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Introduction

Todog o commbialore has o greal repulofelily beleeen ol B Brunehes o st heond

il ! i .

aes e gereered forr e Wee diserele sodfiemeiios o special form because o elpows o golue
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; W i .
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ples Wl beeasne e reod base of e ollier proneioles "the addilore wrad Wie rnaddipicadion

pranciple " then we wone fo ssplatothe peemntaton and eomBinedtion

Joy the firs! chapler we wnll all abowl Me pigeoniiole principle end dle applicalions |, wfler

et e vl dallhe ahowd the emelwaion wwelicstore priveetpde cnd dba appfieadione te e semcerud

I ¥
chipler
Tro bl Tosl chopler e wall balle ahowd e doswrimee priveaple dloalrale by some erareelas

Sor waeh oo of B gy prdvaaples o arder Lo sheen Qe applioediores .
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Preliminary

0.1 What’'is the combinatorics 7

B
C.-"HrTI])irIH.1-(]I'i::!-E._-I|:-E an importent suljeel inmathematios especially in diserewe mmlhe-
mialies L1l has many dillvent delinilion Jor example we can say 10 the stady of arrang-
raenls ol oljeets or Ahe counting o ol joes .
This subjecl was studied as long aue ax 17Peennry when combinauorial quesiions srose

i the study of ganbling pames. Eoameration, (he counting of olijects with cortain prop-
erlics, I8 an bnportant pacl of combinatories. We ms count objecls Lo solve oy
dillerenl Cypes ol problems, For instance, connling s msecd Lo odetermmine uhe complexily
of alporiihines,

Connling iy also regquived wo deterinine whecher there are coongh celephone nonbers or
Inlernet protocol addresses Lo moe deeand, Recencly, 1 beas plaved s key role inomalh-
cmatical biology, cspocially in sequencing DAL Furthermore, connsing technicques are

uscrl exLensively when probabilitios of evenls ave comproed |



0.2 The Sum and The FProduct rules

Introdiciion

[y 1his seclion we wll Lalk aboul two basic princeiples of combinalorie The e of son

and The rule of prodocl which has an inpoctent role o vhe coeating o the olhier prineiplos

First we introduee Boe sum rale :

0.2.1 The rule of sum

Definition 1 I darsk e Teeoperforroed dreome ways . wedale anolher Lask e De
prefeereeed anwe weys |, oennd e dwn covrvend Deopey forsaeed seoclleneewsly, eere per fomidng
either fnsk can tnane be aeromplished nm +n ways .

Set theoretical versinn of the role of swme I A and B oave disjoint sets (AN DB = @) then :
|[AU B| = |A| + |B].
More generally, i the sels Ay, Ao, ..o, Ay tire e astse diayodied, theeres

AL UA UL U A, = Al

Examples

1- Twosets A and B !|/\| =4 elements | |F)’| =7 elemenis | 5o

|A+ B| =347 = 10elements

2- T elass has 30 male shodents and 25 Tamale suonlenls Ghen Lhe class has

30 + 25 = 45students.

3 - Buppose hal cicher o memboer of che high sehool or a0 stoden whoo is o machematics
mia jor s chosen as o roepreseolalive Lo a uoiversily comonil lee, Tlow many didlorenl,
choices are Lhere lor this reprosentative (i chere e A9 panbers of (he high schools

ancd 103 madbematics majors and wo one s both o lsculiy member and oo slodend?



Soluelion:

There ave 49 ways Lo choose a member of vhe bigh school sod vhere ame 103 wiavs
Lo choose o student who @5 a malthemalies major, Choosing o meeaber of Lhe high
sehools s oever Thae saune as choosing asudond who s machomalies meajor beceanse
pir o 15 bolh a school member and sostwdent, By che s rule Do Gollows vhal vhere

ared9 + 103 = 152 prasible wavs to pick this representative.



0.2.2 The Rule of Produci

Definition 2 IJ o fask con e per Jorveed oo wogs and anotfer dradependend fash can
Ber pier ferrrroed by e wieys, Sheen Bie comndanalien of Boll Laske cane be performned o i s,
Heb theoreticnl verston of Whe rule of prodecl; Let A x B e e Corfesion prodiet of sels
A and B, Then

|4 x B = LB

Moee gereerally:
|A1 X AQ X ... X Anl = |A1||A2| - |An|

Examples

1 - A livense plate contalns throee letters followed by four digivs, How many difforent
license plales can be prinled ?
Answern

Fuch letter coan be princed o 26 wavs, and cach digil can e prinled in 10 ways, so
26.26.26.10.10.10.10 = 676000

dillorenl plates can D prinled

2 - There are 32 microcompalers inoa compuler cenler. Tach microcompuler has 24
ports, Tow wany dillerenn poris Woa microconpualer o Uhe conter ace Lherne?
Solulion
The procedure of choosine a porl consisls of Lwo Lasls, Hrst plekiop aomie rocompa Ler
anel then picking a porl on Whis microcompuler, Becaose Chere aee 32 ways Lo choosoe
the rmicrocormpuler and 24 ways Lo choose Lhe por oo sl Ler whitch miierocornpular
has been selecled, the product rale shows thal There are 32 x 24 = 768 ports.
Exrended vergion of (he produet role s olien uselul, Sappose thal o procednee 1s
carried oul by perlorming vhe lasksTy, Ty, ..., 1o sequence, I cach sk T 0 =
1,2, .....n, van he done inn; ways, rogandless ol how 1he provieus Lasks woere done,
then there are ng.ng....n,, wavs Lo carry oul the procedurne, This version of Ve
produst rule can be proved by malhemasies! indoeiion from the prodocl rale Tor

Lw Lasks.



0.3 DPermutation And Combinations

Introdoction

Ve can solve Many problems of countine by lioding Ve pomber ol ways Lo arrange
A wpeciliod munber of disvinet elemenes of o sel ol a pariioalar st where Lhe order of
these elements matters. And ther are ather connting problems can be solved by finding

Ll nornbver ol was Lo selecl,

0.1 DPermutations

Definition 3 A permutation of o sel ool distined objects s owne ordeved arange e
af these vlyecls, We also wre anderested o ovdered arrangemends of some of e elements

af @ ect. An ordered arvangorment of ¢ elenwnts af @ sef 2 eadled an e-perinatation |

Theorem 1w ds o posilive uleger end o ore dndeger with 1 < p < n, then there
are

Pn,r)=nn—1)(n—=2)..(n—r+1)

roprzrrrenladiong of o sel wibh ne distinet elemasnls

Proof 1 W il wser e product rule Lo prove de of W foermodie b correel, The Jirs!
efismend af the perrodtoboon cien be clasen ow re dyTrend waps Decoase Bere are nelements
an e sed. There are n— 1 ways Lo chooge e gecond elernend of e pevmalalion, beomise
there are n—1 elemerds lefl G e ged afler wsing e elernend pivied for he Jirsl posilion,
Straelowdy, Mheww v o — 2 wiays boocheose e ued elesend. arad g0 ave wnddl Miere e
ernaily

n—(r—1)=n—r+1

wings bo chonse et element. Iy the produet rule, we Tane

nn—1)(n—2)..(n—r+1)

r-permnilations ol Lhe sei

Nole thal P(n,0) = 1 when ever nls o non negalive nteger because there Is exactly

one wiy Lo order cero alermenis. Thers s exaclly one lise wich oo elamenus oo, naanely



Lhie armply Disl.

How W gtane a corollary 1o 1his Theoren .

Jorollary 1 Iwe aved v oare dndeyers wilh 0 < < on, fhen

n!

P(n,r) = —(n —

Proof 2 When voond v wve dndegers anlh 1 < r < n. by thelost Thearem we haie
P(n,r)=n(n—1)(n—2)...(n—r+1)

n!
(n—r)!

Heoaicare

n! n! 1
(n—0)  nl

wileenn v aa o reoss reegictive ouleger, e see Mot the fermealin

n!

P(n,r) = =

also
r=20.
Ly ile losl Theovem we kvow el of v de o pesilise inleger, thenP(n,n) = nl.We

well ellusdrade o vesull anddl somee enurnpde s

Example

[Tovw many ways are Lhore Lo solecl a0 lirst stodeot, a second-<ludent , and o uhicd-

stuclent from 30 dilerent students che class roomn?!

Solution:

Beaause 10wl uers which popdl s (e st che second and che Chicd one, e mouanber
of wavs Lo pick vhe three students is the nomber of orderad selecuions of Three elemends
froom a set of 30 elements, than s, the namber of 3permmtations of a ser of 50 elements.
Ay, Lhe answer 1=

50!
P(30,3) = 3 30.29.28 = 24630

£



0.5 Combinations

Lzt us start by solving the following quession.,

Examples :

1.

[ow any dillerons comonittees of Chroee studenws can be lormed [rom o sronp ol
T sLadents?
To answoer Lhis guuestion, we need ondy lod Che number ol subsels with hees elemends
Trom Lhe sel which eontain vhe Zour students, We see chal there are [our such
stlsels, one [or cach of Lhe Tour sbadenls, beeaise Che chioise of These vhroee sbadoents
5 Lhe saine as cholsing one of The [one studens Lo leave ool ol Uhe growp. This
wcans Lhat chere are lour ways Lo choeose Lhe theee suudents Tor Che cordl e,
where the order in which these students are chosen does not marter. Anore
comhination of clements of a set 15 an wnordered sclection of ¢ elements from thae

sel, Thus, an r-combinalion is simply o subsel ol the sel with 1 oelemwents,

6

W mee Lhat = 15. W can determmine the number o r-eombinations of

2

A mel with noolements wsing Che Zocmoda for Lhe moober of r-pecmniations ol @ sel.
To o uhis, note Lhal the r-permulalions of @ sel can e oblained by livst forming

r-comnbinations and Lhen ordering (e elements o chese combinalions,

Theorem 2 The wwrnber of roeombinalions of o sel with o elerends, whers s o non-

negaltive infeger and & an ideger wilh 0 < r < n, egpooals

n n!
k rl(n—r)!
FProof 3 The Plo, o) v perrandalions of e sel aon be oblamed by formang e
w-cornbinalions of e el wndd en ardering e elemends e el r-conddraedion,
T

wiliehe cave e done i Piv, o waygs. Cronsegnently, by e produet vole.

n

P(n,r) = P(r,r).



Thas waplies el -

n\ P(n,r)
~ P(rr)

r
~nl/(n—1)!
/(e =)l
ol
Crln—7)
awledeeke Lrnplees e before Dhad
n n!
r rli(n—r)!

Surne Propertics

Lt moand v b nom megative inbegers with » <o Then

n n
r n—r
n 0
n 0
n n
S
k—o \ k

Proof 4 Frowe the Theorern 200 follows Dl



r ri(n—r)!
n B n!
n—r (n=r)ln—(n—r)]
~nl
(n—=r)lrl
n n
Hence, =
n—r n—r
n n!
. =———=0/'=1
n (n—mn)n!
0 0!
= =0l=1
o | —(@=oy0l
n 0
So =
n 0

Example :

Suppose thal there are & coloped squaces [orms and 11 w0 che colored Leingles [orms,
Tlowe mmany ways ace there Lo selecl o communilves Lo make voy lsimall howse ) 10 e commiuloe
5 Lo consist ol vhree wriangle Trome thee colored Weiangle forms and four Drom vhe colored

stpare [ormss?

Solution

Gy the product rule, Che apswer 15 Uhe product of (he oumber ol 3-combinations of

A sel with nine elements and e momber of Scombinalions of 4 sel wilh 11 elermenls.

By Theorcon 2, the pumber of ways wo seleel Lhe cowmroiolee is

8 11 8l 11!
) = —. —— = 56330 = 18480.
3 4 3151 417!

i



0.6 Generalized Permutations

0.6.1 Permnutalions with Ropetition

Counling permulalions when repecition of clements s allowed can casily be done

using Lhe prodocl cole, as Lhe [ollowing cxample

Example :

[lowwe 1y stringes of lengeh roean De Tormed Troes the upperease leciers of vhe English

alphatiel?

Solution:

By the prodocl cule, Decaose here ave 26 uppercase Eoglish Letlers, and because cach
lel Ler ean besed vepediedly, we see Chal Thers are 267 sirings ol uppercase Coalish lellers
of length T
The number of c-permutations of o seu witl o elements when repelivon s allowed s plven

m next Theorem .

Theorem 3 The: mweweher of vopervinedaliones of o sed of wooljeeds unith vepelabion al

Towed s m —r .

Proof 5 Theve are noways (o seleed an elemvend of e sl Jor each of e v posilaons
e Lhe r-permeadalione when repelilion . allowed, becewse Jor coch chotee all v oljeely wre
arvntfofile.

Hence, by (e prodeed rade ey are e r-permadtalions when repeldeon ie ollomwed,

LOH
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Chapter 1

The Pigeonhole Principle and its

applications

Introduciion

In this chapuer we well Lalk abowl the pigeonhole prineiple and v application.
This principle 15 also called the Thvichlel drawer prineiple, alier the mineleenthesnlory

Coerman mathematician "L Lejenne Dirichlet,” who used this principle .



1.1 The Pigeonhole Principle
Voo will illustrate the aselolness of Cthe pigeonhole prineiple .

Theorem 4 Vf & @ o posilive infeger and k4 1 or maore objects are plared ke & hores |

Elhere toere ol lensi ovee bow condadorg o o mone obpesls,

Proof 6 We pewve the pigeorhole priveiple aging o eondeodifion. Suppose that vone of
Ehe & Boores cordedes veore e one objeed Then thoe folal wewrer of obpects wonld e al
sl b

Thea da o condradiedion, beeauss there are al leaslk + 1 objents.

We wndrnedine o dre Ois clhapler because of s ooy dmporfornd cpplicabions dooconedi-

foric,

Corollary 2 4 function F from o sed owdth B+ 1 or o elernendy oo osol wgil &

eferneinls o el o Mo oL

Proof T Suppese el for ewch elexend wodve The eodormean of [ owee Jerver a0 bow el

cortning all elements & of ke domain of fanel (had

flx)=y.

Heeavse B domeain condains k + 1 or more elemendis and e codomein condnins only &
elemerds, e pigeonlile prmeiple Lells wa Dol one of fhese bores condutne b oe meore

efemends o of e dondee, Thiv mewny ad [ eoreed be one-fo-one,



Examples

1.

3

IT Lhewer are chiree persons s 0L possible wo lod wo persons wich Che saonoe sexe 7

SeluLion
Lebel two boxswith the nocie of sexc(male Jemale). Puu each person o vhe Tosxs

labeledd with his sexe one hox well contain sl leasy Lwo person with The same sewe

Among any 13penple at least two share a birth month .
sirluLion
Lebiel 12 boxes with thae pames ol montch Pol cach person it Doxs Labeled with

his or ber birth monpth?

sl Licen

Aot o well conlain al leasl Two people owho share a biech moend .,

Amomg 66 persons is 16 possible to find 2 persons bemn in the same day™ Solution
In peneral we have 300 days o Ve vear and o Ulis case welaee 366 dillvenl poersons

. byvohe pigeonhole principle we lod Cwo person boro o Lhe same day

TTow many stdenls sl be inoa elasd Lo guarantes That sl leasy Dwo stodenls
veselves Lhe sane sceore on Uhe loal exaen, 10 che exaen §s grade onoaoseale Trom O Lo

T00b penints™

Solwbion  Theve ave 1071 possible seored an The linal exane ©oany 102 shadents hers

tisl beoal least 2 sondends wich Uhe same score. The pigeoohole principle s o
wselul tool o many prools, clodineg prools of surprising resualls, such as vhad piven

in Lhe second exanple



1.2 The Generalized Pigeonhole Principle

The pigeonhiele primeiple stales vhat chere must beoal least wwo objeews o the same
Do whaen chere are more aljects Lhan hoxes, Tlowoever, even more can be said shen Dhae
winbier of objecls cxceeds o mndiple of Che number ol boges, For insianee, anong any
sl ol 53 letters must be 3 Lhal ace The same,

This lolows Doecause when 53 chjecus are distoiboved nlo 26 Boses(because woe Love only

2hlenter in the english alphalance), one bos mooss have more Lthan 2 objesls.

Theorem 5 of N oebyects are ploesd de Bhaxes, dhere Wiere ay b Teesd ons bos core-

toining af least [N/ k] ebjects.

Wo will use a prool by contraposilion. Suppose thal noone of the boxes conlains mors

Whan N/klobjecis. Then, vhe Lolal nomber ol objecis s al mos|

(G ) -

Where the inequality N/k < (N/k)+1 has been used. This b a contradiciion beease
there are a total of N objects.
A common tvpe of problem asks for the minimmm mamber of ohijects such than at least
vool these objecls st beoin one of k boxes when chese objecls are diseribuaced aanong
Ll Boses, When wae have N objecus, Lhe geoacralieod pigeonhole priociple Lells s chees
st b ab least roobjocts In one ol vhe boxes as lony as N/E > ro The sallest inleger
N with N/k > r— 1. namely, N = k(r — 1) 4+ 1,15 the amallest integer satiafying the
mequality N/kr.could a smaller value of N sullice?
The answer is no, beeause 10 we had £(r — 1) objecis, we could pun o — 1 of them in
cach ol the k boxes and oo box would have al least ©objects, When Lhinking alogl
prolilerns of this Ly, 10 08 wselol v consider how yon can avoid having au leas, v objecls
i oone of Che boxes as vou add succegsive objecss, To avold adding o ruh olject Lo any
box, vou eventoally end upowith 71 objecis in esch boce, There 15 nooway Lo add the nesl
object wilhoul pulling an rih object o chal bos,

in uhis Lwo examples we will explain how the generalized pigeonhole prineiple is applied.



Foxarrple -
What i the mioiooion pumbier of stdendls veouired inoa discrele malhematics class wo be
sure that ot least sie will receive the same grade, if there are five possible grades, A, B,
CoNLoand T
Sidulion
Thee rnimirmarn wumsber of stocdens necded Co cosuee chal al least six shdenlys receive e
sarie grade s Lhe smmallesy integer N such thal N/5 = 6.
The smallest such inleger s N = 55+ 1 = 26. I vou have only 25 slwdents, v is possitile
Top there to b live who have reccbved cach grade so thal oo s1x students have mocebved
Lhe saine wrade, Thus, 26 15 the mwiniooun noumber of suodens necded wo ensurse that el

least six stnelents will receive Lhe sane prade,

1.3 Deep Applications of the Pigeonhole Principle
A tew sach applicatioms will he deserilied here.
Examples
1. Five poinls insgide a souare o side T8 i possible Lo lod Dwo points whords
d(x,y) < g

Sodielion - owe well explain chis siluation by the Tollowing graph:

Floure 1.1 distribation of Che lve poioes o e squares

There is a, qquare conlain live poinls i Che same vimes 0 we devide This sguare
tor Hegal squares each square of Hidﬁ\/Tiﬂlﬁ dimmelre ol esch @guare s \/Ti a0 Lhere
only one square belween the o sgquares which conains two poines ahis verily Lhe

folowwing d(z,y) < \/75



2. Bhow thal amony any n + 1 positive inlegers oo exeeeding 2o chere s, eoan
teper Chal divides one of the olther nuwewers,
Holulion
Wrie cach of the o —+ 1 inwegersay, ag, .., Gy #5 a power of 2 1mes an odd inleger.
In wiher words, lel o 2kiqj for 7 = 1,2,..,n + 1, wher: k; 18 a non negacive
mteger and ¢; b8 odd, The inwegers ¢, go. .oy gy are all add posilive inlegers less
than 20, Becouse there ace only noodd positive iowegers less chan 2o, i Jollows
Trom the pigeonhole principle chal two ol Lhe integers gy, go, .oy @rgq st be el
Therelore, there are distines inlegers Taud Jsuch thal ¢; = ¢ - Tel g be the comimaon
value ol g, and g; - Then.a;, = Qkiqandaj = 2kg. T Iollows that i k; < kj . then g,

divides a; ; while iTk; > ko then g divides a;

3. Bhow thal for every interer oochere s o molliple of nochasl s oonly Oz and 1s inius
dicimal? expansion.
Holulion
Lev n be o posilive lnteger, Consider the (n + 1) integers1, 11,111, .., 11...1 {where
Whes Last integer in vhis sl s Che inleger with o+ 11000 Wsdecimal cxpoansion). Nole
Ihial Lhere wre oo presible remainders when an integer s divided by oo Decaose vhere
arce n 4+ 1 inlewers e this lise, Ty che pigeonhole principle there muost e bwo with
the sarms rermaindsr when divided by o,
The larger of These inlegers less Lhe smaller one i oa mulliple of o, which has o

eocpasion consisling eatirely of Os aod s,

1. Five points wilh integerscoordinalesin orthowonal paramelre and homogenons,
we choose T points randomly .
W wanl 1o creae olher poind called BMowhich localed in the midle of Lhis Lwo
points.

s 0L possible Lhis poinl s aninlegers coordingles?

sidlulion
We choose vandomly two points among the five points P oand Q where P(xy, y;)and
Q(Iﬁyj)

The coordinales of the poinl 31 giving by



.Z'i+$]‘
2
Yty
2

Ty
Ym
There are A dilltenls cases Wk s sare inlesers moanbers o Wae say 2 b5 a0 padr 10 we can
wrile il 1o this furm @ = 2k, y = 25
wir sy &G dropadr 10w can write dein chis focm @ =2k 4+ 1 5y = 2s + 1.

lirsn case:

xzandz;, y;andy;arepairsso

2k + 2k

Tas :—I—T = (k+ k'); whereK + K'isinteger
25+ 2

yas == ;r ° 2(s + &)isinteger.

wlhero s—+s" s Inloger
xiandz;, y;andy;areimpairsso

2k 12K 41

Ty 5 = (k + K + 1)whereK + k' + lisinteger
2s+1+2¢+1
Ynm = i J; R (s + s+ L)wheres + s + l'isinteger

xandy;arepair, x jandy;areimppairsso

2k + 2K +1

T :% =2(s+ ') +1)/2is'ntinteger
25+ 28" + 1

Y :% =2(s+ ') + 1)/2is'ntinteger

Lhe ol case i sarme case Thres
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Chapter 2

The Inclusion -Exclusion

2.1 The inclusion - exclusion principle

[Toww ey elernents are in Vhe vodoon ol Ceo loile sews? To Seetion 1.2 we showed Lhal
the mimmberof elements in the union of the teo sets A and B g the sum of the mimhers

of elemwents i the sels minns the oomber of clements o thelr intersection. That s,
IAUB|=|A| +|B| - AN B.

Lhere s an cquivalenwe belween 1he allernative forn and the normal Torm ol inelusion

1A AN Bi | B

Figure 2.7: uniom of two ses|AU B = |A| + |B| — |[AN B|

exclusion principle



2.1.1 An Allernative Form of Inchision-Exclusion

There is an allernacive form of Uhe prineiple of elosion-cxelusion which asing Lo solve
it couobingy problemn o In pardicular, his [orm can De osed woosolve problems thal aske Tor

Lhe number alements inoa sew that bave none ol o properlizsP Py L P,

LetA; De thoe subsel conlaining the elements that bave properly Py The mwoober of

elements with all the properties Py Py, .. Py, will he denoled by N (P . Py... Py,).

Wriling these quanticies in e of sels, we have

|An N AN ... N Ag| = N(PyPa.....Py).

I the number of alements with none of the properties P, P, ..., Pyi < n denoted by

N(P{P'2....P,) and the mwnber of clements in the set is denoved Dy N i follows ca
N(P/Py..P)) = N|A;U Ay U ...U A,
From the inelusion- exclusion prineiple, we see Lhe

N(PPy...P,) =N S_ N(P)+ 3 N(PP)

1<i<n li<jn
— > N(BPP)+ ...+ (-1)"N(PP,..P,).
<i<j<k<n

Examples:

I o eeliss ol micle sehoole we ask che pupils abows chelr Bwvorile aclivily helween Lhe
Lwo [ollowing acuivilies reading | wvinnasiies every pupll chosen b Tavorile aclivicy, The
resull oo the pumbier of pupil whos Gwvorile gymnssiies aclivily s 25; The number of
pl whos Tavorile reading aclivity s a with 13 5 and the mumber of pupil whos Tavorile

Lotk activities i 8 [ow ooy pupils are o vhis olass?

Solution:

Lot A be the set of pupil favorite gymnastios activity and B be tho set of puapils
favorite reading activiry, Then A U B = the a=l o pupils o the class who osree joing
pymnaslics and reading, Decaose overy pupil 1o vhe olass vorloe o elther gyimnastics oo

AU B|. Then,

resading [trr Liathd e Tollows that the nomber of stodents in bhe clbass s

22



Figure 2.2: [AUB| = |A|+|B| - |AN|B|=25+13-8=30

[AUB| =|A]+ |B] - [AN|B]
=25+13 -8

=30

Thorelore, there are 30 students w Che class,
Wo will now bewin ouy developrinent of o fovoals Toe vhe munber ol elemens in vhe nnion
of a liniue mmber ol sels, The formuda we will develop s called Dhae prionciple of inehesion-
caclusion, For concroweness, belore we consider aoions of ooscls, where oods any posiuive
inteper, we will derive a forrmla for the mimber of clemenes in the union of theee scts A,
I and CU Toconstened Whis Tormula, we note than [A] + |B| 4 |C] counts each element
Lhal s o cxactly one of vhe three sels opee, clemenls chal see oo exactly Lwo ol e sows
feerees, sl elements noall Three seus theee imes. T remove the cverconnl ol elements m
tore Lhan ome ol Ve ses, e subleact the nomber of clemends o the inceesections of all

pairs of the vhree sels We obilain
A+ |B|+|C|—|ANB|—-|ANC|—|BnNC]|.

This exprassion still connts elements that ocear in exaetly one of the sers ones. An
clement Lhat oeewrs i exaculy Lwo of The sels s also counted exaculy once, bocanse vhis

clement will ocenr 1o one of the three Inlersections ol =els taken Lwo al o Lime, Towever,

Lhose element= thal aceor in all three sels will be countad cero times by Lhis expression,

hecange they oceur in all three intersections of sets talen two at a time. A total
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Figure 2.3 Tnton ol 3 sews given byt [A| + |B|+ |C] = [ANB|— |ANC|— |BNC|.

of 400 students have Laken a conrse inoarabie, 279 have Laken a conrse in Freneh, sod
114 have laken a cowrse o cozlish, Faecher, 50 have talien conrses o hovh araline and
Frenelr, 23 hove token courses o bolh arabic and english, and 14 have takon courses o
both French amd english, IE 793 studencs have taken at least one ol acabic, Freoch, aod
ecnplish, how many studenls have laken o course inoall theee Languages?
Solulion:
Lot & be the sel ol studenls who bave taken o cowrse in Spanish, F ouhe sel ol stadeots
whi have Laken s course i Fronch, and Eothe sel ol studenls who have waken a cowrse i
LEnplish. Thew:

|A| =400, |F| =279, |F| = 114

IANF|=100,|[ANE|=23,|[FNE| = 14

.l

ISUTF UR| = T793.

When wo inserl these gquanlilios oo vhe egueaion

JAUFUE|=|A|+|F|+|E|—|ANF|—=|ANE|—|FNE|+|ANFNE]|

793 =400 + 279 + 114 — 100 — 23 — 14+ |SN F N R|.

We now selve for |AN F N ELLWe find thar [AN F N E| = 37. Therefire, there are

A7 students who have taken courses in Avaldc, French, and English.



AU FUE]=T93

Figure 2.1 Delimitaiion explain 1he solution of vhe problom

Theorern (06 : TITE PRINCIPLE OF INCLUSTON-EXCLUSTON

Lot Ay, Ag, .. Ay be Iinite sews, Then

AL U Ay U U A =) [Ail = D AN Ay

lin li<jn
+ > JANANA]— L+ (D)™ AN AN N A,
1<i<j<k<n

Proof:

W will proswe che Tormnula by showing dial an clement in the unjon is counded exae Ly
once by Lhe righe-hand side ol vhe cquation, Supposc Lhat a ks a member of exaclly ool
the sews Aq, Ag, . Ay where 1 < <n. This element s connted Cleo 1) Times by> | Ay
T s cornn Ll " Limes by Y |A4; N Aj|. In general, it is counted Cirym] vimes by the

2

surnmation involving mool the sewsh A, - Thos | chis element is connled exaclly

Literes Dy Lhe cxpression oo he rishie-hand side ol Chis cguation. Ourvoal s Lo evaloale

thisquantity.

- + .. ()T =0.



Henee,
A ' +o (D) =1
0 1 2
Therelore, vach clement o the wnion s counled exsculy onee by the expression on
Lhe righl-hand side of the conation, This proves uhe principle of oelesion - exelosion.,
Thee imelusion - caclusion prineiple eives a ovmola Toc Che ouomober o clemends in the aoion
ol nosels for cvery positive indeger o, There are lerms in vhis ormoda for the oanber

of elements o vhe indersection o every non emply subser of The collection ol the nosels

Henee, there are 2% — 1 lorms in Lhis Tormola,

2.2 Applications of inclusion - exclusion principle

2.2.1 The Number of Onto Functions

The principle ol welusion-cxclusion can also be used o delenmione the nomber of

onla ‘unclions [rom a sel wilh m clements Lo a sel wilth o elements,

Example ;

[Towwe sy onlo funcuions are There rom asel wich six elemeanis Lo sel wilh three

elemenls?

Solution:

Suppose Lhal the clements o vhe codomain ace by, by, andbs. Let Py, Py, and Py e the
properties that by, by, andbs are now in the range of Uhe Dmeiion, respeeiively, Nowe chaa
Tt ion 15 oneo 10 aned only 1010 has mone o the properiies P Py, or Py, Dy Lhe inclusion-
exclusion principle i Tollows thal The number of omo Tunenions Tromm & se0owilh six ele-

men s L #osel owill three elements s

N(P,PyPs) =N — [N(Py) + N(P5) + N(Ps)] + [N (P, Py)
FN(P.Py) + N(PyPs)] — N(PLPyP;)

where N s Lhe wolal mumber of TuneDons frosm s sen wilth six elements wo one with thres

elements, We will evaluale cach of (he lerms oo che vighil-haod side o Chis equadion,
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Nole thal N(F;) i the number of funelions that do ool have bin their range.
T, Vhere are two choiees Tor Ghe valoe of e Tooetion o cach olement of the domain.
Thereluore, N(P;) = 26. Furthermaore, there are CU3, 1] terms of this kind. Note chat
N(P;F;) is the number of lunctions that do nol hawe b; andbd; o their range. [enee,
there s ooly one chodee [oc the wvaboe ol the Tunelion al cach clemenn of the donain.,
Therelore, ]\7(]71]7]) = 16 . Furthermore, there are C(3,2) terms of this kind, Also, note
ihat N(PyPaPs) = 0. hecause vhis werm s Lhe number ol Inoetions vhal ave none of
by, by, andbs n \heir vange. Clearly, there are no such lunelions, Therelfore, U number
of onto Tunetions Trom & sel wilh six clemenls o ooe wilh theee cloments Bs

3 3
36 — 26 + 16 =729 — 192 4 3 = 540.
3 2

The weneral resull that vells us howinany onle funclions thome are [rom aosel wilhom

cleanens Lo one with noelements will now Tee stated,

Theorem 07
Lazt am annel n Do posilive intewers with m > n. Then, Lhere are

n n . n
n™ — (n—1)"+ (n—2)"— ...+ (=1)" m
1 2 n—1

ondo Dunetions [rom g oset with e elemenls wo s sel with n

Example :

[Towe many wavs arne Chore oo assipn ve dillerenl jobs e Dour dillerend coplovees 10

overy erplovee is assignoed an st owe job?

Solution:

Consiclor the assignmmen. ol jobs s oo lunetion Trome the sel ol live jols Lo U sl ol
oy emploprees.
An assignment where every cmployee gets af least one job is the sarme as an onto function
Irom vhe sel ol jobs bo vhe sel of cooployvees, Heoee, by Theoremn 10000 lollows chat chere

EN S

. 5 5 4 5 . _
45 3%+ 2 1° =1024 — 972 4+ 1924 = 240



wave Lo dssien e jobs se Lhat cach cmplovee is asstgned al least ooe job,

2.2.2 Derangemonts

The principle ol inclusion-exclosion will beogsed Lo connl the permolalions o o
ohjects That leave oo objecls in their ovipina positions,

Consider vhis example .

Examplcs

The Hatcheck Problem

. A now cmployes checks the hats of nopeeple at a restanrant, forgetting to put
claivy check nombiers on the hats,
When customers retwrn [or their hals, the checker gives thom back hars chosen al
randlom from Lhe remaining hals, What is the probabilivy thal oo ono recelves Lhae

corrent hat?

Remark:

The answer b vhe moober ol ways (e hads can b acranged so el chere Is wo ol o
ita original position divided by n!, the nwnber of perooadations of o hats W will reunrn Lo
Lhis cocarngale: alter we [oed Che mooodser of permu lalions of ooobjecls Lhal leave oo objoeus

in their original position.

Definition 4 4 derangement is o peemadtaion of objects thot Teaves no ofject in iz

ariginal postlion.

To wolve the problem posed o the Bxacaple we will necd Lo delermine che muonber of
deranvements ol asel of ooobjocls,

The pereaotation 21453 1= o derangement of 12345 because no gumber s lell s orig-
inalposition. [owever, 21543 s nol o derangemens of 12305, beeanse Lhis permLalion
Lieavves 4 [isxedd,

Lo Dy, denote the punbey o derangements of nobjects, For instance, Dy = 2. hecanss
Lhe derangements of 123 are 231 and 3120 will evaluae D, [or all posilive inlepers o,

usine Lhe principle of inelusion-cxelusion
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Theorem G The nwmber af derangemenis of o gel with n elemenls ds

Proof:

Leta perelation have properly P il lxes clement 1 The nunber of derao genaens
i e munber of permnlations having none ol Lhe propertics P fori = 1,2, ..., n. This

mieans Ll

D, = N(P,P,..P,).

Using Lhe principle ol inclusiop-cxclusion, v follows Lhe

D,=N> N(P)+Y N(PP)— Y N(PPP)+ ..+ (1)"N(PP...P,)

1<j i<j<k
whore I s the mnber of permoations GF ooelements, This aguation states Ghal vhae
nutiber of perewdlalions chal s oo elements equals The Lolal noeber of permmolalions, less
Lhe mumber Lhat lix al least one elemeon, plos the onomber thal lix al least veo elements,
loss the number that fizat least three clements, and so o, All the guantitics that ocenr
on Lhe righil-hand side of Chis eguacion will mow be Toond. Firsl, note thal N = nl,

hecanse M s sirmply the total number of permutations of nocloments. Also,
N(P) = (n—-1).

This follows Irom the product vule, hoecause N(P;) s vhe number of permuotalions
Lhal lix clement 1,oso Lhe ith posicion of che permatalion is determined, bal cach of che

rornadning posicions can be llled arbicrarily, Similarcly,
N(PP;) = (n—2)

. Deaose Lhis s the nwmber ol permodalions thal s elements ©amd o, bul where che
olher n — 2 elaments can he arranged arbitearily.
In peucral, nole Lhal

N(PjPg...Pyy) = (n—m)!

. becanse vhis is the mnnher of pereabalions thal s elemenws 91,42, .. dm, bul where

Whe olther n— m elements can be arvanged arbibearily, Because there are C(n,m) wavs
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Lo chwoeese L elenwens Troer o, i Fellows Than

n n
S NP - m-1i- S N(BP) = (n—2)!
1<i<n 1 1<i<j<n 2
caned in peneral,
n
1<il<i2<<im<n m

Comgeguently, iserting these guantitios nvo owr Tociula lor D, glves

n n n
D,, =n!— (n—1)!+ (n—=2)— ..+ (=" (n—mn)!
1 2 n
n! n! n!
=n!— —— -+ —n2)— ...+ (—1)" .
N T T D e A e D
Simplifying this expression gives
1 1 1
—_nl|l—= 4+ = — —1\=
D, = n! 11!+2! (1) e

2.2.3 The Sieve of Eratosthenes

Gy Al realisation of the principle of melusion-exelusion, wie can Dod e ownbser of
primics nob exeeeding o specilicod posicive mbeger wilh Ve same reasonine as 15 used o
Lhe sievee of Fracosthenes, Boeall thal o composile mneger is divisible Ty oa prime oo
e ing s square oo, So, to find the number ol prioes el excecdine 100, sl nols
Lhal vomposile integors nol exeeeding TO0 mouest have s prime Gutor nol exceeding 10,
Because Lhe coly pries ol excecding 100 ace 2003, 5, and 7, vhe primes wol excecding

100 are these ooy aocd (hose positive inwepers geealer than 1oaod ool exeeceding 1000 Cha,

"HISTORICAL NOTE Lu reneciees (macches), an ald Freoch cacd samee, 1 52 cards in o deck arc
ldd enr dnoa vew. The aaeds of a second decl ave laid ourt with ooe card of the seoond decs on top of
each card of the it deck, The seore is deterained 5 connting the nnmber of matching cards in the
vl ks
I 708 Piere Ravmond dde Montmort [ IGT8 1719 poscd Te probléme de rencontres: Whar is the prob-

alility ~hur nn matches take place in the game of rencontres?
Ll

The sclutice o Montmort’s prohlem is
the prohability that a randomly seleered perrmitatiom of 32 nhjeors = 8 derangement, namely, Dgq /521,

is approdmately 1/e.
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are: divisilile by pone of 2,3, 5, or 7. To apply Lhe principle of inclsion-eselusion, oo Py
Lo the property Lhat ap integeyr Is divisible Ty 2, el Py be the properey Chal an inleger s
divisible b 3. lel P23 be dthe property that an inleger is divisible by 3, and lel Py he the
properly thal an inleger is divisible by 7. Thus, Che mnenber of pricaes ool execoding 100
1s:

4+ N(P,PPsP)4)

Because vhere are 99 posilive indegers preater than 1oand ool exceeediog 100, Lhe prio-

ciple of mmelusion-exelusion shows Thar -

N(P,PyP3Py) =99 — N(P,) — N(P,) — N(Ps) — N(Py) + N(P,Py) + N(P,P;)
+N(P.Py) + N(PyPs) + N(PyPy) + N(P3Py) — N(PLP,Ps) — N(P Py Py)
—N(P,PsP,) — N(PyPsPy) + N(P,P,PsPy).

The mnnber of integers not exeeeding 100 [and grealer than 1) thal are divisible by
all the primes in a subset of 2, 3, 3, 7 is 100N, where IV is che procuct of the primes

in vhis subsen. (This Tollives Decaose any bwo ol Lhese primss have no common Faelor)

Consequent 1y,

100 100 100 100
wrrrr) -0~ |2 - [F] - [FF] - | ]
(100 100 100
s [35] + 27
(100 100 100
NN
(100 100 100 100 100
- 235} B {2.3.7} a {2.5.7] a {3.5.7} * [2.3.5.7}

=99-50-33-20—-14+16+104+746+4+2-3-2-1-0+0

=21.

Henee, there ared + 21 = 25 primied nol. exeesding 100
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Chapter 3

The Invariance principle

The principle ol invariance = a simple dea o combinalorios .

3.1 Decfinition

An imvariant 15 a paramcter that remains constant under certain operation orindepoen-
dent cholees .

We well explain Vhis comeepes by This way

L. Sappose we have a "pricess" that involve repoted "mosves" Then conld be several

diffrent possthle ™ minves™

20 Tf "somerhing” deos™nt change after every possible " moves" rhen this somerhing

will nerver changealler scquence o "noves This "someching "cowld be any

"property "or "valne” | and we call it an invarians

Remark

Tnvarianl mway pol e obylows Do i there i3 somelind of reoelilion we look oo
what dens'nt change |
W starl Lthe invariance principles cxamples by a simple one ;
il 7is Lhe remaider when n s deviaded hymthen we say "n congrient to v owedulo
m"and we write

"n = r(mod)m”

“rhe word " inwarkant " dn mathematios can he either ™ nonn Tor Vadjective !
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W well illusirale vhe principle by simple examplas

Examples

An urn contains exacty 2010 white and 2011 black balls . In addition to that ,we
have an nnlimited supply of black balle Xow wo repeatdly drasy Lewo Dalls raodomly
lvom the wen I cheir eolours i Dee same |, Lhen s remoee them eod add a0 black
DBall Lo the wrn - T0 their colonrs s dillerol © owe relurnihe white ball and remove the

Dilackball bp vhe urn

This is repeated uolil there i3 ondy one badl lelt Delermine the probability chat
e lasn ball = while.
Holulion
In spite of Lhe [ormalisation of the problem we do acloally hove Lo compule aoy
probabilitics | [odecd we will prove that che lass ball has owo De Dlack . MNolice s
thial the process always commes ooan end sioce U noomber of Tadls i the uro always

ilecresseshy 1.

Let s now consicer the munber ol while Dallaond prove that 10 Is always cven I
L beoining Lin s an oven ouber , noeoely 2000000 che wwo balls chial we draw are
both while , the number of white bails decreases by 2, olher wise L remains Tha

sonwe o 1lepee il stays even throughoul e pricess |

At the end | the mirnber to arrange the numer of ballshas to be even o But there

B oonly owe ball Lell | chis means (ha this oumbaer Lias to be 0, which prpyves our

ARRETTLION.

wer i A praper bo Lhives parls then we cul every parls U Three parls chen we eom pley
Dy Lhis way Iy possgiblic vo lind 100small papors?

ansvwers he gieslion is

31 +32 433434 . + 3" = 1007
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Lhe invariance coelliclamn 1y 37
wir caniol Lo owrite 100 the lorin of 37

goowe cannad vo o TO0ses ]l papers



Conclusion

Tre nhits vesseareh we valloen Jusn onee over sahont some slameniary prineiples of combi-
nalorics which is verry imporlent in Uhe disere e mathomeaiics hecause 10 & the principle
Trasic and the real stare ol the olther principles of this braoche which help us Lo solve
miany irpoctent prablern for cxample the TNA cxam

Ag a result the cmbinatories give ns an importens help in the technigue and seientifique

e Lion.
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Resumé

Le but de cette mémoire est I’explication et le simplification de quelques
principes elementaires de combinatoire qui sont present le debut actuel de ce

branche de mathematique qui est developpé ce forme continue

Abstract

The objectif of this research is to explain of some elimentaries principles

of combinatorics which is present the real start of this branche that is developing

1n continus forme




