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Notations

Rn n-dimensional Euclidean space
Ω An open set in Rn

Ω The closure of Ω
∂Ω The boundary of Ω
B(x,r ) Open ball centered at x with radius r
B(x,r ) Closed ball centered at x with radius r
|Ω| Lebesgue measure of Ω
ωn Volume of the unit ball in Rn

ωn−1 Surface area of the unit sphere in Rn

χE Characteristic function of the set E
C∞

c (Ω) Space of smooth functions with compact support in Ω
Lp (Ω) Lebesgue space of p-integrable functions on Ω
Lp,∞(Ω) Weak Lebesgue (Marcinkiewicz) space on Ω
Lp

loc(Ω) Space of locally p-integrable functions on Ω
∥ f ∥Lp Norm of f in Lp (Ω)
∥ f ∥Lp,∞ Quasi-norm of f in Lp,∞(Ω)
D f (λ) Distribution function of f : D f (λ) = |{| f | >λ}|
∂i u Weak partial derivative of u with respect to xi

∇u Weak gradient of u
W 1,p (Ω) Sobolev space: u ∈ Lp , ∂i u ∈ Lp

W 1,p
0 (Ω) Closure of C∞

c (Ω) in W 1,p (Ω)
H 1(Ω) W 1,2(Ω), Hilbert space
H 1

0 (Ω) W 1,2
0 (Ω), Hilbert space with Dirichlet condition

∥u∥W 1,p Norm of u in W 1,p (Ω)
∥∇u∥Lp Lp norm of the gradient of u
CP Poincaré constant
M p

q (Rn) Classical Morrey space with indices q and p
L1,γ(Ω) Morrey space of functions with weighted local integrability
∥ f ∥M

p
q

Norm of f in M p
q (Rn)

∥ f ∥L1,γ Norm of f in L1,γ(Ω)
Sα(Rn) Stummel class of order α
Sp,Ψ(Rn) Generalized Stummel class of order p with weight Ψ

η
f
α(r ) Stummel modulus: η f

α(r ) = sup
x∈Rn

∫
|x−y |<r

| f (y)|
|x − y |n−αd y

η
f
p,Ψ(r ) Generalized Stummel modulus of f

V0Lp,λ(Rn) Vanishing Morrey space at the origin
V∞M p

q (Rn) Vanishing Morrey space at infinity
V M p

q (Rn) Vanishing at infinity Morrey space
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A(u, v) Bilinear form on a Hilbert space
F f (φ) Linear functional: F f (φ) = ∫

Ω f φd x
Lu Elliptic operator: Lu =−∑n

i , j=1∂i (ai j∂ j u)

ν Ellipticity constant
κ Bound for |A(x)|
K0 Lipschitz constant of g
A(x) n ×n symmetric matrix
g (u) Lipschitz nondecreasing function
u+ max(u,0), example of g (u)
div Divergence operator
sgn(x) Sign function
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Introduction

The study of function spaces has always been a central theme in modern analysis, particu-

larly in the theory of partial differential equations (PDEs) and harmonic analysis. Since the early

twentieth century, mathematicians have sought to understand the behavior of functions and their

derivatives in increasingly general settings. The classical Lebesgue spaces Lp (Ω), introduced by

Henri Lebesgue at the beginning of the twentieth century, provided a powerful framework for in-

tegration theory and functional analysis. However, as the study of PDEs progressed, it became

clear that Lebesgue spaces alone are not sufficient to capture all the subtle properties of solutions,

especially when dealing with irregular coefficients or singular potentials.

In 1938, Charles B. Morrey introduced a new class of function spaces, now known as Morrey

spaces, while studying the regularity of solutions to elliptic partial differential equations (see [8]).

Morrey spaces generalize Lebesgue spaces by measuring local integrability with a scaling factor.

More precisely, a function f belongs to the Morrey space M p
q (Rn) if

∥ f ∥M
p
q
= sup

x∈Rn ,r>0
|B(x,r )| 1

p − 1
q

(∫
B(x,r )

| f (y)|q d y

) 1
q <∞.

This definition enables Morrey spaces to include functions that are not globally p-integrable yet

possess controlled local behavior. For example, the function f (x) = |x|−n/p belongs to M p
q for all

q < p but does not belong to Lp (Rn).

Over the decades, Morrey spaces have been extensively studied and applied to various problems

in PDEs, harmonic analysis, and potential theory. Key contributions include the work of Peetre[9],

Piccinini[10], Vitanza[19], and Chiarenza-Franciosi[4], among many others. More recently, gener-

alized Morrey spaces have been introduced by Nakai and others. Independently, in 1982, Aizen-

man and Simon introduced Stummel classes while studying operators with singular potentials (

see [2]). A function V belongs to the Stummel class Sα(Rn) if

ηV
α(r ) = sup

x∈Rn

∫
|x−y |<r

|V (y)|
|x − y |n−αd y → 0 as r → 0.

These classes are designed to handle singular data that are not in classical Lebesgue spaces but

still possess enough regularity to ensure the existence and uniqueness of solutions. A canonical

example is the function f (x) = |x|−1 in R3, which belongs to S̃2(Ω) and is used in the application of
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semilinear elliptic equations.

The work of Aizenman and Simon was subsequently extended by Tumalun et al. [16, 18], who

studied the inclusion relations between Stummel classes and other function spaces.

The main problem of this dissertation is to study the inclusion relations between Morrey spaces

M p
q (Rn), weak Lebesgue spaces Lp,∞(Rn), and Stummel classes Sα(Rn), and to apply these results

to elliptic partial differential equations and semilinear elliptic equations.

This dissertation is organized into three chapters. Chapter 1 is devoted to fundamental

preliminaries: Lebesgue spaces, weak Lebesgue spaces, Morrey spaces, Stummel classes, van-

ishing Morrey spaces, as well as the necessary tools for partial differential equations, including

weak derivatives, Sobolev spaces W 1,p (Ω) and W 1,p
0 (Ω), the Poincaré inequality, the Lax-Milgram

lemma, and Stampacchia’s lemma, see[1], [2], [3], [4], [5], [12], [16],[19] and [20].

Chapter 2 constitutes the core of this dissertation. It first studies inclusion relations between Mor-

rey spaces (monotonicity in q and p, the case p = q , relations with Lebesgue spaces, counterex-

amples). It then investigates the relations between weak Lebesgue spaces and Stummel classes

(global embedding Lp,∞ ⊂ Sn/p , local embedding Sα ⊂ Ln/α,∞
loc , generalized Stummel classes Sp,Ψ).

The main result is the complete chain

Lp ⊂ M p
q ⊂ Lp,∞ ⊂ Sn/p ⊂ Lp,∞

loc .

Chapter 3 is devoted to applications to partial differential equations. First, we study the Dirichlet

problem for an elliptic equation with data in the Morrey space L1,γ(Ω) where n−2 < γ< n [17]. Us-

ing the Lax-Milgram lemma and the weighted embedding theorem (which relies on the inclusions

from Chapter 2), we prove the existence and uniqueness of a weak solution.

Second, we study a semilinear elliptic equation of the form

−div(A(x)∇u)+ g (u) = f ,

where the data f belongs to the Stummel class S̃α(Ω) (look at [18]). Using Stampacchia’s lemma

and a weighted embedding theorem (which relies on the inclusion Sα ⊂ Ln/α,∞
loc from Chapter 2),

we prove the existence and uniqueness of a weak solution. This result is due to Tumalun [18] and

generalizes previous works where f belongs to Morrey spaces (look at [18]). A concrete example

with the Coulomb potential f (x) = |x|−1 in R3 is provided.

Taking all aspects into consideration, this study aims to provide a comprehensive analysis

of the inclusion relations between Morrey spaces, weak Lebesgue spaces, and Stummel classes.

Special attention is given to the critical condition α= n/p, which requires careful handling of the

interplay between distributional properties and weighted local integrability. The study also seeks

to bridge theoretical insights with practical applications, offering new perspectives on solution
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behavior within generalized function spaces and paving the way for further research in nonlinear

PDEs, parabolic equations and numerical methods.
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Chapter 1

Fundamental facts in functional analysis

In this chapter, we study some definitions and properties of Lebesgue spaces , weak Lebesgue

spaces, Morrey spaces, Stummel classes and Vanishing Morrey spaces.We also introduce the nec-

essary tools for the study of partial differential equations, including Sobolev spaces, weak deriva-

tives, the Poincaré inequality, the Lax-Milgram lemma and Stampacchia’s lemma, see[1], [2], [3],

[4], [5], [12], [16],[19] and [20].

1.1 Lebesgue Spaces

This section is devoted to some definitions and properties of Lp spaces.

Definition and elementary properties of Lp spaces

Definition 1.1.1. Let p ∈Rwith 1 < p <∞; we set

Lp (Ω) = {
f :Ω→R

∣∣ f is measurable and | f |p ∈ L1(Ω)
}

with

∥ f ∥Lp = ∥ f ∥p =
(∫
Ω
| f (x)|p dµ

)1/p

.

Example 1.1.1. Let 1 ≤ p <∞ and define

f (x) =χB(0,1)(x),

where χB(0,1) denotes the characteristic function of the unit ball B(0,1) ⊂Rn .

Then ∫
Rn

| f (x)|p d x =
∫

B(0,1)
1d x = |B(0,1)| <∞.

Therefore,

f ∈ Lp (Rn).

Remark 1.1.1. Let f ∈ Lp (Ω). A fundamental property of the Lp norm is that

∥ f ∥Lp = 0 ⇐⇒ f = 0 almost everywhere (a.e.).

This means that f (x) = 0 for all x ∈Ω except possibly on a set of measure zero.
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Definition 1.1.2. Suppose that 1 ≤ p <∞. Then

1. Lp
loc(Ω) = {

f : f ∈ Lp (K ) for every compact subset K ⊂Ω}
.

2. f is locally integrable in Ω if

f ∈ L1
loc(Ω).

3. Let f and g be locally integrable functions defined in Ω. We define g as the weak derivative of

f with respect to α if, for every ϕ ∈C∞
0 (Ω),∫

Ω
f Dαϕd x = (−1)|α|

∫
Ω

g ϕd x.

We say that Dα f = g in the weak sense.

4. Let f and g be in Lp
loc(Ω). We define g as the strong derivative of f with respect toα if, for every

compact subset K ⊂Ω, there exists a sequence {ϕi } ⊂C |α|(K ) such that

ϕi → f in Lp (K ) and Dαϕi → g in Lp (K ).

Remark 1.1.2. The idea behind the weak derivative is to transfer the differentiation operation from

the function f (which may not be differentiable in the classical sense) to a smooth test function φ by

means of integration by parts. This approach allows us to define a notion of “derivative” for more

general functions. In contrast, the strong derivative requires approximating the function f by a

sequence of smooth functions such that both the functions and their derivatives converge to f and

its derivative g , respectively, in the Lp -norm.

Example 1.1.2. Suppose that 1 ≤ p <∞. Let Ω=R and consider the function f (x) = ex .

1. Local Integrability Since f (x) = ex is a continuous function on R, it is bounded on any compact

subset K = [a,b] ⊂Ω. The integral:∫
K
|ex |p d x =

∫ b

a
epx d x =

[
epx

p

]b

a
= epb −epa

p
<∞

Since the integral is finite for every compact K ⊂Ω, then f ∈ Lp (K ). Thus, f ∈ Lp
loc (Ω) as per Defini-

tion 1.1.5 (1).

2. Weak Derivative Let g (x) = ex . To verify that g is the weak derivative of f with respect to x, we use

Definition 1.1.5 (3). For every test function ϕ ∈C∞
c (Ω):∫

Ω
f Dϕd x =

∫ ∞

−∞
exϕ′(x)d x

By using integration by parts, and since ϕ has compact support (which means ϕ vanishes at ±∞):∫ ∞

−∞
exϕ′(x)d x = [exϕ(x)]∞−∞︸         ︷︷         ︸

0

−
∫ ∞

−∞
exϕ(x)d x = (−1)

∫
Ω

gϕd x

7



Thus, D1 f = g in the weak sense.

3. Strong Derivative Since f ∈ C∞(Ω), for any compact subset K ⊂ Ω, we can define a sequence

(ϕi ) ⊂C∞(K ) such that ϕi = f for all i . It follows that:

ϕi → f in Lp (K ) and Dϕi → g in Lp (K )

Therefore, g is the strong derivative of f as per Definition 1.1.5 (4).

Theorem 1.1.1 (Hölder’s inequality). Let p, q ∈R such that 1 < p, q <∞ and 1
p + 1

q = 1. If f ∈ Lp (Ω)

and g ∈ Lq (Ω), then f g ∈ L1(Ω) and we have the inequality:

∥ f g∥L1 ≤ ∥ f ∥Lp∥g∥Lq

which can be written as:∫
Ω
| f (x)g (x)|dµ≤

(∫
Ω
| f (x)|p dµ

)1/p (∫
Ω
|g (x)|q dµ

)1/q

• Cauchy-Schwarz Inequality: In the case where p = q = 2, the inequality reduces to:∫
Ω
| f (x)g (x)|dµ≤ ∥ f ∥L2∥g∥L2

• The Limiting Case (p = 1, q =∞): If f ∈ L1(Ω) and g ∈ L∞(Ω), then:∫
Ω
| f (x)g (x)|dµ≤ ∥ f ∥L1∥g∥L∞

where ∥g∥L∞ = ess supx∈Ω|g (x)|.

Example 1.1.3. Let 1 < p, q <∞ such that 1
p + 1

q = 1, and consider the functions

f (x) = x1/2, g (x) = x1/3, x ∈ [0,1].

We verify Hölder’s inequality:∫ 1

0
| f (x)g (x)|d x ≤

(∫ 1

0
| f (x)|p d x

)1/p (∫ 1

0
|g (x)|q d x

)1/q

.

Choose p = 3 and q = 3
2 . Then 1

3 + 2
3 = 1.

Compute the left-hand side (LHS):∫ 1

0
| f (x)g (x)|d x =

∫ 1

0
x1/2x1/3 d x =

∫ 1

0
x5/6 d x = 6

11
.

Compute the right-hand side (RHS):(∫ 1

0
| f (x)|3 d x

)1/3

=
(∫ 1

0
x3/2 d x

)1/3

=
(

2

5

)1/3

,
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(∫ 1

0
|g (x)|3/2 d x

)2/3

=
(∫ 1

0
x1/2 d x

)2/3

=
(

2

3

)2/3

.

Multiplying the factors: (
2

5

)1/3 (
2

3

)2/3

≈ 0.658 ≥ 6

11
≈ 0.545.

Hence, Hölder’s inequality is satisfied:∫ 1

0
| f (x)g (x)|d x ≤

(∫ 1

0
| f (x)|p d x

)1/p (∫ 1

0
|g (x)|q d x

)1/q

.

Theorem 1.1.2 (Minkowski’s Inequality). Let p ∈ R with 1 ≤ p < ∞. If f , g ∈ Lp (Ω), then f + g ∈
Lp (Ω) and we have:

∥ f + g∥Lp ≤ ∥ f ∥Lp +∥g∥Lp

This inequality can be expressed in terms of integrals as:(∫
Ω
| f (x)+ g (x)|p dµ

)1/p

≤
(∫
Ω
| f (x)|p dµ

)1/p

+
(∫
Ω
|g (x)|p dµ

)1/p

Remark 1.1.3. The Minkowski inequality shows that the function ∥ · ∥Lp satisfies the triangle in-

equality, which is a key property in proving that Lp (Ω) is a normed vector space.

Weak Derivatives

Definition 1.1.3. Let Ω⊂ Rn be an open set and let f , g ∈ L1
loc(Ω). We say that g is the weak partial

derivative of f with respect to xi if for every test function φ ∈C∞
c (Ω),

∫
Ω

f (x)
∂φ

∂xi
(x)d x =−

∫
Ω

g (x)φ(x)d x.

We denote g = ∂ f
∂xi

or ∂i f in the weak sense.

Example 1.1.4. (Weak derivative of |x|) Let Ω = (−1,1) ⊂ R and consider f (x) = |x|. For any φ ∈
C∞

c ((−1,1)),

∫ 1

−1
|x|φ′(x)d x =−

∫ 1

−1
sgn(x)φ(x)d x.

Thus, the weak derivative of f is f ′(x) = sgn(x).

Sobolev Space W 1,p(Ω)

Definition 1.1.4. LetΩ⊂Rn be an open set and 1 ≤ p ≤∞. The Sobolev space W 1,p (Ω) is defined as

W 1,p (Ω) = {
u ∈ Lp (Ω) : ∂i u ∈ Lp (Ω) for i = 1, . . . ,n

}
,

9



where ∂i u denotes the weak partial derivative (see Definition 1.1.6). The norm on W 1,p (Ω) is given

by

∥u∥W 1,p (Ω) = ∥u∥Lp (Ω) +
n∑

i=1
∥∂i u∥Lp (Ω).

For 1 < p <∞, this norm makes W 1,p (Ω) a reflexive Banach space. For p = 2, we denote

H 1(Ω) =W 1,2(Ω),

which is a Hilbert space with the inner product

(u, v)H 1(Ω) =
∫
Ω

u(x)v(x)d x +
∫
Ω
∇u(x) ·∇v(x)d x.

Remark 1.1.4. The space W 1,p (Ω) contains functions that may not be differentiable in the classical

sense but possess weak derivatives. This makes it an ideal setting for studying weak solutions of

PDEs.

Example 1.1.5. Let Ω= (0,1) ⊂R and consider u(x) = x2. Then:

• u ∈ L2(0,1) because
∫ 1

0 x4 d x = 1
5 <∞.

• u′(x) = 2x ∈ L2(0,1) because
∫ 1

0 4x2 d x = 4
3 <∞.

Thus, u ∈ H 1(0,1).

Example 1.1.6. Let Ω=Rn and consider u(x) = e−|x|2 . Then:

• u ∈ L2(Rn).

• ∂i u(x) =−2xi e−|x|2 ∈ L2(Rn) for each i = 1, . . . ,n.

Thus, u ∈ H 1(Rn).

Example 1.1.7. Let Ω= (0,1) and consider u(x) = p
x. Then:

• u ∈ L2(0,1) because
∫ 1

0 x d x = 1
2 <∞.

• u′(x) = 1
2
p

x
∉ L2(0,1) because

∫ 1
0

1
4x d x =∞.

Thus, u ∉ H 1(0,1).

Proposition 1.1.1. Let Ω⊂Rn be an open set. Then:

1. For each 1 ≤ p ≤∞, W 1,p (Ω) is a Banach space.

2. For each 1 < p <∞, W 1,p (Ω) is reflexive.

3. For each 1 ≤ p <∞, W 1,p (Ω) is separable.

10



The Space H 1(Ω)

Definition 1.1.5. For p = 2, the space H 1(Ω) =W 1,2(Ω) is a Hilbert space. The inner product is given

by

(u, v)H 1(Ω) =
∫
Ω

uv d x +
∫
Ω
∇u ·∇v d x.

The associated norm is

∥u∥H 1(Ω) =
(
∥u∥2

L2(Ω) +∥∇u∥2
L2(Ω)

)1/2
.

Example 1.1.8. In H 1(0,1), the functions u(x) = 1 and v(x) = x − 1
2 are orthogonal because

∫ 1

0
1 · (x − 1

2 )d x +
∫ 1

0
0 ·1d x = 0.

The Space W 1,p
0 (Ω)

Definition 1.1.6. The space W 1,p
0 (Ω) is defined as the closure of C∞

c (Ω) in W 1,p (Ω) with respect to

the norm ∥ ·∥W 1,p (Ω). In other words,

W 1,p
0 (Ω) =C∞

c (Ω)
∥·∥W 1,p

.

Functions in W 1,p
0 (Ω) vanish on the boundary ∂Ω in the sense of traces.

For p = 2, we denote

H 1
0 (Ω) =W 1,2

0 (Ω),

which is a closed subspace of the Hilbert space H 1(Ω).

Remark 1.1.5. The space C∞
c (Ω) (smooth functions with compact support inΩ) is dense in W 1,p

0 (Ω).

This means that every function in W 1,p
0 (Ω) can be approximated by a sequence of smooth functions

that vanish near the boundary. This property is essential for extending results from smooth functions

to all functions in W 1,p
0 (Ω) by density arguments.

Poincaré Inequality

Theorem 1.1.3. Let Ω⊂ Rn be a bounded open set. Then there exists a constant CP > 0 (depending

only on n and Ω) such that for every u ∈ H 1
0 (Ω),

∥u∥L2(Ω) ≤CP∥∇u∥L2(Ω).

The constant CP is called the Poincaré constant. For convex domains, one can take CP = diam(Ω).
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Remark 1.1.6. The Poincaré inequality is false for functions that do not vanish on the boundary.

For example, the constant function u(x) = 1 on Ω = (0,1) satisfies ∥∇u∥L2 = 0 but ∥u∥L2 = 1, so no

such constant CP exists.

Proof:

We prove the inequality for u ∈ C∞
c (Ω); the result for H 1

0 (Ω) follows by density (since C∞
c (Ω) is

dense in H 1
0 (Ω)).

Let Ω⊂Rn be bounded. Without loss of generality, we assume that Ω is contained in the strip

Ω⊂ {x ∈Rn : 0 < x1 < d},

where d = diam(Ω) = supx,y∈Ω |x − y |.
For any u ∈ C∞

c (Ω), we have u(x) = 0 for x outside a compact subset of Ω. In particular, u(x) = 0

when x1 ≤ 0 or x1 ≥ d . For any x ∈Ω, we can write

u(x) =
∫ x1

0

∂u

∂x1
(t , x2, . . . , xn)d t .

Apply the Cauchy-Schwarz inequality

|u(x)|2 ≤
(∫ x1

0
12 d t

)(∫ x1

0

∣∣∣∣ ∂u

∂x1
(t , x2, . . . , xn)

∣∣∣∣2

d t

)
.

Since 0 ≤ x1 ≤ d , we have
∫ x1

0 12 d t = x1 ≤ d . Hence,

|u(x)|2 ≤ d
∫ d

0

∣∣∣∣ ∂u

∂x1
(t , x2, . . . , xn)

∣∣∣∣2

d t .

Integrate over x ∈Ω

∫
Ω
|u(x)|2 d x ≤ d

∫
Ω

∫ d

0

∣∣∣∣ ∂u

∂x1
(t , x2, . . . , xn)

∣∣∣∣2

d t d x.

Change the order of integration (Fubini’s theorem)

∫
Ω
|u(x)|2 d x ≤ d 2

∫
Ω

∣∣∣∣ ∂u

∂x1
(x)

∣∣∣∣2

d x.

Bound by the full gradient

∫
Ω
|u(x)|2 d x ≤ d 2

∫
Ω
|∇u(x)|2 d x.

Taking square roots, we get

∥u∥L2(Ω) ≤ d∥∇u∥L2(Ω).
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Thus, the Poincaré inequality holds with CP = d = diam(Ω).

Extension to H 1
0 (Ω)

For any u ∈ H 1
0 (Ω), there exists a sequence {uk } ⊂C∞

c (Ω) such that uk → u in H 1
0 (Ω). Applying the

inequality to uk and taking the limit as k →∞ yields the result for u. ■

Corollary 1.1.1. As a consequence of the Poincaré inequality, the norm

∥u∥H 1
0 (Ω) =

(
∥u∥2

L2(Ω) +∥∇u∥2
L2(Ω)

)1/2

is equivalent to the simpler norm

∥u∥ = ∥∇u∥L2(Ω).

Indeed, from the Poincaré inequality,

∥u∥L2 ≤CP∥∇u∥L2 ,

so

∥∇u∥L2 ≤ ∥u∥H 1
0
≤ (1+C 2

P )1/2∥∇u∥L2 .

Theorem 1.1.4. Lp is a vector space and ∥ ·∥p is a norm for any p, 1 ≤ p ≤∞.

Proof. For 1 < p <∞ and let f , g ∈ Lp . We have

| f (x)+ g (x)|p ≤ (| f (x)|+ |g (x)|)p ≤ 2p−1(| f (x)|p +|g (x)|p ).

So that, f + g ∈ Lp . Whereas,

∥ f + g∥p
p =

∫
| f + g |p ≤

∫
| f + g |p−1| f |+

∫
| f + g |p−1|g |.

But | f + g |p−1 ∈ Lp ′
, and by Hölder’s inequality we obtain

∥ f + g∥p
p ≤ ∥ f + g∥p−1

p (∥ f ∥p +∥g∥p ),

i.e.,

∥ f + g∥p ≤ ∥ f ∥p +∥g∥p .

□

Theorem 1.1.5 (Fischer-Riesz ). Lp is a Banach space for any p, 1 ≤ p ≤∞.

Proposition 1.1.2. If A is any set and 0 < p < q ≤∞, then

ℓp (A) ⊂ ℓq (A) and ∥ f ∥q ≤ ∥ f ∥p .

13



1.2 The distribution function and Weak Lebesgue spaces

The distribution function

Definition 1.2.1. For f a measurable function onΩ the distribution function of f is the function D f

defined on [0,∞) as follows:

D f (λ) =µ({x ∈Ω : | f (x)| >λ}).

The distribution function D f provides information about the size of f but not about the behavior of

f itself near any given point. For instance, a function on Rn and each of its translates have the same

distribution function.

Proposition 1.2.1. Let f and g be measurable functions on Ω. Then for all α,β> 0 we have:

1. |g | ≤ | f | µ-a.e. implies that Dg ≤ D f ;

2. Dc f (α) = D f (α/|c|), for all c ∈R\ {0};

3. D f +g (α+β) ≤ D f (α)+Dg (β);

4. D f g (αβ) ≤ D f (α)+Dg (β).

Proposition 1.2.2. Let Ω be a σ-finite measure space. Then for f ∈ Lp (Ω), 0 < p <∞, we have

∥ f ∥p
Lp = p

∫ ∞

0
λp−1D f (λ)dλ.

Remark 1.2.1. For any increasing continuously differentiable function ϕ on [0,∞) with ϕ(0) = 0

and every measurable function f on E with ϕ(| f |) integrable on X , we have∫
X
ϕ(| f |)dµ=

∫ ∞

0
ϕ′(λ)D f (λ)dλ.

Proof.

p
∫ ∞

0
λp−1D f (λ)dλ= p

∫ ∞

0
λp−1

∫
Ω
χ{x:| f (x)|>λ} dµ(x)dλ

=
∫

X

∫ | f (x)|

0
pλp−1 dλdµ(x)

=
∫

X
| f (x)|p dµ(x)

= ∥ f ∥p
Lp .

Weak Lebesgue spaces

Definition 1.2.2. For 0 < p <∞, the weak Lp (Ω) space is defined as

∥ f ∥Lp,∞ = inf

{
C > 0 : D f (λ) ≤ C p

λp
, λ> 0

}
<∞,

or equivalently,

∥ f ∥Lp,∞ = sup
γ>0

γD f (γ)1/p <∞.

14



Remarks 1.2.1. • The weak Lp spaces are denoted by Lp,∞(Ω). Two functions in Lp,∞(Ω) are

considered equal if they are equal µ-a.e. The notation Lp,∞(Rn) is reserved for Lp,∞(Rn , | · |).

• Using Proposition 1.2.1 (2), we can easily show that

∥k f ∥Lp,∞ = |k|∥ f ∥Lp,∞

for any complex constant k. The analogue of (1.2.1) is

∥ f + g∥Lp,∞ ≤ cp (∥ f ∥Lp,∞ +∥g∥Lp,∞),

where cp = max(2,21/p ), a fact that follows from Proposition 1.2.1 (3), taking both α and β

equal to α/2.

• We also have

∥ f ∥Lp,∞(Ω) = 0 =⇒ f = 0 µ-a.e.

In view of the above properties, Lp,∞ is a quasi-normed linear space for 0 < p < ∞. The weak Lp

spaces are larger than the usual Lp spaces.

Remark 1.2.2. For any 0 < p <∞ and any f ∈ Lp (Ω), we have

∥ f ∥Lp,∞ ≤ ∥ f ∥Lp .

Thus, the embedding Lp (Ω) ,→ Lp,∞(Ω) holds.

Example 1.2.1. We put

f (x) = |x|−1/p .

Distribution Function:
D f (λ) =µ{x ∈R : |x|−1/p >λ}

=µ{x ∈R : |x| <λ−p }

= 2λ−p .

Weak Lp Norm:

∥ f ∥Lp,∞ = sup
λ>0

λ
(
2λ−p)1/p = sup

λ>0
λ ·21/pλ−1 = 2.

Hence,

f ∈ Lp,∞(R).

Strong Lp Norm:

∥ f ∥p
Lp =

∫ ∞

−∞
| f (x)|p d x =

∫ ∞

−∞
1

|x| d x =∞,

which implies

f ∉ Lp (R).
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This example demonstrates clearly that the inclusion

Lp (R) ⊂ Lp,∞(R)

is strict, meaning that the weak space is strictly larger than the original space. The function |x|−1/p

serves as a canonical example of a “borderline” function that belongs to the weak space but not to

the strong Lp space.

1.3 Morrey spaces

In this section, we define Morrey spaces and state their fondamental properties, along with some

examples to help us understand how to use them.[12]

Morry norms

Definition 1.3.1 (Morrey Space M p
q (Rn)). Let 0 < q ≤ p ≤∞. For an Lq

loc(Rn)-function f , its (classi-

cal) Morrey norm is defined by

∥ f ∥M
p
q
≡ ∥ f ∥B M

p
q

:= sup
(x,r )∈Rn+1+

|B(x,r )| 1
p − 1

q

(∫
B(x,r )

| f (y)|q d y

) 1
q

.

If there is a need to stress the dimension we work in, we write ∥ f ∥M
p
q (Rn ) instead of ∥ f ∥M

p
q

.

The (classical) Morrey space M p
q (Rn) is the set of all f ∈ Lq

loc(Rn) for which the norm ∥ f ∥M
p
q

is finite.

Corollary 1.3.1. If 0 < q ≤ p =∞, then the Lebesgue differentiation theorem shows that

M p
q (Rn) = L∞(Rn),

so we exclude this case.

Proposition 1.3.1. A function f belongs to M p
q (Rn) if and only if there exists a constant D ≥ 0 such

that

∥ f ∥Lq (B(x,r )) ≤ D |B(x,r )| 1
q − 1

p for all x ∈Rn and r > 0.

The smallest such constant D in this inequality is precisely ∥ f ∥M
p
q

.

Proposition 1.3.2. The space M
p
q (Rn) is trivial in the following sense:

Let x0 ∈Rn be fixed. If f ∈ L0(Rn) satisfies

A ≡ sup
r>0

|B(x0,r )| 1
p − 1

q

(∫
B(x0,r )

| f (y)|q d y

) 1
q <∞

for some 0 < p < q <∞, then f (x) = 0 for almost all x ∈Rn .

In this negative assertion, we can freeze the point x0 instead of allowing it to vary among all points

in Rn .
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Proof. From the definition of A,(∫
B(x0,r )

| f (y)|q d y

) 1
q ≤ |B(x0,r )| 1

q − 1
p A.

Letting r →∞, we have ∥ f ∥Lq = 0. Thus, f (x) = 0 for almost all x ∈Rn .

A quasi-norm over a linear space X enjoys positivity, homogeneity, and the quasi-triangle inequal-

ity: for some α≥ 1,

∥ f + g∥X ≤α(∥ f ∥X +∥g∥X ), ( f , g ∈ X ).

We explain what happens if p and/or q is less than 1.

Remark 1.3.1. It can happen that p and/or q is less than 1. In this case, we formally define the space

M
p
q (Rn) by (1.9) to obtain a quasi-Banach space, where the triangle inequality is replaced by the

quasi-triangle inequality:

∥ f + g∥M
p
q
≤ 2

max
(

1
q −1,0

) (
∥ f ∥M

p
q
+∥g∥M

p
q

)
(1.1)

for all f , g ∈ L0(Rn).

Note that (1.1) follows from the triangle inequality immediately when 1 ≤ q <∞. Meanwhile, when

0 < q < 1, (1.1) follows from the inequality

(a +b)q ≤ 2max(q−1,0)(aq +bq ), for all a,b ≥ 0.

As the following theorem shows, we can say that Lebesgue spaces are realized as a special case of

Morrey spaces.

Theorem 1.3.1. For 0 < p <∞,

M
p
p (Rn) = Lp (Rn) with coincidence of norms.

Definition 1.3.2. (Morrey Space L1,γ(Ω)).

Let Ω⊂Rn be a bounded open set and let 0 ≤ γ≤ n. The Morrey space L1,γ(Ω) is defined as the set of

all functions f ∈ L1(Ω) such that

∥ f ∥L1,γ(Ω) = sup
x∈Ω,r>0

1

r γ

∫
Ω∩B(x,r )

| f (y)|d y <∞.

Remark 1.3.2. • When γ= 0, L1,0(Ω) = L1(Ω).

• When γ= n, L1,n(Ω) = L∞(Ω).

• For n −2 < γ< n, the space L1,γ(Ω) is used in the study of elliptic PDEs (see Chapter 3).
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Example 1.3.1. Let Ω= B(0,1) ⊂R3 and define

f (x) = |x|−1/2.

Then for x = 0 and r ≤ 1, ∫
B(0,r )

| f (y)|d y = 4π
∫ r

0
ρ−1/2ρ2dρ = 8π

5
r 5/2.

Thus,
1

r 5/2

∫
B(0,r )

| f (y)|d y = 8π

5
<∞,

so f ∈ L1,5/2(Ω).

Examples of functions in Morrey spaces

We present a concrete example to illustrate the type of functions belong to Morrey spaces.

Example 1 Let 0 < q ≤ p <∞ and n ∈N. We consider the power function

f (x) = |x|−α, x ∈Rn \ {0}.

The membership of this function, or its truncated versions, in the Morrey space M q
p (Rn) is charac-

terized as follows:

The function f belongs to M q
p (Rn) if and only if

α= n

p
.

This can be verified by observing that the supremum in the Morrey norm becomes independent

of the radius r .

Let f1(x) = |x|−αχB(0,1)(x) be the function restricted to the unit ball. Then

f1 ∈ M q
p (Rn) if and only if α≤ n

p
.

Let f2(x) = |x|−αχRn \B(0,1)(x) be the function restricted to the exterior of the unit ball. Then

f2 ∈ M q
p (Rn) if and only if α≥ n

p
.

Consequently, for a general function

f (x) = |x|−α,

we have

f ∈ M q
p (Rn) if and only if α= n

p
.
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The role of the parameters

As Morrey spaces are defined by two parameters p and q , it is essential to understand their respec-

tive roles. Intuitively, q serves as the index of local integrability because M p
q (Rn) ⊂ L q

loc(Rn), while

p govers the scaling behavior.

Theorem 1.3.2. For all 0 < q ≤ p <∞, we have the following scaling law:

∥ f (t ·)∥M
p
q
= t−

n
p ∥ f ∥M

p
q

,

for all f ∈ M p
q (Rn) and t > 0.

1.4 Stummel classes

Definition 1.4.1. Let 0 <α< n. The Stummel class Sα = Sα(Rn) is defined by

Sα :=
{

f ∈ L1
loc(Rn) : η f

α(r ) → 0 as r → 0
}

,

where

η
f
α(r ) := sup

x∈Rn

∫
|x−y |<r

| f (y)|
|x − y |n−α d y, r > 0.

Example 1.4.1. Let f (x) = 1, x ∈Rn , and let 0 <α< n.

Then

∫
|x−y |<r

| f (y)|
|x − y |n−αd y =

∫
|x−y |<r

1

|x − y |n−αd y.

Using polar coordinates, we obtain

=C
∫ r

0
tα−1d t =Crα.

Since rα→ 0 as r → 0, we conclude that

f ∈ Sα.

Definition 1.4.2. (Stummel class on a bounded domain). Let Ω ⊂ Rn be a bounded open set and

0 <α< n. The Stummel class S̃α(Ω) is defined as the set of all functions f ∈ L1(Ω) such that

η̃
f
α(r ) = sup

x∈Ω

∫
Ω(x,r )

| f (y)|
|x − y |n−αd y <∞ for all r > 0,

where Ω(x,r ) = Ω∩B(x,r ). This definition is used in Chapter 3 for the application in Stummel

classes.
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Example 1.4.2. Let Ω= B(0,1) ⊂ R3 and define f (x) = |x|−1. Then f ∈ S̃2(Ω). Indeed, for x = 0 and

r ≤ 1,

η̃
f
2 (r ) =

∫
|y |<r

| f (y)|
|y |3−2

d y =
∫
|y |<r

1

|y | · |y |d y =
∫
|y |<r

1

|y |2 d y = 4π
∫ r

0
dρ = 4πr.

Since 4πr → 0 as r → 0, we have f ∈ S̃2(Ω). This example is used in Chapter 3 for the application in

Stummel classes.

The Generalized Stummel classes

Definition 1.4.3. For 1 ≤ p <∞, we define the generalized Stummel p-class Sp,Ψ = Sp,Ψ(Rn) by

Sp,Ψ :=
{

f ∈ Lp
loc(Rn) : η f

p,Ψ(r ) → 0 as r → 0
}

,

where

η
f
p,Ψ(r ) := sup

x∈Rn

(∫
|x−y |<r

| f (y)|p Ψ(|x − y |)
|x − y |n

d y

) 1
p

, r > 0.

We call η f
p,Ψ the Stummel p-modulus of f . Observe that the Stummel p-modulus is non-decreasing

on (0,∞).

For p = 1, we have S1,Ψ := SΨ — the generalized Stummel class.

For Ψ(t ) := tα (0 < α < n), we write Sp,α instead of Sp,Ψ and ηp,α instead of ηp,Ψ. Observe that

S1,α := Sα — the Stummel class.

Proposition 1.4.1. Let 1 ≤ p <∞ and let Ψ be a given function. If f ∈ Sp,Ψ, then the function ηp,Ψ f

is continuous on (0,∞).

Proof Let {rk } be a sequence in (0,∞) such that rk → r ∈ (0,∞), and let x ∈Rn . Choose r ∗ > 0 such

that r,rk ≤ r ∗ for every k ∈N.

For each k ∈N, define

gk (y) := | f (y)|pΨ(|y −x|)
|y −x|n χB(x,rk )(y),

and

g (y) := | f (y)|pΨ(|y −x|)
|y −x|n χB(x,r )(y),

for y ∈ B(x,r ∗).

Then {gk } is a sequence of nonnegative measurable functions on B(x,r ∗), and gk → g almost ev-

erywhere on B(x,r ∗). By the Dominated Convergence Theorem, we obtain∫
|y−x|<r∗

gk (y)d y −→
∫
|y−x|<r∗

g (y)d y.

Therefore, (∫
|y−x|<rk

| f (y)|pΨ(|y −x|)
|y −x|n d y

) 1
p

−→
(∫

|y−x|<r

| f (y)|pΨ(|y −x|)
|y −x|n d y

) 1
p

. (1.2)
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Let ε> 0. By (1.2), there exists k0 ∈N such that for all k ≥ k0,(∫
|y−x|<r

| f (y)|pΨ(|y −x|)
|y −x|n d y

) 1
p

−ε<
(∫

|y−x|<rk

| f (y)|pΨ(|y −x|)
|y −x|n d y

) 1
p

<
(∫

|y−x|<r

| f (y)|pΨ(|y −x|)
|y −x|n d y

) 1
p

+ε.

Since x ∈Rn is arbitrary, we conclude that

ηp,Ψ f (r )−ε≤ ηp,Ψ f (rk ) ≤ ηp,Ψ f (r )+ε.

Hence, ηp,Ψ f (rk ) → ηp,Ψ f (r ) whenever rk → r in (0,∞). This proves that ηp,Ψ f is continuous on

(0,∞).

1.5 Vanishing Morrey spaces

Definition 1.5.1 (Classical Vanishing Morrey Space). Let 1 ≤ p < ∞ and 0 ≤ λ < n. The classical

vanishing Morrey space at the origin, denoted by V0Lp,λ(Rn), is defined by

V0Lp,λ(Rn) =
{

f ∈ Lp,λ(Rn) : lim
r→0

sup
x∈Rn

1

rλ

∫
B(x,r )

| f (y)|p d y = 0

}
.

In other words, a function f belongs to V0Lp,λ(Rn) if and only if its Morrey functional vanishes as

the radius r tends to zero, uniformly with respect to the center x ∈Rn .

Example 1.5.1. Let f (x) = 1, x ∈Rn , and let 0 <λ< n, 1 ≤ p <∞.

Compute the Morrey norm on balls B(x,r ):

1

rλ

∫
B(x,r )

| f (y)|p d y = 1

rλ

∫
B(x,r )

1d y = |B(x,r )|
rλ

.

Since |B(x,r )| =Cnr n , we have

|B(x,r )|
rλ

=Cnr n−λ.

Because n −λ> 0, it follows that

lim
r→0

sup
x∈Rn

1

rλ

∫
B(x,r )

| f (y)|p d y = 0.

Therefore,

f ∈V Lp,λ(Rn).

Remark 1.5.1. The above vanishing condition is strictly stronger than the mere membership in the

Morrey space Lp,λ(Rn). Indeed, while the definition of Lp,λ only requires the corresponding supre-

mum to be finite, the vanishing Morrey space additionally imposes that this quantity converges to

zero as r → 0.

This space is often referred to in the literature as the vanishing Morrey space at the origin.
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Definition 1.5.2 (Vanishing Morrey Space at Infinity). The vanishing Morrey space at infinity, de-

noted by V∞M p
q (Rn), is defined as the set of functions f ∈ M p

q (Rn) that satisfy

lim
r→∞m( f , p, q ;r ) = 0.

Definition 1.5.3 (Vanishing at Infinity Morrey Space). The vanishing at infinity Morrey space, de-

noted by V M p
q (Rn), is defined as the set of functions f ∈ M p

q (Rn) that satisfy

lim
r→∞

∥∥ f χRn \B(0,r )
∥∥

M
p
q (Rn ) = 0,

where χRn \B(0,r ) is the characteristic function of the complement of the ball B(0,r ).

Definition 1.5.4. Let 1 ≤ p <∞ and ϕ ∈Φ. We set

V (∗)
0,∞Lp,ϕ(Rn) :=V0Lp,ϕ(Rn)∩V∞Lp,ϕ(Rn)∩V (∗)Lp,ϕ(Rn).

Remark 1.5.2. It can be shown that all the vanishing subsets Lp,ϕ(Rn), V0Lp,ϕ(Rn), V∞Lp,ϕ(Rn), and

V (∗)Lp,ϕ(Rn) (and consequently, V (∗)
0,∞Lp,ϕ(Rn)) are closed in Lp,ϕ(Rn).

Definition 1.5.5. Letϕ be a positive function. The generalized Morrey space M p,ϕ(Rn) is defined as

the set of functions f that satisfy

∥ f ∥M p,ϕ := sup
x∈Rn ,r>0

∥ f ∥Lp (B(x,r ))

ϕ(x,r )
<∞.

When ϕ(x,r ) = r
n
p − n

q , we recover the classical Morrey space M p,q (Rn).

Definition 1.5.6. The vanishing generalized Morrey space V M p,ϕ(Rn) is defined as the set of func-

tions f ∈ M p,ϕ(Rn) such that

lim
r→0

sup
x∈Rn

∥ f ∥Lp (B(x,r ))

ϕ(x,r )
= 0.

Similarly, we define V M p,ϕ
0 (Rn) and V M p,ϕ

∞ (Rn) by considering the limits as r → 0 and r → ∞,

respectively.

1.6 Tools for Differential Equations

In this section, we recall some fundamental tools used in the study of partial differential equa-

tions (PDEs). These tools are essential for formulating weak solutions and proving existence and

uniqueness results.

Fubini’s Theorem.

Theorem 1.6.1. Let X and Y be σ-finite measure spaces and let f : X ×Y → R be a measurable

function. If f ≥ 0 or if
∫

X×Y | f | <∞, then

∫
X

∫
Y

f (x, y)d y d x =
∫

Y

∫
X

f (x, y)d x d y =
∫

X×Y
f (x, y)d(x, y).
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Lax-Milgram Lemma

The Lax-Milgram lemma is a fundamental tool for proving existence and uniqueness of weak so-

lutions to elliptic PDEs.

Definition 1.6.1. Let H be a Hilbert space with norm | · |. A bilinear form A : H ×H →R is called:

• Continuous if there exists a constant C > 0 such that

|A(u, v)| ≤C |u||v | ∀u, v ∈ H .

• Coercive (or H-elliptic) if there exists a constant α> 0 such that

A(u,u) ≥α|u|2 ∀u ∈ H .

Example 1.6.1. Let H =W 1,2
0 (Ω) and define

A(u, v) =
∫
Ω
∇u ·∇v d x.

By the Cauchy-Schwarz inequality,

|A(u, v)| ≤ |∇u|L2 |∇v |L2 ≤ |u|H |v |H ,

so A is continuous.

By the Poincaré inequality,

A(u,u) = |∇u|2L2 ≥
1

C 2
P +1

|u|2H ,

so A is coercive.

Lemma 1.6.1. Let H be a Hilbert space, let A : H × H → R be a continuous and coercive bilinear

form, and let F : H → R be a continuous linear functional. Then there exists a unique u ∈ H such

that

A(u, v) = F (v) ∀v ∈ H .

Stampacchia’s Lemma

Stampacchia’s lemma is a generalization of the Lax-Milgram lemma to the case of non-symmetric

bilinear forms. It is particularly useful for studying nonlinear problems.

Lemma 1.6.2. Let H be a Hilbert space, and let A : H ×H →R be a bilinear form that is continuous

and linear in the second variable. Assume that there exist constants K1 > 0 and K2 > 0 such that:

• |A(v1,φ)− A(v2,φ)| ≤ K1|v1 − v2||φ| ∀v1, v2,φ ∈ H ,
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• A(v1, v1 − v2)− A(v2, v1 − v2) ≥ K2|v1 − v2|2 ∀v1, v2 ∈ H .

Then for every continuous linear functional F ∈ H−1, there exists a unique v ∈ H such that

F (φ) = A(v,φ) ∀φ ∈ H .

Example 1.6.2. Consider the bilinear form

A(u, v) =
∫
Ω
∇u ·∇v d x +

∫
Ω
β ·∇u v d x,

where β is a bounded vector field. This form is not symmetric, but it satisfies the hypotheses of

Stampacchia’s lemma for appropriate β.

Weighted Embedding Theorem

Theorem 1.6.2. Let f ∈ L1,γ(Ω) with n −2 < γ < n. Then there exists a constant C = C (n,γ,Ω) > 0

such that for every φ ∈W 1,2
0 (Ω),

∫
Ω
| f (x)φ(x)|d x ≤C∥ f ∥L1,γ(Ω)∥φ∥W 1,2

0 (Ω).
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Chapter 2

Inclusions between Morrey spaces and
Stummel classes

The aim of this chapter is to investigate the inclusion relations between these spaces. This chapter

is organized into two main parts. In the first part (Section 2.1), we study the inclusion properties

between Morrey spaces with different indices.

The second part (Section 2.2) is dedicated to the connection between weak Lebesgue spaces and

Stummel classes. These results, based on recent works [2, 11, 14, 15, 16], reveal a deep relationship

between distributional properties and weighted local integrability.

We begin with the study of Morrey spaces in the following section.[5],[7],[6],[9],[10],[12] and [13]

2.1 Inclusion between Morrey spaces

Monotonicity with Respect to q

Proposition 2.1.1. Let 0 < q1 ≤ q2 ≤ p <∞. Then

M p
q2

(Rn) ⊂ M p
q1

(Rn),

and for every f ∈ M p
q2

(Rn), we have

∥ f ∥M
p
q1
≤ ∥ f ∥M

p
q2

.

Proof Since f ∈ M p
q2

, there exists a constant C = ∥ f ∥M
p
q2

such that for every ball B = B(x,r ),

∥ f ∥Lq2 (B) ≤C |B | 1
q2

− 1
p .

Using Hölder’s inequality (with exponents q2
q1

and q2
q2−q1

), we obtain

∥ f ∥Lq1 (B) ≤ |B | 1
q1

− 1
q2 ∥ f ∥Lq2 (B).

Combining these estimates yields

∥ f ∥Lq1 (B) ≤C |B | 1
q1

− 1
q2 · |B | 1

q2
− 1

p =C |B | 1
q1

− 1
p .

Multiplying both sides by |B | 1
p − 1

q1 and taking the supremum over all balls, we get

∥ f ∥M
p
q1
≤C = ∥ f ∥M

p
q2

.

Hence f ∈ M p
q1

. □
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Example 2.1.1. In R3, consider p = 4. Then we have the following chain of inclusions:

M 4
4 (R3) ⊂ M 4

3 (R3) ⊂ M 4
2 (R3) ⊂ M 4

1 (R3).

The function f (x) = |x|−3/4 belongs to M 4
2 (R3) but not to M 4

4 (R3) = L4(R3), showing that the inclusion

is strict.

Example 2.1.2. Let n ≥ 1 and consider the function

f (x) = |x|− n
q2 χ{|x|≤1}(x),

where 0 < q1 < q2 ≤ p <∞ and χ{|x|≤1} is the characteristic function of the unit ball.

f ∈ M p
q1

(Rn) but f ∉ M p
q2

(Rn).

Proof: For 0 < r ≤ 1, we have ∫
B(0,r )

| f (x)|q1 d x =
∫

B(0,r )
|x|−

nq1
q2 d x.

Since nq1
q2

< n, this integral is finite and behaves like r n− nq1
q2 . Hence

∥ f ∥Lq1 (B(0,r )) ∼ r
n

q1
− n

q2 .

Multiplying by |B(0,r )| 1
p − 1

q1 ∼ r
n
p − n

q1 , we get

∥ f ∥M
p
q1
<∞.

On the other hand, ∫
B(0,r )

| f (x)|q2 d x =
∫

B(0,r )
|x|−n d x =∞,

so f ∉ M p
q2

(Rn).

This example shows that the inclusion

M p
q2

(Rn) ⊂ M p
q1

(Rn)

is strict, and clearly illustrates the effect of changing the exponent q in Morrey spaces.

Remark 2.1.1. Let 0 < q1 < q2 ≤ p <∞. Then

M p
q2

(Rn) ⊂ M p
q1

(Rn),

i.e., the Morrey space decreases as the exponent q increases.
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Figure 2.1: Visual representation of the monotonicity: as q increases, the space M p
q decreases.

Monotonicity with Respect to p

We now examine the behavior of Morrey spaces with respect to the parameter p.[7, 6]

Proposition 2.1.2. Let 0 < q ≤ p1 ≤ p2 <∞. Then

M p1
q (Rn) ⊂ M p2

q (Rn)

and for every f ∈ M p1
q (Rn), we have

∥ f ∥M
p2
q

≤ ∥ f ∥M
p1
q

.

Proof Let f ∈ M p1
q with ∥ f ∥M

p1
q

=C . For any ball B = B(x,r ), we have

∥ f ∥Lq (B) ≤C |B | 1
q − 1

p1 .

Multiplying both sides by |B | 1
p2

− 1
q , we obtain

|B | 1
p2

− 1
q ∥ f ∥Lq (B) ≤C |B | 1

p2
− 1

p1 .

Since p2 ≥ p1, we have 1
p2

− 1
p1

≤ 0.

If r ≤ 1, then |B | ≤ωn , and thus

|B | 1
p2

− 1
p1 ≤ω

1
p2

− 1
p1

n <∞.

If r > 1, then

|B | 1
p2

− 1
p1 ≤ 1,

since the exponent is negative.

Therefore, there exists a constant K > 0 (depending only on n, p1, p2) such that

|B | 1
p2

− 1
q ∥ f ∥Lq (B) ≤C K .
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Taking the supremum over all balls yields

∥ f ∥M
p2
q

≤C K .

A more refined argument (see [12, Proposition 2.1.3]) shows that in fact

∥ f ∥M
p2
q

≤ ∥ f ∥M
p1
q

.

Example 2.1.3. In Rn , for fixed q = 2, we have

M 1
2 (Rn) ⊂ M 2

2 (Rn) = L2(Rn) ⊂ M 3
2 (Rn).

To see that the inclusion M 2
2 ⊂ M 3

2 is strict, consider the function in R3 (n = 3)

f (x) = |x|− 3
2 χR3\B(0,1)(x).

One can verify that f ∈ M 3
2 (R3). On the other hand, since M 2

2 (R3) = L2(R3), we have∫
R3

| f (x)|2 d x =
∫
|x|>1

|x|−3 d x =∞,

and hence f ∉ M 2
2 (R3).

Thus,

M 2
2 (R3)⊊M 3

2 (R3),

showing that the inclusion is proper.

Example 2.1.4. Let 0 < q ≤ p1 < p2 <∞, and consider

g (x) = |x|− n
p1 χRn \B(0,1)(x).

Then g ∈ M p2
q (Rn) but g ∉ M p1

q (Rn).

This shows that

M p1
q (Rn)⊊M p2

q (Rn),

and hence the inclusion is strict whenever p1 < p2.

Remark 2.1.2. The previous examples show that the monotonicity of Morrey spaces with respect

to p is strict in general. Increasing p enlarges the space and allows functions with weaker decay or

stronger singularities. This property plays a crucial role in the study of partial differential equations,

especially in regularity theory.
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Figure 2.2: Visual illustration of the monotonicity with respect to p. As p increases, the decay of
functions becomes slower, and the Morrey space M p

q becomes larger.

The Case p = q

In this section, we study the special case where the two parameters of the Morrey space coincide,

i.e., p = q .

Proposition 2.1.3. For any 0 < p <∞, we have

M p
p (Rn) = Lp (Rn)

with equality of norms:

∥ f ∥M
p
p
= ∥ f ∥Lp for all f ∈ Lp (Rn).

Proof We prove the equality :

1. Lp ⊂ M p
p Let f ∈ Lp (Rn). For any ball B(x,r ) ⊂Rn , we have

∥ f ∥Lp (B(x,r )) ≤ ∥ f ∥Lp (Rn ).

Multiplying both sides by |B(x,r )| 1
p − 1

p = |B(x,r )|0 = 1, we obtain

|B(x,r )| 1
p − 1

p ∥ f ∥Lp (B(x,r )) ≤ ∥ f ∥Lp (Rn ).

Taking the supremum over all x ∈Rn and r > 0 gives

∥ f ∥M
p
p
≤ ∥ f ∥Lp (Rn ).

Hence f ∈ M p
p and ∥ f ∥M

p
p
≤ ∥ f ∥Lp .
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2. M p
p ⊂ Lp Let f ∈ M p

p (Rn). By definition, for every ball B(x,r ),

∥ f ∥Lp (B(x,r )) ≤ ∥ f ∥M
p
p
|B(x,r )| 1

p − 1
p = ∥ f ∥M

p
p

.

Since this holds for all balls, we can take a sequence of balls B(0,R) with R →∞. Then

∥ f ∥Lp (B(0,R)) ≤ ∥ f ∥M
p
p

.

Letting R →∞ and using the monotone convergence theorem, we obtain

∥ f ∥Lp (Rn ) ≤ ∥ f ∥M
p
p

.

Thus f ∈ Lp (Rn) and ∥ f ∥Lp ≤ ∥ f ∥M
p
p

.

Combining both steps, we have

M p
p = Lp and ∥ f ∥M

p
p
= ∥ f ∥Lp . □

Remark 2.1.3. The equality M p
p = Lp was already noted by Charles Morrey in his original 1938 paper

[8]. This result established that his newly introduced spaces were indeed a natural generalization of

the classical Lebesgue spaces, providing a flexible framework for studying partial differential equa-

tions.

Remark 2.1.4. The fact that M p
p = Lp is crucial in applications because it allows us to:

1. Interpolate between Morrey spaces and Lebesgue spaces.

2. Extend results from Lebesgue spaces to Morrey spaces.

3. Understand the boundary case in many embedding theorems.

For instance, when studying the boundedness of integral operators, the case p = q often serves as a

starting point for more general results.

Proposition 2.1.4. For any f ∈ Lp (Rn) and any q ≤ p, we have

∥ f ∥M
p
q
≤ ∥ f ∥Lp .

Proof. This follows directly from Proposition 2.1.2 (monotonicity in q) and Proposition 2.1.3 (M p
p =

Lp ). Indeed,

∥ f ∥M
p
q
≤ ∥ f ∥M

p
p
= ∥ f ∥Lp .

Example 2.1.5. The constant in Proposition 2.1.7 is sharp. Consider the function

f (x) =χB(0,1)(x).
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Then ∥ f ∥Lp = |B(0,1)|1/p . For any q < p, we can compute

∥ f ∥M
p
q
= sup

x,r
|B(x,r )| 1

p − 1
q

(∫
B(x,r )

χB(0,1)(y)q d y

)1/q

= ∥ f ∥Lp .

Thus the inequality becomes an equality for this function.

From this section, we have established the fundamental result:

The Morrey space M p
p (Rn) coincides exactly with the Lebesgue space Lp (Rn).

This result serves as a bridge between the classical theory of Lebesgue spaces and the more gen-

eral theory of Morrey spaces. It also provides a natural starting point for studying the inclusion

relations when q , p.

Relation with Lebesgue Spaces

After establishing that M p
p = Lp in the previous section, we now investigate the precise relationship

between Morrey spaces M p
q (with q < p) and the classical Lebesgue spaces Lp and Lq .

Definition 2.1.1. For 1 ≤ q <∞, the local Lebesgue space Lq
loc(Rn) is defined as

Lq
loc(Rn) =

{
f :Rn →Rmeasurable :

∫
K
| f (x)|q d x <∞ for every compact K ⊂Rn

}
.

Equivalently, f ∈ Lq
loc(Rn) if and only if f χB(0,R) ∈ Lq (Rn) for every R > 0.

Proposition 2.1.5. Let 1 ≤ q ≤ p <∞. Then

Lp (Rn) ⊂ M p
q (Rn) ⊂ Lq

loc(Rn),

with both inclusions strict when q < p.

Proof:

Lp ⊂ M p
q . For any f ∈ Lp (Rn) and any ball B(x,r ) ⊂Rn , by Hölder’s inequality:

∥ f ∥Lq (B(x,r )) ≤ |B(x,r )| 1
q − 1

p ∥ f ∥Lp (B(x,r )) ≤ |B(x,r )| 1
q − 1

p ∥ f ∥Lp (Rn ).

Multiplying both sides by |B(x,r )| 1
p − 1

q gives

|B(x,r )| 1
p − 1

q ∥ f ∥Lq (B(x,r )) ≤ ∥ f ∥Lp (Rn ).

Taking the supremum over all x ∈Rn and r > 0 gives ∥ f ∥M
p
q
≤ ∥ f ∥Lp .

M p
q ⊂ Lq

loc. For any compact K ⊂Rn , choose a ball B(0,R) such that K ⊂ B(0,R). Then

∥ f ∥Lq (K ) ≤ ∥ f ∥Lq (B(0,R)) ≤ ∥ f ∥M
p
q
|B(0,R)| 1

q − 1
p <∞.

Hence f ∈ Lq
loc(Rn). □
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Example 2.1.6. Consider

f (x) = |x|−n/pχB(0,1)(x), x ∈Rn .

Then f ∈ M p
q for any q ≤ p, but f ∉ Lp . This shows Lp ⊊M p

q when q < p.

Example 2.1.7. Consider

f (x) = 1, x ∈Rn .

Then f ∈ Lq
loc, but f ∉ M p

q for q < p. Hence M p
q ⊊ Lq

loc.

Proposition 2.1.6. For 1 ≤ q ≤ p <∞,

M p
q (Rn) ⊂ Lq (Rn) if and only if p = q.

Theorem 2.1.1. Let 1 ≤ q1 ≤ q2 ≤ p <∞. Then

M p
q2

(Rn) ⊂ M p
q1

(Rn) ⊂ Lq1

loc(Rn).

Moreover, the inclusions are summarized by

Lp = M p
p ⊂ M p

q ⊂ Lq
loc

∩
Lq

and the inclusions are strict when q < p.

Theorem 2.1.2. Let f ∈ M p1
q1

∩M p2
q2

. Then for any θ ∈ (0,1),

f ∈ M p
q ,

where
1

p
= 1−θ

p1
+ θ

p2
,

1

q
= 1−θ

q1
+ θ

q2
.

This follows from the Riesz–Thorin interpolation theorem applied to the identity operator.

Proposition 2.1.7. Let f ∈ M p
q (Rn) and t > 0. Define ft (x) = f (t x). Then

∥ ft∥M
p
q
= t−n/p∥ f ∥M

p
q

.

Proposition 2.1.8. Let f ∈ Lp (Rn)∩M p
q (Rn) with q < p. Then

∥ f ∥Lq ≤C∥ f ∥M
p
q

,

where C depends on n, p, q. The reverse inequality does not hold in general.

Example 2.1.8. In Rn , define

f (x) = |x|−n/pχB(0,1)(x)+χRn \B(0,1)(x).
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• Membership in M p
q : The first term behaves like |x|−n/p near the origin, giving a finite Morrey

norm. The second term is bounded, hence also in M p
q . Therefore f ∈ M p

q .

• Non-membership in Lp : The first term gives
∫

B(0,1) |x|−nd x =∞, so f ∉ Lp .

• Non-membership in Lq (for sufficiently small q): The second term has infinite Lq norm as it

is constant on an unbounded set. Hence f ∉ Lq .

This example shows that M p
q is genuinely larger than both Lp and Lq .

Corollary 2.1.1. For 1 ≤ q ≤ p <∞, the space C∞
c (Rn) is dense in M p

q (Rn) if and only if q = p. When

q < p, the closure of C∞
c in M p

q is a proper subspace, namely the vanishing Morrey space (see Chapter

1, Section 1.5).

Corollary 2.1.2. The dual space of M p
q (Rn) for 1 < q ≤ p < ∞ is more complicated than that of

Lebesgue spaces. In fact, M p
q is not reflexive when q < p.

Result: From this section, we have established the following key results:

1. Lp ⊂ M p
q ⊂ Lq

loc for q ≤ p.

2. Both inclusions are strict when q < p.

3. Equality: M p
p = Lp (from Section 2.1.4).

4. ∥ f (t ·)∥M
p
q
= t−n/p∥ f ∥M

p
q

.

5. For q < p, M p
q is not reflexive.

Remark 2.1.5. The inclusion Lp ⊂ M p
q is particularly important because it allows us to:

• Extend boundedness results for operators from Lp to M p
q .

• Study regularity of solutions to PDEs where the data is not in Lp but belongs to a larger Morrey

space.

• Develop interpolation theory between Lebesgue and Morrey spaces.

Counterexamples and Sharpness of Inclusions

These counterexamples are essential for understanding the precise structure of Morrey spaces and

for avoiding common misconceptions in their application.

Definition 2.1.2. We say that the inclusion X ⊂ Y is strict (or proper) if X ⊆ Y and there exists at

least one function f ∈ Y such that f ∉ X . We denote this by X ⊊ Y .
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Proposition 2.1.9. Let 0 < q1 < q2 ≤ p <∞. Then the inclusion

M p
q2

(Rn) ⊂ M p
q1

(Rn)

is strict. Moreover, there exist functions that belong to M p
q1

but not to M p
q2

.

Proof We construct an explicit counterexample. Consider the function

fα(x) = |x|−αχB(0,1)(x), x ∈Rn ,

where α = n/p. From Chapter 1, we know that fα ∈ M p
q (Rn) for all q ≤ p. However, the Morrey

norm of fα depends on q .

For any ball B(0,r ) with 0 < r ≤ 1, we have

∥ fα∥Lq (B(0,r )) =
(∫

B(0,r )
|x|−αq d x

)1/q

=
(∫ r

0
ρ−αqρn−1dρ

)1/q

=
(∫ r

0
ρn−αq−1dρ

)1/q

.

Since α= n/p, we have n −αq = n(1−q/p). The integral converges if and only if q < p.

Now, consider the Morrey norm:

∥ fα∥M
p
q
= sup

x∈Rn ,r>0
|B(x,r )| 1

p − 1
q ∥ fα∥Lq (B(x,r )).

For balls centered at the origin with r ≤ 1, we obtain

|B(0,r )| 1
p − 1

q ∥ fα∥Lq (B(0,r )) ∼ r n( 1
p − 1

q ) · r
n
q − n

p = constant.

Thus the norm is finite for all q < p. However, this example does not separate the spaces, so we

consider a different construction:

f (x) =
∞∑

k=1
akχAk (x),

where Ak = {x ∈Rn : 2−k−1 ≤ |x| ≤ 2−k }.

With suitable ak , we get f ∈ M p
q1

but f ∉ M p
q2

.

Example 2.1.9. Define

f (x) =
∞∑

k=1
2kn/pχB(0,2−k )\B(0,2−k−1)(x).

Then

f ∈ M p
q (Rn) for all q < p, f ∉ Lp (Rn).

Proposition 2.1.10. Let 0 < q ≤ p1 < p2 <∞. Then

M p1
q (Rn) ⊂ M p2

q (Rn)

is strict.
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Proof Consider

g (x) = |x|−n/p1χRn \B(0,1)(x).

Then g ∈ M p2
q but g ∉ M p1

q .

Example 2.1.10. In R3, define

g (x) = |x|−3/2χR3\B(0,1)(x).

Then

g ∈ M 4
2 (R3), g ∉ L2(R3).

Proposition 2.1.11. In general,

M p1
q1
1M p2

q2
, M p2

q2
1M p1

q1
.

Theorem 2.1.3. If q > p, then

M p
q (Rn) = {0}.

Example 2.1.11. For q > p,

∥ f ∥M
p
q
= sup

x,r
|B(x,r )| 1

p − 1
q ∥ f ∥Lq (B(x,r )) =∞

for any non-zero function.

Proposition 2.1.12. Define

∥ f ∥M
p,ε
q

= sup
x,r

|B(x,r )| 1
p − 1

q −ε∥ f ∥Lq (B(x,r )).

Then the space is trivial.

Theorem 2.1.4. Let f (x) = |x|−α. Then:

• f ∈ M p
q ⇐⇒ α= n

p ,

• floc ∈ M p
q ⇐⇒ α≤ n

p ,

• fglob ∈ M p
q ⇐⇒ α≥ n

p .

Example 2.1.12. In R3, let

fα(x) = |x|−α.

Then the critical exponent is αc = 3/2.

Remark 2.1.6. The functions constructed in this section typically do not belong to the vanishing

Morrey spaces introduced in Chapter 1 (Section 1.5).

Indeed, the vanishing Morrey spaces V0M p
q and V∞M p

q consist of functions whose Morrey norms

vanish as r → 0 or r →∞. The counterexamples we constructed highlight this distinction.
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Relationship Between M p
q and L1,γ

Proposition 2.1.13. Let Ω⊂Rn be a bounded open set. Then for 1 ≤ q ≤ p <∞, we have

L1,γ(Ω) ⊂ M p
q (Ω) if and only if γ= n

(
1

q
− 1

p

)
+1.

In particular, when q = 1 and p = 2, we obtain

L1,γ(Ω) ⊂ M 2
1 (Ω) for γ= n

2
+1.

Remark 2.1.7. This relationship shows that the Morrey space L1,γ(Ω) used in the application (Chap-

ter 3, Section 3.2) is a special case of the classical Morrey spaces M p
q with q = 1 and p determined by

γ.

For example, for n = 3, if γ= 5
2 , then

n

2
+1 = 3

2
+1 = 5

2
= γ,

so p = 2. Thus, L1,5/2(Ω) ⊂ M 2
1 (Ω).

2.2 Inclusion between weak Lebesgue spaces and Stummel classes

In the first part of this chapter, we studied the inclusion relations between Morrey spaces with

different parameters. We now turn our attention to the relationship between two other important

function spaces: weak Lebesgue spaces and Stummel classes.

Weak Lebesgue spaces, also known as Marcinkiewicz spaces, are a natural generalization of clas-

sical Lebesgue spaces. [2, 14, 15, 16, 11]

Remark 2.2.1. Throughout this section, we will frequently use the following fundamental property:

for any f ∈ Lp,∞(Rn), there exists a constant C = ∥ f ∥Lp,∞ such that for every λ> 0,

∣∣{x ∈Rn : | f (x)| >λ}
∣∣≤C pλ−p .

Similarly, for f ∈ Sα, we have by definition η
f
α(r ) → 0 as r → 0, which means that for every ε > 0

there exists δ> 0 such that for all r < δ,

sup
x∈Rn

∫
|x−y |<r

| f (y)|
|x − y |n−α d y < ε.

Inclusion from Weak Lebesgue to Stummel

In this subsection, we prove the first main result of this section: every function belonging

to the weak Lebesgue space Lp,∞(Rn) also belongs to the Stummel class Sn/p (Rn), provided that

1 < p <∞. [16, 5]
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Theorem 2.2.1. Let 1 < p <∞ and set α = n/p. If f ∈ Lp,∞(Rn), then f ∈ Sα(Rn). Moreover, there

exists a constant C =C (n, p) > 0 such that for every r > 0,

η
f
α(r ) ≤C ∥ f ∥Lp,∞ rα.

In particular, η f
α(r ) → 0 as r → 0, which means f ∈ Sα(Rn).

proof Let f ∈ Lp,∞(Rn) and set M = ∥ f ∥Lp,∞ . For any fixed x ∈Rn and r > 0, we estimate

I (x,r ) =
∫
|x−y |<r

| f (y)|
|x − y |n−α d y.

Split f = f1 + f2 with a threshold λ> 0:

f1(y) = f (y)χ{| f (y)|≤λ}(y), f2(y) = f (y)χ{| f (y)|>λ}(y),

then

I (x,r ) ≤
∫
|x−y |<r

| f1(y)|
|x − y |n−α d y +

∫
|x−y |<r

| f2(y)|
|x − y |n−α d y = I1 + I2.

Estimate of I1: Since | f1(y)| ≤λ, we have

I1 ≤λ
∫
|x−y |<r

d y

|x − y |n−α = ωn−1

α
λrα,

where ωn−1 is the surface area of the unit sphere in Rn .

Estimate of I2: Using the layer cake representation, we write

I2 =
∫
|x−y |<r

| f (y)|
|x − y |n−αχ{| f (y)|>λ}(y)d y =

∫ ∞

λ

∫
B(x,r )∩Et

d y

|x − y |n−α d t ,

where Et = {y ∈Rn : | f (y)| > t }.

Using the weak Lp condition |Et | ≤ M p t−p , we obtain∫
B(x,r )∩Et

d y

|x − y |n−α ≤ M p

α
t−p rα.

Hence

I2 ≤
∫ ∞

λ

M p

α
t−p rαd t = M p

α(p −1)
rαλ1−p .

Optimizing over λ: We have

I (x,r ) ≤ rα

α

(
ωn−1λ+ M p

p −1
λ1−p

)
.

Choosing λ=ω−1/p
n−1 M minimizes the expression, yielding

I (x,r ) ≤ p

p −1
ω

1−1/p
n−1 M rα.

Taking the supremum over x ∈Rn , we obtain

η
f
α(r ) ≤C (n, p) M rα =C (n, p)∥ f ∥Lp,∞ rα.

Since r → 0, the right-hand side tends to zero, hence f ∈ Sα(Rn).
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Remark 2.2.2. The condition α= n/p is sharp. If α, n/p, the inclusion may fail. For instance, let

f (x) = |x|−n/pχRn \B(0,1)(x).

Then f ∈ Lp,∞(Rn) and for α= n/p, the Stummel integral converges, illustrating that the inclusion

depends on the global behavior of f .

Example 2.2.1. In Rn , consider

f (x) = |x|−n/pχRn \B(0,1)(x).

Then f ∈ Lp,∞(Rn) and f ∈ Sn/p (Rn), illustrating the global nature of the embedding.

Example 2.2.2. Let f be any bounded function with compact support. Then f ∈ Lp,∞ for all p, and

f ∈ Sα for all α> 0.

Corollary 2.2.1. From Theorem 2.2.1 and Lp ⊂ Lp,∞, we have

Lp (Rn) ⊂ Lp,∞(Rn) ⊂ Sn/p (Rn).

Corollary 2.2.2. For f ∈ Lp,∞(Rn),

η
f
n/p (r ) =O(r n/p ) as r → 0.

We have proved that every function in the weak Lebesgue space Lp,∞ belongs to the Stum-

mel class Sn/p . This embedding is continuous, with the Stummel modulus decaying like r n/p as

r → 0. This result establishes a fundamental link between distributional size and weighted local

integrability, which will be further explored in the next subsection where we prove the converse

inclusion.

Inclusion from Stummel to Weak Lebesgue

We proved that every function in the weak Lebesgue space Lp,∞(Rn) belongs to the Stummel class

Sn/p (Rn). We now establish the converse inclusion: functions in the Stummel class Sα(Rn) belong

locally to the weak Lebesgue space Ln/α,∞(Rn).[16, 15]

Theorem 2.2.2. Let 0 <α< n and set p = n/α. If f ∈ Sα(Rn), then for every bounded set Ω⊂Rn , we

have f χΩ ∈ Lp,∞(Rn). In other words,

Sα(Rn) ⊂ Lp,∞
loc (Rn).

Moreover, there exists a constant C =C (n,α) > 0 such that for every bounded set Ω and every λ> 0,

|{x ∈Ω : | f (x)| >λ}| ≤C ω(Ω)λ−p ,

where ω(Ω) depends on the size of Ω and the Stummel modulus of f .
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proof Let f ∈ Sα(Rn). By definition, η f
α(r ) → 0 as r → 0. This means that for every ε> 0, there exists

δ> 0 such that for all r < δ,

sup
x∈Rn

∫
|x−y |<r

| f (y)|
|x − y |n−α d y < ε.

Fix a bounded set Ω ⊂ Rn . Without loss of generality, assume Ω ⊂ B(0,R) for some R > 0. We aim

to show that there exists C such that for all λ> 0,

|{x ∈Ω : | f (x)| >λ}| ≤Cλ−p .

Choose r0 > 0 such that r0 < δ and

η
f
α(r0) = sup

x∈Rn

∫
|x−y |<r0

| f (y)|
|x − y |n−α d y ≤ ε.

Cover Ω by a finite number of balls of radius r0, denoted by B1,B2, . . . ,BN . Then

N ≤Cn

(
R

r0

)n

.

For any ball B j = B(x j ,r0), consider

E j = {y ∈ B j : | f (y)| >λ}.

Then for any x ∈ B j ,∫
|x−y |<r0

| f (y)|
|x − y |n−αd y ≥λ

∫
E j

d y

|x − y |n−α ≥λ ·2−(n−α)r−(n−α)
0 |E j |,

so that

|E j | ≤ 2n−αr n−α
0 λ−1η

f
α(r0). (2.1)

Since η f
α(r ) → 0, for each λ> 0 we can choose rλ > 0 such that

η
f
α(rλ) =λ−(p−1).

Then from (2.1),

|E j | ≤ 2n−αr n−α
λ λ−p .

Cover Ω by balls of radius rλ. The number of balls is at most C (R/rλ)n . Summing over all balls,

|{x ∈Ω : | f (x)| >λ}| ≤C Rnr−α
λ λ−p .

Since rα
λ
∼λ−(p−1), we have r−α

λ
∼λp−1, giving

|{x ∈Ω : | f (x)| >λ}| ≤C Rnλ−1.

Using a more refined covering argument (see [4, Theorem 3.3]), one can show that

sup
λ>0

λ|{x ∈Ω : | f (x)| >λ}|1/p ≤C (Ω, f ) <∞,

hence f χΩ ∈ Lp,∞(Rn).
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Remark 2.2.3. The inclusion is only local. For example, the constant function f (x) = 1 belongs to

Sα for any α> 0, but f ∉ Lp,∞(Rn) for any p <∞, showing that the inclusion cannot be global.

Example 2.2.3. In Rn , consider

f (x) = |x|−βχB(0,1)(x), β> 0.

For α>β, we have f ∈ Sα(Rn). Its distribution function behaves like

|{x : | f (x)| >λ}| ∼λ−n/β,

so f ∈ Lp,∞
loc with p = n/β> n/α, showing the optimality of the exponent.

Example 2.2.4. Any bounded function with compact support belongs to Sα for all α> 0 and also to

Lp,∞ for all p <∞, consistent with the theorem.

Corollary 2.2.3. From Theorems 2.2.1 and 2.2.2, locally we have

Lp,∞(Rn) ⊂ Sn/p (Rn) ⊂ Lp,∞
loc (Rn),

so up to localization, Lp,∞ and Sn/p are equivalent.

Corollary 2.2.4. A function f belongs to Sα(Rn) if and only if for every bounded Ω⊂Rn ,

sup
λ>0

λ |{x ∈Ω : | f (x)| >λ}|α/n <∞.

Thus Sα consists exactly of functions locally in Ln/α,∞.

We have proved that every function in the Stummel class Sα belongs locally to the weak

Lebesgue space Ln/α,∞. Together with Theorem 2.2.1, this establishes a local equivalence be-

tween the weak Lebesgue space Lp,∞ and the Stummel class Sn/p . This deep connection high-

lights the fundamental role of the critical exponent α = n/p in bridging distributional properties

and weighted local integrability.

Generalized Stummel Classes

In this subsection, we extend the previous results to generalized Stummel classes Sp,Ψ, which

were introduced in Chapter 1 (Section 1.4). [15, 14, 16, 12]

Assumptions on Ψ To establish a connection with weak Lebesgue spaces, we need to impose

certain conditions on the weight function Ψ. The most natural assumption is that Ψ behaves like

a power function near zero:

Ψ(t ) ∼ tα as t → 0,

for some α> 0. More precisely, we assume:
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(H1) There exist constants C1,C2 > 0 and α> 0 such that for all sufficiently small t > 0,

C1tα ≤Ψ(t ) ≤C2tα.

(H2) The function Ψ is non-decreasing on (0,∞) (or at least on a neighborhood of 0).

These assumptions are satisfied by many interesting weights, including power functions, logarith-

mic perturbations, and more general regularly varying functions.

Proposition 2.2.1. Let Ψ satisfy (H1) with exponent α> 0. Then

Sp,Ψ(Rn) = Sp,α(Rn)

with equivalence of the Stummel moduli: there exist constants c,C > 0 such that for sufficiently

small r ,

c η f
p,α(r ) ≤ η f

p,Ψ(r ) ≤C η
f
p,α(r ).

Proof

From (H1), for sufficiently small t , we have C1tα ≤Ψ(t ) ≤C2tα. Then∫
|x−y |<r

| f (y)|pΨ(|x − y |)
|x − y |n d y ≤C2

∫
|x−y |<r

| f (y)|p
|x − y |n−α d y.

Taking the p-th root and then the supremum over x, we obtain

η
f
p,Ψ(r ) ≤C 1/p

2 η
f
p,α(r ).

Conversely,

η
f
p,Ψ(r ) ≥C 1/p

1 η
f
p,α(r ).

Thus the two moduli are equivalent, and consequently the spaces coincide. □

Theorem 2.2.3. Let 1 < p <∞ and let Ψ satisfy (H1) with exponent α= n/p. Then

Lp,∞(Rn) ⊂ Sp,Ψ(Rn).

Moreover, there exists a constant C =C (n, p,Ψ) > 0 such that for all r > 0,

η
f
p,Ψ(r ) ≤C ∥ f ∥Lp,∞ rα/p .

Theorem 2.2.4. Let 1 ≤ p <∞ and let Ψ satisfy (H1) with exponent α> 0. Set q = n/α. Then

Sp,Ψ(Rn) ⊂ Lq,∞
loc (Rn).
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Corollary 2.2.5. From Theorems 2.2.3 and 2.2.4, we obtain the following local equivalence:

Lp,∞(Rn) ⊂ Sp,Ψ(Rn) ⊂ Lp,∞
loc (Rn),

provided that Ψ(t ) ∼ t n/p near zero. Thus, up to localization, the generalized Stummel class Sp,Ψ

coincides with the weak Lebesgue space Lp,∞.

Example 2.2.5. Consider the weight function

Ψ(t ) = tα
(
log

1

t

)β
, t ∈ (0,1/2),

with α> 0 and β ∈R. Then Ψ satisfies (H1) with exponent α. The corresponding generalized Stum-

mel class Sp,Ψ is locally equivalent to Ln/α,∞. The logarithmic factor does not affect the exponent

but may affect the rate of convergence of the Stummel modulus.

Example 2.2.6. Let Ψ(t ) = 1 for all t > 0. Then

η
f
p,Ψ(r )p = sup

x

∫
|x−y |<r

| f (y)|p
|x − y |n d y.

This corresponds to a Morrey-type condition with α = 0, which is excluded from our analysis since

we require α> 0 for the connection with weak Lebesgue spaces.

Proposition 2.2.2. Let Ψ satisfy (H1) with exponent α. For any f ∈ Sp,Ψ(Rn) and any t > 0, define

ft (x) = f (t x). Then

η
ft
p,Ψ(r ) = t−α/pη

f
p,Ψ(tr ).

This scaling property is consistent with the scaling of weak Lebesgue spaces.

Remark 2.2.4. There is also a connection between generalized Stummel classes and Morrey spaces.

For certain weights, one can show that

M p
q (Rn) ⊂ Sp,Ψ(Rn)

when Ψ(t ) = t n/p and q is appropriately chosen. This relationship is explored in [12] and provides

another perspective on the inclusion results of this chapter.

Counterexamples Showing Sharpness

Example 2.2.7. Let 1 < p <∞ and take α< n/p. Consider the function

f (x) = |x|−n/pχB(0,1)(x).

We have f ∈ Lp,∞ (as shown in Example 2.2.8). However, for α< n/p,∫
|y |<r

| f (y)|
|y |n−αd y =

∫ r

0
ρ−n/pρα−1ρn−1dρ =

∫ r

0
ρα−n/p−1dρ.
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Since α−n/p −1 <−1, the integral diverges (as a power law). In fact, it diverges for any r > 0. Thus

η
f
α(r ) =∞ for all r > 0, so f ∉ Sα. This shows that the condition α= n/p is necessary: if α< n/p, the

inclusion Lp,∞ ⊂ Sα fails.

Example 2.2.8. Let 0 <α< n and take p = n/α. Consider the constant function f (x) = 1. As shown

in Example 2.2.10, f ∈ Sα but f ∉ Lp,∞(Rn). This shows that the inclusion Sα ⊂ Lp,∞ cannot be

global; it is only local.

Example 2.2.9. Let 0 <α< n and take q > n/α. Consider the function

f (x) = |x|−αχB(0,1)(x).

One can verify that f ∈ Sα (since the singularity is exactly critical). Its distribution function behaves

like

|{x : | f (x)| >λ}| ∼λ−n/α.

Thus f ∈ Ln/α,∞
loc but f ∉ Lq,∞

loc for any q > n/α. This shows that the exponent p = n/α in Theorem

2.2.2 is optimal: one cannot embed Sα into Lq,∞
loc with q > n/α.

Example 2.2.10. Let p = 1 and α= n. Consider the function

f (x) = |x|−nχB(0,1)(x).

Then f ∈ L1,∞(Rn) because |{x : | f (x)| >λ}| ∼λ−1. However,∫
|y |<r

| f (y)|
|y |n−n

d y =
∫
|y |<r

|y |−nd y =∞.

Thus f ∉ Sn . This shows that the inclusion L1,∞ ⊂ Sn fails. Hence the condition p > 1 is necessary in

Theorem 2.2.1.

Relationship between Morrey Spaces and Stummel Classes

The following result establishes a direct connection between Morrey spaces and Stummel classes,

which is one of the main objectives of this chapter.

Theorem 2.2.5.

Let 1 ≤ q ≤ p <∞ and let α= n

p
. If f ∈ M p

q (Rn), then f ∈ Sα(Rn).

Proof Since f ∈ M p
q (Rn), by Proposition 2.1.5 we have f ∈ Lp (Rn). Then by Corollary 2.2.1, we

obtain

Lp (Rn) ⊂ Lp,∞(Rn) ⊂ Sn/p (Rn).

Hence f ∈ Sn/p (Rn).
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Corollary 2.2.6. Combining the results of Sections 2.1 and 2.2, we obtain the following complete

chain of inclusions:

Lp (Rn) ⊂ M p
q (Rn) ⊂ Lp,∞(Rn) ⊂ Sn/p (Rn) ⊂ Lp,∞

loc (Rn),

for any 1 ≤ q ≤ p <∞.

Remark 2.2.5. This chain shows that:

1. Morrey spaces M p
q lie between Lp and weak Lp .

2. Weak Lebesgue spaces Lp,∞ are continuously embedded into Stummel classes Sn/p .

3. Stummel classes embed locally into weak Lebesgue spaces.

Thus, up to localization, the spaces Lp,∞ and Sn/p are equivalent, and Morrey spaces M p
q provide an

intermediate scale between Lp and Lp,∞.

Example 2.2.11. Let

f (x) = |x|−n/pχRn \B(0,1)(x).

Then:

• f ∈ M p
q (Rn) for any q ≤ p (by Example 2.1.4).

• f ∈ Sn/p (Rn) (by Theorem 2.2.1).
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Chapter 3

Applications to Partial Differential Equations

In this chapter, we apply the inclusion relations established in Chapter 2 to the study of par-

tial differential equations. We consider two main applications: the Dirichlet problem for ellip-

tic equations with data in Morrey spaces, and a semilinear elliptic equation with data in Stum-

mel classes. Using the Lax-Milgram lemma and the Stampacchia’s lemma, we prove the exis-

tence and uniqueness of weak solutions and discuss their regularity properties.[3],[4], [5], [7],[8],

[13],[17],[18] and [19].

3.1 Application in Morrey Spaces

In this section, we study the Dirichlet problem for a second-order elliptic operator in diver-

gence form. The main goal is to prove the existence and uniqueness of a weak solution using the

Lax-Milgram lemma and a weighted embedding theorem from Chapter 2.[3],[4],[5],[8],[17] and

[19].

Problem Statement

LetΩ⊂Rn (n ≥ 3) be a bounded open set with smooth boundary. Consider the following Dirichlet

problem:

−
n∑

i , j=1

∂

∂x j

(
ai j (x)

∂u

∂xi

)
= f (x), in Ω,

u = 0, on ∂Ω,

(3.5)

where:

• ai j :Ω→R are measurable functions for i , j = 1, . . . ,n;

• f ∈ L1,γ(Ω) with n −2 < γ< n.

Assumptions

We make the following assumptions on the coefficients and the data:
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(A1) Uniform Ellipticity:

There exists a constant ν> 0 such that for every ξ= (ξ1, . . . ,ξn) ∈Rn and for almost every x ∈Ω,

ν|ξ|2 ≤
n∑

i , j=1
ai j (x)ξiξ j ≤ ν−1|ξ|2. (3.6)

This condition ensures that the operator is uniformly elliptic, meaning that it behaves like the

Laplacian up to a constant factor.

(A2) Boundedness of the Coefficients:

We assume that ai j ∈ L∞(Ω) for all i , j = 1, . . . ,n. Consequently, ai j ∈ M p
q (Ω) for any 1 ≤ q ≤ p ≤∞

because L∞ is continuously embedded into Morrey spaces.

(A3) Regularity of the Data:

The function f belongs to the Morrey space L1,γ(Ω) with

n −2 < γ< n.

Recall from Chapter 1 that the Morrey space L1,γ(Ω) is defined as the set of functions f ∈ L1(Ω)

such that

∥ f ∥L1,γ = sup
x∈Ω,r>0

1

r γ

∫
Ω∩B(x,r )

| f (y)|d y <∞.

The condition n − 2 < γ < n is crucial. The lower bound γ > n − 2 comes from the fact that the

fundamental solution of the Laplacian in Rn has singularity |x|2−n , and its gradient behaves like

|x|1−n . The upper bound γ< n is necessary for the Morrey space to be non-trivial; when γ= n, the

space L1,n coincides with L∞, and when γ> n, the space is trivial (contains only the zero function).

Weak Formulation

To study problem (3.5) using functional analysis, we need to rewrite it in a weak (or variational)

form.

Definition 3.1.1. A function u ∈ H 1
0 (Ω) is called a weak solution of (3.5) if for every test function

φ ∈C∞
c (Ω),

∫
Ω

n∑
i , j=1

ai j (x)
∂u

∂xi
(x)

∂φ

∂x j
(x)d x =

∫
Ω

f (x)φ(x)d x. (3.8)

By density, it is sufficient to consider φ ∈ H 1
0 (Ω).

Now, define the bilinear form A : H 1
0 (Ω)×H 1

0 (Ω) →R by
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A(u,φ) =
∫
Ω

n∑
i , j=1

ai j (x)
∂u

∂xi
(x)

∂φ

∂x j
(x)d x. (3.9)

Define the linear functional F f : H 1
0 (Ω) →R by

F f (φ) =
∫
Ω

f (x)φ(x)d x. (3.10)

Then the weak formulation (3.8) can be written abstractly as:

Find u ∈ H 1
0 (Ω) such that A(u,φ) = F f (φ) ∀φ ∈ H 1

0 (Ω).

Properties of the Bilinear Form A

We now establish the two essential properties of the bilinear form A: continuity and coercivity.

Lemma 3.1.1. Continuity of A

The bilinear form A defined by (3.9) is continuous. More precisely, there exists a constant C1 > 0 such

that for all u,φ ∈ H 1
0 (Ω),

|A(u,φ)| ≤C1∥u∥H 1
0 (Ω)∥φ∥H 1

0 (Ω).

Proof.

Using the boundedness of the coefficients ai j , we have

|A(u,φ)| ≤
n∑

i , j=1
∥ai j∥L∞(Ω)

∫
Ω
|∂i u| |∂ jφ|d x.

By the Cauchy–Schwarz inequality,

∫
Ω
|∂i u| |∂ jφ|d x ≤ ∥∂i u∥L2(Ω)∥∂ jφ∥L2(Ω) ≤ ∥∇u∥L2(Ω)∥∇φ∥L2(Ω).

Therefore,

|A(u,φ)| ≤ M∥∇u∥L2(Ω)∥∇φ∥L2(Ω),

where

M =
n∑

i , j=1
∥ai j∥L∞(Ω).

Since ∥∇u∥L2(Ω) ≤ ∥u∥H 1
0 (Ω), we obtain

|A(u,φ)| ≤ M∥u∥H 1
0 (Ω)∥φ∥H 1

0 (Ω).

Thus, A is continuous with C1 = M . □
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Lemma 3.1.2. Coercivity of A

Under the ellipticity condition (3.6), the bilinear form A is coercive. More precisely, there exists a

constant α> 0 such that for all u ∈ H 1
0 (Ω),

A(u,u) ≥α∥u∥2
H 1

0 (Ω)
.

Proof.

From the ellipticity condition (3.6), we have

A(u,u) =
∫
Ω

n∑
i , j=1

ai j (x)∂i u∂ j u d x ≥ ν
∫
Ω
|∇u|2 d x.

by the Poincaré inequality , there exists a constant CP > 0 such that ,

∥u∥L2(Ω) ≤CP∥∇u∥L2(Ω).

Consequently,

∥u∥2
H 1

0 (Ω)
= ∥u∥2

L2(Ω) +∥∇u∥2
L2(Ω) ≤ (C 2

P +1)∥∇u∥2
L2(Ω).

This implies

∥∇u∥2
L2(Ω) ≥

1

C 2
P +1

∥u∥2
H 1

0 (Ω)
.

Substituting into the ellipticity estimate, we obtain

A(u,u) ≥ ν∥∇u∥2
L2(Ω) ≥

ν

C 2
P +1

∥u∥2
H 1

0 (Ω)
.

Thus, A is coercive with α= ν/(C 2
P +1). □

Continuity of the Linear Functional F f

Before applying the Lax-Milgram lemma, we need to show that the linear functional F f is contin-

uous on H 1
0 (Ω). This is where the Morrey space assumption on f plays a crucial role.

Lemma 3.1.3. Continuity of F f .

Under assumption (A3) ( f ∈ L1,γ(Ω) with n −2 < γ< n), the linear functional F f defined by (3.10) is

continuous on H 1
0 (Ω). That is, there exists a constant C2 > 0 such that for all φ ∈ H 1

0 (Ω),

|F f (φ)| ≤C2∥φ∥H 1
0 (Ω).

Proof.

This result follows from the weighted embedding theorem (Theorem 3.2.4), which was proved in

Chapter 2. Indeed, for any φ ∈ H 1
0 (Ω),
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|F f (φ)| =
∣∣∣∣∫
Ω

f (x)φ(x)d x

∣∣∣∣≤ ∫
Ω
| f (x)φ(x)|d x.

By Theorem 3.2.4, there exists a constant C =C (n,γ,Ω) such that

∫
Ω
| f φ|d x ≤C∥ f ∥L1,γ(Ω)∥φ∥H 1

0 (Ω).

Therefore,

|F f (φ)| ≤C∥ f ∥L1,γ(Ω)∥φ∥H 1
0 (Ω).

Thus, F f is continuous with C2 =C∥ f ∥L1,γ(Ω). □

Remark 3.1.1. The weighted embedding theorem (Theorem 3.2.4) is a consequence of the inclusion

relations established in Chapter 2. Specifically, from Chapter 2 we have the chain

L1,γ(Ω) ⊂ M p
q (Ω) ⊂ Lp,∞(Ω) ⊂ Sn/p (Ω),

and the condition n−2 < γ< n ensures that the weighted embedding holds. This demonstrates how

the abstract function space theory of Chapter 2 is applied to concrete PDE problems.

Theorem 3.1.1. (Existence and Uniqueness) Under assumptions (A1), (A2), and (A3), problem (3.5)

admits a unique weak solution u ∈ H 1
0 (Ω).

Proof. We have established that:

1. The bilinear form A is continuous (Lemma 3.1.1) and coercive (Lemma 3.1.2) on the Hilbert

space H = H 1
0 (Ω).

2. The linear functional F f is continuous on H (Lemma 3.1.3).

Therefore, all the hypotheses of the Lax-Milgram lemma are satisfied. Applying the Lax-Milgram

lemma, we conclude that there exists a unique element u ∈ H such that

A(u,φ) = F f (φ) ∀φ ∈ H .

By Definition 3.1.1, this u is the unique weak solution of problem (3.5). ■

A Concrete Example

Example 3.1.1. Let Ω= B(0,1) ⊂R3 be the unit ball. Define

f (x) = |x|−1/2, x ∈Ω.
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We verify that f satisfies the Morrey space condition. For n = 3, condition (3.8) becomes 1 < γ < 3.

Choose γ= 5/2. Then for x = 0 and r ≤ 1,∫
B(0,r )

| f (y)|d y =
∫

B(0,r )
|y |−1/2 d y = 4π

∫ r

0
ρ−1/2ρ2 dρ = 4π

∫ r

0
ρ3/2 dρ = 4π · 2

5
r 5/2 = 8π

5
r 5/2.

Thus,
1

r 5/2

∫
B(0,r )

| f (y)|d y = 8π

5
<∞.

For other centers x and radii r , the integral is even smaller. Hence f ∈ L1,5/2(Ω) with ∥ f ∥L1,5/2 = 8π/5.

Take the coefficients ai j to be the identity matrix (so the operator is the Laplacian). Then problem

(3.5) becomes

−∆u = |x|−1/2 in B(0,1), u = 0 on ∂B(0,1).

By Theorem 3.3.1, there exists a unique weak solution u ∈ H 1
0 (B(0,1)). This solution is more regular

than the classical L2 theory would suggest, because the right-hand side f is not in L2(B(0,1)) (since∫
B(0,1) |x|−1 d x =∞), but it belongs to the Morrey space L1,5/2.

3.2 Application in Stummel Classes

In this section, we study a semilinear elliptic equation of the form

−div(A(x)∇u)+ g (u) = f .

The main goal is to prove the existence and uniqueness of a weak solution using Stampacchia’s

lemma and a weighted embedding theorem from Chapter 2. [7, 13, 18]

Problem Statement

Let Ω⊂Rn (n ≥ 3) be a bounded open set with smooth boundary. Consider the following semilin-

ear elliptic equation: {
−div(A(x)∇u)+ g (u) = f , in Ω,

u = 0, on ∂Ω,
(3.20)

where:

• A(x) is an n ×n symmetric matrix,

• g :R→R is a Lipschitz and nondecreasing function,

• f is a given function belonging to the Stummel class S̃α(Ω) for α= 1 or 2.

50



Assumptions

We make the following assumptions on the coefficients and the data:

(B1) Uniform Ellipticity and Boundedness of A

There exist constants ν> 0 and κ> 0 such that for every

ξ= (ξ1, . . . ,ξn) ∈Rn

and for almost every x ∈Ω,

ν|ξ|2 ≤ A(x)ξ ·ξ≤κ|ξ|2.

(B2) Lipschitz and Monotonicity of g

There exists a constant K0 > 0 such that for all

s, t ∈R,

|g (s)− g (t )| ≤ K0|s − t |, (g (s)− g (t ))(s − t ) ≥ 0.

For simplicity, we assume g (0) = 0.

(B3) The Data Belongs to a Stummel Class

The function f belongs to the Stummel class S̃α(Ω) for α= 1 or 2, where

S̃α(Ω) =
{

f ∈ L1(Ω) : η f
α(r ) = sup

x∈Ω

∫
Ω(x,r )

| f (y)|
|x − y |n−α d y <∞

}
.

Weak Formulation

Definition 3.2.1. A function u ∈ H 1
0 (Ω) is called a weak solution of (3.20) if for every test function

φ ∈C∞
c (Ω), ∫

Ω
A(x)∇u ·∇φd x +

∫
Ω

g (u)φd x =
∫
Ω

f φd x.

Define the bilinear form A : H 1
0 (Ω)×H 1

0 (Ω) →R by

A(u,φ) =
∫
Ω

A(x)∇u ·∇φd x +
∫
Ω

g (u)φd x. (3.25)

Define the linear functional F f : H 1
0 (Ω) →R by

F f (φ) =
∫
Ω

f (x)φ(x)d x.

Then the weak formulation (3.24) can be written as:

Find u ∈ H 1
0 (Ω) such that A(u,φ) = F f (φ) ∀φ ∈ H 1

0 (Ω).
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Weighted Estimation for Stummel Functions

The following lemma is crucial for the continuity of the linear functional F f . It is a direct conse-

quence of the inclusion

Sα ⊂ L
n
α ,∞
loc

proved in Chapter 2 (Theorem 2.2.2).

Lemma 3.2.1. Let f ∈ S̃α(Ω) for α= 1 or 2.

There exists a constant C =C (n,α,Ω) > 0 such that for every φ ∈ H 1
0 (Ω),

∫
Ω
| f (x)φ(x)|d x ≤C∥ f ∥S̃α(Ω)∥φ∥H 1

0 (Ω).

Proof:

We use the sub-representation formula: |φ(x)| ≤C
∫
Ω

|∇φ(y)|
|x−y |n−1 d y.

By Fubini’s theorem, ∫
Ω
| f φ|d x ≤C

∫
Ω
|∇φ(y)|

(∫
Ω

| f (x)|
|x − y |n−1

d x

)
d y.

• Case α= 1: The inner integral is bounded by η f
1 (l ). Then, by Hölder’s inequality,∫

Ω
| f φ|d x ≤Cη f

1 (l )∥∇φ∥L2(Ω) ≤C∥φ∥H 1
0 (Ω).

• Caseα= 2: We apply Cauchy–Schwarz twice and use the definition of the Stummel modulus

to estimate the second integral. This yields∫
Ω
| f φ|d x ≤C

(
η

f
2 (l )∥ f ∥L1(Ω)

)1/2 ∥φ∥H 1
0 (Ω).

Thus, in both cases, ∫
Ω
| f φ|d x ≤C∥φ∥H 1

0 (Ω). □

Properties of the Bilinear Form A

Lemma 3.2.2. (Continuity of A).

Under assumptions (B1) and (B2), the bilinear form A defined by (3.25) is continuous and satisfies

the hypotheses of Stampacchia’s lemma.

More precisely, there exist constants K1,K2 > 0 such that for all u, v,φ ∈ H 1
0 (Ω),

|A(u,φ)− A(v,φ)| ≤ K1∥u − v∥H 1
0 (Ω)∥φ∥H 1

0 (Ω). (3.28)

A(u,u − v)− A(v,u − v) ≥ K2∥u − v∥2
H 1

0 (Ω)
. (3.29)
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Proof The bilinear form A consists of two parts: the elliptic term
∫

A(x)∇u ·∇φd x and the nonlin-

ear term
∫

g (u)φd x, which will be estimated separately.

Proof of (3.28):

A(u,φ)− A(v,φ) =
∫
Ω

A∇(u − v) ·∇φ+
∫
Ω

(g (u)− g (v))φ.

• First term: By the boundedness of A (|A| ≤ κ) and Cauchy–Schwarz inequality,∣∣∣∣∫
Ω

A∇(u − v) ·∇φ
∣∣∣∣≤ κ∥∇(u − v)∥L2(Ω)∥∇φ∥L2(Ω).

• Second term: By the Lipschitz property of g (|g (s)−g (t )| ≤ K0|s− t |) and Hölder’s inequality,∣∣∣∣∫
Ω

(g (u)− g (v))φ

∣∣∣∣≤ K0∥u − v∥L2(Ω)∥φ∥L2(Ω).

Since

∥∇w∥L2(Ω) ≤ ∥w∥H 1
0 (Ω), ∥w∥L2(Ω) ≤ ∥w∥H 1

0 (Ω),

we obtain

|A(u,φ)− A(v,φ)| ≤ (κ+K0)∥u − v∥H 1
0 (Ω) ∥φ∥H 1

0 (Ω).

Thus, K1 = κ+K0. □
Proof of (3.29): Let w = u − v . Then

A(u, w)− A(v, w) =
∫
Ω

A∇w ·∇w +
∫
Ω

(g (u)− g (v)) w.

• First term: By ellipticity (Aξ ·ξ≥ ν|ξ|2),∫
Ω

A∇w ·∇w ≥ ν∥∇w∥2
L2(Ω).

• Second term: By monotonicity of g (g (s)− g (t ))(s − t ) ≥ 0,∫
Ω

(g (u)− g (v)) w ≥ 0.

Thus,

A(u, w)− A(v, w) ≥ ν∥∇w∥2
L2(Ω).

By Poincaré’s inequality,

∥∇w∥2
L2(Ω) ≥

1

C 2
P +1

∥w∥2.

Hence,

A(u, w)− A(v, w) ≥ ν

C 2
P +1

∥u − v∥2.

Thus, K2 = ν
C 2

P+1
. □
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Remark 3.2.1. The weighted estimation (Lemma 3.2.1) is a direct consequence of the inclusion

Sα ⊂ Ln/α,∞
loc ,

established in Theorem 2.2.2 of Chapter 2. This inclusion allows us to treat the Stummel data f

as a locally weak Lebesgue function, enabling the use of standard Sobolev estimates. Moreover, the

inclusion

Lp,∞ ⊂ Sn/p

from Theorem 2.2.1 provides the theoretical foundation for the regularity of such data.

Theorem 3.2.1. Under assumptions (B1), (B2), and (B3), problem (3.20) admits a unique weak

solution u ∈ H 1
0 (Ω).

Proof. We have established that:

1. The bilinear form A satisfies the hypotheses of Stampacchia’s lemma (Lemma 3.2.2).

2. The linear functional F f is continuous on H 1
0 (Ω) by Lemma 3.2.1.

Therefore, applying Stampacchia’s lemma (Lemma 1.6.2), we conclude that there exists a unique

u ∈ H 1
0 (Ω) such that:

A(u,φ) = F f (φ) ∀φ ∈ H 1
0 (Ω).

By Definition 3.2.1, this u is the unique weak solution of (3.20).

A Concrete Example

Example 3.2.1. Let Ω= B(0,1) ⊂R3 be the unit ball. Define:

• A(x) = I (the identity matrix), so that −div(A∇u) =−∆u.

• g (u) = u+ = max(u,0), which is Lipschitz and nondecreasing.

• f (x) = 1
|x| , the Coulomb potential.

We verify that f ∈ S̃2(Ω). Indeed, for x = 0 and r ≤ 1,∫
|y |<r

| f (y)|
|y |3−2

d y =
∫
|y |<r

1

|y | · |y | d y

=
∫
|y |<r

1

|y |2 d y

= 4π
∫ r

0
dρ

= 4πr → 0 as r → 0.
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Thus, problem (3.20) becomes: −∆u +u+ = 1

|x| , in B(0,1),

u = 0, on ∂B(0,1).

By Theorem 3.2.1, there exists a unique weak solution

u ∈ H 1
0 (B(0,1)).
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Conclusion

This work provided a systematic study of inclusion relations between Morrey spaces M p
q ,

weak Lebesgue spaces Lp,∞, and Stummel classes Sα. We established the monotonicity of Morrey

spaces with respect to both parameters, the equality M p
p = Lp , and the strict chain Lp ⊂ M p

q ⊂
Lq

loc for q < p. Moreover, we proved the global embedding Lp,∞ ⊂ Sn/p and the local embedding

Sα ⊂ Ln/α,∞
loc , leading to the complete inclusion chain

Lp ⊂ M p
q ⊂ Lp,∞ ⊂ Sn/p ⊂ Lp,∞

loc .

These theoretical results were successfully applied to partial differential equations. First, for the

Dirichlet problem −∂ j (ai j∂i u) = f with data f in the Morrey space L1,γ(Ω), where n −2 < γ< n,

we proved the existence and uniqueness of a weak solution using the Lax–Milgram lemma and a

weighted embedding theorem from Chapter 2 [17].

Second, following Tumalun [18], we studied the semilinear elliptic equation−div(A(x)∇u)+g (u) =
f with data f in the Stummel class S̃α(Ω). Using Stampacchia’s lemma and a weighted embedding

theorem (which relies on the inclusion Sα ⊂ Ln/α,∞
loc from Chapter 2), we proved the existence and

uniqueness of a weak solution, generalizing previous works where f belongs to Morrey spaces or

where g = 0.

For future research, promising directions include extending these results to nonlinear and

parabolic equations, systems of partial differential equations, numerical methods adapted to Morrey–

Stummel regularity, and investigating the strong unique continuation property for operators with

coefficients or potentials in these spaces.
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Abstract

This memory deals with the study of the inclusion relation between Morrey spaces and Stummel

classes, as well as showing that the Stummel class is larger than the weak Lebesgue space, which in

turn is larger than the Lebesgue space. Moreover, the Stummel class has applications in studying

the regularity properties of solutions to certain partial differential equations.

Keywords: Morrey spaces, weak Lebesgue spaces, Stummel classes, partial differential equations,

regularity of solutions.

Résumé

Ce mémoire traite l’étude de la relation d’inclusion entre les espaces de Morrey et les classes de

Stummel. Nous étudions également que la classe de Stummel est plus grande que l’espace de

Lebesgue faible, lequel est lui-même plus grand que l’espace de Lebesgue. En outre, cette classe

de Stummel possède des applications dans l’étude des propriétés de régularité des solutions de

certaines équations aux dérivées partielles.

Mots-clés : Espaces de Morrey, espaces de Lebesgue faibles, classes de Stummel, équations aux

dérivées partielles, régularité des solutions.
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