UNIVERSITY MOHAMED BOUDIAF OF M’SILA o
Faculty of Mathematics and Computer Science ( [ l

Department of Mathematics

END OF STUDY MEMORY

A dissertation submitted in fulfillment of the requirements
for the degree of MASTER
Domain: Mathematics and computer science
Filiere: Mathematics
Option: Partial Differential Equation
& Application
By
Zaghlaoui Idriss
Subject

Quasi-linear Singular Parabolic
Problem

Graduation Date: June, 20- 2018

Presented to the Jury:

Mr. A. Mokhtari Univ of M'sila Chairman
Mr. B. Bougherara Univ of M'sila Supervisor
Mr. N. Amroune Univ of M'sila Examiner

Academic year : 2017 /2018




Dedication and Acknowledgments

This thesis is dedicated to the friendship BELKACEMA
ASSIA God have mercy on her, she was fellow informatics
license candidate at the university of M’sila who
encouraged me in this study and over a number of years.
First and foremost, I thank Allah for letting me live to see
this thesis through.

Furthermore, I would like to thank Dr. BRAHIM
BOUGHERARA who kindly accept to be the supervisor
of this thesis and for his advice and patient during the
realization of this work.

I wish to express my sincere thanks to doctors IN.
AMROUNE and A. MOKHTARI who kindly agree to
serve on my thesis committee.

I must acknowledge as well the many friends, colleagues,

students, teachers, who assisted, advised, and supported my

research and writing efforts over the years.




NOTATION

Q2 A open bounded domain

D(Q2) Space of functions indefinitely derivables
D'(Q2) Space of distribution

V(Qr) Space of weak solution

— Weak convergence

— Strong convergence
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INTRODUCTION

Quasi-linear Singular Parabolic Problem arise in the study of non-Newtonian fluids
(in particular pseudoplastic fluids), boundary-layer phenomena for viscous fluids, in the
Langmuir-Hinshelwood model of chemical heterogeneous catalyst kinetics, as well as in
the theory of heat conduction in electrically conduction materials and in the study of
guide modes of an electromagnetic field in non medium . Problem (Pt) with p=2 arises
specifically in the study of turbulent flow of a gas in porous media. We refer to the survey
Hernandez -Mancebo-Vega, the book Ghergu-Radulescu and the bibliography therein for

more details about corresponding models .

We are particularly interested to discuss existence of weak solution, so in the first
chapter we recall some preliminaries and functional spaces that will be using later. In the
second chapter, we prove the existence and uniqueness of weak solution using method of
semi-discretization in time in which we construct iterative scheme to define approximated
solution, then we passe to the limit to obtain the weak solution. In the third chapter we
study the stationary problem associated to the Quasi-linear Singular Parabolic Problem,

" sub- and super-solution which

using strongly the construction of suitable "uniformly ’
control the singular term along the flow after that we passe to the limit as ¢ tends to
infinity to show that the weak solution of the Quasi-linear Singular Parabolic Problem

converge to the unique solution of the stationary problem .



CHAPTER 1

PRELIMINARIES AND FUNCTIONAL
SPACES

In this chapter, we recall some basic tools that will be used in what follows.

1.1 Definition and elementary properties of
L? spaces

Throughout this chapter €2 will denote a bounded domain in R”. By a measurable
function on €2 we shall mean an equivalence class of measurable function on €2 which differ
only on a subset of measure zero. Any point-wise property attributed to measurable
function will thus understood to hold in the usual sens for some function in the same
equivalence class. The super-mum and inf-mom of a measurable function will then be

understood as the essential super-mum and inf-mom.

Definition 1.1. let p € R with 1 < p < oo , we set
LP(Q) = {f : Q = R, fis measurable and / |fIP dz < oo}
Q

with o,
| f lze)= UQ|f(:B)!pdx

Definition 1.2. We set

L“(Q):{f:Q%R

f is measurable and there is constant C
such that|f(z)|<C a.e. on Q }
with

| f lleeqy=inf{C :|f(x)] < C a.e. onQ}.
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Notation Let 1 < p < oo, we denote by p’ the conjugate exponent satisfying:

1 1
p D

Proposition 1.1. (Young’s inequality) Assume that a and b are a positive real number
and 1 < p < oo then

1 1
CLbS*(Zp‘i‘jbp.
p p

Moreover for e >0
ab < a? + C(e)b”.

Proposition 1.2. (Hélder’s inequality) Assume that f € LP(Q) and g € LP () with
1 <p<oothen fg e LY Q) and
[ 1fgldz <1 £ @l 9 v -

Theorem 1.3. (Interpolation inequality for LP-norms ) Assume
1 <p<s<qg<oo, and,

1 11—
=2y a,ae]o,l[.
s q

and
I llzs@<I FlZ@ll F ety -

Theorem 1.4. (Lebesgue dominated convergence theorem) Let (f,) be a sequence
of function in LP(Q)) such that

o f, — fa.e. on (),

e there is a function g € LP(Q) such that for alln : |f,(x)| < g(z) a.e. in Q.
Then fe LP(Q) and || fn — f ||Lr@)— 0.

Theorem 1.5. (inverse Lebesgue theorem) If f, — [ in LP(Q)) then
o there exist subsequence (fnx), such that f,, — f a.e. in €,
o (fnk) is upper bounded by g € LP(Q) i.e.,
k(1) < g().

Definition 1.3. Let E be a Banach space and f: E — R
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e we say that f is weakly lower semi continuous on E, if

f(u) < limf (up),

whenever

up —u in B.
o We say that f is coercive if

E(u) = o0 as |jul] = oo.

Theorem 1.6. Suppose E is a reflexive Banach space, let f: E — RU~+o00 a weakly lower
semi continuous and a coercive function. Then f is bounded from below on E and attains

its infimum on E .

Theorem 1.7. Let f : R™ — R be a differentiable function. Then f is convex if and only
if for all x,y e R,

f@) = fly) <V fx).(x —y).

Proposition 1.8. Let p > 1, and a,b € R, than

(laf"a —=[B)["b).(a = b) > 0.

1.2 Sobolev spaces

1.2.1 Definition

The WHP(Q) spaces are Banach spaces analogous in certain sens to the C**(2). In

the WHP(Q) spaces differentiability is replaced by weak differentiability.

Definition 1.4. For p>1 and k a non negative integer, we set
WEP(Q) = {f € LP(Q); D*f € LP(Q) for all « € N™ such that |a| < k}

with

1/p
| f llwee)= [/Q > !Do‘f(a:)\pdx] .

la| <k
Definition 1.5. Given 1 < p < oo denote by W, *(Q)the closure of C°(Q) in WhP(Q).

Proposition 1.9. (Poincaré’s inequality) Suppose Q is a open bounded domain .

Then there ezist a constant C (depending on |Q| < 0o) such that ,

1 lr@< C I VF lin), V€ Wo™().
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Theorem 1.10. (Hardy ’s inequality) Let 2 be bounded open set of class C' and let
1 <p<oo. There exists a constant C such that

u
||E||LP(Q) < O||Vu||Lp(Q), Yu € Wol’p(Q).

Conversely

we WH(Q) and (u/d) € LP(Q) = u € WyP(Q),
d = d(z,99).

1.2.2 Sobolev embeddings

Our goal in this subsection is to discover embedding of various Sobolev spaces into others.

The crucial analytic tools here will be certain so-called "Sobolev type inequalities ”.

Definition 1.6. If 1 < p < n, the Sobolev conjugate of p is

# np
Pt = :
n—p
Note that
1 1
prop o

Theorem 1.11. (Gagliardo- Nirenberg-Sobolev embedding ) Let 1 < p < co. As-
sume that € is a bounded open subset of R™ and 9 is C* .

(i) If 1 <p<mn, then WIP(Q)— LF(Q),

(ii) if p=mn, then WYP(Q) — L1(Q),Vq € [1, +oo],
(ii1) if p > n, then W (Q) — C(Q),
with continuous embedding.

In the next theorem we will give a Sobolev compact embedding.

Theorem 1.12. Let 1 < p < co. Assume that 2 is a bounded open subset of R™ and OS2
is Ct. We have

(i) If 1 <p<mn, then WP(Q) <, LY(Q),Vq € [1,p*[,
(ii) if p=n, then W1P(Q) <. L1(Q),Yq € [1,+00],

(iii) if p > n, then WhHP(Q) <. C(9).
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1.3 Vector value spaces

We study some other sorts of Sobolev spaces, these comprising functions mapping time
into Banach spaces. These will prove essential in our constructions of weak solutions to
linear parabolic Partial Differential Equation . Let X denote a real Banach space, with

norm || . ||.

Definition 1.7. . The space
LP(0,T; X),

consists of all strongly measurable function f :[0,T] — X, with

T 1/p
I aro = ([ 150lar) " <o

forl <p< oo and
1/ 1| 2o 0,7:x) = esssupl| f(?)[|x < oo.
0<t<T
The space WYP(0,T; E) is defined as follow

W0, T; E) = {u(0,T) — E : u,0u € LP(0,T; E)}

Definition 1.8. The space
([0, T]; X),

comprise all continuous function f :[0,T] — X, with

mas 1£(0)]x < oo.

The space W1P(0,T; X) is defined as follow
W (0,T; X) = {u: (0,T) = X :u,0u € LP(0,T; X)}

with the norm

ullwieo,rxy = llullzeorx) + 10l Lro7,x)-

These spaces are reflexive and Banach spaces with their associated norms (since X

is reflexive and Banach space).
Theorem 1.13. We have the following embedding
WP (0,T; X) — C([0,T]; X).

Theorem 1.14. (Aubin-Simon) Consider p € |1,400[, ¢ € [1,4+o0land V, E and
F' three Banach spaces such that V. —. E — F.Then , if A is a bounded subset of
WP (0T; F) and of L%(0,T;V), A is relatively compact in C([0,T], F) and in LP(0,T; F).




CHAPTER 2

EXISTENCE AND UNIQUENESS

In the present we investigate the following quasi-linear and singular parabolic problem

ur — Apu = u15 + f(z,u) in (0,T) x €,
u=0, on (0,7)x0Q, u>0 in (0,7) x £, (Pt)
u(0,2) = ug(x) in .
Where Q is an open bounded domain with smooth boundary in RY, 1 < p < 00,0 < §
and T' > 0. We assume that (z,s) € Q x Rt — f(z,s) is bounded below Caratheodory

function, asymptotically sub-homogeneous, i.e.,

t
if p<2,0< limsupM = ay < A\ (),
t——+o0 tpil (2 1)
| T '
if p>2,0<limsup = ay < 00.
t—-+o0 t

(Where A1 () is the first eigenvalue of —A,, in © , with homogeneous Dirichlet boundary
condition ) and uy € WyP(Q). Then for any § € (0,1), we prove for any T > 0 the

existence of a weak solution
Definition 2.1. We define the following space
V(Qr) = {u € L*(Qr) s w € L*(0.T; Wy (), u € L*(Qr) }
Then we give the definition of weak solution
Definition 2.2. A weak solution to (Pt) is a function u € V(Qr) satisfying:
1. for any compact K C [0,T] x Q,essKinf u >0,

2. for every test function ® € D([0,T] x ),

0 1
/QT <¢81; + [Vu|P*VuVe — gb(ﬁ + f(t, u))) dxdt = 0, (2.2)
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3. u(0,x) =up(z) a.e. in Q

Definition 2.3. We define ¢ as the normalized positive eigenfunction associated to Ay,

the first eigenvalue of —A, in ). with homogeneous Dirichlet boundary condition, that is

_Ap¢1 = )\1¢11)_17:B € Q>
¢1 = 0, x € 0f).

Theorem 2.1. Let T >0, p > 2N/(N +2), 0 < § < 1. suppose that ug € W, P (Q)such
that for any compact K C €, esskinf ug > 0. and that fis a bounded below caratheodory
function, satisfying (2.1). Then, there ezist a weak solution to (Pt) .

To prove existence of weak solution, we use a semi-discretization in time. Precisely
taking advantage of the study an auxiliary quasi-linear and singular elliptic equation
and energy estimate, we are able to prove existence of weak solution to (Pt) for ug €
Wy () and positive. We state this result below

2.1 Method of semi-discretization in time

We use the following iterative scheme to define approximated solution, namely
ua,and @p,. More specifically, let N € N and denote A; = T\N . We construct a
sequence (u")nen- C Wy (), verifying

U — un! 1
T A - =1y ip Q

A, P Gy = L) (2.3)
u" =0 on 0f),

and we define u® = ug € Wol (). Let us show the existence of u™ for any n € N* satisfying
(2.3) that means that for ¢ € W,?(Q)

1

/Q <¢(un_Aq:n—) + | VU P 2Vu"" Ve — ¢((u”)5 + f(x, u”l))> dx = 0. (2.4)

2.1.1 Existance of u"

Proposition 2.2. Suppose that ug € Wy and ug > n¢y in Q and f is bounded below, for
n =n(Q) > 0 small enough, ¢, satisfying

b1 — 1 .
’“At“o = Agin = (os = [ u0) <0 i Q. (2.5)

Proof. For the first term we have

Uy > NP1,

then

NP1 — U

: 2.
A <0 (2.6)
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For the second term and since f is bounded below, we get

—Apndr — [ = —div(|Vnei P2V (nén)) — f
= =P (V[P V) — f(x,u0)
= =P Apdr — fla,u)
= P el = fa, )
< Pt -G

since ¢; < C and 71 small enough, we obtain
PN —C < O (2.7)

For the third term and (2.7), we get

1
C'— o) <0, (2.8)

from (2.6) end(2.8) we get (2.5) .
Now we wont to prove the existence of u", for this purpose, we use a variational method.

We consider the following energy functional F,, defined in VVO1 P(Q) by

1 U2 1 (qu)lfé
E,=— (%4 —/ n1q 7/ Py — / d
At<92 N x>+p Q|Vu| ’ 0 1-0 "

— / fla,u™ ") utdr.
Proposition 2.3. E,(u) is coercive, weakly lower semi continuous and strictly
convez.
Proof.

e We show that F,(u) is coercive, that is E,(u) — +00, as
For the first term

A / e = iuuup (2.9)
For the second term, from Holder’s inequality 1.2,
Jouwrtdr < Jullzegolu e
< Cllullrz ey
from Sobolev embedding, we get
/Quu”_lda: < CHUHWOLP(Q). (2.10)

9
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For the third term

_ p
]/|V%dpdx fHuH ' oy (2.11)
For the fourth term, from Holder’s 1nequahty 1.2 and Young’s inequality 1.1,
1 5 1-6/2
15 5/9(u+)1_ dr < C (/52(u+)2dx>
< Ollwh)llzze + ¢
from Sobolev embedding, we get
1 _
— | (@) dr < Il lypre) + O (2.12)

Four the fifth term, from Holder’s inequality 1.2,

1/2 1/2
n=1y,,+ 2 +12
/Qf(x,u Jutdr < (/facu d:z:) (/Q(u)dac)
< Ol
from Sobolev embedding, we get
[ Faur =t de < Ol o (2.13)

Therefore,from(2.9),(2.10),(2.11),(2.12)and (2.13), thus

: _ 1 1
By > lm (el — e + el

HuHW&’p“Z)*)‘FOO " - HUHW&,pm)%JFOO
= Ol = C = Cll(wH)llyine)-

Since p > 1, we get
m Baw) = lm
im u) > im —||u
Iy 1y o0 Iy 1.0y oop Vo ()

> 0.

E,(u) is weakly lower semi continuous in Wy (), from theorem 1.3, we show that

E,(u) < Lm Ep,(up),

k—+o00

Let (u) be a sequence in Wy (Q) converges weakly to u. Then since p > 2N/N 42,
we have W, () inject compactly in L?(Q). Then we have for the first and second

term
1 u?
———%x:——hm/ 2.14
At /Q 2 At k—-+o00 ( )
/uu”’ldx = lim [ wu" 'da. (2.15)
Q k—+o00 /2

10
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For the the third term

1

—/ |Vu|Pde < < — lim / \Vupdz|Pdx. (2.16)

D JQ Pk—+oo

For the fourth and fifth term, we have from the Sobolev embedding,
u1—§ (uk)l—é
de = lim [ d, 2.17
/91—595 ktseda 1—6 (2.17)
/ flx yutde = lim f( u" Hu) dr. (2.18)
k——+o0

Therefor,(2.14)together with (2.15)and (2.16), (2.17) and (2.18) yield

k—+o0

e We now show that E,(u) is convex
It suffices to apply theorem 1.7, let u, v in Wol’p(Q), then
for the first therm
(2u — 2v)(u —v) > 0. (2.19)

For the second term , which is convex and concave
(u" "t —u" ) (u—v) =0. (2.20)
For the third term, by proposition 1.8, we have
(|Vul|P>Vu — |[Vo[P~2V0).(|Vu| — |Vo|) > 0. (2.21)
For the fourth and fifth terms, we apply theorem 1.7, we obtain
(") = (@) ) u—v) = 0, (2.22)
(flx,u" 1) — flz,u" ) (u—v) = 0. (2.23)
Therefore from (2.19), (2.20), (2.21), (2.22) and (2.23) E,(u) is convex .

Proposition 2.4. For alln € N*, (2.3) admit weak solution u" and satisfying
e WoP(Q) and u™>ng, on Q.

Proof. = We prove by induction, for that assuming that
u"t e WyP(Q) and w"'>ngy on Q.

Notice that from Sobolev embeddings and since F,, is bounded below, coercive, weakly
lower semi continuous in Wy ?(Q)and strictly convex in the positive cone of Wy (€2). Then
from theorem 1.6, F, admits a unique global minimizer, we denote by ", in W, ?() and
u”™ > 0 a.e. in 2. We show

u™ > (ngy) on L.

11
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Let us consider

o= (ndy —u")t € WyP(Q),
v = nor—u" o nor > Ut
0 ) 77¢1 S u".

Let us notice that v has a compact support included in €2. Since u" is the global minimizer
of E,,
E(t) = E,(u" 4+ t) > E(u™) Vt>0.

Moreover, since ¢; satisfies ¢1 > 1y dist(z, 9$2) for some 1y > 0 small enough and 6 < 1,
we have by Lebesgue theorem that

) 1 (Un+t1/1)1_6 (un+t¢)l—5 B " s
L — [/Q - dx_/gl—édx] = o) Pde, (224

for ¢y € (0, 1], and then £(t) is differentiable in (0, 1]. From the convexity of £(¢) and the

varational nature of u", we obtain that
Vi€ (0,1),0 < £(t) <& (1). (2.25)
Furthermore,

(1) = De).1
= DE, (u"+tyY).(Du" +ty).1)
= DE, (u" +t) .4,
for t=1,
£(1) = DE,(u"+1¢) .4
= DE,(n¢1) ¥

_ i _i n—1 p—2
= & o movde — 5 [ Ttde s [ Snon Vo, Vivde

/m (?7¢1)5wd /m fa,u" )pde + */ nor1pda — 7/ lapdr
R AL /Q de— [ f s,

we have =0 on 27, then

nor —u! 1 .
)=(—F7—7—-A —— — f(z,u"7 ), ).
If the measure of the support ¢ is different of zero, from (2.5) we get £ (1) < 0 and there
by a contradiction with (2.25). Thus

Y Zun7
un+¢:{ N1, %1

n

u” ner < u.

12
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i.e., ngy < u'in §Q for every n > 0,

for any u € W, ”(Q). Then, for ¢ € D(Q),

limE"(u +t¢) — E,(u")
t—0 t

=0.

Consequently, u™ satisfies the Euler-Lagrange equation, namely (2.3), in the sense of dis-
tribution, that is (2.4) is satisfied for any ¢ € D(Q)). By density argument and since u"
in W, 7(Q), we get (2.4) is satisfied for any ¢ in W, 7(Q).

2.1.2 A priori estimates
We define for all n € {1,...., N}, the following functions

_.n
Up, = U™,

Vit € [(n—1)A, ndy), { ~ (t—(n—1)A)

Uun, = A
t

(un . unfl) + unJrl' (226)

Then ua,, ia, are well defined and satisfied in addition ua,, A, > n¢1 on 2. In addition

, we have that
Jlp, 1

_A _
ot TP T (u, )
Which implies that for any ¢ € C2°([0,T] x )

/ /c‘)umqﬁd dt—/ /|VUAt‘P QVUAtV¢d$dt—/ / (un) 6q§da:dt

_ /OT [ ua (.~ A))drde. (228)

= f(z,un, (- — Ay)). (2.27)

We have that ~
8UAt

ot
and from p > 2N/(N + 2) and (2.1), we obtain that

€ L>(0,T; Wy (Q))

8uAt

ot

,Apua,, f(x,ua,) belong to Lp/(O,T; W’l’p/(Q)).

Then, (2.27) hold on in (LP(0T; Wy *(2)))’. Therefore, for any ¢ € LP(0,T; W, 7 (Q))

T T
/ / a“Afd:pdt— / / Vi, [P2Vua, Vodrdt — / / .
Q 0 Q (UA

_ /OT [ G un = d)dudt. (229

We now derive some energy estimates on ua,ta, -

dxdt

13
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Proposition 2.5.
up,,iia, is bounded in  L>(0,T; L*(52)), (2.30)

up,, G, is bounded in  LP(0,T; Wy?(Q)). (2.31)

Proof. Taking € > 0 small enough such that o+ 2e < A\(Q2), and multiplying (2.3) by

Au™, summing from n = 1 to N and integrating over 2 we obtain

AS [ e AS [ VPde - ALY ay
—u"dzx + / u"|Pdx — /u” T
tnz_:l/g A, t; Q| | tnzz:l Q

. 1
:Atnzz:l/gf(x,u Ju"dzx.

From proposition 7?7, the above expression implies

N 1 N N
Z—/(\u”\z— L2 + ]u”—u”_l|2)da:+AtZ/ V" |Pdz — Z/(u”)l—ﬁdx
n=1 2 /o n=1"% n=1"%

N
= A, Z/ fz,u™ Hu dr.
n=1 Q
Now since f is bounded below and satisfies (2.1), 3C = C'(«) >0 large enough such that

e Case1l: p<2,
f(z,t)

0< htrilfgop 1 = < A ().
For t > C(a),
1 =
flz,t) < at?™h (2.32)
For 0 <t < C(a),
flz,t) < C. (2.33)
From (2.32) and (2.33), thus
flz,t) <atr™ 4 C. (2.34)
e Case 2 : p > 2,
t
0< limsupf(x’ ) = ay < 00.
t—+00 t
By Young’s inequality 1.1, we have
0< flat)=at < al—— ()~ + S ()1
p — —
< a(Ceypt+C),
then
flz,t) < atr' 4 C. (2.35)
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Where a < A\(€2).  Then, the term A, >N | [ f(x,u" 1)u"dx in the right hand side
can be estimated as follows :

N

Ay Z/ [z, u" ude <A {a/ﬂ(u”l)plund:ﬁ—i—(}'/ﬂu”duﬂc _

n=1

Now, applying Young’s inequality 1.1, on the two last terms in the right hand side we
obtain for any € > 0

(u”_l)p_lu"dx—i—C/ u”ﬁdx
o el/r

AtZ/f " Hutdr < Ati a/
1

1 -1
uw" " VPdx + —
L?/p—l 9< ) pJo

IN

)
b
hWE

IA
Q
g
M=1
i
|
—_
S
3
L
=
QL
_|_
=
S
=
QU
S
I

IN

IA
P
S
—_
S
=
o
=
U
S
+
e
g
S
|
—
S~
=
QU
S

IA
e
k
=
|
S
=
o
=
8
8
_|_
o)
'S
<
|
—_
S
=
S
=
U
8

N«
+ A (= +5)/(u”)pda: + C.T|Q
n=1 Q
p—1 0\p = n\p
a Ay 5 Q(u Pdr + A (a+e) Q(u YPdx + C.T|Q.
n=1

IN

For a constant C. large enough depending on ¢ and «.
Using again Young’s inequality 1.1, we estimate the last term in the left hand side in the

following way

AtZ/ M-Sy < AtZ/ "da + .

Where C! >0 is large enough depends on ¢ and 4.

15
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Now using Poincaré’s inequality 1.9, we get
N 1 N
Z 7/(|un|2 _ |un—1|2 + |un _ Un_1|2)dl' + At Z/ |vun|pdx
— 2 /o =1/

N

-1 / (WO)dz + A, S (o + ) /Q (w"Ydz + C.T|Q)

b Q n=1

< OéAtp

A, Z/ "Pdz+C'T|Q|

_ 2
<ant 1/(u0)pdx+AtZ(a+ ) [ It + .1i0),
p Jo =
then
N oz+25
25/ (2 = = [ = B 4+ A1 = 5 Z/|Vu Pde
p—1 0 =~
< al / (W®)Pda + C.T|0)
P Q
<cC.

Where C is large constant depending on ¢ and 6.
Taking € > 0 small enough such that a + 2e < A\(Q), it follows that

N
A /Q |Vu"|Pdz < C,
n=1

then ua, is bounded in LP(0, T; Wy ().

In the other hand, we have

N1
O (T e T e
20
/|uN|2dm—/ WOPde < C
Q Q
/|uN|2dx < C’+/ |u’ 2z
/|uN| de < C
Q
sup [ |ua,|?dr < C.
o<t<T JQ

16
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Then uy, is bounded in L>=(0,T; L?(£2)). And we have

Vis) = 1V )+ v
< T )+ (90
< [Vu| + 2V
Vial < (Vs (0] +2Vua,(t — A7
| Vs iz < ¢ ([ Vus@pdo+ [ ]VuAt(t—At)V’dx)

T
/ / Viin, [Pdzdt
0 Q

IA

(Z /t . / Vua, (t)|Pdadt + Z / / Viun, t—At)|pdxdt>
< CA, (ZI/Q |Vua, (t)|Pdx + Zl/ﬂ |VuAt(t—At)\pdx> < 0.

Then s, is bounded in LP(0, T; Wy P(€2). And also we have

n n—1
i u" —u e
sl = 153t b
un_un—l
S )]+ [u"
< u| 42
aa,® < (Jua, (8)] + 2lua, (t = A)))°
[ las s < c(/ jus,(t)Pdz + [ |uAt(t—At)|2dx>
0 0
s [fas e < 0 (s [ s 0Pdo+ sup [ fus(e- t>|2dx)<oo
0<t<T 0<t<T

Then @p, is bounded in L*°(0,T; L*()).

We now derive the second energy estimates.

Proposition 2.6.

ag?t is bounded in L*(Qr) wuniformly in A,. (2.36)

Proof.  Using (2.31) and multiplying (2.3) by (u™ — u"™!) summing from n =1 to N

and interring over €2, we get

AtZ/u —u

n—1

N
Ydr+ > /Q VU P2V V (u" — u™ ) da
n=1

—Z/ uo Z/ fla (u" —u" ) da.

17



CHAPTER 2. EXISTENCE AND UNIQUENESS

For the second hand, we have

S [ S — ) St
T, u u" — —dx
o Ay
A N B u” _unfl
22 [ e (U
then, we get
N At
> S - T
B At N Lo At N u™ _unfl )

Therefore, (2.37) together with (2.30) and (2.1) yield
At N / u — unfl )
— — )%z
N
+ Z/ VU P2V V(u" — o™ ) d
n=1 Q

Nopur—wt AT n—1\2
_;/ﬂwdx_Q;/Qf(x,u P<O (238)

This gives the result.

Proposition 2.7.

Gin,, up, is bounded in  L®(0,T;WyP(Q)) uniformly in A,. (2.39)

1
Proof. From the convexity of the expression [, |Vu[Pdx and 1% Joul=°dz we get
the following inequalities :
1
= {/ \Vu”]pdx—/ \Vu”1|pdx} g/ VU P 2Vu"V (u™ — u™ ) da,
2 Lo Q Q

and
1

_1i5 l:/ﬂ(un—l)l—édx _ /Q(un)l—édl.] < _/Q%dx,

using the above inequalities and from (2.36), (2.38), multiplying (2.3) by (u" —u""') and
summing from n =1 to N’ < N, such that ¢ €|tns — tyr41],we get

n—1

A5~ / ALY o [V et vt yda
2 n—1 Q At n—1 Q ’

N’ u® — um 1
- dx <
e s©
%l:/ ’Vun‘p—zvun V(Un - Un_l)daj <C+C + % 1 /(un—l)l—ﬁdx B / (Un)1_6d1‘
n=1 | B n=1 1— Q Q

N’ 1
Z/ (VU P 2Vu™. V(u" — u" Hdr < C + T 5 [
n=1"% -

18
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for p > 2N/(N +2) and since 0 < 1 — 4§ < 1,

N 1 :
n|p—2 n n __ n—ld < |:/ 01—6d _/ N 1_5d:|
T;/Q\VIM Vu.V(u" —u ):(:_C’—l—l_(s Q(u) x Q(u) x
< C+(C,
using the last inequality of convexity, we get
1
-~ [/ \Vu"|Pdz —/ Vu" 1 Pdz| < / VU P 2Vu"V (u™ — u™ ) da,
Q
1 ol
5 U \Vu"|Pdx — / Vu"™ 1\pdx] < Z/Q|Vu”|p_2Vu”V(u"—u"_l)da: <C
n=1

/ V' Pdz — / ViPdz < C
Q Q
/\VuN/\pd:U
Q

sup [ |Vua,(t)|Pdz < C.
0<t<T JQ

IN

C+ /Q |Vul [P

We prove know that i, is bounded in L®(0,7; Wy ()), we have

V n_v n—1
Via,| = |t —ta1) + V"]
t
Vu" — Vur? .
< =ty + [Vu '
< |Vu"|+2|Vu” d
Vi, [P < ([Vua, ()] +2[Vua, (t = A)I)”
[ Vs iz < ¢ ([ [Vas 0Fde + [ [Vus,(t - 80)Pda)
sup [ |Vip,[Pdz < (Sup /|VuAt )[Pdx + sup \VuAt(t—At)]deE) 0.
Q 0<t<T 0<t<T

0<t<T

Which complete the proof .

Proposition 2.8.

A 0
mafia, (1) = ua,(0) 120 >0

Proof. From (2.36) and (2.31), we have

19
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n n—1
~ U —u n— n
() = wa, Ol = [ 15—t~ ta) + w0~ = uPda
Q At
n__ ,n—1 A
-/ |M(t—tn_1) + (@ =) T Pde
Ay
< /\“ U (=t ) — A [P
1
ut —u"
< [Pl =) = A de
< /\—Put—tmwmt\ ” da
A N
un _un—l
< CAA / L
< CAA 0 | A, ‘ X
< oA /t" / W
——|%dx
B ! tn—1 Q At
S OAtv
then
I[Iol%(HUAt( ) —ua, ()2 < C(A)2— 0, as A, — 0.
And this complete the proof.
2.1.3 Passage to the limit
We now use the compactness result of Aubin-Simon (see [?]).
From (2.39), for p > 2N/(N + 2) then
iia,, up, is bounded in L*(0,T; L*(2)). (2.40)
From (2.36) and (2.40), it follows that
iia,, up, is bounded in W'2(0,T; L*()). (2.41)
Taking V = W, ?(Q), E = LI(Q) for any 2 < ¢ < Np/(N — p), and F = L*(Q)
from Aubin-Simon 1.14, (2.39) and (2.41), it follows that there exists u €
C([0,T], L*(£2)) such that up to a subsequence
iia,, up, converge to w,u (respectively) in L>(0,T; L*(Q)). (2.42)

Proposition 2.9. We have up to a subsequence, as Ay — 0

in,,un, —u in  L%00,T; WP (Q)).
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Proof.  From (2.40), for subsequence and as A; — 0, we have
iia, — w in L*0,T;L*(Q)) = L*(Qr), (2.43)
ua, — wu in L*(0,T;L*(Q)) = L*(Qr). (2.44)
From (2.44), (2.43) and proposition 2.8, we get
ip, —un, — w—u in L*(Qg),
iipn, —un, — 0 in L*(Qr).

Therefor, for the uniqueness of the limit w —u =0 = w = u.

Proposition 2.10.
Ot ou

L in LA(Qg). 2.45
o o " E ) (245)

Proof. From (2.43), (2.36) and for subsequence as A; — 0, we have

as Ay — 0,

iin, — u in L*(Qr) =

Diia,
ot

ou
Thus, for the uniqueness of limit we get — = w.

ot

Proposition 2.11.
as Ay — 0,  f(z,ua,(t —A)) — f(z,u) in L*(Qp). (2.46)
Proof. From (2.42), we have
ua, 2w in LX0,T; L2(Q)) = L*(Q1). (2.47)

From (2.47), and inverse lebesgue theorem 1.5, there exist subsequence such that |ua,| <
g € L2<QT)
Since f bounded below function, and from (2.1) we get

e Case 01: p< 2,
from (2.34)

flzua,) < aldd)+C,
< algP Y +C.

In the other hand for p < 2 we get 2(p-1) < 2 ,thus

1/2

(/QT(g(pl)(a;,t))dedt) - (/%(gz(pl)(x’t))dxdt)
¢ ( /QT (9% (=, t))d:cdt) v

.

1/2

IN

IN
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Taking h = a(gP~!) + C € L*(Q7) .From Lebesgue dominated convergence theorem

1.4, thus
/ | f(, un,)[Pdadt < / \h(z, t)2dxdt < C.

QT QT
Therefore

Fla,ua,(t — A)) 22 Fa,u) in L2(Q). (2.48)

e Case 02: p>2
|f(x7uAt)| S OzUAt+C,
< ag+C.

Taking h = ag + C € L?(Qr). From Lebesgue dominated convergence theorem 1.4,
thus

/Q |z, un,)|2dzdt < /Q \h(z, t)2dzdt < C.

Therefore
Flaua, (t— A)) 22 f(z,u) in L2(Q). (2.49)

Proposition 2.12.
as Ny — 0% ua, — u in LP(0, T, Wy (Q)).

Proof.  We now show that u is indeed solution in the weak sens given in the definition
2.2. From (2.29) , multplying (2.27) by (ua, — u), we get

/ / 8um (ua, — u)dzdt — /0T<ApuA“ (us, — )l /OT/Q wi)é(uAt e
B /oT /Q [ ua, (- = A))(ua, — u)dzd,

and from (2.47) and (2.45) , for the first term

/ /fﬁmt (up, — u)drdt = / / lﬁum _% a“] (un, — @in, + iin, — u)dadt

_//l aUAt_]

(uAt — ﬂAt)dl'dt

8um_] (um—udl‘dt*/ /l
/ / (un, — u)dadt

_ /OT/Q [8 (ia, — )] (tia, — u)dzdt + op,(1)

= [ 2 [ luauls) — uls)Pdeds + 0, (1)
_ / lua, (T) — u(T)|%dz + oa, (1),

22
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such that

//[

and op, (1) — 0 as A; — 0.
For the second term, from (2.31), using A,u € LP (0, T; W17 (Q)), we get

6’uAt - T ou
— ] (ua, — Up,)dxdt —i—/o /Qa(uAt — u)dxdt,

T T
/O (Ajun,, (ua, —u))dt = /0 (Ajua, — Ayu+ Agu, (ua, — u))dt
T
= /0 <ApuAt - AP“? (uAt - U))dt + OAt(1)7

such that .
oa, (1) = / (Apua,dt + Ay, (ua, — u))dt,
0

and oa,(1) — 0 as A; — 0.
Therefor from the using inequalities of previous terms, and from convexity of the term
Joul~%dz , we get that

/ lun, (T (T)] da:—/T(ApuAt — Apu+ Ayu, (ua, —u))dt
— 1_5//uAt— dxdt
g/o /Qf(x,uAt(.—At))(uAt—u)da:dt—l—oAt(l),

and from (2.47) and (2.46), we have from Holder’s inequality 1.2,

T
| faua = M) (ua, —wydedt < |1f (@ us, iz lus, = ull

1f (2, w)|| 2 lua, — ullL2@m — 0, as A, — 07,

IN

then

T
| faa = M) (ua, = wydadt = 0s,(1)
From (2.47) and inverse lebesgue theorem 1.5, there exist subsequence such that

up, 2200, ae. in Qr,
and
lua,| < g € L*(Qr).

Since 0 < 1,thus

—§ A¢y—0 — .
ulAt‘s w0 ae. in Qp,

and

|ux, | < gt
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We have from Holder’s inequality 1.2,

T T 1+6/2 T 1-6/2
/ / ’gl—ﬂdxdt < (/ /(1)2/1+6d1’dt> (/ /(91_5)2/1_5d$dt>
0o Jo 0o Ja 0o Ja
1-5/2
< (/ / dxdt)
< OO <.
From Lebesgue dominated convergence theorem 1.4, thus
ulA_t‘s 220 170 i L'(Qr)
and .
/ / luk,” —u'~|dzdt — 0, as A, — 0%,
0o Ja
then
/T/ 1-6 1—6|d dt (1)
— xdt = .
Therefore
T
/ lun, (T) — w(T|*dx —/ (Apun, — Apu, (ua, —u))dt = oa,(1)
0
/ lua, (T) — uw(T|*dx —i—/ / (Vuna, P *Vua, — |VulP~ 2Vu} NV(ua, —u)dzdt = op,(1).

From the convexity of the term [, [Vu[Pdz, and since ua, — u in LP(0,T, W, "(Q)) as
Ay — 07, we get

1
{/ \VuAt]pdac—/ |Vul|Pdx
p L/ Q

< /Q (\VuAt]pﬂVuAt - |Vu\p’2Vu) V(ua, —u)dx.

Thus
and consequently
Then

witch imply
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and we have from Lebesgue inverse theorem 1.5, there exist subsequence such that |ua,| <
g € LP(Q), then ||Vua,|P2Vua,| < g7 2g.
Such that

/Q(gp_Qg)p dr = /Q(gp_l)p/p_ldx
< /ﬂgpd:v<oo.

There for from Lebesgue dominated convergence theorem 1.4, we get
Vua, [P 2 Vua, 2= |VulP~>Vu in LY (Q)
Notice that u> n¢; in 2, then v~ < (n¢;)~° . And since § < 1

/Q(T]qbl)_‘sdx < 00.

Therefor from (2.42) and Lebesgue dominated convergence theorem 1.4, we get

T 1 T 1
/ / dxdt — / / ——dxdt, as Ay — 07,
o Ja (ua,)? o Ja (u)d

for any w € C§°([0,T] x Q). Then, passing to the limit as A; — 07 in (2.28), we get from

above compactness properties of {ua, }a, and {un,} that

T aﬂ T T 1
/ / K wdwdt — / / VP2 VuVwdrdt — / / ——_wdwdt
0o Jo Ot o Jo o Ja (u)?

:/OT/Qf(x,u)wdxdt,

for any we C§°([0, 7] x Q). We have also
u(0) = Aliglo ta, (0) = uy.

This completes the proof .

2.2 Uniqueness of solution

Theorem 2.13. In addition theorem 2.1 , we suppose also f is locally lipchtiz with respect

to the second variable uniformly in x € Q, then the weak solution is unique.

Proof. let u and v two solution of (Pb), by subtraction we get

0 (u—v) 11
T_(APU_APU):f(xau)_f@j?v)—i_ﬁ_ﬁ )
since f lipchtiz with respect to the second variable uniformly in x € €2, thus
0 (u—wv) 1 1

—(Apu—Apv)SC(u—v)—F@—E ,

ot
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multiplying by (v — v) and integrating over 2, by parties we get

d
g7 /Q(u —v)?dr + /Q (\Vu\p_QVu — \Vv|p_2Vv) V(u—wv)dx
1 1
< foora (- B
< /Q(u v)*dx + N i (u —v)dzx,
from proposition (1.8), [(|VulP72Vu — |Vo|P72Vv)V(u — v)dz > 0, and
fg(% — —)(u —v) <0, then by Gronwall lemma, we get
u v

d 9 9
el _ < _
o /Q(u v)“dx /QC'(u v)“dz,
for t =0, thus
d 2 2
< —
dt/Q(u v)“dx /Q C(u —v)*(0) =0,

therefore
u—v=0=u=w.
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CHAPTER 3

STABILIZATION

3.1 Stationary problem

Definition 3.1. Let € be the set of function v € L>®(QQ) such that there exists Cy > 0
and Cy > 0 satisfying

Cid(z) < v < Cod(z) ifo <1,
where d(x) = dist(x,08) then we have

Theorem 3.1. Let 0 < 0 < 1 and f: Q@ x Rt — R be a bounded below Caratheodory

function, locally Lipschtiz with respect to the second variable uniformly in x € ), satisfying

f(x,1)

)
(2

0 < limsup < A\ (9),

t——+o00

and such that f(z,s)/sP~! is decreasing function in RT for a.e. x € Q. There erists a
unique uo in Wy (NG N Co(Q) satisfying

uls Q)

Uso = on Of).

{ —Aplo — L = f(z,us) in €,

Proof.  We consider the following energy functional E, defined in W,* (Q) by

(u?)!

1 -4
= — p n—1 +
E,(u) /Q]Vu] dx /Q s dx —/Q flx,u" ) udu.

for the connectivity , weakly lower semi continuity and the strict convex of E,, we refer to
proposition 2.3, therefore from theorem 1.6, E,, it has a unique global minimizer which is
the solution of (Q) .
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Theorem 3.2. Let hypothesis in theorem 2.1 satisfied and assume that

is decreasing in (0,00) for a.e. x € Q.
Then the solution to (Q) is defined in (0,00) x Q and satisfies
u(t) = usin L>(Q) ast — oo. (3.1)

Where u, is defined in theorem 3.1 .

3.2 A priori estimates
In this section prove additional a priori estimates on ua,and ua, defined in chapter 2 in
[0, co[%x€2.

Lemma 3.3. Let assumption in theorem 2.1 be satisfied. Let u be the weak solution and

global solution to (Pt), prescribed at = 0 by ug, given by theorem 2.1. Then :

1. there exist u = c¢y and uw = y¢1 belong to €, independent of Ay such that for all
t >0, u<uall), ia(t) < ;
2. 1/uX, and 1/a%, are bounded in L>(0, 00; W17 (Q)) ;

dun,
ot
4. un,,in, are bounded in L>(0, 00; Wy*(Q)).

3.

is bounded in L*(0,00; L*(Q)) independently of A; ;

Proof. = We prove assertion (1).
We show that ua, <% and @ia, < U, we have u” € €'(Q), then

lua, (2, t) —ua,(y, 1) < Clu"(z) —u"(y)|
for y € 012, taking C=-~, we get
up,(z,t) < a(x).

We show that ua, <71, for 3C < 7, we have

u’ — un—l

—%
"+ 2[u" |

un, (t) + 2ua, (t — Ay)
Co1(z) +2Co1(x)
Yo1(z)

u.

jaa,| = | (t = tnr) +u""|

IAN AN IA TN

IN
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We prove the second part of assertion (1), we show that una,(t) > uw and an,(t) > u, we

have from proposition 2.4, for n = ¢

u?’b

UA, (t)
UA, (t)

v

no1
co1

U.

A%

v

Know we show that ua, > u

ou 1
5~ A< @+ =,
we have
(?;Z - Ay = =Ayu
= _AP(C(bl)
= &gl

in the other hands
uwl =09 >IN 4+

where C’ is constant large enough . Since f bounded below, thus
u A fru) > NG+ O+ C

taking C" + C > 0, then

u o fla,u) > —Apu = ?;Z — Apu.
Therefore u is a subsolution of (Pb). we have
LTI 1
t A —
ot pUA; f(x, uAt) + (uAt)(S’
from (Pb) and (3.2), we get
0 (u—ty,) 1 1

ot — (Apu — Apup,) < f(z,u) — f(z,ua,) + 5

since f bounded below, thus

0 (u — 1a,) , 1 1
= =/ — < — -
5 (Apu — Apup,) <C —-C"+ W ()

taking C' — C” < 0, and since un,(t) > u, we get

0 (M - ﬁ'At)

ot - (APQ - Apuﬁt) <0,

(3.2)
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multiplying by (u — @a,)" and integrating over €2, by parties we get
d =12 p—2 p—2 -+
%/Q ((@— Un,) ) dx + /Q <|Vg| Vu — [Vua,| VuAt) V(u — ta,)" dz <0.
From proposition (1.8), o, (|Vu|P2Vu — |Vuna,[P">Vua,) V(u — @a,)Tdz > 0, then
d ~ 2
%/ﬂ ((g - uAt)+) dzx < 0.
Therefore (u — @a,)(t) is decreasing function, then Vt € [0, T]

(u—aa,)(t) < (u—1a,)(0)
w(t) — i, (1) < u—u’,

we have u® > n¢y, for c =n

IN

u(t) — ua,(t) u—ne
cp1 — N1
no1 — nér
0

Up, ().

VARRVAN

IA

u(t)

IA

We prove the assertion (2)
from the assertion (1), we have (ua,)™® < (u)~% and we show that (u)~® € W~ (Q) i.e.,
for ¢ € W, ()

<(u)75790>W—1aP’(Q)><W(}’p(Q) < C||90HW01”U(Q)'
we have
(@) P = [, wds
-5
= d
/Q(C¢1) edx

-8 -5 ¥
fy —d
c /Q ¢1(91) 1 €,
Holder’s inequality 1.2,

/ 1/
(W™, ¢) < o[ a0a)" ([ Epar)
W Pl @awgrey S O Joor Tl 0o’ )
Hardy ’s inequality 1.10,

IN

CCIVell o)
C ||90||W01’P(Q),

<(@)76> w1 Q) xWE?()

IN

Thus (u)™ is bounded in L>(0, c0; W17 (Q)),
then (ua,) ™ is bounded in L>(0, co; W~1'(Q2)), by the same way we show that (ia,) ™ is bounded i1
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We prove assertions (3) and (4) to complete the proof. Multiplying (2.3) by (u™ — u™™1)

and summing from 1 to N’ and integrating over €2, we get

1 N’ N’
—-112 -1
A Dol = u ey = Do (AU ut —ut )
t n=1 n=1

—ng:l/ﬂ (u}l)‘;(un —u" Y)dw

- ;/Qf(x,u"_l) (u” - un_l) dx(3.3)

Set, F(x,s)déf Jo f(z,7)dr. Since f is locally lipchtiz with respect to the second variable
Rt
uniformly in = € Q, there exists R > 0 such that ¢t — x(t) = F(x,t) + 5 is convex in

{0, HEHLOO(Q)} uniformly in = €  .Then we have from the theorem 1.7,

(F(m, u" ) + }gu"_l — F(z,u") — §U”> < (X'(u").(u" —u"h)
(F($7un1) — F(z,u") + };(u”1 —u")) < (f(x,u”fl) + Ru”’l) (u™t — ™)

— (f(x,u”_l) + Ru”_l) (u™ —u"h)

> (f(x,u"_l) + Ru”_l) (u™ —u"h).

|
7 N

=
s

IS
N
|
=
8

IS

3

L
+

| =

—~
IS

3
|

IS

3

L

NN

IN

From the above inequalities and the second hand of (3.3), we get

N/
S [ ™) (u — ) da
A )
e e [ e T o) LA L F
NI
(Un _ unl):| . gl/QRunl (un . U,nil) de

< [F(ac, u") — F(z,u™ ') + }2%

Using proposition 7?7, we have

%/Runl (un—uﬂFl) d:L':R/ Uuo‘2_’u]\[/|2} dl‘—l—R%/ ‘Un—unil‘le'
n—1"9 2 Jo 2 = Ja ‘

From the of convexity of the therms [, [Vul[Pdz and [ —i5dx we derive the following

estimates :

1
— {/ |Vu"|pd$—/ |Vu"_1|pdzn} §/ VU P 2Vu"V (u™ — u™ 1) da,
p Q Q
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and

_1;; |:-/Q(un—l)l—5dx B /Q(un)l—édx] < _/Qun(;nt;:_dm.

Gathering the above inequalities, we deduce that

1 N/ N/ N ) Op
A, Z " = " Ga) = DoA™ u" — ) +/ [!Vu 4o - WZ | ]d
n=1
1 , /
< f/ [‘U,N |1 —0 |u0|1 -4 d.ﬁE—l—/ .Q? UN ) . F(a:,uo)] du

—Z/ —/ lu™ — u" 2 da.
—Je 2 Ja

From the definition of ¢ and the fact that § < 1, from assertion (1), notice that

N’16 < / 1-6
1—5/ dr —1—5 dz < oo,

consequently, rearranging the terms, we have

1 X . |qu’|p vul |
Z Ju" — 1||L2(Q)+/ [ dx — | | d
tn 1 b
]. ! !
< T/(UN )1_5dx—|—/ Fz,u™") — F(x,uo)} dx
-0 Jo
< 2 / 1-5
_/Q[F< ) — R dx+1_5 dz
<,

where C=(u,w,d) > 0 is independent of N" and A,;. Thus, we have from the above estima-
g?t are bounded respectively in L>(0, T; Wy*) and in L*(Qr) indepen-
dently of A; and T . therefore, @i, and

tion that @, and

2t are bounded respectively in L*(0, co: W)
and in L?(0,00; L?(€2)) independently of A;.
Now we passe to the limit as A; — 0. By the same way of the section 3.13 Priori

estimates, we can prove that u(t) 2% u solution of the parabolic problem

1
up — Apu = > + f(z,u) in (0,7) x €,
u=0, on (0,7)x 092, u>0 in (0,7) x Q, (Pt)
u(0,z) = up(x) in €.

3.3 Passage to the limit

In this section we prove theorem 3.2, for that we prove that the solution u converges as

t — o0, to the solution of the stationary problem u, :
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1 )
—ApUso — @ = f(z,ux) in
Uso = 0 on 0f).

From the previous section, we have u(t) € L>(0, co; W, ?(€)), then
as t — oo, u(t) — win WyP(Q).
By the same way of proposition 2.12, we can prove that
u(t) ZX w, in WeP(Q),

and consequently
Vu(t) =% Vw, in LP().

Witch implies
IVu(t) [P ES [ VwlPt in LY (Q),

and we have from Lebesgue inverse theorem 1.5, up to a subsequence we have
IVu(t)P~! < g € LP(Q), for all t > 0,

then
|Vu(t)|P~2Vu(t)Vo < gV € LF (Q),

From Lebesgue dominated convergence theorem 1.4, thus
/ IVu(t)|P2Vu(t) Vode 2% / VP2 VuwVods in L (),
Q Q

for all test function v € D(Q).
Since p > 2N/(N + 2), we have Wy?(Q) <. LP(Q), then

u(t) =X win LP(Q),
we have from assertion (1) of lemma 3.3, and since 0 < 1, we get
w () ST = (v61) " € LH(9),
from Lebesgue dominated convergence theorem 1.4, thus
/ w0 (tvde = / wovdz,
Q Q

for all test function v € D(2).

From inverse lebesgue theorem 1.5, up to a subsequence we have

lu(t)] < g € LP(),
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then from (2.34) and (2.35) in both cases we have
|F(z.u(®)] < Cg"" + C" € LV(9),
therefore from Lebesgue dominated convergence theorem 1.4, thus

flz,u(t) =% f(z,w),

for all test function v € D(2).
Then

/Qf(x,u(t))vdx iy /Qf(x,w)vda: in L” ().

We obtain that w satisfies the problem:

1 :
—Ayw — i f(z,w) in Q,
Weo = 0 on 0,

in the sense of distribution . By the uniqueness of the solution of the stationary problem
(Q) we deduce that w = u. This completes the proof of theorem 3.2 .
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We investigate the following quasi-linear and singular parabolic equation ,

1
up — Apu = i + f(z,u) in Qr,
u=0, on ¥, v >0 in Qr, (Pt)
u(0,2) = up(z) in Q.

Where ( is an open bounded domain with smooth boundary in RY (with N > 2),1 < p < oo,
0<4,T>0,Qr=(0,T)xQand Xp = (0,T) x 0. We assume that f is bounded below
Caratheodory function and uy € VVO1 "P(Q). In this memory we will study the existence and
uniqueness of the weak solution of (Pt) using method of semi- discretization in time and we
study the stabilization.

key words :

Quasi-linear and singular parabolic equation, existence and uniqueness of the weak solution,
p-Laplacian, method of semi- discretization in time, sub- and super-solution .

Nous étudions I’équation parabolique quasi-linéaire et singuliére suivante,

1
u — Apu = i + f(z,u) dans Qr,
u=20, sur X7, u >0 dans Qr, (Pt)
u(0,x) = ug(x) dans Q.

Ou Q est un domaine ouvert borné avec une limite lisse dans RNV (avec N > 2),1 < p <
00,0 < 6, T >0,Qr = (0,T) x Qet Xy = (0,7) x 9. Nous supposons que f est
bornée inferieurement de la fonction Caratheodory et u € VVO1 (). Dans ce mémoire nous
étudierons l'existence et 'unicité de la solution faible de (Pt) utilisant la méthode de semi-
discrétisation en temps et nous étudions la stabilisation.

Mots clés :

Equation parabolique quasi-linéaire et singuliére, existence et I'unicité de la solution faible,
p-Laplacian, méthode de semi-discrétisation en temps, sous- et sur-solution .
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