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Introduction

The study of the range of unbounded linear operators has been a central theme in
functional analysis since the early development of operator theory, particularly in the
context of Hilbert spaces. These operators naturally arise in diverse areas such as quantum
mechanics, differential equations, and spectral theory, where the absence of boundedness
necessitates a deeper understanding of their domain, adjoint, and range properties. For
further details and additional remarks, we refer to [1, 2, 3, 5, 10].

This thesis is devoted to the detailed analysis of the range of unbounded linear op-
erators, with particular emphasis on structural properties, closedness conditions, and
identities involving their range.

We begin by recalling fundamental notions related to linear operators, focusing on
unbounded operators and essential tools such as adjoint operators, self-adjointness, and
basic spectral concepts. These foundational elements are indispensable for the theoretical
developments presented throughout this work.

Subsequently, we investigate conditions that guarantee the closedness of the range
of linear operators. In this context, we discuss both classical and contemporary results,
analyze the interplay between the closedness of an operator’s range and that of its ad-
joint, and provide illustrative examples and counterexamples to elucidate the theoretical

framework.



The final part of the thesis is devoted to specific results and identities concerning
the range of unbounded linear operators. In particular, we examine the behavior of
fractional powers of positive self-adjoint operators and their implications for the structure
and closedness of the range.

The primary objective of this research is to contribute to a deeper understanding of
the behavior of the range of unbounded operators, providing a synthesis of theoretical
results and practical examples that may serve as a basis for further investigations in this

area.



Chapter 1

Essential background

The aim of this chapter is to introduce fundamental definitions and essential properties

related to closed linear operators, which will be employed in the coming chapters.

1.1 Unbounded linear operators

Let H be a complex Hilbert space with an inner product noted (-,-). Let T be a linear
operator defined on a D(T) C H. The subspace D(T) is called the domain of 7. The
operator T is said to be unbounded if it is not bounded, meaning there does not exist a

constant C > 0 such that
|Tz|| < Cllz||, Yz e D(T).

We say that T is a restriction of a linear operator 7" defined on D(T"), or T is an extension
of T, if D(T) C D(T") and T(z) = T (x) for all z € D(T), and we write T C T". It is not
assumed that T is bounded. However, if T" is bounded, then it becomes the restriction of

a bounded linear operator defined on the whole space H.
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1.1.1 Definitions and properties

Definition 1.1.1. Let T be a linear operator defined on H. The image or the range of T
s defined by:
ran(T) ={T(x) € H with x € D(T)} =T(D(T)).

The kernel of T or the null space of T is defined as follows:
ker(T') = {z € D(T) : T'(z) = 0}.

Example 1.1.2. Let T be the restriction of the identity operator I, with D(T) = 1. Then
ker(T) = {0} and ran(T) = {D(T)}.

Remark 1.1.3. The linear operator T is injective if and only if ker(T) = {0}.

Definition 1.1.4. Let S and T be two linear operators defined on H, with domains D(S)
and D(T) respectively. For o € C, The operator oT is defined by:

(aT)xz = a(Tx) forallz e D (aT) = D(T).
The operators S+ T an ST are defined on their domains:
D(S+T)=D(S)ND(T),

and

D(ST)={x € D(T), such that Tz € D(S).}

Example 1.1.5. For a measurable subset M C R™, we define the operator T on L* (M)
by Tf =xf where x € M. Then, T is defined on a dense subspace of L*> (M) as follows:

D(T)={f € L*(M), such that zf € L* (M)} .

Moreover,

D (T?) ={f € L*(M), such that Tf € D(T)},

and

D\T)=D(T'+1)=D(T),
where I is the identity operator and X € C.

11



Proposition 1.1.6 ([9]). Let R, S and T be a linear operators defined on H. Then
1. RT 4+ ST C (R+ S)T.

2. (R+ S)T = RT + ST.

1.2 Closed and closable operators

In this section, we present the definition and the properties of closed operators.

Definition 1.2.1. For a linear operator T defined on H, we define The graph of T as

follows:

G(T)={(x,Tx), withx € D(T)}.
Remark 1.2.2. Clearly, G(T) is a subspace of H x H.

Definition 1.2.3. Let T be a linear operator defined on H. T is said to be closed if its
graph G (T') is closed subspace of H x H. We say that T is closable if there exists a closed
operator S such that T C S, or equivalently G (T)) C G (5).

Proposition 1.2.4 ([9]). Let T be a linear operator defined on H. Then
1. T is closable if and only if G (T) is a graph.
2. If D(T) = H, then T is closed if and only if T' is bounded.

Let T be a closable operator, the only operator T who satisfies G(T) = G (T) is called

the closure of T.

Example 1.2.5. Let S be a bounded operator with D(T') = H. If T is a densely defined
restriction of S, then T = S.

In the next theorem, we will outline both the sufficient and necessary conditions that

guarantee the closedness of T'.

Theorem 1.2.6 ([9]). Let T' be a linear operator with domain D(T) C H. We have:

12



1. T is closed < For any sequence (), i D(T) such that lim x, = x and
n—oo
lim T'(z,) =y, then x € D(T) and Tx =y.
n—o0

2. (D(T),|| . llr) is a Banach space, with

[ flr=[lz | + | T= | -

3. T is closable & For any sequence (x,),.y i D(T) such that lim z, = 0 and

n—oo

lim T'(x,) =y, then we obtain y = 0.

n—o0

4. The domain of T is defined by:
D(T) = {x € H : there exists a sequence (z,) in D(T) such that limz, = z and

lim Tz, = y}.

n—oo

In the next result, we will show the relation between the boundedness and the closed-

ness of linear operator.

Theorem 1.2.7 ([8]). Let T' be a linear operator with domain D(T) C H. The following

statements are equivalent:
1. D(T) is a closed subspace of H and T is closed.
2. D(T) is a closed subspace of H and T is bounded.

3. T is bounded and closed.

Definition 1.2.8. Let T ba a linear operator. T is said to be invertible if there exists an

everywhere defined liner operator T—1 such that
TT'=1 and T7'T C 1,
where I s the identity operator on H.

If T is closed and invertible, then 7~ must be bounded. Moreover, if T is closed then

T is invertible if and only if T is injective and surjective.
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Theorem 1.2.9 ([8]). Let T be a linear operator with domain D(T) C H. The following

statements hold to be true.
1. If T is closed linear operator, then ker(T)is closed.
2. If there exists a positive number k and a complex number \ such that
(T — XDx|| > k||z||  for all z € D(T)
then, ran(T — XI) is closed.

Example 1.2.10. Let {a, }nen € (2. We set

D(T) = {{xn}ngN €. Z ]aixi\2 < oo} and T({zn}tnen) = {0n®n fnen

then, T is closed and D(T) = H if and only if {a, }nen is bounded.

1.3 Adjoint operators

Let T be a densely defined linear operator with domain D(7T") C H. We define the linear
operator 7% as the operator whose domain consists of all y € H such that x — (T'z,y) is

continuous on D(T). Riesz’ theorem guarantees that
D(T*) ={y € H : there exists z € H such that (Tx,y) = (x,z) for all x € D(T)}.

Since D(T) is dense, z is unique, indeed

(x,z) = <x,z/>

then z — 2 € (D(T))* = {0} for all z € D(T) and so z = 2. By setting T*y = z,we
establish a well-defined linear operator 7™ defined on D(7™*) called the adjoint of T'.

Example 1.3.1. Let T be the restriction of the identity operator on a dense domain of

H. Then, D(T*) = H and T* = 1.

Proposition 1.3.2. If T is a densely defined linear operator with domain D(T) C H,
then ker(T*) = (ran(T))*.

14



Proof. Let y € D(T*), We have

(Tz,y) = (z,T"y),

for all z € D(T). Thus y € ker(T*) if and only if y € (ran(T))* . O

Now, let’s explore some fundamental characteristics of adjoint operators.

Theorem 1.3.3 ([9]). Let T and S be two densely defined linear operators with domains
D(T) and D(T'). Then

1.

(NT)* = NT™.
T* is closed.

T s closable if and only if D(T*) is dense in H. Furthermore, T = T** and

(T)* =T

. T is closed if and only if T = T**.

if T C S then S* CT*.

if T+ S has a dense domain, then T* 4+ S* C (T + S)*.

T*S* C (T'S)*.

If S is bounded, then (T + S)* =T + S* and (T'S)* =T*S* .

If T is invertible then T* is also invertible. Moreover, (T*)~t = (T*)~1.

1.4 Resolvent and Spectrum of linear Operators

In this section, we define the resolvent and the spectrum of a closed linear operator T’

accompanying with their properties .

Definition 1.4.1. Let T be a linear operator. The resolvent set p(T) is the set of all

complex numbers \ such that (T — A1) is boundedly invertible. The spectrum of T', denoted
by o(T), is defined by: o(T) = C\p(T).

15



Remark 1.4.2. If T is not closed then o(T) = C. Indeed, if o(T) # C, then there exists
a complex A € p(T) such that (T'— XI) is boundedly invertible and so (T — \I) is closed,

hence T' is closed which is impossible, therefore o(T) = C.

Proposition 1.4.3. Let T be a closable operator. If T is invertible, then o(T) # C, and
(T)"' =T-1,

Theorem 1.4.4. If T is a closed densely defined linear operator. Then
o(T*) = {\ € C such that X € o(T)}

and

p(T*) = {\ € C such that X € p(T)}.

Proof. Let X € p(T), then (T — \I) is invertible. Theorem 1.4.6 ensures that (7% — \I) is
also invertible. Hence \ € p(T™). O

Definition 1.4.5. The set of eigenvalues o,(T) consists of all complex numbers \ such

that Tx = \x for some non-null x € D(T).
Theorem 1.4.6 ([9]). Let T be a closed densely defined linear operator. Then
1. 0,(T) C o(T).

2. o(T) is a closed subset of C, and if D(T) = H, then o(T') is a compact subset of C.

1.5 Unbounded self-adjoint operators

In this section, we will define and study the symmetric, and self-adjoint operators.

Definition 1.5.1. Let T be a densely defined linear operator with domain D(T) C H.
We say that T is symmetric if T C T™.

Remark 1.5.2. An operator T is said to be symmetric if and only if

(Tz,y) = (z,Ty) forall z,y € D(T).

16



In the next result, we will give a characterization of symmetric operators.

Theorem 1.5.3. Let T be a densely defined linear operator with domain D(T) C H.
Then

1. T is symmetric if and only if (T'x,x) is a real for all x € D(T).
2. The eigenvalues of T are real.
3. FEigenvectors belonging to different eigenvalues of T are mutually orthogonal.

4. If (Tx,x) > 0 for all x € D(T), and if (Tz,z) =0 for some v € D(T), then x €
ker T

Proof. 1. We have,

(Tx,z) = (x,Tz) = (Tx, z).

Hence, (T'x,xz) must be real. The second implication follows immediately from the

polarization formula.

2. If X is an eigenvalue, then there exists an non null z such that (T'z, z) = A||z||?, and

since (T'x, x) is real, then A is real.
3. Let x € ker(T'— AI) and y € ker(T — pl), where A # u. We have,
ple,y) = (x, Ty) = (Tx,y) = Xz, y),
and hence (z,y) = 0.
4. Since (T'z,x) > 0, the Cauchy—Schwartz inequality guarantees that
(T, y)* < (Tz,2)(Ty,y) = 0,

for all y € D(T). Since D(T') is dense, then Tz = 0.
O

Definition 1.5.4. Let T be a closed densely defined linear operator. We say that T' is
self-adjoint if T = T™.

17



Symmetric operators are self-adjoint but the opposite is not true in general. For

example, let T" be the restriction of the identity operator on some dense domain, then

T GCT*=1Iy.
Definition 1.5.5. Let T' be a closable symmetric operator. T is said to be essentially
self-adjoint if T =T .
Proposition 1.5.6. T is essentially self-adjoint if and only if T™ is self-adjoint.
Proof. 1f T is essentially self-adjoint, then
T = (Ty =T =T,
thus 7™ is self-adjoint. Conversely, if T is self-adjoint, then
T =T"=T"=T
and hence, T is essentially self-adjoint. [
Next, we provide some properties of self-adjoint operators.

Theorem 1.5.7 ([9]). Let T be a densely defined linear operator with domain D(T) C H.
Then

1. If T is self-adjoint then o{T} C R.
2. If T is a closable symmetric operator, and if there exists a real number X\ such that
H =ker(T — M) + Im(T — \I),
then T must be self-adjoint.

3. If T is a symmetric operator, and if there exists a complex number X\ such that
ran(T — \I) = m = H, then T must be self-adjoint.

4. T is self-adjoint if and only if T is symmetric, and o(T) C R.

5. If T is self-adjoint, then X € a,(T) if and only if ran(T) # H.

6. If T is self-adjoint. Then, there exists a unique spectral measure E such that

T = /[R ME(N).

18



1.5.1 Polar decomposition of a closed linear operators

Definition 1.5.8. Let T be a densely defined linear operator with domain D(T) C H.
We say that T is positive if and only if (T'xz,z) > 0.

Unbounded positive operators are not necessarily self-adjoint, whereas bounded posi-

tive operators must be self-adjoint.

Definition 1.5.9. A bounded linear operator U is said to be a partial isometry, if there
exists a closed subspace K such that ||Uz|| = ||z|| for all x € K, and Ux = 0 for all

re Kt

Theorem 1.5.10 ([5]). Let T' be a closed densely defined linear operator with domain
D(T) C H. Then there is a partial isometry U, such that

T=U|T|, (1.1)
where |T| is an unbounded self-adjoint operator called the modulus of T, and satisfies
1. |T|> =T*T.
2. D(T)=D(T|) and ||Tz|| = |||T|x||, for all z € D(T).
The decomposition (1.1) is known as the polar decomposition of 7.

Theorem 1.5.11 ([9]). Let T be a closed densely defined linear operator with domain
D(T) C H. Then

1. ran(T) = ran(|T)).
2. T*T is a positive self-adjoint operator.

3. T*T CR*.

19



1.6 Unbounded normal operators

In this section, we will introduce and investigate the class of non self-adjoint operators.

Definition 1.6.1. Let T be a densely defined linear operator with domain D(T) C H.

We say that T is normal if
D(T)=D(T*) and ||Tz||=||T"z||, forallxz € D(T).

Clearly, self-adjoint operators are normal, the converse is not true in general. More-
over, there is not any relation between normal operators and symmetric operators.

Next, we present some properties of normal operators.

Theorem 1.6.2 ([9]). Let T' be a densely defined linear operator. T is normal if and only
if T is closed and T*T =TT*.

Theorem 1.6.3 ([9]). Let T be a densely defined normal operator with domain D(T) C H.
Then

1. I'T is maximal normal (i.e., if there exists a normal operator S such that T C S,

then T = S).
2. T* is normal.
3. T 4+ A is normal for all complex number .

4. Then the polar decomposition of T is given by T = U |T|, where U is unitary and

U commutes with T'.
5. H =ran(T — X)) ® ker(T — \I), for all complex numbers X.
6. If X\ € 0,(T), then X € 0,(T*).

7. Then there exists a unique spectral measure E such that

- /C MEr(V).

20



8. If o(T) CR, then T is self-adjoint.
9. p(T) = {X € C, such that, ran(T — ) = H}.
10. 0,(T) = {X € C, such that, ran(T — \I) # H}.

The next theorem is known as Fuglede-Putnam theorem and it plays an essential role

on our work.

Theorem 1.6.4 ([9]). Let S be a bounded linear operator and N and M are not necessarily

bounded normal operators, then
SN C MS = SN*C M*S.

1.6.1 Unbounded hyponormal operators

Definition 1.6.5. Let T be a densely defined linear operator with domain D(T) C H.
We say that T' is hyponormal if

D(T) C D(T*) and ||T*z| < ||Tz||, Vz € D(T).
Remark 1.6.6. Clearly, normal and self-adjoint operators are hyponormal operators.

Theorem 1.6.7 ([5]). Let T be a densely defined hyponormal operator with domain
D(T) C H. Then

~

. Symmetric operators are hyponormal.

2. ker(T) C ker(T™).

Co

. T+ X is hyponormal for all complex number X.

4. There exists a contraction operator K (i.e. | K| < 1), such that

TCT*K and ker(K) C ker(T™).

5. ran(T) C ran(T™).

21



6. If o(T) is real, then T must be self-adjoint.
7. Symmetric operators are hyponormal.

Remark 1.6.8. If T is a densely defined normal operator, then ran(T) = ran(T*).

22



Chapter 2

Conditions implying the closedness
of the range of linear operators

In this chapter, we establish the closedness of the range of linear operators under certain
conditions. Furthermore, we investigate the additive properties of operator ranges and

examine the ranges of unbounded positive self-adjoint operators.

2.1 Conditions implying the closedness of the range
of bounded linear operators

In this section, we provide some extra conditions on a bounded linear operator 1" to ensure

the closedness of its range.

Theorem 2.1.1 ([3]). Let T € B(H) such that ker(T') C ker(T*). If there exists n € N,
such that n > 2, ran(T) = ran(T"), then ran(T) = ran(T*) is closed and ker(T) =
ker(T™).

Proof. For x € [ker(T)]*. There exists y € H such that Tx = T"y and so z — T" 1y €
ker(T).

23



For any z € ker(T) C ker(T*) C ker(T*"~1)), we have
<T”_1y,z> = <y,T*(”_1)z> =0.
Hence, T" 'y € [ker(T)]*, and hence z — T" 1y € [ker(T)]*. Thus, we obtain
x—T" 'y € ker(T) Nker(T)™ .
Thus, x = T 'y and
[ker(T*)]* C [ker(T)]* C ran(T" ") C ran(T) C ker(T*)*,
So, ran(T) = ran(T). Moreover, ran(T*) is closed and ker(T) = ker(T*) and hence
ran(T) = ran(T*). O
The following result is evident.
Corollary 2.1.2. Let T € B(H). If X & 0,(T), then
AN o(T) <= IneN:ran(T — ) =ran|[(T — \I)"].

Since a hyponormal operator T satisfies ker(T) C ker(7™), the ensuing result is also

clear.

Corollary 2.1.3. Let T be a bounded hyponormal operator. If, for somen € N, ran(T) =
ran(T™), then ran(T) is closed.

Obviously, the preceding corollary is true for normal operators. At the same time, it
is known that there exists non-normal bounded operator T" such that 7™ is normal for
a certain n (it suffices to assume that 7" is a bounded nilpotent non-zero matrix). The

following result becomes therefore interesting.

Corollary 2.1.4. Let T € B(H). Suppose ran(T) = ran(T™) and T™ is normal for some

n € N, then ran(T) must be closed.
Proof. Since T™ is normal, then
ran(T") = ran[(T™)*] = ran(T*") C ran(T™).

Hence ranT C ran(T™*) or ker T' C ker(T*). By Theorem 2.1.1, we obtain the closedness
of ran(T). O
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A bounded linear operator 7T is said to be posinormal if T7T* = T PT for some positive
bounded linear operator P. This class was introduced by H. C. Rhaly in [7]. T' € B(H) is
posinormal if and only if ran(T") C ran(T*). The following theorem deals with bounded

posinormal operators.

Theorem 2.1.5 ([3]). Let T' € B(H) such that ker(T") C ker(T™). If ran(T™) = ran(T™)

for some m,n € N. Then for all k,l € N, we have
1. ran(T*) and ran(T*') are closed.
2. ran(T*) = ran(T*") and ker(T*) = ker(A*).
3. T% and T* are both posinormal.

Proof. Since ker(T) C ker(T*), then ker(T') = ker(7?). From Lemma 2 in [6], it follows
that
ran(T) = ran(T*), k€ N.

By applying Theorem 2.1.1, we obtain that ran(T%) is closed for all k € N. Moreover,

ran(T) = ran(T*) and hence T and T* are posinormal. Again by Lemma 2 in [6], we

have
ran(T*) = ran(T*), for alll € N.
Hence
ran(T") = ran(T*)
and
ker(T*) = ker(T™)
for all k,1 € N. This implies the posinormality of all T* and T, O

The following example shows the importance of the condition ker(T") C ker(7T*) and
that cannot be replaced by the condition ker(A™) C ker(A*™) for all m € N, in the above

theorem.
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Example 2.1.6. There exists a bounded linear operator T such that ker(T™) C ker(T*™)
and ran(T™) = ran(T™) is closed for all non-null natural numbers m and n and ran(T)

is not closed. Indeed, Let S € B(H) such that ran(S) is unclosed, then let

0 S
T - <O O) |
Thus, T™ = Ogan for all m. It is easy to check that ran(T') is unclosed while all of T™,

with m > 1, have a closed range.

Remark 2.1.7. There ezists a bounded linear operator T' such that ker(T') C ker(T*) and
ran(T*) is closed for all natural numbers k, but ran(T™) # ran(T™) whenever m # n.

To this end, it suffices to consider the usual shift operator on (2.

Corollary 2.1.8. Let T € B(H) such that T* injective for some non-null natural number

k. If ran(T™) = ran(T") with m,n € N and m < n, then T" must be invertible.

Proof. Since T* is injective, then T*! is also injective. Lemma 2 in [6], ensures that
A™ is also injective. From Theorem 2.1.5, deduce that T™ is invertible, thereby T is

invertible. OJ

2.2 Additivity properties of operator ranges

Recall that the spectral theorem allows us to define the powers of an unbounded self-

adjoint positive operator 7" with domain D(T'), as follows

(T%x,x) = /000 A d(E(N)z, x)

where o > 0 is real and F stands for the unique spectral measure associated with 7.
In the next result, we present some properties of unbounded self-adjoint positive op-

erators.

Theorem 2.2.1 ([3]). Let T' be an unbounded self-adjoint positive operator with domain
D(T) C H and let o, ;7,9 €]0,00[. Then

1. D(T7) C D(T°) for all v > §. Moreover, D(T") = D(T®) if and only if T € B(H).
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2. TOTP = To+8,

8. (T*)P =T,

4. ker(T*) =kerT for all a > 0.

The following theorem is known, but the proof we present below is fairly simple.

Theorem 2.2.2. Let T be a closed densely defined linear operator with domain D(T).

The following statements are equivalent:
1. ran(TT™) is closed.
2. ran(T) is closed.
3. ran(T™) is closed.

4. ran(T*T) is closed.

Proof. Since [ran(T)]* = ker T* = ker(TT*) = [ran(TT*)]*, then ran(T) = ran(TT*).

1. 7(1) = (2)”. We have

ran(T) = ran(TT*) = ran(|T*|2) = ran(|T*|*) C ran(|T*|) = ran(T).

2. The equivalence ”(2) < (3)” is already known by the general theory.

3. 7(2) = (1)”. We solely show that ranT C ran(TT*). Since ran(T) is closed,
ran(T*) is closed and so

H =ker(T) @ ran(T™).
For x € D(T'). We have x = x; +T*x9 with 21 € ker(T") and x5 € D(T™*). Therefore
Toe =TT 2y
which implies that that ranT C ran(TT*) and hence ranT = ran(TT™).

4. The equivalence "(3) < (4)” holds by replacing 7' by T* in the equivalence ”(1) <
(2)77.
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]

Corollary 2.2.3. Let T be an unbounded self-adjoint operator and let n € N. Then
ran(T) is closed if and only if ran(T?") is closed.

Proposition 2.2.4. Let T be a closed densely defined linear operator and let S € B(H).

The following statements are equivalent:

1. ran(T*) @ ran(S*) is closed.

2. ker(T) + ker(S) = H.

Proof. Since ran(T*)+ran(S*) is closed if and only if ker(7") +ker(95) is closed, the proof

of the above theorem follows from the equality

(rcm(A*) N 7’cm(B*)>L = ker(A) + ker(B).
O

Remark 2.2.5. [t is worth noticing that ker(T')+ker(S) = H does not imply the closedness
of ran(T*) & ran(S*). For instance, it suffices to consider an unbounded self-adjoint

operator T such that ran(T') is unclosed and S =0 everywhere on H.

Theorem 2.2.6. Let T and S be closed densely defined linear operators such that D(T) C
D(S) and ||Sx|| < ||Tx||. Then ran(S*) C ran(T™).

Proof. Let K be a linear operator defined from ran(T) into ran(S) by K'Tx = Sx for
x € D(T). Since K' defined a contraction on ran(T), then K, can be extended to a
contraction K on ran(T). Let K = K" on ran(T) and K = 0 on W(T)L. Then
KT C S and hence S* C T*K*. Consequently, ran(S*) C ran(T™). O

The order relation between bounded self-adjoint operators in B(H) is easy to de-
scribe. However, in the context of unbounded self-adjoint operators, there are at least

two definitions (see, [9]), namely:
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Definition 2.2.7. Let T and S be two symmetric operators with domains D(T) and D(S)
respectively. We say T > S if D(T') C D(S) and

(Tx,x) > (Sx,x), Yo € D(T).

Definition 2.2.8. Let T and S be unbounded self-adjoint positive operators. We say that
T+ S if D(T2) C D(S2) and |[T2z|| > ||S2z|| for all z € D(T2).

In general, T' = S does not imply that 7" > S, even for two self-adjoint and positive
operators T and S, mainly because D(T*/?) C D(S'?) does not necessarily give D(T) C
D(S).

Corollary 2.2.9. Let T and S be two closed densely defined linear operators such that
TT* < 8S*. Then ran(T) C ran(S).

Proof. Since TT* < SS5*, then
D(S*) = D(|S*]) € D(|T*|) = D(T™)

and

[Tl = [T |2]] < [[[S™]]l = [[5™]].
The above theorem ensures that ran(7") C ran(S), as needed. O

The next result might regarded as a generalization of Proposition 2.8 in [2].

Theorem 2.2.10. Let T and S be two unbounded linear operators satisfying ran(T) N
ran(S) = {0}. Then,

ran(T + S) = ran(T) + ran(S) <= ker(T) + ker(S) = D(T') + D(S).

Proof. Assume that ran(T+S) = ran(T)+ran(S). Since ker(T")+ker(S) C D(T)+D(S),
we only need to prove that D(T) + D(S) C ker(T') + ker(S). Let x € D(T) + D(S) so
that © = 1 + @9, with x; € D(T') and xo € D(S). Since ran(T + S) = ran(T') + ran(5),
then ran(T) C ran(T + S), and there exists a y € D(T) such that

Txy=Ty+ Sy.
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Hence, T'(zy —y) = Sy, which, and due to ran(T) Nran(S) = {0}, means that y € ker(.5)
and z; —y € ker(T). Hence, x; € ker(T) + ker(S). Reasoning similarly, we obtain
xg9 € ker(T) + ker(S), and so 1 + 5 € ker(T) + ker(.5).

Conversely, suppose ker(T) + ker(S) = D(T') + D(S). Let y = Tx + Sa’ € ran(T) +
ran(S). Then x = 1 + x5 and = x3 + x4 where 1,23 € kerT and x5, x4 € ker S. We
have

y=Txz+ Sz’ = (T + 5)(x2 + x3).

Thus, ran(T') + ran(S) = ran(T + S). O

Remark 2.2.11. Observe that ker(T')+ker(S) = D(T)+ D(S) implies that ran(T+S) =
ran(T) + ran(S) even without assuming ran(T) Nran(S) = {0}.

Corollary 2.2.12. Let T' be a closed densely defined linear operator and let B € B(H).
If ker(T') + ker(S) = H, then

ran(|T|* + |S|%) = ran(|T|*) + ran(|S|”),
for all a, 5 > 0.

Proof. Since ker(T) + ker(S) = H, ker(|T|*) + ker(|S|?) = H. Hence, Theorem 2.2.10
implies that ran(|T|* + |S|?) = ran(|T|*) + ran(]S|?). O

Example 2.2.13. There exist a closed densely defined linear operator T and S € B(H)
such that

1. ran(T + S) = ran(T) + ran(S).

2. ran(T) Nran(S) = {0}.

3. ker(T) + ker(S) # D(T).
It suffices to assume A and B =0 on the entire H.

The next example shows the impossibility to extend Theorem 2.2.10 to three operators.
Example 2.2.14. There are T, S, K € B(H) such that
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1. ran(T) Nran(S) Nran(K) = {0}.
2. ran(T+ S+ K) =ran(T) + ran(S) + ran(K).
3. ker(T) + ker(S) + ker(K) # H.

Let H := L? the Haar measure on the unit ball. According to Exercise 9 on Page
145 in [8], there exist two closed subspaces M and N of L? such that M N N = {0},
M+ N #L*>and M+ N = L? LetT =1 on L? and let S and K be the orthogonal
projections on M and N respectively. Then ran(T) Nran(S) Nran(K) = {0} and

ran(T + S + K) = ran(T) + ran(S) + ran(K) = L?

and yet
ker(T) + ker(S) + ker(K) = ker(S) + ker(K) # L?

On the other hand, if ker(B) + ker(C) = L?, then proposition yields that M + N = L?,

which is impossible.

Example 2.2.15. There exist a densely defined closed linear operator T' and S € B(H)
such that
ran(T + S) + ran(T — S) # ran(T) + ran(S).

Let K be a Hilbert space, and let H = K & K. Now, take a densely defined closed linear

Iy A
0 0 ),deﬁned on

K x D(A), where A is closed densely linear operator. Then T is closed and T? = A. Let
B =1 on the whole of H. Then

operator T such that D(T?) = D(T). An explicit example is A =

ran(T + S) +ran(T — S) C D(T) # ran(T) + ran(S) = H.

The following result deals with the additivity properties of unbounded linear operator
ranges. Recall that, in general, only the inclusion ran(T + S) C ran(T) + ran(S) hold,

where T and S are linear operators.

Proposition 2.2.16. Let T and S be densely defined linear operators with domains D(T)
and D(S) respectively. Assume that D(T) C D(S). Consider the following statements:
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1. ran(T + S) = ran(T) + ran(S).

2. ran(S) C ran(T + S).

3. ran(T) C ran(T + S).

4. ran(T — S) Cran(T + S).
Then, (1) < (2) = (3) & (4).
Proof. Let « € D(T). The implication ”(1) = (2)” is plain. To show ”(2) = (1)”, observe
that Tw = Tx + Sx — Sz. Since ran(S) C ran(T' + S), then Tx € ran(T + S). Therefore,
ran(T + S) = ran(T) + ran(S) holds. By applying similar reasoning, we may show that

(2) = (3)"

Now, we show "(3) < (4)”. Since Sx—Tz = Sx+Tx—2Tz, then ran(T) C ran(T+5S).

Tx—Sz Tx+Sx
5+ R ]

The other implication follows from the fact: Tz =

Remark 2.2.17. In general (3) does not imply (1) or (2). To see that, Let A be a linear

operator with domain D(A) and an unclosed range ran(A), then let

r-(5 7).
where I s the identity operator.
Let S = Iyxy. Clearly, ran(T) = ran(A) @ D(A) and ran(T + S) = H x D(T).
Thus, ran(T) C ran(T + S), and since ran(T) + ran(S) = H x H, then ran(A + B) #
ran(A) + ran(B) is violated.

2.3 The ranges of unbounded positive self-adjoint op-
erators

In this section, we investigate the closedness of the range of positive self-adjoint operators.

Theorem 2.3.1. Let T be an unbounded linear positive self-adjoint operator. The fol-

lowing statements are equivalent:

1. ran(T) is closed.

32



2. ran(T) = ran(T*) for all o €]0,1].
3. ran(T) = ran(T*) for some o €]0,1].
Proof.

1. 7(1) = (2)”. By Theorem 2.2.1, we have

ranT® = ran(T) = ran(T) C ran(T®)
which implies that
ran(T) = ran(T®).
2. Obviously, the assertion ”(2) = (3)” is hold.

3. 7(3) = (1)”. Recall that
H = D(T%) + ran(T*) = D(T®) + ran(T).
Let € ker(T)* such that = x; + 1y where x; € D(T%) and 2o € ran(T) C
ran(T*=*). Since x € ker(T)* and x5 € ran(T) C ker(A)*, then z; € ker(T)*.

Next, we show that x; € ran(T'~?). Since z; € D(T%), there exists y € D(T) such
that
ATz, =Ty = T, — Ty = T2, — T %y) =0,

thus, z; — Ty € ker(T*) = ker(T).

Besides, 7'y € ran(T'~%) C ker(T'=*)+ = ker(T)*. The latter then implies that
xy — Ty € ker(T)* Nker(T) = {0}. Hence

=T " or oy € ran(T"™?).

Hence

ran(T'=*) = ran(T) = ker(T)* C ran(T'~®),

and hence

ran(T'=2) = ran(T'™%).
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Using Corollary 2.2.3, and for a suitable n, we obtain
ranT'™ = ranT? 1= C ran(T) C ranT*~°.

Accordingly, ran(T) = ranT'~* is a closed.

Now, we extend the previous theorem may to include real numbers in |1, ool.

Theorem 2.3.2. Let T be an unbounded positive self-adjoint operator. The following

statements are equivalent:
1. ran(T) is closed.
2. ran(T) = ran(T*) for all a €]1, 0.
3. ran(T) = ran(T®) for some a €]1, 00].
Proof. We only need to prove the implications, ”(1) = (2)” and ”(3) = (1)

1. ”(1) = (2)” Let a > 1. Since ran(T) is closed, then

ran(T) = ran(T?) = ran(T?"),

for all n € N. Now, for a suitable n, we can show that
ran(T) = ran(T*") C ran(T*) C ran(T).
2. "(3) = (1)” Let S = T*. Then the assumption ran(T) = ran(T*) becomes
ran(S) = ran(S"*). Since L < 1, Theorem 2.3.1 yields the closedness of ran(T).
O
By combining Theorem 2.3.1 and Theorem 2.3.2, we deduce the following result.

Corollary 2.3.3. Let T be a densely defined closed operator. The following statements

are equivalent:
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1. ran(T) is closed.
2. ran(T) = ran(|T*|*) for all reals o > 0.
3. ran(T) = ran(|T*|*) for some real o > 0 with o # 1.

Proof. The proof follows immediately from the preceding two results and the relation

ran(T) = ran(|T*|). O
The next result constitutes yet another generalization of the above results.

Corollary 2.3.4. Let T be an unbounded positive self-adjoint operator. If ran(T*) =

ran(T?) for some different positive numbers a and 3, then ran(T) must be closed.

Proof. Since ran(T?*) = Tan[(Ta)g], then ran(T%) is closed as a # 3, and so is ran(7T)

by the preceding results. Il
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Chapter 3

Identities involving the range of
unbounded linear operators

In this chapter, we present several equalities related to the sum of ranges of unbounded

linear operators.

3.1 Crimmins’ equality
In [4], the authors proved that, If T, S € B(H), then
ran(T) + ran(S) = ran|[(TT* + SS*)%],

this equalty is known as Crimmins’ equality. In the next result, we assume only one of

the operators is bounded.

Proposition 3.1.1. Let T be a densely defined closed linear operator with domain D(T') C
H and let B € B(H). Then

ran(T) + ran(S) = ran[(TT* + SS*)%].
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Moreover, if a > 0 with a # 2, then
ran(T) + ran(S) = ran[(TT" + SS*)é].
whenever ran(T) + ran(S) is closed.

=0 0)

with D(A) = D(T') x H. Then A is densely defined closed operator, and hence AA* is

Proof. Let

positive self-adjoint operator. Additionally,
ran(A) = (ran(T) + ran(S)) x {0}.

Since ran(A) = ran(]A*|) and

o (TT* 48592 0
af= (0TS0,

it, follows that ran(T) + ran(S) = ran[(TT* + SS5*)z].

A similar reasoning implies
(AA7)E = ( (TT* JBSS*)Q 8 ) |
Since ran(A) = ran(|A*|)and ran(T') + ran(S) is closed,then
ran(A) = ran(|A*|) = ran(|A*|%),
which implies the desired identity. [
Remark 3.1.2. The previous result will also be referred to as Crimmins’ eqaulity.

The second Crimmins-like result is given next.

Proposition 3.1.3. Let Sy,..., S, € B(H) and let T be a densely defined closed operator.
Then

ran(T) +ran(Sy) + - - - + ran(S,) = ran[(TT* + S1.57 +--- + SnS:)%].
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Proof. Let

T 5 Sh

0 O 0
A= )

0 O 0

defined on D(T) & H® H & --- @ H. Since

(TT* + 8,55 + -+ 5,522 0 0
i} 0 0 0
A" = : Do ’
0 0 --- 0
and as above, we obtain the desired equality. ]

Next, we generalize Proposition 3.7 in [1].

Proposition 3.1.4. Let T be a closed densely defined linear operator and let B € B(H).

Then, for all o, B > 0 we have

1. ran(|T|* +15)°) = ran(T*) + ran(S*).
2. ker (|T]* + |S|°) = ker(T) N ker(S).
Proof.

1. We have

ran(T+) + ran(5%) = ran(T*) + ran(S*) = ran(|T|?) + ran(|S]?)

= (ran(|T|%)) + ran(]9]?)

Crimmins’ equality then implies that

ran(T*) + ran(S*) = ran(|T|* + |S|°)2 = ran(|T)* +|S|%).

2. The second assertion is a consequence of the first one.

The following result generalizes both Theorem 3.3 and Corollary 3.6 in [1].
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Theorem 3.1.5. Let T be a closed densely defined linear operator and B € B(H). The

following statements are equivalent:
1. ran(T) 4+ ran(S) is closed.
2. ran(|T*|* + |S5*|°) is closed, for all a, 3 > 0.
3. ran(|T*|* + |5*|°) is closed, for some o, 3 > 0.
Furthermore, if any of the above conditions holds, then
ran(|T*|* +15*|°) = ran(|T*|%) + ran(|S*|°) = ran(T) + ran(S),
for all a, 8 > 0.
Proof.
1. 7(1) = (2)” Since ran(T") + ran(S) is closed, Proposition 3.1.1 implies that

ran(T) + ran(S) = 7’cm(|T*|2 + |S*|2)% = 7“cm(\T"‘|2 + |S*\2)
C rcm(|T*|2) + Tan(|5’*|2)

C ran(A) + ran(B).

Hence, ran(|T*|?)+ran(|S*|?) = ran(T)+ran(S) is closed. By induction, ran(|T**")+
ran(|S*1*") = ran(T) + ran(S) is closed.

For suitable n, we have
ran(|T* ") + ran(|S**") € ran(|T*[%) + ran(|S*|?) C ran(|T*|* +|5%|%)

which implies that

ran(|T*|* + |S*|5)% C ran(|T*|* + |S*|#) = ran(T) 4+ ran(S),
where we have used Proposition 3.1.4. Therefore,

ran(|T** + (15*|°))2 = ran(T) + ran(S)
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is closed, as

ran(|T*|* + |S*|ﬂ) = ran(|T*|* + |S*|ﬂ)% =ran(T) + ran(S).

On the other hand, we find that
ran(T) + ran(S) = ran(|T*|?) + rcm(|S*|§)
for all o, 8 > 0 and hence
ran(|T*|* + |S*|?) = ran(T) + ran(S) = ran(|T*|*) + ran(|S*|?),
as required.

C7(3) = (1) If ran(|T*|* + |5*|°) is closed for some «, 3 > 0, then

B
2

ran(IT*|* +|S°°) = ran[(IT*|* +|5°|)2] = ran(IT*|%) + ran(|S"|*).

Hence, ran(|T*|2) —|—mn(|S*\§) is closed. By the first part of the proof, ran(|T*|) +

ran(]S*|) is closed, thus
ran(T) + ran(S) = ran(|T*|) 4+ ran(|S™)
is closed.

]

Corollary 3.1.6. Let T be a closed densely defined linear operator and let B € B(H).

The following assertions are equivalent:

1. ran(T) 4+ ran(S) = H.

2. ran(|T*|* + |5*|°) is invertible for all o, > 0.

3. ran(|T*|* + |S*|°) is invertible for some a, 8 > 0.
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Conclusion

In our work, we establish a collection of identities concerning the closedness of the range
for various classes of (possibly unbounded) operators on a Hilbert space, such as self-
adjoint, positive, normal, hyponormal, and quasinormal operators as well as their powers
and, where applicable, their fractional powers. Indeed, we prove that an unbounded
self-adjoint positive operator has closed range if and only if one (equivalently, all) of its
fractional powers has closed range. Moreover, we investigate the additivity properties of

unbounded linear operators ranges.
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Résumé:

Dans ce mémoire, nous avons étudié I'image des opérateurs linéaires non bornés dans
les espaces de Hilbert, avec un accent particulier sur les propriétés de cette image et les
conditions de sa cléture. Cette étude vise a approfondir la compréhension de la théorie
des opérateurs non bornés, laquelle peut s’avérer utile dans divers domaines de I'analyse

mathématique.

Mots-Clés: L’opérateur non borné, I'opérateur adjoint, I'image d’opérateur linéaire non
bornés, espace de Hilbert.

Abstract:

In this thesis, we studied the the range of unbounded linear operators in Hilbert spaces,
with particular emphasis on the properties of the range and the conditions under which
it is closed. This study aims to deepen the understanding of unbounded operator theory,

which may prove useful in various areas of mathematical analysis.

Keywords: unbounded operator, adjoint operator, the range of unbounded linear operator,
Hilbert space.
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