — o] ,Ver,e0 €S9, ace. x € Q;

(c) There exists m4 > 0 such that (A.6)
(A(z,61) — A(m,29)) - (61 — £2) > mualler — o] ,Ver,e0 €%, ace. x €

(d) x — A(z, ) is Lebesgue measurable on (2;

(e) A(x,0) =0a.e. x € Q.

(@) G: Q) xS — S

(b) There exists Lg > 0 such that

|G (z,61) — G (z,22) || < Lgller — &2 ,Ver,e2 €S% ae. z € Q;

(c) There exists mg > 0 such that (A7)
(G (w,61) — G(2,82)) - (61 — €2) > mgller — eal|* ,Ver,e2 €SY ae. z € Q;

(d) z — G(z,¢) is Lebesgue measurable on ;

(e) G(x,0) =0ae. x €.

A second example is provided by the nonlinear viscoelastic constitutive law with a long memory,

involves viscoelastic materials with long memory,
t
o(t) = As(u(t)) + Ge(u(t)) — / B(t — s)e (u(s)) ds. (A.8)

0

where A is a fourth-order viscosity operator, G the elasticity operator, and B the relaxation tensor

Existence and Stability of Some Nonlinear... K. Houd- Msila University



A.1. Basic Equations and Boundary Conditions 94

satisfies the following conditions.

(@) B: QxS — S%

(b) There exists L > 0 such that

|B(z,e1) — B(z,89) || < Lpller — &2 ,Ver,e2 € S% ae. z €

(c) There exists mp > 0 such that (A9)
(B(z,61) — B(w,e9)) - (g1 — €2) > mgller — &2]|* ,Ver,e0 €S, ae. v € Q;

(d) z — B(z,¢) is Lebesgue measurable on €2;

(e) B(xz,0) =0a.e. z €.

When viscoelastic properties depend on temperature, the constitutive law becomes
t
o(t) = Ae(u(t)) + Ge(u(t)) — / B(t — s)e (u(s))ds+ C6. (A.10)
0

where 6 denotes the temperature and C is the thermal expansion operator satisfies the following
conditions.

(@) C: QxS — 8%

(b) There exists L > 0 such that

|C (z,601) — C (x,09) || < Lcl||by — 5] ,V01,0, € R, a.e. x €

(c) There exists m¢ > 0 such that (A.11)
(C(x,0,) — C (x,05)) - (01 — 03) > mc||0p — 0s]]* ,V0,,0, € R, ae. x €

(d) x — C(x,0) is Lebesgue measurable on €2;

(e) C(z,0) =0ae. z € Q.

The constitutive laws with hereditary effects used in this thesis are given by

o(t) = As(u(t)) + Ge(u(t)) — /Otg(t — $)Be (u(s)) ds, (A.12)
o(t) = Ae(u(t)) + Ge(u(t)) — /OOO g(s)Be (u(t — s)) ds, (A.13)
o(t) = Ae(u(t)) + Ge(u(t)) — /Ooo g(s)Be (u(t — s)) ds + C6. (A.14)

where The function g : R, — R, is the kernel of the memory term.

Boundary Conditions

We now proceed to describe the boundary conditions of the system. The boundary I' is parti-
tioned into three relatively closed subsets, denoted by I';, I';, and I's, whose interiors are mutually
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disjoint. We assume that meas I'y > 0. For any vector field v defined on I', we decompose it into
its normal and tangential components

Vy =0V V, Uy =V —U,l.

where v is the outward unit normal to I'. In what follows, v, and v, represent the normal
and tangential displacements. Similarly, the stress field ¢ can be decomposed into normal and
tangential parts

o, = (ov) v, o, =0v—o0,,
where 0, and o, represent the normal and the tangential traces of o.

Displacement and traction boundary conditions. Throughout this thesis, we assume that the
body is held fixed on I';. Therefore, the displacement vanishes on this portion of the boundary,
ie.,

u(t) =0, only x (0,00), (A.15)

which represents the displacement boundary condition. Known tractions of density f; act on
the portion I'y, thus,
o(t)v = fo, only x (0,00). (A.16)

This relation represents the traction boundary condition, where o(t) denotes the stress field and
v the outward unit normal to the boundary:.

Contact boundary conditions. We now turn to a description of various contact conditions on
the contact surface I';, which is where our main interest lies. These are divided naturally into
the conditions in the normal direction and those in the tangential directions.

First, consider the so-called bilateral contact, i.e., the contact between the body and the foundation
is maintained at all times. This is generally the case in many machines and between moving parts
and components in equipment or machinery. Since there is no gap, g = 0, and no separation, we

have
u,(t) =0 (A.17)

The bilateral contact condition (A.17) is applied on I'; in Chapter 3, as expressed in (3.5).

The so-called normal compliance condition describes contact with a rigid-plastic foundation
(see, e.g., [69]). It shows that when there is separation (i.e., when v, (¢) < 0) the reaction of the
foundation vanishes (since o, () = 0); moreover, it shows that penetration arises only if the
normal stress reaches the value F', which is interpreted as the yield limit of the foundation

o, (t) =0 ifu,(t) <0,

—F <o,(t) <0 ifu,(t)=0,

o,(t)=—F ifu,(t) > 0.

Existence and Stability of Some Nonlinear... K. Houd- Msila University



A.2. Preliminaries on Functional Analysis 96

We now turn to the conditions in the tangential directions. The simplest one is the so-called
frictionless contact condition.
o-(t)=0 (A.18)

Simplified Coulomb’s friction law. Consider a contact condition modeled by a simplified
version of Coulomb’s law of dry friction (see, e.g., [71,82]), i.e.,

o, =5, |oz| < ploy
0:] < plo| = it =0 (A19)
lo.| = plo,| = IA >0 suchthato, = —\i,

Here 0, denotes the normal stress on the contact boundary, - is the tangential force on the
contact boundary, u.(t) denotes the tangential velocity, S € L>(I's) is a given function, and
1 > 0 is the coefficient of friction.

Bilateral contact with Tresca’s friction law. We assume a bilateral contact modeled by Tresca’s
friction law (see, e.g., [1,98]), i.e.,

Uy, = 07 ‘O-Tl S g
lo;| <g = u,=0 (A.20)
lo:| =¢g = 3N >0 such that o, = —\u,

Here u, represents the normal displacement, i, denotes the tangential velocity, o is the tan-
gential force on the contact boundary, and g > 0 is the friction bound, i.e., the magnitude of the
limiting friction traction at which slip begins. For simplicity, we assume here that g is a constant
but, with minor changes, the nonhomogenous case may also be considered. In (A.20) the strict
inequality holds in the stick zone and the equality in the slip zone. The contact is assumed to be
bilateral, i.e., there is no loss of the contact during the process.

Preliminaries on Functional Analysis

This section introduces fundamental tools from functional analysis that are essential for the
study of contact problems. We begin by recalling the function spaces commonly employed in
contact mechanics, then review basic notions of nonlinear analysis such as semigroups and
their properties. Finally, several classical inequalities, including Hélder’s, Cauchy-Schwarz
and Young’s inequalities, are presented as they will be applied repeatedly in the mathematical
analysis of the models developed in the subsequent sections of the thesis.
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Function Spaces in Contact Mechanics.

The mathematical analysis of mechanical contact problems relies heavily on function spaces

associated with the deformation and divergence operators. Throughout this thesis, we assume
that Q C R? (d = 2, 3) is open, connected, bounded, and has a Lipschitz boundary I'. Since the
boundary is Lipschitz continuous, the outward unit normal exists almost everywhere on I' and

is denoted by v.

Displacements are sought in the space

H, = {u = (u;) | w; € Hl(Q)}

The space H; is a Hilbert space with the canonical inner product

(w, v}, = (u, v)p2(@)a + (e(u),€(v))n,
where € : H; — H denotes the deformation operator defined by

8ui

e(u) = (g45(w)), eii(u) = ! (uij +uji), iy = o,

2

The associated norm is denoted by || - || , -

(A.21)

In accordance with the boundary conditions, we introduce some useful functional spaces

Vo= {U€H1|U:0 on Fi},
E = {weH'(Q)|w=0onT}.

On this space, Korn’s inequality holds
le()|la > exllvllm, YveW.

where cx > 0 depends only on 2 and I';.

We consider the inner products on V' and E defined by

<u7 U>V = <€(u)’ E(“))'H?

(w,)e = (Vw, Vy) 2.

(A.22)

It follows from (A.22) that || - || ;1 and || - || are equivalent norms on V. Therefore (V. | - ||/) is a

real Hilbert space. By Sobolev’s trace theorem, there exists Cy > 0 depending only on 2 and I'y
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such that
||UHL2(F3)d < Coljvlly, VYveV. (A.23)

We call (V, H, V') a Gelfand triple, with V' C H C V’. The duality pairing between V' and V' is
denoted by (u, v)y/xy. , we have

(u,v)vrxy = (U, V) = (pu,v) 2y, Yue€ H, YveV. (A.24)

<w7y>E’><E = <w7 y>L2(Q)7 Vw € L2(Q)7 vy €EFE (A25)
where (E, L*(Q), E') is another Gelfand triple and E’ is the dual space of F

Moreover, the inclusion V' < H is continuous and dense, hence there exists d > 0 such that

luller < dfully, VueV. (A.26)

We now define the space
H, = {oceH| Dive € H}.

where the divergence operator is given by

4 9g..
Divo = (0ij5),  0ij; = axj
J

j=1
This is a Hilbert space endowed with the inner product
(0, 7V, = (0,7)n + (Dive, Div 1)y,

and the associated norm || - ||, -

If o is a regular function, say o € C* (ﬁ; Sd>, then the following Green formula holds

(0,6(v))y + (Divo,v)y = / ov-vda, Yvé€ H. (A.27)
r

Let us introduce the following notation

(gou)®) = [ ot = )ult) — uls)lpds, Ve >0

This term represents a memory-type integral that arises naturally in the modeling of viscoelastic
or history-dependent materials. Physically, it captures the cumulative effect of the material’s
past deformations on its current behavior. the integrand measures the energy associated with
the difference between the current and past strain states, while the kernel serves as a memory
function that weights this difference according to the time lag. typically, decays with time,
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reflecting the fact that recent deformations have a stronger influence than those in the distant
past. such formulations are essential in accurately describing materials that exhibit both elastic
and time-dependent dissipative behavior.

Elements of Nonlinear Analysis.

Nonlinear operators. An important class of nonlinear operators defined in Hilbert and Banach
spaces is given below.

Definition A.1 (Operators in Hilbert Spaces). Let X be a Hilbert space with inner product
(-, )x'xx and norm || - || x. For an operator A : D(A) C X — X"

o A is monotone if
(Au — Av,u —v)x >0 Vu,v e X.

A is strongly monotone if there exists m > 0 such that

(Au — Av,u —v)x > mlju —vlfy Vu,v e X.

Maximal monotone, if A is monotone x € X and z* € X/,
(" — Av, u — V) xixx >0 Yu,v € D(A)

implies that u € D(A) and z* = Au.

A is hemicontinuous if D(A) = X and for all u,v € X, we have
A(u+ 0v) — (A(u), w)

asf — 0

A is Lipschitz continuous if there exists L4 > 0 such that
|Au — Av||x < Lallu —v||x Yu,v € X.

Definition A.2 (Accretive, m-accretive, and w-m-accretive operators). Let H be a Hilbert space.
A single-valued operator A : D(A) C H — H is called:

(a) accretive, if
(Au— Av, u —v)g >0 Vu,ve D(A).
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(b) m-accretive, if A is accretive and
R(I+A)=H,

where R(/ + A) denotes the range of the operator I + A.

(c) w-m-accretive, for w € R, if A 4+ wl is m-accretive.

Theorem A.1. If X is reflexive and A : X — X' is monotone and hemicontinuous, then A is maximal
monotone.

Corollary A.1. If X is reflexive and A is coercive and maximal monotone, then A is surjective.

Definition A.3 (Lower-semicontinuity). Let f : X — R be a function defined on a normed space
X. We say that f is lower-semicontinuous (1.s.c.) at u € X if

liminf f(u,) > f(u),
for every sequence {u,} C X converging to u in X. The function f is l.s.c. on a subset of X if it
is 1.s.c. at each point of the subset, and f is l.s.c. on X if it is l.s.c. at every point of X.
When the inequality above holds for every sequence {u,} C X converging weakly to u, the

function f is said to be weakly lower-semicontinuous (weakly l.s.c.).

It is clear that every continuous function is Ls.c., but the converse does not hold. Since strong
convergence in X implies weak convergence, every weakly l.s.c. function is also L.s.c. Moreover,
a proper convex function f : X — R is L.s.c. if and only if it is weakly l.s.c.

Banach Fixed-Point Theorem The Banach fixed-point theorem will be used repeatedly in this
work in proving existence of solutions to variational problems in Contact Mechanics.

Let X be a Banach space equipped with the norm || - || x, and let X' C X be a nonempty closed
subset. Consider an operator A : K — X. We are interested in finding © € K such that

Au = u. (A.28)

Any such u is called a fixed point of A in K.

Theorem A.2 (Banach Fixed-Point Theorem). Let A : K — K be a contraction mapping with constant
ael0,1),ie.,
IAu — Av|| < allu —v]| Yu,v e K.

Then A admits a unique fixed point in K.

Theorem A.3. Let A : K — K and suppose that A™ is a contraction for some m € N. Then A has a
unique fixed point in K.
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Theorem A.4. Let V C H C V' be a Gelfand triple. Let K be a nonempty, closed, and convex set of
V.. Suppose that (Av,v) : V x V — R is a continuous and symmetric bilinear form such that for some
constants C3 > 0and Cy € R

(Av,v) + Colv||3 > Cslv|)3, Vv e V. (A.29)

Then, for every initial condition uy € K and f € L*(0,T; H), there exists a unique function u such that

w e W0, T; V') N L0, T; V), (A.30)
u(t) e K, Vtelo,T), (A.31)
(W(t), v —u(t)vixy + (Au(t),v — u(t))

> (f(t),v—u(t))y, YveK,ae te(0,T), (A.32)
u(0) = up. (A.33)

Theorem A.5. Let V. C H C V' be a Gelfand triple. Assume that A -V — V' is a hemicontinuous and
monotone operator satisfying the following conditions

(Av, V)vrixy > wlv|l3 + A, Vv eV, (A.34)

[Av]ly: < Ci(|lvllv +1), Vv eV (A.35)
wherew >0,C; > 0,and A € R

Then, for every initial value uq € H and f € L*(0,T; V"), there exists a unique function u such that
u e L*0,T;V)NC(0,T); H), e L*0,T;V"),

u(t) + Au(t) = f(t), ae. te (0,7),
u(0) = wp.

Definition A.4 (Semigroup). Let C be a subset of a Banach space X. A family {S(¢)};>0 of
mappings S(t) : C' — C'is called a semigroup if:

e S(0) = I (identity),
e S(t+s)x =S(t)(S(s)x) forallt,s > 0and x € C.

Definition A.5 (Strong Continuity). A semigroup {5(¢)}:>o is said to be strongly continuous if
the map
g:10,00) x C = C, g(t,z)=S(t)z

is continuous with respect to the norm topology of x.

Definition A.6 (Contractive Semigroup). A semigroup {S(¢)}:> is called contractive if:

[1S@z = SHyllx < llz—yllx, V=0, z,yeC.
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Definition A.7 (Quasi-Contractive Semigroup). A semigroup {S(¢) }+>¢ is called quasi-contractive
if there exists a constant w € R such that:

ISz = SHyllx < el —yllx, VE=0, 2,y €C.

The semigroup framework abstracts the solution behavior of initial value problems of the form:

Ut | Au(t) =0, >0,
u(0) = =,

where A is a suitable operator on X and z € C.

Theorem A.6. Let A be a single-valued operator in a reflexive Banach space X, f € L'(Ry; X) and
zo € D(A). If A+ wl is m-accretive, then the problem

{uxw%Au@>‘ﬂw, vt > 0, (A.36)

u(0) = o,
has a unique mild solution v € C(R4; X).

Remark A.1. This theorem will be used in the particular case where X is a Hilbert space.

Elementary Inequalities

We recall here some classical inequalities that will be used throughout the thesis.

Let 1 <r < +o00. The conjugate exponent s is defined by

S4-o=1
T S

Theorem A.7 (Holder’s Inequality). Let w € L"(D) and v € L*(D). Then the product uv belongs to
LY(D) and

| @) de < Jull, o]l

Corollary A.2 (Cauchy-Schwarz’s Inequality). Choosing r = s = 2 in Hélder’s inequality, we obtain

| @@ dz < Julz o]z
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Theorem A.8 (Young’s Inequality). Let o, 3 € R™. Then, for any ¢ > 0,

52

<ea?+ .
laf| < ea +4€

Lemma A.1. Let o, f > O and r, s > 1 such that % + % = 1. Then

ar S
aﬁg——l—ﬁ—.
ros

Theorem A.9 (Gronwall’s Inequality). Let ¢ : [0, 7] — R be a bounded measurable function and let
h :[0,T] — R be a nonnegative integrable function. Assume that there exists a constant v > 0 such that

W(t) < 7+/Oth(7)¢(7') dr, Vte[0,T).

Then .
WP(t) < 'yexp(/o h(T) d7‘> , Vtel0,T].

Theorem A.10 (Poincaré’s Inequality). Let 1 < r < +ooand let D C R™ be a bounded open domain.
Then there exists a constant C', > 0, depending only on D, such that

18], < C.|IVol,, VoW, (D).
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Abstract: In this thesis, we investigate dynamic contact problems, with or without friction,
between a deformable body and a rigid foundation. The material behavior is modeled by a
nonlinear viscoelastic or thermo-viscoelastic law with long memory effects. Unlike quasi-static
models, the system’s acceleration is retained to capture the fully dynamic nature of the pro-
cess. The contact is governed by Tresca’s friction law, simplified Coulomb’s friction Law and a
rigid-plastic foundation. We establish both local and global existence and uniqueness of weak
solutions. The analytical approach combines operator theory, Galerkin schemes, fixed-point
arguments, and nonlinear semigroup techniques. Under suitable assumptions on the problem
data, we also prove the exponential stability of the solutions using energy methods.

Keywords : Dynamic contact problems, Tresca’s friction law, Rigid—plastic foundation, Simpli-
tied Coulomb’s friction Law, Global existence, Fixed-point arguments, Nonlinear semigroup,
Exponential stability.
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Résumé: Dans cette theése, nous étudions des problemes de contact dynamique, avec ou sans
frottement, entre un corps déformable et une fondation rigide. Le comportement du matériau
est modélisé par une loi viscoélastique ou thermo-viscoélastique non linéaire intégrant des effets
de mémoire longue. Contrairement aux modeles quasi-statiques, ’accélération du systeme est
conservée afin de représenter pleinement la nature dynamique des processus étudiés. Le contact
est modélisé par la loi de frottement de Tresca, la loi de frottement de Coulomb simplifiée et
une fondation rigide-plastique. Nos établissons 1’existence local et globale ainsi que 'unicité
des solutions modérées. Le cadre analytique repose sur la théorie des opérateurs, méhode
Galerkin, les arguments de point fixe et les techniques de semi-groupes non linéaires. De plus,
sous certaines hypothéses sur les données du probléme, nous démontrons également la stabilité
exponentielle des solutions a 1’aid de la méthode de l'énergie.

Mots clés : Dissipatif, Existence globale, Problemes de contact dynamique, Point fixe, Semi-
groupes non linéaires, Stabilité exponentielle.
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