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Notation

We introduce the necessary notations and definitions that are used

Set of positive integer numbers.

Set of non negative integer numbers.

Set of real numbers.

Set of positive real numbers.

Euclidean space of dimension N.

Open of RY equipped with the measure of Lebesgue.

Defined measurable function of 2 in R.
gradient of u, Vu = (8“ du ... Ou >

dz1’ dzp? " dan
Space of continuous functions on (2.
space of continuous functions on €2 whose partial derivatives of order k are continuous on,
Q, k positive integer.
The set of differentiable functions and the derivative is continuous.
space C () = (Mo, C*(Q2).
LP(Q) = {f : Q= RY; f is measurable and [, |f ()" dz < 00} (1 < p < 00, constant).
L= (Q) = {f: Q— RY; f is measurable and |f (z)| < ¢ a.c.on Q}.
Space of indefinitely differentiable functions in €2, with compact support in 2.
Sobolev space of functions of LP(2) whose derivatives partial in the sense of first-order
distributions are also in LP(2), provided with the norm |||y, = > |05l 1,
The closing of D(Q) in WP(Q), W, ?(Q) = mww.
Wh2(Q).
W, (Q).
Almost everywhere.
Weakly converges.
Converges strongly.
the scalar product.
E' is continuously injected into F'.

F is injected in a compact way into F.

Np.

N-p*

Holder’s conjugate of p, p’ = }%, ifp>1landp =ccif p=1.

The sobolev exponent, such that p* =



General Introduction

In the past two to three decades, critical point theory and variational methods have wit-
nessed significant advancement in their applications to solving differential equations, as evi-
denced by the works cited, including [3, 14, 17, 19]. These theories have achieved remarkable
success, evolving into highly complex and refined frameworks. Their utility spans across thou-
sands of research papers, underscoring their widespread adoption and impact. Within this
vast literature, our work relies heavily on articles, namely [4, 9, 10]. These references serve as
cornerstones for our research, offering detailed proofs and consolidating fundamental concepts
related to critical point theory and variational methods.

In the first chapter, we give some reminders on functional spaces and notion of differentiability
and their main properties, critical point and Palais-Smale condition.

In the second chapter, we establish the existence of critical points for a class of functional ac-
cording to the Ekland variational principle without satisfying the Palais-Smale condition. We
have applied the main result in this section at a simple example and we showed there was a

critical point in Riesz-Banach space ordered by a cone k and an application

—(p(t)u'(1)) = f(t,ult), a.e.t € [0, +00)
u(0) = u(4o00) =0,
where f: [0,400) x R — R is a Caratheodory function, and may change sign,

p:[0,4+00) — (0, +00) satisfies £ € L0, 4+00), and

/0+°° (/t+°° Z%d) dt < +o0.

In the last chapter, we establish new fixed point theorems in Hilbert spaces for potential
a—positively homogeneous operators using the weak Ekeland variational principle. We have
considered, we apply our abstract results are motivated by the existence of solution of the

following problem:

—u"(t) = q(t) f(u(t)), t€(0,1),
u(0) = u(1) =0,

where f: R — R is a continuous function, ¢ € L?(0,1).



CHAPTER 1

Preliminary

In this chapter, we introduce fundamental notions to be used later we focus mainly on [3, 5].
Let 2 € RY be an open set, and let p € R with 1 < p < 0.

1.1 Functional spaces

1.1.1 L? Spaces

Definition 1.1 Let p € R with 1 < p < 00, we set
LP(Q) = {f : Q — RY; f is measurable and /Q]f(x)|pdx < oo} )
with A
e =161, = | [ 1 @Pae] "
Definition 1.2 We set
L®(Q) = {f: Q= R"Y; fis measurable and |f (z)] < c a.e.on Q},

with
[l = flloo =inf{c=0:|f ()] <c aeon Q},

with ¢ is a constant.

Theorem 1.1 L?(Q) is a Banach space, for any 1 < p < oo, and reflexive for 1 < p < oo, and
separable for 1 < p < oo.

Notation 1.2 .Let 1 < p < 0o, we denote by p' the conjugate exponent
1 1
p p
Theorem 1.3 (Holder’s inequality) Assume that f € LP and g € LP with 1 < p < oo, then
fg € L' and

/ ol < 1l Nl -

Theorem 1.4 (Cauchy-Schwarz inequality) Let f and g € L*(Q?). Then we have

Jisa< (fre)(f )
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Theorem 1.5 [5/(Lebesgue’s dominated convergence theorem) Let (f,) be a sequence

of functions of L'. We suppose that
1. fulz) — f(x) a.e.on Q,
2. there exists a function g € L' such that for every n, |f.(z)] < g(z) a.e.in Q.

We have f € LY(Q) and || f,, — f|l;c — O.

Theorem 1.6 [5/(Lebesque’s dominated convergence inverse theorem)Let (f,) be a sequence in
L? and let f € L? be such that || f, — f||;» — O.

Then, there ezist a subsequence (fy,) and a function h € LP such that
1. fo.(x) — f(x) a.e.on €,

2. | fu, (@) < h(x) Yk, a.e.in .

1.1.2 W'r(Q) Spaces

Definition 1.3 We denote by D(Q2) the set of function of class C*°(Q) with compact support
include in Q. The Sobolev space W'P(Q) is defined by

0
Whr(Q) = {u € LP(Q),3g; € LP(Q)such that:/ wP dy = — / gipdz, N € D(Q),Vi = 1,2, ...,N} :
Q Q

al’i

We set
HY(Q) = W'2(Q).

For u € WP(Q), we set % = g;, and we write

ou Ou au)
8&717611327‘”787}]\[ ’

Vu = gradu=(

The space W'P(Q) is equipped with the norm ||ully1, = lull, + | Vull ., or sometimes with
the equivalent norm |u|ly.r = (|lull}, + ||Vu||7zp)% if (1 <p<o0).

The space HY(Q) is equipped with the scalar product

/uvdm+/Vqudx.
Q Q

The associated norm ||ul| ;1 = (|ull7s + HVuHiz)% is equivalent to the W2 norm.

Proposition 1.1 W'?(Q) is a Banach space for 1 < p < oo, reflezive for 1 < p < oo, and
separable for 1 < p < 0.

In particular H'(Q) is reflexive, separable and Hilbert space.
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1.1.3 Sobolev Injections and Inequalities

Let (E,||l.|lz), (F,]|.]|z) be Banach spaces

Notation 1.7

1. E is injected continuously into F', means that the canonical injection j : £ — F is

continuous i.e, exists ¢ > 0, forall x € E : ||z|| < c||z| 5, and we denote by E — F.

2. F is injected in compact into F' means that the canonical injection 7 : E — F'is compact
i.e for all sequence bounded (u,) in E' we can extract subsequence (u,;) convergent in F,

and we denote by F <. F.

If 1 < p < oo, the sobolev exponent of p defined by p* = —’;} or # =

i —% (p< N).

1
p

Theorem 1.8 Let 1 < p < oo, we suppose that ) is on open set of class C' a bounded bordary,

and we take Q) = ]R_]\[

1. WP(Q) — LI1(Q) Vqe[l,p*] if p<N.
2. WiP(Q) — L1(Q) Vqé€ [p,oo] if p=N.
8. WtP(Q) < L>(Q) if p> N.

Theorem 1.9 (Rellich-Kondrachon) [5].Let Q@ C RY be a bounded domain of class c*

1. WhP(Q) <. LY(Q) Vqe[lp*| if p<N.
2. WIP(Q) —. L) Vq € [p.oo| if p=N.

3. W (Q)cC(Q) if p>N.

1.1.4 W,”(Q) Space
Definition 1.4 .Let 1 < p < oo, Wy means the closing of D(Q) in WP, we notice

wir@) = D@

— {u c WP(Q) :u =0 sur 8Q},

and

Hy () = Wy *(Q).
The space W, () provided with norm induced by W'?(Q), HA(Q) is a Hilbert space for the

scalar product of H' we put ||u||H5 = ||ul|.
Remark 1.1 .when Q = RN, we know that D(RY) is dense in WLP(RY), and there for

Wy P(RY) = WHP(RY).
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Proposition 1.2 (Poincaré’s inequality) [5].Let Q@ C RN be on open set, Then there exists
a constant C' > 0 such that

1.
ullyro@) < clIVull oy, Yu € WyP(Q).
In other words, on W, ?(Q), the quantity VUl oo s @ norm equivalent to the WP (Q) norm.

Theorem 1.10 (Young’s inequality) . For a,b > 0 and p,q > 1 such that % +% =1 we

have

1 1
ab < —aP + -b1.
p q

1.2 Some notions of convergence

Definition 1.5 (Strong convergence) Convergence of a sequence (x,)nen in a normed vector

space (E,||.||z) to an element x € E, defined in the following way:
Ve>0,39np e NNVn e N:n >ny = ||z, — 2|z <e
Or,

Jim e, — = 0.

We denote by x, — x as n — +o0
Definition 1.6 We say that the sequence (z,)neny C E converges weakly to x € E if and only if

(f,zn) — (f,2), VfeE*

for n — +o0. This weak convergence is written as x,, — x.

1.3 Operators on Banach spaces

For further details on these concepts, refer to [3, 5, 17].

Definition 1.7 (Dual space) We denote by E* the dual space of E, that is, the space of all

continuous linear functionals on E; the (dual) norm on E*is defined by

[fllg- = sup [f(x)] = sup [f(x)].

zel,||z|<1 zEE,[|lz||=1

Definition 1.8 (Reflexive space) The space E is said to be reflexive if the canonical injection
i: E— E*™ is surjective, i.e. i(E) = E**.
When E is reflexive, E** is usually identified with E; (E** = E).

Definition 1.9 Let A: E — F be a linear operator. One says that A is bounded if there is a

constant ¢ > 0 such that:

lAully < cllull, Vue E.
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Definition 1.10 (Continuous Operator) Let A and B be two Banach spaces. An operator
T : A — B is said to be continuous if for any sequence (u,) C A that converges to a point

ug in A, the sequence (T'(uy,)) converges to T (ug) in B.

Definition 1.11 ( Compact Operator) Let A and B be two Banach spaces. An operator
T : A — B is said to be compact if for every bounded sequence (u,) in A, the sequence (T (uy,))
m B has a convergent subsequence.

Definition 1.12 (convex Operator) 1) We say that a part K of E is convex if It is said
that part K of X is convex if:

Ve,y € K, V8 €[0,1], 6z + (1—-0)y € K.
2) When K is conver and J : K — R is a functional. We say that J is convez if:
Ve,ye K, Ve [0,1], Jlz+ (1—-0)y) <0J(x)+ (1—0)J(y).

Definition 1.13 (Minimizing sequence). A minimizing sequence of a functional J : E —»
| — 00, +00] is a sequence (uy,), such that
li = inf .
WA, ) = Sap ()
Definition 1.14 Let J : E — R be a functional, we say that J is weakly lower semi-
continuous if for all u, C E:u, = uy wn E, we have

J(up) < lim inf J(u,).

n—>-+o0o

Definition 1.15 (coercive) Let J : E — R U 400 a functional on E . We say that J is

coercive if and only if
J(u)
1m = +00
lull p—>+oo [|up|

Definition 1.16 (cone) Let X be a real Banach space. A nonempty set C' is said to be a cone
if C is a closed convex set and C' N (—C) = 0.

Definition 1.17 (weakly closed) We say that A is weakly closed if For every sequence (xy,)

in A converges weakly to x then x in A.

Definition 1.18 (strongly continuous) we say that f is strongly continuous if for all se-

quence (x,) converges weakly to x then f(x,) converges to f(x)

Definition 1.19 (bounded from below) The oprator TE — R is bounded below if there
exists m in R such that
Tx>m. For all x in R

Definition 1.20 (Carathéodory conditions) function f : Q x R™ — R is said to satisfy
the Carathéodory conditions if
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o f(x,u) is a continuous function of u for almost all x € §;

o f(x,u) is a measurable function of x for all u € R™.

Definition 1.21 (Nemytskii operator) Given a function f satisfying the Carathéodory con-
ditions and function u : ) — R™, define a new function F(u) : Q — R by

The function F' is called a Nemytskii operator

1.4 Differentiability of Functionals and Critical Points

In what follows, we introduce some notion of derivatives for functions defined on Banach spaces,

we start with the directional derivative.

1.2.1 Derivative in the sense of Gateau

Definition 1.22 .Let E be a Banach space, 0 C E an open set, and let I : o — R a
functional, we say that I is ad differentiable in the sense of Gateau (G-differentiable) at u € €2,
if there exists A € E' (A linear and continuous), denoted by I;(u) such that, for all v € E,

where I(u+ tv) exists for t > 0 small enough, the directional derivative DI(u) ezists i.e:

lim I(u+tv) — I(u)

t—0 t

= (A, v).

If I is differentiable in the sense of Gateau in u, there exists only one verified linear functional.

Example 1.1 .Let I : LP(Q) — R, I(u) = [, |ul’dx. I is G-differentiable and we have
(I5(w),v) = p [, [ulP~2uvdz, indeed, let x € Q, t sufficient small fized and we define gy.(s) =
lu+tvl’. s €[0,t] let gy, : [0,t] = R, we have g,., is continuous on the closed interval [0, ]
and differentiable on the interval open ]0,t[, then according to the mean value theorem, there
exists a real ¢; €]0,t[ and when t — 0, we have ¢; — 0

- |u + toP — |ulP

li

t—0 t

= lim plu+ P (u + cv)v
ct—0

= plulf?uw.
According to Lebesgue’s convergence theorem, we have
(I'(u),v) :p/ |u|P~2uvda.
Q

We define A : L — R
v— A(v) = p/ |u|P~2uvdx
Q

7
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We prove that A € (LP(Q)) = LV (Q), i.e A is linear and continuous
A is linear, in effect, let vy, vy € LP(Y) and let a.5 € R

Alavy + Pvg) = p/]u|”2u(ow1+ﬁv2)dx
Q
- p[/ |u|p_2uowldx+/|u|p_2uﬁvgdx]
Q Q

= ap/ ]u!pqulda:+Bp/ [u|P~2uvyda
Q Q
= aA(vy) + BA(v2).

A is linear. A is continuous, in effect, let u,v € LP())

p / P Puvd| < p / P~ o da
Q Q

p( / [u] PV da) o ( / [v[Pdz)”
/\u]p VG5 )dz) T /\v|pdleﬂ

= lullz vl -

IN

IN

Then A is a continuous, so the function is G-differentiable.

1.2.2 Derivative in the sense of Frechet

Definition 1.23 .Let E be a Banach space 2 C E an open set and let I : 2 — R a functional,
we say that I is ad differentiable in the sense of Frechet, at u € ), if there exists A € E' such

“ I(u+tv) — I(v) — Av

im =0
[v]| =0 [v]]

or
I(u+tv) — I(u) = Av + o(||v]]).

If I is differentiable, then A is unique and we denote I'(u) = A, the set of differentiable function,

we will be denote C'(Q.R).

Proposition 1.3 .Suppose that 2 C E is on open set, such that I G-differentiable in 2 and
that I, is continuous at ) € E, then I is also differentiable at u, and of cours I, = I'(u).

Remark 1.2 .The importance of Proposition 1.3 reside in the fact that it is often technically
easier to calculate the derivative in the sense of Gateau an then to prove that it is continuous,

rather than to directly prove the differentiability in the sense of Frechet.

Example 1.2 .We prove that the function J : LP(]0,1]) — R (p > 2) and by using Holder

imequality we get

1
u— J(u) :/ |ulPdz.
0

8
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is a Frechet differentiable on L?(]0,1]).
we already prove that J is G-differentiable, with

Jg + L7(10, 1)) = (L7(]0, 1]))" = L(]0, 1])
u— JG(u): LP(]0,1]) = R

v— (J(u),v) = p/1 u|P~2uvdx
it remains to prove that Ji, : L*(]0,1[) — (L*(]0, 1[;)’ = L9(]0, 1])
u — J(u)
1S CONLINUOUS.

Let (u,,) C LP(]0,1[) such as u, — u in LP(]0,1]) we prove that J(u,) — J(u) in (LP(]0, 1[))’

196 (un) = e (Wl zogoapy =  sup [{Jg(un) = Jg(w),v)]

veLr(]0,1])

let v e LP(]0,1]), such as ||v||, =1, we have

| (J6(un) = Jg(u),0) | = un), v) = (Jg(u

= p|/ [, [P 2unvdyc—/ lulP~*uvdz|
N e T
0 0

-2 -2 , :
""" wy, u = |ul"" " u, we know that u, — u in LP(0,1), there is a subsequence

We pose u,, = |uy,
Upk = Uy, such that
up(x) = u(z) a.e in ]0,1]

moreover there exists g € LP such that
|un(2)] < g(x) a.ein]0,1],
s0
fun(2) "7 < (@)™ € L7
According to u, — u in L1 we recall that || Jh(un) — J'(u)]| < Jo [un P2y, — |ulP~?udz — 0

and then im0 [|JG (un) — J' (W] 1oy =0
as J is G-differentiable and J(; is continuous, so J is Frechet differentiable and Ji, = J' .

1.2.3 Ciritical points

Definition 1.24 [17].Let 0 an open set of Banach space E, suppose that I € C*(L.R), we say
that u € Q) is critical point of I, if
I'(u)=0

if u 1s not critical point, then we say that u is reqular point of I.

if c € R, then we say that c is a critical value of I, if there exists u € €0 such as
I(u) = ¢ and I'(u) = 0.

if ¢ 1s mot a critical value, then c is said to be a regular value of I.
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Palais-Smale’s sequence and condition

Definition 1.25 [15] Let X be a Banach space and J : X — R a C'-functional. We say that
J satisfies the Palais-Smale condition, denoted (P.S), if any sequence (u,,) in X such that

(J(uy)) is bounded, and J'(u,) — 0,as n — 400 (1.1)

admits a convergent subsequence.

Any sequence satisfying (1.1) is called a Palais-Smale sequence.

Definition 1.26 [15] Let X be a Banach space and J : X — R a C'-functional, and ¢ € R.
The functional J is said to satisfy the (local) Palais-Smale condition at the level ¢, denoted by
(P.S)., if any sequence (u,) in X such that

J(u,) = ¢, and J'(u,) —0,as n — +oo (1.2)
admits a convergent sub-sequence.

Remark 1.3 The condition (P.S). is a compactness condition on the functional J, in the sense
that the set K. of critical points of J at the level c,

K.={ue X:J(u)=c and J'(u) =0}
18 compact.

Theorem 1.11 (Mountain Pass Theorem)([3, 15]) Let E be a real Banach space and
J € CHE,R) with J(0) = 0. Suppose J(u) satisfies (P.S) condition and

(a) there exist p,oc > 0 such that J(u) > a when ||u||lg = p,

(b) there exists a e € E, |le||g > p such that J(e) < 0.

Define
I={yec(0,1,E)[ ~(0)=0,7(1) =e}. (1.3)

Then
¢ = inf max J(y(t)) = a (1.4)

is a critical value of J(u).

10



CHAPTER 2

A few critical point theorems using

Ekeland variational principle

The weak Ekeland variational principle is an important tool in critical point theory and nonlin-
ear analysis, see [14] in this work we use this principle to establish some new results in critical
point theory.

2.1 Ciritical point theorems without the Palais—Smale

condition

We need the following weak Ekeland variational principle which can be found for example in
[11, 14]

Lemma 2.1 (Weak Ekeland variational principle). Let (E,d)be a complete metric space and
let p : B — R be a lower semicontinuous functional, bounded from below. Then for every e > 0,

there exists a point u. € E with

o(ue) < i%f O+ €

Such that
o(ue) < p(v) + ed(ue,v), Yv € E such that v # u,

Definition 2.1 (Sequence of almost critical points) We say that a functional p € C'(E,R)
has a sequence of almost critical points if there exists a sequence (v,), in E  such that

' (vp) = 0 in E* as n — oo

Lemma 2.2 (Minimization principle) [15] Let E be a Banach space and ¢ : E — R a
functional, bounded from below and Gateaux differentiable. Then, there exists a minimizing

sequence (v,), of almost critical points of ¢ in the sense that

lim ¢(v,) = im}{J o) and lim ¢'(v,) =0
ve

n—-+0o0o n—-+o0o

A slight modification of Theorem 1.26 in [20] (see also Corollary 2.4 in this work) gives the

following lemma with a dilatation type condition

11
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Lemma 2.3 Let (E, ||.||;)be a Banach space and (F,||.||,) be a normed space. If A is a closed

set in B, f: A— F is continuous,and
Ik >0:30>0,|1f(2) = FWo 2 wllz —yl]  Va,yeA

then f(A) is closed.

proof. We show f(A) is closed.Let g € f(A) there exists point z,, € f(A)
so that g = lim f(x,) thus f(z,) is Cauchy in F'. Our hypothesis implies therefore that x,, is
Cauchy in E. Being a closed subset of a complete metric space, A is complete; hence there

exists = limx,, in A Since f is continuous,

f(z) =lim f(x,) =g

Thus g € f(A). =

2.1.1 Main results
The first main result of section is the following :

Theorem 2.1 Let E be a reflexive Banach space, F' be a bounded and weakly closed set of E
with J € CY(E,R), and let J' be strongly continuous on F . Suppose also that J satisfies
| S (e(u)||ge < K|S (w)| g for all w € F, where ¢ : F — F is a function such that o(u) # u

forallu e F, and 0 < k <1 is a constant . Then, J has at least one critical point in F.

proof. We first show that J'(F')is closed recall that J'(F) = {J'(u);u € F'} we need to verify
J(F) = J(F). Let g € J(F), there exist a sequence g, € J'(F), such that lim, . g, = g,
and so there exist (u,) C F with lim,,_, . J'(u,) = g. Since F' is bounded and F is reflexive,

there exist (u,, ) C (u,)such that (u,, ) — v € E. Since J’ is strongly continuous then

g= lim J'(u,,)=J(u) e J(F).

n——+oo

We consider the complete metric space J'(F'), and define the functional ¢ on J'(F') by

v J(F) = R
J'(u) = (S (w) = || J'(u)]

E*

1 is lower semicontinuous; Indeed, let (v,) C J'(F'). Such that
v, — v in B
Since J’ is strongly continuous, then we have

J (up) = J'(u) in E*,

which means that :
| (un) — J'(u)]

g — 0 asn— +oo.

12
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This implies that
[PA]

J— ] !
pe= T [

Coniquently, v is lower semicontinuous.

Obviousely, 1 is bounded from below because

17 ()]l g- = 0, Vo € J/(F)

Then, v is lower semicontinuous and bounded from below on J'(F'). Let € = L‘r—’; € (0,1). From

Lemma 2.1 | there exists u* in F' such that

(S (u) < J'(v) +ed( S (u"), J'(v))
With compensation

1 () g < (1 ()]

o el (w) = J ()|, YveF such that v # u*

We claim that u* is a critical point of J. If this is not true then J'(u*) # 0.

According to the triangular inequality we have

1T/ ()] < [T @) + €llJ ()| + €[] (v)]

pe & (L= [T W)g < (14T ()]

(I+¢),
o < TG IO

E*

< |1 ()]

for any v € F' such that v # u* and in particular for v = p(u*), we have

) (1+¢) )
e
let € = ﬁ—z then kK = i—;i, so we have
! * 1 ! E3
0 e < o)
This contradicts the hypothesis ||J'(¢(w))|| g < & || (w)| g.. ™

Now, we introduce the second main result :

Theorem 2.2 Let E be a Banach space and let the functional J € C*(E,R) with J'(E)a closed
set in E*. Suppose also that J admits a sequence of almost critical points. Then J has at least

one critical point in E.

proof. We consider the complete metric space J'(E) of E* and define the functional ¢ on
J'(E) by

¢:J(E) >R
J(u) = o(J'(u)) = ||J'(u)]

E* -

13
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Then ¢ is lower semicontinuous and bounded from below on J'(E) . Let € € (0,1).From the

weak Ekeland variational principle, there exists v* in E such that

1T ()]

g < 1T (0)]

g TellJ' (W) = J'(v)]

on Vv e E.

We deduce that u* is a critical point of J. If this is not true then J'(u*) # 0. Let (v,) the

sequence of almost critical point of J. Then we obtain that

1 (u)]

ge ST Wa)ll e + €[l T (") = J'(vn)]

I Vn € N.

Because J'(v,) — 0 as n — oo, by passing to the limit,we obtain that

17 ()]

e < ellJ(u?)]

E*

which implies that 1 < e and this is contradiction with hypothesis on € € (0,1). =

As a consequence of theorem 2.2, we obtain the following corollaries.

Remark 2.1 The two geometric conditions in the Mountain pass theorem suffice to get a se-

quence of almost critical points [15]

Corollary 2.1 Let E be a Banach space, and let J € C*(E,R) satisfy J(0) = 0. Assume that

J'(E) is a closed set in E* and there exist positive numbers p and a such that

1j(u) z aif flull = p,
2 there exists e € E such that ||e|]| > p and j(e) < a.

Then, J admits at least one critical point u. It is characterized by

Lo
J(u) =0,5(u) = inf mmax J(v(1)),

where

['={y e (0,1}, E)[7(0) = 0,7(1) = e} .

Corollary 2.2 Let E be a Banach space and let the functional J € C'(E,R)satisfy

Fk>0:30 >0, (w) — J'@) g > kllu—2|% (2.1)

Suppose also that J admits a sequence of almost critical points. Then J has at least one critical

point in E.
proof. This is a direct consequence of Theorem 2.2 using Lemma 2.3. =

14
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Corollary 2.3 Let E be a Banach space, and let J € C1(E,R) with J'(E) a closed set in E*.
Suppose that J is bounded from below. Then J has at least one critical point.

proof. The minimization principle ensures the existence of almost critical points. The conclu-

sion follows from Theorem 2.2. =

Corollary 2.4 Let E be a reflexive Banach space, let F' a bounded and weakly closed subset
of E with J € CY(E,R), and let J' be strongly continuous on F. Suppose also that J admits a

sequence of almost critical point in F'. Then J has at least one critical point in F.

proof. We show J'(F) is closed recall that J'(F) = {J'(u);u € F'} we need to verify Indeed
let g € J'(F). There exists (g,) € J'(F)

I(gn) C J(F): g — g in E*.

Hense

(up) € F: gn = J (up) — gin E*.

Since F' is bounded in E then the sequence (u,) is bounded in E which is reflexive space, then
we can extract a subsequence the (u,,) — (u,) € F' C E. So, Since J’ is strongly continuous,
then

J (up,) = J'(u) € J'(F)

But, we know that
J (un,) = g

We deduce that J'(u) = g, thus g € J'(F). We conclude that J'(F) is closed set in E*,
consenquently by theorem 2.2 J has at least one critical point in E*

2.1.2 Application

We consider the functional J defined on E = H}(0,1) by

1w = [ 1 ( / " f<t,5>d5) dt,

where f € C([0,1] x R,R) is a continuous function . Suppose that there exist a function
¢ :R — R and & €]0, 1] such that

dt‘</<

/ ft u(t dt’ forall u,h € H}(0,1). (2.2)

15
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Example 2.1 One may take as examples of f and ¢,

ft,u) = qt)(u+ k) é(s) =rs+ k> -k, t€10,1], x €]0,1]

where q is a positive function defined on [0, 1].

By substituting , we find

/0 )t + 5 — k4 /<a)2h(t)dt‘

| =

/0 ) ut) + n)Qh(t)dt‘

fmwmmwﬂ

/ f(t,u(t dt‘ Since k € [0, 1]

Theorem 2.3 Suppose that f satisfies condition 2.2. Then J has at least one critical point.

proof. Note that J is well defined and J € C*(H{(0,1),R) with

/ftu t)dt, for all u,h € Hy(0,1).

We first show J is well defined, let f is continuous function is on [0, 1] x R so f is bounded on

[0,1] X kK, K is compact

1 rult)
( /0 F(t,€)de)dt

1 u(t)
<[] cagan (1= con <0,

- C /O 1 u(t)dt

Using Cauchy — Schwarz inequality

[J(w)] < C(/Olu(t)Q)é(/Olﬁdt)é

=C ullz <0

Coniquently, J is well defined.
Now, we show J € C*(H}(0,1),R)

We put
u(t)
Pl = [ .9
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and
J(u):/o F(t,u(t))dt

Using mean value theorem

i J(ul?) + sh(t)) — /ftu

s—0 S

Now, we show J' is strongly continuous on F' = B(0, p) C H}(0,1).
Let (u,) a sequence with (u,,) C F' and u,, — u (F is bounded in Hj(0,1)) and note it converges
uniformly to u on [0, 1]. Since F is weakly closed, u € F'. Using cauchy Schwardz inequality

and Poincaré’s inequality

1 (un) = S (W)l = sup [J'(un)h = J'(u)h]

Iy <1
- |f f<t,un<t>>—f(t,u<t>>>h<t>dt\

g <t 1o
< / St un(£)) — F(tu(t))dn)?) b / B2 (t)de)

= sup (/ f(tun(t)) — f(t,u(t))dt)2)% 1Al 22 0.1y

1hllpzg <1

< C swp / Pt un()) = £ u(®)dt)2)® bl

HhHH1<1

N[

< o / £t unlt)) — F(t,u(®))de)?)

Let K be the constant of the continuous embedding of H;(0,1)
1) in C0, 1],and note that

[t un(t)) = f(t ult)] < 2 sup £ (t,9)]

(tvy)e [0’1} X [7kp,kp}

lim f(t,un(t)) = f(t, u(t))

n—-+0o

From the Lebesgue dominated convergence theorem, we obtain

D=

i / Pt unt)) — £t u(®))d)?)s = 0,

and so
lim || J (u,) — J'(u)]

n——+oo

5 =0,

Finally we show J' satisfies ||J'(¢(u))|
operator associated with ¢. Now from 2.2 we have

o < K| J' ()] g.for all u € F, where ¢ is the Nemytskii’s

17
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17 (o (w))]

g =  Sup
Il 3 <1

[ s olule)ne)a

< K sup
IAll g <1

= w[lJ(u)l

/01 f(t,u(t))h(t)dt‘

E* -

From Theorem 2.1, J has at least one critical point in F'.
]

2.2 Minimization Principle in Ordered Banach Spaces

and Application via Ekeland’s variational principle

2.2.1 Ordered Banach Spaces

Definition 2.2 (Ordered Banach Spaces) Let (E,|.||) be a real Banach space. Now E is

called an ordered Banach space if the following conditions hold:
(1) (E,<) is an ordered set.

(2) Given u,v,w € E, if u < v, then u+w < v+ w. If u < v, then Au < Mv for any
A €10, 400).

(3) ET ={ue€ E:0<u}is a closed subset of E.
Definition 2.3 [18]

1) We say that a Banach space E is ordered by a cone K, that is u < v if and only if
v—u € K.

2) An ordered Banach space E is called a Riesz-Banach space if uNV v = sup {u,v}, u Av =
inf {u,v} exist for any u,v € E.

For a Riesz-Banach space E, we define |u| =uV (Tu), um =uV0, u~ = ("u) V0.
Remark 2.2 [16]

(1) The Lebesgue space LP(Q) and the Sobolev spaces WP (Q) and Wy () are ordered Ba-
nach spaces, where we define the order uw < v if u(x) < v(zx) a.e. z € Q. Note LP(Q) and
the first order Sobolev spaces WP(2), Wy () are Riesz-Banach spaces.

(2) If u e W™P(Q), then |u| € W™P(QQ). Moreover we have

18
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Vu(z), if wu(x)>0
V|u(z)| = <0, if u(x)=0
—Vu(z) if wu(zr) <0

IV [u(@)l, = llull, for ue€Whr(Q),
where |u| denotes the LP(Q2)-norm.
According to Lemma 2.1, we have the following result.

Proposition 2.1 [17] Let E be a Banach space and J : E — R, a C'- functional that is
bounded from below and satisfies the (PS) condition. Then there exists a critical point u € E
of J.

proof. Let E be a Banach space and J € C!, by definition we have

J(u+v) = J(v) = (J'(u),v) + o[v]]).

Using Ekeland lemma, there exist (u,) € E such that:

m < J(u,) <m+ 2+

(2.3)
J) + 1 v =wnll > J(un), YveE

We show that : ||J'(u,)||p. < £. Let w € E such that ||w]|, =1 and we set v = u,, + tw € E
in (2.3)

Then

Which means that

We can replace w with —w , we get (J'(u,), —w) > —+%
So |
‘]/ n)s < -
) w)] < T
Consequently
17" ()|

1
pe = sup [{(J'(un) w)| < —.

[[w]|=1
We deduce that lim,,_, 4 ||J'(un)]| 5« =0, so J'(u,) = 0 in E*.
We can deduce that there exist ug € E such that

19
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J'(up) =0
J(ug) =m
Indeed, knowing that
J(up) = m

J(w) = 0 in E*

So (uy) is a sequence of (PS),,. Since J satisfies the (PS),, condition, We deduce there exist

a subsequence (u,, ) C E and ug € E such that:

Up, — Uy N B.

Since J is continuous, then
J(tn,,) = J(up),

and since J' is continuous, then

J (un,) = J' (u).

By the uniqueness of the limit, we have
J (ug) =0, J(up) =m

So, J admit a critical point. m

2.2.2 Main result and application

(2.4)

Our goal in this section is to prove a version of proposition 2.1 in Riesz-Banach spaces.

Theorem 2.4 Let E be a Riesz-Banach space ordered by a cone K and let the functional
J € CY(E,R) be bounded from below, and satisfy the (PS) condition. Suppose that

J(|ul) < J(u),Yu € E.

Then, J admits a critical point u in K.

proof. For e = %, let ug € E be such that

) 1
J(ug) < HElf J(u) + e

From Ekeland’s variational principle, there exists (u,) C E, such that

J(up) < J(0) + L ||lu, — v|| for all v e E such that v # w,.

20
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Let v =u, + th,t > 0,h # 0. Then by a standard technique, one has

lim ||J'(u,)]| = 0.

n—-4o0o

Now

inf J(u)uer < J(u,) < J(ug) < inf J(u)g + %,
So (u,) is a Palais-Smale sequence, and since J satisfies the (PS) condition, then there exists
a subsequence (u,,) C (u,) such that u,, — w and J(w) = inf J(u)yep, J'(w) = 0. Since
J(|w|) < J(w), we have J(Jw|) = inf J(u)ycr and because J € C'(E,R), then |w| € K is a
critical point of J. m

As an application of the above result, we consider the problem

—(p(t)u/(t))' = f(t,u(t)),a.e.t € [0,400)

(2.5)
u(0) = u(4o00) =0,
where f :[0,400) x R — R is a Caratheodory function, and may change sign,
p:[0,+00) — (0, +00) satisfies % € L'[0, +00), and
“+o0o “+oo 1
/ </ —d5> dt < +o00.
0 t p(s)
Examples of p are the exponential function or
Vit if telo,1],
p(t) = (2.6)

1+ if t>1.

2.2.3 The functional framework

Define the space
H; (0, +00) = {u € AC([0, +00),R)|u(0) = u(+00) = 0, \/pu’ € L*[0,+0c]} and the cone

K = {u € H;,(0,+00),0 < u}.

Lemma 2.4 H;,(0,+00) is embedded in L?[0,+00].

+o0 +o00
= [ s+ [ o
0 0

proof. For u € Hg (0, +00), we have

/t T (s)ds

Then, by the Cauchy-Schwartz inequality

+oo 400
< ( / pls)u(s)ds) / ]%cm

" )

1
U = —ds|.
|u(t)] t o)

21
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o / R (/ e asar) ([ (e P ()is).
that is

lullye < VAT |5
||

Now Hj, is a Hilbert space equipped with the norm.

400 +oo
i} = [ wontwas [ o

associated with the scalar product
+00 +oo
(u,v) :/ p(t)u'(t)v'(t)dt+/ u(t)v(t)dt.
0 0

Lemma 2.5 On H; (0, +00), the quantity ul]> = 0+°Op(t)u’2dt is a norm which is equivalent
to the Hg (0, 4+00)— norm.

proof. Given u € H&p(O; +00), in view of Lemma 2.4, we have

“+o0o
/ () dt < M [l
0

Then
| [ o eaoeo) <o [ oo
that is
lull < llully,, < VI M u]
[ |

Lemma 2.6 H;,(0,+00),].||) is embedded in (Ci[0,400), ||ull,.), where Ci[0, +00] = u € C

([0, +00], R) : limy o u(t) exists and [Jul|,, = sup,eo yo0) [w(t)| with d = \/|[1/pl|;: the con-
stant of the embedding.

proof. Let t € [0, 4o0[:

u(t) = /toou/(s)ds
u(t) = /too\/z%u'(s)\/p(s)ds

([ ) ([ )

(s)
1 /
sup [u(t)] < 4 []I=]| Vel
Plipt
lulloe < dllvpu|
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In order to prove the compactly embedding , we need the following important lemma:

Lemma 2.7 [13] Let H C (C}[0,+00);R) be a bounded set. Then H is relatively compact if
the following conditions hold:

(a) H is equicontinuous on any compact sub-interval of [0;4+00); i.e.,
VJ C [0;+00) compact subinterval , Ve > 0, 36 > 0, Vt;,to € J -

|t1 —t2| <= |u(t1) —u(t2)| <, Yu € H.

(b) H is equiconvergent at +00, i.e.,
Ve > 0,37 = T(e) > 0 such that

Vv, to € J :ty,t0 > T(e) = |u(ty) — u(ta)| <e,Vu € H.

Lemma 2.8 The embedding
H; (0, +00) = 1[0, 400)

18 compact.

proof. Let D C H; ,(0;+00) be a bounded set; then it is bounded in Cj[0, +00) by Lemma
2.3. Let R > 0 be such that for all u € D, ||u|| < R, we have

(a) D is equicontinuous on every compact interval of [0; +00). For u € D and t1, ¢y € [0; +00);

/t :1 o (7)dr
i)
< o(f ow)

and the right-hand side tends to 0, as [t; — t3] — 0 for % € L'(0; 4+00).

we have

u(ty) = ult2)] =

t , 1
IR ers

(b) is equiconvergent. For t € [0;+00) and u € D, using the fact that u(+o00) = 0, we have

u(t) = u(+o0)| = |u(t)]

/:OO o (7)dr
([7-5)

+oo 1 %
< R(/ —) — 0,as t — +o0.
t p(T)

23
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The result then follows from Lemma 2.7.

2.2.4 Existence of weak solutions

Take v € H&p(O, +00), and multiply the equation in 2.5 by v and integrate between 0 and +oo,

to obtain
+00

- [ wtweyema = [ reampoa,

0

Hence
o0

/O+OO p(t)u’(t)v’(t)dt = f(t’ U(t))v(t)dt_

0
This leads to the natural concept of a weak solution for (2.5).

Definition 2.4 We say that a function u € Hg (0, +00) weak solution of (2.5) if

“+o00

/0+°° p(t)u' (t)v' (t)dt — Ft,u(®))o(t)dt = 0.

0

forallv e Hj,(0,4+00) To study (2.5), consider the functional J : Hj ,(0,+00) — R defined by

ﬂwzéwW—Amewm%

Where "
F(t,u):/ f(t,s)ds.
0

Let the operator A : Hj (0, +00) — H; (0, 400) be defined by

Au(t):/o OOG(t,s)f(s,u(s))ds

with the Green’s function

and the fundamental system of solutions pi(t) = f(f z% and po(t) = f;roo z%

Theorem 2.5 Suppose the following condition holds:
fis an odd function in u and there exist a constant p € [0,1), and positive functions ay,b; €
L0, +00) such that

|f(t,w)| < ai(t) Jul + bi(t), fora.et € [0,+00) and all u € R. (2.7)

Then (2.5) has at least one weak solution in K.

We start by the axillary result
Lemma 2.9 Under assumption (2.7), we have
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(1) A is well defined,
(2) A is compact.

proof. We confine to prove the second assersion; Let (u,) be a bounded sequence in the re-

flexive separable space H, Then there exists a subsequence (uy,) such that u,, — uin Hy,,

as k — +oo. We will prove that the sequence (Au,, ) is convergent. We have the estimates:

|Auw,, — Au|| = sup |[(Au,, — Au,v)|
Joll<1
+oo
= sup / p(t) (Au,, — Au)’ (t)v’(t)dt'
[vI<11J0

~ sup /0 " () (Au, —Au)’(t))’)'v(t)dt‘

[vll<1

= sup /0 N [=(p(t) (Aun, ) (£))" = (=p(t)(Au)'(£))'] v(t)dt)

[oll<1

= s | [T ) - S w00

[vll<1

p {}g.%oo ol 0 () = 1) ]

[oll<1

< dwp[lﬂnmuvmuMa»—fumu»w{

flvll<1

IN

< dlﬂmﬁﬁumﬁﬁ—f@w@DMt

Using Lemma 2.6, 2.8, and condition (2.7), and the Lebesgue dominated convergence theorem,
we obtain that
|Aw,, — Aul| = 0, as k — +o0.

The same estimates show that ||Au,, — Au|| — 0 whenever |u, —u|| — 0, as n — +oo. The
compactness of A is then proved. In the same way, one can show that A is continuous. m
proof. We will apply Theorem 2.4.First we note that J is well defined. In fact, given u €
H; ,(0,+00), then condition (2.2) guarantees that

ai +1
F(t,u(t))] < —— |u(t)|* by (t t)].
| (¢, u( ))I_M+1IU()I + b1 (¢) [u(t)|
Hence using Lemma 2.6 we have
+oo A1 ) +oo +oo
/ F(t,u(t))dt’ < Sl / al(t)dt+d||u|]/ by (1) dt
0 0 0
d;Hrl
< mIIUI|”+1|a1|1+dIIUII\bllh
So
1 drtt
[Tl < 5 lul* + ) [l lax]y + d [|ul] [y
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Now we show that J is bounded from below. To see this note ( f1) and Lemma2.3 guarantee
that

1 2 d#—H ptl
T 2 g llll” = 27 el ™ lash = dfjuf 1bi)a (2.8)

Since p < 1, (2.8) implies
lim J(u) = +o0.

[[uf|=+o00
Next from (f1), J is continuously differentiable and satisfies
+o0

(J'(w),v) = /O+Oop(t)U'(t)v’(t)dt - f @t u(t))o(t)dt

0
for all u,v € Hy,(0,+00) and

J =1-A.

Finally J satisfies the (PS) condition. Indeed, suppose that (u,,) € Hy (0, 4+00) and there exists
M > 0 such that [J(u,)| < M and J'(u,) = u, — Au, — 0 on Hj,(0,4+00) when n — +o0
From the above (J is bounded from below) we see that (u,) is bounded in Hj (0, +00). From

the compactness of A there is a subsequence (Au,, ) such that Aw,, — w. Then
||unk - U)H < “unk - AunkH + HAunk - wH )

and since uy, — Ay, — 0in Hj (0, +00) , when n — 400, we have that (u,) has a convergent
subsequence (uy, ) with u,, — w. Now J(|u|) = J(u),Vu € Hg (0, 400) since f is odd and now
apply Theorem 2.4. m

Example 2.2 An ezample of f is the odd function
F(tu) = a(tyus — b(t)us,

with a,b € L*(0,+00).

26



CHAPTER 3

Fixed point theorem via critical point

theory

The aim of this chapter is to prove new fixed point theorems on Hilbert spaces for potential
a—positively homogeneous operators by using weak Ekeland variational principle. To do this,
we begin with the following.

3.1 A fixed point theorem on Hilbert spaces for potential

a—positively homogeneous operators

Let H be a real Hilbert space endowed with scalar product denoted ( . , . ).

Definition 3.1 (a—positively homogeneous operator) A mapping T : H — H is said to

be a—positively homogeneous operator if
T(tz) =t*T(x),Vt > 0,Vo € H, for some a > 0.

Let 1) be a Frechet differentiable functional defined on H and let ¢'(z) denote the differential of
Y at x € H. We denote by Vi (x) the unique vector of H such that

U(x)y = (Vi(x),y) Vo,y € H.
Definition 3.2 (Potential operator) A mapping T : H — H s said to be a potential (or
gradient) operator if there exists a differentiable functional b on H (the potential of T) such
that T'= V1. Let T : H — H be a potential operator and 1) be its potential, so that Vi) =T.

If T is assumed to be continuous, then 1 is of class C' and 1 and T are related by the formula

U(x) :/0 (T'(tx),x)dt.

For more details on potential operators and their properties, see the pioneering book of Chabrowski
[12]. In particular, the page 02 for the above property.

If T is a—positively homogeneous, then

If we set

we have that G is of class C' and

We need also the following theorem
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3.1.1 Main results

We are now in a position to give the main results.

Theorem 3.1 Let T : U — H be a compact potential operator and a-positively homogeneous,
where U is an open and bounded subset of a Hilbert space H with 0 € U. If there exists a
constant C' > 0 such that

a+1
2

(T(u),u) < ul|* = C'||u|| for all u € AU, (3.1)
then T has a fized point in U

proof. We consider the complete metric space U endowed with the distance induced by the

norm of H and the functional ¢ defined on U by

f = gl = [ (7.
1., 1
= Sl — (T, w)

It is clear that ¢ is differentiable with ¢' =1 — T (¢/(u) = u — T(u), for anyuw € H' = H).
So, u € H is a fixed point of T"if and only if w is a critical point of ¢.
Hence, in order to prove the existence of critical point of ¢, we need to apply Weak Ekeland

Variational Principle (see Lemma [14]).

Claim 1. The functional ¢ is bounded from below. Indeed, because U is a bounded set
with 0 € U and the operator T" is compact, there exists M > 0 such that ||T'(u)|| < M for all
u € U. By using CauchySchwarz inequality, we obtain

1
1+«

(T'(u), u).

1, M
> - _
2 5l = g Ml

1
plw) = 5l

<

Then, ¢ is bounded from below. Let 0 < e < =5,

then, by the weak Ekeland variational

principle, there exists u, € U with
o(ue) < i%f O+ €
and whenever v € U with v # u,, then
p(uc) < @(v) + €lluc — |-

Claim 2 We have u, ¢ OU. Indeed, if u. € OU, then, for v = 0, we have p(u.) < ¢(0) +
€ ||ue — 0]]. Because ¢(0) = 0, we obtain that

puc) < €llucl < e

a+1
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1.e.

1 9 1 C
a € - —F (T e)y We 1 €
3l = —— (T ) < —— [u]

and this is a contradiction with the hypothesis (3.1).
Claim 3. u, is an approximate fixed point of T. Indeed, let t > 0 and h € H. We put v, = u+th.
We remark that because u, € U and U is open then u, + th € U for t small enough. We have

then
p(ue) — p(uc + th)
t
By passing to the limit as t — 0", we obtain that

— (¢'(uc), h) < €]|n]

<ellhll-

. As h € H is arbitrary, we obtain

| (' (ue), k) | < €]|n]]
which means that
1 (ue) |l < e
. This means that u, is an approximate critical point of ¢ and then it is an approximate fixed
point of T (T'(u.) — ue — 0 in H).
Claim 4. Existence of a fixed point. Indeed, for € = %, we remark that % < ' when n — +o0.
We obtain that

I (un)| <

S|

which means that
1" (un)]] = 0 as n — 400

and thus we have

|twn, — T'(un)|| = 0 as n — 400

Since the operator T is compact, there exists a subsequence

(tn,,) C (upn) such that T(u,,) — w with w € U.
Then u,, — w. Indeed, we have

[, = wl| < tny, = T(un, )| + 1T (tn,) = wll =0

which means that u,, — w and then T'(u,, ) — T'(w). Thus, we have

T(w) = w and w is a fixed point of T. =

As a direct consequence of the above theorem and by using Cauchy-Schwarz inequality, we
obtain:

Corollary 3.1 LetT : U — H be a compact potential operator and a—positively homogeneous,
where U is an open and bounded subset of a Hilbert space H with O € U. If there exists a constant

C > 0 such that
a—+1

2

IT(uw)]| < |ul| = C for all u € OU,

then T has a fized point in U.
When we put U = B(0, R) for some R > 0, we obtain the following
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Corollary 3.2 LetT : H — H be a compact potential operator and a— positively homogeneous
satisfying
1
dR >0, IAC < 5(04 + 1R,

such that T(0B(0, R)) C B(0,3(a+1)R - C),
then T has a fixed point in B(0, R).

3.1.2 Application

We consider the Dirichlet boundary value problem

—u"(t) = q(t) f(u(?))), t€(0,1),

u(0) = u(1) =0, 82)

where f : R — R is a continuous function, ¢ € L?*(0,1). The following lemma is standard in

the literature.

Lemma 3.1 If u is a solution of the integral equation

u(t) = / G(t, 5)a(s) f (u(s))ds,
Where

G(t,s) = a -

s(l1—1t), s<t 33)

then u is a solution of problem (3.2) and conversely.
Let T be the operator defined on the standard Sobolev space H}(0,1) endowed with the norm

lull = f5 w?(@)dt by
Then, T satisfies the problem

—(Tw)"(t) = q(t)f(u(?)), t € [0,1],

(Tu)(0) = (Tu)(1) = 0. (3.4)

We remark that the operator T satisfies also the following property

(T'u,v) :/0 q(s)f(u(s))v(s)ds, Yu,v € Hy(0,1).

Let ¢ be the functional defined on Hj(0,1) by

1 u(t)
ol =5l = | ( / q(S)f(S)d8> .
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Definition 3.3 We say that u € H(0,1) is a weak solution of (3.2) if

/l[u'(t)v’(t) —qt)f(u(®))v(t)]dt =0, for all v € H(0,1).
0
Lemma 3.2 [7] The operator T : H3(0,1) — Hg(0,1) is compact.

Theorem 3.2 Assume that the following conditions hold:
(H1) 3a > 0, such that f(su) = s*f(u),Vs > 0,Vu € R,

(H2) 3R > 0, maxg<p | f(§)| < gri—(a+ 1)R.

2llgll 2

Then problem (3.2) has a solution v € C*|0,1].

proof. Integrating by parts, we obtain for all u,v € H}(0,1)

(@' (uv), (v) = /Oul(t)vl(t)dt—/o q(t) f(u(t))v(t)dt
_ /0 o (B (1) dt + /O (Tw) () (t)dt

- / (! (B)0/(£) — (Tu) ()0 (£))dt
= (u,v) = (Tu,v) = (u —Tu,v) = (({ = T)u,v).

Thus

o =I-T.

We prove that the operator T verifies the conditions of Corollary 3.2 . Take any C' > 0 such that

1 2
G
T fel<r

Such a number exists in view of (H2). Then by using the Cauchy-Schwarz inequality and

Poincare’s inequality we obtain
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Dijouadi.

[Tull =

IN

IN

<

<

sup |(T'u, v)|
Joll<1

| / () u(s))o(s)ds|
H'u\<1
1 2 1
sup ( ]q s))|2ds)z ( |U ds)?2
l[oll<1

d 3
s / () (uls) ) o]
ol

on |s\<%|f<§)|
%m+nR—c

Here \; = 72 is the first eigenvalue of the linear Dirichlet problem

—u"(t) = Au(t),
u(0) = u(1) = 0.

€ (0,1),

We have also used the Poincare’s inequality

lull ;2 < ||| = C for all u € U,

then T has a fixed point in U. m
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Conclusion

In this memory, we established a new critical point theorem according to the Ekeland vari-
ational principle without satisfying the Palais-Smale condition, we showed there was a critical
point in Riesz-Banach space ordered by a cone k and prove new fixed point theorems on Hilbert
spaces for potential a—positively homogeneous operators.

Ordered Banach spaces play a crucial role in the study of differential equations due to their
structured framework. They facilitate the analysis of positive operators and the development of
spectral theory, which are essential for understanding the behavior of solutions, such as stability
and periodicity. These spaces are also vital for handling boundary conditions and constraints
in partial differential equations (PDEs), particularly those with positivity constraints like heat
distribution and wave propagation. This makes ordered Banach spaces invaluable in solving
practical problems across physics, engineering, biology, and economics.

Overall, this work underscores the profound impact of critical point theory in advancing math-
ematical knowledge and solving practical problems. Through continued exploration and inno-
vation, we can expect to uncover even deeper insights and broader applications in the years to
come.

In my work I found difficulty the lack of references on my subjects.
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Abstract

In this memory, we have studied new theorems : First, we proved the critical point theorem
without satisfying the Palais-Smale condition, ensuring the existence of a critical point. Then,
we demonstrated the existence of a critical point in Riesz-Banach space ordered by a cone k,
followed by applying the abstract result to the following problem :

{—(p(t>u’(t))’ = f(t,u(t)),a.et € [0, +00) )

u(0) = u(+o0) =0,

Where f:[0,400)R — R is a Caratheodory function, and may change sign,
p : [0,+00) — (0, +00) satisfies - € L'[0, +00), and

/0+°° (/t+°° ]%d) dt < +o0.

In the second case, we established new theorems of fixed points in Hilbert spaces for potential
a—positively homogeneous operators using the weak Ekeland principle, then applied our
abstract result to the following problem :

—u"(t) = q(t) f(u(t))), te(0,1),
u(0) = u(1) =0,
Where f: R — R is a continuous function, ¢ € L*(0, 1).

Key words

Critical point,Fixed point, Ekeland principle, Weak solution, Boundary problem.




Résumé

Dans ce mémoire, nous avons étudié de nouvelles théories : Tout d’abord, nous avons
démontré la théorie du point critiquesans satisfaire la condition de palais-smale et qui garantit
I’existence d’un point critique. Ensuite, nous avons prouvé l’existence d’un point critique dans
I'espace de Banach ordonné avec un cone k, puis appliqué le résultat abstrait au probleme

suivant :
—(pt)u (1)) = f(t u(?)), a.e.t € [0, +00) 5)
u(0) = u(400) =0,

ou f:]0,+00)R — R est une fonctlon Caratheodory, et peut changer de signe,

p:[0 ,+oo) — (0, +00) satisfies > € L'[0, +00), and

Aﬁm<lﬁmﬁgdﬁdt<+m.

Dans le deuxieme cas, nous avons démontré de nouvelles théories des points fixes dans les
espaces de Hilbert pour les opérateurs av potentiels homogenes en utilisant le principe
d’Ekeland faible, puis appliqué notre résultat abstrait au probléeme suivant :

{—u"<t> = q(t)f(u(1)), te€(0,1),
u(0) = u(l) =0,

Ou f: R — R est une fonction continue, ¢ € L*(0,1).

Mot-clés

Point critique,Point fixe, principe d’Ekeland, Solution faible, Probléme aux limites.
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