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INTRODUCTION

The theory of perturbations is an active topic of asymptotic analysis that has an increasing
interest in applied mathematics. It deals with mathematical models with some parameters that
can be considered as “small” ones when compared to the other parameters involved in the
model. If the model is difficult to solve by some analytical or numerical approach, scientists
tend to neglect these small parameters to obtain a new model that is easier to solve. This also
can go in the other sense. For instance, if the model is some partial differential equation PDE,,
then adding some small terms (depending on a parameter of perturbation ¢) to this equation,
we obtain a perturbed equation PDE;. If we can solve this later equation for each ewe have a
sequence of solution depending on ¢. Then, passing to the limit ¢ — 0, we may obtain a solution
for the original PDEy. This procedure is frequently called the regularization method.

In this thesis, we have more particularly in mind anisotropic cases of singular perturbations.
This technique allows us to show the existence of solutions for some non-standard integro-
differential problems of non-local type, this method developed in a series of recent works
[2, 9, 10, 13-15, 20] for different types of equations (elliptic, parabolic, hyperbolic...).

To simplify the presentation and explain more clearly the main ideas and methods used in this

thesis, we consider the following model problem in the unit square ); := (0,1) x (0,1),

1
—0yx, (a(x)0y,u) =g (/0 h(x1) udx1> +f(x), inQ)y,
(1)
u(x1,0) =u(xy,1) =0, forae x; € (0,1)
where x := (x1,x2), g is a nonlinear function, & and a are positive functions, with a > « for some
constant & > 0. First, we note that due to the presence of the non-local term that involves the
values of u on each segment (0,1) x {x»}, this problem can not be considered as a family of
elliptic problems parametrized by x;. The above problem, as well as the one arising from the
time-dependent diffusion equation
du 1
5= 0w (a(x)au) =g (| (x)udxi) +f(x), 120, (2)
involve a non-standard type of equations with second-order differentiation only in some of
the variables (like dy, (a (x) dx,u) in (2)) and a non-local term given by a partial integral on the
other domain variables. Such problems appear in certain areas of physics and engineering. For

instance, an equation similar to (2) appears in the context of time evolution of some populations



INTRODUCTION

of nonlinearly coupled random oscillators, described by a model proposed by Kuramoto and
Sakaguchi, see [34, equations (11) and (21)] and [5, 27—29, 35]. In neutron transport theory,
the authors of [12] applied the so-called Vladimiriov method (see also [30, 37]) to Boltzmann’s
transport equation. The produced model is an integro-differential problem that is close to (1).

To illustrate the type of problems dealt with in this work, let us take

g(s)=—|s|" s, r>1.

Then, a weak solution for Problem (1) is a function u satisfying

1 =1 .
/ a0y, U0y, vdx + (/ hudxy / hudx1> vdx:/ fodx, (3)
O O 0 0 M

for every v € D (();). To establish some a priori estimates for 1, and due to the presence of the

non-local term fol hudx1, it will be more convenient to take hv as a test function (rather than v) in
the weak formulation (3). By analogy to Kufner and Rékosnik [26], we say that u is an “h—weak

solution” to (1) whenever u satisfies

1 1 =1 1
/ ahaxZuavadx+/ (/ hudxq / hudx1/ hvdx1> dxy :/ fohdx, (4)
o 0 0 0 0 o

1
for every v € D (). The fact that / hudx; depends only on x; is taken into account.
0

The lack of differentiation in the direction x; in the differential operator made Problem (1) less
familiar. To overcome this inconvenience and profit from the theory of elliptic operators, we

employ an anisotropic perturbation in the x; —direction. Thus, we consider

2 1
_783251 Ue — axz (aaxzus) + ’/O huedxq

r—1 1
7 /0 huedxy = f  in (),

(5)
U, =0 on 9()q,

where € > 0 is a small parameter. Of course, the produced problem is elliptic and the function u,

should have more regularity in the x; —direction. The corresponding integral equation is given

by

/ 828xlugaxlv + ahdy, U0y, vdx
o)

1
1 1
+/ ‘/ huedxq
0 0

Dividing by h in the term of perturbation —%8)2(  Ue ensures the symmetry of the bilinear form

r—1 1 1
/ hitedx: / hvdx1> dxs = / hfvdx, Yo € D (Q4). (6)
0 0 M

in the h—weak formulation of (5). This allows us to use a variational approach that is more
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adapted to the nonlinearities considered here (see for instance [8, 23, 32]). Therefore, we examine

the existence of solutions u, to (6) as critical points for the functional

/ hodx,

Besides the existence and uniqueness of the solution, our main interest is to study the asymptotic

r+1

I (o) - 2/ 2 [0y, 0 + ah |90 dx + — dx, — [ fohdx.
1

behaviour for anisotropic singular perturbed problems, as ¢ — 0. Roughly speaking, we will

show the convergences
ue — ug and J¢ (ue) — J° (up), as € — 0

where 1 is an h—weak solution to Problem (1) that is also a critical point to the functional

/ hodxq

The problems treated in this work are multidimensional and involve more general nonlinearities,

r+1

1 (o) : 2/ ah 9y, 0 dx + —— dxs— [ fohdx,
1

as we will see in the rest. Let () = w; X wy C R™ x R™, where w 1 and w; be two open bounded
subsets and 7y, ny are two positive integers. In the first part of this thesis, we consider the

semilinear integro-differential problem

=V, (A(x) Vxu) = g(I(u)) + f in O,

u(Xy, ) =0, forae. Xj € wq on dwy,

(7)

where x := (X, X5) € R" x R", V. is the partial gradient in the X;—direction and A is an
ny X np matrix that is symmetric, positive definite with bounded coefficients. The non-local term

| is defined as

I(u) == /w h(X)u(Xs, Xo)dX0 8)

Although the function & does not appear in the main operator in (7), it will play a weight
role. This forces the study to be established in the framework of weighted Sobolev spaces.
Furthermore, the function 1 may have zeros on the boundary of wj, which makes the functional
setting more delicate.

As it is illustrated in the model problem (5), the method of anisotropic singular perturbations
will be applied by approximating the first equation in (7) by the following one

£2

_ﬁAXlus =V, (A(x) Vxyue) = g(I(ue)) + f in Q, 9)
coupled with some boundary conditions. The results of this part have appeared in [38].
In the second part, we deal with quasilinear problems such as
—Vx, - (b(x)a (|Vx,ul) Vxu) = g(I(u)) + f in Q,
u(Xy,-)=0, forae. X; € w; on dwy, o
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where b (x) is a measurable, bounded and positive a.e. in Q). The real-valued function a is

continuous and behaves like t#~2 for p > 1. This time, the perturbed problem is given by

o (52 )

-V, (bW (‘( R )D Vw) =g (I(ue) + fin O, (11)

coupled with some boundary conditions. We have to mention that the perturbed and the
unperturbed part of the differential operator are not separated as it was the case in (9). By
consequence, the adequate assumptions and functional setting for the quasilinear case are not
straightforward generalizations of those considered in the semilinear case. The functional setting
and the assumptions on the real-valued functions a,b, f, ¢ and h will be further stipulated in
both cases.

The authors in [2, 10, 13-15, 20] considered anisotropic singular perturbations for different
types of equations and variational inequalities. This technique was reused in [11, 13, 21] as a
method to show the existence of solutions for some degenerate non-local semilinear problems. By
adding perturbation terms involving a small parameter ¢, the problem becomes non-degenerate
and the existence of weak solutions, denoted by u,, can be obtained by the Schauder fixed point
theorem. Then, some a priori estimates independent of ¢ are established for the solutions u, and,
letting ¢ tend to 0, it is shown that the limit is a weak solution for the unperturbed problem.
This technique of anisotropic singular perturbation was applied earlier in [1, 28, 29] to show the
existence of solutions for certain nonlinear integro-parabolic equations (of the Fokker-Planck
type).

In the work at hands, we deal with Problems (9), (11) when g is a nonlinearity that can be
handeled by a different method as the variational approach. This type of nonlinearity was not
considered in the above cited works where the problems are only sublinear. We also appeal to
different techniques as convexity and compactness arguments to perform the passage to the
limit. Since Problems (9), (11) are strongly related to the eigenvalue problem in the framework
of Fredholm theory, we also investigated the associated non-local eigenvalue problem. This
was indispensable since the principal eigenvalue (called here [ —eigenvalue) is involved in the
assumptions that ensure the existence of solutions for the problem considered in the last section.

After the present introduction, we divided this thesis into two parts, the first part includes four
chapters and the second one has three chapters. Part 1, titled Asymptotic behaviour and existence
result of some non-local semilinear elliptic problems. In chapter 1, we present some elementary notions
of weighted Sobolev spaces and introduce an anisotropic type of these spaces, as well as some

C!—functional involving the non-local term I(u). In chapter 2, we show the existence of solutions
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(denoted by u,) for the perturbed problem (9) under some upper boundedness assumption on
the nonlinear term. Then, we investigate the asymptotic behaviour of solutions, as well as of the
related functionals, when ¢ — 0. By passage to the limit, we obtain the existence of solutions
to the original problem (7) as limits of u.. Chapter 3 is devoted to the non-local eigenvalue
problem, this was indispensable since the smallest eigenvalue (denoted by A! ) is involved in the
assumptions that ensure the existence of solutions for the semilinear problems considered in this
chapter and the two following ones. As a first application of smallest eigenvalue A!, we show

the existence of solutions for Problem (9) when
g(X2,5) = —As—als|"'s, witha > 0,and A < —AL.

Then, we investigate the asymptotic behaviour of the solutions as € — 0. In chapter 4, we review
the same issues considered in Chapter 2 for Problem (9) under a weaker upper boundedness
assumption on the nonlinear term combined with some compactness assumptions. Then, we

consider the same issues of chapter 3 for
9(Xa,8) = —As+a ]s]’fl s, witha >0, and A > —/\g.

The solutions are obtained by constrained minimization this time.

The second part is titled Asymptotic behaviour and existence result of some non-local quasilinear
elliptic problems. Due to the quasilinear type of the problems considered in this part, the functional
setting is updated in Chapter 5. In chapter 6, we deal with a quasilinear problem with some
growth condition on the non-local terms. Chapter 7 is devoted to a quasilinear eigenvalue
problem, then we revisit the problem of Chapter 6 with a weaker growth condition combined
with a compactness assumption. Finally, an appendix and a full list of references are included at

the end of the manuscript.



Part 1

ASYMPTOTIC BEHAVIOUR AND EXISTENCE RESULTS FOR SOME
NON-LOCAL SEMILINEAR ELLIPTIC PROBLEMS



PRELIMINARIES AND FUNCTIONAL SETTING

In this chapter, we present some results of functional analysis used throughout this part. We
recall some known facts on weighted Sobolev space and define some anisotropic type of these

spaces. Then, setting the problem, as well as some C!—functional involving the non-local term.

1.1 LEBESGUE AND SOBOLEV SPACES WITH WEIGHTS

We recall here some classical definitions and theorems on weighted Sobolev spaces. The proofs

can be found in [24, 25]

Definition 1.1 Let Q) be an open set in R". We denote by 0(Q)) the set of all measurable, a.e. in )
positive and finite function p = p (x), x € Q. Elements of 0(Q)) will be called weight functions.

Definition 1.2 Let 1 < p < oo, we denote by LF (Q), p) the set of all measurable functions on Q) for

which the norm

1/p
0 ol = ool ) (1.1

is finite.

Theorem 1.1 The space L? (Q), p) equipped with the norm (1.1) is a Banach space.

Definition 1.3 Let p > 1, we shall say that a weight function p €0(Q) satisfies condition B, (Q) and
write: p € B, (Q) if
prt e L1 (). (1.2)
Theorem 1.2 Suppose a weight function p € B, (Q)) and Q a compact set in R", where Q C Q). Then
L (Q,p) — L' (Q).

(Here — stands for the continuous imbedding) .



1.1 LEBESGUE AND SOBOLEV SPACES WITH WEIGHTS

Remark 1.1 From the theorem above, we have LP (Q), p) < L}

regular distribution from D' (Q) with a function from L} _(Q) we conclude that

(Q)) . Using the usual identification of a

LV (Q,p) C Ljye () € D'(QY), (1.3)
for p € B, (Q)). Therefore, for u € L¥ (Q, p), the distributional derivatives D*u of u have a sense.

Definition 1.4 Let a be a multi-indices of length |a| < 1and 1 < p < oo. Suppose A1 be a nonempty
set of multi-indices and let A = {©} U Ay with © = (0,0...,0) . Denote

P(Q) = {p, (x), x € O}

with p,, (x) € B, (Q). We define the Sobolev space with weight W'¥ (Q, 0) as the set of all functions u €
L (Q,p.) N L}, () for which the weak derivatives D*u with & € Ay belong to L (Q),p,) N L}, (Q).

loc loc

The expression

Z/ww%w> (1.4)

laleA

Hvaln Qp (

is a norm on the linear space W'¥ (0, 0) .

Remark 1.2 i) If certain of the weight functions p, € By, (Q)), then the assumption D*u € LP (), p,) N
lJl

loc

(Q) in Definition 1.4 can be replaced in view of (1.3) by the assumption
D*u e L¥ (Q,p,).

ii) The classical Sobolev space WP (Q)) , which represent a special case of weighted spaces WP (Q), 0)
they result from setting

p, =1for |a] <1.

The norm of a function u € WY¥ (Q)) will be denoted by

sy = (z [t |de)
la|<1

Theorem 1.3 Let p, € B, (Q) for all « € A. Then W% (Q, 0) is a Banach space if equipped with the
norm (1.4).

The condition p, € B, (Q2) in Theorem 1.3 is essential. Since when we take u, be a Cauchy
sequence in W'# (Q), 0), then D*u,, is a Cauchy sequence in L? (Q), p, ) for & € A and by Theorem

1.1 we can argue as the proof in [25, Theorem 1.11].
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Definition 1.5 Let p, (x) € B, (Q)) and in addition

p, € L, (Q) fora € A. (1.5)
Then we define
CP (Q) =W,” (,0). (1.6)

the closure being taken with respect to the norm (1.4). It is again a Banach space if additionally (1.2) is

satisfied.

Remark 1.3 Condition (1.5) is not only sufficient but also necessary for (1.6) (see [25, Lemma 4.4]).

1.2 ANISOTROPIC WEIGHTED SOBOLEV-TYPE SPACES

Let w1 and w; be two open bounded subsets of R"! (resp. R"2), where n; and n; are two positive

integers. We set
O = wy X wy,

and split the components of a point x € R™ " into the n; first components and the 7, last ones,
ie.

x := (X1, Xz) where X7 := (x1,--- ,x,,) and Xp:= (x;,--~ ,x;z) .
With this notation, we set

T T 1 9
Vxu:= (E)x]u,- - ,anluz) , Vx,u:= (E)x;u,- - ,ax;2u> and Ay, = Zaxi.
i=1
Let h be a weight function on w;, satisfying

hWlell, (w)andhe L' (wy), h>0 ae. inw. (1.7)

Then, with a special choice of the family p,, we can consider the following weighted anisotropic

Sobolev space
V(Q,h):={veL*(Qh)||Vxo| € L* (L h)}.

The above space is equipped with the norm

1/2
v (HUH%Z(Q,h) + HVszHiz(Q,h)) : (1.8)

For a weight function k satisfying (1.7), V (€}, h) is a Hilbert space. We will denote

Vo (O, h) :=D(Q), the closure with respect to the norm (1.8). (1.9)
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For convenience, this space will be equipped by the norm
0= [|[Vx,0[| 2 )/

which is equivalent to the norm (1.8), thanks to Poincaré’s inequality in the X,—direction.

We also consider the weighted Sobolev space
W (Q,h):={veL*(Qh)||Vxo| € L*(Q) and |Vx,0| € L*(Q,h)},
equipped with the norm (without weight for V)
v ([0l + 16950020 + IVt ) - (1.10)

The parameter ¢ is introduced in the norm for convenience. We can easily see that if u is in
W (Q, h), it is also in L2 (Q)). Under the assumption (1.7), W (Q, h) is also a Hilbert space and
clearly W (Q,h) C V (Q), h). Then, we define

Wo (O3, h) :=D (Q), the closure with respect to the norm (1.10). (1.11)
Using Poincaré’s inequality, the application
2 2 172
v (2 1Vx0lin) + 1 Vx2lEqn) (1.12)

is a norm for W, (), h) equivalent to the norm (1.10).

Due to the presence of the non-local term, we also consider the space
LF(Q) := {v measurable in Q) | I (v) € LF (w3)}, (1.13)
equipped with the semi-norm v — |1 (v)|| 15 4, -
Remark 1.4 By Holder’s inequality we have

P
-1
1 (u)]P = ‘/w hudX;| < |\h|\§1(wl)/w h|ulP dX,
1 1

for p > 1. Then, integrating on wy, we get

p—1

12 ppeon) < W F oy Nl o (1.14)

and thus LP (Q),h) C LP (Q)).

Following the usual notation, we set

2% 21,/ (1’12—2) ifnp, >2
' to0 if ny < 2.

Note that 2* is related to 1y, the dimension of wy, and not to n; + n2. The next compactness

lemma is very useful to carry out some passage to the limit in the sequel.

10



1.3 PROBLEMS SETTING AND h—WEAK FORMULATIONS

Lemma 1.1 Let w, be a sequence such that w, — w in Vy (O, h). Then, we have

L (w,) = 1 (w) in H} (wy). (1.15)
If 1 < p < 2*, we moreover have the strong convergence

I (wy) = 1 (w) in LP (wy) . (1.16)

Proof. Using Remark 1.4 and the fact that / is independent of X, we derive for p = 2 and
v E V) (Q, h),

1y
IV @y = 1 [, 1@s0) % < Wil [, 1193600
Recalling that u — || Vx,ul| 2, defines a norm on H} (ws), then

1
1) 30y < 112 o, 175,220 - (1.17)

Consequently, the linear operator v — [ (v) from Vy (), h) into H} (w5) is continuous and the

image of the weakly converging sequence (wj,), remains weakly converging. This shows (1.15).

If 1 < p < 2%, the injection H} (w2) C L? (w;) is compact and (1.16) follows. =

Remark 1.5

i) We can replace Vy (Q), h) in Lemma 1.1 by a Banach space V such that V. C Vy (Q, h) with continuous
injection. In the sequel, we often take V.= Wy (O3, h) .

ii) Since h € L' (wy), if a function v € H} (wy) then we have also v € V (Q, h) and

1/2
HVXzUHLZ(Q,h) = ||h||L{(wl) HVXzUHLZ(wz)-

1.3 PROBLEMS SETTING AND h—WEAK FORMULATIONS

Using the spaces defined in the precedent section, we give a convenient weak formulation for

problem (7) and its perturbed version.

1.3.1  The unperturbed problem

Let r > 1 and consider the space V, (Q, 1) N L (Q)) equipped with the norm

U= HVszHLZ(Q,h) + |1 (U)Hml(wz)-

11



1.3 PROBLEMS SETTING AND h—WEAK FORMULATIONS

We can show that V) (Q,h) € (Vo (Q, k)N L1 (Q)) and L+ (w2) € (Vo (Q,h) N L7+ (Q))

with continuous injections (see Appendix (A.3), hence
. /
Vi (Qh) + L7 (ws) C (vo (Q,h)N Lt (Q)) . (1.18)
The space Vj (Q, h) + L+ (w,) is equipped with the norm
. r4l
v Uzlz]r}ivz {HUlHVé(Qh) + HvzHL#(wz) , forv; € Vy(Q,h), v €L~ (wz)}. (1.19)

Arguing as in [15, Corollary 1], we can show that the elements of V, (€, h) are the functions

with zero trace on w; X dwy. More precisely,
Vo () h) = {v eV (Q,h) |v(Xy,:) € H) (wp) ae. X; € wl}. (1.20)
Let us suppose that A = (a;;(x)) an ny x ny symmetric matrix satisfying

a;j € LY (Q),Vi,j=1..n, (1.21)
tx\C|2§A(x)C-gg[3|C|2,V§61R”2,a,e,er, (1.22)

for some constants «, B > 0. This allows us to state Problem (7) as follows

—Vix, - (AVxu) = g(Xz,1(u)) + f1 (x) + f2(X2) inQ,

(1.23)
u€Vo(Q,h)NLT(Q),
where ¢ : wy X R — R is a (nonlinear) function involving the non-local term ! defined as
I(u) == / (X)) u(X1, X2)dX;. (1.24)
w1

As mentioned in the introduction, we shall investigate the existence of solutions in the following
sense. We say that a function u € Vy (Q, h) N £ (Q)) is an h—weak solution to Problem (1.23)

if the integral identity

/Q HAV x,u - Vy,vdx = /w §(Xa, 1(u)1 (0) dX2 + {f1, 0}y o + /w fl(©)dXs, (SR

holds for every v € V (Q, h) N L1 (Q)). The two source terms f; and f, are supposed to satisfy

4

fLeVi(Q,h), fo e LT (wy) (1.25)

where V| (Q), h) is the dual space of Vy (), h).
To characterize the elements of Vj (Q, ), consider f € V| (Q), 1) . Then, by Riesz’s representa-
tion theorem there exists ¢ € Vy (Q), 1), such that

() v = /Q WV, - Vxodx, Yo € Vo (Q,h).

12



1.3 PROBLEMS SETTING AND h—WEAK FORMULATIONS

Here and in the sequel, the brackets (-, -), denotes the dual product between a Banach space X

and its dual. Setting ¢, = —ax;4> € L2(O,h),i=1, - ,ny, we can write

1
f=h Z axlfcpi'
i=1

This defines a one-to-one correspondence between V; (Q), 1) and the set
1y
{Zax;‘l’i/ ¢; € L? (th)} :
i=1

na

From now on, we shall mean by f € V| (€, h) its corresponding element Y d,/¢, in the above
i=1

set. May be we have to point out that such element should be tested by hv to recover an element

of Vi (Q,h), ie.

ny Hnp 12
<— Zax§¢i,hv> = <—h Zax;¢i,v> = /h Z(,biaxf_vdx = (f, U>V0(Q,h) , VoeD(Q).
i=1 i=1 D(Q) O =

1.3.2 The perturbed problem

We deal with the following anisotropic perturbation of Problem (1.23)
2
€ .
— 5 Bxitte = Vi, - (AVxe) = 8(Xo, 1(ute)) + f1 (x) + f2(X2) inQ, (1.26)
1.2
e € Wo (1) N L7+ (Q),
where the space Wy (Q,h) N L1 (Q) is equipped with the norm
2 2 2 172
0 (& 1Vx,2l iz + 1V0lEm)  + 1@y (1.27)
We can show as for (1.18) that
r+ /
W, (Qh) + L7 (w2) C (WO (Q,h) N L (Q)) ,

where the norm of W} (Q), h) + L (wy) is defined as in (1.19), with V) (€, h) is replaced by
Wy (Q, h).
We say that a function u, € Wy (Q, ) N L1 (Q) is an h—weak solution to Problem (1.26) if
the integral identity
/ szvxlug -Vx,v+hAVx,u. - Vx,vdx = / 9( X, (1))l (v) dX;
Q w2

+ (10w +/w2f21 (0)dX> (SP)

holds for every v € Wy (O, h) N L™ (Q).

13



1.4 C'-FUNCTIONALS INVOLVING THE NON-LOCAL TERM !

Remark 1.6 Let v € Wy (Q,h). On the boundary wy x dw,, we have v (Xy,-) € H} (wy) for ae.

X7 € wq since Wy (O, h) C Vo (Q, h). There is no issue to define the trace of v on the boundary
dw X wy since the L2—norm of the gradient Vy, is independent of h. In general, a definition of the

boundary values depends on the speed at which the weight degenerates on the boundary, see for instance

[19, 33].

1.4 C!-FUNCTIONALS INVOLVING THE NON-LOCAL TERM !

Concerning the nonlinearity, we assume that g : w, x R — R is a Carathéodory function, i.e.

i) s — g(Xa,s) is continuous for a.e. X, € wy, (1.28)
1.2
ii) Xp — g(Xa, s) is measurable for every s € R,
and satisfies
18 (X2,8)| <71 (|s| +1s]"), for a.e. Xp € wy and Vs € R, (1.29)
where 1 < r < 400 and 7, > 0 are constants. Then, define
t
G (Xp,t) = / g (Xy,s)ds, for Xp € wp and t € R. (1.30)
0
As a consequence of (1.29), it follows that
|G (Xp,t)| < ﬂ—kmrﬂ forae X, €cwrandt € R (1.31)
Al 1 ,fora.e. X 2 . 3
This allows us to define the functional
Jg (0) := / G (Xa,0)dX,, forevery o€ L' (wy). (1.32)
w2

To determine the derivative of J,, we first need the following lemma.
Lemma 1.2 Assume that h satisfies (1.7) and let gy : wa X R — R be a function satisfying (1.28) and
190 (X2,8)| < o ls|", fors € Rand a.e. Xp € wy, (1.33)
for 1 <r < o0 and some constant vy, > 0. Set
Joo (1) == /w Go (X, 1 (1)) dXa, for u € Wy (Q,h) N L™ (Q)),
2
where Gy is defined by go as (1.30). Then, the mapping
u > go (-, 1(u)) is continuous from Wy (Q, h) N L (Q) into L+ (w2),
Joo € Ct(Wo (Q,h) N L7 (Q),R) and its derivative is given by
oo (:2) 0 ey = 80 (/1 ()1 (2) 8, (134)

for every u,v € Wy (Q,h) N L1 (Q).

14



1.4 C'-FUNCTIONALS INVOLVING THE NON-LOCAL TERM !

Proof. Let us consider the functional
oo (0) = /w Go (X2, 5)dXs, ford e L'+ (w,). (1.35)
2
Thanks to (1.33), we can argue as in [8, page 37], to show that
@ — go (-, %) is continuous from L' (w,) into L (w2),
joo € CY (L™ (w2),R) and its derivative is given by
< . (@) ,5>Lm(w2) = | s m)odx,, Va0 e L (w,).
From (1.17), we infer in particular that
u 1 (u), from Wy (Q, 1) N L1 (Q) into L' (wy)
is a continuous linear mapping. Consequently, the composite mapping
u s (gool) (u) = go(-,1(u)) is continuous from Wy (Q,h) N L1 (Q) into L (w2),
Joo = Jgo 01 (+) € Ct (Wh (Q,h) N L1 (Q),R) and its derivative is given by
(Ta (u),v>wo(0/hmﬂ(m = (jy (L)), 1 (v)>w(w2) , for u,0 € Wy (1) N L1 (Q).

This shows (1.34) and the lemma follows. m

In the next section, we investigate the existence of solutions as critical points of the functional
1
JE (u) == 3 /Qsz \Vx,u|* + hAV x,u - Vx,udx
- / G (Xo, 1 (u))dXo = (fi,u) v an) — / fol (u) dXz. (1.36)
wy w3y
Thus, we need to compute the derivative of J°.
Theorem 1.4 Let 1 < r < +4o0. Assume that g satisfies (1.28) and (1.29). Then, the mapping
s g (Xa,1(u)) is continuous from Wy (Q, h) N L7 (Q) into W) (Q,h) + L+ (Q),
Je € Ct (W (Q,h) N L1 (Q),R) and its derivative is given by
U7 W) 0)wyamnero) = /Q eVx 1 Vx,v+hAVx,u- Vxvdx
- [ 8Kl @)1(©)dXe ~ (i )yap — [ S @) dXe (37)
2 2

forall u,v € Wy (Q,h) N LT (Q).

15



1.4 C'-FUNCTIONALS INVOLVING THE NON-LOCAL TERM !

Proof. First, to show the continuity of u — ¢ (X, (1)) we split g into two parts g1 and g
8 (Xz,5) = g1(X2,8) + 82 (X/5),

where g1 (X,5) = g(Xo,s) for |s| <1and g (Xp,5) = 0 for |s| > 2, such that
181 (X2,8)| <Cls|,  [82(Xz,8)[ < Cls|",

for a.e. X; € wy, and some positive constant C.

Thanks to Lemma 1.2 and Inequality (1.14), for p = 2, we see that the mapping
u+— g1 (Xp,1(u)) is continuous from Wy (Q, 1) N £* (Q) into L? (w;) .
Since Wy (Q, 1) C L? (Q,h) C £2(Q) and L? (w,) C L? (O, h) C W} (Q, k), we infer that
u > g1 (Xo,1(u)) is continuous from Wy (Q, h) into W (), h).
As well, due to Lemma 1.2, the mapping
u — g2 (Xa,1 (1)) is continuous from Wy (Q,h) N L™ (Q) into L (w2).
Recalling that Wj (Q,h) + L+ (Q) is equipped with the norm defined in (1.19), then the
mapping
w8 (Xo, 1 (u) = (81+82) (X2, 1 (1))
is continuous from W (Q, h) N L1 (Q)) into W} (Q, h) + L+ (w;) and
<]§ (u) 'U>W0(Q,h)m£r+1(0) = /., g (Xo,1(u))1(v)dXy, foru,v€ Wy (Q,h)NLTHQ). (1.38)
To give the derivatives for the remaining terms in the definition of J¢, we set
Jv @ Wo(QLh) — R, JG (1) := ;/Qsz |Vx,u|* + hAVx,u - Vx,udx,
I+ Vo(h) = R, Jp (u) = (fi,u)yan -
I @ L7N(Q) NV (O h) > R, ]y, (u) = /w ol (w) 4o

First, J& € C! Wy (O, h),R) € Ct Wy (0, h) N L™ (Q),R) and J& is given by

Jo (u+to) — Jo (u)

e/ — 1
(% (”)fv>w0(o,h) ~—}1§(} P

_ lim% [ &19x, (44 0) P+ 1Az Vi, (4 + 10) - Vg (1 + 10) dx
O

t—0

—/082]VXlu\z—khAszqu-VXZudx

—lim | &Vxu-Vx,v+te? |Vx,0|* + hAnVx,u - V0
QO

t—0

+ thAZQVXZU . szvdx,

16



1.4 C'-FUNCTIONALS INVOLVING THE NON-LOCAL TERM !

hence

U5 (), 0y = /ngvxlu‘VX1?’+hAVXz”'vXZde' (1:39)

Next, as the functionals J; and Jy, are linear, then [, Jf, € C'Wo (Q,h)N L1 (Q),R) and

their derivatives are given by

(U 0.2) o = Frohan and (o), = | pl)d% (40)
Taking into account (1.38), (1.39) and (1.40), we obtain (1.37) since J* = Jg, — Jo — Jf, — Jf,- ®
Corollary 1.1 Let 1 <r < 2* — 1. Assume that g satisfies (1.28) and (1.29). Then,

u— ¢ (Xo,1(u)) is continuous from Wy (Q, h) — Wy (Q, h),

J¢ € Ct Wo (Q, 1), R) and (1.37) holds for all u,v € Wy (Q, h).

Proof. By Sobolev’s embedding H} (w2) C L' (w;) and (1.17), we get

1
@iy < Cs e V50020

NI—=

1
< Gs HhHil(w]) (82 HVXlUHiZ(Q) + HVXZUH%Z(Q,h)> (1-41)

for all v € Wy (Q, h). Here, Cs denotes the Sobolev constant. Thus, Wy (Q, k) C L1 (Q) and

the corollary results follow from Theorem 1.4. ®

Remark 1.7 In a similar manner, we can also show that Theorem 1.4 and Corollary 1.1 still hold if we

replace Wy (Q), h) by Vo (Q, h) and J¢ by the functional

1 (0) = ;/QhAVXZU-VXZde—/w G(Xz,l(v))dXz—(fl,v>vo(ﬂ,h)—/w fl (1) dXa. (1.42)

17



A SEMILINEAR PROBLEM WITH A NON-LOCAL NONLINEARITY

In this chapter, we aim to establish the existence of solutions u, for Problem (SP;) as global mini-
mizers for J¢, defined by (1.36), provided that G satisfies some upper boundedness assumption.

Then we study the asymptotic behavior of u, and J* (u,), as € — 0.

2.1 AN EXISTENCE RESULT FOR THE PERTURBED PROBLEM

We begin with the following existence result.

Theorem 2.1 Let € > 0 and assume that g satisfies (1.28) and (1.29) for r > 1. Suppose further that G,
defined by (1.30) satisfies,

G(Xp,t) <Cr—alt|™h, VteR, (2.1)

for a.e. X € wy and some constants C; > 0,a > 0. Then, there exists u € Wy (Q,h) N L™ (Q) such
that

€ — : f € X .
V0= o ) @ (22)

In particular, u is a solution of (SP,).

Proof. A priori estimates. Thanks to (2.1), we deduce that

Js (U) > ;/Q &2 ‘VX]'()’Z + hAVXZU . Vqudx +a (v)‘r-f—l Ax,

|1
w3
~ (uoham = [ @) dXe=Cilwal, @3)
2

where |w;| denotes the Lebesgue measure of the set wy. Since Vy (O, h) is equipped with the

norm v — [|Vx,0||;2(q ), we infer that

1/2
(frovan < Il </Qh|vxzv\2dx>

IN

1/2
fillyam | [ E1Vxol +1|VxolPdx) . (2.4)
0( 7 ) Q
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2.1 AN EXISTENCE RESULT FOR THE PERTURBED PROBLEM 19

Then, by (1.22) and Holder’s inequality it comes that
1
INORE /Q & [V 0 + ha |Vx,02 dx + a/ 11 ()" dX,
W)

1/2
— Al (/Q e |Vx,0)* +h IVXQU\de) - HfZHLrTf,l(wz) 1L (@) || 1 (y) — C1 2]

Applying Young's inequality

1 1 1

in{1 2 1 71 2 71 H P
tsgmm{,oc}tzJr s and ((rJr)a>+ t-<>+ Sgﬁthr%S#I
4 min {1,a} 2 a(r+1) 2 at (r+1)"
we get
< mil’l{l,lX} 2 2 2 a r+1
j (0)27/ & Vol + 1 [Vl dx+ 2 [ 11 (o)™ dx;
4: O 2 wy
1 2 2rr 1
Aoy - ———= ol s —Cilwa],
s iy il — o 2 W D, sl @9

for all v € Wy (Q, 1) N L™ (Q). Thus J¢ is bounded below in Wy (Q, 1) N L1 (Q).
Passage to the limit. We set

df = inf £(v),
vewo(n,l;{)lmcrﬂ(n)l (v)

and let (1), be a minimizing sequence. By (2.5), such a sequence is necessarily bounded in

Wo (Q,h) N LT+ (Q), ie.

Un, |Vx,un| are bounded in L? (Q, 1),
|Vx,uy| is bounded in L? (Q),

I (u,) is bounded in L' (w,).

The boundedness of u, is a consequence of Poincaré’s inequality in the X, —direction. Then, there
exist u € Wy (Q,h), Uy € (L? (Q))nl and U € (L? (Q,h))n2 such that —up to a subsequence —
Uy — u, Vy,uy — Up in L2 (Q,h) and Vx,u, — Uy, in L? (Q),
I(uy) =1 (u) in L' (wy),

as n — +o0. (These convergences meant component by component convergences). Since the

above convergences imply the convergence in the distributional sense, we can easily see that

Uy — u, Vx,un — Vx,uin L (Q,h) (2.6)
Vx,uy = Vx,uin L? (Q). (2.7)



2.1 AN EXISTENCE RESULT FOR THE PERTURBED PROBLEM 20

Using Lemma 1.1, with p = 2, we obtain the strong convergence ! (u,) — [ (1) in L? (w3). Then,

up to a subsequence

I(up) = 1(u) ae. in wy (2.8)
and the continuity of G implies that

G (X2, I (un)) = G(Xo,1(u)) ae.in wy, asn — +oo. (2.9)

To perform the passage to the limit in J*, we write

1
(o) =5 /Q & |V, ttn 2+ hAV x, ity - Vx, ttndx

[ (C1 =G (Xal (un)))dX2 — C |w2]—<f1,un>vo(ﬂrh)—/w Fol (i) dXa, (2.10)

w2

where C; — G (Xp,v) > 0, for a.e. X» € ws. Then, Fatou’s lemma and the convergences (2.8) and
(2.9) imply

Ci — G (Xa,1 (1)) dXs < hﬂinf/ Ci — G (Xo, 1 (ity)) dXo.

wr wr

Besides, since A is symmetric and satisfies (1.22), then the mapping

1/2
= (/082 ]VleIZJrhAVXZv-VXZvdx)

defines a norm on W, (), ). Thanks to (2.6), (2.7) and the lower semi-continuity of norms, we

deduce that
/Q e |Vx,ul> + hAVx,u - Vx,udx < ligr_lg}f/a & |Vx,ttn|* + AV x, 11y, - Vi, ldx.
Passing to the limit in (2.10), we get

J (1) < HminfJ (i) = dt.

n—oo

Therefore J¢ (1) = d*.
Finally, by Theorem 1.4 we have (J¢)' (1) = 0, i.e. u is a solution to (SP.). This ends the proof

of the theorem. m

Remark 2.1 Problems (SP;:) may have one or several solutions, depending on the assumptions on g, f1
and fo. If the mapping t — g (-, t) is non increasing, then the operator
2

€
U —ﬁAxlu —Vx,  (AVxu) —g (-, u) (2.11)

is strictly monotone. In this case the solution of Problem (SP;) given by Theorem 2.1 is unique.



2.2 AN EXISTENCE RESULT FOR THE UNPERTURBED PROBLEM 21

Example 2.1 Theorem 2.1 applies to the problem

&2

— o Axu = Vi, (AVxu) +a |1 ()| (u)

—ap L (W) () = AL+ fo in W (QR) + LT (ws),
€Wy (Q,h)NL1(Q).

Here we have taken
g (X, t) = —ay |t 4 an [T,

where a1,a; € R,a1 > 0and 1 < q < r. The assumptions (1.29) and (2.1) hold, since

+1) 1
HT < [t + [t and ap |t|T < C m(g+1) AR
[T < |t + [t]" and ay |t| _+2(r+1)\|

for some constant C > 0. Indeed

‘—a1|t|r_1t—|—a2|t]q_lt‘ < a [t +a ft]f

IN

ay [t" +az ([t + [¢]")

< max (a1 + az,a2) (|t| + |t]")

and
—a1 |41 az q+1
G (Xy,t) = t — |t
O Ll
—ar 41, 1 a(q+1) | 1
< — |t S 2T
< +L]+1(C+ 2(r+1)||
—a1 |+l a1 r+1
< t C t
- r—i—lH + +Z(r—i—l)H
< C—a71|t|r+l.
r+1

2.2 AN EXISTENCE RESULT FOR THE UNPERTURBED PROBLEM

Letting now ¢ — 0, we have the following convergence results that can be improved in the next

theorem.

Lemma 2.1 Let u, be a solution of Problem (SP;). Under the assumptions of Theorem 2.1, we have —up

to a subsequence—

ue — ug, Vx,ue = Vx,ug in L? (Q,h), eVxue—0 in L? (Q), (2.12)
I(ue) — 1 (ug) in L*(wy), (2.13)
I(ue) — 1 (up) in L' (wy), (2.14)

as ¢ — 0, where ug is a solution of Problem (SP).

Moreover, the above convergences hold for the whole sequence if the solution of Problem (SP,) is unique.



2.2 AN EXISTENCE RESULT FOR THE UNPERTURBED PROBLEM

Proof. Without loss of generality, we assume that 0 < ¢ < 1. Then, we know that
JE (ue) < J¢(v) <JH(0), Yo e Wy (Q,h)NLTHQ). (2.15)

Thanks to (2.5), we deduce that

min{1l,« a ;
L [ @19tV (o) + 5 1) 55

1 2 20 =
<T@+ Uil + Gloal + 2 Il - @1
and it follows that
ue, |Vx,ue| are bounded in L? (Q, 1),
eV x,ue| is bounded in L2 (Q0),
and
I (ue) is bounded in L™ (w,). (2.17)

Then, there exist 1o € Vo (Q,h) N L™+ (Q), T € (L2 (Q))", Uz € (L2 (Q, h))™ such that —up to

a subsequence —
ue — up, Ve — Uy in L? (O, h) and eVx,ue — I in L? (Q),

as ¢ — 0. Since the above convergences imply the convergence in the distributional sense, we

can check that

ue — ug and Vx,ue — Vx,ug in L? (Q, h). (2.18)

As well, since [eVx, u,| is bounded in L2 (Q)) and div%q) € L2 (Q,h), ¥® € (D ()™, then

divy, @
/stxlug-cbdx:/ﬂs\/ﬁug <— \;% >dx%0, V® € (D(Q))™.
It follows that
eVx,ue — 0, in L2 (QQ). (2.19)
Besides, we have

I(ue) —1(ug) in L' (wn), (2.20)

and also the strong convergence I (1) — I (1) in L? (w2) from Lemma 1.1 with p = 2. Then, we

have —up to a new subsequence-

I (ug) — 1 (up), a.e. in wo. (2.21)

22



2.2 AN EXISTENCE RESULT FOR THE UNPERTURBED PROBLEM

Assumption (1.29) and Young’s inequality t < (r + [t|"™") /7 + 1 imply that
e r
g (X2, 1 (ue))] T <cC (1 + |1 (ug)] H) . (2.22)

Thus g (X2, (u¢)) is bounded in L+ (wy) since I (u¢) is bounded in L™t (w,). Moreover, (2.21)

and the continuity of g ensures that

g (Xo, 1 (ue)) = g(Xz,1(up)), ae. in ws.

Then, due to Lemma 1.3 in [31, page 12], we infer that

g (Xa, 1 (1)) — g (Xa,1 (ug)) in L' (w2). (2.23)

The convergences (2.18) — (2.20) and (2.23) allow us to pass to the limit in (SP;). It comes that

U( satisfies

/Q WAV x, 10 - Vx,0dx = / 8(Xa, 1(10))1 () dX2 + (f1, )y o) + / fl(v)dXs,  (224)
wy w?

for all v € Wy (Q,h) N L1 (Q). By density of Wy (Q, ) in Vy (Q, ), this means that the limit

ug is a solution to Problem (SFP)) . m

Remark 2.2 Under the assumption (1.29) and (2.1), the function g (X,,t) behaves like — |¢| " t for
large t, but it is not necessarily monotone. This prevents the use of the monotonicity argument to
get the strong convergence as in [14, 15]. An example illustrating this situation can be given by

g(t)=—t— (2+cos (e)) [t L.
We have the following result about the convergence for the minimum of J* as e — 0.

Theorem 2.2 Under the assumptions of Lemma 2.1, the converging subsequences give a smooth mini-

mizing sequences for the functional J°. That is

€ 0 — inf 0 , .
) o) = i) (225)

as e — 0, where the functional J° is defined by (1.42). Moreover, we have the strong convergences

e — g, Ve — Vit in L2 (Q,h), eVxue — 0 in L2 (Q), (2.26)
G (-1 (ue)) = G(-,1(ug)) in L' (wn), (2.27)
I(ue) — 1 (ug) in L' (ws). (2.28)

Proof. We begin by establishing (2.25). Since u, realizes the minimum of J¢, then

JE (ue) <J(v), YoeD(Q).
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2.2 AN EXISTENCE RESULT FOR THE UNPERTURBED PROBLEM

Passing to the lim sup, we get

limsupJ¢ (1) <J°(v), YoeD(Q).

e—0

By density and the fact that J° € C! (Vy (0, h) N L™ (Q),R) (see Remark 1.7), the precedent
inequality also holds for every v € V (Q,h) N L1 (Q)) . Thus,

limsup J* (u,) < inf 1° (0). (2.29)

0 VeV (Q)NLT+(Q)

Since G satisfies (1.31), then we have
G (Xa, 1 ()] < C (141 (ue)*), (2.30)

for some constant C > 0. Thanks to (2.17), this means that G (-,I (u.)) is a bounded sequence
in L'(wy). Due to (2.21) and the continuity of ¢ — G(Xa,t), for a.e. X, € wy, we get —up to a

subsequence—
G (X2, 1 (ue)) = G (Xo,1(up)), ae. inwy, ase — 0. (2.31)

Writing J¢ as in (2.10), then the convergences (2.12), (2.14) and (2.31) allow us to pass to the

infimum limit in J¢ (u.). We deduce that
0 < : s € .
J° (o) < liminf I ()

Reporting this to (2.29), we obtain J° (1) < inf, ey (nncr1Q) J° (v) and thus (2.25) is proved.

To show the strong convergences, we consider
1
L= 5 | &Vl + hAVx, (e = uo) - Vi, (1 = o) dx
+ | |G (X2, 1 (ue)) — G (X2, 1 (up))|dXa. (2.32)
wy

Then, expending I, we get

I = % / €2 ‘VX1 M£’2 + hAVquE : Vqude - /Q hAszus ’ VXZMde
Q
1
+ E /Q hAszuo . szude + ‘G (Xz,l (ug)) -G (Xz,l (Llo))| dXz.

w3

Going back to the definition of J¢, given in (1.36), we can write
I = J£ (ue) + <f1/ u€>V0(Q,h) + / le (Mg) dX,
wr

—/QhAVXZuS-VXZudeJr;/QhAVXZMQ-VXZude

— /w C1—G(Xo,I(ue)) — |G (X, 1 (ue)) — G (X, (ug))| dX2 + Cqp |wa|. (2.33)
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2.2 AN EXISTENCE RESULT FOR THE UNPERTURBED PROBLEM

(Recall that C; — G (X, t) > 0, for t € R). Thanks to the pointwise convergence (2.31), we can
apply Brezis-Lieb’s Lemma [7] to the sequence C; — G (Xp, [ (1)), we get

C1 -G (Xz,l (ug)) - ‘G (XQ,Z (Mg)) -G (Xz,l (uo))| dXQ

w2

— C] -G (Xz,l (uo)) dXz, (2.34)

w2

as ¢ — 0. Using (2.25), (2.34) and the convergences (2.12), (2.14) from Lemma 2.1, we can pass

to the limit in (2.33). It comes that

Pg(} L=1J° (u0) + <f1,uo)VO(Q,h) + /w2 fol (up) dXo
—% /Q hAV x, 1o - Vx,uodx + / G (X2,1(ug))dXz =0,
wa

since JO is defined by (1.42). The convergences (2.26) and (2.27) are consequences of the

inequality

I > min{l,oc}/ﬂez Vg tte|* + 1 |V, (e —uo)]2dx+/ G (Xa,1 (ite)) — G (Xa,1 (it0))| dXa.

2

Finally, due to the convergences (2.21), (2.27) and the fact that a |I (u¢)|"™ < C1 — G (X, 1 (1e)),
we deduce (2.28) by applying Lebesgue’s theorem. This ends the proof. m

Remark 2.3 Taking € = 0, replacing Wy (Q), h) by Vo (Q), h) and arguing as in Theorem 2.1, we can
show directly that under the assumptions of Theorem 2.1 there exists u € Vo (Q, h) N L™ (Q) such that

0 — inf 0 , .
J" (u) wenon ) (v) (2:35)

where u is a solution of (SPy). Moreover, this solution is unique when t — g (-, t) is non increasing.
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A NON-LOCAL EIGENVALUE PROBLEM AND AN APPLICATION

In this chapter, we aim to establish the existence of solutions for some non-local eigenvalue prob-
lems. This allow us to go further and study problems (SF) and (SP:) under some assumptions
weaker than (2.1). As a first application, we show the existence of solutions for Problem (SF;)
when g(s) = —As —a |s|r_1 sand f; = f, = 0. Passing to the limit ¢ — 0, we obtain an existance

result for problem (5F)) under the same assumptions.

3.1 A NON-LOCAL EIGENVALUE PROBLEM

We need to consider the following non-local eigenvalue problem.

3.1.1 [—eigenvalues and 1 —eigenfunctions

We say that A® is an [ —eigenvalue of the linear problem

82
h
Q< Wo (Q,]’l),

Dxg — Vx, - (AVx0) = Al(g)  in Wy (Q, 1) -
3.1

provided that there exists a solution ¢ such that I (¢) is not identically null. A solution ¢ to

(3.1), called an /—eigenfunction associated with Af, is taken in the h—weak sense, i.e. ¢ satisfies

/ &V, ¢ Vx,0+hAVyx,¢- V0 dx = A"/ (@)l (v) dXa, Yo € Wo (). (EVP)
QO

wy

Theorem 3.1 The smallest | —eigenvalue of Problem (EV P;) exists, is positive and defined by

/ 2 |Vx,0> + hAVx,0 - Vy,vdx
= (3-2)

UGWO(Q/h)/l(v)$O Hl(v) HLZ(UJZ)

The associated l-eigenfunctions are the minimizers of the above functional.
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3.1 A NON-LOCAL EIGENVALUE PROBLEM

Proof. Let A® be an [—eigenvalue of Problem (EV ). Taking v = ¢ € Wy (Q, h) in (EVP:), we
get

/082|Vxl(p|2—|—hAVX2(p~VX2<pdx:)\5/ ()2 dX;
ws

and we have clearly A] < A® and A® > 0 since I(¢) # 0.
Let us show that the infimum in (3.2) is indeed achieved for a function in W, (Q), h). Thanks

to the density of D (Q)) in W (Q), 1), we can take a minimizing sequence ¢, € D (Q), i.e.,

fQ e |VX1 (Pn|2 + hAVXz(Pn ) VXz (Pndx
1) ooy

— inf fQ e ’Vle‘z—f—hAVXzU- szvdx

2EW) (Qh),1(0) 20 |1(v) H%z(m)

= 1Inf, (3.3)

asn — +oco. Replacing hg, by hg, / [[1(¢,)12(,,), we can assume that |[[(¢,)l;2(,,) =1, V7 € N.

By (1.22), (3.3) and for n large enough, we derive

oc /Q 1|V, dx < /Q & |V, ¢+ hAVx,0, - Vi@ dx < Inf +1, (3.4)
which guarantees that

|Vx,¢,| is bounded in L2 (Q)) and |Vx,¢,| is bounded in L? (Q, ).
Then, we have -up to a subsequence-

@, — ¢and Vx,¢, — Vx,@ in L2 (Q, h),
Vx, 9, = Vx,¢in L? (Q),

for some ¢ € Wy (O, h). The first convergence ¢, — ¢ is a consequence of Poincaré’s inequality

in the X, —direction. Moreover, using Lemma 1.1, with p = 2, we obtain

H(gy) = 1(p) in L2 (w2) and [[1(@,)|l2(0y) = 11(9)l] 20y = 1- (35)

This means that I[(¢) # 0 and a fortiori ¢ # 0. By lower semi-continuity of norms, we deduce

that
Inf < /Qsz IVx,¢* + hAVx,¢- Vx,pdx < I;gg\igof/()sz V9, +hAV X, 9, Vi, 9,dx == Inf.
To summarize, ¢ € Wy (Q, h) is a function for which the infimum (3.2) is achieved, i.e.,
| 1950 +hAVx0 - Vxpdr = A5, 11(0)l2gun) = 1 (6
Let us show that this ¢ is an /—eigenfunction. Let v € D (Q)) and consider

T(t) := /Qsz IVx, (¢ + tv)]2 +hAVx, (p+tv) - Vx, (¢ + tv) dx/ (¢ + tv)\deZ.

|l
wy
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3.1 A NON-LOCAL EIGENVALUE PROBLEM

Then, we should have T’ (0) = 0. That is

/Qez IV, 0> +hAVx, ¢ - Vi, + 2t (EVx, ¢ - Vx,0 + hAVx, ¢ - Vx,0) dx
J + /Q t2 (82 |Vx, 0> +hAVx,0- VXZU) dx

i [ lHg)P +21(p)i(0) + £ l1(2) P

t=0
hence

| @Vxi9- Vxo+hAVxp - Vxodz- [ Ji(e)f dxe

w2

—/ l(go)l(v)dXz-/Qez\vxlgo|2+hAVX2go-VX2godx —0.
w2

Using (3.6), we obtain
/Qszvxlq0~Vxlv—i—hAVqu)-Vszdx - Aﬁ/ (@)I(0)dXs, Yo e D(Q).
W
This shows that ¢ is an /—eigenfunction associated with the smallest /—eigenvalue A]. m
Concerning the (expected) limit problem, we say that A° is an /—eigenvalue of the linear
problem
~Vx, - (AVx9) = A(g)  in V(O h)

(3-7)
Q< Vo (Q,h) ,

provided that there exists a solution ¢ such that / (¢) # 0. This solution ¢ is also taken in the
h—weak sense, i.e. ¢ satisfies
/QhAVXZq) Vo dx = /\O/ (@)l (0) dXa, Yo € Vo (O, h). (EVPy)
w3
The proof of Theorem 3.1 can be easily reproduced, by taking ¢ = 0 and replacing W, (Q), h) by
Vo (Q), h), to prove that:

Theorem 3.2 The smallest —eigenvalue of Problem (EV Py) exits, is positive and defined by
Jo BAV x,0 - Vx,vdx

in 2
€V (Qh),1(v)#£0 Hl(v)HU(wz)

/\? = (3.8)

Remark 3.1 If the matrix A is independent of Xy, it is clear from (EV Py) that an |—eigenfunction ¢,

associated with an 1—eigenvalue A°, is independent of Xy and
—Vx, + (A(X2) Vi, §) = A° [l ) @ with §g € Hy (w2) -

This means that A° ||k, (wy) and §q are respectively an eigenvalue and eigenfunction (in the classical

sense) of the operator —Vx, - (A (X2) Vx,-) on wa, with Dirichlet boundary conditions. Denoting by
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3.1 A NON-LOCAL EIGENVALUE PROBLEM

A, the usual first eigenvalue —Vx, - (A (X2) Vx,-) on wy , with Dirichlet boundary conditions, then
by definition A1, < AY 12| 11 oy~ Besides, if @y € Vo (U, h) is the eigenvalue corresponding to Ay,

then (3.8) yields
1]l 11 Jeoy AV 3P0 - Vi, @pd Xo AL,

A< = : (3-9)
Hl((Po)Hiz(wZ) 1721l L1 oy

Thus A = A, / 11l 1y -
Even if A depends on x, we still have:
Corollary 3.1 For every e > 0, the | —eigenvalues A§ and AY satisfy
M2 A > arf,/ e - (3.10)

where w is the ellipticity constant given in (1.22) and )\f/wz denotes the first eigenvalue of —Ax, on wy

with Dirichlet boundary conditions.

Proof. By the density of W (Q), h) in Vy (€, 1) and from the definitions (3.2) and (3.8), it is clear

that A{ > A9 . Let ¢, be a normalized [ —eigenfunction of Problem (EV P) associated with A9,

then
A = /QhAVXz% -Vx,odx > uc/ﬂh |szq)0|2dx. (3.11)
On the other hand, taking p = 2 in (1.14) then using Poincaré’s inequality in the X, —direction,
we get
2 2 HhHU (w1) 2
1= 1190) () < sy [ g0l dx < =2 [ 1|V dx. (312)
o) Mo, 70

Combining this with (3.11), we deduce (3.10). m

3.1.2  Some proprieties of the first | —eigenvalue and | — eigenfunction

As for the classical eigenvalue problems, we can obtain some proprieties like simplicity of A},

the positivity of ¢, and its uniqueness up to a multiplicative constant.

Theorem 3.3 Let & > 0and ¢, be an 1— eigenfunction for (EV P;) associated with Ay. Then, AY is simple

and ¢, does not change sign in Q).

Proof. Let ¢, € Wy (), h), I (¢,) # 0, be an h—weak solution of (EV P;) and thus ¢, realizes the
infimum (3.2). Set ¢ := max {0, ¢,} . Arguing by density as in [22, Lemma 1.19], we can show

that

@ € Wo(Q,h) and 9y, = (95,¢,) Xp >0y fori=1,-- ni+ns.
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3.1 A NON-LOCAL EIGENVALUE PROBLEM

In particular, this means that |¢,| = (29 — ¢,) € Wo (Q, h). Since |1 (¢)ll12(0,) < 119Dl 120,

we infer that

L& 195 9.l P + 1AV |9,] - Vi g, dx

BN

/Q 82 ‘VXI qps‘z + hAsz .- sz goedx
<
: HCAIP.

= Af, (3.13)

hence the function |¢,| also realizes the infimum (3.2). Thanks to Theorem 3.1, |¢,| is also an [ —
eigenfunction for (3.1).

Next, we show that ¢, does not change sign in . Going back to (3.1), the non-negative
function |¢,| satisfies

2

h AXl ’gps‘ - VXZ ’ (Avxz |§05D >0,

in the weak sense. According to [36], under the assumption ( 1.7) we must have |¢,| > 0, a.e. in
Q) and thus Af has a positive I —eigenfunction. Therefore we must have ¢, = £ |¢,|. Otherwise
o5 = (¢.+ |9.|) /2 would be a non-negative /— eigenfunction for (3.1) vanishing on a set of
positive measure in contradiction with the precedent assertion || = ¢, > 0, a.e. in Q.
Finally, if A is not a simple /—eigenvalue, then there is a second /—eigenfunction 1, corre-
sponding to A} and orthogonal to ¢,. This 1, would not be of one sign (a.e.) which leads to a

contradiction. This shows the simplicity of A]. =

Remark 3.2 Let ¢, € Vo (Q, h) be an 1—eigenfunction associated with AY. Taking e = 0 and replacing
¢ by @, in (3.13), we deduce that the function |@,| € Vo (Q, h) is also an 1— eigenvalue. The function

@ (or ¢y :=max {0, —¢,}) is another non-negative | —eigenvalues whenever it is not identically null.

Remark 3.3 Arguing as in [10, Page 185] and if 0y a;; € L® (Q) fork =1, - -, ny, we can show that a
solutions of (EV Py) satisfies Vx, ¢, € [L? (Q,h)]" .

3.1.3 Convergence of the | —eigenvalues and |—eigenfunctions

We are now interested in the behaviour of the I—eigenvalue A{ and its associated I —eigenfunction

¢, ase— 0.

Theorem 3.4 Let Aj be defined by (3.2) and ¢, an associated I —eigenfunction such that |1 (¢;)|;2(,,) =

1. Then, we have

lim A§ = A9, (3.14)

e—0
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3.1 A NON-LOCAL EIGENVALUE PROBLEM

where AY is defined by (3.8). Moreover, -up to a subsequence-

P = 9o V0. = Vx,¢, in 12 (O, h), eVx @, — 0 in 12 (Q) (3.15)
L) = 1(gy) inL*(w2), (3.16)

where @, is a normalized 1—eigenfunction associated with A, i.e. a solution to (EVPy), satisfying

1 (¢0)|‘L2(w2) =

Proof. The sequence A is decreasing as ¢ — 0 and clearly A > AY > 0, Ve > 0. Thus A§

converges to some limit

Al = Ay = glg AS > A% (3.17)
Let ¢, be an [ —eigenfunction associated with A{ such that ||/ (¢,)|| I2(wy) = 1 then

| 21950 + Vg hdx < | &[Vx0.f +hAVxp, - Vigpdx =25 <AL, (318)
for 0 < ¢ < 1. It follows that

¢., |Vx,¢,| are bounded in L* (Q, 1),
eV, .| is bounded in L? (Q)).

Of course, the first estimate follows from Poincaré’s inequality in the X, —direction. Then, there

exists ¢, € Vo (€, 1) such that —up to a subsequence —
9e = P Vo0 = Vo9 in L* (O h) and eV, 9, = 0,in L* (Q0). (3.19)
In addition, Lemma 1.1 with p = 2 ensures that

(@) = () in L?(w3). (3.20)

Let us now prove that A; = A} and ¢, is its associated /—eigenvalue. On one hand, taking

¢ = @, in (EV P.), then using the convergences (3.19) and (3.20) to pass to the limit yields

/Q hAV x, ¢, - Vx,0dx = Ay / (o)l (v) dXa, Vo € D (Q)). (3.21)
wz

Besides, the strong convergence (3.20) means that ||/ (¢,)|| 12(wy) = 1, hence ] (¢y) # 0 and the
identity (3.21) shows that ¢, is an /— eigenvalue associated with A;.

On the other hand, by definition we have
A8 < /Q &V, 0 + hAVx,0- Vigodx, Yo € D(Q), |1(0)llp2gy = 1
and passing to the limit, when ¢ — 0, we get

hi < [ hAVxo- Viody, Yo € D(Q), 1(0)z(un = 1
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3.2 EXISTENCE AND NON UNIQUENESS FOR A SEMILINEAR PROBLEM WITH A< —/\i 32

By density of D (Q) in Vy (Q, h) we infer that A; < AY. Taking (3.17) into account, we obtain
A =AY
It remains to show the strong convergences (3.15). Set

Ne = /ng |vX1§0e|2 + hAsz (gog - GDO) ’ VXZ (QDS - qu) dx.

Developing A, and using the convergences (3.14) and (3.19), we get

Ae=AS—2 /Q hAV x,9, - Vi, @.dx + /Q AV x,00 - Vx, Pyl
A9 - /Q AV 3,04 - V x,@odx = 0.
The strong convergences (3.15) follow from the fact that
Ae > /Q & |V, ¢.|> +ah|Vy, (¢, — )| dx, Ve > 0.

This ends the proof of the theorem. m

3.2 EXISTENCE AND NON UNIQUENESS FOR A SEMILINEAR PROBLEM WITH AL —Ai

In this section we take

g(s) = —As—als|" s,

and consider the h—weak problem to find u, satisfying

/ V1t - Vx,0 + hAV x, 1 - Vy,0dx = —/ M ()l (v) dXa — a |1(ue) [ 1)l (0) dXo,
@)

w?
(3.22)
for every v € Wy (Q,h) N L1 (Q).
Clearly u = 0 is a trivial solution for (3.22). We will show the existence of other nontrivial

solutions as global minimizers of the functional

1
JE (v) = 5 /Qez |Vx, 0> + hAVx,0 - Vx,0dx

LA
2 o,

a
r+1

H@P X+ = [ @)%, 623
2

on Wy (Q,h) N L1 (Q)).

3.2.1 An existence result for the perturbed problem

Theorem 3.5 Let ¢ > 0 and assume that

a>0,r>1and A < —Aj.



3.2 EXISTENCE AND NON UNIQUENESS FOR A SEMILINEAR PROBLEM WITH A< —/\i

Then, Problem (3.22) has a solution u that minimizes J¢ on Wy (Q, h) N L1 (Q)), where (1) # 0. In

addition, there are at least two other different solutions 0 and —u.

a

1) t"1, for some constant C > 0 depending on

Proof. Applying Young’s inequality +* < C +

r and a, we get

inq{1
I (v) > W/Qszwxlvlz—i—hwxzvfdx—i—z

a r
(1’—}—1)/ |l(Z))| +1dX2—C.
wy

This means that a minimizing sequence (i), is necessarily bounded in Wy (Q, k) N L1 (Q)),

i.e.
Uy, |Vx,u,| are bounded in L2 (Q,h),

|V x,uy| is bounded in L? (Q),

I (u,) is bounded in L' (w»).
The boundedness of u, is a consequence of Poincaré’s inequality in the X,—direction. Then,
there exist u € Wy (Q,h), Uy € (L*(Q))" and U, € (L? (Q,h))"™ and a subsequence (ity, )~
such that

Up, = U, Vx,y, — Uy in L? (Q,h) and Vxu, — U in L? (Q),

(i) —1(u) in L™ (ws),

as k — 4oo. (These convergences meant component by component convergences). Since the

above convergences imply the convergence in the distributional sense, we can easily see that

Uy, = U, Vx,Uy — Vx,u in 12 (Q,h), (3-24)
Vi, — Vx,u in L (Q). (3.25)

Using Lemma 1.1, with p = 2, we obtain the strong convergence
I (un,) — 1 (u) in L2 (wy).
These convergences suffices to pass to the liminf in (3.23), it comes that

€ (u) < liminf J*(iy,) = inf £ (0). 26
J* (u) < lim inf J*(un, ) oot oy (v) (3.26)

Therefore u, realizes the infimum of J¢ on Wy (Q,h) N L1 (Q). By Theorem 1.4 we have
(J&)' (u) = 0, i.e. u is a solution to Problem (3.22) .
Since —u is a solution whenever u is a solution, it remains to show that the infimum of J¢

is negative, so that this solution is not identically 0. Indeed, since A < —A{ , there exists ¢ €
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3.2 EXISTENCE AND NON UNIQUENESS FOR A SEMILINEAR PROBLEM WITH A< —/\i

Wi (Q, h), sufficiently close to the [—eigenfunction associated to Aj, such that ||I (¢)]| 2(wy) = 1

and
/082 ‘VX1¢|2 +hAVx,¢-Vx,@dx = € (A, —A).
Given t > 0, we have
JE(tg) = ;/082 IV, (ifg0)|2 +hAVy, (tg) - Vx, (tg) dx
—f—% o, |l (t¢)’2 aX, + r—;Ll /w2 I (tq0)|r+1 e

2 at7+1

_ L r+1
= SN+ [ ) A

Since y + A < 0, and #* > #! for t € (0,1), we have J¢ (tp) < O for t small enough. Thus

inf J* (1) < 0 and necessarily ||l ()| 2(,,) > 0. The proof is complete. m

3.2.2  An existence result for the unperturbed problem

Now, we let € goes to 0 in Problem (3.22).
Theorem 3.6 Let ¢ > 0 and assume that
a>0,7r>1and A < =AY,

If u. is a nontrivial solution of Problem (3.22), then we have -up to a subsequence-

ue — uy, Vx,ue = Vx,Ug in L? (Q,h), eVxu —0 in L? (Q), (3.27)
I(ue) — 1 (ug) in L*(wy), (3-28)
I(ue) = L(uo) in L' (wy), (3-29)

where ug is a solution to the problem

/Q hAV x, 1t - Vx,0dx = —A /w (o)1 (v) dXz — a /w (o)~ 1(u0)1 (v) dXa, (3.30)

2

for every v € Vo (Q, h) N L™ (Q)). Moreover, 1(ug) # 0 and Problem (3.30) have two other different

solutions 0 and —uy.

Proof. Thanks to Theorem 3.4, we have A] — )\?. So we can always assume that A < —Aj, for

0 < & < g and ¢y small enough. We set

1 (v)|""! dXo. (3.31)

1 A a
0 N VoV e 24x
J'(v) = 2 /QhA X0 Vxvdx + 2 Jw, H@)l"dXs + r+1Jw
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3.2 EXISTENCE AND NON UNIQUENESS FOR A SEMILINEAR PROBLEM WITH A< —/\i

and

do := inf 0 (0), de := inf ¢
0 vevo(n,ir)lmcfﬂ(n)] (v) vewo(o,l;{)lnmﬂ(o)] (@)

For any v € Wy (Q, h) N L1 (Q) we have J° (v) < J¢ (v) < J% (v) . It follows that the sequence

d, is decreasing as ¢ — 0 and
do < de < dg, <0for0 < e <eg.

By Theorem 2.1 we know that there exists u, # 0 realizing the negative minimum of the

functional J¢ on Wy (Q, k) N L™ (Q). It comes that
d() S ]8 (ug) < dso < O-

Clearly dy > —oo since t? is dominated by +'*! for large t. Taking v = u, in (3.22), we can rewrite
y y & & 3

J¢ to deduce that

1 1

e 2> /w I (ue)|r+1 dXy < dg < 0. (3.32)
2

dogjg(ue):a<

Asa <r1 — 1) < 0, it follows that

+1 2
2|do| (r+1
r+1 0
< . .
wzll(ue)l Xy < — <r_1) (3-33)
Since r + 1 > 2, we have
20-0) (2do| (1r+1 &
r— T r
)P dxa < forf 5 (2100 (E2)) (534

w> a r—1

Using (3.22) with v = u,, we can also derive that

1 1 '
JE (ue) = (2 o 1) (/Q e ]VXlug]2 + hAVx,ug - szugdx—k)\/w

I (ug)\de2> <0.

2

Combined with (3.34), we get (recall that A < 0)

/Qez|vxlug|2+hAvX2us-szusdx < —A/ |1 (ue) > dX,
w2

2
2(r—1) 21d r+1 r+1
< wa| A <|0’ (_1» , (3:35)

a r

The estimations (3.33), (3.34), (3.35) can be summarized as

ue, |Vx,ue| are bounded in L2 (Q,h), (3-36)
eV x,ue| is bounded in L?(Q), (3-37)
I (ue) is bounded in L? (w,) and in L' (wy). (3-38)
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Then, up to a subsequence, the convergences (3.27) and (3.29) hold in a weak sense. Thanks to

Lemma 1.1 with p = 2, we have I (u¢) — I (1) in L? (w;) and —up to a new subsequence—
I (ue) — 1 (up),a.e. in wy. (3-39)
In addition | (1)|" "I (u¢) is bounded in L+ (w>) since

1o 1 e

Then, due to Lemma 1.3 in [31, page 12], we infer that

L (w2) = (us)HrUH(wz)'

11 ()| () — |1 (o) 1 (1g) in L7 (ws). (3.40)

Passing to the limit ¢ — 0 in the h—weak formulation (3.22), we deduce that the limit u is a
solution to Problem (3.30) since Wy (€, h) is dense in V, (Q), h) .
To show that (3.27) and (3.29) hold in the strong sense, we consider

Mt = /Qsz ]VXluglz +hAVx, (ue —up) - Vx, (e — up) dx
b (1) = 1) () ) (0 ) = )
Thanks to the inequality
s 's— |ttt > ¢ |s —t|", fort,s € R,and some constant ¢, > 0,
we see that
M*® > min{1, a} /Q &2 |Vx ue|* + 1 |Vx, (e — uo)|* dx + ac, /wz 1 (ue) — I (u)|" T dXa. (3.41)

Expanding M* and using the h—weak formulation (3.22) with v = u,, we get
M= 2 / AV x,tte - Vx,ttodx + / HAV g1t - Vitiodx — A [ |1 (ue) P dXa
@) Q wy

—a [ ()| (ue) (o) dXo —a | |1 (o)) 1 (uo) (I (ue) — I (ug)) dXo.

w3 w2

Passing to the limit in M?, it comes that

lim M® = —/ hAVquo . szuodx — )\/ |l (u0)|2dX2 — El/ |l (u0)|r+1 dXz.
(@) wy wr

e—0
Going back to (3.30) and taking v = ug, we infer that lim,_,o M® = 0. Thanks to (3.41), this shows
that the convergence (3.27)—(3.29) hold in a strong sense.

Finally, going back to (3.32), we also infer that

2|dg,| (r+1
r+1 €0

> Sl (202
/a]2|1(us)| aX = = <V_1>,

where the right hand side is positive and independent from e. Passing to limit, we see that
I (10) ] rs1 (wp) > 0 ie ] (ug) # 0. This ends the proof of the theorem. m

In addition, we have the following result on the convergence of J¢ (u,) as ¢ — 0.
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3.2 EXISTENCE AND NON UNIQUENESS FOR A SEMILINEAR PROBLEM WITH A< —/\i

Corollary 3.2 Each limit ug of a converging subsequence from Theorem 3.6 realizes the minimum of

JO defined by (3.31) and

€ 0 _ : 0
J* (ue) = T (uo) = ol (v) - (3.42)

Proof. The strong convergences (3.27)—(3.29) in Theorem 3.6 ensures that J¢ (u;) — J° (ug). Since

ue realize the minimum of J¢, then
JE (ue) < J5(v), YoeD(Q).
Passing to the limit, we get
I (u0) < J°(v), YoeD(Q).

By density and the fact that J° € C! (Vo (Q,h) N L1 (Q),R) (see Remark 1.7), the precedent
inequality also holds for every v € Vy (Q, h) N L1 (Q). Thus ug realizes the minimum of J° (v)
on Vo (O, h) N L1 (Q)) and the corollary follows. m
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A SEMILINEAR PROBLEM WITH SUBCRITICAL NON-LOCAL
NONLINEARITY

In this chapter, we aim to establish the existence of solution for Problem (SP.) where the
assumption (2.1) is relaxed by considering an upper quadratic bound of G (-, t) for t large.
Besides, we revisit the same issues considered in Section 3.2 for g(s) = —As+a|s| s and

investigate the existence of solutions under the assumption
1<r<2"—1.

We recall that in this case Wy (O, 7) C £ (Q) and L' (wa2) € W} (O, ) Without loss of

generality, we assume that f, =0

4.1 A PROBLEM WITH SUPERLINEAR GROWTH OF NON-LOCAL TERMS

The h—weak formulation of Problem (1.26) reads

/Q eV x e - Vx, 0+ hAVx,ue - Vx,vdx = / 8(Xa, I(ue))l (0) dX2 + (f1, 0y am) - (P.)
wr

for every v € Wy (Q), h). The functional associated to (P.) is given here by
- 1
(u) = 5 /Q & [V ul + AV xu - Vudx — /w G (Xa, 1 (1)) dXa — (fi, )y ey - (1)

We aim to establish the existence of solutions . for (P,) as global minimizers for J¢.

4.1.1  An existence result for the perturbed problem

First, we establish the following existence result.

Theorem 4.1 Let ¢ > 0. Assume that g satisfies (1.28) and (1.29) with 1 < r < 2* — 1. In addition,
assume that G defined by (1.30), satisfies

G (Xp,t) < _7)\1‘2 a.e. Xp € wo, for |t| large enough (4-2)
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4.1 A PROBLEM WITH SUPERLINEAR GROWTH OF NON-LOCAL TERMS

and some A > —Aj. Then, there exists u € Wy (Q, h) such that

= _inf T ), @3)

where J¢ is defined by (4.1). In particular, u is a solution of (P.).

) 2 "t K 2 $r+1
n(s + ‘7“+l ) mn(g + |r‘+1 )
/

Cy — 5t?

N oo

o (E [+ N
(s + S5

Figure 4.1: An illustration of the assumptions (2.1) and (4.2), as well as their compatibility with (1.31).
Proof. A priori estimates. Due to (4.2) we have
Ao

G (Xz, t) < Cy— Et , VteR, (4-4)
for some constant C, > 0. Reporting this to (4.1), we have the lower boundedness

J (0) = @4 (0) = (fi,0)yy 00 — C2 lwal, (4.5)
where

€ 1 2 2 A 2
@ (0) = ~ / & |Vx,0f2 + hAVx,0 - Vy,odx + 2 / 11 (0)[? dXo.
2 O 2 wy

Thanks to (3.2) we have, for any given 0 <y < 1,

1— A
& (0) — ’7+(277)/032|VX10|2+hAVX20-szvdx+2/ 11 (v) 2 dX;
w3
_ €
> gmin{l,rx}/ szlvxlv|2+h|vxzv\2dx+W/ |1 (0)]* dX,.
Q w3

Since A + A] > 0, then for 0 < 7 <7, := min {1, (A + A]) /A{}, the last term above is nonnega-

tive. Denoting J; := 77, min {1, }, we have

1)
4 (v) > Es /Qez IVx,0> + 1|Vx,0*dx, Ye>O0. (4.6)
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4.1 A PROBLEM WITH SUPERLINEAR GROWTH OF NON-LOCAL TERMS

Going back to (4.5) and using (2.4), we obtain

< )
J (0) > Eg . &2 |Vx, 0 + h|Vx,0|* dx
2 2 12
il ([ #1900 +h1VxoP dx) = Colnl.

Applying Young's inequality ab < &, 'a? + 6.b% /4, we get

I (0) > % [ & Vol + 1 |Viofdx — — [|f]2 C

J (v) = z QE |Vx,0" +h[Vx,0 dx — 5. Hf1||V6(Q,h) — G |wo]. (4.7)
Thus J¢ is bounded below, i.e.

de:= inf J*(v) > —oo.

‘ vevg)l(o,h)l (0) > —eo
Passage to the limit. The estimation (1.31) implies that

G(Xy,t) < 7,12, for small t and some constant y, > 0.
2 2

Combining this with (4.2), which holds for t large, we deduce that for some constant y > 0 it
holds that

G(Xp,t) < ut?, forallt € R. (4.8)

Then, we rewrite J¢ as

(o) = % (0 +h @)~ (5 +0) [ 1EPX~ (o, 49
where
Ji©)= [ =6l @) +nll (o) iXe (4.10)

Let (un),>( be a minimizing sequence. By (4.7), we deduce that (1), is necessarily bounded
in Wo (Q, h). Then, there exist u € Wy (€}, h) and a weakly converging subsequence (i), -, in
Wo (Q, h) such that

Vixytn, — Vxuin L2 (Q), Vx,uu, — Vxu, in L2 (Q,h),
I (un,) — 1 (u) in L? (w5),
as ny — +oo. The last strong convergence is a consequence of Lemma 1.1 with p =2. Up to a
g & q p p

new subsequence, we have [ (u,,) — [ (1) a.e. in w, and since the function —G(Xy, t) + ut? is

nonnegative, Fatou’s lemma implies that

J1(u) < lminf J;(uy, ).
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4.1 A PROBLEM WITH SUPERLINEAR GROWTH OF NON-LOCAL TERMS

Using the weak lower semi-continuity of norms, we infer that

®f (1) < liminf @ (uy, ).

n—r 0

Passing to the limit in (4.9) yields

JE (u) < LiminfJ¢(uy, ) = de.

Np—00

Therefore, the limit u realizes the minimum of J¢ on Wy (Q, ).
As 1 < r < 2*—1, then by Corollary 1.1 we have J¢ € C (W, (Q,h),R). Thus (je), (u)=0

and the limit u is a solution to (P;). This ends the proof. m

Example 4.1 Theorem 4.1 applies to the problem

&2

g Ax =V, - (AVxu) + AL (u) +a (1 (u)) ! ()11 ()

—b (@) [1@)|" 1 (u) = fiin Wy (Q,h)
uewW (Q,h) ,

where A > —A{,1 < q<r<2*—1anda,b: R — R are bounded continuous functions satisfying
a>0andb(t) =0 (a(t)), as |t| — +oo.
Here we have taken
g( ) ==At—a(t)[t| L e4+b ()|t forteR.
Corollary 4.1 Let u be a solution of Problem (P.) given by Theorem 4.1. If the mapping
s +— g (-,s8) + As is non increasing, (4.11)
then u is the unique solution of (P.).

Proof. We keep the notation of the previous proof. If (4.11) holds, then the functional
A 2
0t — G(Xz,l(v))—f—*“(?}” dX,
wy 2

is convex. In addition, ®f is strictly convex since it satisfies (4.29). Rewriting J¢ as

(0) = 95 (0) — [ Gal)+5 1 @)FdX— (fiohy .

w2

we can see that J¢ is strictly convex and the uniqueness of the solution realizing the minimum

follows. m
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4.1 A PROBLEM WITH SUPERLINEAR GROWTH OF NON-LOCAL TERMS

4.1.2  An existence result for the unperturbed problem

The next theorem shows the existence of a solution ug to the following unperturbed problem
/Q HAV x,u - Vy,vdx = / 8(Xa, 1)1 (0) dXz + (f1, 0y, Vo € Vo (). (o)
ws

Theorem 4.2 Under the assumptions of Theorem 4.1 with A > —AY, and if u. is a solution of Problem

(P.), then we have —up to a subsequence-

ue — g, Vx,ue = Vx, g in L? (Q,h), eVxu —0in L2 (Q), (4.12)
I(ue) — 1 (ug) in L' (wy), (4.13)
g (1 (1)) = g (-1 (ug)) in L7 (wn). (4.14)

Moreover, the above convergences hold for the whole sequence if the solution of (Py) is unique.

Proof. First, the assumptions of Theorem 4.1 hold since A > —A(l] > —Aj. Thus, for anye >0, a

solution u, exists and realizes the minimum of J¢ on W) (Q, h). For 0 < e < 1, we have
JE (ue) <J° (v) <J'(v), VoeWy(Q,h)

and A} > A5 > AY. In particular,

(r+29)
N, > 1]y := min 1,T >0, for A > —AY,
1

where 7, is the constant considered in (4.29). Denoting dy := 1, min {1,a }, we have

)
5 (v) > EO 2 |Vx,0)* +h|Vx,0/*dx, for0<e<]1,
0

where this time Jy is independent of e.

The same argument used to derive (4.7) yields

o

- 1
2 2 2 1 2
1 /¢ |Vxue|” +h |Vx,ue|“dx <J (v) 5o A2 Vo(Qh) + C|wa|, Yo € Wy (O3, h). (4.15)

This means that the sequences

ue, |Vx,ue| are bounded in L? (Q, 1),
|eVx,ue| is bounded in L? (Q).

Then, there exists ug € Vy (), h) such that —up to a subsequence—

ue — gy, Vx,ue = Vx, o in L? (Q,h), eVxu, —0in L? (Q), (4.16)
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4.1 A PROBLEM WITH SUPERLINEAR GROWTH OF NON-LOCAL TERMS

as ¢ — 0. Thanks to Lemma 1.1, we have also
I(ue) — 1 (ug) in L' (wy) (4.17)

since 1 < r < 2* — 1. Moreover, up to a new subsequence, I (u.) — I (1) a.e. in w; and there

exists K € L'"! (wjy), such that |I (#;)| < K a.e. in wy. The continuity of ¢ implies that
9 (X, 1 (ue)) = g(Xa,1(up)) a.e. in wo. (4.18)
In addition, we have
r+1
§(Xa (1)) 7 <C(1+ K7 (X)) ae inw,

see (2.22). Applying Lebesgue’s theorem, we derive the strong convergence (4.14).

Going back to (P.) and passing to the limit, we deduce that the limit 1 satisfies

/Q hAV x,ug - Vx,vdx = / § (X2, 1 (u0)) I (v) dX2 + (f1,0) v ) - (4-19)
w?

for every v € Wy (Q), h). This means that 1 is a solution to Problem (Py) since Wy (Q, h) is dense
in Vo (Q, h) .

It remains to show the strong convergences (4.12). To this end we consider
I := /Qsz \Vx,ute|* + hAVx, (e — ug) - Vx, (e — up) dx. (4.20)
Expanding I. and taking v = u, in the h—weak formulation (Py), we get
L= | g0l ()1 (1) dX + (fr e
- 2/QhAVX2ug Vxytiodx + /QhAVXZuO -V x,ttodx.
Thanks to (4.14), (4.16) and (4.17), the passage to the limit in I, yields
lim I, = /w 8 (%2, ] (w0)) ] (o) dXa + (fi o)y )~ /Q hAV x, 110 - Vx, iodx.

Going back to (Py) and taking v = ug, we infer that lim,_,o I, = 0. The convergences (4.12) follow

from the inequality
I > min{1,a} /Q & |Vxthe|” + 1 [V, (1e — ug) |* dx.

This ends the proof of the theorem. m

Concerning the convergence of J¢ (1) as ¢ — 0, we set

7°(v) = ;/ﬂhAVsz - Vx,vdx — /w G (X,1(v))dXs — (f1,0) . (4.21)

Then, we have:
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Corollary 4.2 Under the assumptions of Theorem 4.2, the converging subsequences satisfy
G (-1 (ue)) = G(-,1(ug)) in L' (wy), (4.22)
and give smooth minimizing sequences for the functional J°. That is,

J€ (ue) = T (uo) = veﬁﬁgh) (o). (4.23)

Proof. Since (4.13) holds and G still satisfies (1.31 ), the convergence (7.43) follows as in the
proof of Theorem 2.2. Combining this with (4.12), we can pass to the limit in J¢ (u.). It comes

that

() = I (w0) > _inf 10 (o).

In addition, J¢ (1) < J¢ (v), Vo € D (Q). Passing to the limit in both sides, we get
(o) < °(0), Vo € D (0). 424)

Since D (Q) is dense in Vy (Q, h) and J° € C' (Vy (Q, 1), R) (see Remark 1.7), then (4.24) still
holds for every v € Vy (Q, h). So ug realizes the minimum of J° on V, (), h) and the corollary

follows. m

Remark 4.1 The argquments used in the proof of Theorem 4.1 can be adapted, by setting ¢ = 0 and
replacing Wo (Q), h) by Vo (Q, h), to obtain the existence of a solution for Problem (Py) that realizes the
infimum of J° on Vo (Q), h). Moreover, this solution is unique if (4.11) holds.

This chapter is devoted to some applications, as we will deal with different types of nonlinearity
g in (SP). we study the existence of solutions (denoted by u,) for the perturbed problems as
well as the asymptotic behavior of u, and the related functional J*. Then, passage to the limit as

e — 0.

4.2 EXISTENCE AND NON UNIQUENESS RESULTS FOR A SEMILINEAR PROBLEM WITH
A > —Af

In this section, we take
g(s)=—As+als|"'s

Then, we consider the h—weak problem to find u, satisfying
/Q eV x,ue - Vx, 0+ hAVx,u, - Vx,vdx

— A l(ug)l(v)dX2+a/ () ()] (0) dX, (4.25)

w2 w2

44
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for every v € Wy (Q, h). The associated functional

1
JE (v) = 5 /Qez IVx,0* + hAV x,0 - Vx,vdx
A

2 Jw,

a
r+1

is not bounded from below (it suffices to let t — o0 in J¢(tv)). This led us to consider a

+ 1 (v)[>dX, —

[ H@rtax, @as)

constrained minimization approach to investigate the existence of non trivial solutions for this

problem.

4.2.1  An existence result for the perturbed problem

Theorem 4.3 Let € > 0 and assume that
a>0,1<r<2"—land A > —Al.

Then Problem (4.25) has a solutions u that minimizes J¢ on Wy (Q, h), where I(1) # 0. In addition, there

are at least two other different solutions 0 and —u.

Proof. We split the proof to several steps.

Step 1. We consider" the set (of constraints)

8= {0 € Wo (Qh),1(2) #0; [I1(©)llrey =1}

Then J¢ restricted to S reads

a

€ _ 1 o
I (o) =T (0) ~ =, (427)
where
e o 1 2 2 A 2
I (v) ' =2 | € |Vxv|"+hAVxv-Vxvdx+ = [ |l (v)]"dXs. (4.28)
2 (@) 2 wy
Now minimizing J on § is equivalent to minimizing just I* on S.
Thanks to (3.2) we have, for any given 0 < 77 < 1,
1-— A
(o) = ’7”’7)/ & |Vx,02 + hAVx,0 - Vy,0dx + f/ 11 (o) dX;
2 O 2 wy
_ 3
> gmm{m}/ e |Vx,0|* + h |Vx,0/ dx + (1’7)21“/ |1 (v)|* dXs.
Q w2

Since A + A] > 0, then for 0 < 77 < min {1, (/\ + A?) / /\%} the last term above is nonnegative.

Denoting a) := ymin{1,a} /2, which is independent of ¢, we have

I (v) > ay /Qsz IVx,0|* +h|Vx,0/*dx, Ve > 0. (4-29)

1 We argue as in [3, page 56].
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Step 2. Let us show that the infimum

d, := inf I* (v)

vES

is attained for some i € S. Let u, € S be a minimizing sequence. By (4.29), such sequence is

bounded in W, (Q, h). Then we have —up to a subsequence-

Uy, — 1 in Wy (O, h), (4-30)
for some ii € Wy (Q), h). Since r < 2* — 1, Lemma 1.1 yields the strong convergences

I(u,) — 1(@1) in L' (w,) and also in L? (w5). (4.31)
Besides, since A is symmetric and satisfy (1.22), then the mapping

1/2
v (/ e |Vx,0)* + hAVx,0- szvdx> ,
0

defines a norm on Wy (Q), h). Thanks to (4.30) and the lower semi-continuity of norms, we

deduce that

/ & \Vxlﬁ|2 +hAVx,ii - Vx,idx < liminf & \Vxlun\z +hAVx,u, - Vx,uydx.
Ja Q

n—oo |

Combining this with the strong convergence in (4.31), we infer that

I° (1) < HminfI (u,) = de and |1 (i)]| 1

RS () = 1
Thus ii € S, and this shows that I* (i) = d,. Taking into account that A] is given by (3.2), we

infer that

€
dgzl*?(a)z)”LAl/ |1 (@)*dX, > 0,
2 Jon

since I (if) # 0 and A + A] > 0.

Step 3. We check that i, the minimizer found with the previous step, satisfies

/ @V, - Vx,0+hAVx,i-Vyodx+A [ 1(@)] (0)dXa =de [ (1@ 1(7)] (0) dXa, (4.32)
QO w2

w2

for all v € Wy (O, h). To this aim, fix v € Wy (Q), h). For t € R small enough, say t € (=6, ), the

function I (i 4 tv), is not identically zero. Therefore there exists 7 : (—9,5) — (0, +00) such that
1L (y () (11 + t0))| T dXp =1,

—1/(r+1)
ie. n(t) = (wa |1 (i1 4 to)|*! dXz) ( . The function 7 is differentiable on (—¢,¢), and

_r42

7' () = —< B ]l(ﬁ+tv)|r“dX2> /w 11 (i + to) 1 (i + to) 1 (v) dXa.
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Then, we have

1) =17 (©0)=- | @ (@) (0) X

We define ¢ : (—6,6) — R as

v () =T (y (1) (7 + t0)).

The function v is differentiable and

9 (t) =25 (£) 57 (t) T (i1 + to) + 252 (t) /QSZV;Q (il + tv) - Vx,v+hAVx, (il + tv) - Vx,vdx

oM (1) / (i + to)] (v) dXo.

ws
Since 7(t)(ii + tv) € S for every t € (—6,6), the point t = 0 is a local minimum for 7. So we
should have

0=1/(0) =21 (0)I (1) + 2/ Vil - Vy,0 + hAVx,i1 - Vx,odx + 2/\/ ()] (v) dXa,
QO w

2
i.e. il satisfies (4.32).
Finally, the function® u = + (a/ dg)l/ ("=1) i is a solution to Problem (4.25) with
()| dXy = (a/de) "D/ 0D S 0,
w>

This ends the proof. m

Corollary 4.3 Under the assumptions of Theorem 4.3, with —A] < A < 0, Problem (4.25) has one

positive solution and one negative solution.

Proof. Let v € Wy (O, h), 1 (v) # 0. Set vt := max {0, v} . Arguing by density as in [22, Lemma

1.19], we can show that
ot €Wy (Q,h) and 9,07 = (axicpg)x{%w}, fori=1,---,n1 + nyp.
In particular, this means that [v| = (207 —v) € W (Q, h) and one can check that
0<TI(Jv]) <TI*(v) when —A] <A<0. (4-33)
Let now il € S be a minimizer to J* and set b := ||l ([i1])||r+1(,)- Clearly

bg Z ||l (ﬁ)‘|Lr+l(w2) =1 and ‘bu’ € 8.

€

2 7l minimises J¢ on S but u is the one that solve Problem (4.25).
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Thanks to (4.27) and (4.33), we have

€ @ _lf 7)) — a <l5 1) — a
]<bg>_bgl =g =" @

Taking into account that b, > 1 and I° (if) > 0, we infer that

e ('g') <J (@)

This means that || /b is also a minimizer to J¢ on S. Arguing as above, u = + (a/d;)" "™V |i| /b,

is a non-negative solution to Problem (4.25). It also satisfies

£2

2 Axlu — sz (AVX21/£) > 0,

in the (classical) weak sense. Under the assumption (1.21), (1.22), (1.7) and according to [36], we

must have u# > 0, a.e. in Q). Of course —u is a negative solution to (4.25). This ends the proof. m

4.2.2  An existence result for the unperturbed problem

Theorem 4.4 Under the assumptions of Theorem 4.3 with A > —AY, and if u, is a solution for Problem
(4.25) such that I (u,) # 0, then we have —up to a subsequence—
ue — U, Ve = Viyto in L* (Q,h), eVyu. — 0in L*(Q), (4-34)
[(ue) = 1 (u) in L' (w2). (4-35)

where ug € Vo (Q), h) is solution to problem

/Q hAV x,ug- Vx,odx+A [ L(ug)l (v)dXy =a \l(uo)|r_1 (o)l (v) dXa, (4.36)
w?

w?
for every v € Vy (Q), h). Moreover, I(uy) # 0 and Problem (4.36) have two other different solutions 0 and

—Uup.

Proof. First, since A > —A? > —Aj, all the assumptions of Theorem 4.3 hold and there exists

fle € S such that
If (if;)) = infI* (v) =d, >0, forO<e<1.
vES

Recall that i, solves (4.32). Thanks to (4.29) and the fact that d, < d; for 0 < € < 1, we get
o) /Qsz |Vxlﬁg|2 +h \szﬁelzdx < I (ify) =d. < dy, (4-37)
hence

ile, |Vx, 1| are bounded in L? (Q,h),
eV x, | is bounded in L*(Q).

48



4.2 EXISTENCE AND NON UNIQUENESS RESULTS FOR A SEMILINEAR PROBLEM WITH A > —/\i

We can argue as in the proof of Theorem 4.2 to show that —up to a subsequence—

fle — ug, Vx,fle — Vx,ilg in L? (Q,h), eV, i, — 0in L?(Q), (4.38)
I(ite) — I (ilp) in L*(wy) and in L (w>), (4.39)

The last two convergences follows from Lemma 1.1 since 2 < r < 2* — 1.

Passing to the limit in (4.32), we deduce that limit 7 is a solution to the problem

/Q WAV x,iio - Vxodx + A [ 1)l (0)dXa = do [ [1(i10)|" " I(i10)] (0) dXa, (4-40)
w?

wr
for all v € Vy (), h). Here dg = lim,_,0 d¢. Such limit exists since (d,), decreases as ¢ — 0 and

de > 0. Since I (#e)|[r+1(4,) = 1 the strong convergence [ (iIe) — [ (io) in L1 (w,) implies that

It (ﬁO)HL'H(wZ) =1, (4.41)

and necessarily I (ug) # 0. Letting ¢ — 0 in (4.37), we deduce in particular that
06/\/01”1 ‘szﬁolz dx < dO,

(Recall that «, is independent from ¢). This means that dg > 0 since iy # 0.
The function uy = £ (a/do)l/(rfl) ily is a solution to Problem (4.36) and u, = + (a/dg)l/(rfl) il

satisfies the convergences (4.34) and (4.35). This ends the proof. m

Remark 4.2 If A > —AY, then Problem (1.36) has one non-positive solution and one non-negative
solution. It suffices to take a sequence of positive (negative resp.) solutions, which exists by Theorem 4.3,

then pass to the limit ¢ — 0 as in Theorem 4.3.
Finally, give an additional information on u( by characterizing .

Corollary 4.4 Let ug be a limit of a converging subsequence from Theorem 4.4. Then u realizes the

minimum of

a
r—+1

1 A
1O (u) = E/QhAVXZu-VXQuder—/ 1 ()2 dX, —
)

[ ax,
2 Wy

on the set

Soi= {1 € M (Q1),1(0) 20 1)1y =1},

and we have

JE (ue) = J° (uo) and J° (i) — J° (dip) = inf J° (v), (4-42)

vES)

where g = + (a/do)fl/(rfl) up) € So.
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4.2 EXISTENCE AND NON UNIQUENESS RESULTS FOR A SEMILINEAR PROBLEM WITH A > —/\i

Proof. We use the notation of the proof of Theorem 4.4 and we set
0 1 A 2
(0) = - / WAV x,0 - Vxodx + 2 [ |1 (0)]2 dXo. (4-43)
2 @) 2 wo
The function 7y € V, (QQ, h) and by (4.41) we know that ily € Sp. In addition, we have
J¢ (1) <J°(v),VveS.
The strong convergences (4.38) and (4.39) implies that

JE (i) — J° (i1g) < J° (v), Vo € S.

Let & € Sp. By the density of Wy (Q, 1) in Vy (Q), ), there exists a sequence (v),,~ in Wy (Q, 1),
such that

v, = 0 in Vo (Q,h), asn — +oo.

Since r < 2* — 1, Lemma 1.1 ensures the strong convergence v, — ¢ in L'"! (w,). Having
11(0)||r+1(wy) = 1, we can always assume that ||I (on)l|1r+1(y,) # 0. The sequence w, :=

O/ |1 ()1 ) satisfies
wy €S, wy, — 0 in Vo (Q,h), asn — +oo.

As ] € C' (Vo (Q, h),R), see Remark 1.7—ii), this implies in particular
J° (1g) <% (wn) = 1°(9).

Since @ is arbitrary chosen in S, this means that il realizes the minimum of J° on Sy and the

corollary follows. m
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Part II

ASYMPTOTIC BEHAVIOUR AND EXISTENCE RESULTS FOR SOME
NON-LOCAL QUASILINEAR ELLIPTIC PROBLEMS



FUNCTIONAL SETTING FOR THE QUASILINEAR PROBLEMS

In this chapter, we define the functional spaces related to the quasilinear problems considered in
this second part. Then, we state the assumptions used in the remainnig of this thesis. Finally, we

consider some C!—functionals involving non-local terms.

5.1 ANISOTROPIC WEIGHTED SOBOLEV-TYPE SPACES

We consider a measurable function b positive a.e. on () := w; X wy and a second function h,

depending only on Xj, positive a.e. on wy. By consequence, the function 7 given by

7 (x) =h(X1)b(x)

is also measurable and positive a.e. on (). For 1 < p < +oo0,we consider the following weighted

anisotropic Sobolev-type space
VP Q) = {o e L (Q) [ago € L (Qu),i=1,-+ ma
equipped with the norm (the weight is only in the gradiant)

1/p
iv(ﬂ)) ' (5.1)

o (V200 + o]

As we will assume Dirichlet boundary conditions on wj X dw,, we also consider the subspace
VI (Q,1) =D (Q), the closure for the norm (5.1).

We also consider the weighted Sobolev space
WP Q1) = {v € LV (Q) | [V¥0| € LY (Q,)},
equipped with the norm
1/p
e (A e (5.2)

The parameter ¢ is introduced in the norm for convenience. Clearly W? (Q),7) C V¥ (), ). Then,

we define W) (Q,77) := D (Q), the closure with respect to the norm (5.2) .
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5.1 ANISOTROPIC WEIGHTED SOBOLEV-TYPE SPACES

Arguing as in [25], we can show that for a weight function 7 satisfying

1
n €Ly (Q) and 771 € L}, (Q), (5.3)

both spaces V¥ (Q,17), V) (Q, 1), WP (Q,17) and W} (Q, 17) are reflexive Banach spaces for 1 <
p < +oo.

Let us suppose that the weight function b satisfies’
b= (Xy,-) € LY(w,), forae. X; € wy, (5-4)

with a certain s > 0 which will be specified later. Since / is almost positive a.e. on w1, this means

that # satisfies, besides (5.3), the condition
17_S (Xl, ) =h° (Xl) b—s (Xl, ) S Ll(CUz), for a.e. X1 € wi.

Introducing the parameter p; by

. _Ps
Poimsi1 =P
and using the Holder inequality with the parameters % + ﬁ = 1, we obtain

[ opdxe = [ gt et () ax,
wa wy

slﬁ ps/p
< ( n° (x) dXz) </ l0|P 7 (x) dX2> , fora.e.X; € wy.
wa wy

Replacing v by ax;v, fori=1,2,---,ny, we get

</w2 ” d}@)ws < < e (X)dX2>1/ps </wz

Thus 2

1/Ps 1/pS l/p
([ 1vsorax) < ([ i) ([ Varimae) 69
wy w?y (%)

for a.e. X1 € wy. It follows that a function v € WP (ws, 7 (X3, -)) belongs to the (non weighted)

ax;U

1

p 1V
ax/_v‘ 7 (x) dX2> .

space W (w,), i.e.

WP (wp, 11 (X1,+)) C WHPs(w,), forae. X1 € wy.

1 See [17, Section 1.5]

2 Clearly if X = (x1,-+-,x,) € R, x; >0 |x;] < ) x%+~~-+x,21

= |X]| So X}, |xi|P < n|X|P and by Holder is

inequality for sums, we get

n p P n
<k (Ebl) = e < i e
i=1 i

i=1
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5.1 ANISOTROPIC WEIGHTED SOBOLEV-TYPE SPACES

Of course, the parameter p; is less than p. This means that
2l < B (K1) [ollwasonss ) -
where
B(X)) = / 7 (x) dXo.
ws

To be more precise, we are considering the norms

1/p
HUHW“7 (wa,(Xa,) (HVXZUHLP (wa (X1, + H HLV (wy) ) , forae. X; € wy,

/ps
HmemQ? mv&wa2+urmw) .

Now, we can use the Sobolev injection WPs(w,) C LI(wy) and obtain that

WP (wy, 1 (X1,+)) C LY (ws), for ae. X1 € wy, (5.6)
where
na2ps naps .
= if ps <my(s+1),
1<g<pi:={ m—ps m(s+l)—ps (57)
+o0 if ps >mny(s+1).

Moreover, the injection (5.6) is compact provided 1 < g < p;.

In particular, we have p; > pif s > %, and consequently, the injection
WP (wp, 11 (X1,+)) C LP(wy), forae. Xi € wy. (5.8)

is compact. To summarize, the inclusion (5.8) holds if
717°(Xy,-) € L' (wp) and s € <7;2, +oo) N [P i 1,—|—oo> (5.9)
since, to be in accordance with (5.3), we have to suppose also s > ﬁ.
The embeddings, derived for W'? (w2, 7 (X3, -)) hold also for W&’p (wa, 1 (X3,+)). For p < pi
we have, in virtue of the imbedding Wg’ps (wy) C LPs (w5), that

1/}9 B 1/ps
(/ ]v]de2> < Cr, (/ ]v]deX2> < Cr, </ |VXZU\”SdX2> ,
wy wy wy

1/ps

Ciw, i =1,2,---,denotes here and in the sequel, a constant depending at most on p, s and w.

Thanks to (5.5), we immediately have the estimate
/ lo|P dX, < Cgrsz% (Xl)/ |Vx,0lf ndX,, for a.e. X1 € wy.
wy w2

Assuming that B is bounded and integrating on w1, we have shown the following lemma.
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5.1 ANISOTROPIC WEIGHTED SOBOLEV-TYPE SPACES

Lemma 5.1 Under the assumptions (5.3), (5.9), and
h—s b= (', Xz) dX, € L% (wl) , (5.10)
w2

then we have the following weighted Poincaré inequality
/Q [o|P dx < C1/Q IVx,0lPn(x)dx, Vove Vé’ (Q,1n) (5.11)
with a constant Cy depending at most on b, h, p,s and Q).
In particular, Inequality (5.11) implies that the mapping
0= [[Vx,0[| 1y

is a norm on the space V} (Q,77) equivalent to norm (5.1).
Similarly, under the assumptions (5.3), (5.9) and (5.10), we still have the weighted Poincaré
inequality (5.11) for the space W} (€, 77). By consequence the application

v = [Vl (5.12)

is a norm for W} (€, 77) equivalent to the norm (5.2).

The next compactness lemma is very important for the sequel.

Lemma 5.2 Let (w,), be a sequence in VY (Q, 1) such that w, — w in VY (Q, ). Under the assump-
tions (5.3), (5.9), (5.10) and

/w h(X) b 7T (x)dX; € L (ws), (5.13)
we have
I (w,) =1 (w) in Wé’p (w2) . (5.14)

Moreover, for every q > 1 satisfying

Z2F if np >
1<g<pri=q ™7 fna = p (5.15)
+o0 ifny <p
we have the strong convergence
I(wy) = 1 (w) in L (wy). (5.16)
Proof. By Holder’s inequality it holds that
p P11 1 P 1 Pl P
a1 (wy)| = / (h P b p> (1700 ) dxi| < < ho dX1> / 3, wn|” ndxXi,
i w1 ! w1 w1 !
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5.2 ASSUMPTIONS AND h—WEAK FORMULATIONS

fori=1,---,ny, and a.e. X» € wy, hence
1 p-1
’szl (wn)|p < < hb p_ldX1> / \szwn]pidel.
w1 w1
Taking (5.13) into account and integrating on w,, we deduce that

Vsl (@n)l! 4% < Gy [ [Vx0al? e (5.17)
wy

Recalling that the mapping v — [|Vx,?|[;,(,,, defines a norm on Wé’p (w>2), then (5.17) means
that the linear operator v — I (v), from V} (Q, ) into Wé’p (w2), is continuous and the image of
the weakly converging sequence (wy, ), remains weakly converging. This shows (5.14).

Finally, for 1 < g < p* the injection W&’p (w2) C L1 (wy) is compact and (5.16) follows. m

5.2 ASSUMPTIONS AND h—WEAK FORMULATIONS

Letr > 1and 1 < p < co. We assume that the function a satisfies the following conditions:
aeC (IR*,]R) . (5.18)
e There exist constants «, B > 0 satisfying

atP~t <a(t)t < P!, fort > 0. (5.19)

S

t
e We denote A (t) = [ a(s)sdx, for t > 0, and assume that the mapping
0

v—>/017A(\Vv|p) dx (5.20)

is weakly lower semi-continuous on W} (Q, 7).

e For every V(,& € R, we have

{a(lch&—a(le)ér-(€—¢) =0 (5.21)

Remark 5.1 i) Note that A (t) is well defined since a (t) t satisfies (5.19) for p > 1 and t > 0.

it) A sufficient condition for (5.20) to hold is to have the mapping & — A (|¢|") convex for & € R™*7"2,

(See [16, Theorem 1.3]). This holds for instance if the function t — a (t) t*~7 is nondeacreasing from
R* — R*.

Concerning the non-local terms, we assume that ¢ : wy X R — R is a Carathéodory function

and satisfies the growth condition

8 (X28) < 7 (IsfP " +1s") , for ae. X € wp, (5:22)
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5.2 ASSUMPTIONS AND h—WEAK FORMULATIONS

for some constant y; > 0.

The two source terms f; and f, are supposed to satisfy

p

fLEVY (Qn) and fo € L7 (w2), (5.23)

where Vi (Q, 1) is the dual space of V] (Q, 7).
We consider the space V) (Q,17) N L+! (Q) equipped with the norm

v HVXZUHLP(Q,q) + |1 (U)HU“(wz) :

As VY (Q,1) € (VI Q)N Lt (Q)) and L (w2) € (VE(Q,7) N L () with continu-

ous injections, we also have
Ip r1 p r1 '
V(@) + L7 (w2) € (V) (@) n Lt (@) (5.24)
The space V(;p (Q,n) + L+ (w?) is equipped with the norm

- ri1
v~ inf {HUlHV(/)p(Q/”) + HUZHL#(W)’ for v; € Vép (Q,n), el v (wz)}. (5.25)

v=01+0;
The unperturbed problem

Arguing as in [15, Corollary 1], we can show that the elements of V} (Q,7) are the functions

with zero trace on wy X dw;. More precisely,
VE(Q,n) = {v eVl (Qyn)|v(Xy,-) € W&’p (wy) ae. X € wl}. (5.26)
Thus, Problem (10) from the introduction, see page 4, can be stated as follows

—Vx, - (b(x)a (|Vxul) Viu) = g(Xo, 1(u)) + fi (x) + 2 (X2) inQ,
(5-27)
ue Vi (Qn)NL+(Q).

As mentioned in the introduction, we shall investigate the existence of solutions in the following
sense. We say that a function u € V} (Q,77) N L+ (Q)) is an h—weak solution to Problem (5.27)

if the integral identity

/Qiya (|Vx,u0]) Vx,uo - Vx,v dx = /w (X2, l(ug))! (v) dXa
+ 2wy +/w fol (v) dXs, (QPo)

holds for every v € V{ (Q,7) N L1 (Q). This formulation follows from testing (5.27) by hv

(instead of v only), then performing some integrations by parts.
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5.3 C!=FUNCTIONALS INVOLVING THE NONLOCAL TERM [

The perturbed problem

Let ¢ > 0. We introduce the following problem with an anisotropic singular perturbation

2

—5Vx - (a (|Veue|) Vx,ue)
—Vx, - (ba (|Veue|) Vxue) = ¢(Xo 1 (ue)) + f1 + fo in Q, (5.28)

ue € WY (Q, )N LH(Q),
where the space W) (Q,7) N L™ (Q) is equipped with the norm
v HVEUHLP(QJI) + |1 (U>||LV+1(w2) : (5-29)
It is clear, as for (5.24), that
p ol p r+1 !
W (@) + L7 (w2) € (W (@)Lt (@),

where the norm of W (Q, 1) + L+ (w,) is defined as in (5.25), with V (Q,7) is replaced by
Wy (Q, 7). Problem (5.28) is a nonlocal quasilinear elliptic problem with homogeneous Dirichlet
boundary condition. Using a variational method, we aim to show that it has a solution in the

sense that
[ (Vi) Vou- Viodx = [ g0a )l (0)dXe+ (i oy, + [ Sl (©0)dXe,  (QP)
wy w?

for every v € W) (Q,7) N L1 (Q).

53 Cl!-FUNCTIONALS INVOLVING THE NONLOCAL TERM |

Taking the assumption (5.22) into account, we consider the primitive of g given by

t
G (Xp,t) = / g (Xy,s)ds, for X € wpand t € R (5.30)
0
and as a consequence of (5.22), it satisfies
[
|G (X2, t)] <71y ? + T1 ] for a.e. X, € wrand t € R. (5.31)

This allows us to define the functional
o (v) = / G (Xp,1(v))dXa, forve WE(Q,n)NL* (ws). (5.32)
w2

We investigate the existence of solutions for (QPF;) as critical points of the functional J* (v) such

that

J* () == /QUA (IV¥ol?) dx—/sz(Xz,l(U))dXz— (frovean —/wzle (v)dXa, (5.33)
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5.3 C!=FUNCTIONALS INVOLVING THE NONLOCAL TERM [

where A is the function considered in (5.20).In order to determine the derivative of J¢, we need

the following lemma
Lemma 5.3 Assume that o : wp X R +— R a Carathéodory function satisfying

190 (X2,9)| < 7015]7, s € Rand a.e. X, € wy, (5.34)
for1 < q < +o0 and some constant vy, > 0. Let

Jgo (0) = /w Go (Xa, 1 (v)) dXa, for v € WY (Q,17) N L7 (Q)

2

where Gy is defined by go as in (5.30) . Then, the mapping

us go (-, 1(u)) is continuous from W, (Q, 1) N LT (Q) into L (w2) .

Moreover, Jo, € CY (WL (O, 1) N L971(Q),R) and its derivative is given by

oo W22) o gy = L, 8 21 ()1 (0) dXe,
for every u,v € W§ (Q,n) N LI (Q).
Proof. Let us consider the functional
oo (0) = / Go (X, 3) dXa, for all 5 € LT+ (wy).
ws
We can argue as in [38, page 10], to show that the composite mapping
u > go (.1 (1)) is continuous from WY (Q, 1) N L7t (Q) into L (w2).
Joo = jgo 01 () € CL(WY (Q,57) N L9+ (Q),R) and its derivative is given by
Ui W22) iy = ., 8 el ()1 (@)%
for every u,0 € WY (Q,7) N LT (Q). m

Let us now give the derivative of J*.

Theorem 5.1 Let 1 < p <r+1 < 4o0. Assume (5.3), (5.9),(5.10) and that g satisfies (5.22). Let
J¢ be defined by (5.33) , then the mapping

u s g (Xo,1(u)) is continuous from WY (Q,17) N L™ (Q) into <)/V57 (Q, )N L1 (Q))/,
JE € CL(WY (1) N L1 (Q),R) and its derivative is given by
(J (u) ,0>W5(Q DAL / na (|Veu|) Veu - Vévdx —/ ¢ (Xo,1(u))1(v)dX,

~ (fuohgiay — [, fil @) dX 639

forall u,o € W} (Q, )N L1 (Q).
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Proof. First, to show the continuity of U +— g (X, U) we split ¢ into Carathéodory functions g1

and g
8 (Xz,8) = 81(X2,8) + 82 (X2, 5),

where g (X,5) = g1 (Xa,s) for |s| <1and g3 (Xp,5) =0 for |[s| > 2, for a.e. Xp € wy. So
g1 (X2,8) < Clsl”™", g2 (Xa,8)| < Clsl",

by possibly modifying the value of C.
Thanks to Lemma 5.3 for 4 = p — 1, we see that the mapping

P

u — g1 (Xa,1(u)) is continuous from W) (Q,7) N LV (Q) into LFT (w,).
By the Poincaré inequality, it follows from (5.17) that

(wy)|P dXy < Co |V, I (wy)|F dx < C3/Q |V x,wa|? ndx, (5.36)
wr

|l
w?
this means W} (Q,%7) C £P (Q) and Lyt (wo) C Wép Q7).
As well, by Lemma 5.3 with g = r, the mapping
u > g2 (Xo,1 (1)) is continuous from W{ (Q,7) N L™+ (Q) — L

Then the mapping

u— & (Xa, I (u)) = (814 82) (X2, 1 (u)),
is continuous from W} (Q,7) N L1 (Q) to W(/)p (Q,n)+ L+ (wy) and

! _ 14 r+1
<]g () ’U>w5<o,n>mcv+l<o> = |, 8001 @)1(2)dXe, for u,v € WE (Q,) N L7 (0).

To give the derivatives for the remaining terms in the definition of J*, we set

Ja © WE@Qn) — R Jaw) = [ nA (7 ul’) dx,
I+ Vo (@) =R, Jp (u) = (fuu)ypa,
Jp + WEOQOLHT Q) =R, ()= [ fl (w)dXe

First, note that if conditions (5.18) and (5.19) are satisfied, then [, is a C!-function i.e. Indeed,
t/p

since A (t) = [ a(s)sds, we see that
0

A () = ;a (#77) b (537)
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This allows us to show that

€ e P\ _ e P
limA(|V u+6Veol|’) — A (|Veul’)
6—0 )

=a(|Vfu|) Viu - Vo, ae. in Q.

On the other hand, by (5.19) for 0 < § < 1

|Veu+6veo|'/? |Veu+sVeo|/P
A (|V*¢ oV |P) — A (|VEul? 1
(| U+ UL) (| M’ ) :5 a(s)sds Sg / Sp—lds ,
‘vsu|l/;7 |V£u‘l/p

hence

A (|Veu+ 6Veo|P) — A (|VEul?
[V SVEol) Z AUV < B (19eu+ 6970 - [vou) <

pd

(IV¥ol) € L7 (1)

= ™™

Then, by the dominated convergence theorem we deduce that

A (IVou +6V%0|") — A (|V<ul”
lim [ 7y (IV'u + ov7el’) (Ivul )dx:/ na (|Veu|) Véu - Véodx,
6—0.J0 0 o
ie.,
(4 0)0) ooz = Jo 12 (V) V- Voo (539)

r+1

Finally, since u — g (X, (1)) is continuous from WY (Q,7) N L™+ (Q) into W' (Q, ) "L (Q),
then J, € Ct W] (Q,7) N L1 (Q),R).
Next, we easily check that [, € C' (V] (Q,17),R) c C! (V] (Q,7) N L (Q),R) and that

U5 00,0) i) = GO (540)
Also, as Jf, € C' (W] () N L1 (Q),R) and that
/ —
<]f2 (1) ’U>wg(o,q)n.cr+l(n) Jan fal (v) dXa. (5.41)
Summing up, we get
Ja+ 5 + 15 € CH W Q) N L1 (Q),R).
Taking into account (5.40), (5.41), we obtain (5.35) since J* = Ja — Jo — J;, — Jp,. ®

Corollary 5.1 Under the assumption of Theorem 5.1, assume in addition that 1 < p <r+1 < p*, and
(5.13) holds, then

u — g (Xo,1(u)) is continuous from W§ (Q, 1) — W(/)p (1),

JE € CL(WY (1), R) and (5.35) holds for all u € WY (Q, 17).
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Proof. By Sobolev’s embedding theorem W&’p (wy) C L™ (w,) and taking into account (5.17)

1@ty < Cs 1) gty < CC3 15200 < C5Ca 12lhag - (5.42)

for all v € W] (Q, 7). Here, Cs denotes the Sobolev constant and Cs is defined in (5.17). This
means that W} (Q,17) C L1 (Q), the result follows from Theorem 5.1. m

Remark 5.2 In a similar manner, we can also show the following results:
i) Let 1 < p <r+1 < +oo. Theorem 5.1 holds if we replace W}, (Q0, 1) by V{ (Q, 1) and J¢ by the
functional J°defined by

I’ (v) := /QWA (sz”!p)dx—/wZG(Xzfl(U))dXz — (f1 )y —/wzle (u) dX2. (5.43)

i) Let 1 < p <r+1 < p*. Then, Corollary 5.1 holds if we replace W} (Q,n) by V§ (Q, ), and J¢
by J°.
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A QUASILINEAR PROBLEM WITH A NON-LOCAL NONLINEARITY

This chapter is devoted to study the existence of solutions u, for (OF;) as global minimizers for
J¢, defined by (5.33), provided that G satisfies some upper growth condition. Then, we study the

asymptotic behaviour of u, and J¢, as ¢ — 0.

6.1 AN EXISTENCE RESULT FOR THE PERTURBED PROBLEM

We have the following existence result.
Theorem 6.1 Let € > 0 and assume that g satisfies (5.22) for 1 < p < r+1 < co. Suppose further that
G(Xpt) SCL—m [t} VtER, (6.1)

for a.e. Xo € wy and some constants C; > 0, v, > 0. Then, there exists u € W} (Q, ) N L7 (Q) such
that

JE (u) = inf J(v). (6.2)
vEW] (QL)NL+1(Q)

In particular, u is a solution of (QP).
Proof. A priori estimates. First, observe that for some constant C; > 0 we have
)= [ gA(Vel)dx+m, [ 1) dx,
Q wy
- <f1/7)>vg(o,q) - /w fol (0)dXy — Cy|w2|, (6.3)
2

where |w,| denotes the Lebesgue measure of the set wy. Since V) (Q, 7) is equipped with the

norm v = || Vx,0||1p(q ), We infer that

1/p 1/p
<f1,v>vg(0,,1) < Hfl”vé”(ﬂ,r;) (/QU \szv\pdx> < ||f1HV(’)p(erl) (/017 (Ve dx> . (6.4)
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Then, by (5.19) and Holder’s inequality it comes that

14
F) =% [ gVl [ 1Edx
p Q wo

1/p
il (717500 ) Ul 1 ) W@y = G la].

Applying Young’s inequality, we deduce

r+1 dXz

€ e |P ’)’2
I()_ZP/WIVUI dx + 12 Il(v)
2(p 1 25y
- >Hf1H o~ T IR = Gileal, (63)
72 (7+1)

forall u € W} (Q,7) N L1 (Q) . Thus J¢ is bounded from below on W} (Q,7) N L™ (Q)).
Passage to the limit. We set

dg = inf ]S (U) ’
vEW) (Q)NLH(Q)

and let (u,),-, be a minimizing sequence. By (6.5), we deduce that (uy),, is bounded in

W (Q,7) N L1 (Q), ie.

uy, is bounded in L? () and |V*fu,| is bounded in L¥ (), 1),

I(uy,) is bounded in L' (wy)

independently of n. The boundedness of u, is a consequence of the weighted Poincaré inequality
in the X, —direction (5.11). Then, there exist u € W} (Q, ), U € (L? (Q, 1)) ™ such that —up

to a subsequence —

u, = uin L (QQ) and V*u, — Uin L? (Q),7),
I(up) —1(u) in L' (ws),

as n — —+o0. Since the above convergences also hold in the distributional sense, we can easily see

that
u, = uin L (QQ) and Vfu, — Vuin LF (Q, 7). (6.6)

Using Lemma 5.2, with 4 = p, we obtain the strong convergence I(u,,) — I(u) in L? (w;) and up

to a subsequence
Huy) — 1(u) ae. in wy, (6.7)
and the continuity of G implies that

G (X2, I (un)) = G (X2, (u)) ae. in ws. (6.8)
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To perform the passage to the limit in |, we write
Fo)= [ nA (Vo) dx+ [ (€= G (Xl (1)) dXa
w2

— Crlwal = (fundypia = [ fol (1) dXe, (69)
w?
where C; — G (Xp,1 (uy)) > 0, for a.e.Xy € wy. Then, Fatou’s lemma and the convergence (6.7),
(6.8) imply
/ (C1— G (Xo, 1 (u))) dXs < liminf/ (C1 — G (Xa, I (1)) dXo. (6.10)
wy Np——>0 wy

Due to lower semi-continuity assumption (5.20), we deduce from (6.6) that
e P - e P

/QqA(]V ul )dx§11rrlr_1>g1f/017A(|V 1y |P) dx. (6.11)
Passing to the limit in (6.9), we get

J* (1) < limin J (1) = de.
Therefore J¢ (1) = d,.

Finally, by Theorem 5.1, we have J¢ (1) = 0, i.e. u is a solution to (QP.). This ends the proof of

the theorem. m

Note that Problem (QP:) may have one or several solution, depending on the assumptions on

g, f1, f. We can ensure the uniqueness under a monotonicity on g.

Corollary 6.1 Under the assumptions of Theorem 6.1, and if the mapping
s — g (Xy,s) is non increasing,

fora.e. Xp € wy, then the solution of (QP;) is unique.

Example 6.1 Theorem 6.1 applies to

2

=5 Vx, - (1a ([Veu]) Vxyu) = Vi, - (0(x)a (|Vu) V)

in Q),
+ay L) () —ax [T (W) T (1) = fi+ o

ue € W (Q, )N L+ Q).
Here we have taken
g (Xo, t) = —ar |t| T4 ay |t e,

where a1, a; € R,a1 > 0and 1 < g < r. We can check that (5.22) and (6.1) holds.”

1 Since

q r p—1 g+ a(q+1) | r+1
[t < |t]" + |t and ap |t < C+ 20r+1) [t

for some constant C > 0.
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6.2 AN EXISTENCE RESULT FOR THE UNPERTURBED PROBLEM

Letting ¢ — 0, we have the following convergence result.

Lemma 6.1 Under the assumptions of Theorem 6.1. Let u, be a solution of Problem (QP;) and for all

e > 0, we have - up to a subsequence -

ue is bounded in LV (QY), (6.12)

Vx,ue, €V x,ue are bounded in LP (Q),17), (6.13)

I (u;) is bounded in L' (wy), (6.14)

a (|Viug|) Vu, is bounded in L1 (Q,7) (6.15)
independently of e.

Proof. First, we know
JE (ue) < J¢ (v) < J' (), Yo € Wi (Q,7)NLTH(Q). (6.16)

Thanks to (6.5), we deduce that

= Vel dx+ 2wl

2p
2 p=1 21ty ri1
<)+ 2l g+ Ml Crlenl, 617
yi (r+1) "

and it follows that

ue is bounded in L? (Q0),

|Vx,ue|, |[eVx, ue| are bounded in L? (Q),77),

I (ue) is bounded in L™ (w,).
For the last estimate (6.15), we use (5.19) to derive

124
la (IV7uel) Viuell ey <ﬁ/ 7|V ue P dx = B Ve[ - (6.18)

Theorem 6.2 Under the assumptions of Theorem 6.1, (5.21) and

—(8(Xz8) —g(Xp, 1)) . (s =) > 0, (6.19)
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we have
ue — ug in LF (Q)), (6.20)
Vx,ue = Vx,ug, eVxu. —0in LF (Q, 1), (6.21)
I(ue) — 1(up) in L' (wy), (6.22)
a(|Veue|) Viu, — a (‘VOuOD VOug in Lt (Q,n) (6.23)

as e — 0, where ug is a solution to Problem (QP). Moreover, if the function a satisfies,

(a(@)g—a(@)d)(E-8)=vc-2, (6.24)

for &, & € R™ and some y > 0, then we have the strong convergences

ue — ug in LF (Q)), (6.25)
Vx,ue = Vx,ug, eVxu. = 0in LF (Q, 1), (6.26)
a(|Veue|) Viue — a (‘VouoD VOuq in Lo (Q, 7). (6.27)

Proof. First, thanks to Lemma 6.1, there exist ug € V) (Q,7) N L1 (Q), U; € (L¥ (Q,77))" and
U, € (LP (Q,7))" such that —up to a subsequence —

ue — ug in L? (Q), Vx,ue — Uy and eV u, — Uy in LP (Q, 77),

as ¢ — 0. Since the above convergences imply the convergence in the distributional sense, we

can check that

ue — up in L? (Q), Vx,u, — Vx,up and eVx,u, — 0in L? (Q, 7). (6.28)
Besides, we have

I(ue) — I (up) in L' (wy)
and (6.15) give us

0 (|Vue]) Ve = o in L7 (C1) (6:29)

+
for some X, € in [L% (Q/W)} e

Going back to Lemma 5.2, with ¢ = p we still have the strong convergence I (u:) — I (1) in

L? (w;) and —up to a new subsequence-
I (ug) = 1(up), a.e. in ws. (6.30)
Assumption (5.22) and the boundedness of I (1) in L' ! (w,) implies that

18 (Xa, 1 (ue))| 7 < C (1 [ () ). (6.31)
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Thus g (X2, 1 (1;)) is bounded in L+ (w,) . Moreover, (6.30) and the continuity of g ensure that
g (Xo, 1 (ue)) = g(Xp,1(up)), ae. in ws.

Then, due to Lemma 1.3 in [31, page 12], we infer that
g (Xo, 1 (1)) = g (Xa,1 (ug)) in L'V (w2) . (6.32)

The convergences (6.20), (6.21), (6.29) and (6.32) allow us to pass to the limit in (OF;). It comes
that

[ Vxodr= [ g% 1)l (0)dX + (fi,0hypiay + [ Il (0) dXe 6.33)
wy wa

Taking v = u, and pass to the limit again, we have
/Q NXo - Vx,lo dx = / 8(X, 1(uo))l (uo) dXa + (f1, u0)yr a0 ) +/ Mol (ug) dXo.  (6.34)
wy wr

To prove that u satisfies (OFy) we must show that x, = a (‘Vouo D Vuy. To this end, consider

Me = /017 (‘1 (IV¥uel) Viue — a (‘V%D Vov) S VE (1 — v) dx
~ [ X 0) = (X 10)) . (1 (1) =1 () dXe

Due to (5.21) and (6.19), we have M, > 0. Developing the product and using (5.35) with

U = U, We get

Me= [ g(o ) @) dXo + [ g(%,1(2)) (1) ~1(0))dXa + {fistdygia)
wy wy
[ fal () dXs — /Qiya (IV¥ue]) Veue - Veodx — /Qiya (|¥%]) V% - 7 (uc — v) dx.
wy
Using again the convergences (6.20), (6.21), we get

e—0

IimM, = /w g(Xz,l(uo))l (Z)) dX; + . g(Xz,l(U)) (l (uo) —1 (U)) dX, + <f1,uo>v(§1(0,77)
+ wzle (uo) dXp — /017)( V% dx — /01711 (’VOUD V% -V (uy — ) dx.
Thanks to (6.34), then we have
/017 (7(0 —a (‘VOUD V%) -V (ug — v) dx
— [ (s(Xa1(m0)) = g(Xe, 1(0))) (1 (10) ~ 1 (2)) dX2 2 0. (6:35)
Let v =ug— tw, t > 0, w € W} (Q,77), then (6.35) give us
t/QU ()(0 —a (‘VO (up — tw)D VY (ug — tw)) - Vwdx

- t/w (¢(Xa, 1(110)) — g(Xa, (g — tw))) I (w) dXa > 0.
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So, we have

/Q n (Xo —a (‘VO (uo — tw)‘) VO (uy — tw)) - Vowdx
- /wz (g(X2,1(ug)) — §(Xa, I(ug — tw))) I (w) dX, > 0.
Thanks to (5.18), letting t — 0, we deduce that
(%) ) o0 v g g1 )

hence x, =a (‘VOM()D Vou.

For the strong convergences, if (6.24) holds, then we have
7 11V (w0 = o) dx
< /Q 1 (a (|Vx,uo|) Vo — a (| Voue|) Vue) - VE (up — 1) dx
< /Q na (|Vx,uol) Vx,uo - V€ (g — ue) dx — /Q na (|Veue|) Vug - V¥ (g — 1) dx.

Thanks to (6.12) and since u, satisfies (OF;) we get

7 [ 019 (0 — o) dx
< Bvi _ _ {7 _
_/era(|VX2u0|)VX2uo Ve (ug — ue) dx <] (ue) , uo ue>w§(0,q)m£r+1(0)

_ / §(Xa, 1)) (o — te) dx — {fr, 0 — tte)yp ) — / ol (g — ue) dx — 0.
wy w?

as ¢ — 0. Hence, we have (6.26). Besides, due to (5.11), we have (6.25) and -up to a new

subsequence— 1, — 1y a.e. in ) and the continuity of a2 implies
a(|Veue|) Viue, — a (‘VOuOD Vup, ae. in Q.
Thanks to (5.19), we have
@ (IVuel) Vouel 1 < B71 [ Vuel” € 17 (Q1).
Then, by dominated convergence theorem, we deduce that
€ € 0 0 : ey
a(|Veue|) Viue — a (‘V uo‘) Viupin L7 (Q, 1),
as ¢ — 0. This ends the proof. m

Corollary 6.2 Under the assumptions of Theorem 6.2, the converging subsequences give a smooth

minimizing sequences for the functional J°. That is

J (ue) = J° (o) = inf J°(0), (636)
vV (Q)NLHHQ)

as e — 0, where the functional J° is defined by (5.43).
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Proof. Since u, realizes the minimum of J¢, then
J (1) <J (0), YoeD(Q),
Passing to the lim sup, we get

limsupJ¢ (1) <J° (v), YoeD(Q).

e—0

By density and the fact that J° € C' (V] (Q,77) N L1 (Q),R) (see Remark 5.2), the precedent
inequality also holds for every v € VJ (Q,77) N L1 (Q). Thus,

limsup J* (u,) < inf 1° (). (6.37)
e—0 eV (Qn)NL+1(Q)

Since G satisfies (5.31), then we have

G (Xa, 1 (ue))] < C (1411 ()™, (6:38)

for some constant C > 0. Thanks to (6.14), this means that G (-,I (u.)) is a bounded sequence
in L'(wy). Due to (6.30) and the continuity of t — G(X»,t), for a.e. Xo € w,, we get —up to a

subsequence-
G (X2, 1 (ue)) = G(Xa,1(1p)), a.e.in wy, ase — 0. (6.39)
Writing J¢ (u¢) as
I () = [ nA(Vul?) dx + [ (@G 1 (we))) dxs
— G fwal — (i, ey ) — /w2 fol (1) dXa.

Then, the convergences (6.11), (6.12), (6.14) and (6.39) allow us to pass to the infimum limit in
J& (ue). We deduce that

J° (up) < lim ionf]£ (ute) .

Reporting this to (6.37), we obtain J° (1) < infvevg’(n,;y)mmﬂ(n) J° (v) and thus (6.36) is proved.

Remark 6.1 We still do not have the strong convergence I (1) — I (ug) in L™ (wy). Such convergence

holds if some strong monotonicity is assumed on —g, i.e.
—(g(Xa,8) —g (X, 1)) (s —t) >cls— |, ae. inws

for some constant ¢ > 0.



A QUASILINEAR NON-LOCAL EIGENVALUE PROBLEM AND AN
APPLICATION

To go further and study Problems (QOF) and (OF;) under some assumptions weaker than (6.1),

we need first to consider a quasilinear eigenvalue problem of non-local type.

7.1 A QUASILINEAR NON-LOCAL EIGENVALUE PROBLEM
7.1.1 |—eigenvalues and |—eigenfunctions

The eigenvalue problem we shall consider is the following:

2 €
=5 Vi - (12 (IVel) Vx, 9)
~ Vx, (b (V) Vi) = X[l () P U(9)  in©), (7.1)
9 WS Q).
provided that there exists a weak solution ¢ such that / (¢) is not identically null. This solution

is called an /—eigenfunction associated to A® and taken in the h1—weak sense, i.e. ¢ satisfies

[ 11V V- Vrodx = 27 [ Ji(@)" P U(g)i(0)dXa, Yo € WL (). (QEVR)

2

Theorem 7.1 The smallest I —eigenvalue of Problem (QEV P;) exists, is positive and defined by

/ nA (|Veo|”) dx
Af = inf Q
1 Z
vew @mi@z0  [I1(0)[[1p 0,

(7.2)
The associated I-eigenfunctions are the minimizers of the above functional.

Proof. Set

= inf /Q nA (|Veo|’) dx.

VWG QML (o) =1
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We shall prove that y, is the first eigenvalue of (QEV P;). Let (¢, ), be minimizing sequence for

U, 1e.

1@ sy =1 [ 14 (90, ) dx = g+ 7, 73
with ,, — 0 for n — oco. It follows from (5.19) and (7.3) that

a 4 ep IP) dy —

9l < 1A (V@) dx = i+,
which guarantees that

¢, is bounded in L¥ (Q)),
|Vee,| is bounded in L¥ (Q, 7).

The boundedness of ¢, is a consequence of the weighted Poincaré inequality in the X, —direction

(5.11). Then, there exist € W} (Q, 1), U € (L? (Q, %)) ™ such that —up to a subsequence —
¢, — ¢, in L7 (Q) and V¢, — U,in LF (O, 1),

as n — +o0. Since the above convergences imply the convergence in the distributional sense, we

can easily see that
¢, = ¢inLF(Q) and V¢, — Vi@in L7 (Qn). (7.4)
Moreover, using Lemma 5.2, with 4 = p, we obtain
H(g,) = 1(g) in L7 (w2) and [1(g,) 1) = N(@)gr(um = 1
By lower semi-continuity of the map v — [, 7A (|V*0|") dx, we deduce that
He < /017A (|Ve@|") dx < h,?;i{}f/a nA (|Vée,|P) dx = lim inf (Me +71) = U
ie.
/QnA (IViel") dx = p,.
To summarize, ¢ € W} (Q,7) is a function for which the infimum (7.2) is achieved, i.e.
M= pe= [ 1A (V) dx, 1100y = 1 75)

Let us show that this ¢ is an [—eigenfunction. Let v € W} (Q,7) and consider

— Jo 1A (Vi (@ +tv)|7) dx
S, [1(@ +t0) P dX;

T(t)
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Then, we should have T'(0) = 0 i.e.

/th (|VE(g + tv)| dx/|l + t0)|P dXo
w>
/17A(|V€<p—i—tv / I(p+tv)|PdXy; =0,ast — 0.

This implies that, see (5.37)

J e (VCo+ )] (V¥ 9) V* (0) £V (0)F) dx- | i +-t0) " s
AV @+l dx- [ i+l 2 (1)) + 1)) dXo = 0

Letting t — 0, we obtain

e (V<)) V() - ¥ @) | [1(g)P Xy
~ [na (el dx- [ 1e)P *U()i(p)dxs = 0.

Using (7.5) ,we have

/1701 (IV5(9)]) V¥(9).VE (0 )dx_)ﬁ/ 1(9)P21(9)I(0)dXa, v € WY (O 7). (7.6)

This shows that ¢ is a [ —eigenfunction for A{. =

Concerning the (expected) limit problem, we say that A? is an /—eigenvalue of the problem

~Vx, - (ba(|Vx,9]) Vi,0) = A°01(@)P%1(¢)  inQ,
(7.7)

9 Vi Q).
provided that there exists a solution ¢ such that I (¢) # 0 This solution is also taken in the
h—weak sense, i.e. ¢ satisfies

13 (1Vx0]) Vo Vxods = A [ Ji(@)"?g)l)dXa, Yo € WE (). (QEVE)

w2

The proof of Theorem 7.1 can be easily reproduced, by taking ¢ = 0 and replacing Wg (Q, 1) by
VI (Q, 1), to prove that:

Theorem 7.2 The smallest | —eigenvalue of Problem (QEV Py) exists, is positive and defined by

0 | 1A (Vxol) d
A= i;nf 5 . (7.8)
eV, (1) Hl(v) HLP((,_;Z)
H(u(-,X2))#0 ace. in wy
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7.1.2  Convergence of the | —eigenvalues and | —eigenfunctions
We are now interested in the limit of the /—eigenvalues A] and its associated ! —eigenfunction ¢,,
ase — 0.

Theorem 7.3 Let A{ be an |—eigenvalue defined by (7.2) and ¢, an associated 1— eigenfunction such
that ||I (905)||Lv(w2) = 1. Then, we have

A =AY ase—0, (7.9)

where AY is defined by (7.8) and -up to a subsequence-

P = @ in L7 (Q), (7.10)
V¢, = Vx,¢, eVx@,—0 inL(Q,7n), (7.11)
I(g,) = 1(g) inLP(w2), (7.12)
@ ([Vp.)) Vig, = a (V70| ) VOgo in LT (Q,17) (7.13)

as € — 0, where @, is an I—eigenfunction associated to A, i.e. a solution to (7.7), satisfying

IL (¢O)||Lp(w2) =1
Moreover, if the function a satisfies (6.24), then the convergence (7.10), (7.11) and (7.13) hold in the

strong sense.

Proof. The sequence A§ is decreasing as ¢ — 0 and clearly A§ > AY, Ve > 0. Thus A§ converges to

some limit
AL = Ay = infA7 > A7 (7.14)
Let ¢, an [ —eigenvalues associated to Aj such that ||l (¢,)l| ;s ,,) = 1, then by (5.19), we have

OC o) € o)
p/Qﬂ Ve, |" dx < /QUA (Vi@ lP) dx = A < A4, (7.15)

for 0 < ¢ < 1. It follows that

¢, is bounded in L¥ (Q)),

IVx, .|, eVx,¢,| are bounded in L¥ (), 7).

The boundedness of ¢, follows from Poincaré’s inequality (5.11). Then, there exists ¢, €

VI (Q,17) such that -up to a subsequence-

qog - (PO in LP (Q) s
V¢, = Vx, ¢, eVxu: = 0in L¥ (Q,7),
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as ¢ — 0. Using, Lemma 5.2, with g = p, we deduce that

I(9,) = (@) in LP(w2), (7.16)

and, up to a new subsequence, [ (¢,) — 1 (¢,) a.e. in wy and |I(¢,)| < K € LP(w>), Ve > 0. Thus

1(p)1"2 1 (@,) = 1(9g)"*1 (@) ae. in wy.
and
@I [H@l| = [Hp) "™ < kP71 € L7 (w2), Ve > 0.

Then, applying Lebesgue’s theorem, we infer that
p
1

(@) P2 1(9.) = [1(@g) " 1(gg) in LFT (ws). (7.17)

Let us now prove that A; = A} and ¢, is an associated [—eigenvalue. On one hand, thanks to

(6.15), we can deduce that

a(|Vig,|) Vi, is bounded in Lt (1), (7.18)

P
and for some y € LvT

(Q, ), we have -up to a new subsequence—

P

a(|Vo,) Vi, = x in L (Q,).
Next, we use (5.21), (6.19) and argue by monotonicity as the proof of Theorem 6.2 to show that

1 (1V°9.)) V. = a (|| ) V09 in LT (00,1), (7.19)

as ¢ — 0. Taking ¢ = ¢, in (QEV ;) and using the convergences (7.10), (7.11), (7.17) and (7.19)
to pass to the limit yields

[ 19 (Vx00]) Vg0 oz = Aa [ [1g0) P Hgo)l(0)dXa, Vo € WY (). (720
wy

Besides, the strong convergence (7.16) means that ||/ (¢,) =1, hence I (¢,) # 0 and the

|| LV(UJQ)
identity (7.20) shows that ¢, is an /[ —eigenvalue associated with A;.

On the other hand, by definition we have
K< [ nA(Vel)dx, Yo e D(Q), 1)l =1
and passing to the infimum limit in both sides, we get

A < /QnA (IVx,017) dx, ¥o € D(Q), [I1(0)ll20y) = 1

as e — 0. By density of D (Q) in V] (Q,7) we infer that A; < A{ since A{ is defined by (7.8).

Taking (7.14) into account, we obtain A; = AY.
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It remains to show the last assertion of the theorem. If (6.24) holds, then we have

7 [ 119 (0= @)Pdx < [y {a ([ Vaagol) Vi — a ([ V°.)) Vg3 - VF (9 — 9 d,
hence
7 [ 01 (9o — 91 dx
< /QW(\sz%!) Vi@ V(@ — @) dx — Ay /w 1@l * 191 (g — 9)dXo.
2
Thanks to (7.9), (7.10) and since ¢, satisfies (7.6), we get
7 [ 11V (gy = @) dx
< [ 10 (Vx00) Viago - V¥ (9 = @) dx = A5 [ 110" 1(p)1(gy — p)dXz 0,
w3

as ¢ — 0. This shows that the convergences (7.11) hold in a strong sense. Besides, due to (5.11)
we have ¢, — ¢, in L7 (Q)) and, up to a new subsequence, ¢, — ¢, a.e. in Q). The continuity of

a ensures that

a(|Vip,|) Vip, —a (‘VO%D V%, ae. in Q.
Thanks to (5.19) , we have

@ (|VEq,|) Vi |71 < prT [Vig, | € P (Q,).

Then, by Lebesgue’s theorem, we deduce that

P

@ ([Vp.)) Vg, = a (|V0po|) VOgy in LT (Qy),

as ¢ — 0. This ends the proof. =

7.2 A QUASILINEAR PROBLEM WITH SUBCRITICAL NON-LOCAL NONLINEARITY
In this section, we relax the assumption (6.1) by considering a weaker upper bound of G (-, t)
for t large, and assume that

l<p<r+1<p.

We recall that in this case W} (Q,7) C £+ (Q) and L+ (w2) C Wi (Q, 7). So, without loss of

generality, we assume that f, = 0 and the solution of Problem (OF;) reads

S0 (V) Ve Vo = [ g, 10001 (2) dXa + (i, 0wy (QP)
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for every v € W} (Q, 7). The functional associated to (QF;) is given here by

 (u) ::/Q;yA(]Vsueyp)dx—/sz(Xz,l(u))d}Q—(fl,u>vg(0,ﬂ). (7.21)

We aim to establish the existence of solutions u; for (OF;) as global minimizers for J¢, then we

study the asymptotic behaviour of u, and J¢ (1), as ¢ — 0.

7.2.1 An existence result for the perturbed problem

First, we establish the following existence result.

Theorem 7.4 Let ¢ > 0 and A > —Aj. Assume that g satisfies (5.22). In addition, assume that G,
defined by (5.30), satisfies

G (Xp,t) < _PA t|F, for |t| large enough, (7.22)
and a.e. Xo € wy. Then, there exists u € WY (Q, 1) such that

Jw=inf J(o), (7.23)
veWy (Q.n)

where J¢ is defined by (7.21) . In particular, u is a solution of (QP,).
Proof. A priori estimates. Due to (7.22) we have
A

G(Xpt) < C4—;Wpr Vte R (7-24)
for some constant C4 > 0. Reporting this to (7.21) , we have the lower boundedness

J(0) 2 @) (v) = (f,0)ypq, — Calwal, (7.25)
where

£ _ e,|P A p
@5 (v) = | nA(|Vo0|P)dx+= [ |I(v)|FdX>.
Q P Jwr

Thanks to (7.2) and (5.19) we have, for any given 0 < 6 < 1,

A
(o) = (0+1-0) [ yA(VoP)dr+ [ 1) axa
JO P Jw,
> O U\ng\”dx—k—(l_e) 1A
p Jo p
Since A + A > 0, then for

|1 (v)|F dXa.
wy

(7.26)

&
0<0<b, ::min{l, /\+/\1}

M
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the last term above is nonnegative. Denoting J, := 8.a, we have
£ (58 e .|P
P4 (v) > p/oﬂ |Veo|Pdx, Ve > 0. (7.27)

Going back to (7.25) and using (6.4), we obtain

< O¢ 1/p
Js (z)) > ]9/077 |ng|l7 dx — ||f]||V6(Q,7]) </Q;7 |Vev|p dx) —Cy |CIJ2| .

p

Applying Young's inequality ab < 6.b? /2p+2a77 (p — 1) /pde, we get

- 5 ) 2(p—1 1
)2 55 [ 9ol as= 2B A~ Culan. (7.28)

Thus J¢ (v) is bounded below, i.e.
de:= inf J°(v) > —oo.
vEW; (Qn)
Passage to the limit. Thanks to (5.31) and since p < r + 1, we can take

G(Xa,t) < 7, |t|”, for small t and some constant y, > 0.

Combining this with (7.22), which holds for t large, we deduce that for some constant y > 0 it
holds that

G(Xa,t) <ult|P forallteR. (7.29)

Then, we rewrite J¢ as

@ = [ 1A (Vo) drth @) = [ 1@ dXa~ (o), (7:30)
where
h(©)= [ =G(Xe1(2)+ull (@) dXe 739

Let (un),>o be a minimizing sequence. By (7.28), we deduce that (u, ), is necessarily bounded
in WY (Q,7). Then, there exist u € W} (Q,7) and a weakly converging subsequence (u,,) €
WY (Q, 1) such that

w, = uin LV (Q) and Vu, — Vuin L (Q, 1), (7.32)

I (tty,) — 1 (u) in L¥ (ws), (7:33)
as k — +oo0 and up to a new subsequence, we have

I (un,) =1 (1) ae. in wy.
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The first weak convergence is a consequence of Poincaré’s inequality in the X,—direction (5.11)
while the last strong convergence is a consequence of Lemma 5.2 with g = p.

Since the function —G(Xy, t) + p |t|” is nonnegative, Fatou’s lemma implies that

J1 (1) < liminf J1 (uy,). (7.34)

Nj—r00
Using (7.32) — (7.34) and the weak lower semi-continuity of the map v — [, 7A (|V0|") dx, to

pass to the limit in (7.30) with v = u,,, we infer that

JE (1) < LiminfJé(uy, ) = de.

Np—00
Therefore, the limit u realizes the minimum of J¢ on W} (Q, 7).
As p < r+1 < p*, then by Corollary 5.1 we have J¢ € C! (W} (Q,47),R) . Thus (J¢) (1) = 0

and the limit u is a solution to (QF;). This ends the proof. m

Example 7.1 Theorem 7.4 applies to the problem

—5Vx, - (na (|Vu]) Vx,u) — Vx, - (b(x)a (|V¥u|) Vx,)
A L) P () + ag [T () = ap [T ()| (u) = fi
ue € Wi (1)

where A > —Af, a1,a, > 0,1 < p <r+1<p* 1<q<r+1. Herewe have taken

§(Xa, 1(ue)) = =A 1 ()P () = an 1) () + a2 |1 ()| ().
7.2.2 An existence result for the unperturbed problem

The next theorem shows the existence of a solution ug to following unperturbed problem
/Q na (|VX2M0D sz“O . Vszdx = / g(Xz,l(uo))l (Z)) dXz + <f1,v>vg(0,’7) P (on)
Wy
for every v € V (Q,77).

Theorem 7.5 Under the assumptions of Theorem 7.4, (5.21),(6.19) with A > —AY, we have -up to a

subsequence-
ue — ug in LF (Q)), (7.35)
Vx,ue = Vx,ug, eVxue — 0in L (Q, 1), (7.36)
[(ue) = 1 (ug) in L' (w2), (7.37)
a (|V£u€|) Viu, —a (‘VOM()D Vouo in LV (0,17) , (7.38)

where uq is a solution to Problem (QP). Moreover, if the function a (t) satisfies (6.24), then the
convergence (7.35), (7.36) and (7.38) hold in the strong sense.
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Proof. First, since A > —A) > —Af, the assumptions of Theorem 7.4 hold and thus u, exists

Ve > 0. Since u, realize the minimum of J¢ on W} (€, 77), then, we have
Jo(ue) <J°(v) <T' (v), Yoe WS (Q,n),
for 0 < & < 1. recall that we have also A} > A§ > AY. In particular,

0
At A } for A > 29,
A

1

0 > 0y := min {1,
where 6, is the constant considered in (7.26) . Denoting dy = 6px, we have

® (0) >

50/ 17| VeolP dx, Ve >0,
o)

where this time Jy is independent of ¢. Then, the same argument used to derive (7.28) yields
[ 2 (

2p

and it follows that

0 [yveeraxs i@+ 2B D npro Gl eewi @), Ga9)

ue is bounded in L (Q)),
|Vx,ue| , [eVx, | are bounded in L7 (Q), 1)

independently of ¢. Then, there exists uy € W} (Q,7) such that —up to a subsequence-

ue — up in L? (), (7.40)

szug — VXZMO/ SVXlug —0in LP (Q,T]) , (7.41)
as ¢ — 0. Arguing by monotonicity as in Theorem 6.2 we have
a (|Veue|) Viue — xo in Lt (Q,n),

ny+ny
} .As1 < p<r+1<p* by Lemma 5.2 we have

for some x, € [LLl (Q,n)
I(ue) — 1 (ug) in L' (wn), (7.42)
and —up to a new subsequence— I (u.) — I (up), a.e. in wy and the continuity of g ensure that
9 (Xo, 1 (ue)) = g (X, 1 (up)), ae. in wo.
Thanks to (6.31), we infer that

18 (%, 1 ()7 < C (111 (o))

Applying Lebesgue’s theorem, we derive the strong convergence

g (Xo,1(ue)) — g (Xo,1(ug)) in L' (wy) .

8o
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Going back to (QF;) and passing to the limit, we deduce that the limit ug satisfies

/017)(0~VX2vdx :/ §(Xa, 1(0))! (2) dXa + (1, 0)p ) Y0 € WE ().
wy

By density of W} (Q,77) in V (Q,7), this also holds for every v € V] (Q,77) .

Taking v = u, and pass again to the limit, we get

/QWXO'VOuodXI/ 8(X, 1(u0))I (uo) dXa + (f1, u0)yp (o) -
w3y

Using this identity, (5.18), (5.21) and argue by monotonicity as in the proof of Theorem 6.2, we
show that x, = a <‘V0u0‘) V%0. This means that 1 solves Problem (QD).

For the strong convergences, if (6.24) holds, then we have
'y/ﬂry |V (g — ue)|F dx < /017 (u (’VOuOD Voug —a (|Veu|) Vsu5> - V& (ug — ue) dx,
hence
€ _ p 0 0 R _
7/(217 |VE (g — ue)|” dx < /Qna (‘V uOD Voug - V€ (ug — ug) dx
- /Qqa (IVEue|) Veue - VE (ug — ug) dx.
Thanks to (7.40) and since u, satisfies (QF:), we get
€ _ p 0 0, . v7¢ _
')’/077 |V (ug — ue)|Pdx < /Qiya (‘V MOD Viug - V€ (up — ue) dx
— / 9(Xo, 1(ue))l (ug — ) dx — (f1, 10 — Ue)yr ) — 0
wr

Then, (7.36) holds in a strong sense. Finally, due to (5.11) we have the strong convergence of

(7.35) and —up to a new subsequence- 1, — 1 a.e. in () and thus
a(|Véug|) Viue — a <‘V0uo‘> Vou, a.e. in Q.

Thanks to (5.19), we have
@ (1Vue]) Vel 77 < B77 [Veel? € L7 (7).

Then, by the dominated convergence theorem, we deduce that
a(|Veue|) Viue — a (‘VOMQ‘> V% in Lo (1),

as ¢ — 0. This ends the proof. =

Corollary 7.1 Under the assumptions of Theorem 7.5, without (6.24) the converging subsequences

satisfy

G (-1 (ue)) = G (-1 (ug)) in L' (w2) (7.43)
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and give smooth minimizing sequences for the functional J°. That is,

Jo(ue) =10 (o) = inf  J°(0). (7.44)
eV (Qn)

Proof. Since the convergence ! (u.) — [ (up), a.e. in w; still holds, then by the continuity of

G with respect to the second variable implies
G (X2, 1 (ue)) = G (Xo,1(up)) a.e.in wy. (7.45)

Besides, G satisfies |G (Xp, [ (u¢))| < C (1 + |1 (ue) |r+1) . Since the sequence in the right hand
side is strongly converging in L! (w,), applying Lebesgue’s theorem we obtain (7.43).

Combining (7.43) and the weak convergence 1, — g in V) (Q,17) with the lower semi continuity
of v = [ 1A (|V*0|") dx, we can pass to the infimum limit in J* (u). It comes that

liminfJ¢ () — J° (o) > inf  J°(0).
e0 eV (Q)

In addition, J¢ (1) < J¢ (v), Vo € D (Q). Passing to the limit in both sides, we get
lirr(} supJ¢ (ue) <J° (v), Yo € D(Q). (7.46)
£—

Since D (Q) is dense in V{ (Q,77) and J° € C! (V} (Q,77),R) (see Remark 5.2), then (7.46) still
holds for every v € V} (Q, h). So ug realize the minimum of J° on V] (Q),17) and the corollary

follows. m

Remark 7.1 The arguments used in the proof of Theorem 7.4 can be adapted, by setting ¢ = 0 and
replacing WY (Q, 1) by Vi (Q,17), to obtain the existence of a solution for Problem (QP) that realizes
the infimum of J° on V§ (Q, 7).

82



APPENDICES

This appendix comprehends notation, some inequalities and definitions of spaces used in the

thesis. Proofs and more advanced results can be found in the standard books of functional

analysis and partial differential equations, see for instance [4, 6, 18].

A.1 NOTATION

General Notations

Il
<‘r‘>E

Vx,
Vx,

VE

vO

equal by definition
dual of space E

conjugate exponent of p,i.e. p’ = pﬁl' for1 <p <o

(a1, 02,...aN),a; € IN — N-dimensional multi-index
a1+ ay + ...+ an — length of milti-index «

{on =0, (x), x € Qfa] <1}

weight functions measurable, positive almost everywhere

ol L
PRt derivative of order ||
xp Yxy "7 Yy

norm of space E
duality product of a space E', E
(X1, X2) € R"where X; = (x1,...,%,,) € R™ and X; = (x1,...,x,,) € R™

(3 2,)]
(o)

€VX1
Vx,u
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Function Spaces

ck(Q)
D(Q)
D'(Q)

L (6, p)

W (0, 0)

Wy” (2p)

—

A.2 SOME USEFUL INEQUALITIES

11
2
Z axi
i=1
n

Z xiy;, for x,y € R" (Euclidean scalar product)
i=1

, 1/2
(Z x?) , for x ¢ R"
i=1

symbol denoting continous imbedding
open bounded set of R"!, n; positive integer
open bounded set of R", n, positive integer
open bounded set of R" "
closure of ()

I' boundary of ()

= {u:Q — R]u is k times continuously differentiable}, k € IN
= {u:Q — R|u is infinitely differentiable with compact support in O}

space of distributions on ()

= u:Q—>]R|uismeasurableand/|u|ppdx<oo ,1<p<oo
0

= u=u(x)| /\D"‘u\”ppé < oo, for orders |a| <1
0

the closure of D (Q) in W+ (Q, p)
denoutes the weak convergences

denoutes the strong convergences

A.2 SOME USEFUL INEQUALITIES

The following inequalities are often used to derive estimates in Analysis.

A polynomial inequality

Letl < p < +coanda,b >0, then

0¥ + b7 < (a+b)P <2771 (aP +bP)
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Young's inequality

Assume 1 < p,p’ < oo, % + % = 1. Then for any a,b > 0, it holds

It is sometimes convenient to use the form

ab < aa? + Cyb¥', Cp=a VPV 4 ecRT.
Holder’s inequality
Let p,q € [1,00) with % + % =1, then

1781l < IFI1, gl -

Cauchy-Schwartz inequality

[ y)| < [x[lyl, Vx, y € R™.

A.3 ON THE SUM OF SPACES V| (Q), /) AND L (wy)

The goal of this subsection is to establish the inclusion V| (O, 7) + L'+ (w) C (Vo (Q,h) N L1 ()"

We split the proof to several steps

1 VS (Q,h) = (Vo (Q )N L (Q))

* This inclusion is algebraic: i.e. f € V| (Q,h) implies that f € (Vo (Q, h) N L™ (Q))/
Given f € Vj(Q,h), then the map u — (f,v)y, () defines an element from

(Vo (Q,h)n L+ (Q))/ . Indeed, this map is linear and its continuity can be shown as

follows:
’(f/v>vo(0,h)’ < N fhvam 12lvyan
< N flvgan (1ol + 1@l
<

HfHVé(Q,h) 12l @mner () -

(*)

e This inclusion is an injection: so that any element in V) (Q), 1) can be thought as

an element of (Vo (Q, 1) N L1 (Q))"). This means that there exist a unique f €

(Vo (Q,h)n L1 (Q))/ such that

<f,v>vo(01h)m,ﬂ(0) = <ffv)vo(0,h) forallv € Vo (Q,h) N L (Q).
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i) First, such f is unique. By linearity it is sufficient to show that f =0 == f = 0.
Assume that f = 0, then

(f )y =0, Yo e Vo (Qh)N L ()
since D (Q) C Vo (Q,h) N L1 (Q), then
(f,v)VO(m> =0, YoeD(Q).
By density of D (Q) in Vy (Q), ), we deduce that f = 0.

ii) from (A.1) above, we have

<JE/ U>Vo(0,h)ﬁﬁr“(0) = (f/ U)VO(Q,h) < ||fHVé(Q,h) ||U||V0(Q,h) :
Then,

(f U>VO(Q,h)mU+1(Q

L < vy -
lollvymneri)y — Sy

Taking the sup on the left hand, we get

£l wcamneraay < I lvam -
This shows the continuity of the injection V} (Q, 1) € (Vo (Q, ) N L+ (Q))".
2. L (wa) = (Vo (Qh) N L (Q))

e This inclusion is algebraic i.e. given f € L+ (ws), then the map v — fl(v)dX;
wy
define an element on (Vy (Q, 7)) N L7 (Q))/ . Clearly, it is a linear map and it conti-

nuity follows from the fact that

[fr@axa) < Il @)
wy
< Ul (Hollvyn + 1 @)ty )
< A e lollyymne @) - (**)

e This inclusion is an injection: there exist a unique f € (Vo (Q,h) N L1 (Q))/ such

that

Frodvamne @) = / 1 (0)dX, forall v € Vo (Q,h) N L1 (Q).

w2

i) if f = 0, then

/fl (0)dXa =0 Yo € Vo (Q,h)N L (Q)
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Then, we have

/fl(v)dX2:0 Yo € D (Q)

this means

/f(Xz) h(X1)v (X1, X2)dx =0, Vo € D(Q)
Q

since f (Xz) h (Xl) ell

loc

(Q)), this means that
fh=0 aein Q)

since i > 0 a.e in (), we deduce that (from [6, Corollary 4.24 page 110])
f=0 aein ()

ii) From (A.1) above, we have

[(fro)] =

< ||fHL# ||UHVO(Q,h)mU+1(Q)'

/ 1 (v) dXs

Then, similarly to the step 1 we get

HfH(vo(Q,h)mcr+1(n))’ < ||fHL#(wZ)'
In the finally we have should the continuity
3. Itremain to show the continuity of the injection V; (Q, 1) + L+ (w;) C (Vo (Q, k) n L+ (Q))I
Given f € V| (O, h) + L+ (ws), then by definition there exist f; and f, such that
f=Ff+fo L eVE(Qh) and L€ LT (ws).

So we get

(Fo) < o]+ | o)

r (w2)

< [(hodyan| +| [ £ @) dX2
w3
< Hfl”v(g(n,h) HUHVO(Q,h) + HfZHL# It (U)Hml(wz)
< Hfl”v(g(n,h) HUHVO(Q,h)mUH(Q) + ||f2HL# HUHVO(Q,h)mUH(Q)
< Nollvaune (fllman + I1£0,)

Thus f € (Vo (Q,h) N L7+ (Q))" and

I loa@maz@y = Iy 05 ) -

r+1

This shows that V| (Q,h) + L+ (wp) € (Vo (O, h) N L (Q))’
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ABSTRACT

In this thesis we deal with anisotropic singular perturbations of some integro-differential prob-
lems, depending on a small parameter of perturbation ¢ > 0. These problems involve elliptic
equations of semilinear and quasilinear types with some non-local nonlinearities. Using a
variational approach, we establish the existence of their solutions as critical points of some
C!-functionals in anisotropic weighted Sobolev type spaces. The main goal of this thesis is to
study the asymptotic behaviour of these solutions with respect to the parameter of perturbation e.

As e — 0, some existence results for non-standard integro-differential problems are established.

Keywords and phrases:

Anisotropic singular perturbations, asymptotic behaviour, elliptic problems, non-local terms,

critical points, semilinear problems, quasilinear problems.

RESUME:

Dans cette thése on traite des perturbations singuliéres anisotropes de certains problemes intégro-
différentiels, dépendant d’un petit parametre de perturbation ¢ > 0. Ces problemes impliquent
des équations elliptiques de types semi-linéaires et quasi-linéaires avec quelques non-linéarités
non locales. En utilisant une approche variationnelle, nous établissons l'existence de leurs
solutions comme points critiques de certaines C! —fonctionnelles dans des espaces avec poids
de type Sobolev anisotropes. L'objectif principal de cette these est d’étudier le comportement
asymptotique de ces solutions par rapport au parametre de perturbation e. Lorsque ¢ — 0, on

établie des résultats d’existence pour certains problemes intégro-différentiels non standards.

Mots Clés:

Perturbations singuliéres anisotropes, comportement asymptotique, problemes elliptic, termes

non locaux, points critiques, problemes semi linéares, problemes quasi linéaires.
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