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Notations

R" n-dimensional Euclidean space
Q An open set in R”
Q The closure of Q

0Q The boundary of Q
B(x,r) Open ball centered at x with radius r
B(x,r) Closed ball centered at x with radius r

Q| Lebesgue measure of Q

Wy Volume of the unit ball in R”

Wn—1 Surface area of the unit sphere in R"
XE Characteristic function of the set E

C°(Q2) Space of smooth functions with compact support in Q

LP(Q) Lebesgue space of p-integrable functions on Q

LP°(Q)) Weak Lebesgue (Marcinkiewicz) space on Q

Ll’f) .(©Q)  Space of locally p-integrable functions on Q

I fllzr Norm of f in L”(Q)

| flizpee  Quasi-norm of f in LP*°(Q)

D¢(A) Distribution function of f: D¢(A) = [{| f| > A}|

oju Weak partial derivative of u with respect to x;

Vu Weak gradient of u

WYP(Q) Sobolevspace: ue LP,0;ue L”

W,”(Q) Closure of C*(Q) in WP (Q)

H'(Q)  W?(Q), Hilbert space

Hj (Q) Wol'2 (Q), Hilbert space with Dirichlet condition

llullyr, Norm of uin WP (Q)

IVulzr  LP norm of the gradient of u

Cp Poincaré constant

M, 5 (R™) Classical Morrey space with indices g and p

LYY(Q) Morrey space of functions with weighted local integrability

||f||M5 Norm of f in M?(R")

I fll;1y  Norm of fin LY (Q)

Sa(R™) Stummel class of order a

Spw(R")  Generalized Stummel class of order p with weight W

17£ (r) Stummel modulus: né (r)=sup lf(—y)l_d
xeRnJ|x-yl<r |x—y|"~@

77];,\1: (r)  Generalized Stummel modulus of f

VoLPA(R™)  Vanishing Morrey space at the origin

Voo M, 5 (R™) Vanishing Morrey space at infinity

VM 5 (R™)  Vanishing at infinity Morrey space



A(u,v) Bilinear form on a Hilbert space
Fr(¢p)  Linear functional: Fr(¢) = [, fpdx

Lu Elliptic operator: Lu = — szzl 0i(a;j0ju)
v Ellipticity constant

K Bound for |A(x)|

Ko Lipschitz constant of g

A(x) n x n symmetric matrix

gu) Lipschitz nondecreasing function

ut max(u,0), example of g(u)

div Divergence operator

sgn(x) Sign function



Introduction

The study of function spaces has always been a central theme in modern analysis, particu-
larly in the theory of partial differential equations (PDEs) and harmonic analysis. Since the early
twentieth century, mathematicians have sought to understand the behavior of functions and their
derivatives in increasingly general settings. The classical Lebesgue spaces L”(Q), introduced by
Henri Lebesgue at the beginning of the twentieth century, provided a powerful framework for in-
tegration theory and functional analysis. However, as the study of PDEs progressed, it became
clear that Lebesgue spaces alone are not sufficient to capture all the subtle properties of solutions,
especially when dealing with irregular coefficients or singular potentials.

In 1938, Charles B. Morrey introduced a new class of function spaces, now known as Morrey
spaces, while studying the regularity of solutions to elliptic partial differential equations (see [8]).
Morrey spaces generalize Lebesgue spaces by measuring local integrability with a scaling factor.

More precisely, a function f belongs to the Morrey space M, g (R™) if

1
1_1 q
Iflly»= sup |B(x,r)|? q(f If(y)l”’dJ/) <oo.
q B(x,1)

xeR™,r>0

This definition enables Morrey spaces to include functions that are not globally p-integrable yet
possess controlled local behavior. For example, the function f(x) = |x|~"*'? belongs to Mg for all
q < p but does not belong to L” (R").

Over the decades, Morrey spaces have been extensively studied and applied to various problems
in PDEs, harmonic analysis, and potential theory. Key contributions include the work of Peetre[9],
Piccinini[10], Vitanza[19], and Chiarenza-Franciosi[4], among many others. More recently, gener-
alized Morrey spaces have been introduced by Nakai and others. Independently, in 1982, Aizen-
man and Simon introduced Stummel classes while studying operators with singular potentials (

see [2]). A function V belongs to the Stummel class S, (R") if

14 V(yl
(r)=su f ————dy—0 asr—0.
Ta xe[Rgl Ix—yl<r [X=y|"" Y

These classes are designed to handle singular data that are not in classical Lebesgue spaces but

still possess enough regularity to ensure the existence and uniqueness of solutions. A canonical

example is the function f(x) = |x|~! in R, which belongs to S,(Q) and is used in the application of



semilinear elliptic equations.

The work of Aizenman and Simon was subsequently extended by Tumalun et al. [16, 18], who
studied the inclusion relations between Stummel classes and other function spaces.

The main problem of this dissertation is to study the inclusion relations between Morrey spaces
Mf; (R™), weak Lebesgue spaces LP*°(R"), and Stummel classes S, (R"), and to apply these results
to elliptic partial differential equations and semilinear elliptic equations.

This dissertation is organized into three chapters. Chapter 1 is devoted to fundamental
preliminaries: Lebesgue spaces, weak Lebesgue spaces, Morrey spaces, Stummel classes, van-
ishing Morrey spaces, as well as the necessary tools for partial differential equations, including
weak derivatives, Sobolev spaces wblP(Q) and WO1 'P(Q), the Poincaré inequality, the Lax-Milgram
lemma, and Stampacchia’s lemma, see[1], [2], [3], [4], [5], [12], [16],[19] and [20].

Chapter 2 constitutes the core of this dissertation. It first studies inclusion relations between Mor-
rey spaces (monotonicity in g and p, the case p = g, relations with Lebesgue spaces, counterex-

amples). It then investigates the relations between weak Lebesgue spaces and Stummel classes

nl/a,0o
loc

(global embedding L”*° c S, local embedding S, < L , generalized Stummel classes S, ).

The main result is the complete chain

p p p,00 p,o0
L chcL CS"/PCLloc'

Chapter 3 is devoted to applications to partial differential equations. First, we study the Dirichlet
problem for an elliptic equation with data in the Morrey space LY () where n—2 <y < n [17]. Us-
ing the Lax-Milgram lemma and the weighted embedding theorem (which relies on the inclusions
from Chapter 2), we prove the existence and uniqueness of a weak solution.

Second, we study a semilinear elliptic equation of the form

—div(A(x)Vu) + g(u) = f,

where the data f belongs to the Stummel class S, (Q) (look at [18]). Using Stampacchia’s lemma
and a weighted embedding theorem (which relies on the inclusion Sy < L /C %% from Chapter 2),
we prove the existence and uniqueness of a weak solution. This result is due to Tumalun [18] and
generalizes previous works where f belongs to Morrey spaces (look at [18]). A concrete example
with the Coulomb potential f(x) = |x|~! in B3 is provided.

Taking all aspects into consideration, this study aims to provide a comprehensive analysis
of the inclusion relations between Morrey spaces, weak Lebesgue spaces, and Stummel classes.
Special attention is given to the critical condition @ = n/p, which requires careful handling of the
interplay between distributional properties and weighted local integrability. The study also seeks

to bridge theoretical insights with practical applications, offering new perspectives on solution
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behavior within generalized function spaces and paving the way for further research in nonlinear

PDEs, parabolic equations and numerical methods.



Chapter 1

Fundamental facts in functional analysis

In this chapter, we study some definitions and properties of Lebesgue spaces , weak Lebesgue
spaces, Morrey spaces, Stummel classes and Vanishing Morrey spaces.We also introduce the nec-
essary tools for the study of partial differential equations, including Sobolev spaces, weak deriva-
tives, the Poincaré inequality, the Lax-Milgram lemma and Stampacchia’s lemma, see[1], [2], [3],

(4], [5], [12], [16],[19] and [20].

1.1 Lebesgue Spaces

This section is devoted to some definitions and properties of L? spaces.

Definition and elementary properties of L” spaces
Definition 1.1.1. Let p € R with1 < p < oo; we set
LP(Q ={f:Q—R| f is measurable and | f|P € L'(Q)}
with
1/p
£ =1f 1= [ 17cordu)
Example 1.1.1. Let1 < p < oo and define
f(x)=xBo,1n),

where y 1) denotes the characteristic function of the unit ball B(0,1) c R".

Then
flf(x)l’”dx:f 1dx=|B(0,1)] < oco.
R7 B(0,1)

Therefore,
feLP®R™.

Remark 1.1.1. Let f € LP(Q). A fundamental property of the LP norm is that
I fllzr =0 < f=0 almost everywhere (a.e.).

This means that f(x) = 0 for all x € Q) except possibly on a set of measure zero.

6



Definition 1.1.2. Suppose that1 < p < oo. Then

1. LP

loc

(Q) ={f: f € LP(K) for every compact subset K = Q} .

2. f islocally integrable in Q if
feL, (.

3. Let f and g be locally integrable functions defined in Q). We define g as the weak derivative of
f with respect to « if, for every ¢ € C3°(Q),

/ fD%pdx= (—1)'“'] godx.
Q Q
We say that D* f = g in the weak sense.

4. Let f andg bein L’

loc

(Q). We define g as the strong derivative of f with respect to « if, for every

compact subset K c Q, there exists a sequence {@;} C Cl*\(K) such that

@;—f inLP(K) and D%p;—g inLP(K).

Remark 1.1.2. The idea behind the weak derivative is to transfer the differentiation operation from
the function f (which may not be differentiable in the classical sense) to a smooth test function ¢ by
means of integration by parts. This approach allows us to define a notion of “derivative” for more
general functions. In contrast, the strong derivative requires approximating the function f by a
sequence of smooth functions such that both the functions and their derivatives converge to  and

its derivative g, respectively, in the LP -norm.

Example 1.1.2. Suppose that1 < p < oo. Let Q) = R and consider the function f(x) = e*.
1. Local Integrability Since f(x) = e* is a continuous function on R, it is bounded on any compact

subset K = [a, b] c Q. The integral:

b
flexlpdx:f ePXdx =
K a

Since the integral is finite for every compact K c Q, then f € LP(K). Thus, f € Lf’oc(Q) as per Defini-
tion 1.1.5 (1).

eP*

p

b ePb _ gpa
=—<o0
a p

2. Weak Derivative Let g(x) = e*. To verify that g is the weak derivative of f with respect to x, we use
Definition 1.1.5 (3). For every test function ¢ € C°(Q):
o0
f fDpdx = f e’ (x)dx
Q —00
By using integration by parts, and since ¢ has compact support (which means ¢ vanishes at +00):

f ex(p’(x)dx:[ex<p(x)]‘i°oo—f exgo(x)dx:(—l)f gpdx
————— —00 Q

—00
0



Thus, D' f = g in the weak sense.
3. Strong Derivative Since f € C*(Q), for any compact subset K c Q, we can define a sequence

(i) <€ C*°(K) such that @; = f foralli. It follows that:
@;— finLP(K) and Dg;— g inLP(K)
Therefore, g is the strong derivative of f as per Definition 1.1.5 (4).

Theorem 1.1.1 (Holder’s inequality). Let p, g € R such that1 < p,q < oo and % + % =1.Iffe LP(Q)
and g € L9(Q), then fg € L'(Q) and we have the inequality:

Ifglr =flerligliea

which can be written as:

1/p 1/q
flf(x)g(x)lduS(f If(x)l”du) (f Ig(x)l"du)
Q Q Q

* Cauchy-Schwarz Inequality: In the case where p = g = 2, the inequality reduces to:
[ reageondi=iriszgl,:
e The Limiting Case (p=1,g=00):If f € LY(Q) and g € L*(Q), then:
| ireagndis g
where || g[lz = ess sup ¢ lg(x)|.
Example 1.1.3. Let1 < p,q < oo such that% + % =1, and consider the functions
f=x"% gx=x"3 xeo1l.
We verify Holder’s inequality:

1 1 1/p 1
foIf(x)g(x)Ide(f0 If(x)l”dx) (fo Ig(x)l"dx)

Choosep =3 and q = % Then%+§: 1.
Compute the left-hand side (LHS):

1 1 1 6
f | f(x)g(x)|dx :f x'/2x1/3 dx:f 8 dx=—.
0 0 0 11

Compute the right-hand side (RHS):

1 1/3 1 1/3 2\1/3
0 0 5

8
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1 2/3 1 213 (15123
(f Ig(x)lg’/2 dx) = (f x'/? dx) = (—) .
0 0 3

2\1/3 (9\2/3 6
- - ~ 0.658 = — = 0.545.
5 3 11

Multiplying the factors:

Hence, Holder’s inequality is satisfied:

1 1 1/p 1
folf(x)g(x)lde(f0 If(x)lpdx) (fo Ig(x)l"dx)

Theorem 1.1.2 (Minkowski’s Inequality). Let p e R with1 < p <oo. If f,g € LP(Q), then f +g €
LP(Q) and we have:

1/q

If+gler < fllr +1IglLr

This inequality can be expressed in terms of integrals as:

1/p 1/p 1/p
UQIf(ng(x)lpdu) s(fﬂwxnpdu) +(fQ|g(x)|Pdu)

Remark 1.1.3. The Minkowski inequality shows that the function | - ||r» satisfies the triangle in-

equality, which is a key property in proving that LP (Q) is a normed vector space.

Weak Derivatives

Definition 1.1.3. Let Q c R" be an open set and let f, g € L}OC(Q). We say that g is the weak partial

derivative of [ with respect to x; if for every test function ¢ € C°(Q2),

3
ff(x)—‘p(x)dx:—f g(x) p(x) dx.
Q 0x; Q

We denote g = g—JC or0; f in the weak sense.

Example 1.1.4. (Weak derivative of |x|) Let Q = (—=1,1) c R and consider f(x) = |x|. Forany ¢ €
C((-1,1)),

1 1
f |x|¢p' (x) dx = —f sgn(x) p(x) dx.
-1 -1

Thus, the weak derivative of f is f'(x) = sgn(x).

Sobolev Space W'”(Q)

Definition 1.1.4. Let Q c R" be an open set and 1 < p < oo. The Sobolev space WP (Q) is defined as

WhP(Q) ={ue LP(Q):0;ue LP(Q) fori=1,...,n},



where 8;u denotes the weak partial derivative (see Definition 1.1.6). The norm on W'P(Q) is given

by

n
lullwrpqy = lullegy + Y 10wl 1r ).
i=1

For1 < p < oo, this norm makes WP (Q) a reflexive Banach space. For p = 2, we denote

H'(Q) = wh(Q),

which is a Hilbert space with the inner product

(U, V) i1 () =f(2u(x)v(x) dx+fQVu(x)-Vv(x) dx.

Remark 1.1.4. The space WP (Q) contains functions that may not be differentiable in the classical
sense but possess weak derivatives. This makes it an ideal setting for studying weak solutions of

PDE:s.
Example 1.1.5. LetQ = (0,1) = R and consider u(x) = x*. Then:
e uel?0,1) because fol xtdx= % < 00.
e /(x) =2x € L?(0,1) because [, 4x*dx =% < co.
Thus, u€ H'(0,1).
Example 1.1.6. Let Q = R" and consider u(x) = """, Then:
o ueL*(RM).
o d;u(x) = —2x;e”™ € 2R foreachi=1,...,n.
Thus, u € H' (R").
Example 1.1.7. Let Q = (0,1) and consider u(x) = \/x. Then:
e uel?,1) becausefolxdx = % < 00.
o u'(x)= ﬁ ¢ L2(0,1) because [, 7 dx = oo.
Thus, u¢ H'(0,1).
Proposition 1.1.1. LetQ cR" be an open set. Then:
1. Foreachl < p < oo, W'P(Q) is a Banach space.
2. Foreach1< p < oo, WHP(Q) is reflexive.

3. Foreach1 < p < oo, WhP(Q) is separable.

10



The Space H' (Q)

Definition 1.1.5. For p = 2, the space H' () = WY2(Q) is a Hilbert space. The inner product is given
by

(u,v)Hl(Q):f uvdx+f Vu-Vvdx.
Q Q

The associated norm is

2 2
2l iy = (122 ) + 1V U2, )

Example 1.1.8. In H'(0,1), the functions u(x) = 1 and v(x) = x — % are orthogonal because

1 1
f 1-(x—§)dx+f 0-1dx=0.
0 0

The Space Wol’p Q)

Definition 1.1.6. The space WO1 P (Q) is defined as the closure of C3°(Q) in WP (Q) with respect to

the norm | - |ly1p(q)- In other words,

Wi @) =T @ .

Functions in WO1 P (Q) vanish on the boundary 0Q in the sense of traces.

For p =2, we denote

Hy(Q) = W, (),
which is a closed subspace of the Hilbert space H ().

Remark 1.1.5. The space C°(Q2) (smooth functions with compact support in<) is dense in WO1 P .
This means that every function in WO1 P (Q) can be approximated by a sequence of smooth functions
that vanish near the boundary. This property is essential for extending results from smooth functions

to all functions in WO1 P (Q) by density arguments.

Poincaré Inequality

Theorem 1.1.3. Let Q c R"” be a bounded open set. Then there exists a constant Cp > 0 (depending

only on n and Q) such that for every u € H(} Q),

| u”LZ(Q) <Cp IIVulle(Q).

The constant Cp is called the Poincaré constant. For convex domains, one can take Cp = diam(Q).

11



Remark 1.1.6. The Poincaré inequality is false for functions that do not vanish on the boundary.
For example, the constant function u(x) =1 on Q = (0,1) satisfies |Vull;2 = 0 but |ull;2 = 1, so no

such constant Cp exists.

Proof:
We prove the inequality for u € C°(Q); the result for Hy(Q) follows by density (since C(Q) is
dense in H} (Q)).

Let Q < R"” be bounded. Without loss of generality, we assume that Q is contained in the strip

Qci{xeR":0<x; <d},

where d = diam(Q) =sup, yeq [x - yI.
For any u € C°(Q2), we have u(x) = 0 for x outside a compact subset of Q. In particular, u(x) =

when x; <0 or x; = d. For any x € ), we can write

u(x) = f —(txz, S Xp)dt.

Apply the Cauchy-Schwarz inequality

lu(x)? < (fxl lzdt) (fo
0 0

Since 0 < x; < d, we have [;' 1°dr = x; < d. Hence,

ou
_(t X2,.. xn)

2
dt].
= |

2

lu(x)* < dt.

°y xn)
Integrate over x € Q2

2
dtdx.

flu(xn dx<dff

Change the order of integration (Fubini’s theorem)

flu(x)lzdxsdzf Ou
Q alod

—(x)
X1

a—xl(t X250, Xp)

2
dx.

Bound by the full gradient

fIu(x)lzdxsdszVu(x)lzdx.
Q Q

Taking square roots, we get
” u”LZ(Q) =< d”VM”Lz(Q)

12



Thus, the Poincaré inequality holds with Cp = d = diam(Q).
Extension to Hy (Q)
For any u € H; (Q), there exists a sequence {uy} < C°(Q) such that uy — u in H, (Q). Applying the

inequality to uy and taking the limit as k — oco yields the result for u. B

Corollary 1.1.1. As a consequence of the Poincaré inequality, the norm

1
2 2
ull gy = (Il + IV U2, )

is equivalent to the simpler norm

lull = 1Vullz2q)-

Indeed, from the Poincaré inequality,

lullz2 < CpllVull 2,

SO

IVl 2 < lull gy < A+ CR 21V ull 2.
Theorem 1.1.4. L is a vector space and || - ||, is a norm for any p, 1 < p < oo.
Proof. Forl < p<ooandlet f,ge L”. We have
|f () +g)IP < (1 f ) +18NP < 2P~ (I fF ()P +18(x)IP).
So that, f + g € LP. Whereas,
7+l = [ 17+ < [17+g 11+ [ 17 +g7 gl
But|f+g|Ple L”, and by Holder’s inequality we obtain
If+glh<If+glh  Ufly+lghpy),

i.e.,

If+glp=Iflp+1glp.

Theorem 1.1.5 (Fischer-Riesz ). LP is a Banach space for any p, 1 < p < oo.
Proposition 1.1.2. [f A isany setand0 < p < q < oo, then
P(A) (A and |fllg=<Iflp.

13



1.2 The distribution function and Weak Lebesgue spaces

The distribution function

Definition 1.2.1. For f a measurable function on<) the distribution function of f is the function D ¢

defined on [0,00) as follows:
Dr(A) =p{xeQ:|f(x)|>A}).

The distribution function Dy provides information about the size of f but not about the behavior of
f itself near any given point. For instance, a function on R" and each of its translates have the same

distribution function.

Proposition 1.2.1. Let f and g be measurable functions on Q. Then for all a, > 0 we have:
L. gl <|f| p-a.e. implies that Dg < D¢;
2. D¢f(a) = Dy(allcl), forall c € R\ {0};
3. Dyigla+ B) < Dy(a)+ Dg(B);
4. Dpg(aB) < Dy(@) +Dg(P).
Proposition 1.2.2. LetQ be a o -finite measure space. Then for f € LP(Q), 0 < p < oo, we have
1F17, = pfoooap—lpfm) dn.

Remark 1.2.1. For any increasing continuously differentiable function ¢ on [0,00) with ¢(0) = 0

and every measurable function f on E with ¢(| f|) integrable on X, we have

fxw(lfl)duzfo @' (A)Dp(A) dA.

Proof.
Pfo /Vj_lDf(/Ud/l:Pfo ﬂ”_lfgx{xnf(x)bndu(x)d?l
163
= f f pAP~LdAdu(x)
XJ0o
=f | f ()P du(x)
X
=717,
Weak Lebesgue spaces

Definition 1.2.2. For0 < p < oo, the weak LP (Q) space is defined as
. cP
I fllLpoo = 1nf{C >0:Df(A) < VL A> 0} < oo,

or equivalently,

I fllzpeo = sup)fo(y)l/p < oo.
>0

14



Remarks 1.2.1. e The weak LP spaces are denoted by LP*>*°(Q)). Two functions in LP*°(Q) are

considered equal if they are equal p1-a.e. The notation LP*°(R") is reserved for LP*°(R",|-|).

e Using Proposition 1.2.1 (2), we can easily show that

Ik fllzpeo = Ikl | fllLpeo

for any complex constant k. The analogue of (1.2.1) is

If +gllrreo < cp(l fllLpeo + 11 llLp),

where ¢, = max(2,2''P), a fact that follows from Proposition 1.2.1 (3), taking both a and f

equal to a/2.

e We also have

I fllLpeo) =0 = f=0 p-ae.

In view of the above properties, L is a quasi-normed linear space for 0 < p < co. The weak L

spaces are larger than the usual LP spaces.

Remark 1.2.2. Forany0< p <oo and any f € LP(Q), we have

I fllpoo < Il fllLp-
Thus, the embedding LP (Q)) — LP'*°(Q) holds.

Example 1.2.1. We put

fx)=x71P.

Distribution Function:
Dy(N) = p{xeR: x| > A}

=uxeR:|x|< AP}

=217P.
Weak L Norm:
| fllzpoo = sup A(Z)L‘p)”p =supA-2/PA7l =2
A>0 A>0
Hence,
feLP™R).

Strong LP Norm:

[o.0] [e.0] 1
||f||§’,,:f If(x)l”dx:f L dx=co,

—co |X]

which implies

feLlP[R).
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This example demonstrates clearly that the inclusion
LP(R) c LP*®°(R)

is strict, meaning that the weak space is strictly larger than the original space. The function |x|~"'P
serves as a canonical example of a “borderline” function that belongs to the weak space but not to

the strong L” space.

1.3 Morrey spaces

In this section, we define Morrey spaces and state their fondamental properties, along with some

examples to help us understand how to use them.[12]

Morry norms

Definition 1.3.1 (Morrey Space MZ(IR”)). Let0< g < p <oo. Foran L?OC([RZ”) -function f, its (classi-
cal) Morrey norm is defined by
1
1.1 q
£y =W pagyi= sup 1B ipiay)”
q q (x,r)E[Rf“ B(x,r)

If there is a need to stress the dimension we work in, we write || f || MP @) instead of || f1l ,».
q q

The (classical) Morrey space Mg (R™) is the set of all f € LY_(R™) for which the norm || f|| M is finite.

loc

Corollary 1.3.1. If0 < g < p = oo, then the Lebesgue differentiation theorem shows that
My ®R") = L°R"),
so we exclude this case.

Proposition 1.3.1. A function f belongs to M f; (R™) if and only if there exists a constant D = 0 such
that

1.1
I fllLaBe,r <DIB(x,r)|4 7P forallxeR" andr > 0.

The smallest such constant D in this inequality is precisely || f | M-

Proposition 1.3.2. The space %5 (R™) is trivial in the following sense:
Let xo € R" be fixed. If f € L°(R™) satisfies
1
1.1 q
A= sup|B(xo,7)|? "U If(y)l"dy) <00
r>0 B(xg,r)

forsome0 < p < q <oo, then f(x) =0 for almost all x € R".
In this negative assertion, we can freeze the point xy instead of allowing it to vary among all points

inR".
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Proof. From the definition of A,

1
q 1_1
(f If(y)l"dy)qSIB(xo,r)I‘f bA.
B(xo,r)

Letting r — oo, we have || f|zs = 0. Thus, f(x) =0 for almost all x € R".
A quasi-norm over a linear space X enjoys positivity, homogeneity, and the quasi-triangle inequal-

ity: for some a = 1,

If+glx=allflx+lglx), (f geX.

We explain what happens if p and/or ¢ is less than 1.

Remark 1.3.1. It can happen that p and/or q is less than 1. In this case, we formally define the space
/%5 (R™) by (1.9) to obtain a quasi-Banach space, where the triangle inequality is replaced by the

quasi-triangle inequality:

1_
1y =279 (111 1) (BY

forall f,g e L°(R").
Note that (1.1) follows from the triangle inequality immediately when 1 < q < oco. Meanwhile, when

0<g<1,(1.1) follows from the inequality
(a+b)7 <2mXG-10q 4 b4y foralla,b=0.

As the following theorem shows, we can say that Lebesgue spaces are realized as a special case of

Morrey spaces.

Theorem 1.3.1. For0< p <oo,
J%’f(IR”) = LP(R"™) with coincidence of norms.

Definition 1.3.2. (Morrey Space LY (Q))).
Let Q < R" be a bounded open set and let 0 <y < n. The Morrey space LY (Q) is defined as the set of
all functions f € L' (Q) such that

1
”f”LLY(Q) = sup — lf(Wldy <oo.
xeQ,r>0 'V JanB(x,r)
Remark 1.3.2. Wheny=0, L'°(Q) = L1(Q).
e Wheny =n, L"(Q) = L®(Q).

e Forn—2<y < n, the space LY (Q) is used in the study of elliptic PDEs (see Chapter 3).
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Example 1.3.1. Let Q= B(0,1) <R3 and define
foo=1x712,
Thenforx=0andr <1,

"2 2 87 512
fWldy=4m | p~"“pdp=—r"".
B(0,r) 0 5
Thus,
1 8r
N dv=—< ,
2 Js0n Ifnidy 5 <
so feLY2(Q).
Examples of functions in Morrey spaces

We present a concrete example to illustrate the type of functions belong to Morrey spaces.

Example 1 Let 0 < g < p < oo and n € N. We consider the power function
f)=1xI"%  xeR™\{0}.

The membership of this function, or its truncated versions, in the Morrey space M. Z (R™) is charac-
terized as follows:

The function f belongs to M ;,7 (R™) if and only if

This can be verified by observing that the supremum in the Morrey norm becomes independent
of the radius r.

Let f1(x) = |xI”%xB(0o,1)(x) be the function restricted to the unit ball. Then
fie MZ(IR") ifand onlyif a < g

Let f>(x) = |x|”%yrn\B(0,1)(x) be the function restricted to the exterior of the unit ball. Then
fre MZ(R") ifand only if «a = g

Consequently, for a general function

fx)=1x"9,

we have

fe MZ(IR”) ifand onlyif a= y
p
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The role of the parameters

As Morrey spaces are defined by two parameters p and g, it is essential to understand their respec-
tive roles. Intuitively, g serves as the index of local integrability because M, fi’ (R™ c LIZC([R"), while

p govers the scaling behavior.
Theorem 1.3.2. Forall0 < g < p < oo, we have the following scaling law:
||f(t')||M5 = l‘_zllfllMg,

forall f € MJ)R™) and t > 0.

1.4 Stummel classes

Definition 1.4.1. Let0 < a < n. The Stummel class S, = Sq(R") is defined by
Sq = {f € LIIOC(R”) : n{x(r) —0asr— O},

where

f If
(r):=su f ——dy, r>0.
Ta xe[REL lx—yl<r |[X—y|""% ¥

Example 1.4.1. Let f(x) =1, xe€R", and let0 < a < n.
Then

1
f If(y)l_ dy:f _dy
lx—yl<r Ix—yI" @ lx—yl<r |x__V|n a

Using polar coordinates, we obtain

,
= cf 1 ldr=Cr®.
0

Sincer® — 0 asr — 0, we conclude that

feS,.

Definition 1.4.2. (Stummel class on a bounded domain). Let Q < R" be a bounded open set and

0 < a < n. The Stummel class S, (Q) is defined as the set of all functions f € L' (Q) such that

ﬁ{;(r):sup lf I

xeQJown |x =y dy<oo forallr>0,

where Q(x,r) = QN B(x,r). This definition is used in Chapter 3 for the application in Stummel

classes.
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Example 1.4.2. Let Q = B(0,1) <R3 and define f(x) = |x|™. Then f € 5,(Q). Indeed, for x = 0 and

r<l,

_f lf I f 1 f 1 fr
(T)=f dy= —dy= ——dy=4n | dp=A4nr.
T2 wer B2 T Y T e g2 T Sy 4P

Since4nr — 0 asr — 0, we have f € S,(Q). This example is used in Chapter 3 for the application in

Stummiel classes.

The Generalized Stummel classes
Definition 1.4.3. For1 < p < oo, we define the generalized Stummel p-class Sy y = S, w(R") by
Spwi={feLl ®":nl ) ~0asr—of,

where

1
f lfNIPPUx -y )F

(r):=su ([ d , r>0.
np'\lj xe[RB’ |x—yl<r [x—y|" Y

We call 17];’\}, the Stummel p-modulus of f. Observe that the Stummel p-modulus is non-decreasing
on (0,00).

For p =1, we have S,y := Sy — the generalized Stummel class.

For ¥(1) := t% (0 < @ < n), we write Sp, o instead of Spw and 1, instead of n,w. Observe that

S1,a := Sq — the Stummel class.

Proposition 1.4.1. Let1 < p <oo and let'VY be a given function. If f € S, w, then the functionn,,y f

is continuous on (0,00).

Proof Let {r;} be a sequence in (0,00) such that r; — r € (0,00), and let x € R”. Choose r* > 0 such
that r, ri < r* for every k e N.

For each k e N, define
_ I WIP¥ Ay —xD
ly— x|

g(y):

XB(x,rk) (y))

and

_ lfMIPY(y —xI)

ly —x|"

g(y): XBe.r) V),

for ye B(x,r").
Then {g}} is a sequence of nonnegative measurable functions on B(x,r*), and g — g almost ev-

erywhere on B(x, r*). By the Dominated Convergence Theorem, we obtain

f grydy — gy dy.
ly—x|<r* ly—x|<r*

Therefore,

(1.2)

p _ s p — 7
([ lfWIPY(ly - xI) dy)p . (f lfWIPY(ly —x) dy P
ly—xl<rg Iy—xI” ly—xl<r Iy—xI”
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Let € > 0. By (1.2), there exists kj € N such that for all k = ky,

p _ > p _ > p _ B
U IfFIPP(ly = xD) dy)p—£<(f IfFIPP(ly = xD) dy)p<(f IfWIPP(y - xI) ay|”
ly—x|<r |y—xl<r ly—x|<r

ly —x|" ly —x|" ly —x|"

Since x € R" is arbitrary, we conclude that

Npwf(r)—e<npwfr) <npwf(r)+e.

Hence, np,w f (ri) — np,w f (r) whenever ry — r in (0,00). This proves that 7,y f is continuous on

(0,00).

1.5 Vanishing Morrey spaces

Definition 1.5.1 (Classical Vanishing Morrey Space). Let1 < p < oo and 0 < A < n. The classical
vanishing Morrey space at the origin, denoted by VoLPA(R™), is defined by

1
VOLP,A(Rn) — {feL”'A(R")i lim sup 7f3( )If(y)lpdyzo}.
X,r

r—=0 cpn I
In other words, a function f belongs to VoLPM(R™) if and only if its Morrey functional vanishes as

the radius r tends to zero, uniformly with respect to the center x € R".

Example 1.5.1. Let f(x) =1, xeR", andlet0<A<n,1<p<oo.

Compute the Morrey norm on balls B(x,r):

1 1 |B(x, )]
— IfpIPd =—f ldy= .
A ) Fnitdy r* JBoon Y rt

r B(x,r

Since|B(x,r)| = C,r", we have

B(x,r _
r

Because n— A >0, it follows that

1
1irnsup—fB( )If(y)lpdy:O.
X,r

=0 epn I

Therefore,

feVLPARM.

Remark 1.5.1. The above vanishing condition is strictly stronger than the mere membership in the
Morrey space LPA(R™). Indeed, while the definition of LP* only requires the corresponding supre-
mum to be finite, the vanishing Morrey space additionally imposes that this quantity converges to
zeroasr — 0.

This space is often referred to in the literature as the vanishing Morrey space at the origin.
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Definition 1.5.2 (Vanishing Morrey Space at Infinity). The vanishing Morrey space at infinity, de-
noted by Voo M, 5 (R™), is defined as the set of functions f € M, g (R™) that satisfy

lim m(f, p,q;r)=0.

Definition 1.5.3 (Vanishing at Infinity Morrey Space). The vanishing at infinity Morrey space, de-
noted by VM f; (R™), is defined as the set of functions f € M, f; (R™) that satisfy

lim | f xrmB0,n ”M,’;([R”) =0,
where yrn\p(o,r) IS the characteristic function of the complement of the ball B(0, r).
Definition 1.5.4. Let1 < p < oo and ¢ € . We set
Voo Lpp@®™) := VoLp o R™) N Vo L R N VL, (R™).

Remark 1.5.2. It can be shown that all the vanishing subsets Ly, ,(R"), VoLp ,(R"), Voo L (R™), and

VL, ,[®R" (and consequently, V\*) L, ,(R™) are closed in L, ,(R").

,00
Definition 1.5.5. Let ¢ be a positive function. The generalized Morrey space MP ¥ (R") is defined as

the set of functions f that satisfy

I fliLe s
”f”MPAP = sup M <00
xeRn,r>0 P, 7T)

When ¢(x,r) = rv g, we recover the classical Morrey space M9 (R").

Definition 1.5.6. The vanishing generalized Morrey space V MP'?(R") is defined as the set of func-

tions f € MP?(R™) such that

. Il
lim sup 122D _ o
r—0xegn  QP(X,T)

Similarly, we define VMg’(p(IR”) and VMfg(p(lR”) by considering the limits as r — 0 and r — oo,

respectively.

1.6 Tools for Differential Equations

In this section, we recall some fundamental tools used in the study of partial differential equa-
tions (PDEs). These tools are essential for formulating weak solutions and proving existence and

uniqueness results.

Fubini’s Theorem.

Theorem 1.6.1. Let X and Y be o-finite measure spaces and let f : X x Y — R be a measurable

function. If f 20 or if [y, y | f] < oo, then

fff(x,y)dydx:fff(x,y)dxdy:f fx,pdx,y).
xJy vJx XxY
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Lax-Milgram Lemma

The Lax-Milgram lemma is a fundamental tool for proving existence and uniqueness of weak so-

lutions to elliptic PDEs.

Definition 1.6.1. Let H be a Hilbert space with norm |-|. A bilinear form A: H x H — R is called:

» Continuous if there exists a constant C > 0 such that

|A(u, v)| < Clullv] Yu,ve H.

* Coercive (or H-elliptic) if there exists a constant a > 0 such that

Alu,u) = a:lul2 Yue H.

Example 1.6.1. Let H = W, *(Q) and define
A(u,v) :f Vu-Vvdx.
Q
By the Cauchy-Schwarz inequality,
|A(w, V) = |Vul2|Volz < |ulplvlm,

so A is continuous.
By the Poincaré inequality,

2

A(u,u) =|Vul3, = |ul3,

1
2
CP +1
so A is coercive.

Lemma 1.6.1. Let H be a Hilbert space, let A: Hx H — R be a continuous and coercive bilinear
form, and let F : H — R be a continuous linear functional. Then there exists a unique u € H such
that

Alu,v)=F(v) VYveH.

Stampacchia’s Lemma

Stampacchia’s lemma is a generalization of the Lax-Milgram lemma to the case of non-symmetric

bilinear forms. It is particularly useful for studying nonlinear problems.

Lemma 1.6.2. Let H be a Hilbert space, and let A: H x H — R be a bilinear form that is continuous

and linear in the second variable. Assume that there exist constants K1 > 0 and K, > 0 such that:

e |A(v1,¢9) — A(v2,P)| = Ki|lvr — v2ll¢pl Yvi,v2,¢p€ H,
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o A(vy, 01— v2) — A2, U1 — 12) = Kzl — 12|* Yoy, 02 € H.
Then for every continuous linear functional F € H™!, there exists a unique v € H such that
F($)=A(v,¢) Ve H.
Example 1.6.2. Consider the bilinear form
A(u, v) :fQVu-Vvdx+fQ,B-Vu vdx,

where B is a bounded vector field. This form is not symmetric, but it satisfies the hypotheses of

Stampacchia’s lemma for appropriate .

Weighted Embedding Theorem

Theorem 1.6.2. Let f € LY (Q) with n—2 <y < n. Then there exists a constant C = C(n,y,Q) > 0
such that for every ¢ € WOL‘2 Q),

fQ F@P@Idx = Clf bl .
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Chapter 2

Inclusions between Morrey spaces and
Stummel classes

The aim of this chapter is to investigate the inclusion relations between these spaces. This chapter
is organized into two main parts. In the first part (Section 2.1), we study the inclusion properties
between Morrey spaces with different indices.

The second part (Section 2.2) is dedicated to the connection between weak Lebesgue spaces and
Stummel classes. These results, based on recent works [2, 11, 14, 15, 16], reveal a deep relationship
between distributional properties and weighted local integrability.

We begin with the study of Morrey spaces in the following section.[5],[7],[6],[9],[10],[12] and [13]

2.1 Inclusion between Morrey spaces

Monotonicity with Respect to g
Proposition 2.1.1. Let0< g < g2 < p <oo. Then
M},R") c M} (R™),
and for every f € M,’; (R™), we have
||f||Mg1 = IIfIIMgz-

Proof Since f € M, P ,» there exists a constant C = || f| M? such that for every ball B = B(x, r),
2

11
| fllLa2g) < C|Bl%2 P.

q2
q2—q1

Using Holder’s inequality (with exponents % and ), we obtain
1_1
| fllza gy < |Bl9 %2 || fll L9 (B)-
Combining these estimates yields
11 11 11
| fllLa g <CI|Bl® 9 -|Bl92 »=CI|B|n P.
1 1
Multiplying both sides by |B|? 9 and taking the supremum over all balls, we get
< =
IIfllMg1 =C IIfIIquz-

Hence f € Mc’;r O
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Example 2.1.1. InR3, consider p = 4. Then we have the following chain of inclusions:
MR c Mi(R®) € MjR®) c M} (RY).

The function f (x) = |x|~3'* belongs to M (R®) but not to My (R*) = L*(R%), showing that the inclusion

is strict.

Example 2.1.2. Let n =1 and consider the function

fx) = le_% Xixi<1y (X),

where0 < g < g2 < p <oo and X x|<1; IS the characteristic function of the unit ball.

feM} (R") but f ¢ M}, R"™).

Proof: For 0 < r <1, we have

nqi

f F@IT dx :f X~ dx.
B(0,r) B(0,r)

_hqy
Since nq_zl < n, this integral is finite and behaves like r"" "% Hence

I

I fllLa o,y ~ T 2.
. . 1_1 n_n
Multiplying by |[B(0,r)|? @1 ~rP 4, we get
< 00.
IIfllMg1

On the other hand,

f If(x)lqzdx:f x| dx = oo,
B(O,r) B(O,r)

so f ¢ M,(R").

This example shows that the inclusion

M}, R™ < M}, (R")
is strict, and clearly illustrates the effect of changing the exponent g in Morrey spaces.
Remark 2.1.1. Let0< g; < g2 < p <oo. Then

Mg, R™) < M{; (R"),

i.e., the Morrey space decreases as the exponent q increases.

26



Figure 2.1: Visual representation of the monotonicity: as g increases, the space M, f; decreases.

Monotonicity with Respect to p
We now examine the behavior of Morrey spaces with respect to the parameter p.[7, 6]
Proposition 2.1.2. Let0< g < p; < p» <oo. Then
MM R") < MJ?*(R")
and for every f € Mf;l (R™), we have
||f||M52 < ||f||M51-

Proof Let f € Mgl with ||f||M51 = C. For any ball B = B(x, r), we have
1_1
I fllzagy < CIB|7 P1.
1_1
Multiplying both sides by |B| 7?2 4, we obtain

11 11
|BlP2 4| fllpay < C|B|P2 P1.

Since p» = p;, we have i - % <0.

If r <1, then |B| < w,, and thus

1 1

1 _ 1
|B|P2 P Swzz Pl « 0.

If r>1, then

1_1
|B|rP2 P1 <1,
since the exponent is negative.

Therefore, there exists a constant K > 0 (depending only on 7, py, p2) such that
11
[BIP2 4|l fllLas) < CK.
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Taking the supremum over all balls yields
”f”M;’Z <CK.

A more refined argument (see [12, Proposition 2.1.3]) shows that in fact

<
||f||M52 = ||f||M51-
Example 2.1.3. InR", for fixed q = 2, we have
1 n 2mny — 72N 3 mn
MI®R") ¢ M2®R™ = 2 R")  M3(R").
To see that the inclusion Mz < Mj is strict, consider the function inR® (n=3)

3
Fx) =1x1"2 xp3\p(o,1) (1)

One can verify that f € MS([R@). On the other hand, since M%([Rig) = [2(R%), we have

f If(x)lzdx:f |x|_3dx:oo,
R3 |x|>1

and hence f ¢ M%([Rig).
Thus,
M;(®) € M; (®),

showing that the inclusion is proper.

Example 2.1.4. Let0 < g < p; < p2 <00, and consider

g(x) =Ix| P yrm\p(o,1) (X).

Then g € My*(R") but g ¢ M} (R™).
This shows that
p p
Mql(lR") - qu(R"),

and hence the inclusion is strict whenever p; < p».

Remark 2.1.2. The previous examples show that the monotonicity of Morrey spaces with respect
to p is strict in general. Increasing p enlarges the space and allows functions with weaker decay or
stronger singularities. This property plays a crucial role in the study of partial differential equations,

especially in regularity theory.
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Figure 2.2: Visual illustration of the monotonicity with respect to p. As p increases, the decay of
functions becomes slower, and the Morrey space M, 5 becomes larger.

The Case p = g

In this section, we study the special case where the two parameters of the Morrey space coincide,

ie,p=q.
Proposition 2.1.3. For any0 < p < oo, we have
My R") = LP(R")

with equality of norms:

1f e = 1fllr forall fe LP(R™).
Proof We prove the equality :

1. LPc M,’; Let f € LP(R"). For any ball B(x, r) c R", we have

I fllzr B < I fllLe®ny-

1.1
Multiplying both sides by |B(x, r)|? » =|B(x, r|% =1, we obtain
1.1
[B(x,1)I? Pl fllLree,ry) < I fllLr@wn.
Taking the supremum over all x € R” and r > 0 gives
IIfIIM;; < fllzr@ny.

Hence f € My, and || fllp <l fllze.
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2. My, c L Let f € M,,(R"). By definition, for every ball B(x, r),

= =

1
I fllzrB(x,r) < ||f||M5|B(x, e r= ||f||M5-

Since this holds for all balls, we can take a sequence of balls B(0, R) with R — oco. Then

I fllzrBoO,R) = ||f||M;j-

Letting R — oo and using the monotone convergence theorem, we obtain
I fllLr@n) < ||f||M;;-

Thus f e LP(R™) and | fllzr < ”f”Mf;'

Combining both steps, we have
My =17 and £ = 1 f e

Remark 2.1.3. Theequality M 5 = L? was already noted by Charles Morrey in his original 1938 paper
[8]. This result established that his newly introduced spaces were indeed a natural generalization of

the classical Lebesgue spaces, providing a flexible framework for studying partial differential equa-

tions.

Remark 2.1.4. The fact that M ,’,’ = LP is crucial in applications because it allows us to:
1. Interpolate between Morrey spaces and Lebesgue spaces.
2. Extend results from Lebesgue spaces to Morrey spaces.
3. Understand the boundary case in many embedding theorems.

For instance, when studying the boundedness of integral operators, the case p = q often serves as a

starting point for more general results.

Proposition 2.1.4. For any f € LP(R") and any q < p, we have

1z = 1 f e

Proof. This follows directly from Proposition 2.1.2 (monotonicity in g) and Proposition 2.1.3 (M 5 =
LP). Indeed,

1A ap = W gy =1 e

Example 2.1.5. The constant in Proposition 2.1.7 is sharp. Consider the function

f(x) = xB0,n(x).
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Then | fllLr =|B(0, D|YP. For any q < p, we can compute

11 1/q
1f 1, = sup|BCx, )[4 f vsonidy| = 1fl.
q X,r B(x,r)

Thus the inequality becomes an equality for this function.

From this section, we have established the fundamental result:

The Morrey space M l’,’ (R™) coincides exactly with the Lebesgue space L (R").

This result serves as a bridge between the classical theory of Lebesgue spaces and the more gen-
eral theory of Morrey spaces. It also provides a natural starting point for studying the inclusion

relations when g # p.

Relation with Lebesgue Spaces

After establishing that M 5 = L” in the previous section, we now investigate the precise relationship

between Morrey spaces M 5 (with g < p) and the classical Lebesgue spaces LP and LY.

Definition 2.1.1. For1 < q < oo, the local Lebesgue space LZ)C(R”) is defined as
LZ)C(IR”) = {f :R" — R measurable: fK |f(x)|9dx < oo for every compact K c IR"}.
Equivalently, f € L?OC(IR”) ifand only if f xpo,r) € LY(R"™) for every R > 0.
Proposition 2.1.5. Let1 < g < p <oo. Then
LPR") c My R") < L] (R™),

with both inclusions strict when q < p.

Proof:

LP c Mf; . Forany f € L?(R") and any ball B(x, r) c R", by Holder’s inequality:
1.1 1.1
I fllzaBerm < IBxNT Pl fllr@en < B, Pl fllLegny.
1 1
Multiplying both sides by |B(x,r)|? 9 gives
1.1
IB(x, )I? 9l fllzaee,ry < N fllLrwm.

Taking the supremum over all x € R” and r > 0 gives || f | M <Iflrr.

Mf; c LI‘Z)C. For any compact K < R", choose a ball B(0, R) such that K < B(0, R). Then

1.1
I flizago < N flizaso,r) < ||f||MZ|B(0, R)|7 P <oo.
Hence fe L ®R™. O
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Example 2.1.6. Consider

F=1x1""Pyponx), xeR"
Then f € Mg forany q < p, but f ¢ LP. This shows LP C Mf; when q < p.
Example 2.1.7. Consider
fx)=1, xeR™

Then f € LZ)C, but f ¢ Mf; for g < p. Hence M ¢ LY

loc®

Proposition 2.1.6. For1 < g < p <oo,
MZ(IR%") cLYR"™ ifandonlyif p=q.
Theorem 2.1.1. Let1 < q; < gy < p <oo. Then

M],(R") « M} R") < L] (R").

loc

Moreover, the inclusions are summarized by

p— pgP 4 q
L MPCMqCLloc
N

L4

and the inclusions are strict when q < p.

Theorem 2.1.2. Let f € M}' " M[}”. Then for any® € (0,1),
feM?,

where
1_1—9 0 1_1—9+6

P m op2 4 @ g
This follows from the Riesz—Thorin interpolation theorem applied to the identity operator.

Proposition 2.1.7. Let f € M})(R") and t > 0. Define f;(x) = f(tx). Then
Ifellpge = P F Nl g
q q
Proposition 2.1.8. Let f € LP(R")n Mg (R™) with q < p. Then

1 fllza = ClIllpges

where C depends on n, p, q. The reverse inequality does not hold in general.

Example 2.1.8. [nR", define

fx) = |x|_n/p)(3(0,1) (x) + xrm\B(0,1) (X).
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* Membership in Mf,’ : The first term behaves like | x|™"'P near the origin, giving a finite Morrey

norm. The second term is bounded, hence also in M, f; . Therefore f € Mé’ .
* Non-membership in LP: The first term gives [ 1) 1x|7"dx =00, 50 f ¢ L".

* Non-membership in L9 (for sufficiently small q): The second term has infinite LY norm as it

is constant on an unbounded set. Hence f ¢ L9.

This example shows that M, f,’ is genuinely larger than both L? and L.

Corollary 2.1.1. Forl < g < p < oo, the space C°(R") is dense in MZ(IR”) ifand onlyif g = p. When
q < p, the closure of C° in M, 5 is a proper subspace, namely the vanishing Morrey space (see Chapter

1, Section 1.5).

Corollary 2.1.2. The dual space of Mg (R™) for 1 < q < p < oo is more complicated than that of
Lebesgue spaces. In fact, M, f,’ is not reflexive when q < p.
Result: From this section, we have established the following key results:

1. chMchq for g < p.

loc

2. Both inclusions are strict when g < p.

w

. Equality: M}, = L” (from Section 2.1.4).

=~

L@y =PI e
p - .
5. For g < p, My is not reflexive.
Remark 2.1.5. The inclusion LP c M, f; is particularly important because it allows us to:
 Extend boundedness results for operators from LP to M 5 .

e Study regularity of solutions to PDEs where the data is not in L” but belongs to a larger Morrey

space.

* Develop interpolation theory between Lebesgue and Morrey spaces.

Counterexamples and Sharpness of Inclusions

These counterexamples are essential for understanding the precise structure of Morrey spaces and

for avoiding common misconceptions in their application.

Definition 2.1.2. We say that the inclusion X c Y is strict (or proper) if X € Y and there exists at
least one function f € Y such that f ¢ X. We denote thisby X C Y.
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Proposition 2.1.9. Let0< q; < g2 < p <oo. Then the inclusion
p n p n
M, ®R" < MP R
is strict. Moreover, there exist functions that belong to M, 51 but not to M, 52 .

Proof We construct an explicit counterexample. Consider the function
Ja() =1xI""pon(x), xeR",

where a = n/p. From Chapter 1, we know that f, € MZ (R™) for all g < p. However, the Morrey
norm of f, depends on g.

For any ball B(0,r) with 0 < r < 1, we have

1/q r 1/q r 1/q
I fallza(Bo,r) = (f |x|_aqu) = (f p_aqpn_ldp) = (f pn_aq_ldp) .
B(0,r) 0 0

Since a = n/p, we have n — aqg = n(1 - q/p). The integral converges if and only if g < p.
Now, consider the Morrey norm:

1.1
I fally,p = sup |B(x,n)|? 9| fallLaB,r)-
q xeR™,r>0

For balls centered at the origin with r < 1, we obtain

1_1 n(l_l) n
B, )| 4l falrao,m ~1 P 9 19

n
P = constant.

Thus the norm is finite for all g < p. However, this example does not separate the spaces, so we

consider a different construction:
o0

) =) arxa (),
k=1

where A = {x e R": 27k=1 < |x| < 2_’“}.

With suitable ay, we get f € Mgl but f ¢ Mgz.

Example 2.1.9. Define
o0
kn/
flx)= kz 28" P X B0k B0,z k1) (X)-
=1

Then
feMI®R™ forallg<p, fé¢LPR").

Proposition 2.1.10. Let0< g < p; < p2 <oo. Then
is strict.
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Proof Consider

g(x) = x| 7Py g, (X).

Then g € M}* but g ¢ M".

Example 2.1.10. InR3, define

gx)= |x|_3/2)([R{3\B(0,1) (x).

Then
geM,[R%), ge¢l*®R).

Proposition 2.1.11. In general,

P1 p2
Mg ¢ M,

p2 P1
1 qz2’ qu ¢ Mlh :

Theorem 2.1.3. Ifg > p, then
M} ([R"™) = {0}.

Example 2.1.11. Forq > p,
11
||f||M5; =sup|B(x, )| 9 fllLaBr) =0
X,r
for any non-zero function.
Proposition 2.1.12. Define
1.1,
||f||M5,e =sup|B(x,n)|? 4 " fllLaB,r)-
X, r

Then the space is trivial.
Theorem 2.1.4. Let f(x) = |x|™%. Then:

. fer;(:)a:”,

° flocEMg — UCS%,

4 fglobEMg = a= %
Example 2.1.12. InR3, let
fa(x) = |x|—a.

Then the critical exponent is a. = 3/2.
Remark 2.1.6. The functions constructed in this section typically do not belong to the vanishing
Morrey spaces introduced in Chapter 1 (Section 1.5).

Indeed, the vanishing Morrey spaces VOMZ and VC,OMQ7 consist of functions whose Morrey norms

vanish asr — 0 or r — oo. The counterexamples we constructed highlight this distinction.
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Relationship Between M and L'Y

Proposition 2.1.13. Let Q c R" be a bounded open set. Then for1 < q < p < oo, we have

1 1
LMQ) e MI(Q)  ifand only if y:n(a_;)ﬂ,

In particular, when q =1 and p = 2, we obtain
LY@ cMXQ) for y= g Y

Remark 2.1.7. This relationship shows that the Morrey space L*Y (Q) used in the application (Chap-
ter 3, Section 3.2) is a special case of the classical Morrey spaces M, Z with q =1 and p determined by
Y.

For example, forn=3, ify = g, then

so p =2. Thus, L''?(Q) ¢ M?(Q).

2.2 Inclusion between weak Lebesgue spaces and Stummel classes

In the first part of this chapter, we studied the inclusion relations between Morrey spaces with
different parameters. We now turn our attention to the relationship between two other important
function spaces: weak Lebesgue spaces and Stummel classes.

Weak Lebesgue spaces, also known as Marcinkiewicz spaces, are a natural generalization of clas-

sical Lebesgue spaces. [2, 14, 15, 16, 11]

Remark 2.2.1. Throughout this section, we will frequently use the following fundamental property:

forany f € LP°°(R"), there exists a constant C = | f || Lp such that for every A >0,
[{xeR™:|f(x)| > A}| = CPAP.

Similarly, for f € S,, we have by definition né(r) — 0 as r — 0, which means that for every € > 0

there exists 6 > 0 such that forallr <6,

supf |f(—y)|dy<£

xeRnJ|x—yl<r |X =y ¢
Inclusion from Weak Lebesgue to Stummel

In this subsection, we prove the first main result of this section: every function belonging
to the weak Lebesgue space LP**°(R") also belongs to the Stummel class S, (R"), provided that

1< p<oo. [16,5]
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Theorem 2.2.1. Let1 < p <oo and set a = n/p. If f € LP*°(R"), then f € Sq(R"). Moreover, there

exists a constant C = C(n, p) > 0 such that for everyr >0,
f a
Na(r) = Cll fllLpeo 1.
In particular, né(r) — 0 asr — 0, which means f € Sq(R").

proof Let f € LP*°(R") and set M = || f || r. For any fixed x € R” and r > 0, we estimate
I(x,r):f L,
lx—yl<r |x—y|"~@

Split f = f1 + f> with a threshold A > 0:

LD =FW xuronsn ), LD =W xurmisu (),

then
I(x,r)sf |flL)|aly+f |fz#”dyzll+lg.
| |

x-yl<r |x—y|"~@ x—-yl<r |x—y|"~@

Estimate of I;: Since | f1 ()| < A, we have

dy _ Wp—

LH=A o
lx=yl<r 1X—=YI a

Ar%,

where w;,_1 is the surface area of the unit sphere in R”.

Estimate of I»: Using the layer cake representation, we write

lf () o0 dy
I = f — (ndy= f f —_ay,
2= ) e |x_y|n_a?({|f(y)|>/1} ndy= | stenng, X— 17

where E; ={y e R": | f(y)| > t}.
Using the weak L” condition |E;| < MPt™ P, we obtain

p
f dy < M Pre.
Bx,r)nE, 1 X—yI"™* «

Hence

oo NP MP
I Sf —t Pr¥%dr= repAl=p,
1 Qa a(p—-1)

Optimizing over A: We have

r® MP

I(x, 1)< — (a)n_lﬂt +——A P,

a p-1

Choosing A = w;’{’ M minimizes the expression, yielding
I(x,r) < %‘“L__ll/era'
Taking the supremum over x € R”, we obtain
(1) < Cln, p) MT® = C(n, ) || fll oo 7%

Since r — 0, the right-hand side tends to zero, hence f € S, (R").
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Remark 2.2.2. The condition a = n/ p is sharp. If a # nl p, the inclusion may fail. For instance, let

flx) = |x|_n/pXIR2”\B(O,1)(x)-

Then f € LP*°(R") and for a = nl/ p, the Stummel integral converges, illustrating that the inclusion

depends on the global behavior of f.

Example 2.2.1. [nR", consider

flx) = |x|_n/p)(|R2”\B(0,1)(x)-

Then f € LP*°(R") and f € Sy,,p(R"), illustrating the global nature of the embedding.

Example 2.2.2. Let f be any bounded function with compact support. Then f € LP'* for all p, and
feSqy foralla > 0.

Corollary 2.2.1. From Theorem 2.2.1 and LP c LP'*°, we have
LP([R™) € LP*°(R") < Spyp(R™).
Corollary 2.2.2. For f € LP*°(R"),
nh,, ) =0G""P) asr—o.

We have proved that every function in the weak Lebesgue space L”* belongs to the Stum-
mel class S,/p. This embedding is continuous, with the Stummel modulus decaying like rP as
r — 0. This result establishes a fundamental link between distributional size and weighted local
integrability, which will be further explored in the next subsection where we prove the converse
inclusion.

Inclusion from Stummel to Weak Lebesgue

We proved that every function in the weak Lebesgue space LP*°(R") belongs to the Stummel class
Snip(R™). We now establish the converse inclusion: functions in the Stummel class S, (R") belong

locally to the weak Lebesgue space L™/ ®®(R").[16, 15]

Theorem 2.2.2. Let0<a <nandsetp =nla. If f € S (R™), then for every bounded set 2 c R", we

have fyq € LP*°(R™). In other words,
Sa®™) < LP*°(R™).
Moreover, there exists a constant C = C(n, ) > 0 such that for every bounded set Q) and every A >0,
H{xeQ:|f(x)>A<Cw(@QAP,
where w(Q) depends on the size of Q2 and the Stummel modulus of f.
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proof Let f € S, (R"). By definition, n{,(r) — 0 as r — 0. This means that for every € > 0, there exists

0 >0suchthatforall r <9,
sup |f (y)I_
xeR"J|x—yl|<r |x —y|n—@
Fix a bounded set Q < R”. Without loss of generality, assume Q < B(0, R) for some R > 0. We aim

to show that there exists C such that for all A > 0,
HxeQ:|f(x)|> A <CAP.

Choose rg > 0 such that ry < d and

f lf I
(ro) = su ————dy<e.
Tallo erRE‘ [x—yl<ro |x_y|n—a Y

Cover Q by a finite number of balls of radius ry, denoted by By, By, ..., By. Then

R n
To

For any ball B; = B(x}, ro), consider

Then for any x € Bj,

| Ej

x-yl<rg |x_y|n—a Ix_J/|n_a
so that
Ejl < 2" =4k (o). 2.1)

Since né(r) — 0, for each A > 0 we can choose r; > 0 such that
nh(ry)=1"",

Then from (2.1),
|Ejl<2"%r %A7P.
Cover Q by balls of radius 7). The number of balls is at most C(R/ry)". Summing over all balls,
{xeQ:[f(x)|> A} < CR"ry“A7P.
Since r/,‘f ~ A~ P~V we have r/{“ ~ AP giving
HxeQ:|f(x)|> A} <CR"A™L
Using a more refined covering argument (see [4, Theorem 3.3]), one can show that
S;Lugxll{x eQ:|f@)]> MV <CQ, f) <oo,
>

hence fyq € LP*°(R").
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Remark 2.2.3. The inclusion is only local. For example, the constant function f(x) = 1 belongs to

Sq forany a >0, but f ¢ LP>°(R") for any p < oo, showing that the inclusion cannot be global.

Example 2.2.3. InR", consider
f@) =1xPxpon, B>0.
For a > B, we have f € Sq(R"). Its distribution function behaves like
1 f 1> A~ AP,
sofe LZ‘SO with p = n/ B > nl/a, showing the optimality of the exponent.

Example 2.2.4. Any bounded function with compact support belongs to Sy, for all a > 0 and also to

LP®® for all p < oo, consistent with the theorem.

Corollary 2.2.3. From Theorems 2.2.1 and 2.2.2, locally we have

LP®R™) < Spip@®™) < LV R™),

loc

so up to localization, LP*° and S, are equivalent.

Corollary 2.2.4. A function f belongs to Sy (R") if and only if for every bounded Q0 c R",

supAl{x e Q:|f(x)] > A" < co.
A>0

Thus S, consists exactly of functions locally in LV ®,

We have proved that every function in the Stummel class S, belongs locally to the weak
Lebesgue space L™, Together with Theorem 2.2.1, this establishes a local equivalence be-
tween the weak Lebesgue space L7 and the Stummel class S;,,. This deep connection high-
lights the fundamental role of the critical exponent @ = n/p in bridging distributional properties

and weighted local integrability.

Generalized Stummel Classes

In this subsection, we extend the previous results to generalized Stummel classes Sy, which

were introduced in Chapter 1 (Section 1.4). [15, 14, 16, 12]

Assumptions on ¥ To establish a connection with weak Lebesgue spaces, we need to impose
certain conditions on the weight function . The most natural assumption is that ¥ behaves like
a power function near zero:

V() ~t* ast—0,

for some a > 0. More precisely, we assume:
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(H1) There exist constants Cy, C, >0 and a > 0 such that for all sufficiently small ¢ > 0,

Cit*<V¥(1) <Cot%.

(H2) The function ¥ is non-decreasing on (0,00) (or at least on a neighborhood of 0).

These assumptions are satisfied by many interesting weights, including power functions, logarith-

mic perturbations, and more general regularly varying functions.

Proposition 2.2.1. Let WV satisfy (H1) with exponent « >0. Then
Sp,\I’ (Rn) = Sp,a (Rn)

with equivalence of the Stummel moduli: there exist constants c¢,C > 0 such that for sufficiently
smallr,

cn];,a(r) < n];y\y(r) < Cnga(r).

Proof

From (H1), for sufficiently small #, we have C; t* < ¥(t) < C»t*. Then

P (|5 — p
f lfNIPY(x—yl) dy<C, lf I d
lx—yl<r lx — yl" lx—yl<r |[Xx—y["7@

Taking the p-th root and then the supremum over x, we obtain

n];’q,(r) < Czllpn];,,a(r).

Conversely,

1/p

n];,q,(r) > C1 ng,a(r).

Thus the two moduli are equivalent, and consequently the spaces coincide. O

Theorem 2.2.3. Let1 < p <oo and let V¥ satisfy (H1) with exponent a = n/p. Then
LP(R™) < S w(R™).
Moreover, there exists a constant C = C(n, p,¥) > 0 such that for all r > 0,
N} (1) = Cll fllpe 7P
Theorem 2.2.4. Let1 < p <oo and letV¥ satisfy (H1) with exponenta > 0. Set g = n/a. Then

Spw@®") < LI (R™.

loc
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Corollary 2.2.5. From Theorems 2.2.3 and 2.2.4, we obtain the following local equivalence:

LP®[R™) < Spw(R™) < LV (R™),

loc

provided that Y (t) ~ t"P near zero. Thus, up to localization, the generalized Stummel class S, v

coincides with the weak Lebesgue space LP**°.

Example 2.2.5. Consider the weight function
1\#
V() =t (log;) , te(0,1/2),

with a >0 and € R. Then V¥ satisfies (H1) with exponent «. The corresponding generalized Stum-
mel class Spw is locally equivalent to L& The logarithmic factor does not affect the exponent

but may affect the rate of convergence of the Stummel modulus.
Example 2.2.6. Let V(1) =1 forallt>0. Then

f p_ [f 1P
(r)¥ =su ——d
np,\p xp |x—yl<r |x_J/|n

This corresponds to a Morrey-type condition with a = 0, which is excluded from our analysis since

we require a > 0 for the connection with weak Lebesgue spaces.

Proposition 2.2.2. Let V¥ satisfy (H1) with exponent a. For any f € S, w(R") and any t > 0, define
fit(x) = f(tx). Then

0l =Pyl ).
This scaling property is consistent with the scaling of weak Lebesgue spaces.

Remark 2.2.4. There is also a connection between generalized Stummel classes and Morrey spaces.

For certain weights, one can show that
M} (R") < Spw(R")

when V(1) = t"'P and q is appropriately chosen. This relationship is explored in [12] and provides

another perspective on the inclusion results of this chapter.

Counterexamples Showing Sharpness
Example 2.2.7. Let1 < p < oo and take a < n/ p. Consider the function
fx) = |x|_"/p)(3(0,1) (x).

We have f € LP*° (as shown in Example 2.2.8). However, for a < n/ p,

f If(J/)I dy:frp—n/ppa—lpn—ldp:frpa—n/p—ldp.
| 0 0

yi<r Iy
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Sincea —n/p—1 < -1, the integral diverges (as a power law). In fact, it diverges for any r > 0. Thus
n{;(r) =oo forallr >0, so f ¢ Sy. This shows that the condition a = n/ p is necessary: ifa < nlp, the

inclusion LP*>° c S, fails.

Example 2.2.8. Let0 < a < n and take p = n/ a. Consider the constant function f(x) = 1. As shown
in Example 2.2.10, f € Sy but f ¢ LP*°(R"). This shows that the inclusion S, < LP'*° cannot be

global; it is only local.

Example 2.2.9. Let0 < a < n and take q > n/ a. Consider the function

fx) =I1xI"%xBo,1) (2.

One can verify that f € S, (since the singularity is exactly critical). Its distribution function behaves
like
(s fO01> A3 ~ AT

Thus f € LZ)/C“"’O but f ¢ LZ)’SO forany q > nl/a. This shows that the exponent p = n/a in Theorem

2.2.2 is optimal: one cannot embed S, into LZ)’?O withg>nla.

Example 2.2.10. Let p =1 and a = n. Consider the function
fo) =1xI""xp,1) ().

Then f € LY (R™) because |{x [f(xX)] > A} ~ A~L. However,

lf I _
f fny_ndny IyI™"dy = oo.
lyl<r (W4 lyl<r

Thus f ¢ S,,. This shows that the inclusion LY c S,, fails. Hence the condition p > 1 is necessary in

Theorem 2.2.1.

Relationship between Morrey Spaces and Stummel Classes

The following result establishes a direct connection between Morrey spaces and Stummel classes,

which is one of the main objectives of this chapter.

Theorem 2.2.5.
Letl<sg<p<ooandleta = n Iffe MZ(IR"), then f € Sq(R™).
P

Proof Since f € Mg(R”), by Proposition 2.1.5 we have f € LP(R"). Then by Corollary 2.2.1, we
obtain

LP(R™") c LP°[R" Sn/p(Rn).
Hence f € S/, (R™).
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Corollary 2.2.6. Combining the results of Sections 2.1 and 2.2, we obtain the following complete

chain of inclusions:

LPR™ « MjR™ < LP®R") < Sup®") < LT R"),
foranyl<qg<p<oo.
Remark 2.2.5. This chain shows that:
1. Morrey spaces M, ,’; lie between LP and weak LP .
2. Weak Lebesgue spaces LP'* are continuously embedded into Stummel classes Sy .

3. Stummel classes embed locally into weak Lebesgue spaces.

Thus, up to localization, the spaces LP**™° and S, are equivalent, and Morrey spaces M, 5 provide an

intermediate scale between LP and LP*°.

Example 2.2.11. Let

Fx) = 1x17™P yrmygoo.1) ().

Then:
* fe Mg([R")foranyq < p (by Example 2.1.4).

* f€SnpR") (by Theorem 2.2.1).
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Chapter 3

Applications to Partial Differential Equations

In this chapter, we apply the inclusion relations established in Chapter 2 to the study of par-
tial differential equations. We consider two main applications: the Dirichlet problem for ellip-
tic equations with data in Morrey spaces, and a semilinear elliptic equation with data in Stum-
mel classes. Using the Lax-Milgram lemma and the Stampacchia’s lemma, we prove the exis-
tence and uniqueness of weak solutions and discuss their regularity properties.[3],[4], [5], [7],[8],

[13],[17],[18] and [19].

3.1 Application in Morrey Spaces

In this section, we study the Dirichlet problem for a second-order elliptic operator in diver-
gence form. The main goal is to prove the existence and uniqueness of a weak solution using the
Lax-Milgram lemma and a weighted embedding theorem from Chapter 2.[3],[4],[5],[8],[17] and
[19].

Problem Statement

Let Q cR" (n = 3) be a bounded open set with smooth boundary. Consider the following Dirichlet

problem:

— | aij (x)— (x), InQ,
Z: ax; \ T o =7 (3.5)
=0,

on 0Q),

where:

* a;j:Q — R are measurable functions for i, j = 1,..., n;

-fELl’Y(Q) with n-2<y<n.

Assumptions

We make the following assumptions on the coefficients and the data:
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(A1) Uniform Ellipticity:

There exists a constant v > 0 such that for every ¢ = ({1, ...,¢,) € R” and for almost every x € Q,

VIEF = Y aij0&E = vTHER (3.6)
i,j=1

This condition ensures that the operator is uniformly elliptic, meaning that it behaves like the

Laplacian up to a constant factor.

(A2) Boundedness of the Coefficients:
We assume that a;; € L°(QQ) forall , j = 1,..., n. Consequently, a;; € Mf; (Q)foranyl<g<p=<oo

because L™ is continuously embedded into Morrey spaces.

(A3) Regularity of the Data:
The function f belongs to the Morrey space LY (Q) with

n-2<y<n.

Recall from Chapter 1 that the Morrey space LY (Q) is defined as the set of functions f € L'(Q)

such that

1
1fllr = sup —f FO)ldy < oo,
xeQ,r>0 'Y JanB(x,r)

The condition n—2 <y < n is crucial. The lower bound y > n -2 comes from the fact that the
fundamental solution of the Laplacian in R” has singularity |x|>~ ", and its gradient behaves like
|x|'~". The upper bound y < 7 is necessary for the Morrey space to be non-trivial; when y = n, the

space L>" coincides with L®, and when y > n, the space is trivial (contains only the zero function).

Weak Formulation

To study problem (3.5) using functional analysis, we need to rewrite it in a weak (or variational)

form.

Definition 3.1.1. A function u € H& (Q) is called a weak solution of (3.5) if for every test function
peC(),
L ou _0¢
a;i(X)=—x)—(x)dx = f (x)p(x)dx. (3.8)
fﬂi,jzzl U ox T o Qf ¢
By density, it is sufficient to consider ¢ € H; (Q).
Now, define the bilinear form A: H} (Q) x H, (Q) — R by
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n du_ o
A = | Y a0 () - (x) dx. .
(u, ) Q,,j:la j(x) axi(x) axj(x)dx 3.9)

Define the linear functional Fy : Hy (Q) — R by
Fy(@p) = fQ FOG) dx. (3.10)

Then the weak formulation (3.8) can be written abstractly as:

Find u € Hy () such that A(u,¢) = Ff(¢) Ve Hy(Q).

Properties of the Bilinear Form A

We now establish the two essential properties of the bilinear form A: continuity and coercivity.

Lemma 3.1.1. Continuity of A
The bilinear form A defined by (3.9) is continuous. More precisely, there exists a constant Cy > 0 such

that for all u, ¢ € H} (Q),

| A, ) = Crllull gy o) 11 5 -

Proof.

Using the boundedness of the coefficients a; j, we have

n
A ) < Y ||a,-j||Loo(Q)fQ|aiu||a,-</>|dx.

i,j=1
By the Cauchy-Schwarz inequality,

meiul |6j(,b| dx < ||aiu||L2(Q)||aj(,b||L2(Q) = ||Vu||L2(Q)||V<P||L2(Q)-
Therefore,

[A(u, P)| = M|Vull 2y IVl 12

where

n
M=) laijll~.
ij=1

Since [[Vullj2(q) < IIuIIHé(Q), we obtain

[A(u, )| < M| u”Hé(Q) ”(P”H(}(Q)'

Thus, A is continuous with C; = M. O
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Lemma 3.1.2. Coercivity of A
Under the ellipticity condition (3.6), the bilinear form A is coercive. More precisely, there exists a

constant a > 0 such that for all u € H& Q),

2

Alu,u) = aIIuIIHl(m-
0

Proof.

From the ellipticity condition (3.6), we have

n
Alu,u) = Z aij(x)aiuajudxzvf IVul? dx.
Ql‘yjzl Q

by the Poincaré inequality , there exists a constant Cp > 0 such that,

lullr2q) = CrlVullp2(q)-

Consequently,
el ) = 1l g2y + 1Vl 72 ) < (Cp+ DIVl .
This implies
IVul

2 2
>
LZ(Q) = C% 4 1 ”u”Hé(Q)

Substituting into the ellipticity estimate, we obtain

Alu u)zvlqullz2 2—||u||21 .
’ 12(Q) 2 HY(Q)
(:P+l 0

Thus, A is coercive with a = v/(ClzJ +1). O
Continuity of the Linear Functional F;

Before applying the Lax-Milgram lemma, we need to show that the linear functional F¢ is contin-

uous on H& (€2). This is where the Morrey space assumption on f plays a crucial role.

Lemma 3.1.3. Continuity of Fy.
Under assumption (A3) (f € LYY (Q) withn-2< Y < n), the linear functional Fy defined by (3.10) is

continuous on H& (Q). That is, there exists a constant C, > 0 such that for all ¢ € H(% Q),

IFr(P) = C2lidll g -

Proof.
This result follows from the weighted embedding theorem (Theorem 3.2.4), which was proved in

Chapter 2. Indeed, for any ¢ € H; (Q),
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|Fr(p)| =

fo(x)d)(x) dx ng)lf(x)(P(x)Idx.

By Theorem 3.2.4, there exists a constant C = C(n,y, ) such that

f |foldx < Cllfllproyllel g q-
Q 0

Therefore,

|[Fr(d)] < C”f”leY(Q)”(p”Hé(Q)'

Thus, Fy is continuous with Cz = C|l fll L1y (- O

Remark 3.1.1. The weighted embedding theorem (Theorem 3.2.4) is a consequence of the inclusion

relations established in Chapter 2. Specifically, from Chapter 2 we have the chain
LM (Q) € MJ(Q) € LP®(Q) € Spyp(Q),

and the condition n—2 <y < n ensures that the weighted embedding holds. This demonstrates how

the abstract function space theory of Chapter 2 is applied to concrete PDE problems.

Theorem 3.1.1. (Existence and Uniqueness) Under assumptions (Al), (A2), and (A3), problem (3.5)

admits a unique weak solution u € H(} Q).
Proof. We have established that:

1. The bilinear form A is continuous (Lemma 3.1.1) and coercive (Lemma 3.1.2) on the Hilbert

space H = H& Q).
2. The linear functional F r is continuous on H (Lemma 3.1.3).

Therefore, all the hypotheses of the Lax-Milgram lemma are satisfied. Applying the Lax-Milgram

lemma, we conclude that there exists a unique element u € H such that
A(u,¢) = Fr(¢) Ve H.

By Definition 3.1.1, this u is the unique weak solution of problem (3.5). B

A Concrete Example

Example 3.1.1. Let Q = B(0,1) cR® be the unit ball. Define

f)=1x""2, xeqQ.
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We verify that f satisfies the Morrey space condition. For n = 3, condition (3.8) becomes 1 <y < 3.
Choosey =5/2. Then forx=0andr <1,

r r 2 8
f If(y)ldy:f Iyl_mdy:47tf o202 4 :4ﬂf 032 dp=ag. 2p52 2 BT 52
B(0,r) B(0,r) 0 0 5 5

Thus,
1 8n
— dy=— <oo.
152 L(O)r)|f(y)| y=-—<oo

For other centers x and radii r, the integral is even smaller. Hence f € L%'?(Q) with || || ;1512 = 87/5.
Take the coefficients a;; to be the identity matrix (so the operator is the Laplacian). Then problem
(3.5) becomes

~Au=|xI""* inB(0,1), u=00ndB(0,1).

By Theorem 3.3.1, there exists a unique weak solution u € H(} (B(0,1)). This solution is more regular
than the classical L? theory would suggest, because the right-hand side f is not in L*(B(0,1)) (since

[501) 1%I7 dx = 00), but it belongs to the Morrey space L">'2.

3.2 Application in Stummel Classes
In this section, we study a semilinear elliptic equation of the form
—div(A(x)Vu) + g(u) = f.

The main goal is to prove the existence and uniqueness of a weak solution using Stampacchia’s

lemma and a weighted embedding theorem from Chapter 2. [7, 13, 18]

Problem Statement

Let Q cR"” (n = 3) be a bounded open set with smooth boundary. Consider the following semilin-
ear elliptic equation:

(3.20)

—div(A(x)Vuw) +gu) = f, inQ,
u=0, on 0Q),

where:
¢ A(x) is an n x n symmetric matrix,
e g:R— Ris a Lipschitz and nondecreasing function,

e fisagiven function belonging to the Stummel class S, (Q2) for @ =1 or 2.
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Assumptions

We make the following assumptions on the coefficients and the data:

(B1) Uniform Ellipticity and Boundedness of A

There exist constants v > 0 and « > 0 such that for every

§=(1,...,En) €R”

and for almost every x € Q,

VIEP < A)E-E < xléf

(B2) Lipschitz and Monotonicity of g

There exists a constant K > 0 such that for all
S, teER,

|g(s) —g()| = Kols— 1], (g(s)—g®)(s—1)=0.
For simplicity, we assume g(0) = 0.

(B3) The Data Belongs to a Stummel Class

The function f belongs to the Stummel class S, (Q) for @ = 1 or 2, where

S’a(Q):{feLl(Q):n{;(r):sup lf(—y)l_dy<oo}.
xeQJQ,r X =yl @

Weak Formulation

Definition 3.2.1. A function u € H& (Q) is called a weak solution of (3.20) if for every test function
peCFQ),
f A(x)Vu-V<pdx+f gwopdx :f fodx.
Q Q Q

Define the bilinear form A: Hy (Q) x Hy () — R by
Au, ) :fQA(x)Vu-V(/)dx+ng(u)<pdx. (3.25)
Define the linear functional Fy : H& (Q) — R by
Fr(¢) = fo(x)qb(x) dx.
Then the weak formulation (3.24) can be written as:

Find u € Hy(Q) such that A(u,¢) = Fr(¢p) Ve Hy(Q).
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Weighted Estimation for Stummel Functions

The following lemma is crucial for the continuity of the linear functional Fy. It is a direct conse-

quence of the inclusion
.00
loc

SqcL
proved in Chapter 2 (Theorem 2.2.2).

Lemma 3.2.1. Letfe S,(Q) fora =1 or2.

There exists a constant C = C(n, a,Q) > 0 such that for every ¢ € H(} Q),

fQ P dx < Cll flls, 0191 13 .
Proof:

We use the sub-representation formula: [¢(x)| < C [, |)|cv—(€/(|%)—|1 dy.

[ ironas=c [ wow( [ L5 dx)ay

e Case a = 1: The inner integral is bounded by n{ (1). Then, by Holder’s inequality,

By Fubini’s theorem,

L|f¢| dx < CT]{(DHV(p”LZ(Q) =< Cll(p”Hé(Q)'

e Case a = 2: We apply Cauchy-Schwarz twice and use the definition of the Stummel modulus

to estimate the second integral. This yields
f 1/2
[ 1rotazsc(almnsine) 1010,

Thus, in both cases,

Q 0

Properties of the Bilinear Form A

Lemma 3.2.2. (Continuity of A).
Under assumptions (B1) and (B2), the bilinear form A defined by (3.25) is continuous and satisfies
the hypotheses of Stampacchia’s lemma.

More precisely, there exist constants Ky, K, > 0 such that for all u, v,¢ € H(} (Q),

A, @) = Aw, @)l < K llu = vll g oy 191 1 - (3.28)
2
A(u,u—v)—A(v,u—v)ZKgllu—vllHé(Q). (3.29)
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Proof The bilinear form A consists of two parts: the elliptic term [ A(x)Vu- V¢ dx and the nonlin-
ear term | g(u)¢ dx, which will be estimated separately.

Proof of (3.28):

A(u,qb)—A(v,(p):fQAV(u—v)-V(p+fQ(g(u)—g(v))<p.

e First term: By the boundedness of A (| A| < x) and Cauchy-Schwarz inequality;,

<«xlIV(u—v)ll2IVPl 12

f AV(u—-v)-Vo¢
Q
* Second term: By the Lipschitz property of g (Ig(s) — g(#)| < Kols— ¢]) and Holder’s inequality,

< Kollu— V”LZ(Q) ||(P||L2(Q)-

‘f (gw)—gw)o
Q

Since
||Vw||L2(Q) = ”w”H&(Q)) ||w||L2(Q) = ”w”Hé(Q))

we obtain

|A(u, ) — A(v, )| < (x + Ko) | u — V”H&(Q) ”(/)”Hé(g)-

Thus, K; =x + Ky. O
Proof of (3.29): Let w = u— v. Then

Alu, w) — Ay, w):f AVw-Vw+f (g(w)—g(v) w.
Q Q
* First term: By ellipticity (A¢-& = v|¢]?),

LAVLU-VLUZVIIVLUII%Z(Q).

* Second term: By monotonicity of g (g(s) — g(#))(s—1) =0,

fQ(g(u) -gW)w=0.

Thus,
A, w) = A, w) 2 VIVw 7 .
By Poincaré’s inequality,
Vw7 g, = @n wl?.
Hence,
Alu, w) — A(v, w) = 2 lu— vl

Thus, K, = . 0O

.
Cp+1

53



Remark 3.2.1. The weighted estimation (Lemma 3.2.1) is a direct consequence of the inclusion
S, c Ln/ a,00
a

loc ’

established in Theorem 2.2.2 of Chapter 2. This inclusion allows us to treat the Stummel data f

as a locally weak Lebesgue function, enabling the use of standard Sobolev estimates. Moreover, the

inclusion

LP™® < Sn/p

from Theorem 2.2.1 provides the theoretical foundation for the regularity of such data.

Theorem 3.2.1. Under assumptions (B1), (B2), and (B3), problem (3.20) admits a unique weak

solution u € Hy (Q).

Proof. We have established that:

1. The bilinear form A satisfies the hypotheses of Stampacchia’s lemma (Lemma 3.2.2).

2. The linear functional Fy is continuous on H(% (Q) by Lemma 3.2.1.

Therefore, applying Stampacchia’s lemma (Lemma 1.6.2), we conclude that there exists a unique

u € H}(Q) such that:

Alu,p) =F;(¢p) Ve Hy(Q.

By Definition 3.2.1, this u is the unique weak solution of (3.20).

A Concrete Example

Example 3.2.1. LetQ = B(0,1) c R3 be the unit ball. Define:
e A(x) = I (the identity matrix), so that —div(AVu) = —Au.
e g(u) = u" =max(u,0), which is Lipschitz and nondecreasing.
e f(x)= ﬁ, the Coulomb potential.

We verify that f € S,(Q). Indeed, for x=0 andr <1,

1
[y
lyl<r 1Y yl<r lyl1-1yl
1
:f _Zd
|y|<r|_V|
r
:4nf dp
0

=4nr—-0 asr—0.
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Thus, problem (3.20) becomes:

+ 1 .
—Au+ut=—, inB(0,1),
| x|
u=0, on0B(0,1).

By Theorem 3.2.1, there exists a unique weak solution

ue Hy(B(0,1)).
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Conclusion

This work provided a systematic study of inclusion relations between Morrey spaces M7,
weak Lebesgue spaces L”*°, and Stummel classes S,. We established the monotonicity of Morrey
spaces with respect to both parameters, the equality Mﬁ = LP, and the strict chain LP c Mf; c

Lq

loc TOT g < p. Moreover, we proved the global embedding L”* < S;,,, and the local embedding

Sq C Ll’é /C % leading to the complete inclusion chain

p p p,00 p,o0
L chcL CSn/PCLloc'

These theoretical results were successfully applied to partial differential equations. First, for the
Dirichlet problem —0d;(a;;j0;u) = f with data f in the Morrey space LYY (Q), wheren-2<y<n,
we proved the existence and uniqueness of a weak solution using the Lax-Milgram lemma and a
weighted embedding theorem from Chapter 2 [17].
Second, following Tumalun [18], we studied the semilinear elliptic equation —div(A(x)Vu)+g(u) =
f with data f in the Stummel class S, (). Using Stampacchia’s lemma and a weighted embedding
theorem (which relies on the inclusion S, c Ll’; /C %% from Chapter 2), we proved the existence and
uniqueness of a weak solution, generalizing previous works where f belongs to Morrey spaces or
where g =0.

For future research, promising directions include extending these results to nonlinear and
parabolic equations, systems of partial differential equations, numerical methods adapted to Morrey—
Stummel regularity, and investigating the strong unique continuation property for operators with

coefficients or potentials in these spaces.
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Abstract

This memory deals with the study of the inclusion relation between Morrey spaces and Stummel
classes, as well as showing that the Stummel class is larger than the weak Lebesgue space, which in
turn is larger than the Lebesgue space. Moreover, the Stummel class has applications in studying

the regularity properties of solutions to certain partial differential equations.

Keywords: Morrey spaces, weak Lebesgue spaces, Stummel classes, partial differential equations,

regularity of solutions.

Résumé

Ce mémoire traite I’étude de la relation d’inclusion entre les espaces de Morrey et les classes de
Stummel. Nous étudions également que la classe de Stummel est plus grande que 'espace de
Lebesgue faible, lequel est lui-méme plus grand que I'espace de Lebesgue. En outre, cette classe
de Stummel possede des applications dans 1'étude des propriétés de régularité des solutions de

certaines équations aux dérivées partielles.

Mots-clés : Espaces de Morrey, espaces de Lebesgue faibles, classes de Stummel, équations aux

dérivées partielles, régularité des solutions.

Lo QT oW LS ¢ Stummel u\w@ij Morrey olelas G elgi=N1 8 Lul)s § S ol J ol
BLoYL . Lebesgue slas - J\{;‘ 0,90 Any (sMly (2mall Lebesgue slas u,o,nf;‘ stummel
ol SVl jany Jolo pUasl jdlas Lol 3 Oligld ) Stummel Blol o cells )

SYsldl ¢ Stummel Glw] « Laill Lebesgue oliliad « Morrey lelas @ datiall &l
Joid ! pasl (i) ol
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