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Abstract

In the present study, our primary main is extend operator ideal theory to multilinear
operators and polynomials. In this context, we direct our attention towards the study of two
distinct concepts to p-nuclear operators. The first study involves an extension of the notion
of weakly p-nuclear operators, which was introduced by J.M. Kim, in (J. Korean Math. Soc
56 (2019), 225-237), to encompass multilinear operators and polynomials. We show that
this class forms a Banach multi-ideal (respectively, polynomials), In the quest to look for a
class of operators that represent bounded linear functionals on the space of weakly p-nuclear
multilinear operators (respectively, polynomials) led us to the introduction of the class of
quasi Cohen p-nuclear multilinear operators (respectively, polynomials). We show that such
operators realise a Pietsch domination theorem. Moreover, we prove that, under the usual
conditions, there exists an isometric isomorphism between the dual of the space of weakly
p-nuclear multilinear operators (respectively, polynomials) and the space of quasi Cohen p-
nuclear multilinear operators (respectively, polynomials). The second study is the extension
of the concept of Cohen p-nuclear operators introduced by J. S. Cohen in (Math. Ann.
201(1973) 177-201) to polynomials between Banach lattices, we show that a polynomial is
positive Cohen p-nuclear if, and only if, its associated symmetric multilinear operator is pos-
itive Cohen p-nuclear. Additionally, the study defines positive Cohen p-nuclear polynomials
as a combination of positive Cohen strongly p-summing polynomials and positive absolutely

p-summing linear operators, and shedding light on their relationship with other classes.
Keywords and phrases: Weakly p-nuclear, Quasi Cohen p-nuclear, Banach lattice,

Positive p-summing, Positive Cohen strongly p-summing, Positive Cohen p-nuclear, Pietsch

domination theorem.
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Résumé

Dans I'étude actuelle, notre objectif principal est d’étendre la théorie des opérateurs
idéaux aux opérateurs multilinéaires et aux polynémes. Dans ce contexte, nous concen-
trons notre attention sur I’étude de deux concepts distincts concernant les opérateurs p-
nucléaires. La premiére étude concerne une extension de la notion d’opérateurs faiblement
p-nucléaires, introduite par J. M. Kim, afin d’inclure les opérateurs multilinéaires et les
polynémes. Nous montrons que cette classe forme un multi-idéal de Banach (respective-
ment, les polynémes). Dans notre quéte pour trouver une classe d’opérateurs représentant
des fonctionnelles linéaires bornées dans l'espace des opérateurs multilinéaires faiblement
p-nucléaires (respectivement, les polynémes), nous avons introduit la classe des opérateurs
multilinéaires quasi Cohen p-nucléaires (respectivement, les polynémes). Nous montrons
que de tels opérateurs satisfont un théoréme de domination de Pietsch. De plus, nous
prouvons que, dans les conditions habituelles, il existe un isomorphisme isométrique en-
tre le dual de I'espace des opérateurs multilinéaires faiblement p-nucléaires (respectivement,
les polynomes) et 'espace des opérateurs multilinéaires quasi Cohen p-nucléaires (respec-
tivement, les polynomes). La deuxiéme étude concerne I’extension du concept d’opérateurs
Cohen p-nucléaires introduit par Cohen aux polyndmes entre les espaces de Banach réticulés.
Nous montrons qu'un polynéme est positif Cohen p-nucléaire si et seulement si son opérateur
multilinéaire symétrique associé est positif Cohen p-nucléaire. De plus, cette étude définit les
polynomes positifs Cohen p-nucléaires comme une combinaison de polyndémes positif Cohen
fortement p-sommant et d’opérateurs linéaires positif absolument p-sommant, mettant en

lumiére leur relation avec d’autres classes.

Mots clés et phrases: Faiblement p-nucléaire, Quasi Cohen p-nucléaire, Banach rétic-
ulé, Positivement p-sommant, Positivement fortement p-sommant, Positivement Cohen p-

nucléaire, Théoréme de domination de Pietsch.



Notations

General Symbols

N Natural numbers.
K The field of real or complex numbers.
p*

1 1
The conjugate of the number p(1 < p < oo), that is — + — = 1.

p p

(x,z*) Image of the function z* at .
s The projective norm.
€ The injective norm.

Let X, X4,...,X,, and Y be Banach spaces

X*

Bx
L(X;Y)
L(X;Y)
[,f(X; Y)
X®Y
X®,Y
X®.Y
"X

Let E, El; ..

E+
L'(E; F)
E®F
EQq F

Topological dual of the Banach space X.

The closed unit ball of X.

The set of all linear operators.

The set of all continuous linear operators.

The set of all finite type linear operators.

The tensor product between Banach spaces.

The space X ® Y equipped with a cross-norm «.
The completion of X ®, Y.

The m-fold symmetric tensor product of X.

., B, and F' be Banach lattices

The positive cone of E.

The set of all regular linear operators.

The tensor product between Banach lattices .
The positive projective tensor product of E, F.

Associated operators

T;,  The linearization of the multilinear operator 7.
Pp The linearization of the polynomial 7.
P® The linearization of the regular polynomial P.

P The associated symmetric m-linear operators of polynomial P.
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Spaces of multilinear operators and polynomials

L(Xy,...,Xn;Y)  The set of all multilinear operators.
L(X1,...; X Y)  The set of all continuous multilinear operators.
Lp(X1,.... X Y) The set of all finite type multilinear operators.

L' (Ey, ..., Ep
P(MX;Y)
Pr("X;Y)
Pr("E; F)

; ') The set of all regular multilinear operators.
The set of all continuous m-homogeneous polynomials.
The set of all finite type m-homogeneous polynomials.
The set of all regular m-homogeneous polynomials.

Ideals of operators

N, (X3Y)
Nup(X;Y)
No(X;Y)
I} (B;Y)
N (E; F)

The set of all Cohen p-nuclear linear operators.
The set of all weakly p-nuclear linear operators.
The set of all o-nuclear linear operators.

The set of all positive p-summing operators.

The set of all positive Cohen p-nuclear operators.

Ideals of multilinear operators and polynomials

Nup(X1, ..oy Xm; V) The set of all weakly p-nuclear multilinear operators.
Ny (X1, .., X3 V) The set of all quasi Cohen p-nuclear multilinear operators.

Pn,,(MX3Y) The set of all weakly p-nuclear polynomials.

Pon, (MX;Y) The set of all quasi Cohen p-nuclear polynomials.
Peon+—p(MX; F) The set of all positive Cohen strongly p-summing polynomials.
Pf\;r_p(mE  F) The set of all positive Cohen p-nuclear polynomials.

732 » (mE; F) The set of all positive p-dominated polynomials.
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Introduction

In 1955, A. Grothendieck introduced the notions of 1-nuclear (or, simply, nuclear) and
summing operators in his famous work titled "Résumé de la théorie métrique des produits
tensoriels topologiques" commonly known as "Résumé," [30]|. Later on, in 1969, A. Persson
and A. Pietsch expanded on this notion by introducing the concept of p-nuclear operators
for 1 < p < oo [19]. Pietsch made fundamental contributions to the generalization of op-
erator ideals, which are documented in his influential book titled "Operator Ideals" [15],
which is regarded as a crucial milestone in the field. This book greatly affected the subject
and provides an extensive treatment of operator ideals, encompassing not only absolutely
p-summing and p-nuclear operators but also a wide range of operator ideals and their rela-
tionships. Among the classes discussed in this context, we find the class of g-nuclear linear
operators between Banach spaces (see. |15, Definition 23.2.1]).

The theory of operator ideals has been extended to ideals of nonlinear operators, for
example as, multilinear operators, homogeneous polynomials, Lipschitz operators..., and
the different ways of generating such non-linear operator ideals as well as the study of their
properties. In 1983, Pietsch [17] made leading contributions through his work titled " Ideals of
Multilinear Functionals" by extending the concept of linear summing and nuclear operators
to nonlinear ones, particularly in multilinear and polynomial cases, which advanced the
understanding of p-summing operators and solidified their importance. R. Alencar promptly
contributed with a supportive paper [0] in this regard, he studied the properties of expanding
the notion of nuclear and integral operators to encompass multilinear cases.

Following the release of seminal papers by Pietsch and R. Alencar [17, (] on summing
and nuclear multilinear operators, various forms of summability in nonlinear cases have
emerged, as we have mentioned before. Numerous authors have devoted their research ef-

forts to investigate the ideals of multilinear operators, we refer to the monographs (see e.g.

[7 ) T T ) ? ) ])

In another approach, J. M. Kim introduced a more extensive ideal of weakly p-nuclear as



an extension of the existing notion of p-nuclear operators in his publication [37]. This novel
concept of weakly p-nuclear is relatively recent and is a special subclass of class o-nuclear.

In 1967, Pietsch [16] noticed that the identity operator from ¢; into ¢y is absolutely 2-
summing, while its conjugate, from /5 into /.., is not absolutely 2-summing. This observation
spurred the interest of J. S. Cohen, where he introduced a novel category of linear operators
known as strongly p-summing operators in his work titled " Absolutely p-summing, p-nuclear
operators and their conjugates"|20]. This category characterizes the conjugate of the class
of absolutely p*-summing linear operators, with 1 = 1/p+ 1/p*. In his work, also, remarked
that every operator T': X — Y, such that / ® T": ¢, ®. X — {, ®, Y is continuous, is also
absolutely p-summing (p > 1), however, the converse is not true. which led him to explicitly
define a subset of the absolutely p-summing such that I ® T is continuous. These specific
operators are called " Cohen p-nuclear operators" (see. Definition 1.1.7 ).

Cohen’s work further demonstrates that if 7" is a p-summing linear operator and S is
a strongly p-summing operator, then composition S7" is Cohen p-nuclear operator. More-
over, he provied several results for this new class such as inclusion relations and a Pietsch
domination theorem.

The concepts strongly p-summing and Cohen p-nuclear linear operators had many ex-
tensions to nonlinear cases and highlighted to verify the generalization of the properties of
the original linear ideal to the nonlinear ideal (see e.g. |1, 5, 11, 15, 24, 13]).

In recent years, significant contributions were made by D. Achour et al |1, 5|, where they
introduced one of the important generalizations of the concepts of strongly p-summing linear
operators to multilinear and polynomial cases.

In 2010, an extension of the concept Cohen p-nuclear operator was witnessed through
the introduction of Cohen p-nuclear multilinear operators (see. Definition 1.2.20 ) between
Banach spaces by D. Achour and A. Alouani [!]. Later, in 2018 [2], the Cohen p-nuclear
polynomial (see. Definition 3.1.10 ) between Banach spaces were defined by D. Achour
et al, as a natural polynomial extension of the class ideal of p-nuclear linear operators.
Moreover, they investigated many results such as Pietsch Domination Theorem, Kwapien’s
factorization, etc.

Historically, many examples of multilinear operators and polynomial ideals develop as
extensions of operator ideals. Our objective is to explain the relationship between an op-
erator’s ideal and its likely extension to nonlinear. In this context, we focus on common
properties shared by nonlinear and linear ideals. In alignment with the above-mentioned
foundational approach to nonlinear theory, we present this thesis with the aim of general-
izing and extending certain findings and properties associated with linear weakly p-nuclear

operators to their nonlinear counterparts.



This thesis has a twofold purpose:

In the first chapter of this thesis, we will give a thorough overview by presenting essential
aspects related to sequences in Banach spaces. Additionally, we will introduce and explain
fundamental definitions and properties associated with operator ideals and multilinear ideals.

In the second chapter, Our inspiration and main motivation come from very recent results
of J. M. Kim [37], we expand the concept of weakly p-nuclear linear operator (see. Definition
1.1.8) to weakly p-nuclear multilinear operators, (p > 1)(see. Definition 2.1.1). We show
that the class of weakly p-nuclear multilinear operators is an ideal of multilinear operators.
Additionally, we prove, under usual conditions on the underlying spaces, a simpler formula
for the weakly p-nuclear norm of a finite type operator. The objective of this chapter to look
for a class of operators that represent continuous linear functionals on the space of weakly
p-nuclear multilinear operators, for this purpose, we introduce the class of quasi Cohen p-
nuclear multilinear operators (see. Definition 2.2.1). We show that such operators realise a
Pietsch domination theorem and we show that, under usual conditions, the dual of the space
of weakly p-nuclear multilinear operators from X; x - - - x X,,, into Y is isometric isomorphism
to the space of quasi Cohen p-nuclear multilinear operators from Xj x --- x X/ into Y*(see.
Theorem 2.2.6).

In the third chapter of our study, we take the step to extend the results presented in the
previous chapter, with the aim of applying the obtained results to the case of m- homogeneous
polynomials.

The end of this work is the fourth chapter, our focus continues on homogeneous polyno-
mials. We introduce the concept of extending the positive Cohen p-nuclear operator to case
polynomials (see. Definition 4.2.1). Our aim is to prove that both classes coincide in the
sense that a polynomial is positive Cohen p-nuclear if, and only if, its associated symmetric
multilinear operator is positive Cohen p-nuclear. Moreover, we can define the set of positive
Cohen p-nuclear polynomials as a combination of positive Cohen strongly p-summing poly-
nomials and positive absolutely p-summing linear operators (see. Theorem 4.2.11), we shed
light on the relationship between positive Cohen p-nuclear m-homogeneous polynomials and

some classes (see. Section 4.3).



Chapter

Preliminaries

In this introductory chapter, we provide an overview of the fundamental concepts
regarding linear operator ideals and multilinear operator ideals, and we give some basic

definitions and properties used throughout the thesis. We also state, mostly without proofs.

1.1 Linear operators

We begin by explaining essential notations and terminology.

1.1.1 Notation and background

We denote X for a Banach space , Bx = {z € X : ||z|| < 1} stands for its closed unit
ball of Banach space X, whereas . By N we represent the set of all natural numbers, and
by K the scalar field (real or complex). For p > 1, we denote by p* its conjugate, that

1
is, =+ — = 1. If Y is a Banach space, we use the notation £(X;Y’) for the space of all

continuous linear ( bounded linear) operators from X into Y, If X =Y, we write idy the
identity operator on X. the Banach space of all continuous linear operators from X into Y,

under the norm,

IT)l = sup |T(@)]| for T € £(X;Y).

z€Bx

A linear operator T : X — Y between Banach spaces X and Y is an isomorphism if T’
is a continuous bijection whose inverse 7! is also continuous. In this case, the spaces X
and Y are isomorphic. In addition, if [|7'(z)|| = ||z||, for all x € X, then T" be isometric
isomorphism. In this case, X and Y are said to be isometrically isomorphic.

The continuous dual of a Banach space X is X* := £(X;K), its typical member will be
denoted by z*, and for z € X, we shall write (z, x*) for the action of the functional z* on z.
The bidual of X is the space X** = (X*)*.
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Let T': X — Y be continuous linear operator. Then the continuous linear operator
T :Y* — X* defined as
(z,T"y") = (Tz,y"),

for every y* € Y* and x € X is called the adjoint of 7" and has the property that ||7*| = ||T°]].

A linear operator 7' € L£(X;Y') is said to have finite type if 7'(X) is finite dimensional.
The class of all finite type linear operators between Banach spaces is denoted by L(X;Y).

Furthermore, this space is generated by the operators of the special form
rTRy:xe— (rat)y
ie. if '€ L;(X;Y) we have
T=> 2oy
i=1
where ()", C X* and (y;)I; C Y (see [19]).

Spaces of p-summable sequences

We denote by £,(X) the Banach space of all absolutely p-summable sequences (z,,), in
X with the norm

[e%s) 1/p
||<xn>n||ep<x>:(znxnnp) W 1<p<ioo
n=1

(0 )nllew(x) = sup|lznll, if p=-+oo

We denote by £, ,,(X) the Banach space of all weakly p-summable sequences (z,,), in X

with the norm

1/p
[(@n)alle,.wx) = sup (len ) , if 1<p<+oo,

x GBX

l(zn)nllew.wx) = sup sup|(zn, 2%, if p=+o0

z*€EBx*x n

If p = oo, we are restricted to the case of bounded sequences and in ¢, (X) we use the
sup norm. Then the spaces (o (X) and £ .,(X) coincide [22, Page 33|. For the particular
case X = K, we denote £,(K) by £,.

We shall frequently make use of the formula, for 1 < p < oo and let (z,), C X.

lellin = sup sup [ A (o). (L)
H()\n)“ep*:lx*EBx* n=1




CHAPTER 1. PRELIMINARIES

This formula shows that for each (z%),, C X*, we have

0 1/p
(@7 )nlle, w(x=) = sup <Z|<$7$Z>|p> :

r€EBx n=1

For more detailed information, refer to |3, 19].

Approximation property

The concept of the approximation property, initially introduced by S. Banach in [10],
plays a fundamental role in the structure theory of Banach spaces. The first systematic study
of the variants of the approximation property and the relations between them appeared by

Grothendieck in [31]. In this section, we review the definitions of the approximation property.

Definition 1.1.1 A Banach space X is said to have the approxzimation property if for each
compact set K C X and € > 0 there is an operator T' € L¢(X; X) such that

|Tx — z|| <€, forall x € K.

The approximation property definition imposes no limitations on the norm of a finite
type operator that approximates the identity of a compact set. Now, we introduce a more

restrictive definition.

Definition 1.1.2 A Banach space X is said to have the A\-bounded approximation property
if there exists a A > 1 such that for every compact set K in X and every € > 0, there is a
T € L§(X;X) such that ||Tx — z|| < € and ||T|| < X for every x € K. If A =1 we say X

has metric approximation property.

Definition 1.1.3 A Banach space is said to have bounded approrimation property, if it has

the A-bounded approximation property for some .

Lemma 1.1.4 |15, Lemma 10.2.6] Suppose that X* has the metric approzimation property.
Let S € Ly(X;Y) and let € > 0. Then there exists an operator T € L(X;X) such that
IT|| <14+eand SoT =S5.

1.1.2 Operator ideals

Recall the definition of an operator ideal, we refer the reader to [15] for the linear case.

Definition 1.1.5 A linear ideal T is a subclass of the class L of all continuous linear oper-
ators between Banach spaces X and Y its components Z(X;Y') := L(X;Y) NZT satisfy the

following conditions:
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1 ; 18 a linear subspace o ; which contains the finite type operators.
(i) Z(X;Y) ! b f L(X;Y) which he fi Y
(ii) The ideal property: If u € Z(X;Y), v € L(G; X) and w € L(Y; F) then wouowv is in
(G F). If ||.||z : T — R* satisfies
(1) [Z(X;Y), |I'llz] is a normed space for all Banach spaces X and Y,
(iii") IfueZ(X;Y),ve L(G;X) and w € L(Y; F) then

[wouwovlz < jwl|ullz]lv]
then [Z,]].]|z] is called a normed operator ideal.
Proposition 1.1.6 Let [Z,].||z] be a normed operator ideal. Then ||u|| < ||ul|z for allu € T.

Basic examples

The ideal Ly of finite type linear operators is the least operator ideal and £ the greatest
one. This assertion is proved by the results elucidated in [15, Theorem 1.2.2|, confirming the

creation importance of these two operator ideals within the field of functional analysis.

1) The ideal of Cohen p-nuclear operators

The notion of Cohen p-nuclear operators, (1 < p < o0), was initiated by J. S. Cohen. He
showed that every Cohen p-nuclear linear operator on Banach spaces is strongly p-summing
and absolutely p-summing. Additionally, the composition of an absolutely p-summing oper-
ator with a strongly p-summing one results in a Cohen p-nuclear operator. For more detailed

information, refer to [20].

Definition 1.1.7 We say that a linear operatorl’ : X — Y between Banach spaces is Cohen
p-nuclear, 1 < p < oo, if there is a constant C' > 0 such that

n n 1/p n 1/p*
> UT(x:),y5) < C sup (Z\(fﬁiw*)!’”) sup <Z|<yf>y**>\”*> . (12

i=1 w*GBx* y**EBy**

for every (x;)'~, C X and (y;), C Y*.

The least constant C' for which this inequality (1.2) holds is denoted by n,(-). We write
N,(X;Y) for the Banach space set of all Cohen p-nuclear operators from X into Y.
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2) The ideal of weakly p-nuclear operators

In [37], J. M. Kim introduced the concept of weakly p-nuclear operators a special
subclass of class the o-nuclear operators |15, Definition 23.2.1], and a larger class of the ideal

of p-nuclear operators.

Definition 1.1.8 A linear operator T : X — Y between Banach spaces is weakly p-nuclear

(1 <p < o), if can be written in the form

n=1

where (x;;)n € gp,w(X*) and (%L)n € gp*,w(y)~

We denote by N,,(X;Y) the space of all weakly p-nuclear operators from X into YV

endowed with the weakly p-nuclear norm

(Un)nl

where the infimum is taken over all such weakly p-nuclear representations of T as above.

||T||pr = lnf ||(x’>:l)n||£p,w(X*) gp*,w(y)’

1.2 Multilinear operators
Before proceeding any further, we recall some basic concepts and notations.

Definition 1.2.1 Let m € N, Xy, ..., X,,, and Y are Banach spaces. An operator T : X1 X
oo X Xy = Y s called multilinear (or, simply, m-linear ) if it is
T(21, e T, AT A 25, 211, o Tn) AT (21, s Tj1, T, Tjig1, oy T

+T(I’1,...,.’Ej,17(17;/,$j+1,...,.’Ifm)
for all X € K and z;, 2,27 € X;(1 < j<m).

177

Noted by L(Xy, ..., X,;Y) (if Y = K, we write L(Xy,..., X,,) ) the space of all m-linear

operators from X; x --- x X,,, into Y. In the case X; = --- = X, = X, we simply write
L(mX;Y).
Definition 1.2.2 An m-linear operator T : X; x - -+ x X,, = Y 1is continuous if it is

continuous as a function between normed spaces.

We write £(X7,...,X,,;Y) for the vector space of all continuous m-linear operators. If
Y =K, we write £(Xj, ..., X;,). In addition if X; = X for j = 1,...,m then we denote this
space by L£(™X).
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Proposition 1.2.3 Let T € L(Xy, ..., X,,;Y). The following assertions are equivalent.

1) T is continuous.
2) T is continuous in 0.
3) There is a constant C > 0 with
1T (1, e ) || < Clla]] - ]|, (1.3)
for all (xq,...,xm) € X1 X -+ X X
1T = sup [|T (21, ...z
IjGij
1<j<m
= inf{C, Cuverifying the inequality (1.3)}.
Definition 1.2.4 An m-linear operator T € L(X1,..., X;;Y) is said to be finite type, if it

is generated by operators of the form
Xix---xX,,—>Y
(1, ooy ) = 2y (1) 2 (T Y
for some non-zero T € X]’f(l <j<m)andy €Y.

The vector space of all multilinear operators of finite type is denoted by L£;(X1, ..., X;; Y).

Now, we present the definition of an adjoint of an m-linear operator which was due to
M. S. Ramanujan and E. Schock [50].

Definition 1.2.5 The adjoint of an m-linear operator T € L(Xi,..., X;n;Y) is a unique

linear operator defined by

T Y* = L(X1,...,Xm)

v Ty (21, e ) = YT (21, oy T -

1.2.1 Tensor products of Banach spaces

In this subsection, several outcomes can be viewed as natural extensions of the case when
m = 2. For further details, we recommend that the reader [51].

The m-fold tensor product X; ® --- ® X,, of the Banach spaces X, ..., X}, can be con-
structed from the elements of the space L(Xj, ..., X,,)*. For given z; € X;(1 < j < m) we
define a linear functional 77 ® - - - ® x,,, € L(X7, ..., X;,,)* by the formula

(xl K- ® ZEm)(A) = A(l‘l, ...,J]m), Ae L(Xh ,Xm)
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Definition 1.2.6 The tensor product X1®- - -®X,, is the subspace of L(X7, ..., X,,)* spanned
by all elements 11 ® - -+ ® x,,, where x; € X;(1 < j < m).

Thus, the typical element of X; ® --- ® X, is of the form
u=Y Nay @ @ Ty,
i=1

where m € N, \; € K, zj; € X; (1 <i<n)(1 <j<m). Note that the representation of u
is not unique.

Tensor products satisfy the following universal property.

Theorem 1.2.7 (Linearization of multilinear operators) Let X,..., X, andY be Ba-
nach spaces. For every m-linear operator T : X1 X --- X X,,, — Y there exists a unique

linear operator T, : X1 ® -+ - ® X,, — Y satisfying
T, (1@ Q) =T (x1,...,Tm),
for every x; € X;(1 < j <m).

The space L (X1,...,X,,;Y) is isomorphic to L (X; ® --- ® X,,,;Y) through the corre-
spondence 1" <— T7.

Reasonable crossnorms and tensor norms

A. Grothendieck introduced the notion of reasonable crossnorm, and defined the greatest
crossnorm and the least reasonable crossnorm: the projective and the injective tensor norms,

respectively.

Definition 1.2.8 Let X4, ..., X, be Banach spaces. We call that a norm, o on X1 ®---®X,,

15 a reasonable crossnorm if it has the following properties:
1) For any z; € X;(1 <j <m),
a1 @ @xm) < [loafl - [lem]]-

2) For each x} € X;(1 < j <m) the linear functional 131 ®- - @z}, € (X1 @ - ® X, )"
defined by

n

R (u) = Z (T, 1)+ (Toniy Tpy)

i=1

foru=> 11,0 - Qxm € X;® - ® X, is continuous and
i=1

o7 @ - - @[] < il - - [l

We denote by X; ®, -+ ®q X, the m-fold tensor product of Banach spaces X;,..., X,,
with the norm «, and X1®y - @y X, for the completed X| ®q - Qo Xin-

10
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The greatest and least crossnorms

Of special interest are two reasonable crossnorms: the least reasonable crossnorm and the
greatest reasonable crossnorm. We will now present an overview of each.

1) The projective tensor product

Definition 1.2.9 Let X1,...,X,, be Banach spaces. The projective norm on X1 ®...R X,,
15 defined by

W(u)Zinf{ZquH“'meiH :uZZ:vu@---@xmi€X1®---®Xm},
i=1 i=1

where the infimum is taken over all possible representations of u as above.

Obviously 7 is a norm on X; ® - - - ® X,,,. Furthermore, 7 is a reasonable crossnorm and

is the greatest reasonable crossnorm.

Proposition 1.2.10 Let X4, ..., X,, be Banach spaces. Then w is a norm on X1®---®X,,.

Moreover:
1) m(21®...Qxp) = ||z1]| ... [|xm] for all z; € X;(1 < j < m).

2) If x5 € X;(1 < j <m) then, the linear functional 27 ® - @z, € (X1 ®@ -+ @ Xpp, )"
18 continuous and

[27 @ - @@yl = =il - - |l -

we denote by X; ®; - -+ ®, X,, the m-fold tensor product of Banach spaces Xi,...,X,,
endowed with the projective norm 7, and X1 ®; - - - ®,X,,, for the completed projective tensor

product of Banach spaces X1,..., X,,.

2) The injective tensor product

Definition 1.2.11 Let X,...,X,, be Banach spaces. The injective norm on X1 ®---® X,,
18 defined by

n

e(w) = sup > (i, a}) - (@i 25|

vj€Bxx i
1<j<m

where Y x1; @+ -+ @ Ty 15 any representation of u € X1 @ -+ @ X
i=1

Obviously, € is a norm on X; ® - - - ® X,,. Furthermore, € is a reasonable crossnorm and

is the least reasonable crossnorm.

Proposition 1.2.12 Let X,..., X,, be Banach spaces.

11
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1) e(u) < w(u) for everyu € X1 @ -+ @ X,,.
2) (@1 @ - Q) = ||z1|| -+ - |wm|| for every z; € X;(1 < j < m).

3) If z € X;(1 < j <m) then, the linear functional 17 @ --- @z}, € (X1 ® -+ @ Xy, €)"
s continuous and

o7 @ - - @[l = [zl - - [zl

We denote by X ®. -+ ®. X,, the m-fold tensor product of Banach spaces X,..., X,,
with the injective norm ¢, and X;®, - - - ®.X,, for the completed injective tensor product of

Banach spaces X1, ..., X,,.

Proposition 1.2.13 [51, Proposition 6.1] A norm a on X; ® --- ® X, is a reasonable

crossnorm if, and only if,

e(u) < a(u) < w(u),

forallue X1 ®---® X,,.

1.2.2 Multilinear operator ideals

Definition 1.2.14 An ideal of multilinear operators (or multi-ideal ) is a subclass M of all
continuous multilinear operators between Banach spaces such that for all m € N and Banach

spaces X1, ..., X, and Y, the components
M(Xq, o X3 V) = L(Xq, ., X Y) N M
satisfy the following conditions:

(i) M(Xy,..., X:n;Y) is a linear subspace of L(X1, ..., X;n; Y) which contains the m-linear
operators of finite type.

(ii) The ideal property: If T € M(Gy,....,Gm; F), uj € L(X;;G;) for j = 1,...,m and
veEL(FY) thenvoT o (uy,...,up) s in M(Xq, ..., Xm;Y).
If ||l.{|m : M — RT satisfies

i) (M(X1,yoory Xin; V), |-l is a normed (Banach) space for all Banach spaces X1, ..., Xy,
and Y and all m;

(i) |7 K™ = K:T"™(x1, ooy ) = T1 - T ||pg = 1 for all m,

(") if T € M(Gy,...,G; F), uj € L(X;,Gj) forj=1,...,m and v € L(F;Y) then
oo T o (uy, -y um)laa < [OIITpalluall - umll,

then [M, ||.||m] is called a normed (Banach) multi-ideal.

12
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The representation of multi-ideals by tensor norms

Definition 1.2.15 [12| We say that a tensor norm « of order m + 1 represents the multi-
ideal M if M (X1,..., X0 Y*) and (X1 Q4 -+ Qo Xin @0 Y)" are isometrically isomorphic
under the canonical operator defined by
T M(Xy, o, X YY) — (X @+ @ Xy R0 YY)
THYT) (1@ Qr,y)=T(x1,...,2m) (y)

for all m € N and all Banach spaces X1, ..., X, Y.

Theorem 1.2.16 (Uniqueness of the representation) |12, Theorem 2.5| The tensor norm

that represents a given multi-ideal, if any, s unique.

Proposition 1.2.17 Let X;,...,X,, and Y be Banach spaces. Then we have the isometric

1somorphism identification.
L(X, X3 Y)=(X1 Q7 Q; X @, V)"
A few illustrative examples of tensor norms representing multi-ideals are provided below.

1) o-Nuclear multilinear operators

The multi-ideal space of o-nuclear multilinear operators between Banach spaces was
introduced by G. Botelho and X. Mujica in [13] as a natural multilinear extension of the

classical ideal of o-nuclear linear operators |15, Definition 23.2.1].

Definition 1.2.18 An operator T : X1 x --- x X,, = Y s called o-nuclear if T can be

written in the form

T:ZAnaf{n@--@x;n@ym

where (A\n)oe; € loo, (23 ) C X;(1<j5<m) and (yn),—, CY, satisfy

jn

sup <Z| xhxln l’m, mn) <yn,y >‘) < 0

ijBXj
y*EBy*

lim sup <Z| ‘r17I1n ’ xm? mn) <yn7y >‘) =0.
n=k

k—o0 fE]eBX
Yy EBy*

and

13
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The o-nuclear norm is defined by

17| := inf q [[(An)Zy o s (Z! L1, T 1) Ty Ty ) (Y Y >|) :
y EBY*
where the infimum being taken over all the o-nuclear representations of 7. The Banach
space set of all o-nuclear multilinear operators is denoted by £, (X1,..., X,,;Y).
It X7,..., X have the bounded approximation property, the multi-ideal of o-nuclear
multilinear operators from X; x --- x X, into Y is isometric to Xf@a e @UX;;L@UY, such
that

o(u) = inf § [[(A)izy [l S <Z! 1, 255) - Ty D) (i ¥ >!)
EBy*
where the infimum is taken over all representations of v = Y Nzl ® ... Q@ 2. Q@ y; €

i=1
XI® - X,QY.
2) p-Semi-integral multilinear operators

R. Alencar and M. Matos |7] introduced semi-integral multilinear operators as a natural
extension of the class concept of p-summing linear operators to the multilinear case. This

concept was immediately extended to p-semi-integral multilinear operators,( 1 < p < 00),
by E. Caliskan and D. M. Pellegrino in [17].

Definition 1.2.19 We say that T € L(Xq,...,X,,;Y) is p-semi-integral if there exists a
constant C' > 0 and a regular probability measure j1 on the Borel o-algebra of Bxx X -+ - X Bx:,

endowed with the weak™® topologies o (X]’-*,Xj), (1 < j<m), such that

1/p
1T (z1, -+ s am)| < C (/ (w1, 27) -+ (@, 2) [ A (l”’{»---,f’?;))
Byx XX Bxx
for every z; € X;(1 < j <m).

The infimum of all such constants C' is denoted by ||T'||s;,- We denote this class of
operators by Lg, (X1, -+, X3 Y).

It is well known that Ly, is a multi-ideal (see|[17]). Whenever p > 1, the representation
theorem ensures that the space of p-semi-integral multilinear operators between the Banach

spaces X; x -+ x X, and Y is isometrically isomorphic to (X; ® --- ® X,,, ® Y, )", where

ap(u) = [[(Ai)i

1/p
SUP (Z‘ T1i, T7) xml)'xm>|p> 1(v7)i- 1Hgoo (Y*)

1<]<m

14
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and the infimum is taken over all representations of u = > Az, ® ... @ T Qy; € X1 ®

i=1
X, QY.

3) Cohen p-nuclear Multilinear operators
D. Achour and A. Alouani extended in [!] the notion of Cohen p-nuclear linear operators
introduced by J. S. Cohen in [20] to the case of the multilinear operators.

Definition 1.2.20 An m-linear operator T : X; X --- x X,, — Y is Cohen p-nuclear
(1 < p < o0) if there is a constant C > 0 such that for any x;1, ..., 2, € X;, (1 <j<m),

and any yi,...,y, € Y, we have
1/p n 1/p*
<C sup (w15, 27) -+ (@i, 2P sup Yyt
75 €Bxcx Y EBy s« \j=1

1<j<m

n

> AT @16,y i) 7))

i=1

NE

=1

(1.4)

The class of all Cohen p-nuclear m-linear operators from X; x --- x X,,, into Y, which is
denoted by V)" (X1,...,X,,;Y), is a multi-ideal ( see [1]) with the norm || - ||, 5, which is
the smallest constant C' such that the inequality (1.4) holds. It is worth to observe that, in
particular,

N (X1, X K) = Ly (X1, -0, X K.

The representation theorem ensures that the space of Cohen p-nuclear multilinear op-
erators between the Banach spaces X; x --- x X, and Y™ is isometrically isomorphic to
(X1 ® - ®X,, ®Y,w,)", such that

1/p n 1/p*
wy(u) = [[(M)izy S (Z!xu,xl xm@,xm>)\p> sup (ZI(yi,y*Hp) ,

y*EBy* i—=1
1<]<m

n
where the infimum is taken over all representations of v = Y Nz, ® ... Q@ Ty @ y; €

X1®--0X,QY.

15
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Weakly p-nuclear multilinear operators

Introduction

The introduction of tensor products into the field of functional analysis took place in
the late 1930s, through the contributions of Murray, von Neumann, and Schatten [10, 54].
However, it was Grothendieck who truly found the extensive set of properties associated
with tensor products. His seminal work, titled "Résumé de la théorie métrique des pro-
duits tensoriels topologiques" |30], which involves studying Banach spaces in terms of their
finite-dimensional subspaces. Furthermore, Grothendieck’s work confirmed the content of
employing tensor products in the theory of normed spaces, contributing greatly to the de-
velopment of a fruitful theory of duality.

In 1968, Lindenstrauss and Pelczyiiski, in their work " Absolutely summing operators in L,
spaces and their applications”|39] introduced some important connections and applications
to the theory of absolutely p-summing operators, formulating results presented in the terms
of certain the tensor norms by Grothendieck into properties of operator ideals.

The theory of tensor norms evolved into an interestingly and significant field in itself.
Notably, Defant and Floret, through their renowned monograph " Tensor Norms and Op-
erator Ideals"|25] established a crucial connection between the theory of tensor products
and the theory of operator ideals. In their work, they illuminated the idea that these two
theories are closely related, as they were two sides of the same coin. This realization had
a lasting impact, leading authors to smoothly utilize both tools. This approach has been
further explored in various other books |23, 51].

These studies allowed for more effective solutions to certain problems, particularly in the
theory of duality. For instance, in the work of M.C. Matos [11], a tensor norm is established
such that linear operators on the tensor product that are continuous with respect to this

norm correspond to the class of nuclear multilinear operators.

16
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2.1 Characterizations of the space of weakly p-nuclear
multilinear operators

A large number of research has been done on multilinear generalizations of operator ideals.
Now, we introduce the following concept as a version of the extension of the ideals of weakly
p-nuclear operators to the multilinear setting and then show that the normed space that has
been constructed is a Banach ideal of multilinear operators. The findings presented in this

section constitute a significant aspect of the results outlined in our research paper [34].

Definition 2.1.1 For 1 < p < oo, we say that a multilinear operatorT : X1 x---x X,, =Y
1s weakly p-nuclear if there are sequences (x;‘n) C X, forj =1,...,m, and (Yn)rey €
ly (YY), such that

T:Zﬁn(}b--‘@xi‘nn@yn,

and

1/p
Sup <Z| x1,2§1n ' xm7$mn>|p> < Q.
n=1

CIZ]'EBXj
1<j<m
&)
In this case we say that ) 2}, ® --- ®@ 2, ® y, is a weakly p-nuclear representation of

n=1
T and define

1/p 00 1/p*
7|, == inf ¢ sup (lewln zm,xmnﬂ’”) sup (Z\(ymy*ﬂ”) ,

z;€EB X; y*EBy* n=1
1<5< m

with the infimum taken over all weakly p-nuclear representations of 7.
We write Ny (X1, ..., X;n; Y) to denote all weakly p-nuclear operators from X; x - -+ x X,
into Y.

Theorem 2.1.2 For1 < p < 0o, [Ny (X1, ... X003 Y) L ||-lln,] 8 @ Banach ideal of m-linear

operators.

Proof. First, let us show that [Ny, (X1,.... X Y),||-|lxv,] is always a normed space.
Whereas this is obvious for p = 1, the statement that T} + To € Ny (X1, ..., Xin; Y) and
1Ty + Tol|nvy, < TNy + | T2]| N, Whenever Ty, Ty € Ny (X1, ..., X3 Y) requires proof if
1 <p<oo.

17
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Consequently, fix ¢ > 0 and choose representation T} = Z 95;511)1 - ® xz(m) ® Yon—1
and Ty = Z xQn - ® x27(1 ™) & yan such that
oo , 1/p
sup ‘<x17$2n 1> <$max2£m)1>‘ < | Tillne, +€
xjeBXj n=1
1<j<m
00 » 1/p
sup (Z )<x1, x;S)> e <1‘m, ;p;gm)>‘ ) < |73\, + €
LL‘jEBXj, _
1<j<m
and. || (y2n)[le, . ( ) = [[(y2n-1) e, (v ) = 1. Fix r,s > 0 arbitrarily and define (g,) €

gp*,w(Y) by y2n =S5 y2n and anfl =71 y2n717 by
T ® - QT = sxh, @ @

and

~*(1 ~*(m *(1 m
2£L )1 K- 9522_)1 = 7“$2,(1_)1 Q- Q& xz( )

(z\<xbf;m>--.<xm,f;<m>>r) - .o (z\<wzsn>-~<xm,xzsna>
=1 n=1

p>+

JZ‘]'GBXj IJ'EBXj
1<j<m 1<j<m
o0
P *(1) w(m)\ [
sP sup T1, Toy, Ty Top,
i €Bx; \ =1
1<j<m

IA

(1Tl nv, + €7 + 8”12l np, + €)°

and

* *

p 1 p
ep*,w(y)> + (g [ (y2n),, ep*w(Y))

Writing 1) + T = Z We...0amg U, we see that Ty + T3 is weakly p-nuclear with

*

p
Gy (Y )>

IN

(1),

(3 M0,

—m* —m*
= r P 457,

Lpx 1 (Y)

00 1/p
1T + T2y, < sup <2\<x1,:z;<1>> (@, nm>>\> 1 (5),0]

*

! N P 1 p*
D z;eBx; (;K 1 < >| D 1(Gn) ’ep*,w(y)
1<j<m
Tp T_P* Sp S_p*
< ST, + e+ — 4 (I Tella, +07 + =

18
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With, r = (|71 Nop +€) 7P we obtain

Nup +€) 7P and s = (|| T|

To show that [Ny, (Xi1,...,Xm;Y), |.[ln.,] is complete, let (7;) be a sequence in
Nup (X1, .+, X3 Y) such that > || Ty, < oo. Then 3~ [|T]| < oo too, and such that
k=1 k=1

T =3 T exists in L(X7,..., X;n;Y). We shall show that T' € Ny, (X1, ..., X3 V).

k=1
We consider (Jys) a sequences of real numbers, given by

M
Ju=|D) T , MeN
k=1 pr
Thus,
M oo 1/p M oo 1/p
Jy = inf sup Z Z ’<:1:1,xkfi)> . <xm,xk(n )> sup Z Z IS ykmy .
Ti€EBX; \ k=1 n=1 v EBy* \ k=1 n=1
1<j<m

Then, there exists a sequence (ag,) in ¢y, and (by,) in ¢,. Moreover, || (akn)

and || (bgn) ||, = 1. Hence
M
sup

M | oo
Jy = inf sup (Z Z A <x1, xz(i)> . <l’m7 xz(;n)>
We can see that (Jy/) is a bounded increasing sequence then (.Jy) is convergent.

p*zl

).

Z bk,n <yk,n7 y*>

n=1

€Bx; \ =1 | n=1
1<j<m

letting M — oo, we conclude that

- ||T||pr < 0.
Nuwp

This completes the proof. m

Proposition 2.1.3 Let 1 < p. A multilinear operator T : X1 x -+ x X,, = Y is weakly
p-nuclear, then T has a factorization T = R o S, such that S € L(X1,...,X:n;¢,) and
R € L(¢,;Y). Moreover, ||T|x,, > inf ||S]| || R].

Proof. Assume that T is weakly p-nuclear and let »_ zf ® - -®xF  ®uy,, with (:L‘;‘n)zozl C

X7, for j=1,..,m, and (Yn)rey € Lpw(Y) be a weakly p-nuclear representation of 7' . Let
St Xy xoox Xy = by, (21,0, T) = (27, (1) 2 (X)),

R: l, =Y, (Sp)n — Z Snln.
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Then, we see that [[S]| < sup [[(@f,(21) -~ hun(@m))ullg, and (1B = [n)nlle,. .0,
x;€ .
1]Sj§):7]l
and the following diagram is commutative
Xy X oo x X, — Y
\ A{
gp

This completes the proof. m

2.1.1 Connection with tensor products

The aim of this subsection is to obtain characterizations of the space weakly p-nuclear
multilinear operators as the space of the tensor product (Xf@ e @X;@Y, wp) up to an
isometric.

We consider tensor norm and associate it with an operator ideal. Let us define a cross
norm wy(.), ( 1 < p < 00), on the tensor product X; @ --- ® X, ® Y as follows: If u €
X1 ®--® X, ®Y then

1/p n 1/p*
wp(u) = nf ¢ [(A)isy[len sup (len,xl xmz,xm>|”) sup (Zl%y*ﬂ”) :

@ €Bxx Y E€By+ \ i
1<j<m

where the infimum is taken over all representations of u of the form
u:zn:/\ixm@---@Imi@yu
with (z;;)7, C X; (1 <j<m)and (y;), CY.
Proposition 2.1.4 If X;, ..., X,, are finite dimensional, then
1Tl > wp(T),
for everyT € L (Xy,..., X3 Y).

Proof. By supposition there is a constant C' > 0 such that w,(T) < C||T|n,,, let
TeLf(Xy,....,Xmn;Y) and € > 0, we choose a representation

such that
n—1 1/17 n—1 1/p*
* * €
;[;-SeuBlz( <Z|<$1,$11><Im,$mz>|p> ysequ* (Z| Yi, Y ) S (1+§)I|T||pr
J i \i=1 Y i=1
1<j<m
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In particular, for each n € N,

n—1 n—1 1/p n—1 1/p
wp [ Y whi® - @an @y | < sup (Y (@ ady) - (@, an) P sup (> [winy)I?
i=1 z;€Bx; \ ;21 y*€By« \ %
1<j<m

€

For a sufficiently large n € N we can write

oo
Z$Ti®"'®xfni®yi
i=n

pr x]ii}:n =n i=n
€
< —||T

It follows that

1T (| vy, + €

B ini@)'”@x;i@yi

)
< (1+35) 7]

Nosp

€
/\/wp + §HT”pr = (1 + €>HTHpr7

and as this holds for every € > 0, the result follows. m

Proposition 2.1.5 If T € Ny, (X1, ..., X,;Y) and S; € Ly (Dy; X;), for j =1,...,m, then
wp (T 0 (51, -, 5m)) < N[ wy 15111+ 150l -

Proof. If J; denotes the natural injection of S; (D;) into X, we can write S; = J; 0 S},
with ( Sl = 115, Hence,

To(Ji,o,dm) € L (S1(D1),.e; S (D)3 Y) .

Now, we apply Proposition 2.1.4 and property ideal in order to have the result proved. m

Proposition 2.1.6 If X7, ..., X have the bounded approximation property, then
1T x> wp(T),

for every T € Ly (X, ..., X;n; Y).
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Proof. We note that the operator T} € £ (X;; L(X;; £ (X1, ..., Xjo1, Xji1, .. X3 Y))), de-
fined by

Ti(x) (1, ooy Tj1, g1y ooy ) = T (T1y ooy Tjm1, Ty Tty ooy T

is finite type. Since X7 has the Aj-approximation property for some A; > 1, for each € > 0,
we can find S; € L7 (X;; X)), such that T; = T; 0 S; and [|.5;|| < (1+€)A;. Therefore, for all

x; € X;, with j =1, ...,m, we have
T (z1,.y o1, S5 (25) , Tjq1, ooy T) = T (X1, ooy Bj1, By T,y ooy T -
Now, we can write
T(x1, .y @) =T (S1(x1) ..o, S (T0)) -

for all z; € X;(1 < j <m). Thus, by Proposition 2.1.6, we have

wp(T) < Tl w1501 - (1S
S ”THpr)‘l)‘m

Hence
wp(T) < )\1--->\mHTHpr-

With the same argument used in the proof of Proposition 2.1.4 , we finally have:

This completes the proof. m

Corollary 2.1.7 If X7, ..., X have the bounded approximation property, then
Nup (X1, o0, X} Y)

and (Xf@ L RXERY, wp) are isometric.

2.2 The dual of N, (X1, ..., X,;Y)

In this section, our main goal is to find a class of bounded linear functionals that
represent the space of weakly p-nuclear multilinear operators. To get started, let us identify

the following class of multilinear operators that will fit our purpose.
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CHAPTER 2. WEAKLY P-NUCLEAR MULTILINEAR OPERATORS

2.2.1 Quasi Cohen p-nuclear multilinear operators

Now, we present the class of quasi Cohen p-nuclear multilinear operators for (1 < p).

Definition 2.2.1 A multilinear operator T : Xq X --- x X,,, = Y* is quasi Cohen p-nuclear
(1 <p) if there is a constant C > 0 such that for any x;1, ...,z € X;(1 <j <m) and any
Y1, .-, Yn €Y, we have

n

Z <yl, T ([Eh‘, ceey xmz))

=1

n 1/p n 1/p*
<C sup (Z|<xu,xi>---<xmi,x;>|p) sup <Z|<yi,y*>|”>
i=1

vj€Bxx v EBy+ \ i1

1<j<m

(2.1)

The least constant C' for which this inequality (2.1) always holds is denoted by [|T'[| v, -
We shall write NVy) (X1, ..., Xin; Y*) for the Banach space set of all quasi Cohen p-nuclear

multilinear operators.

Remark 2.2.2 [t is easy to see that N} (X1,.., Xm;Y™) C Ny (X1, oy Xy V) with
| - ||Nq(p> < |- llp,n for every Y and that Ny (X1, ..., X0 Y*) = /\/;Dm (X1, .o, Xon; Y*) isomet-

rically for reflexive Y .

Domination Theorem

The main feature of the class quasi Cohen p-nuclear multilinear operators is that it enjoy

a Pietsch domination theorem. For the proof, we will use Ky Fan’s lemma [22].

Lemma 2.2.3 (KY FAN’s) Let E be a Hausdorff topological vector space, and let C be
a compact convex subset of X. Let M be a set of functions on C with values in (—o0, 00]

having the following properties:
(a) each f € M is convex and lower semicontinuous.
(b) if g € conv(M), then there is an f € M with g(x) < f(x) for every x € C.

(c) there is an r € R such that each f € M has a value not greater than r. Then there is
an xg € C such that f (xzo) < r for all f € M.

Theorem 2.2.4 ForT € L(Xy, ..., Xn;Y") and 1 < p, the following conditions are equiva-

lent:

(i) The operator T is quasi Cohen p-nuclear.
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(ii) For all zji,..., x5 in X; (1 <j<m)andy,...,y, inY, we have

n 1/p
Z|<y27T(x1’L77xml)>| < C sup (Z‘ 131“371 'rm’mxm>|p> X
=1

I;EBX; i=1
1<j<m
n 1/p*
sup (Zl@ﬁ,y*)p) : (2.2)
y*€By+ \ ;1

(iii) There exist Radon probability measures p; € C (BX;)* (1<j<m)and X € C(By:)"
such that for all (xq,...,2,) € X3 X -+ x X, andy €Y

T (1, |<0H||x]|| 1 (g 0) W0 () (23)

Proof. The implication (i) = (ii)Easily results from equality (1.1).

The implication (ii) = (iii). The proof was inspired by [2|. Let the sets P (B X;) (1<
j < m), and P (By+) of probability measures in C <B X;,«) and C (By+)", respectively. These
are convex sets which are compact when we endow C <B X;) and C (By+)" with their weak*
topologies. By apply Ky Fan’s lemma with £ =C (BXI‘)* X xC (BX;;L)* x C (By+)* and
C = P<BX{‘) X oo X P(Bx;«n) X P(By*)

Consider the set M of all functions f : C — R* for which there exist zji,...,2;, €
X;(1<j<m)anduy,...,y, €Y such that

F(pay ey fmy A) Zl Yir, T (214 oy Trni))| — _ZH/

i=1 j=1
——*Z/ (i, y)I” dA ()
b JBys

for all (u1, ..., ptm, A) € C. It is clear that all such f are continuous and affine and that the set

(5)

M is a convex cone and consequently conditions (a) and (b) of Ky Fan’s lemma are satisfied.
For condition (c), since Bx: and By- are weak* compact and norming, there exist for

f € M elements z/ € B x: and yj € By- such that and
sup (ZK?JM*)I” ) = vl
v eBy \i=1 i=1

Using the elementary identity

aff = inf {1 (g)p + Z%(eﬁ)p*} , Yo, eRY,

e>0p€

24



CHAPTER 2. WEAKLY P-NUCLEAR MULTILINEAR OPERATORS

we find by taking

1/p
1/p*
P
a = Sup xlmx xmla X ) Sup Yi, Y
s 3l 0 (z| )
1<]<m
and € = 1 that
n C n . ..
f <6x617 ceey 5x8m7 5@/0) = Z ‘(yza T ('Tliv 7$mz>>| — — Sup Z ‘<$liyx1> te <xmz7$m>|
i=1 P ajeBy: \i2

1<j<m

— —, Sup | Yis Y

p y EBY (ZZI )

< Z (Wi, T (%13, -0 Tmi)) |
=1

n l/p n ]-/p*
—C sup (Z (15, 27) - - - (xmi,xfnﬂp) sup (Z [(yi, y) I ) ;
=\ i=1

y*EByx

where ¢, is the Dirac measure at x. The last quantity is less than or equal to zero (by
hypothesis (ii)) and hence condition (c) is satisfied with » = 0. By Ky Fan’s lemma, there

i (1, ooy phms A) € C with f (f1, .oy pim, A) < 0 for all f € M. Then, if f is generated by the
single elements (x1,...,2,) € X1 X -+ X X, andy € Y

m,mw,\<_n/

Fix e > 0. Replacing z; by e‘l/mxj, y by ey and taking the infimum over all € > 0, we find

(7)) + ;/BY*K%Z/*HP*W\(Q*)-

1/p p

1 e . .
- ”/ ‘<%a””j>‘pdﬂj (%) /€
p j=1" Bxx

. ( (/ )l <y*>)w>p

- 1/p
<cC H / <‘”9’ J>
j=1 Bx.

@) (/ )l <y*>)1/p*.

Now, we prove that (iii) implies (i). Let (1;,...,Zmi) € Xi X --- X X, and y; € Y. By
inequality (2.3), we have for all 1 < i < n, and

<ZH|I:B]ZI| ( o ) il By~ ) -

=1 j=1

[y, T (21, s )|

IN

T

_I_

$1ia (XS] ijz

=1

25
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Using Holder’s inequality, we get

n

Z <y“ T (ZEU7 ceey mmz))

= 1/p n 1/p*
(ZHH%ZH ( »w)) <2|’y:||Lp*(By*,A)p*>

i=1 j=1

1/p
BX*X XBX*
1/p*
(Z | oy anty ))
By
1/p

n 1/p*
S C Sup Z| gjlhxl $m17$m>|p sSup (Z |<y17y*> P ) :

LE EBX* i=1 y*GBy*
1<]<m

Thus, T" is quasi Cohen p-nuclear and |||, <C. =

In [13], G. Botelho and X. Mujica introduced the notation L4 (X1, ..., Xpm; Y™) to repre-
sent the space of quasi 7(p)-summing multilinear operators. We are able to use the Pietsch
Domination Theorem for quasi 7(p)-summing multilinear operators, to establish a com-
parison between the classes of quasi 7(p)-summing multilinear operators and quasi Cohen

p-nuclear multilinear operators.

Corollary 2.2.5 Let X, ..., X,, be Banach spaces . For every Banach space Y, we have

,CqT(p)(Xl, D, g, Y*) - ./\/:J(p)<X1, ey X Y*), 1<p<2
NQ(Z?)(Xh L) Xm; Y*) - ‘Cq‘r(p)(le sy Xm; Y*), 2 S p
The following result shows the topological dual of space of weakly p-nuclear multilinear
operators can be characterized as the space of quasi Cohen p-nuclear multilinear operators,

up to an isometric isomorphism.

Theorem 2.2.6 If X7,..., X}, have the bounded approzimation property, then, for every
Banach space Y and 1 < p < 00, the space [Noyp(X1, ..., Xon; Y)|" is isometrically isomorphic
to Ny (X7, ..., X0 Y).

Proof. Given ¢ € [Nyp( X, ..., Xon; V)|,

©: Nup(X1, o, Xy Y) = K

i=1
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we define
S X{x--x Xy —  Y*
(27,...,25,) = Sy (27, ...,zy,) 0 Y —K

In order to prove that S, € Ny (X7, ..., Xp;Y¥), let n € N, x5,..., 25, € X7, (1 <
J<m), y1,...,yn €Y. So,

Z Se (27, @ @) ()
i=1

=D e e, o)
=1

= @<Z$Ti®”'®x;i®yi>
i=1

< lleell-

Ty @ Yi

Nuwp

<tot s (STlHesor) ap (Sioe)

i=1 j=1
1<j<m

proving that S, is quasi Cohen p-nuclear and [[S,||x;,, < [l¢]l-

Conversely, given S € Ny (X7, ..., X5 Y™),
S X x-ox X — YT
(], ., xr) = S(x],..,zn): Y —K
y =S (@, ,) (y)
We define
Tg: X{x---xX) xY —K, Tg(ai,...,xr,y) =95 (z],....,z5,) (y).

It is plain that Ts is (m + 1)-linear, so, having in mind that X; ® --- ® X} ® Y =
Lf(Xy,...,Xm;Y), by the universal property of the tensor product there exists a linear
operator Ts : Ly (X7, ..., X;;Y) — K such that

for all 25 € X7(1 <j <m), y €Y. Now we shall prove that 7s is continuous with respect
to the norm ||-||x,,. Given e > 0and T € Ly (X1, ..., X;;Y'), by definition of the norm w,(.)

n
we can choose a representation 7' = )z}, ® - - ® x}, ® y; such that

=1
n m 1/p 1/p*
Sequ (Z H ‘<x]7x;z>|p> sup (Z | Yi, Y ) < (1 + G)WP<T)'
Ti€EX; \i=1 j=1
1<j<m
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Therefore,
I Ts(T)] = |Ts <Zx1}- ® @, ®yi>
i=1

i=1

1/p n 1/p*
<115l - sup (ZH} M”) sup (Z|<y,~,y*>|p*)

K
i=1 j=1 Yy E€Byx \ i1

1<]<m

< 15w,y (1 + € (T).

As this holds for arbitrary e > 0 and the spaces X7, ..., X}, have the bounded approxi-

mation property, by invoking Proposition 2.1.6 we conclude that

Ts(D)] < 1151w - wo(T) = 151w - 1T NI

So, Ts € [Ly(Xu,, X3 V), |- I, )" and [ Ts < [ISllng,- As Ly (X, oy X3 Y) s
| - [|a,,-dense in Ny, (Xq, ..., X;n;Y), there is a unique norm-preserving continuous linear
extension ¢g of Ts to the whole of Ny, (X1, ..., Xmm; V). In particular, [los|| < [|S]|x;,,, and

for T = Z l’i ®- R x:m KY; € pr (Xla 7X’m7Y)7
=1

Z ZBIZ o mz®yl ZS xlz" 5 L (yl)

From the expression above it follows easily that the correspondences ¢ — S, and S — ¢g
are each other’s inverse in the sense that s, = ¢ and Sy, = S for ¢ € [Ny, (X1, ..., Xp; V)|
and S € Ny (X7, ..., Xprs V™). The equality ||Sy|lx;,,, = ll¢ll completes the proof. m

The forthcoming corollary is just a combination of the theorem above with Definition
1.2.20. In the previous theorem if we take Y = K. Then

Corollary 2.2.7 If X7,..., X}, have the bounded approrimation property, then

Wap (X1, ooy X" = Lsip (X5, ..., X7)) isometrically isomorphic.
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Chapter

Weakly p-nuclear polynomials

Introduction

Much research has been done on the notion of m-homogeneous polynomials generaliza-
tions of well-established operator ideals, (see, for instance, [2, 5, 18, 32]). Many previous
studies have followed a similar approach, focusing on the same properties found in the space
of multilinear operators. Thus, this leads us to think in this direction, following the nat-
ural approach, in this chapter, we propose to construct the class of the weakly p-nuclear
m-homogeneous polynomials, we prove that the class of weakly p-nuclear m-homogeneous

polynomials is a Banach ideal of polynomials.

3.1 Homogeneous polynomials

We begin by studying, the relationship between symmetric m-linear forms and m-

homogeneous polynomials.

Definition 3.1.1 (Symmetric multilinear operator)
Let 33, the Banach space set of all permutations over {1,...m}. We say T € L("X;Y) is

a symmetric m-linear operator if
Too(x1, . ¥m) =T (Xo(1), o, Togm)) = T(X1, . Trn)
forall o € ¥, and x4, ...,z,, € X.

Definition 3.1.2 An operator P : X — Y is an m-homogeneous polynomial if there exists

a unique symmetric m-linear operator P:Xx--xX =Y such that

P(z) = P(z,™,z), (x€X).
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We denote by P("X;Y') the Banach space of all continuous m-homogeneous polynomials

from X into Y endowed with the norm

1Pl = sup{|P(x)]| - fl=f] < 1}
= inf{C:||P(z)|| < C|z||" z € X}.

The next proposition shows that there is a relationship between the norm of an m-

homogeneous polynomial and the symmetric m-linear operator associated.

Proposition 3.1.3 [11, Theorem 2.2] For each P € L ("X;Y), let P € P ("X;Y) defined
by P(z) = ﬁ(m, (M) 2) for every x € X. Then

(a) The operator P > P induces an isomorphism between £ (™ X Y) and P ("X;Y).

(b) We have the inequalities
~ m™
121 < 1B] < 2P|

for every P € L (™X;Y).

According to |11, Theorem 1.10], we have the polarization formula
~ 1 n
P(l‘l,...,l'm) :W Z 61...€mP (ZE]{L‘J’) . (31)
ej=%1 j=1
1<j<m

Example 3.1.4 Let X and Y be Banach spaces, ¢ € X*, v € L(X;Y) and m € N.

Consider the operator

P:X =Y
v+ P(z) = (p(2))" " u(z)

Obviously P is well defined. Let us verify that P € P (™X;Y), simply take the operator

A:Xx@? x X — Y given by

A(xy, .oy tm) =@ (1) oo (Tmo) u (24)
for any x,..., 2, € X.

Example 3.1.5 Let X and Y be Banch spaces, let « € X* and y € Y. The operator
P : X — Y defined by
P(z) = a™(x)y

is clearly polynomial. A finite linear combination of polynomials of this type is called a
polynomials of finite type. The vector space of all polynomials of finite type is denoted by
Pr(mX;Y).
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The adjoint of a continuous homogeneous polynomial in the literature by Aron and

Schottenloher in |9], as follows.

Definition 3.1.6 Let P € P (™X;Y), the adjoint of P is the linear operator P* : Y* —
P("X) given by

fory* e Y* andx € X.

It is well known that, (uo P)* = P*ou* for all u € L(Y; Z), where Z is a Banach space.

3.1.1 Symmetric tensor product

R. Ryan, in [51], introduced the projective tensor norm on the symmetric tensor product

of Banach spaces to study homogeneous polynomials.

We use the notation "X = X® ) ®X for the m-fold tensor product of X. By

RTX = X®s o) ®,X we denote the m-fold symmetric tensor product of X, which is the

set of all elements v € ™ X of the form
- (m)
u = ZAZ-:UZ@ S @y,
i=1

where (\;)7;, C Kand (z;), C X.
Let @:WX denote the completed m-fold symmetric projective tensor product of X with

the symmetric projective tensor norm

]| s r = inf {Z Nillli ™, n €N, w=> " A\a; @ - ®xz} :
i=1 =1

It’s worth noting the Universal Property of tensor products as follows.

Proposition 3.1.7 Let X,Y be Banach spaces. For every m-homogeneous polynomial P €
P("X;Y) there is a unique linear operator P, € E(@Z}X; Y), such that the following dia-

gram commutes:
X r Y
Ban X

where 0, : X — @:;X the canonical polynomial defined by

Om(x) = 2® o) .

The operator Py, is called the linearization of P.
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3.1.2 Polynomial ideals

The theory of ideals of homogeneous polynomials started in the 1980’s, mainly with the
works of A. Pietsch [17].

Definition 3.1.8 A polynomials ideal Q is a subclass of the class P of all continuous ho-
mogeneous polynomials between Banach spaces such that for all m € N and Banach spaces

X and Y its components Q("X;Y) :=P(™X;Y) N Q satisfy the following conditions:
(i) Q(™X;Y) is a linear subspace of P(X;Y) which contains the m-homogeneous polyno-

mials of finite type.
(ii) The ideal property: If P € Q(™X;Y), u € L(G,X) andv € L(Y,F) thenvo Pou is
in QMG F). If ||.|lo : @ = RT satisfies
i) [Q(MX;Y), |I-llo] is a normed space for all Banach spaces X and Y and all m,
(ii") || : K—=K: I,(z) = 2™||g =1 for all m,
(iii") if P e QMX;Y), ue L(G,X) and v € L(Y, F) then
[vo Poullg < ol Plloflull™
then [Q, ||.||o] s called ideal of m-homogeneous polynomials.

The case m = 1 recovers the classical theory of Banach operator ideals.

Some examples

Some examples are fundamental and will show up in all of our coming discussions.

1) Cohen strongly p-summing polynomials

The ideal of Cohen strongly p-summing polynomial was introduced by D. Achour and K.
Saadi [7].

Definition 3.1.9 Suppose that 1 < p < oo, and that P : X — Y is an m-homogeneous
polynomial between Banach spaces. We say that P is Cohen strongly p-summing, if there is

a constant C > 0 such that

1/p 1/p*
z| @) yz|<c(znxz|mp) ap (zwz, ) 32)
=1

y**EBy
for every (xi)izl C X and (y)), CY*.
The least constant C' for which the inequality (3.2) holds is denoted by d7'(T'). We use

Peoh—p("X;Y') to denote the Banach space set of all Cohen strongly p-summing polynomials
from X into Y.
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2) Cohen p-nuclear polynomials

The class of Cohen p-nuclear operators 1 < p < oo was initiated by J. S. Cohen in [20]
and generalized to Cohen p-nuclear polynomials 1 < p < oo by D. Achour et al in [2].

Definition 3.1.10 We say that a polynomial P : X — Y between Banach spaces is Cohen
p-nuclear, 1 < p < 0o, if there is a constant C' > 0 such that

1/p n 1/p*
Z! (z:),y7)| < C sup <Z|x mp) sup (Z\(yf,y**ﬂp) . (33)
=1

x EBx* i=1 y**EBy**

for every (x,)ly € X and (y})iy € Y*.

The least constant C' for which the inequality (3.3) holds is denoted by ||T'||, n. We use

b ~(™X;Y) to denote the Banach space set of all Cohen p-nuclear polynomials from X into

Y.

3.2 Weakly p-nuclear polynomials

In this section, we present details of the findings from our article [35]. We start by intro-
ducing the concept of weakly p-nuclear polynomials, which extends the concept of weakly

p-nuclear operators introduced in [37].

Definition 3.2.1 Given 1 < p < oo. A polynomial P € P(™X;Y) is weakly p-nuclear if it

can be written in the form

[M]¢

P(x) = (,an)" Yn, (x € X)

n=1

where (a,) C X* and (y,) € lp (YY) such that

1/p
sup <Z|xan mp) < 00.

IEBX n=1

We use Py, ("X;Y) to denote the Banach space set of all weakly p-nuclear polynomials
from X into Y and define a norm on Py, ("X;Y) by

1/p o 1/p*
Pl = inf sup (zman ) ap (zuyn,y*w) ,

z€Bx \ ;.o Y E€By+ \ ,m1

where the infimum is taken over all such representations of P as above.

Theorem 3.2.2 For 1 < p < o0, [Pn,,, ||-lln.,) 75 a Banach polynomial ideal.
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Proof.
Let Py, Ps,... € Py,,("X;Y) such that Z | Ps ||, < o0, and consider such represen-

tations that for each k, P, = Z At @ Yrn such that

*

- 1/p*
X 1/p
sup (Z [ ") ) <[a+0lPdy,)
y*EBy* 1

1/p
sup <Z |(x, ak7n>|mp> < [(1 +¢€) ||Pk,||pr} /P.

It follows that

oo 00 1/p*
Sup (<yk,n7 y*>):k:1 = Sup Z Z |<yk,na y*> |p
y*EBy* Lox y*EByx =1 n—=1

(%) (e’ 1/17*
. [zmkmy ]
y"€Byx k=1 n=1
«7 1/p*
1/p* v
-/V’wpi|

[ ( (L+€) [ Pl
k=1
1/p*

o0
> 1P,
k=1

IN

=(1+¢)'"

and
r _ p 1/p

1/p 00 00 11/p
<5, (ZZIM“ ) = sup 30| [ e
Ln=1

2€Bx \ k=1 n=1 eeBx jo

- 11
- S 1/p\ P7/P

sup | |, axa)|™

rEBx n=1

WE

([a+aim,] /)]

s 1/p
> 1Py,

k=1

k=1

1/p

8

IA

Lk=1

= (1+e)l/r
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Then, P =3 > a}, ® yrn and

k=1n=1
0o 00 1/p 0O 00 1/p*
sup (ZZ\ T, )| ) sup (ZZ | Yrns ¥ I )
€BXx \ 21 =1 Y EBy+ \ =1 n=1
1/p* 1/p

> 1Py,

k=1

< (14 (14 e)l/P

o
> 1B,
k=1

=1+ [Py, -
k=1

For every € > 0, follows that

[e.@]
1Py <D 1Pkl < 00
k=1

Let Q@ : Xy — X, O :' Y — Y] be a bounded linear operators and a polynomial
P € Py, ("X:Y). We want to show that: OPQ € Py, ("X1;Y1), we have

OPQ(x (Z an(Q n)

n=1
Hence,
1/p o 1/p*
sup ZI Q@)™ ) sup (Y HO(n) v’
z€Bx, n=1 Y GBYI* n=1

00 1/p 00 1/p*
= sup <Z|<Qw,an>|mp> Sop <Z|<yn70*y*>|p*>

IEBXl n=1 y*EByl* n=1

0 QQ’,‘ mp l/p o' O*y* p* l/p*
= mNO*|| su —, Oy v T ARl
QIO e, (Z o) ) e (Z (o) )
o0 m 1/]7 o0 * 1/17*
QQJ P O*y* p
_ QI [0]] sup <— sup g, OV
20\ 2 \al S | 2|\ or

s 1/p 1/p*
< QI 01 sup (Z|<u,an>|mp) sup (ZI Ynr )] ) -
uebx n=1

PEBy

Then, OPQ is weakly p-nuclear and

1OPQlx, < QU™ - 1]y, - O]
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Then, Py, with the norm || - ||, is Banach ideal of polynomials. m
The following theorem shows that weakly p-nuclear polynomial has factorization through
l,.

Theorem 3.2.3 Let X and Y be Banach spaces, and let P : X — Y be an m-homogeneous

polynomial. Then the following are equivalent:
(a) P is weakly p-nuclear.

(b) There exists T € L(X;L,) and Q € P (", Y) such that its associated m-linear sym-

metric application @ € L(™y;Y) is diagonal. the following diagram commutes:

X L Y

N A

1Pl = i ([ - 1T

where the infimum is taken over all such factorizations of P.

In this case,

Proof. (=) Assume that P is weakly p-nuclear. Let (a,), € Crnpo(X*) and (yn)n € pew(Y)
such that

P = f: ay’ @ Yn.-
n=1
Consider
T: X =4, = (ay(2)),
Q: L, =Y, (st f: S Y.
n=1
0o 1/p
Then, we see that || T|™ < sup < <x,an>|mp) and [|Q < [[(yn)nlle,. ,(v), and the

r€Bx \n=1
following diagram is commutative

X P

N

1Pl = i [ QUIT™.

Thus
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()P = QoT. Let (f,),—, be the sequence of coordinate functional a Schauder basis

{en} 2, for £,, we have

o0 oo

T(x) =Y fulT(@) - en =Y (T fn) () - en,

n=1 n=1

and

_5 (z 1) @) e, 37 (T £) (2) )

where (y,,).~, € £p,(Y), and sup (Z <$,an>|mp) < 0.

rze€Bx \n=1

Showing that P is weakly p-nuclear. In addition, we have:

[e.e] l/p o0 l/p*
1Pllns, < sup (Z|<w,an>|mp> sup <Z|<yn,y*>lp>
z n=1

€Bx y*eBy*

n=1
s 1/p o 1/p*
< (Z|<m,T*fn>|mp> ap (zu@(en),y*w)
w€Bx \ .o Yy €8y« \ o1
o0 1/p o0 * ]-/p*
T.I‘ mp Q*y* P
— QI ITI™ sup <—,fn> sup < >
s\ 2 S {2 (e g
< QT

Then,
[Pl < f QU™

Thus completing the proof. m
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3.2.1 Connection with polynomials of finite type

We consider a cross norm wy(.), (1 < p < oo ), on the tensor product ®X @ Y as

follows: if u € "X ® Y then

1/p n 1/p*
wy(u) = inf ¢ [[(A)i= 1||eoo sup <Z!x ”) sup (Z\@i,y*ﬂ”)

*€Bxx* Yy EByx i=1

where the infimum is taken over all representations of u of the form

with ()\0?:1 C K, (.CL',L'>?:1 C X and (yz);n:1 cY.

Proposition 3.2.4 w, is a reasonable crossnorm on "X ®Y and € < w,, where € denotes

the injective tensor norm on QM X K'Y

Lemma 3.2.5 If the norms ||.||x,, and wy(.) are equivalent on Py (" X;Y'), then they coin-

cide on our space.

Proof. Assume that there is a constant ¢ > 0 such that w,(.) < c|| - [[n,, on Py ("X;Y).
Given P € Py (™X;Y) and € > 0, take an infinite weakly p-nuclear representation

such that

1/p . 1/p*
* * €
sup (DM ) sup <Z|<yi,y>|p> < (1+35) 1Pl
Y i

z€Bx =1

In particular, for each n € N,

n—1 1/p n—1 1/p*
Wp (Za?@gﬁ) < sup <Z! T, a;)l p) sup <Z|<y¢,y*>p )

i=1 v€Bx \i=1 Yy EBy~

< (1 —> P
< (1+35) 1Pl

for a sufficiently large n € N we get

o0 1/p 00 1/p*
Za?@yi < sup <Z| T, a;)| P) sup <Z| Yis Y >

rEBx Yy*EByx*

pr = i=n
1/p 0o 1/p*
< sup x,a;)|"™ sup Yir Y
rE€EBx <121| ' ) Yy*EBy* <121| '
<P
< S|Py,
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It follows that

€
< (145) 1P, +

o0
Z a;" @ yi
=n pr

€ €
< (143) 12wy, + 5Pl = (14 1Plc,

And as this holds for every € > 0, the result follows. =

Proposition 3.2.6 If P € Py, ("X;Y) and Q € Ly (D; X), then

wp(P o Q) < [Plln, [1QN™

Proof. Let J : Q(D) — X be the formal inclusion and Q : D — Q(D) be defined by
Q :u— Qu) := Q(u) we can write Q = J o Q . Since each, Qo J € £ (Q(D);Y), where
dim Q(D) < oo, by Lemma 3.2.5 we get

wp(PoJ)=|PoJn, <I[Plrv,llJ™ = IPln,
from which it follows that

wp(Po Q) =wy(PoJoQ) <wy(Pold)Q™ =P

Q™.

./\/w D

Thus completing the proof. m

Proposition 3.2.7 If X* has the bounded approzimation property, then w,(P) = || P||x.,
on Py ("X Y) regardless of the Banach space Y .

Proof.

We give the proof for m = 2, as for other values of m it is similar. Let P € P; (?X;Y). We
know that £(X, X;Y) is isometrically isomorphic to L (X, L¢(X;Y)), by the application
that associates S € L; (X;L; (X;Y) to S € L;(X,X;Y) by

S (x1) (z2) := S (21, 2) .
So, S = P is the symmetric bilinear operator associate a P, note that

5 (l'1> (1’2) = S (l’l, IL‘Q) == S (ZEQ,fL’l) == g (CCQ) ([El) .

Since X* has the bounded property approximation, by Lemm 1.1.4, given € > 0, there is
T € L;(X; X) such that ||T]| < (1+€)A, let A > 1 and ST = S. So, we have

S (Tavl,:tQ) =S (T:El) (z2) = ST (21) (12) = S (1) (22) = S (w1, 72)
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And by the symmetry of S,
S (.Il,TIQ) =9 (T]IQ,[El) =5 (ZEQ,Il) = S(I1,$2> .

So, So (T,T) =S, for all z € X we have

P(z) = S(z,7) = So(Tz,Tx) = P(Tx) = PoT(x).

for all z € X, proving that S = S o (T,T). Calling on Proposition 3.2.6 we have
wy(P) = wp(P o T)
< Plnv, 1T
< (1+€)*X*|| Pl

For each € > 0, follows that w,(P) < A?||P||x,,. The result follows from Lemma 3.2.5. =

Proposition 3.2.8 If X* has the bounded approzimation property, then Py (™ X;Y) dense

Proof.
Let P € Py, ("X;Y) and given € > 0 consider a representation of P such that

1/p 0o 1/p*
sup <Z| T, Q)| p) sup (ZI(yn,y*Hp) < (1 +9)[P[n,
n=1

IGBX n=1 Yy EBy*

Consider P, = ) a*®y; € Py (™X;Y), then, P, converges to P in the norm || - [[x;,,. =
i=1

3.2.2 Dual of Py, ("X;Y)

The representation of bounded linear functionals on spaces of polynomials is a classical
and very useful topic in Functional Analysis and Operator Theory. In this section, we focus
on finding a class of operators that can represent bounded linear functionals on the space of

weakly p-nuclear polynomials. For this purpose, the following definition is well-suited.

Definition 3.2.9 We say that an m-homogeneous polynomial P : X — Y™ is quasi Cohen
p-nuclear, 1 < p < oo, if there is a constant C' > 0 such that for any (x;)~, C X and any
(y:))i~y C Y, we have

1/p n 1/p*
Zm, ()] < C sup (Zm, ) sup <Z|<yi,y*>|p) S (39

(ZGBX i=1
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The class of all quasi Cohen p-nuclear m-homogeneous polynomials from X into Y* is
denoted by Poy, (" X;Y*). Our space is a Banach space with the norm || - ||gx,, which is
the smallest constant C' such that the inequality (3.4) holds.

Remark 3.2.10 [t is straightforward to see that Py ("X;Y*) C Poy, ("X;Y*)  with
|- llon, < |- llpn for every Y and that Py (" X;Y™) = Pon, (" X;Y™) disometrically for

reflexive Y.

Theorem 3.2.11 If X* has the bounded approximation property, then, for every Banach
spaceY and 1 < p < oo, the space Poy, (" X*;Y™) is isometrically isomorphic to [PNW, (mX; Y)] "

Proof.
Given ¢ € [Ppr (mX;Y)]*,

¢ Pu,,("X3Y) — K

a= 2 ay®yn = pla)=¢ (Zla?f@@yn)

we define
P,: X* — Y~

a— P,(a): Y —K
y =Py (a)(y) == ¢ (" @y)
In order to prove that P, € Py, ("X*Y*),let n €N, z7,...,2;, € X*, y1,...,y, €Y.
So,

n

> P, (ai) (ui)

=1

= Z ¢ (ai" @ yi)
i=1

= | (Z ai" ® Z/z‘)
=1

<llel-|[D_al s
=1 Nuwp
n 1/p 0o 1/p*
< leoll - sup (Z !<$7ai>!mp> sup <Z !(yi,y*ﬂp)
r€EBx i=1 y*EBy* i=1

proving that P, is quasi Cohen p-nuclear and || Py,||on;, < |l¢-

Conversely, given P € Pgy, (M X*;Y™"), define
P:X"— Y
ar— Pa): Y —K
y —P(a) (y)
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having in mind that ®"X* ® Y = P;("X;Y), by the universal property of the tensor
product there exists a linear operator 7p : P; (™X;Y) — K such that

Tp (@™ ©@y) = P (a) (y)

foralla € X*and y € Y.
Now, we shall prove that 7p is continuous with respect to the norm || - ||n;,. Given
e >0and A € P;("X;Y), by definition of the norm w,(.) we can choose a representation

A=>"a"®y,; such that
i=1

1/p n 1/p*
sup <Z| T, a; mp) sup (Z |<yz‘,y*>|p*> < (14 €)wy(A).

z€Bx \ i1 Y EBy= \ i1

Therefore,

[ Tp(A)| = |Tp (Za?‘@@yi)
= > P w)
- n 1/p n ) 1/p*
IPllax, - sup (Z |<x,ai>|mp) sup (Z i) )

IN

< [[Pllnr, (1 + €)wp(A).
As this holds for arbitrary € > 0 and the spaces X* has the bounded approximation property,
by Proposition 3.2.7 we conclude that

[ Te(A)] < [[Sllow, - wp(A) = [I1Pllon, - IT]lx, -

So, Tp € [Py ("X;Y), || I, )" and [ Tpll < [[Pllow,. As Py ("X:Y) s || - |lar,,-dense
in Py, (MX;Y), there is a unique norm-preserving continuous linear extension ypg of 7p
to the whole of Py, ("X;Y). In particular, |[¢p| < [|[Pllon, and for A = > a]* @ y; €

i=1
Py (MX3Y),
(ai" ®y:)

=¥pP (Za?@yi
_Z i ®y;) :Zp(ai>(yi)'

From the expression above it follows easily that the correspondences ¢ — P, and S — ¢g

Mg

are each other’s inverse in the sense that ¢p, = ¢ and P,; = S for ¢ € [Py, (mX;Y)]}k
and P € Py, ("X;Y). The equality ||P,|on, = [|¢|| completes the proof. m
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Chapter

Positive Cohen p-nuclear polynomials

Introduction

The seeds of positive p-summing, (1 < p < oo), linear operators come from O. Blasco in
1987, in the paper [11] titled " Positive p-summing operators on L,-spaces." This concept is
an extension of the ideal of p-absolutely summing operators. Worth noting is the fact that
the notion of positive p-summing operators had previously been introduced by Schaefer in
the case where p = 1. These operators were denoted as "cone absolutely summing operators"
[53]. In 1974, Schaefer’s contributions were instrumental not only in pioneering the concept
of cone absolutely summing operators but also in establishing the connections between these
operators and majorizing operators. A linear operator T' between Banach lattice E and
Banach space Y is called positive p-summing, (1 < p < 00), if there exists a constant C' > 0

such that for every 1, ..., x, positive elements in E, we have

n 1/p n 1/p*
<ZHT(%‘)HP) <C sup <Z<xi,x*>p*> (4.1)

a*€BY. \i=1

The smallest constant C' for which this inequality (4.1) holds is denoted by 7f(T'). The
Banach space set of all positive p-summing operators from F into Y is denoted as H;;(E; Y).

Recently, in 2021, H. Hamdi et al. [32] generalized certain results from D. Achour and
A. Belacel’s work [3] to the polynomial case. A polynomial P between Banach space X and
Banach lattice F' is called positive Cohen strongly p-summing, (1 < p < o0), if there exists
a constant C' > 0 such that for any sequences (x;)?; C X and (y;)7; C F**, the following
inequality holds:

n

n 1/p
> P,y < C (Z II%II”””) (w7 )ica

=1

o, (F) - (4.2)

The least constant C' for which this inequality (4.2) holds is denoted by d7'*(u). We shall

write Peop+ (" X; F) for the Banach space set of all positive Cohen strongly p-summing m-
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homogeneous polynomials from X into F. For m = 1, it is the space of positive strongly
p-summing linear operators (Peon+—p (" X; F) = D (X; F)).
The cornerstones of the theory of positive Cohen strongly p-summing polynomials are

the following theorems:

e Inclusion theorem. If 1 < p < oo, then every Cohen strongly p-summing polynomial is

positive Cohen strongly p-summing polynomial.
e Pietsch-Domination theorem.
e Factorization theorem.

Similarly, in 2021, A. Bougoutaia et al. introduced the concept of positive Cohen p-
nuclear linear and multilinear operators in their work [15], and provided several results
for this new class such as inclusion relations and a Pietsch domination type theorem. A
multilinear operator T : Ey X - -- X E,, — F between Banach lattices is called positive Cohen
p-nuclear 1 < p < oo if there is a positive constant C' such that for all (z;;)i, C Ef, (1 <
j <m), and any (y})’, C F**, we have

<C sup (ZH@meﬁp) (97 )iy |
2j€BL. \i=1 j=1
1<j<m

=1

ey (43)

The least constant C' for which this inequality (4.3) holds is denoted by nt (7). We
use /\/’;(El X «++ X E,; F) to denote the Banach space set of all positive Cohen p-nuclear
operators from F; X --- X E,, into F.

Our purpose in this chapter is to extend the class of positive Cohen p-nuclear linear
operators to the case of polynomials between Banach lattices. Building upon the foundations
and previous studies, we aim to show that a polynomial is positive Cohen p-nuclear if,
and only if, its associated symmetric multilinear operator is Cohen positive p-nuclear, thus
generalizing a linear result of Pietsch’s domination theorem. We characterize the class of
Cohen p-nuclear polynomial as the composition of positive p-summing operator and positive
Cohen strongly p-summing polynomial. Finally, we obtain certain connections between other

classes. The results in this chapter are among the most important in our research paper [33].
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4.1 Banach Lattice

In this section, we provide a summary of fundamental concepts and terminology related

to Banach lattices.

4.1.1 Ordered sets

Definition 4.1.1 Let E be an arbitrary set. A partial order (or simply, an order) on E is a
binary relation, denoted here by (<), which is reflexive, transitive, and antisymmetric, that

18
1.z <z (x € E),
2. ife <y andy < z, then x < z (x,y,z € E),
3. ife<yandy < x, thenx =y (x,y € E).

Definition 4.1.2 An ordered Banach space is a Banach space E equipped with partial order

which 1s compatible with its vector structure in the sense that
1. x <y impliesx+z<y+z forallx,y,z € K
2. x <y implies \x < \y for any v,y € E and A € R*.

Definition 4.1.3 An element x in an ordered Banach space E is called positive whenever
0 < z holds.

The set of all positive elements of £ will be denoted by E* (i.e. ET ={z € F, 0 < z})
and will be referred to as the positive cone of E. We write Bf. = B N E*t = {a* €
Bpg+,0 < 2*}. Of course, here B}, is considered as a compact subset with respect to the

weak™ topology.

Definition 4.1.4 We say that an ordered space E is a lattice if for any x,y € E both
inf{x,y} and sup{z,y} exist.

For an element x in a lattice space E we can define its positive and negative part, and

its absolute value, respectively, by

" :=sup{z,0}, 2~ := sup{—=z,0}.
The functions (z,y) — sup{z,y}, (z,y) — inf{x,y}, * — z+ and © — |x| are collectively
referred to as the lattice operations of a Riesz space. The relation between them is given in

the next proposition.
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Proposition 4.1.5 If x is an element of a Riesz space, then

r=x"—x and|z| =2t + 2.

Thus, in particular, the positive cone in a lattice space is generating.

Example 4.1.6 Here are some familiar examples of normed Riesz spaces and Banach lat-

tices.
1. The Euclidean spaces R™ with their Euclidean norms are all Banach lattices.

2. If K is a compact space, then the Riesz space C'(K) of all continuous real functions on

K is a Banach lattice under the norm
| flloo = sup | f(z)].
rzeK

3. The Riesz spaces L,(11), 1 < p < oo, (and hence the ¢,-spaces) are all Banach lattices

when equipped with their L,-norms

1/p
111, = ( [ 1an)

Similarly, the L. (u)-spaces are all Banach lattices with their essential sup norms.

4. If F/ is Banach lattice. The space of absolutely weakly p-summable sequences define
by
Cpul(E) = {(zn)7Z1  (J2n])nly € Gpuw(E)},

under norm

( 1/p
(@) lle, () = sup (Z |20, 27) ) , if 1<p < +oo,

z*€BL,

[(zn)ozille, ) = sup sup(lzn|, 27), if p=+o0

x*EBg* n

\

is Banach lattice, [35]

Definition 4.1.7 A Banach space is called Dedekind complete whenever every nonempty

subset that is bounded above has a supremum.

Definition 4.1.8 Let F1, ..., E,, and F be Banach lattices. An m-linear operator T : Eq X
- X E,, = F s positive if 0 < T(xy, ..., xy,) whenever xq, ..., T, lie in the positive cones of
Ey, ..., E,, respectively. T is called reqular if T s the difference of two positive multilinear

operators.
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Let L7(Ey, ..., En; F) denote the space of all regular m-linear operators from Ey x - - - X E,,
into F'. If F'is Dedekind complete then L™ (E, ..., E,,; F') is a Banach lattice, with the regular
operator norm |||, = |||T||| for every T' € L™ (E\, ..., Ey; F).

Definition 4.1.9 Let Ey,..., F,,,E and F be Banach lattices. An m-linear operator T :

Ey x - X B, — F is called a lattice m-morphism if |T (x1,...,xn)| =T (|z1], .., |Tm])-

Definition 4.1.10 Let E and F be Banach lattices. An m-homogeneous polynomial P €
P(ME; F) is positive if its the associated symmetric m-linear operator is positive. P is called

reqular if P 1s the difference of two positive polynomials.

Let P"(™E; F') denote the space of all regular m-homogeneous polynomials from F into
F. If F is Dedekind complete then P"(™E; F') is a Dedekind complete Banach lattice, see

[10].

Remark 4.1.11 [t is easy to see that P is regular if, and only if, P is reqular.

Definition 4.1.12 We call a polymorphism to be an homogeneous polynomial P : E — F
that satisfies |P(z)| = P(|z|) for all x € E.

4.1.2 Tensor Products of Banach Lattices

The study of the tensor product of vector lattices, along with various structures, has
garnered considerable attention. This concept has evolved through the contributions of
several authors such as H. H. Schaefer, J. J. Grobler, C. C. A. Labuschagne, Q. Bu and G.
Buskes [53, 29, 16] since first introduced by D. H. Fremlin as the Riesz tensor product. In
[27], D. H. Fremlin established a theorem demonstrating the existence and uniqueness of the
tensor product.

Now, we recall the main results on the product tensor of Banach lattices. For Banach
lattices Ey, ..., E,, D. H. Fremlin in 28], defined the positive projective tensor norm || - ||
on the Archimedean Banach lattice tensor product E1® - - - QF,, for every u € E1® - QF,,
by

n n
[ulljx = inf{z vl Nmill = 2 € B, Jul Y ani@ - ®$mi} :
im1 im1

Let E1<§)|7r| e (§>‘,T|Em denote the completion of F1® ---®FE,, under the lattice norm || -
lel- Then E1<§>|7r| e QA{)wEm is a Banach lattice, called the positive m-fold projective tensor
product of Ey, ..., E,,.

Q. Bu and G. Buskes [10] extended the linearization method adapted to the case of
Banach lattices by considering regular multilinear operators and polynomials and defining

their linearizations on positive projective tensor products in the sense of Fremlin [27, 25].
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Proposition 4.1.13 Let Eq, ..., E,,, F be Banach lattices such that F is Dedekind com-
plete.  Then L (Ey,...,Eyn; F) is isometrically isomorphic and lattice homomorphic to
L (Br@r| - Opr B F).

For a Banach lattice E, the positive symmetric projective tensor norm on @:ﬁﬂE is
defined by

n n
=1 i=1

Proposition 4.1.14 Let E and F' be Banach lattices such that F' is Dedekind complete.
Then for any reqular m-homogeneous polynomial P : E — F', there exists a unique reqular
linear operator P® : @ZWE — F, called the linearization of P, such that the following

diagram is commutative

E L F
G

that 1s,

Pz)=P%r®- - - ®x)
for all z € E. Moreover, the correspondence P+ P® is isometrically isomorphic and lattice

homomorphic between the Banach lattices P ("™ E; F') and E”(@)ZLWE; F).

4.2 Domination and factorization theorems

First of all, we present the definition of positive Cohen p-nuclear m-homogeneous poly-

nomials.

Definition 4.2.1 We say that an m-homogeneous polynomial P : EE — F between Banach

lattices is positive Cohen p-nuclear, 1 < p < oo, if there is a constant C' > 0 such that

n n 1/p n 1/p*
> UP(x:),y5) < C sup (Z(Ixz’lﬁc?’”p) sup <Z<|y5|,y**>”*> (4.4)

i=1 e €Bh. \i=1 v E€BLw \li=1

for every (x;)*, C E and (y})P, C F*.

The class of all positive Cohen p-nuclear m-homogeneous polynomials from E into F' is

denoted by Pf\,tp(mE ; I"). Our space is a Banach space with the norm n'*(-), which is the
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smallest constant C' such that the inequality (4.4) holds. For p = oo, we have P§__ ("E; F)=
Pcoh+_oo(mE; F)

Below, we provide an example of a positive Cohen p-nuclear polynomial:

Example 4.2.2 Let 1 < p < ooandlet u: E — F be an positive Cohen p-nuclear operator,
where F, F are Banach lattices. For ¢ € E* the operator

P:E—F
v+ P(z) = ¢"(2)u(@),

is positive Cohen p-nuclear polynomial, moreover n"*(P) < nf (u)|p|/™".

Indeed, for zy,...,x, € £ and y7, ..., y;, € F*, we have :

Z |(P(zi),y:")| = Z (™ (wi)ules), i)
= Z | (™ () (), i
- n 1/p 1/p*

< n,(u) sup (Zﬂspml(xi)’!%\»x*)mp) sup <Z(\yf|,y**>p*>

3

:E*EBE* i=1 **EB;**
n 1/17 n 1/p*
<y (u) sup leom i) (|l sup | Y (il y™
z*€B} y**€B . \im1
n 1/p n 1/p*
< nf(u)le|™ sup (Z<|ﬂ?i!,x*>mp> sup <Z<|y2‘|,y**>”*> :
m*EBE* i=1 **EBF** i=1

Then, P is positive Cohen p-nuclear. Moreover, n/**(P) < nf(u)]|o]|™".

Proposition 4.2.3 Let P € P("E; F) and let v : {;; — F* be positive linear operator. Then

the polynomial P is positive Cohen p-nuclear if

Z| o) < C NG, o o] (15)

Proof. Let v: ¢} — F* be positive linear operator such that

n
_ *
v = €i®yi7
=1

where e; is the canonical base of £7.. Since there is an isometric between the spaces (7.

p* |w|(F*)
and L7 (€, F*), and [Jv]| = [|(y])][er

* ‘w‘(F*)' u
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The following theorem investigates the relationship between positive Cohen p-nuclear

m-homogeneous polynomials and m-linear positive Cohen p-nuclear operators.

Theorem 4.2.4 Let P be an m-homogeneous polynomial between Banach lattices E and
F. P is positive Cohen p-nuclear if, and only if, its associated symmetric m-linear operator

Pe L(ME; F) is positive Cohen p-nuclear, and

Proof. Let P be positive Cohen p-nuclear m-homogeneous polynomial, and let (z;)!, C E
such that [|(2:)i:le,,, . ) < 1and y7 € F*(1 <i<n)

1 m\"™ 1\ m\”n
H (Elxi +ot mei )i:lH@mpr\(E) S H (Elxi)i:]*”ng,\wI(E) Tt ||(€m$z )i:]‘Hﬁ’mPJw\(E) S m
for every €, , €, = £1
Using the polarization formula (3.1), we obtain
n R i} n 1 m i}
P |5 (e, 5ot (Sr) )
i=1 i=1 ’ €1,.yEm=2%1 j=1
1 n
o XY < (ze )i )
’ €1, €m==%1 i=1 j=1
]' m - " *\ 71
< mlom''p (P Z €1%ji (7 )iz Cp o) (F)
’ €1,...,em==1 || =1 zmp,|w\(E)
1
m+ m *\ 1
< mlom 't (P) < Z ﬂm ) H(%)i:ﬂep*ylw‘(p*)
€1,es€m=
),
S TPzl e
and for (zj;)i_y € £}, (E) with z;; # 0 and j =1,...,m
n ()
~ T4 Tmyi
P P | g WAL ST N
2 < (||<xu>?_1||e¢np‘|wl<E) ||<mmi>;l_1uwaE)) i > mr " PNl
Then
n <25_1 )m m
Z }<P<xlza 7xm2)7y:<>’ < T H xJZ i= 1H£” ol I(E H(yz) o Jw) (F*)
i=1 i
we fin that, Pis positive Cohen p-nuclear and
5 (Z7m) o
m—+ m+ o mt
ny' " (P) < - ny' " (P) < T (P).
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Conversely. Suppose that Pis positive Cohen p-nuclear m-linear operator by definition

we have, for all z1,...,x, € E and v, ...,y € F'*, then

Z! (), y; |—Z)< (i) %>

n 1/p
m D * (m) * *\1N
< np+(P) Sup <Z<|xl|,x o (|l @ >p) 1(y7 )iz |

Ep*,lw\(F*)

n 1/p
gn;H(ﬁ) sup (Z(!%\,x*)mp) (7 )iz |

( )
gp ,Jw|

This implies that P is positive Cohen p-nuclear polynomial, and nJ'*(P) < n;’“r(ﬁ) |

We can obtained the next result as an application of Theorem 4.2.4 and |15, Proposition
2.3].

Corollary 4.2.5 Let P € P(™E; F), then P is positive Cohen p-nuclear m-homogeneous
polynomial if, and only if, there is a constant C' > 0, for all (x;)?_, C Et and (y;)P_, C F**,

we have

Z;*,w(F*+). (46)

n 1/p
Zl (i), y7)| < C sup. (Z@«“M*)mp) 1(y;)ia

T GB i=1

Our next result establishes that in the case of positive Cohen p-nuclear polynomials, the

ideal property also holds.

Proposition 4.2.6 Let P € P(™E; F), R an operator in L(F;G) and S a positive operator
in L(G; E).

1. If P is positive Cohen p-nuclear, then R o P s positive Cohen p-nuclear from E into
G and ny*(Ro P) <n"*(P)||R|.

2. If P s positive Cohen p-nuclear, then P o S is positive Cohen p-nuclear from G into
F and ny™ (P o S) < nl*(P)[|S||™.

Proof. Let P € ch\,tp(mE; F). Let (x;).; C E and (y;)!, C F*", we have
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D Ro Pla:),yi)l =D [(Pla:), R (y)))]
i=1 i=1
n 1/p n 1/p*
< ny*(P) sup (Z(\xi\,w*>m”> sup (Z (R*(y; ),y**>”)
x*GBJ'E_* i=1 y**GB;** i=1
n 1/p n . 1/p*
m w\m « R (y*
s%+WMM|wp<§yumx>ﬂ wp(éj@mm%ﬁ>)
x*EBE* i=1 y**EBIt** i=1
n 1/p n 1/17*
<ngt(PY|IRI| sup D (Ja], 2*)™ sup | Y (o) :
x*EBE* i=1 peBt,., i=1

So, RoP € Pf\,tp(mE; G) and " (Ro P) < ny*(P)| R|.

n n 1/p
Y [P oS(x),y)| < mpt(P) sup (Z«IS%I),SB*)W) sup |7 (™)

o,
i=1 x*eB;C* i=1 y**EB;** P

n 1/p
< mn,""(P) sup (Z(S(Ixi\)w*Wp) sup - {|y; (™) s,

x*EBE* i=1 y**EB;**
1/p

swwww%w<20m%%§> sup [y (y™)]

l’*EBE* =1 y**EB;**

Z;L*

n 1/1’
< ny " (P)[IS|I™ sup <Z<I$i|,s@>mp> sup [|y; (y*™)]

oyt
SOEB&‘;* =1 y**EB}t** P

Which means that P o S is positive Cohen p-nuclear m-homogeneous polynomial and
ng“r(P 09) < ng”(P)HSHm.

This completes the proof. m

4.2.1 Pietsch’s Domination Theorem

Next, we present a version of Pietsch’s Domination Theorem, for positive Cohen p-
nuclear polynomials. For the proof of the Domination Theorem we use the full general
Pietsch Domination Theorem presented by Pellegrino et al. in [18]. Let X3,..., X,,, Y and
E be (arbitrary) non-void sets, H be a family of operators from X; x --- x X, into Y, G
be a Banach spaces and K7, ..., K; be a compact Hausdorff topological spaces, G, ..., Gy be
Banach spaces and suppose that the maps

Rj:KjXElX"'XETXG]‘—>[O,OO), jzl,...,t,
S:HXE; X xE. xG X+ xG—[0,00)
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satisfy:

..........

continuous for every () € Ej and b € G, with (j,0) € 1,....t x 1,...,7

(2) The following inequalities hold:

R;(¢, AN N njb(j)) < n;R(p, Mz b(j))
S(f, M, .2 arbM | b®) > aq..aS(f,2M, L 2™ b b))

for any ¢ € Kj, W e B,0<n, a; <1, bo) ¢ Gj, with j =1,...,t and f € H.

1 1 1
Definition 4.2.7 If 0 < pq,...,ps, p < 00, with — = — + -+ —, an operator f : X; X -+ X

P D bt
X — Y inH is said to be Ry, ..., Ry— S— abstract (py, ..., p) —summing if there is a constant

C > 0 such that

m 1/p t m i
T r k
(Z S(f, xg.l), ,avg ),bg-l), ...,bgt))p> < CH sup (Z Rk(go,x§~1), ,x§ ), bg» ))pk> ,
j=1
(4.7)
for all xgs), ...,x,E,i) e E, bgl), ...,be? € Gy andm €N and (s,1) € {1,...,r} x {1,...,t}.

Theorem 4.2.8 A map f € H is Ry, ..., Ry — S— abstract (py, ..., pr)—summing if, and only

if, there is a constant C' > 0 and a Borel probability measures p; on K;, such that

t 1/p;
S(f, 1y ey @y by, ey by) < C’H (/ R;(p, x4, ...,:cr,bj)pfd,u> , (4.8)
j=1 \"%

forall gy € Ej,l=1,...,r and b;y € G;, with j =1, ..., .

Theorem 4.2.9 Let 1 < p < oo. The following are equivalent for a polynomial P €
P(™E; F):

(a) P is positive Cohen p-nuclear.

(b) There exists a positive constant C' > 0 and regular Borel probability measures py on

B, uz on Bf.. and C > 0 such that, for all x € E* and y* € F**, we have

(P(z),y")] < C (/B+ <x,x*>mpdﬂl(l‘*)>l/p </B+

E* F**

1/p*
<y*,y**>”*du2(y**)> . (4.9)

Proof. (a)=(b) Assume that P is positive Cohen p-nuclear polynomial. Note that by

choosing the parameters
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(t=2 andr=m —1

Gy =FE" and Gy = F**

K, = B}., Ky, = B}..

¢=1lq=p and g =p’

H=P(ME;F)

S(P,x,y) = [(P(z),y)|

Rl(% I) = <$’ x*>m

\ RQ(QO,I’,Z/*) = <<10>y*> :

we have P : F — F'is positive Cohen p-nuclear if, and only if, P is R;, Ry — S abstract

(p, p*)-summing. For definition of Ry, Ry — S abstract (p, p*)-summing. It is well-known by
Theorem 4.2.8 that P is Ry, Ry — Sabstract (p, p*)-summing if, and only if, there is a C' > 0
and there are probability measures u, on Ky, k= 1,2, such that

1

1/}7 P
S(P,x,y*)éc(/ Rl(w,x)”dm) (/ Ro(p,y")P duz) :
K1 K2

1/p 1/p*
|<P<x>,y*>|sc</3 . <x,x*>mpd#1> (/B . <y*,y**>p*du2> .

Jakkd

(b)= (a)) Let (z;)"~, C ET and (y;), C F**. We have

Z| (w) yz|<cZ (/ xl,x*>mpdm<x*>)l/p</3+

Pk

then

1/p*
(yi, g™ dm(zﬁ*))

for all 1 <7 < n. Thus, using Holder’s inequality we obtain that

n /p s n 1/p*
S < (3 [ watrmanin)) (50wt anos)

=1 E*

n 1/p 1/p*
< C sup (Z(xi,x*>mp> ( sup Zyl, >

I*EBE* =1 **GBF** =1

WP

n 1/p
<C swp (Dxi,x*w) [

T* EBE* i—1

This implies that P € P]C\;r_p(mE; F)and n*(P)<C. =

4.2.2 Kwapien’s Factorization Theorem

The main objective of this section is to demonstrate that a polynomial P is positive Cohen
p-nuclear if, and only if, it can be expressed in the form P = @) o u, where @) is a positive
Cohen strongly p-summing m-homogeneous polynomial and w is a positive mp-summing

operator.

54



CHAPTER 4. POSITIVE COHEN P-NUCLEAR POLYNOMIALS

In order to prove this result, we will need to utilize the following lemma, which is stated
below. Let i be the embedding of E into C' (Bf.) define by ig(z) = (z,-). For f € ig(E) C

C (BE*), we define the seminorm,

11 = inf (/

E*

1/p
<|Z\a~>pdu(')> t{lz=fl)=0p— ae o,

where p is the regular probability measure on Bj..
Let R be the closed subspace of ig(E) given by R = {f € ig(E), |||f||| = 0}. We write
L§(1) the completion of the quotient space ig(E)/R with the norm

LA = A

where [f] is the equivalence class of f € ig(E) [3].

Lemma 4.2.10 [3] The operator J,poip : E — ig(E) — Lj(p) is positive p-summing, and
T (Jpo0ip) < 1, such that for allx € E

1<z, Mz = 19p0 © irllLe -
Where p is a probability measure on the set Bj..

Theorem 4.2.11 Let 1 < p < co. A polynomial P : E — F 1is positive Cohen p-nuclear if,
and only if, there exist Banach space G, positive mp-summing linear operator u € L(E;G)
and a positive Cohen strongly p-summing m-homogeneous polynomial QQ € P(™G; F') such

that P = Qo u, (i.e. vatp = Peon+—p O H;p, isometrically)
nyt(P) = inf {&)'"(Q) (), (u)™ 1 P=Qou}.

Proof. Suppose that P € Pf\f_p(mE; F). Then, through Theorem 4.2.9, there exist
Radon probability measures ;1 on Bj}. and A on Bj.. such that for all x € E and y* € F**.

{P@).y) < T, ot 197 Lt

And we consider the diagram
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Where i : E — C(Bj.) is the canonical injection. If we denote the range of .J,0ip by
G, and the closure of G by Ly”*(p), the map G — F' : Jyp0 0 ig(x) — P(x) is well defined
operator.

So, we apply the Lemma 4.2.10, we find that the operator u = J,,,00ip : E — ig(E) —
Ly (p) are positive mp-summing, with 77 (u) < 1, and the polynomial @ is defined on
u(E), where u(x) = (Jmpo 0 ig)(x), by

this definition makes sense because

{(Q(u(x)),y")| < Cllu@)I7, </+ <y*,y**>”*dA(y**)> -

F¥*

Then, from [32, Theorem 1| we deduce @ is a Cohen positive strongly p-summing polynomial
and dy*(Q) < npyt(P).

F¥*

1/p*
Q@) )| < n (P)u(@)., ( /. (y*,y**)p*dA(y**)> |

Conversely, let x € E and y* € F**, we have

1/p*
(" y )" dA(?/”))

1/p
<\x|,x*>mpdu<x*>> ( /|

[(Q(u(@)).y)| < & (@)llu(2)|” ( /

Jakd

Jakts

1/p*
(" y™)” d>\(?f”)>
this implies that Q o u € Py_,("E; F) and n'*(Q o u) < dy'*(Q)(mf,(u)™. =

So, in view of the previous result, it is obvious that we can derive the following result.
Proposition 4.2.12 For 1 < p < oo.
c (m. ct mopp.
p,N( E’F) g PN—p( E’F)

Proof. Suppose that P € Py \("E; F). It is well-known [15, Proposition 3.4] that there
exists Banach space G such that P = @ ou where Q € Peop+—,("G, F) and u € I1,,,,(E; G).
It follows from [32, Proposition 4] that @ € Peop+—,("™G; F) and it follows from [11, Propo-
sition 3| that u € I} (E; G). Theorem 4.2.11 clearly implies that P € 7310\,+_p(mE; F). m
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4.3 Relationships between some classes

Theorem 4.3.1 Let 1 < p < oo, let E and F be Banach lattices such that F' is Dedekind
complete. If P € P"("™E; F) is positive Cohen p-nuclear polynomial, then its linearization
operator P® belongs to N;(@:IWIE; F).

Proof. Let P € P("E; F). By Theorem 4.2.9 we obtain that

[(P),y N <y " (P2l st i 197 L, 55 0

R

for all z € Et and y* € F**, we take z € @ZJWE, for all € > 0, z admits a representation

z2=> 1® ) ®z; such that
i=1

n
| <z
;H il LBt g0 < |l HL,,(B(%%E)*

where 1 = u® ) ®u. Then

=1y <P®(xi® ) ®xi),y*>‘

=1

<SPyl
i=1
< PYY Nl e 10 5
=1

—+ *
<n,"(P) (HZHLP(B(%Z?ME)M/’;) + e) ly ||Lp*(ng**,)\)

Thus, P® € A@*(@:‘W‘E; F) and n'*(P) < nf(P®). =

Problem 4.3.2 Does P® € ET(@)Z]ME; F) positive Cohen p-nuclear imply P € P"(™E; F)

is positive Cohen p-nuclear polynomial?

Proposition 4.3.3 Let m € N. Assume that P_,. ("E;F) C P]C\;r_”p(mE; F). Then
Di"(E; F) C N+"(E; F).

Proof. Let u € D;"(E; F), we show that v € NJ"(E; F). Fix e € Bg+ and zj € B.

such that z§(e) = 1. Define, see [30] , the operator
K@ E—- @ E(1<j<m-1)
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by
I@(Z 20 @ ) Zx D - e,
=1

(m)

Let ®p,(z) = 2® - -+ ®@z. It follows from [32, Proposition 6], we obtain

P::uol?lo-mo]?m_lo@m:E—)F

Then, P is positive Cohen strongly p-summing, it follows from this and our hypotheses
that P € P§ " ,("E; F). By the decomposition P = P® o ®,, we obtain P¥ = u o Koo

K _1 is positive Cohen p-nuclear operator.

Now, as it has been proven in the proof of [36, Theorem 4.1 |, that there are operators
jj : QAQZME — @iE‘E, (1 < j <m—1) defined in terms of z; and e such that [?j o f] is
the identity operator on @i,wE . We obtain

~

u=uoKyo---oK,, 10J,_10---0J1: E—F,

thanks to the ideal property, u is positive Cohen p-nuclear operator. m

Theorem 4.3.4 An m-homogeneous polynomial P € P"(™E; F) is positive Cohen p-nuclear
polynomial imply the adjoint P* : F* — P"(™E) is positive Cohen p*-nuclear operator.

Proof. Assume first that P : F — F is positive Cohen p-nuclear polynomial. By Theo-
rem 4.3.1, the linearization P® : @ZLWE — F' is positive Cohen p-nuclear, then its adjoint
P®* . F* — (@:wE)* is a positive Cohen p*-nuclear operator. Consider the isometric iso-
morphism A, : P"(ME) — (@:WE)* given by A,,,(P) = P*. Since P = P®0o®,,, by duality
we get P* = ®% o P®" = Ao P9,

F* P 7)7" (mE)

pe* ALt
(®s,|7r\ E )
The ideal property ensures that P* is positive Cohen p*-nuclear. m

Problem 4.3.5 Does the adjoint P* € L7(F*; L"(™FE)) positive Cohen p*-nuclear operator
imply P € P"(™E; F) is positive Cohen p-nuclear polynomial ?

In 1983, Pietsch introduced the concept of p-dominated homogeneous polynomials be-

tween Banach spaces as an important extension of the concept of absolutely p-summing
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linear operators to the nonlinear case. This concept has since attracted attention from sev-
eral authors. For example, it was recently investigated by Hamdi et al. in [32]|, where they

introduced the concept of positive p-dominated homogeneous polynomials.

Definition 4.3.6 Let 1 < p < oo. An m-homogeneous polynomial P : E — Y from a
Banach lattice E into a Banach space Y is said to be positive p-dominated if there exists a

constant C' > 0 such that

n m/p n m/p
(Z ||P<$i)||p/m> <C sup (Z <l’i,$*>p> , (4.11)

z*€BY. \i=1
for every m € N* and every (z;);_, C E™.

We denote P;f , (ME;Y') the space of positive p-dominated polynomials from E into Y,
and by 0,7 (.) the norm defined by the infimum of all constants verifying the inequality (4.11),
for p > m, but for p < m it is only a quasi-norm.

This class satisfies a Pietsch domination theorem which is the principal tool of the next

theorem.

Theorem 4.3.7 Let 1 < p < 0o and let E be a Banach lattice and Y be a Banach space.
An m-homogeneous polynomial P : E — 'Y is positive p-dominated if, and only if, there exist

a constant C > 0 and a probability measure j1 on Bj. such that

IP@)] < c (/

m/p
(x, 2" dp (a:*)) (4.12)

for every x € E*. Moreover, 6} (P) = inf{C'\ C as inequality (4.12)}.

In the next theorem, we study the relationship between positive Cohen p-nuclear m-

homogeneous polynomials and positive p-dominated m-homogeneous polynomials.

Theorem 4.3.8 Let 1 < p < o0, let I, F be Banach lattices and let P : E — F be an

m-homogeneous polynomials.
(a) If P € P§_("E; F) then P € Peopr—p ("E; F) and d+(P) < ni"*(P).
(b) If P € Pf\,tp(mE;F) then P € Py ("E; F) for allp > m and 6, (P) < n)'(P).

Proof. (a) If P is positive Cohen p-nuclear, for all x C E* and y* C F**, we have

1/p
(P (2).0)| < ¥ (P) ( | @y <x*>) ( /.

Fx*

m 1/p*
gn;?*(P)( sup <x,x*>> (/B <y*,y**>p*du<y**>)
x*GBE* *

1/p*
(v, ™) dA (y**)>

F*

1/p*
Wy du (y**)> -
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Thus, P € Peopt—p ("E; F) and d**(P) < np**(P).
(b) If P is positive Cohen p-nuclear, for all x C ET and y* C F**, we have

1P ()]

= sup |[(P(z),y")|

+
y*E€Bp.

1/p*
<y (P lelz, (52, ) SUP (/B+ <y*,y**>p*dA(y**))
F**

y*E€Bf.
<y " (P) Izll7, ps. 0y sup (Y7
’ PrPn) yeBy.

< (P elz, (52, )

Therefore, P belongs to Py (™FE; F) and 6, (P) < ny'*(P). =
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