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List of Symbols

In what follows, we shall use the following notation.

QcR? Bounded domain occupied by the material body.
r Boundary of the domain 2.

Iy, I's, I's Measurable parts of the boundary I'.
v Unit outward normal vector on I'.

T>0 Final time.

u Displacement field.

u Velocity field.

i Acceleration field.

o Cauchy stress tensor.

e(u) Linearized strain tensor.

gij(u) Components of the strain tensor.

Uy Normal displacement component.

Ur Tangential displacement component.

Uy Normal velocity.

Ur Tangential velocity.

o, Normal stress component.



fo
2

Sd

C Do
ODt

Tangential stress component.
Density of body forces.
Density of surface tractions.
Mass density.
Space of symmetric second-order tensors.
Euclidean scalar product.
Scalar product in S°.
Euclidean norm.
Divergence operator.
Partial derivative of u with respect to z;.
Partial derivative of u; with respect to z;.
Caputo fractional derivative.
Riemann-Liouville fractional integral.
Gamma function.
Fractional-order parameter.
Nonlinear viscosity operator.

Nonlinear elasticity operator.

A, 1 Positive constitutive constants.

Instantaneous normal response function.
Contact functional.
Vector-valued Lebesgue space.

Tensor-valued Lebesgue space.
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H'(Q) Sobolev space.

H(Q)? Vector-valued Sobolev space.
V Space of admissible displacements.
%4 Dual space of V.

-, Yvrwy Duality pairing between V' and V.
() y pairing

(,)m Inner product in H.

(-, )v Inner productin V.

|- e Norm in H.

|- Ilv Norm in V.

v Trace operator.

Hr Trace space.

LP(0,T; X) Bochner space.

Wk»(0,T; X) Sobolev space of X-valued functions.
AC(0,T;X) Space of absolutely continuous functions.



Introduction

This work is developed as a detailed continuation and an extended presentation of a previously
established article on the mathematical and mechanical modeling of nonlinear fractional vis-
coelastic contact problems. It aims to provide a rigorous analytical and functional framework
for the study of time-fractional partial differential equations arising in continuum mechanics,
particularly in the presence of contact phenomena, viscoelastic behavior, and damage effects.
The starting point of this study is a physical setting describing the deformation of a bounded
viscoelastic body occupying a domain Q C R? (with d = 2, 3), whose boundary is partitioned
into disjoint measurable parts associated with different mechanical constraints, including fixed
support, applied tractions, and a possible contact zone with a deformable or rigid foundation.
The mechanical response of the material is governed by nonlinear constitutive laws incorpo-
rating both elastic and viscous effects, as well as memory terms modeled through fractional
derivatives in the sense of Caputo.

In this framework, the governing equations combine the fractional form of the balance of mo-
mentum with nonlinear stress-strain relations, leading to a coupled system of time-fractional
partial differential equations. The presence of contact conditions, possibly with or without
friction, introduces additional nonlinear boundary constraints that significantly increase the
mathematical complexity of the model.

To properly analyze such a system, this work is also based on a set of essential preliminar-
ies from functional analysis and continuum mechanics. These include Sobolev spaces, vector-
valued function spaces, trace theorems, monotone operator theory, convex analysis, and com-
pactness results for time-fractional evolution equations. These tools are fundamental for the
derivation of variational and quasi-variational formulations, as well as for establishing exis-
tence, uniqueness, and stability results.

The main objective of this study is to reformulate the mechanical problem into an equivalent

weak (variational) form, and to develop an analytical framework based on the Faedo-Galerkin



approximation method, monotonicity techniques, and fixed point arguments. This allows us to
handle the nonlinearities induced by the constitutive laws, the fractional time derivatives, and
the contact boundary conditions in a unified functional setting.

Finally, this work is intended as a detailed and structured development of the original arti-
cle, expanding the theoretical foundations and providing a complete mathematical background
necessary for further numerical analysis and future applications in viscoelastic contact mechan-

ics



CHAPTER 1

CONTACT PROBLEM MODELING AND
FUNCTIONAL ANALYSIS PRELIMINARIES

This chapter is devoted to the introduction and the formulation of the mechanical problems
which will be dealt with in the sequel, as well as a reminder of the main notions of continuum
mechanics and functional analysis necessary for the understanding of this thesis. In this chapter
we present the physical framework related to the studied problem, then we consider the laws
of behavior of the various materials such as, the nonlinear viscoelastic constitutive law with
damage. By then citing the boundary conditions with friction, in order to develop interesting
mathematical models. Finally, we introduce a brief useful and essential reminder concerning

functional and vector-valued spaces.

1.1 Physical setting-Mathematical models

In this section we will introduce the two physical setting and their mathematical mechanical

problems involved in this thesis.

1.1.1 Physical framework of mechanical problem

We consider a viseoplastic body occupying a bounded domain 2 C R? (with d = 2,3), whose
boundary is Lipschitz continuous and decomposed into three measurable parts I';, I'; and I's,
such that meas(I';) > 0.

Let 7" > 0 and [0, 7| be the time interval under consideration. We study, over this time inter-
val, the evolution of the material body under the action of body forces and surface tractions.

The body is fixed on I'; x (0,7); consequently, the displacement field vanishes there. A
surface traction of density f; acts onI'; x (0,7). In addition, body forces with density f; act on
Qx(0,7).

The body may be in contact with a foundation on I'; x (0, T"). The conditions on this potential



contact surface I's may vary and lead to different contact models, with or without friction (see

Figure 1).

2 r,

I'y: fixed support
['s: traction f5

I
_ =rih fo: body forces
Fixed support u|= 0 I's: contact surface

!OI‘I !ac! W1 !" !ounga !101‘1

Figure 1.1: Physical framework of the mechanical problem

We denote by v, and v, the normal and tangential components of v on the boundary given by
V,=V-U, V, =V —V,U. (1.1.1)

Noting by o : Q2 x [0,T] — Sy, the stress tensor field and we define analogously the normal and

tangential components of o on the boundary by the formulas
o, = (ov)- v, o, =0V —0,V. (1.1.2)
Using (1.1.1) and (1.1.2), we get the relation
(ov) - v=o0o,v,+ 0, Vv, (1.1.3)

This formula will be used extensively in the following chapters of this thesis to derive the vari-
ational formulations of several contact problems.
The points above a function represent the derivation with respect to time, i.e.
du . d*u
= i=—g

Where u denotes the velocity field and 1 denotes the acceleration field. For the velocity
tield u the notations u, and u, represent respectively the normal and tangential velocities at

the boundary, i.e.
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1.1.2 Equations of Motion and Equilibrium

The equation of motion governing the evolution of the mechanical state of the body is described

by the Cauchy equation of motion

pii —Dive = fy inQ x (0,7), (1.1.5)

where p : 2 — R, denotes the mass density and f; is the density of the applied body forces,
such as gravitational or electromagnetic forces. Here, Div denotes the divergence operator,

namely,

Dive = (045,),

and we recall that 0;;; = %‘;J The evolution process defined by (1.1.5) is referred to as a

dynamic process.
In certain situations, this equation can be further simplified. For instance, when the velocity
tield v varies very slowly with respect to time, the acceleration term @ may be neglected. In this

case, the process is called quasistatic, and equation (1.1.4) reduces to the equilibrium equation

Dive+ fo=0 inQ x (0,7). (1.1.6)

Processes governed by the equation of motion (1.1.5) are called dynamic processes, whereas

those governed by the equilibrium equation(1.1.6) are referred to as quasistatic processes.

1.2 Constitutive Law

As we noted in section 1.1, equations (1.1.1) — (1.1.6) do not constitute a complete description of
the evolution of a continuous body. To obtain a complete model, valid for a given material, it is
necessary to add the constitutive law of the material. Although they must satisfy certain basic
axioms and principles of invariance, the laws of behavior come mainly from experience. not
tonot to mention the subject of damage which is extremely important in design engineering. In

this thesis, we develop a constitutive law related to a viscoelastic material with time fractional.
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1.2.1 Viscoelastic constitutive law with time fractional

The most common constitutive law of a viscoelastic material with time fractional is given by
a(t) = Ae({ Du(t)) + Fe(u(t)) (1.2.1)

Where u denotes the displacement field and o, e(u) represent respectively the stress and the
linearized strain tensor. Furthermore A and F refer to the viscosity and elasticity tensr respec-
tively. Where § D2u(t) represents Caputo derivative of order 0 < o < 1. Finally, in order to
complete the mathematical model which describes the evolution of the body, it is necessary to
specify the boundary conditions on I';, it is the object of the conditions of contact and laws with

or without friction which we will describe in the following paragraph.

1.3 Contact boundary conditions and friction laws

The modeling of a contact phenomenon is determined by the hypotheses taken into account in
its description. These hypotheses can influence either the form and the structure of the system
of partial differential equations, or the boundary conditions of the associated mathematical
model. The boundary conditions on the contact surface are described both in the direction of
the normal and in the tangent plane, being called friction conditions. Recall that the boundary
I' is divided into three disjoint and measurable parts I';, I'; and I'; such that meas(I';) > 0, we

give in this paragraph the boundary conditions on each of the three parts.

1.3.1 Displacement-traction boundary conditions
In all the problems that will be studied in this thesis, the body is embedded on the part I';, so
u=0 onTIy x(0,7). (1.3.1)

This relation represents the boundary condition of displacement. A surface traction of density

f; acts on I'y is consequently the vector of the stresses of Cauchy ov satisfied
oV = f2 on FQ X (O7 T) (132)

This condition is called the condition at the limits of traction.

12



1.3.2 Contact conditions

1.3.2.1 Bilateral contact condition

The contact is made bilaterally, that is to say the contact is maintained during the movement
and there is no separation between the body and the obstacle. The normal component of the

tield of displacements cancels on the surface of contact and thus
u, = 0. (1.3.3)
1.3.2.2 Unilateral contact

This condition models the contact with a rigid foundation. Since the foundation is considered
rigid, it will therefore not undergo any deformation. The body will therefore not be able to

enter it. This property results in the mathematical relationship
u, <0. (1.3.4)

At points of I's such that u, < 0, the deformable body leaves the rigid base and the normal

stresses are then zero there. Therefore we obtain:
u, <0=o0,=0. (1.3.5)

At points of I'; such that u, = 0, the contact is maintained and the rigid base exerts a normal

reaction oriented towards {2 and therefore, we can write
w,=0=0, <0. (1.3.6)

The contact conditions written by (1.3.4), (1.3.5) and (1.3.6), are called unilateral contact condi-

tions.

1.3.2.3 Contact with Normal Damped Response with or without friction

When dealing with granular materials or lubricated surfaces, the reaction force or the normal
stress may depend on the surface velocity. Therefore, we employ the condition known as the

instantaneous normal response, given by

—0, = p(t,). (1.3.7)

13



Here, p is a positive function that vanishes whenever its argument is negative, while v, and
0, denote, respectively, the normal components of the displacement field u and the stress field
o.

Another formulation describing the same condition by using fractional-order derivatives

can also be considered, and is written as
—0y, = pu(§ D{uy (1)), - (1.3.8)
1.3.2.4 Laws of contact without friction

We turn now to the conditions in the tangential directions, called also frictional conditions or
friction laws. The simplest one is the so-called frictionless condition in which the friction force

vanishes during the process, i.e.,

o.,=0 onTl3x(0,7). (1.3.9)

1.4 Function Spaces

We introduce in this section spaces of the Sobolev type used in contact mechanics, namely
the Hilbert spaces associated with the divergence and deformation operators, as well as the
spaces of vector-valued functions. We also present their main properties, in particular the trace
theorems. We adopt here the convention of the silent index and we also specify that all the
notations as well as the functional spaces used in this thesis are introduced in this section. Also,
in writing this section we have used [1]. For more details on Sobolev spaces and distribution

spaces, we refer for example to [5].

1.4.1 Sobolev spaces

We begin with a brief reminder of some results on the Sobolev space H'(2) defined by
H'(Q) ={uecl*Q)|uel*Q),i=1,...,d}.

First, we denote by Vu the component vector d;u. We have Vu € L*(Q)¢ for allu € H'(Q). We
know that H'(2) is a Hilbert space for the scalar product

(U, V) = <u7V)L2(Q) + (Oju, aiV)LQ(Q)a
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And the associated norm
”qum(Q) = (w,u)m() and we write ”uH%ﬂ(Q) = HHH%Q(Q) + HVUH%%W

We have the following results:

C'(Q) is dense in H'(12).
Theorem 1.4.1 (Rellich). H'(Q2) C L*(Q) with compact injection.

Theorem 1.4.2 (Sobolev trace). There exists a linear and continuous map ~ : H'(Q) — L*(T') such

that yu = u|r for u € C1(9Q).

Remark 1.4.3. The space L?(I") above represents the space of real functions on I which are L? for
the surface measure dI'. The map 7 is called trace map; it is defined as the extension by density
of the map u — u|r defined for u € C*(Q). Note that the trace map v : H'(Q) — L*(T) is a

compact operator.

1.4.2 Hilbert spaces associated with the divergence and deformation opera-
tors

In this Subsection we present the notation we shall use and some preliminary material. For
further details, we refer to [8]. We denote by .S, the space of second order symmetric tensors on
R? (d = 2, 3), while - and | - | will represent the inner product and the Euclidean norm on 5% and
R?. Let Q C R?be a bounded domain with a Lipschitz boundary T" and let v denote the unit
outer normal on I'. Everywhere in the sequel the index i and j run from 1 to d, summation over
repeated indices is implied and the index that follows a comma represents the partial derivative
with respect to the corresponding component of the independent spatial variable. We use the
standard notation for Lebesgue and Sobolev spaces associated to (2 and I' and introduce the

spaces
H={u=(y)|u € L*Q),i=1d}=L*Q)",
H={o = (0y) | 05j = 0ji € L*(Q), i,j = 1,d} = L*(Q)™,
Hi={ueH|e(u)eH}={u= () |w € Hl(Q), 1 :m} = Hl(Q)d,
HlZ{UEH’O'i]'EH}.

15



Here ¢ : H; — H and Div : H; — H are the deformation and divergence operators defined by

1 . L.
e(u) = (g5(u)), ey(u) = 5(%3‘ +uji), Dive = (04;), 1 <i,j <d.

u-v=uwuy, |v|=(w-v)"? vuve id,
o-T=0y7, |o|=(-0)* Vo,recS5%

The spaces H, H, H, and H, are real Hilbert spaces endowed with the canonical inner prod-

ucts
(u,V)H:/uiUidSC Yu,v € H,
Q
(O',T)H = / OijTij dx VO’,T € H,
Q
(W, V)g, = (0, V) + (e(u),e(v))y Yu,v € Hy,
(o, 7))y, = (6, 7))+ (Dive,Divr)y Vo, T € H;.
The associated norms on the spaces H, H, H, and H; are denoted by || - ||x, || - [|%, || - ||#, and

| - [|#,. For every element v € H; we also use the notation v for the trace v, of v onI' and we

denote by v, and v, the normal and the tangential components of v on I' given by
V,=V:V, V,=V-—-V,U.

We also denote by 0, and o, the normal and the tangential traces of a function o € H;. If o is
a regular function then

o, =(ov) v, o,=0v—o,v.

We recall that the trace map v : H; — L?*(T')? is continuous linear, but not surjective. The image
of H; by this map is denoted by Hr, this subspace is continuously injected into L*(T")¢. Let H}.
be the dual of Hr, and (-, ) 7.« - the duality product between Hy. and Hr.

For every o € H,, there exists an element denoted ov € H{. such that
(ov, W) = (0,€(V))n + (Dive,v)g Vv € Hy. (1.4.1)
Also, if o is regular enough (For example C'), we have the formula

(ov,yv) :/a'l/-vda Vv € H;.
r
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So, if o is regular enough we have the following formula:
(g,e(v))y + (Dive,v)g = /a’u -vda Vv € Hi(Q). (1.4.2)
r

Green’s formula allows in particular to define the restriction of ov to a measurable part I'y
of I'. More precisely, for g € L*(T';), we have ov = g on Iy if and only if (ov,yv) = fm g-vda,
for all v € H; vanishingon I' \ I's.

Throughout the thesis, in mechanical problems, I' is partitioned into three measurable parts
I'y, I'; and I's such that meas Iy > 0.

We will constantly need the space of admissible displacements V' defined as being a closed

subspace of the space H;
V={veH()'|v=0 onl}. (1.4.3)

Since measI'; > 0, Korn’s inequality applies to V: there exists a constant C}, > 0 depending

only on 2 and I'y such that
le@lbe = CullVllme VW eV (14.4)

On V we consider the scalar product (-, -);y and the norm || - ||y associated with this product,

given by
(w,v)y = (e(u),e(v)u,  [IVlv =lle()llx Vu,veV. (14.5)

By the Korn inequality, it comes that || - ||, and || - ||y are equivalent norms on V and so (V/ |- ||v/)
is a Hilbert space.
Also, by Sobolev’s trace theorem, there exists constant Cy > 0 depending only on 2, I'; and

I’y such that
[VIiz2rg)e < Collvlly Vv eV (1.4.6)

1.4.3 Spaces of Vector-valued Functions

Let H be a Hilbert space. Letk € N, 1 < p < +oo and T > 0. We recall that W*?(0,T; H) is
the space of vector distributions u € D'(0, T; H) such that Diu € LP(0,T; H) for j = 0,k, D’

denoting the derivative of order j in the sense of distributions.

17



For 1 < p < +oo, W"P(0,T; H) is a real Banach space for the norm defined by
1/
ullwes om0 Z/ | Du(z)|, dx) " e WRR(0, T H). (1.4.7)
In particular, W*2(0, T; H) is a real Hilbert space for the inner product defined by

(, V) w0130y = Z/ (Diu () dt Vu,v € WH2(0,T; H). (1.4.8)

On the other hand, W (0, T’; H) is a Banach space for the norm defined by

k
|| oo 0,71y = Zess suppo.ry [|1D7u(t) ||z Yu € WH(0,T; H). (1.4.9)

J=0

For the particular case k£ = 0 it is observed that
WO(0,T; H) = LP(0,T; H),

And we then denote the norm LP(0,7; H) by || - || zr(o,r;m) for all 1 < p < 4-00. We also define,
for all k € N, the space C*([0,T]; H) of functions u : [0,7] — H such that for all j = 0,k the

derivatives % exist and are continuous on [0,7]. We denote, in particular, C°([0,T]; H) by

C([0,T]; H). The space C*([0,T]; H) is a Banach space for the norm defined by

d’u
dti

k
o ¢ H Vu € C*([0,T), H). 1.4.10
s o) = ;g{m) —=()|| - vue CN(0,1], H) (1.4.10)

In particular, the norms on the spaces C([0,77]; H) and C*([0,T]; H) are given by

[ulleqory;m = Jnax lu(t)|[z Yue C([0,T], H), (1.1)
lallerorsey = ulleqorm + lallcqmm  Yue CH([0,T], H). (1.4.11)

We specify that the point above an expression designates the derivative of this expression with

respect to time, represented by the variable ¢ € [0, 7.
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CHAPTER 2

FRACTIONAL CALCULUS AND NONLINEAR
ANALYSIS

In this chapter, we recall some fundamental results from fractional calculus and nonlinear func-
tional analysis which are essential for the study of time-fractional partial differential equations.
These results can be found in standard references such as 5,12,15, Elements of convex analysis;

Gronwall’s lemmas, and the fixed-point theorem.

2.1 Fractional Calculus
The Gamma function I'(2) is defined by

['(z) = / t*~te tdt, R(z) >0,
0

z—1) log(¢

where t*7! = el ). This integral is convergent for all complex numbers z € C such that

$(z) > 0. For this function, the reduction formula
F(z+4+1) = 2I'(2), R(z) >0,
holds. In particular, if z = n € Ny, then
I'(n+1) =nl, n € No,

with, as usual,

o= 1.

Let us consider some of the starting points for a discussion of fractional calculus.
One development begins with a generalization of repeated integration. Thus, if f is locally

integrable on (¢, 00), then the n-fold iterated integral is given by

s = [ [T [ s dsn = s [ as
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for almost all ¢ with —co < ¢ < t < oo and n € N. Writing (n — 1)! = I'(n), an immediate

generalization is the integral of f of fractional order o > 0,

Do f(f) = ﬁ / (t— ) f(s) ds,

(left-hand integral), and similarly for —oco < t < d < o0,

Dy f(t) = ﬁ / (s — )2V f(s) ds,

(right-hand integral), both being defined for suitable functions f.
In this memory, we restrict our attention to the use of the Riemann-Liouville and Caputo frac-

tional derivatives.

2.1.1 Riemann-Liouville Fractional Integral

Definition 2.1.1 (Riemann-Liouville Fractional Integral). Let X be a Banach space and (0,7") a
finite time interval. For « > 0 and f € L*(0,T; X), the Riemann-Liouville fractional integral is

defined by

ol f(t) = ﬁ/@ (t—s)*1f(s)ds, Vte (0,T), (2.1.1)

where I'(+) is the Gamma function defined by

F(a):/ t*te~t dt.
0

Remark 2.1.2. For a = 0, we define oI = I, the identity operator, i.e.,
ol f(t) = f(t), ae. te(0,T).

Caputo Fractional Derivative

Definition 2.1.3 (Caputo Derivative). Let X be a Banach space, 0 < o < 1, and (0,7 a finite
interval. For f € AC(0,T; X), the Caputo fractional derivative is defined by

SDYf(t) = ol f(t) = ! ) /0 (t —s)"*f'(s) ds. (2.1.2)

'l —«

Remark 2.1.4. If a = 1, the Caputo derivative reduces to the classical derivative:
o DLf(t) = f'(t).
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Proposition 2.1.5. Let X be a Banach space and o, 3 > 0. Then:

(i) Fory € L'(0,T; X),
oI (oI y(1)) = oI y(t). (213)

(ii) Fory € AC(0,T;X) and o € (0, 1],
ol (§ Dy (1)) = y(t) — y(0). (2.14)

(iii) Fory € L'(0,T; X),
6D (oI y(t)) = y(t). (2.1.5)

Now, we establish the following global behavior of the fractional ODE.
Proposition 2.1.6 (13). Let —oco < a < b < co. Assume
f:]0,00) x (a,b) = R

is continuous and locally Lipschitz in the second variable. In other words, for every > 0 and every

compact set K C (a,b), there exists Lg ;¢ > 0 such that
sup |f(t,v1) — f(t,v2)| < L x|vr — val, Yuy, vy € K. (2.1.6)
0<t<p
Let 0 < oo < land vy € (a,b). Then, the [IVP
“Dpu(t) = f(to(),  v(0) = v, (2.17)
has a unique continuous solution v(-) on [0, T%), where
T, =sup{h > 0 : the solution v € C|[0, h), v(t) € (a,b), Vt € [0,h)}.

The quantity T, € (0, oo| is the largest time of existence. Moreover, if T, < oo, then

liminf v(t) = a, or limsup v(t) = b.
=Ty t—Ty
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2.1.2 Compactness Criterion for Time-Fractional PDEs

Additionally, we recall a compactness criterion analogous to the Aubin-Lions lemma, used in

the study of weak solutions to time-fractional PDEs (see 15).

Theorem 2.1.7. Let T > 0, o € (0,1), and p € [1,00). Let By, B, By be Banach spaces such that
By — B compactly, B — B, continuously.
Let W C Li..(0,T; By) satisfy:

loc

(i) There exist ry € [1,00) and ¢; > 0 such that for all u € W,

I ot
m/o(t—s) u(s) ds

(ii) There exists p; € (p, o] such that W is bounded in LP*(0,T; B);

1
<,
Bo

sup || Ju(t)ll, = sup
) e(0,T

te(0,T t€(0,T)

(iii) There exist ro € [1,00) and ¢y > 0 such that for all w € W, there exists an initial value uy such

that the weak Caputo derivative satisfies

16 D ul| s 0,738,) < ca (2.1.8)
Then W is relatively compact in L?(0,T; B).

2.2 Nonlinear analysis elements

In this section we will recall some notions of nonlinear analysis which will be of great use for
the realization of this work. In particular results on weak convergence and weak star con-
vergence, bounded operators, monotone, lower convex and lower semi-continuous functions,

differentiability and subdifferentiability.

2.2.1 Weak convergence and Weak star convergence

We now turn our attention to the notion of convergence. Let X is a Banach space and X' the
dual space of X and denote (-, -) the duality product between X and its topological dual space
X'
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Definition 2.2.1 (Strong convergence). A sequence u,, is said to strongly converge to w if u,,u €
X and if

lim |u, —ullx =0,
n—oo
we will denote this convergence by u,, — uin X.

Now, let’s recall some definitions and results on weak topology.

Definition 2.2.2 (Weak convergence). [?] Let X be a normed space with X' its dual space. A

sequence {u, } C X weakly converges to u € X, if
l(uy) — L(u) Ve X'
This convergence will be denoted by u,, — v in X.

Proposition 2.2.3. Let u,, be a sequence in X. Then

If u,, — w strongly in X, then u, — w weakly in X. If u, — u weakly in X, then ||u,| x is
bounded and ||ul|x < Uminf, . ||un| x.If u, — v weakly in X and if £, — { strongly in X’,

then (€, un)xrxx — (0, u)xrxx.

Definition 2.2.4. Let X be a Hilbert space endowed with the scalar product (-, -) x and the norm
|- |lx and let A : X — X be an operator.

The operator A is said to be monotone it
(Au — (Au — Av,u —v)x >0 VYu,v € X.
The operator A is strictly monotone if
(Au — Av,u —v)x >0 Yu,v € X, u#v.
The operator A is said to be strongly monotone if there exists m > 0 such that
(Au — Av,u —v)x > m|u—v|5% Vu,ve X.
Operator A is Lipschitz if there exists M > 0 such that

|Au — Av||x < M||lu—v|x Vu,ve X.
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2.3 Elements of convex analysis
2.3.1 Convex and lower semicontinuous functions

Definition 2.3.1. Let X be a real vector space and let the function ¢ : X —| — oo, +00]. We say
that the function ¢ is proper if ¢(u) > —oo for all u € X and ¢(u) < 4o for at least one u € X.

The function ¢ is convex if
d(tu+ (1 —t)v) < tp(u) + (1 —t)p(v) Vu,v € X, t €]0,1][.
If the strict inequality holds for any u # v then ¢ is said to be strictly convex in X. The set
D(¢) = {u € X | ¢(u) < +oo}

is called the effective domain of ¢. For a real number «, the set {(u, ) € X xR | ¢(u) < a}is

called epigraph of ¢ (epi ¢).

Note that if ¢, 1 : X —] — 00, +00] are convex functions and A > 0, then the functions ¢ + v

and \¢ are also convex.

Definition 2.3.2. A function ¢ : X —| — 00, 00| is said to be lower semi-continuous (l.s.c.) at
ue X if
liminf ¢(u,) > o(u) (2.3.1)

n—-+00
for each sequence {u,,} C X convergent to u in X. The function ¢ is l.s.c. if it is l.s.c. at each
point u € X. When inequality (1.5.1) holds for any sequence {u,,} C X which converges weakly
to u, we say that the function ¢ is weakly lower semicontinuous at u. The function ¢ is weakly

Ls.c. if it is weakly L.s.c. at each point u € X.

Note that if ¢,7 : X —| — 00, 400] are Ls.c. functions and A > 0, then the functions ¢ + v
and \¢ are also l.s.c. Furthermore, if ¢ is a continuous function, then it is also l.s.c. However,
the reverse is not true since lower semi-continuity does not imply continuity.

As strong convergence in X implies weak convergence, it follows that a weakly lower semi-
continuous function is lower semi-continuous. Moreover, one can show that a proper convex
function ¢ : X —] — 0o, +-00] is lower semicontinuous if and only if it is weakly lower semicon-

tinuous.
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Example 2.3.3 (Indicator function). Let X be a normed space and K C X. We call the indicator
function of K the function ¥y : X —| — 00, +00] defined by:

e () = {O fue K, (232)

400 otherwise.

We can prove that K is a non-empty, closed and convex set of X if and only if the indicator

function W is proper, convex and ls.c.

2.3.1.1 Differentiability and sub-differentiability
We now recall the definition of Gateaux differentiable functions.

Definition 2.3.4. Let ¢ : X — R and let u € X. Then ¢ is Gateaux differentiable at u if there exists
an element V¢(u) € X such that

g L 1) = 6(w)

t—0 t

= (Vo(u),v)x VveX. (2.3.3)

The element V¢(u) that satisfies (1.5.3) is unique and is called the gradient of ¢ at u. The
function ¢ : X — R is said to be Gateaux differentiable if it is Gateaux differentiable at every point
of X. In thln this case, the operator V¢ : X — X that maps every element v € X into the
element V¢(u) is called the gradient operator of ¢.

The convexity of Gateaux differentiable functions can be characterized as follows.

Proposition 2.3.5. Let (X, (-,-)x) be a pre-Hilbertian space and let ¢ : X — R be a Gateaux differ-

entiable function. The following statements are equivalent:
1. ¢ is a convex function;
2. ¢ satisfies the inequality
o(v) — o(u) > (Vo(u),v —u)x Yu,v € X. (2.3.4)
3. the gradient of ¢ is a monotone operator
(Vo(u) — Vo(v),u—v)x >0 Vu,v € X. (2.3.5)

Corollary 2.3.6. Let ¢ : X — R be a convex Gateaux differentiable function. Then ¢ is lower

semicontinuous.
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Definition 2.3.7. Let ¢ : X —] — 00, +00] and let v € X. Then the subdifferential of ¢ at u is the

set
Ip(u) ={f € X | ¢(v) = d(u) = (f,v—u)x Vve X} (2.3.6)
Denote

D(0¢) = {u € X | 0¢(u) # 0}. (2.3.7)

A function ¢ is said to be subdifferentiable at u € X if u € D(0¢), and each element f € d¢(u) is
called a subgradient of ¢ at u. A function ¢ is said to be subdifferentiable if it is subdifferentiable

at each point u € X, i.e, if D(0¢) = X.

2.4 The Galerkin Method

The Galerkin method is a fundamental and widely used technique for the approximation of so-
lutions to boundary value problems, particularly in the context of partial differential equations.
The main idea of the Galerkin method consists in reducing a problem posed in an infinite-
dimensional functional space to a sequence of problems defined in finite-dimensional sub-
spaces.
Let V be a Hilbert space and let us consider the following variational problem: find u € V
such that
a(u,v) = L(v), Yv eV, (24.1)

where a(-, -) is a bilinear form and L is a linear functional.
The Galerkin approximation consists in choosing a finite-dimensional subspace V;, C V' and

seeking an approximate solution u;, € V}, such that
a(uh, Uh) = L(Uh), Yy, € Vj,. (242)

This approach transforms the original infinite-dimensional problem into a finite system of al-
gebraic equations. The Galerkin method is characterized by its stability, consistency, and con-

vergence properties, and it constitutes the theoretical foundation of the finite element method.

2.5 Miscellaneous Complements

In this section, we recall the classical Gronwall-type lemmas which arise in many estimation

problems, particularly in establishing the uniqueness of solutions. We also present several the-
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orems used throughout this thesis, including a version of the Riesz—Fréchet representation the-
orem and Banach’s fixed point theorem. For further details concerning the material reviewed

in this section, the reader may consult, for example, references [?, ?].

Gronwall Lemmas

Lemma 2.5.1 ([?, ?]). Let m,n € C(0,T;R) such that

forallt € [0,T], and let a > 0. If p € C(0,T; R) satisfies

o(t) <a —i—/o m(s) ds —|—/0 n(s)e(s)ds, vt e [0,T],

olt) < <a+/0tm(3) ds) exp (/Otn(s) ds), vt € [0,7).

Corollary 2.5.2. Let n € C(0,T;R) with n(t) > 0 forall t € [0,T], and let a > 0. If ¢ € C(0,T;R)

then

satisfies

ot) <a+t / n(s)p(s) ds,

o(t) < aexp ( /O tn(s) ds) .

Lemma 2.5.3. Let m,n € C(0,T;R) be such that

then

forallt € [0,T], and let a > 0. If ¢ € C(0,T;R) satisfies

1902(15) < %a2 +/0 m(s)p(s) ds +/0 n(s)p*(s) ds, vt € 10,77,

2
lp(t)] < <a+/0tm(8) ds) exp (/Otn(s) ds), vt € [0, 7).

then
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2.5.1 Statements of Some Theorems

We now present several important theorems that will be used throughout this thesis.

Let X be a real Hilbert space endowed with the inner product (-, -) x and the associated norm
| - llx. We denote by X’ the dual space of X and by (-, ) x/xx the duality pairing between X'
and X.

Theorem 2.5.4 (Riesz—Fréchet Representation Theorem). Given any ¢ € X', there exists a unique
element f € X such that
<€7U>X’XX = (f,U)X, Yv € X, (251)

and moreover

1ellxr = 11/l x-

This theorem shows that every continuous linear functional on X can be represented

uniquely through the inner product. The mapping
l— f
is an isometric isomorphism, which allows one to identify X with its dual space X'.

Theorem 2.5.5 (Schauder Fixed Point Theorem). Let X be a Banach space, let K be a nonempty,

convex, and compact subset of X, and let
F:K—- K

be a continuous mapping. Then F admits at least one fixed point.

In Schauder’s theorem, the mapping F' is not necessarily Lipschitz continuous. Conse-
quently, the theorem guarantees the existence of a solution but not necessarily its uniqueness,

which will be addressed in the following theorems.

Banach Fixed Point Theorem

Theorem 2.5.6 (Banach Fixed Point Theorem [?]). Let K be a nonempty closed subset of a Banach
space (X, || - ||x). Assume that
¢:K =+ K
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is a contraction, that is, there exists a constant X € [0, 1) such that
|P(u) — @(v)||x < AMu—vx, Yu,v € K.
Then there exists a unique element u € K such that
O (u) = u.

We shall also need the following version of Banach’s fixed point theorem. For an operator

®, its powers are defined inductively by
" =Pod™ ! m>2
Theorem 2.5.7 ([?]). Let K be a nonempty closed subset of a Banach space X, and let
¢: K — K.

Assume that ®™ is a contraction for some positive integer m. Then ® possesses a unique fixed point.
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CHAPTER 3

MATHEMATICAL ANALYSIS OF A
NONLINEAR FRACTIONAL VISCOELASTIC
PROBLEM WITH CONTACT CONDITIONS

3.1 Mechanical Problem Statement

The nonlinear problem considered in this chapter consists in determining the pair (u, o) satis-
tying the following problem:

Problem P': Find a displacement field u : 2x]0, T[— R? and a stress tensor o : Q2x]0, T[— S*

such that
o(t) = Ae(§ Djult)) + Felu(t)) in Q x (0,7), (3.1.1)
pS DX u(t) — Dive(t) = fo(t) in Q x (0,7), (3.1.2)
u=0 onTp x (0,7T), (3.1.3)
o(t)yy = fi(t) onTy x (0,7), (3.1.4)
w(0,2) =up,  §Du(0,z) = wy in €, (3.1.5)
—0, = p,(§Dfu, (1), 0, =0 onT¢ x (0,7). (3.1.6)

Equation (3.2.1) represents the time-fractional Kelvin—Voigt viscoelastic constitutive law of Ca-
puto type, as described in the literature. In this equation, A = (a;jx) and F = (fju) denote
the fourth-order viscosity tensor and elasticity tensor, respectively. Relation (3.2.2) corresponds
to the fractional equation of motion, where p represents the mass density of the material. Here
and throughout the paper, Div denotes the divergence operator acting on tensor fields, namely,
Div o = (04j,). Moreover, relations (3.2.2)-(3.2.4) describe the mechanical boundary conditions
imposed on the body. The initial conditions are given by equation ((3.2.5). Finally, equation
(3.2.6) represents the frictionless contact condition with a Caputo-type time-fractional Normal

Damped Response, in which p, is a prescribed function. For positive values of p,, the quantity
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u, describes the penetration of the surface asperities into the foundation.

Assumptions

For the analysis of this problem, we consider the following assumptions. We assume that the

linear operator (G = A, F) : Q x S; — S, satisfies :

( (a) The usual property of symmetry G = Gjux = Gikji € L().
(b) There exists a constant Lg > 0 such that
|G(z,e1) — G(,89)| < Lgley — &3], Vep,e0 €5y, ae. x €T5.

(c) There exists a constant mg > 0 such that

(d) G(z,0) =0, ae.zels.

| (e) The mapping = — G(z,0) belongs to .

(G(z,e1) — G(m,89))(e1 — £2) > mgler — e2]®, Vey,e0 € Sy, ae. w € 5.

(3.1.7)

The Normal Damped Response function p : I's x R — R, satisfies the following assumptions:

( (a) There exists a constant L > 0 such that

Ip(x,u1) — p(z,u2)| < Llug — us|, Vui,us €R, ae. x €.

©  (p(z,u1) — p(z,u2)) (w1 — ug) >0,
Vul,u2 €R, ae xels.

(d) p(r,u) =0, Vu<0, ae zels.

(e) The mapping z + p(z,0) belongs to L*(T'3).

The mass density satisfies

p € L>®(Q), and there exists p* > 0 such that p(z) > p* a.e. z € Q.

We also assume that the body and surface forces satisfy
foe LX(0,T; H),  fye L*(0,T; L*(Ty)").
The boundary and initial conditions satisfy
uyg €V, vy €V,
We define the vector-valued function
f:00,T] =V’
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(b) For every u € R, the mapping x — p(z, u) is measurable on I's.

(3.1.8)

(3.1.9)

(3.1.10)

(3.1.11)



by
(1), vhry = / fot) - vde+ [ fpt)-vde, Wwev, (3.1.12)
Q 1)

and we note that

f e L*0,T;V"). (3.1.13)

Next, we define the functional

J:VxV =R

by
Jjlu,v) = / py(u,) v, da, Yu,v € V. (3.1.14)
T's

Let V C H C V' be an evolution triple of spaces, where V is a reflexive and separable Banach
space, H is a separable Hilbert space, and the embedding V' — H is dense and continuous.
The embedding operator between V' and H is denoted by ¢, and it is assumed to be compact.

The dual space of V is denoted by V', and the adjoint operator .* : H — V* of ¢ is also linear,

continuous, and compact.

3.2 Weak formulation

In this section, we present the Weak formulation of Problem P".

Using the following Green formula

(Divo,v)y + (o(t),e(v))n = /O’V -vda, Yo € HY(Q)?, a.e. t € (0,7),

T

and since

/0V~vda:/ Jl/-vda—l—/ al/-vda+/ ov-vda, Yo eV, (3.2.1)
r I'1 Iy I's

then, using the definition of the space V' together with (3.2.1), and (3.1.12), we obtain

(p§ D2u(t),v) i + (o(t),e(v)) i = / forvdr+ | fa-vda +/ ov-vda,
Q Iy I's

forallv € V,and fora.e. t € (0,7).
Since

oV v =0,0,+ 0, U = —pV(OCDtO‘ul,(t))UV,
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it follows that

(i, v)g + (o(t),e(v)) g = /Qfg ~vdr + . fo-vda— /1“ po(§ D, (t))v,da, (3.2.2)

forallv € V,and fora.e. t € (0,7).
From (2.1.20), (2.1.21), and (2.1.23), we obtain

(6 Di*u(t),v),, (o(t), (0))n + (5 Diult),v) = (f(t),v)v,

forallv € V,and fora.e. t € (0,7).
From (2.1.1), (2.1.8), (2.2.1), and (2.2.2), we obtain the following frac tional formulation of of

the mechanical problem P1.

Problem PV'. Find the displacement field v : [0,7] — V, and the stress tensor field o :
[0,7] — Hy, forv € V and a € (0, 1], such that

o,(t) = Ae(OCDfun(t)) Fe(uy(t)),, (3.7)

(6 DFuy(t),0)y, + (Ae (§ Dffuy (1)) ,e(v)) + (Fe(u(®)) ,e(v) + j(§ Diult),v) = (f(t),v)v, (3.8)

u(0, z) = uo, & Du(0, ) = wo. (3.9)

3.3 Main Result

Our principal existence theorem, proved in the next section, is formulated as follows:
Theorem 3.1. Assuming that assumptions (3.1.7) to (3.1.14) hold, Then there exists at least one

solution u, o to the problem P> with the regularity
u € W>20,T;V), (3.3.1)
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o€ L*0,T; L*(Q,8%) (3.3.2)

A pair of functions (u, o) satisfying (3.1.1), and (3.3.1)-(3.3.2) is called a weak solution of the
viscoelastic contact problem P*.
The proof of Theorem 3.1 is carried out in several steps. It is based on the abstract of monotone
operator, Caputo derivative, Galerkin method and Banach fixed point theorem.

In the first step, we consider the following auxiliary problem for the displacement field, in
which n € L?(0,T;V) is given.
Problem P,,. Find the displacement field u,, : [0, 7] — V and the stress tensor field o,, : [0, T] —

Hy, forv € Vand «a € (0,1], such that

o, (t) = As(§ Diuy(t)) + Feluy(t)), (3.3.3)
(5D2u,(8). 0),, + A (A=(§ D)) . £(0) + ((8). ) = (F(D) ). (334)
u,(0) = uo, § D, (0) = . (3.3.5)

We define (f,(t) € V fora.e. t € (0,7T) by

(fo@),0)v = (f(t) =n(t),v)y,  VoeV (3.3.6)

Using the Riesz-Frechet representation theorem, we define the operator (G = A, F) : V — V'
by

(Gu,v)y = (Ge(u),e(v)n,  Yu,v e V. (3.3.7)
Introducing the variable § D%, (t) = w,(t). , we obtain u,(t) = I{w,(t) + uo, the problem P,

can be rewritten, for a.e. t € (0,7), as follows:

Problem P, . Find w, : [0,T] — V such that

Owy(t) = Ae(w,(t)) + Fe(olw,(t) + uo), (3.3.8)
(6 Difwy(t),v),, + (Awy(t),v) = (fy(t),v)v, (3.3.9)
wy,(0) = . (3.3.10)

To solve Problem P, , we prove the following theorem.

Lemma 3.3.1. Forallv e Vandt € (0,T), Problem Pqin admits at least one solution
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w, € WH(0,T;V) and 0, € L* (O,T; L3(%; Sd)).
Proof. The proof is carried out in four steps:

1. Approximate solution. We construct approximate solutions using the Faedo—Galerkin

method.

2. A priori estimates. We establish a priori estimates (upper bounds) for the approximate

solutions.

3. Passage to the limit. We pass to the limit by exploiting compactness properties in the

nonlinear terms and the lower semicontinuity properties of an appropriate operator.

4. Verification of the initial conditions. We verify that the obtained solution satisfies the

prescribed initial conditions.

a) Step 1: Approximate Solution

We introduce a sequence (¢,,) of functions satisfying the following properties:
* o, € H(Q), for all j;
e The family {¢1, 2, ..., ¥n} is a Hilbertian basis of H'((2).

* The space V,, = span{p, o, . .., ¥m} generated by the family {1, @2, ..., ¢} is dense in
H(Q).

For each m € N*, we consider the following approximate problem, denoted by P, : find

Wy, = Wy (t) € V,,, of the form

W () =Y Kjm ()25, (3.3.11)

Approximate Problem

Problem P, . Find w,, € L*(0,T};V,) such that § Dew,, € L*(0,T;V,,), and

(§ Dwn(t), 0i)y + AMAwn(t),05) = (fo(t),905),, j=1,...,m. (3.3.12)
Wom = Z QimKjm — vy in'V, as m — oo. (3.3.13)
j=1
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Inserting the expansion (3.3.11) into (3.3.9), we arrive at the following system of ordinary dif-

ferential equations: Find K,,(t) = (Ki(t), . .., Kmm(t)) € H(2)? such that

> DI K m(t) (05,00) + (A > Kjn(t) (#;, %)) = (f,(t), ¢i), (3.3.14)
Jj=1 j=1
Then, we obtain
§DEK (1) + AK (1) = fi (1), (3.3.15)
Then, (3.3.15) can be written as follows

6 Dy Ko (t) = g(t, Kim(t)), (3.3.16)

where ¢(t, K, (t)) = fin(t) — AKim(2).

Therefore, assumption (3.1.7) ensures that the function h satisfies a Lipschitz condition, namely

}g(tv Kim1 (t))) - g(ta Kimz (t)))‘ S LA |sz1 (t) - Kimz (t)| :

An application of Proposition 2.1.6 ensures there exists a unique continuous solution K,,(t) =
(Kym(t), ..., Kmm(t)) on [0,T) satisfying equation (3.3.16). Throughout this work, ¢; and ¢,

denote positive generic constants whose values may change from one line to another.

Step 2: Estimates on (u,,).,

We multiply equation (3.3.12) by Kj,,(t) and sum over j = 1, ..., m. We obtain:

(§ D wm(t), win (1)), + A Awn (), wn(t)) = (f(t), wm (1)), - (3.3.17)
We can verify that for all a > 0, b > 0 such that a + 0 = 1, and for all z, y € R, one has
(az + by)? < ax? + by?.

Hence, since the functional

e L
is convex, the convexity inequality for the Caputo fractional derivative (Proposition 2.1.5(i))
implies that
£z (Glum(®IR ) < (6D un(®,un),-
Therefore,

5z (3lm (O ) + (A (01000 < (o0 wm()r (3319
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By assumption (3.1.7), Taking v = w,,(t), we obtain
mal|wm(O)][F < (Awm (), wm(t)). (3.3.19)
Using the Cauchy-Schwarz inequality,

(@) wm ()v] < @)l l[wm By

Applying Young’s inequality,
1 €
b< —a®+ b
W=t T

we obtain
1 €
(a0, wm(@)v] < IO + S lwn @
Choosing € > 0 appropriately, there exists a positive constant ¢ such that

|(fa(®), wm@®)v] < ell fV + cllwm @] (3.3.20)

Substituting (3.3.19) and (3.3.20) into (3.3.18), we obtain

ol 1 €
Dz (Sl (@) + mallon O < ZUAOR + Slonl. G320
Hence,
ol € 1
Dz (Slum®IF ) + (ma— 5) hom®l < NOIR-
Let
€ 1
ClzmA—§>0, 62:2—8.
Then
ol
Dz (Slun(®1) + ellun (@ < el (01 3322

Applying Proposition 2.1.5 (ii) to y(t) = 3||w,(¢)[|},, we deduce

201
[(a)

This estimate is independent of m, which implies that ||w,,(t)||y remains bounded on every fi-

lwm ) +

t
/@—@%wmwMﬁws@wum&+wmmmm3%
0

nite time interval. Consequently, no blow-up can occur and the maximal existence time satisfies
T = +o0.
Let v € V with ||v]|y < 1. Decompose v = vy + vy, where

v € Span{ﬁl? s 7/3771}7
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and (v, Bx)y = 0, k=1,...,m.Since {5}, is an orthogonal family in V,
[or]lv < floflv < 1.
Using (3.3.12), we obtain
(6 Dfwet), 1)y + (Awn (), v1) = (f3(t), v1)v.
The continuity of A implies
|(Awn, (), v1)| < Mal[wm (@)|lv[lvr]lv < Mawn(#)]lv,

while
|(fa@®), v0)v| < N @llvllonllv < (1 F5(E) v
Therefore,

| (6 Dfwm(t), v1) | < ex+ ca (Jwm@llv + 1 ()]lv)

Taking the supremum over all v € V such that ||v||;y < 1, we obtain

15 D wi (t)]

ve <t ([lun@llv + [1fHO1v) -

(3.3.24)

(3.3.25)

(3.3.26)

Finally, estimate (3.3.23) shows that the sequence {wy,,} is bounded in L*(0,7’; V). Combining

this fact with (??), we conclude that there exists a positive constant ¢, independent of m, such

that
HOCD?mem(o,T;V*) <c
Hence,
{w,,} isboundedin L*(0,T;V),
and

{§Dfw,}  isboundedin L*(0,T;V*).L*(0,T;V),

Passage to the Limit

(3.3.27)

By virtue of the a priori estimates established above and the compactness result stated in The-

orem 5.1.18. for the Caputo fractional derivative, there exist a subsequence, still denoted by

{wm,,}, and a function w, € L*(0,T;V) such that
Wynyy —> Wy, strongly in L*(0,T; V),
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and

§ D wyyy — §DMw,  weakly in L2(0,T; V). (3.3.29)

The strong convergence (3.3.27) and the continuity of the bilinear form b imply that
(Awmm(t), v) — (Awn(t), v) in R, (3.3.30)

foreveryv € V.

Furthermore, the weak convergence (3.3.28) yields

(§ D wiyn, — (§ Djwy,v)yr IR, (3.3.31)

U>V*><V

for every v € V.

Moreover, since the fractional integral operator
ol : L*(0,T;V) — L*(0,T;V)
is linear and continuous, it follows from (3.3.27) that
ol Wy — olfw,n  weakly in L*(0,T; V).

Passing to the limit in the Galerkin formulation, we conclude that w, satisfies the varia-
tional problem associated with equation (3.3.4). Therefore, there exists a weak solution w, €
Wh2(0,T;V) of equation (3.3.4). Next, using relation (3.3.8) together with assumptions (3.1.7),
we deduce that

Ow, € L*(0,T; L*(2; 5%).

This completes the proof of Lemma 3.3.1. O

Final step

, for a given n € L*(0,T;V), we consider the solution w, obtained in Lemma 3.3.1 We then

introduce the operator A : L*(0,7;V) — L?*(0,T;V), defined by
(An(t), v)v = F(oLjw,(t) + uo,v) + j(w,(t),v), Yo e V. (3.3.32)

We obtain the following result.
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Lemma3.3.2. For all n € L?(0,T;V) and « € (0, 1], the operator Az : (0,7) — V is continu-

ous. Moreover, there exists a unique element n* € L?(0,T; V') such that
An* =n*.

Letn € L*(0,T;V) and t1,t, € (0,T). From (3.3.32), we deduce
(An(tr) — An(ta),v) = F(olfwy(tr) — oI wy(tz), v) + j(wy(t),v) — j(wy(t2),v). (3.3.33)

By applying Definition 2.1.3, and assumption (3.1.7), we obtain

Lf—Tan”wn(tl) = wy(t2) v [|vflv- (3.3.34)

| F (oI wy (t) — oIfw,(t2),v)| < T
Based on (1.4.6), (3.1.14), and hypothesis (3.1.8), we derive

7 (wy(t1),v) = j(wy(t2),v)] < L,CoT*

< m!\wn(tl) — wy(ta)lv]v]lv. (3.3.35)

By combining the previous inequalities, we conclude that there exists a positive constant c,

depending on Mp, L,, Cy, a, and T, such that
JAn(t) = An(ta)llv < cllwg(t) — wy(t) v (3.3.36)

Using the regularity of w,, we deduce that An € L?(0,7;V).
Now, let 11,79 € L*(0,T; V) and t € [0, T]. Similarly, we obtain

[Ans (8) = Ama(8)lv < clfwn, (£) = wa, (8) v (3.3.37)
Starting from the weak formulation associated with (3.3.9), we have fori = 1,2,
(6 Dffwy, (£),0), + (Awy,(8),0) + (m(t),0)y =0, Vo eV,
Subtracting the two relations corresponding to 77; and 7, yields

(6 D wy (8) = § Dffwyy (£),v), + (Awy, (8) = Awgy (£),0) + (m(t) = 12(t), )y = 0.
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Choosing the test function v = w,, (t) — w,, (t), we obtain
((()JDtawm (t) — ng‘an (1), wy, (1) — wy, (t))v
(Awm (t) - Awm (t)a W, <t> — Wy (t))
+(mi(t) — m2(t), wy, (t) — wy,(t))y = 0. (3.3.38)

On the other hand, by Definition (2.1.3) of the Caputo fractional derivative, we have the esti-

mate
11—«

a o T , ,
HOCDt Wy, (t) = § D wy, (t>HV < m ([, () — g, (D)l - (3.3.39)
Moreover, assumption (3.1.7)(ii) ensures the coercivity property
F(v,v) > mz|v||}, Vv eV,

Combining this property with relations (3.3.38)and (3.3.39), we obtain

2 T'@ . .
mp||wn, () = wy, ()]l < mllwm(t) =ty (1) [ [, (8) = wa, (D) ]Iv

e (8) = n2(8) v [lwn, (£) = wn, ()]]v- (3.3.40)
Since
t
wn(®)= [ ($)ds+w,(0), =12
0
and because w,, (0) = wy, (0), it follows that
t
i (®) = 0) = [ (i (5) = i (5) .
Taking the norm in V/, we deduce
t
[y, () = wy, ()]lv < /0 [t (5) = 0 (5) v ds. (3.3.41)

Integrating inequality (3.3.40) over the interval [0, ¢], and using relation (3.3.41), we obtain

t Tlfa
mf/ [y, (5) = wy, ()7 ds < = [[wy, (t) — wy, (B)[[5

[(a)
/ 111(5) = 12(8)[[v [, (5) — Wy, (5)[|v ds. (3.3.42)
Next, we use Young’s inequality zy < vz + %yQ, with @ = [Jw,, (8) — wn, (8)|lv,y = [[m(s) —

n2(s)|lv, in (4.41) and then Gronwall’s lemma, we conclude that

e (8) — wna ()12 < ¢ / Ina(s) — ma(s)|2 ds, (3.3.43)



for some positive constant c. Combining estimate (3.3.43) with relation (3.3.37) gives

JAm(8) — Ama(@)] < c / Imn(s) — ma(s)1 ds. (3.3.44)

Iterating the previous inequality n times, we obtain

(cT)"

n!

A" — An772H2L2(0,T;V) < [ — 772"%2(0,T;V)' (3.3.45)

Since % — 0 asn — oo, there exists an integer n sufficiently large such that % <
1. Therefore, the operator A" is a contraction on the Banach space L?(0,7;V). Consequently,

Banach’s fixed point theorem guarantees the existence of a unique fixed point n* € L*(0,T;V)

such that An* = n*. We now possess all the necessary ingredients to establish Theorem 3.1.

Proof of Theorem 2.3.1

We are now in a position to complete the proof of the main existence result. Let n* € L*(0,7;V)
be the unique fixed point of the operator A : L*(0,7;V) — L*(0,T;V), that is, A(n*) = n*.
According to Lemma 3.3.1, for every n € L*(0,T;V), there exists a unique function w, €

W'2(0,T; V) satisfying the auxiliary variational problem
6 Difwy(t) + Fuy(t) +n(t) = f(2).

Therefore, corresponding to the fixed point 1*, there exists a function w* := w,- such that

w* € WH2(0,T; V). Next, we define the stress tensor by
o*(t) = Fe(w*(t)) + As(olyw™ (t) + up) -

Since the operators A and F are bounded linear operators, and since w* € W'2(0,T;V),
it follows from the regularity assumptions and the definition of the strain tensor that ¢* €
L? (0, T; L*(; S d)) . On the other hand, using the definition of the fractional integral, we intro-

duce the displacement field
u*(t) = oIfw* (t) + u, fora.e. t € (0,7).
By Proposition 2.1.5(iii), the Caputo fractional derivative satisfies
§Dpu (1) = (1),
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Since w* € W2(0,T;V); we deduce that u* € W22(0,T;V). Moreover, because n* is a fixed

point of the operator A, relation (3.3.32) gives
(0" (8),0)v = a(w' (), ) +j (G Dfw’(t),v),  VoeV.
Substituting this identity into the auxiliary variational equation satisfied by w*, we obtain
(6 Dfw*(t),v), + b(w*(t),v) + a(u’(t),v) + 5 (5 Diu’(t), v) = (£(t), v)v,

for all v € V. Recalling that
w*(t) = § Dyju(t),

we finally derive
(6 D" (t),v), + b(G Diu' (1), v) + a(u’(t), v) + (G Dy (t), v) = (f(1),v)v,

which is precisely the weak formulation of Problem PV!.

Furthermore, the initial conditions are satisfied by construction:
u*(0) = wo, & Du*(0) = wo.

Consequently, the pair (u*, o*) constitutes a weak solution of Problem PV

Hence, Problem PV () admits at least one solution satisfying
ut € W20, T; V), o* € L*(0,T; L*(€ 5%)) .

This completes the proof of Theorem 3.1. O
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Conclusion

This work establishes the existence of a weak solution to a fractional viscoelastic contact prob-
lem and lays the foundation for extending the analysis to more advanced physical and numer-

ical models.

44



Bibliography

[1] A. Berti and M. G. Naso, “Unilateral dynamic contact of two viscoelastic beams,” Quar-
terly of Applied Mathematics, vol. 69, no. 3, pp. 477-507, 2011. d0i:10.1090/S0033-569X-2011-
01237-7.

[2] M. Bouallala and E.-H. Essoufi, “Analysis results for dynamic contact problem with fric-
tion in thermo-viscoelasticity,” Methods of Functional Analysis and Topology, vol. 26, no. 4,

pp- 317-326, 2020. d0i:10.31392 / MFAT-npu26_4.2020.03.

[3] M. Bouallala and E.-H. Essoufi, “A thermo-viscoelastic fractional contact problem with
normal compliance and Coulomb’s friction,” Journal of Mathematical Physics, Analysis, Ge-

ometry, vol. 17, no. 3, pp. 280-294, 2021. d0i:10.15407 /mag17.03.280.

[4] O.Chau and V. V. Motreanu, “Dynamic contact problems with velocity conditions,” Inter-

national Journal of Applied Mathematics and Computer Science, vol. 12, no. 1, pp. 17-26, 2002.
[5] F. H. Clarke, Optimization and Nonsmooth Analysis. STAM, 1990.

[6] M. Cocou, “Existence of solutions of a dynamic Signorini’s problem with nonlocal friction
in viscoelasticity,” Zeitschrift fiir Angewandte Mathematik und Physik, vol. 53, no. 6, pp. 1099—
1109, 2002. d0i:10.1007 /PL00012615.

[7] W. Han, K. Kuttler, M. Shillor, and M. Sofonea, “Elastic beam in adhesive contact,” In-
ternational Journal of Solids and Structures, vol. 39, pp. 1145-1164, 2002. doi:10.1016/S0020-
7683(01)00250-5.

[8] J. Han, S. Migorski, and H. Zeng, “Weak solvability of a fractional viscoelastic friction-
less contact problem,” Applied Mathematics and Computation, vol. 303, pp. 1-18, 2017.
doi:10.1016/j.amc.2017.01.009.

45



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

R. Herrmann, Fractional Calculus: An Introduction for Physicists. World Scientific, Singapore,

2011. doi:10.1142/8072.

I. R. Ionescu and Q.-L. Nguyen, “Dynamic contact problems with slip dependent friction
in viscoelasticity,” International Journal of Applied Mathematics and Computer Science, vol. 12,

pp- 71-80, 2002.

J. Jarusek and C. Eck, “Dynamic contact problems with small Coulomb friction for vis-
coelastic bodies: Existence of solutions,” Mathematical Models and Methods in Applied Sci-

ences, vol. 9, pp. 11-34, 1999. doi:10.1142/50218202599000038.

A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional Differ-

ential Equations. Elsevier Science Limited, 2006.

L. Li and J.-G. Liu, “A generalized definition of Caputo derivatives and its application
to fractional ODEs,” SIAM Journal on Mathematical Analysis, vol. 50, pp. 2867-2900, 2018.
doi:10.1137/17M1160318.

Y. Li and Z. Liu, “Dynamic contact problem for viscoelastic piezoelectric materials
with slip dependent friction,” Nonlinear Analysis, vol. 71, no. 5-6, pp. 1414-1424, 2009.
doi:10.1016/j.na.2008.11.096.

L. Li and J.-G. Liu, “Some compactness criteria for weak solutions of time frac-
tional PDEs,” SIAM Journal on Mathematical Analysis, vol. 50, pp. 3963-3995, 2018.
doi:10.1137/17M1145549.

S. Migérski, A. Ochal, and M. Sofonea, “Analysis of a dynamic contact problem for
electro-viscoelastic cylinders,” Nonlinear Analysis, vol. 73, no. 5, pp. 1221-1238, 2010.
d0i:10.1016/j.na.2010.04.046.

S. Migb6rski, A. Ochal, and M. Sofonea, Nonlinear Inclusions and Hemivariational Inequalities:

Models and Analysis of Contact Problems. Springer, 2012. doi:10.1007 /978-1-4614-4232-5.

I. Podlubny, Fractional Differential Equations. Elsevier, 1998.

46



[19]

[20]

[21]

[22]

[23]

[24]

[25]

Q. Yang, I. Turner, F. Liu, and M. Ili¢, “Novel numerical methods for solving the time-space
fractional diffusion equation in two dimensions,” SIAM Journal on Scientific Computing, vol.

33, pp- 1159-1180, 2011. doi:10.1137 /100800634

Z. Liu, D. Motreanu, and S. Zeng, “Generalized penalty and regularization method for
differential variational hemivariational inequalities,” SIAM Journal on Optimization, vol.

31, pp. 1158-1183, 2021. doi:10.1137/20M1330221.

S. Zeng, S. Migoérski, and Z. Liu, “Well-posedness, optimal control, and sensitivity anal-
ysis for a class of differential variational-hemivariational inequalities,” SIAM Journal on

Optimization, vol. 31, pp. 2829-2862, 2021. doi:10.1137 /20M1351436.

S. Zeng, S. Migorski, and A. Khan, “Nonlinear quasi-hemivariational inequalities: exis-
tence and optimal control,” SIAM Journal on Control and Optimization, vol. 59, pp. 1246—
1274, 2021. d0i:10.1137 /19M1282210.

J. L. Lions and G. Stampacchia, “Variational inequalities,” Communications on Pure and Ap-

plied Mathematics, vol. 20, no. 3, pp. 493-519, 1967. d0i:10.1002 /cpa.3160200302.

H. Brezis, Opérateurs Maximaux Monotones et Semi-groupes de Contractions dans les Espaces de

Hilbert. North-Holland Publishing Company, 1973.

R. T. Rockafellar, “Monotone operators and the proximal point algorithm,” SIAM Journal
on Control and Optimization, vol. 14, no. 5, pp. 877-898, 1976.

47



Sainy Aliatiall Lol 31 1S5i1S00 8 4030 dhad e (5 S () ye gz 3 (b Allise sl o Janll 138 J b5 3 i la
0538 G AaSlall ¥ olaal) pand 3l sall )y sl @l haall 5 jSIAN ol 53l Caa o 4 ) 35S il e 73 sal
@ bl e 4883 & et At ol a2 Baedial) dpalall Llaiu¥) £ 53 e el a5 pd (e ) (5 S sl
OSle— sald A8yl Jleriuly Camaa Ja 3 ga s L) &5 eS| (5l Cluall g Cad 53 as Cileliad e aing Gl
Al 35 Agnanl) BISLaall y phatl 1 Hha Gl Lgale Juaniall gl g3 A Adail) il hai g (gl il oy
Lo iS4 juS i 23k,

Lalidal) clalsl):
s Ak oy el A2 Luall cCimaall Jal di Sl i g€ Aiid o ubail) Sl ey 43 yall da g 500
2 ) A ) Abaliil) oY slaal) (AN ALl Ayl oS lle

Abstract : This work studies a nonlinear fractional viscoelastic contact problem arising in
continuum mechanics. The model incorporates Caputo fractional derivatives to describe
memory effects and hereditary material behavior. The governing equations combine a time-
fractional constitutive law with contact boundary conditions of normal damped response type.
A rigorous variational formulation is established within an appropriate functional framework
based on Sobolev spaces and fractional calculus. The existence of a weak solution is proved
using the Faedo—Galerkin approximation method, compactness techniques, and fixed-point
arguments. The obtained results provide a theoretical basis for future numerical simulations
and more advanced fractional contact models.

Keywords

Fractional Viscoelasticity; Contact Mechanics; Caputo Fractional Derivative; Weak Solution;
Variational Formulation; Faedo—Galerkin Method; Fixed Point Theory; Fractional Partial
Differential Equations..

Résumeé : Ce travail porte sur ’étude d’un probléme de contact viscoélastique fractionnaire
non linéaire issu de la mécanique des milieux continus. Le modele utilise les dérivées
fractionnaires de Caputo afin de décrire les effets de mémoire et le comportement héréditaire
du matériau. Les équations gouvernantes combinent une loi de comportement fractionnaire en
temps avec des conditions de contact de type réponse normale amortie. Une formulation
variationnelle rigoureuse est établie dans un cadre fonctionnel approprié fondé sur les espaces
de Sobolev et le calcul fractionnaire. L’existence d’une solution faible est démontrée a I’aide
de la méthode de Faedo—Galerkin, des arguments de compacité et des théorémes du point
fixe. Les résultats obtenus fournissent une base théorique solide pour le développement de
simulations numériques et 1’étude de modéles fractionnaires de contact plus avancés.

Mots-clés :
Viscoélasticité fractionnaire, mécanique du contact, dérivée fractionnaire de Caputo, solution

faible, formulation variationnelle, méthode de Faedo—Galerkin, théoreme du point fixe,
équations aux dérivées partielles fractionnaires.
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