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Notation

N Natural numbers {0, 1,2,3,...}.

N* Nonzero natural numbers {1,2,3,...}.
R Real numbers (—oo, 00) .

R+ Positive real numbers (0, c0) .

C'(22)  The BANACH space of all continuous functions ¢ on €2, for which
¢l = sup |@(n)].
0<n<e
L) EULER gamma function.
I8¢  RIEMANN-LIOUVILLE fractional integral of order a.

“Dg,p CAPUTO fractional derivative of order .
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Introduction

nfectious diseases are among the oldest challenges that have shaped human history and

continue to be a major global concern. These diseases, caused by various pathogens
such as viruses, bacteria, fungi, and parasites, can spread rapidly and widely, resulting
in epidemics and pandemics that claim millions of lives. Historical records show that
infectious diseases like the plague, smallpox, and influenza have devastated populations,
and recent epidemics, such as Ebola, SARS, and COVID-19, illustrate that infectious
diseases remain a prominent threat to global health[1}, 2} 3].

Modern advances in science and technology have improved our understanding of
infectious diseases, leading to the development of vaccines, treatments, and diagnostic
tools. However, factors such as globalization, increased travel, urbanization, and climate
change have heightened the risk of emerging and re-emerging infectious diseases. These
conditions facilitate the spread of pathogens across borders, making effective disease
control and prevention a priority. Therefore, studying the dynamics of disease transmission
and understanding how infections spread is crucial in order to protect public health and
prepare for future outbreaks.

The transmission of infectious diseases varies depending on the type of pathogen and
mode of spread. Diseases can be spread through direct contact, such as handshakes or
touching, which is common for pathogens like influenza and COVID-19 that are transmitted
through respiratory droplets. Airborne transmission is another mode where pathogens
remain suspended in the air for longer periods, increasing the risk of infection in crowded
and enclosed spaces.

Some diseases are transmitted indirectly through contact with contaminated objects
or surfaces, such as door handles or personal items [4, 5]. Foodborne and waterborne
pathogens also pose significant risks, as they can lead to outbreaks through contaminated

food supplies or inadequate sanitation, as seen in diseases like cholera and typhoid.
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Introduction

In contrast to these direct and indirect modes, vector-borne diseases rely on biological
carriers, known as vectors, to transfer the pathogen from one host to another. The role of
vectors, such as mosquitoes and sandflies, is particularly important in the spread of certain
diseases in specific regions, often where climate and ecological conditions favor the life
cycles of these vectors. Understanding the various mechanisms of transmission is essential
for designing targeted interventions and minimizing the spread of infections in diverse
populations.

Vector-borne diseases represent a unique and complex category of infectious diseases
with significant global health implications. These diseases rely on intermediate hosts,
typically arthropods like mosquitoes, ticks, and flies, to transfer pathogens to humans.
The transmission process is influenced by factors like climate, environmental conditions,
and human activities, making vector-borne diseases particularly challenging to control in
regions with ideal vector breeding conditions, such as tropical and subtropical zones.

Examples of vector-borne diseases include malaria, which is transmitted by Anopheles
mosquitoes; dengue fever, spread by Aedes mosquitoes; and leishmaniasis, caused by
sand fly bites. Malaria alone causes hundreds of thousands of deaths annually, with the
highest burden in sub-Saharan Africa. Dengue fever is prevalent in urban areas across
Asia and Latin America, leading to severe health complications and high economic costs.
Leishmaniasis affects millions of people worldwide, causing skin and internal damage,
with cutaneous leishmaniasis being one of the most widespread forms.

The economic and social impact of these diseases is profound, especially in low- and
middle-income countries where healthcare resources are limited. Vector control efforts,
such as insecticide-treated bed nets, spraying programs, and environmental management,
play a crucial role in reducing transmission. However, these interventions alone are often
insufficient, highlighting the need for integrated strategies and continuous monitoring.
Mathematical modeling offers a valuable approach to simulate disease transmission dy-
namics and assess the effectiveness of vector control strategies [6, 7, 18,9, [10].

Mathematical modeling has become a cornerstone in epidemiological research, pro-
viding a framework for analyzing and predicting disease transmission patterns [11} 12,
13} 14} 115, 16, [17]. Through mathematical equations and simulations, models can repre-
sent complex biological processes and capture the behavior of diseases within a popula-
tion. Traditional epidemiological models, such as the SIR (Susceptible-Infected-Recovered)
model, have been widely used to estimate infection rates and evaluate control strategie

[18,119, 120, 21]. The SIR model divides the population into compartments, representing the
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Introduction

susceptible, infected, and recovered individuals, and uses differential equations to describe
transitions between these compartments over time.

Advanced models expand upon the basic SIR structure to include additional factors such
as birth and death rates, seasonal variations, and vaccination coverage. These extensions
make it possible to simulate more realistic scenarios and predict the spread of diseases
under different intervention strategies. Mathematical models are particularly valuable in
informing public health decision-making by providing insights into critical parameters,
such as the basic reproduction number (9ib), which measures how many individuals, on
average, an infected person will infect. When $3b is below 1, the disease is expected to die
out; when it is above 1, the disease may continue to spread.

In the context of vector-borne diseases, modeling helps researchers understand how
environmental factors, such as temperature and humidity, affect vector populations and
transmission rates. Models can also explore potential outcomes of vector control measures,
enabling policymakers to develop and implement data-driven interventions that effectively
reduce disease burden.

Fractional modeling, which employs fractional derivatives rather than traditional
integer-order derivatives, has gained attention in recent years as a sophisticated approach
in mathematical modeling. Fractional calculus introduces the concept of memory and
hereditary effects, allowing for a more nuanced analysis of systems that exhibit complex
temporal dependencies. In biological systems, these memory effects are significant because
the current state of an organism or population may be influenced by past exposures or
interactions|22} 23|24} 25, 26, 27, 28].

Fractional differential equations are particularly useful in modeling infectious diseases
where memory effects play a role in disease progression and transmission. For example, the
fractional order can represent the extent to which past infections impact susceptibility to
future infections, capturing long-term dependencies and cumulative effects. This capability
makes fractional models well-suited for studying diseases with prolonged infection cycles,
delayed immune responses, or cumulative environmental impacts on vector populations[27,
28,129,130, 31].

By incorporating fractional derivatives, researchers can create models that are more
flexible and accurate in simulating real-world disease transmission patterns. Fractional
modeling is especially valuable for studying vector-borne diseases, as it provides insights
into how historical environmental conditions and population dynamics influence present-
day transmission[32, 133} 34,35, 36, 37,138, 39, 40, 41} 42, 43, 44]. These models can contribute
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to more effective and targeted public health interventions by offering precise estimates and
identifying key factors in disease spread.

In this thesis, we focused on studying the dynamics of epidemic disease transmission
using mathematical models to analyze the behavior of three major diseases: malaria,
dengue fever, and cutaneous leishmaniasis. In each chapter, we presented a comprehensive
study of a specific dynamic system that reflects disease transmission, aiming to provide
insights into the development of effective prevention and control strategies.

In the first chapter, we concentrated on the theoretical foundations of mathematical
modeling for epidemics, including an explanation of dynamic systems based on differential
equations. We discussed the basic concepts related to the mathematical systems used to
study disease transmission, such as the SIR model (susceptible, infected, recovered), with
an emphasis on how these models are constructed and applied.

In the second chapter, we studied a dynamic system to analyze malaria transmission
between humans and mosquitoes. The model in this chapter is based on fractional differ-
ential equations that account for the effects of memory and time on disease spread. We
presented the mathematical equations representing malaria transmission, with a focus
on the influence of environmental factors and preventive interventions. The model was
analyzed using real data from Algeria.

Based on the work presented above, for 0 <t < /¢ < oo,and 0 < a < 1, we have:

o _ Bl (1)
CDO+SN (t) = /;A;V (ti + 5PN (t) — (M—<t) + ,u) SN (t),
D) = S 0 - (k) In 0,
DG P () =l () 5+ ) P (1),
CDo. Sy (1) = AM(t) - <7£[N<S) + o) S (8),
Dt ) = S 0 - ol 1),

Here, N(t) = Sn(t) + In(t) + Pn(t

e Sy: Susceptible human.

~—

represents the total human population, where:

o [: Infected human.

e Py: Partially Immune human.

Similarly, M (t) = Sy (t) + Ip(t) represents the total mosquito population, where:
e Sy Susceptible mosquitoes.

e [)s: Infected mosquitoes.
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In the third chapter, we studied a traditional mathematical model using ordinary differ-
ential equations to examine dengue fever transmission between humans and mosquitoes.
We analyzed how environmental variables such as temperature and humidity affect
mosquito life cycles and disease transmission. Additionally, we discussed the poten-
tial effects of various interventions such as insecticide spraying and the use of protective
nets.

Based on the works mentioned above, we proposed the following system of ordinary

differential equations for 0 < ¢ </ < oc:

( dSN (t) 5IM (t>
= AN+ kRN (1) - ( 0 +u) S (1)

I _ %‘Qg)&{ (6) = (p+q+0+p) I (t)
dHCfZVt@) = ply(t) = (T4 p) Hy (t)
dRcJ;t(t) = qIy () +THN () — (5 + 1) Ry (2)
dSy (1) Iy (t)
d dt() = )\M((t))—(N(t) +u) Sw (1)

By (t Yn (1

i = S (1) = (34 ) Bur (1)

ffgt“) 5B () — vl (£).

Here, N(t) = Sn(t) + In(t) + Hn(t) + Rn(t) represents the total human population, where:

e Sn: Susceptible individuals.

e [;: Infected individuals.

e Hy: Hospitalized individuals.

e Rn: Recovered individuals.

Similarly, M (t) = Su(t) + Em(t) + Iy (t) represents the total mosquito population,
where:

e Sy Susceptible mosquitoes.

e I)r: Exposed mosquitoes.

e [)s: Infected mosquitoes.

Finally, in the fourth chapter, we focused on a traditional mathematical model to study
the transmission of cutaneous leishmaniasis between humans and infected mosquitoes.
We presented mathematical equations describing disease transmission across different
groups, focusing on factors affecting disease development, such as preventive measures,

environmental conditions, and climate change.
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Based on the works presented above, we proposed the following system of ordinary

differential equations for 0 < ¢ < ¢ < oo:

( dsgt(t) AN () mRy () (6]\]/?4(3) +M) Sy (t)
dEC]ZVt(t) _ /3]{}1(5;5) Sn (1) — (6 + 1) Ex (1)
dlgt(t) — O6EN () — (p+ ) Iy (t)
dAc]th(t) = (1-0)3Ey (1) — (q+p) Ay (2)
dRCf;f O oLy (t) + gAn (t) — (s + 1) B (1)
dsgjt(t) _ M) - (V(IN (1274(;)1% () +U) Sur (t)
| dljgt(t)) _ 7 Ux (isz(rt)AN (t))gM (t) — vl ().

Here, N(t) = Sn(t) + En(t) + In(t) + An(t) + Rn(t) represents the total human population,
where:

e Sy: Susceptible individuals.

e IJy: Exposed individuals.

e [: Symptomatic infectious individuals.

o An:Asymptomatic infectious individuals.

e Rx: Recovered individuals. Similarly, M(t) = Sy(t) + In(t) represents the total
sandfly population, where:

e Sy Susceptible sandflies.

e [,;: Infected sandflies.

The parameters A, A, 3,7, 9, k,v,p, q, 0,7, and ;o will be defined later in the thesis.

The objective of this thesis was to provide a deep understanding of the dynamics of
epidemic disease transmission using various mathematical tools. We also aimed to provide
recommendations based on mathematical analysis and numerical results to develop more

effective strategies for disease prevention and control.
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CHAPTER 1

FUNDAMENTALS OF MATHEMATICAL

EPIDEMIC MODELING: CONCEPTS AND
DEFINITIONS

%his chapter introduces the fundamental principles of mathematical epidemiology, fo-
cusing on dynamic systems like the SIR model used to describe disease transmission

within a population.

1.1 Introduction to Dynamical Systems

A dynamical system is a mathematical model used to describe how a system evolves
over time. It is characterized by its dependence on the current state to determine future
states, often displaying patterns of repetition or predictable ,behavior. These systems are
widely used in various fields, including physics, biology economics, and engineering, to
analyze and predict the behavior of complex phenomena.

In general, any system that undergoes changes over time can be classified as a dynamical
system. From a mathematical perspective, a dynamical system consists of two fundamental
components:

» State Vector:Represents the precise condition of the system at a given moment. It
encapsulates all relevant variables necessary to describe the systems current status.

» Evolution Rule: Defines the mechanism governing how the system progresses from
one state to another over time. This rule can be expressed through differential equations,
difference equations, or iterative mappings, depending on whether the system is continuous
or discrete (Scheinerman, 2013 [45]).

Main Types of Dynamical Systems:

e Discrete-Time Systems:

Souad Bounouiga 7 Mohamed Boudiaf University of M’sila



1.2. Continuous dynamical systems

o Time is represented as discrete intervals (e. g. ,t € Zort € N).

o These systems are modeled using difference equations or iterative applications.
e Continuous-Time Systems:

o Time is represented as a continuous variable (e. g. , ¢t € R).

o These systems are governed by differential equations.

Some examples of dynamic systems are:
Exponential Growth Model:

This model describes the growth of living organisms and is governed by the equation:
T=rr

Where z represents the population size, and r > 0 is the growth rate.
Pendulum Motion Model:
This model describes the dynamics of a swinging pendulum and is expressed by the

equation:

.. g .
Z —0
T+ 7 sin(x)
Where z is the pendulums angular displacement, g is the acceleration due to gravity, and L

is the length of the pendulum.

1.2 Continuous dynamical systems

The mathematical formulation of a continuous-time dynamical system can be expressed
as Layek (2015):

dr |
E:xzw(x,t), (1.1)

where ¢ (z,t) is a smooth function defied on a subset U C R x R. Here, z = z (t) € R”
represents the state vector, and ¢t € I C R typically denotes time.

» A system is termed autonomous if the function ¢ (z,t) does not explicitly depend on
t. In this case, the systems trajectories remain unchanged over time.

» A system is considered nonautonomous if ¢ (x, t) explicitly depends on t.

To convert an n-dimensional nonautonomous system into an autonomous one, an
additional variable x,,; is introduced, where z,,.; = t. To achieve this, we need to develop

autonomous systems
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1.3. Equilibria, linearization, and stability analysis

1.3 Equilibria, linearization, and stability analysis

Definition 1.1. A point x* € R" is called an equilibirium point of the system

& =1 (x (1), (1.2)
if and only if
Y (z*) = 0.
Definition 1.2 (Lyapunov Stability [46]). The equilibirium point x* is said to be stable in the
sense of Lyapunov if and only if :
Ve>0,30>0: ||lzg — 2%||gn <0 = ||z (t) — 2" ||ga <e,VE>0.

Definition 1.3 (Asymptotic Stability [46]). The equilibirium point x* is said to be locally asymp-
totically stable if and only if :

30 >0: ||zg — 2" ||gn <0 = t£+moox (t) = a*.

1.3.1 Linearization

Linearization is a fundamental analytical tool used to study the behavior of nonlinear
dynamical systems near equilibrium points. This technique involves approximating the
original system with a linear system obtained from the first-order Taylor expansion around
a given equilibrium point. By doing so, it simplifies the analysis of system stability and
provides insights into the local dynamics using linear differential equations, which are

more tractable compared to the original nonlinear system.
Definition 1.4 ([46]]). Consider the system with ¢ € C*' (R*,R") and 2* € R™. The system
linearized at x* is given by the differential equation system:

(1) = (¢7) + (x — %) Dy (7).

This is the system of linear differential equations obtained by replacing 1) (x) with its first-order

Taylor expansion at x*, where D (x*) is the Jacobian matrix of ¢ at x*, defined as:

dp 0 ddn

dxq dxn
Dy (z*) =

dn | dYn

dxq dxn

Since ¢ (z*) = 0, the linearized system simplifies to:

(t) = (x—a") Dy (z").
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1.3. Equilibria, linearization, and stability analysis

Theorem 1.1 ([47]). Let «* be an equilibirium point of system (1.2). Suppose that the function
v is of class C in a neighborhood of x*, and that all the eigenvalues of the Jacobian D1 (x*) have

strictly negative real parts. Then, x* is locally asymptotically stable.

Theorem 1.2 (protect[48]]). Let =* be an equilibirium point of system (I.2). Suppose that the
function 1 is of class C'" in a neighborhood of x*, and that all the Jacobian D (x*) has (at least)

one eigenvalue with a strictly positive real part. Then, x* is unstable.

1.3.2 Routh-Hurwitz criterion

To establish the asymptotic stability of an equilibrium point, it is generally required
to calculate the n eigenvalues \; of the matrix A and check that the real part of each
eigenvalue is negative, i.e.,, Re(\;) < 0 for all i. An algebraic method, developed by
Routh and Hurwitz, simplifis this process by using specifi determinants known as the

Routh-Hurwitz determinants Wiggins (2003)[47]. Consider the system:

&= (),

Its linearization is written as:

T = Az,
The eigenvalues of A are the roots of the characteristic equation:
P()\) :det(A—)\I) =0 N\, +a1 1+ aAy o+ - +a,_1A+a,=0

The Routh-Hurwitz determinants are defied as follows:

Hy = | 3] |
aq 1
Hy, =
a3z a2
aq 1 0
Hs = az as a
as a4 as
aq 1 0 - 0
as aq 1 .- 0
Hz = Qs as ay 0
Gop—1 Q2p—-3 Q2pn—5 - a1
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1.4. Fundamental Concepts in Epidemic Modeling

Proposition 1.1 ([49]). The equilibrium point is asymptotically stable if:
Vi, Re (\;) < 0« Re(H;) > 0.

Theorem 1.3 (Routh-Hurwitz Criterion [49]). Let P (\) be a polynomial with ay > 0. For P to
exhibit uniform asymptotic stability (u.a.s.), it is required that all the leading principal minors of

the Hurwitz matrix be strictly positive.

1.4 Fundamental Concepts in Epidemic Modeling

Epidemic models are used to understand the dynamics of infectious disease transmis-
sion within populations. These models rely on a set of fundamental concepts that describe
how diseases spread, the conditions under which outbreaks occur, and the factors influ-
encing their stability or expansion [50, 51]. In this section, we review key epidemiological
terms that form the basis for understanding and analyzing the mathematical models used
in epidemic studies.

Epidemic: A rapid increase in the incidence of a pathology. Although often used in
the context of infectious diseases, this term can be used for general biological phenomena
(smallpox, avian fl, HIV, coronavirus, etc.).

Epidemic threshold: A theoretical threshold in mathematical models above which an
epidemic will (or may) occur.

Pandemic: Caused by an emerging infectious disease that takes on continental or even
global proportions.

Endemic: The usual and stable presence of a disease in a population.

Patient zero: The fist recognized case of an infectious pathology that is the source of all
other recorded cases.

Infectious agents (pathogens): Infectious agents are the pathogens responsible for
infectious diseases. They can be of different types: bacteria, viruses, parasites, fungi, or
prions.

Infectious diseases: Infectious diseases are transmissible diseases caused by a specifi
infectious agent or its toxins. They can be transmitted either directly from one person to
another, as in the case of inflenza, measles, or diphtheria, among others; through a vector
like mosquitoes for chikungunya or malaria; or through the environment, such as through

food or water for salmonellosis or cholera.
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1.5. The Basic Reproduction Number 9Rb

Vertical transmission: The transmission of a disease is said to be vertical when it occurs
from parents to offspring. This is the case, for example, with mother-to-child transmission.

Horizontal transmission: The transmission of a disease is said to be horizontal when it
occurs after birth through contact with an infected individual.

Incubation period: The time between when one is infected and when symptoms
appear. Latency period: The time between the initial contact and the moment one becomes

contagious.

1.5 The Basic Reproduction Number 30

The basic reproduction number represents the average number of new cases caused
by a single infected individual in a population where everyone is susceptible during the
infectious period.

In reality:

e When b < 1: The disease-free equilibrium point is locally and asymptotically stable,
indicating that the infection will eventually disappear.

e When b > 1: The disease-free equilibrium point is unstable, meaning that the disease
can persist and spread within the population.

Determination of:

Mb is determined as the spectral radius of the “next generation operator.” This operator
is derived by separating the population into two categories: the infected and the uninfected
compartments.

For an epidemiological model with n homogeneous compartments, the system’s state is
represented by the vector =, where x; denotes the number or concentraction of individuals
in compartment j. The compartments are ordered in such a way that the last ones are
infected (latent, infectious, etc...). The first £k compartments are the individuals free of
infection (Susceptible...).

We notice:

e F; (z): tthe speed of appearance of new infected in the horizontal compartment ”i”
(from one individual to another), or vertical (from mother to baby).

e V" (z): the speed of what comes from the other compartments by all causes (displace-
ment, aging, healing).

o V.7 (x): the speed of leaving the compartment (movement, mortality, change of

status...) in such a way:

Souad Bounouiga 12 Mohamed Boudiaf University of M’sila
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We note X the state without disease X; = z/z,41 =2, = ... = 2, = 0.

The following assumptions are made:
l.z>0etF,(x) >0,V (x) >0,V (x) > 0.

2. if x; = 0so V" (x) = 0, If there is nothing in a compartment, nothing can come out.

This is the essential property of a compartmental model.

3. if i > pso F; (z) = 0. Compartments with an index lower than p are uninfected.

By defiition, infected cannot appear in these compartments.

4. ifv € X,ora; = Fy () + V" () =V, (z),s0 F; = 0 and for i > p, we have V™ (z) = 0.

1

If there are no carriers of germs in the population, there can be no new infected.
The linear system is rewritten:
#(t) = F (2) + V" (2) = Vi (2).

The Jacobian matrix around the point of equilibrium without disease x0 of the linear system

is written:
J (l‘o) = DF (l’o) -+ D (V+ — Vi) ($0) .
Or:
0 0
DF (zo) = g and D (VJr — Vf) (xo) = !
0 0 Ji Jo
dV; dF;
ith: v = — d =—
with: v dt 1<ij<m an g dt 1<ij<m

Or: g > 0is a positive matrix and v is an invertible Metzler matrix.

Definition 1.5. Metzler matrix: We call Metzler matrix or quasi-positive matrix or non-negative
matrix, the matrix which has positive off-diagonal elements.
A = (a;5), a;; > 0,1 # j, if Ais a Metzler matrix then the following properties are equivalent:
o Ais asymptotically stable.
e A is invertible (det(A) # 0) and A™! is positive defiite.

Definition 1.6. We call spectral radius of a matrix A, the maximum value of the modulus of the
eigenvalues of A : p(A) = maxyespa) |Al-

Definition 1.7. We defie :Rb by: Rb = p(gv) such that p is the spectral radius of the matrix

gU_l.
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1.6 Introduction to Basic Epidemic Models

1.6.1 SI model

Mathematical models play a crucial role in understanding the spread of infectious
diseases, and the SI model serves as a foundational step in this domain. Developed by W.H.
Hamer in 1906, it is one of the simplest models used to study the dynamics of diseases,
offering a basic yet insightful representation of infection transmission within a closed
population.

The SI model divides the population into two compartments:

e 5 (t): The number of susceptible individuals at time .

e [ (t) The number of infected individuals at time .

The total population size remains constant and is given by:
N({t)y=S@)+1(t).

The model assumes homogeneous mixing of the population, meaning every individual
has an equal probability of coming into contact with others. The system of equations

governing the dynamics of the SI model is:

{S:—ﬁ%,
I = p&,

B: The transmission rate, representing the likelihood of disease spread per contact.

S 'y

Susceptible

Figure 1.1: Flowchart of SI.

The SI model is based on the following assumptions:

1. Constant Population Size: The total population remains unchanged, i.e., there are no

births or deaths during the study period.

2. No Immunity: Individuals are born susceptible and remain so until they become

infected.
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3. No Recovery: Infected individuals remain in the infected state permanently.

4. Homogeneous Mixing: All individuals have an equal probability of interacting,

ignoring geographical or social structures.
Since the population size is constant, the model can be reduced by substituting:

. (N—-DI
[=8—.
b N
The equilibrium points are determined by solving:
Disease-Free Equilibrium (DFE): where the population is entirely susceptible.

Endemic Equilibrium (EE): where the entire population is infected.

we assume
281

W) =55

e /(0)=5>0 = DFEisunstable.
e Y/ (N)=-8<0 = EEisasymptotically stable.

At the onset of an epidemic, the infection spreads rapidly due to the large number of
susceptibles.

Over time, the population transitions to an endemic state where all individuals are
infected, and the dynamics stabilize.

The Simulation:

The simulation results are shown in Figure[I.2] The susceptible population decreases over

time as individuals become infected, and the infected population rises until it stabilizes.
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Figure 1.2: Numerical simulation of the SI model with: = 0.5 and the initial conditions:
S(0) =999 and 1(0) = 1.

Applications and Limitations:

The SI model is suitable for studying diseases with no recovery phase, such as HIV
or certain chronic infections. It provides insights into the long-term dynamics of such
diseases.

It ignores recovery or immunity.

It assumes homogeneous mixing, which may not reflect real-world population struc-
tures.

It oversimplifies disease dynamics by excluding births, deaths, or interventions like

vaccination.

1.6.2 SIR Model

The SIR model is a natural extension of the SI model, introduced by Kermack and
McKendrick in 1927, which added the concept of recovery or immunity. This model is
a fundamental tool for studying infectious diseases where individuals move from the
infected stage to recovery or immunity. It is particularly useful for diseases with acute

transmission, such as influenza, measles, and chickenpox.
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The SIR model divides the population into three categories:
e S (t) The number of susceptible individuals at time .
e [ (t) The number of infected individuals capable of transmitting the disease at time .

e R(t) The number of individuals who have recovered or become immune to the

disease at this time.
The total population size is constant and given by the equation:
N@)y=S@t)+1(t)+R().
The SIR model relies on the following assumptions:
1. Constant population size: No births or deaths occur during the period of study.

2. Instantaneous infection: Susceptible individuals become infected as soon as they

interact with an infected individual.

3. Permanent immunity: Individuals who recover from the disease are immune and

cannot be re-infected.
4. Homogeneous mixing: All individuals are equally likely to interact with one another.

The following differential equations describe the dynamics of the SIR model:

SI
-85,

= %_7]—7

0o~ W

= 71,

& VJﬁz

I Recovered

S

Susceptible

A4

Figure 1.3: Flowchart of SIR.

e (3: The rate of transmission of the disease.

e v: The rate of recovery, where represents the average duration of the infection.
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Basic Reproduction Number:
The basic reproduction number, Rb, is a critical threshold in the SIR model and is given
by the equation:
o=
Y
Equilibrium points occur when, S = 0,7 = 0, and R = 0:

1. Disease-free equilibrium (DFE): I = 0 and R = 1, where all individuals are susceptible
(S=0).

2. Endemic equilibrium (EE): A state where a fixed number of individuals remain

infected, and there is a significant number of immune individuals.

The Endemic equilibrium is obtained when the system reaches a stable state where
the number of infected individuals remains constant. At the endemic equilibrium,

the system of equations becomes:
: ST : S1 :
S=-—B2=0 =2 -~ =0, R=~I =0.
by =0 1=F5—71=0 g

Solving for the values of S, I, and R at the endemic equilibrium gives:

S* I*R)=(-N " N—8*—1T
( ) (ﬁ ¥

At this point, the system reaches a state configuration where the infection continues
circulating in the population.

o If b > 1 the disease will persist in the population at the endemic equilibrium. If
Mb < 1, the disease willeventully die out.

Dynamics of the Model:

e Initially, the number of susceptible individuals is large, leading to rapid disease

spread.

e Over time, the number of susceptible individuals decreases as they become infected

or immune, causing the infection to slow down and eventually cease.

Numerical Simulation:

To illustrate the SIR model, we assume the following initial conditions:

The simulation results Figure show that the number of susceptible individuals
gradually decreases as they transition into the infected category, while the number of

infected individuals peaks and then declines as more individuals recover.
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Figure 1.4: Numerical simulation of the SIR model with: 5 = 0.4, v = 0.04 and the initial
conditions: S(0) =997, 1(0) = 3, and R(0) = 0.

Applications and Limitations:

The SIR model is used to study diseases that provide lifelong immunity after recovery,
such as measles and smallpox. It can help estimate the number of infected individuals over
time and assess the impact of interventions like vaccination.

It does not account for births or deaths.

It assumes permanent immunity after recovery, which is not the case for diseases that
do not confer lifelong immunity.

It assumes homogeneous mixing, which may not accurately reflect real-world interac-

tions.

1.6.3 SIRS Model

The SIRS model is an extension of the SIR model, considering that individuals may lose
their immunity over time and thus become susceptible to infection again. This model is
useful for studying diseases that lead to the loss of immunity over time, such as influenza
and other respiratory diseases.

The SIRS model divides the population into four categories:

e 5 (t): The number of susceptible individuals at time .

e [ (t): The number of infected individuals capable of transmitting the disease at time .
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e R (t): The number of individuals who have recovered or become immune to the
disease at time .

The system of equations describing the dynamics of the SIRS model is as follows:

S = —pL+6R,
R = ~I—96R,

where:

e 3: The rate of disease transmission.

e v: The recovery rate (or rate of cure).

e 0: The rate of immunity loss (i.e., individuals transition from the immune class R to
the susceptible class S over time).

e N (¢): The total population size, which remains constant, where .

N@t)=St)+1(t)+R(t).

The SIRS model relies on the following assumptions:
1. Constant population size: No births or deaths occur during the study period.

2. Instantaneous infection: Susceptible individuals become infected immediately upon

interaction with infected individuals.

3. Immunity loss: Individuals who recover from the disease can lose immunity over

time and become susceptible again.

4. Homogeneous mixing: All individuals are equally likely to interact with one another.

)
v I |
S o Do
Susceptible I Recovered

Figure 1.5: Flowchart of SIRS.

Souad Bounouiga 20  Mohamed Boudiaf University of M’sila



1.6. Introduction to Basic Epidemic Models

Basic Reproduction Number:

The basic reproduction number in the SIRS model is defined as:

g
Rb = ——.
vH+0

Equilibrium points occur when the rates of change for all categories are zero, i.e., when:
S=I=R=0.

Solving these equations gives the steady-state values for the system:

e Disease-free equilibrium (DFE): where all individuals are susceptible and there are no
infected or immune individuals.

e Endemic equilibrium (EE): A state where a fixed number of individuals remain
infected, and there is a significant number of immune individuals who lose immunity and
return to the susceptible group.

Endemic equilibrium point: The endemic equilibrium is reached when the system

stabilizes, and the equations become:

: ST . ST )
S BN—I—R 0, BN v 0, R=~n R=0

Solving these equations, we obtain:

vy BN
S I"R*")=|——N,— ,N—-5"—-1I"
s = (2w 2, )

If Rb > 1, the disease will persist in the population at the endemic equilibrium. If
Mb < 1, the disease will eventually die out.

Dynamics of the Model:

e Initially, the number of susceptible individuals is large, leading to rapid disease
spread.

e Over time, the number of susceptible individuals decreases as they become infected
or immune, causing the disease to slow down.

e Eventually, the disease ceases to spread when a balance is reached between infected
individuals and immune individuals who lose immunity.

Applications and Limitations:

The SIRS model is used to study diseases for which recovery does not confer lifelong
immunity, and individuals can lose immunity over time, such as influenza.

The model does not account for births or deaths.

It assumes that immunity loss occurs at a constant rate.

It does not incorporate factors such as migration or social distancing.
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1.6.4 SEIR Model

The SEIR model is an extension of the SIR model that includes an additional class
of individuals, E, for exposed individuals. These individuals are infected but not yet
infectious. This model is especially useful for diseases where there is an incubation period
before individuals become infectious, such as COVID-19 and many viral diseases.

The SEIR model divides the population into four categories:

e S (t): The number of susceptible individuals at time .

e £ (t): The number of exposed individuals at time t who have been infected but are
not yet infectious.

e [ (t): The number of infected individuals at time t who are capable of transmitting the
disease.

e R (t): The number of individuals who have recovered or become immune to the
disease at time .

The total population size is constant and given by the equation:
Nt)=SHO+E@)+1(t)+R(t).
The SEIR model relies on the following assumptions:

1. Constant population size: No births or deaths occur during the study period.

2. Exposure period: Individuals are exposed to the disease for a certain period before

they become infectious. This is modeled by the E class.

3. Instantaneous infection and recovery: Susceptible individuals become infected when
they interact with infected individuals, and they either recover or become immune

after a certain period.

4. Homogeneous mixing: All individuals are equally likely to interact with one another.

: s
S - _Bﬁly
E = %—UE,
I = ol —~I,
| B = I,

With:

e 3: The rate of disease transmission.
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e 0: The rate at which exposed individuals become infectious (the inverse of the
incubation period).
e v: The recovery rate (or rate of cure).

e N (t): The total population size, which remains constant.

14 R

Recovered

S

Susceptible

Exposed

Figure 1.6: Flowchart of SEIR.

Basic Reproduction Number:

The basic reproduction number in the SEIR model is defined as:

Rb = b :
Y+o

Equilibrium points occur when the rates of change for all classes are zero:
S=E=I=R=0.

e Disease-free equilibrium (DFE): This occurs when are no infected or exposed individ-

uals in the population, and the system stabilizes at:
(S*, E*,I",R*) = (N,0,0,0)

¢ Endemic equilibrium (EE): In the endemic equilibrium, a fixed proportion of the
population remains in each category, and the disease persists in the population.

These values depend on the parameters of the model and the basic reproduction numbre
?Mb. The condition JRb > 1 indicates the diease persists, leading to an endemic state.

Dynamics of the Model:

Initially, the number of susceptible individuals is large, leading to a rapid spread of the
disease. As more individuals are exposed and become infectious, the number of exposed
individuals decreases, and the number of infected individuals increases. Eventually, the
disease will slow down and may be eradicated once the number of susceptible individuals
decreases significantly or enough individuals gain immunity.

Applications and Limitations:

The SEIR model is used to study diseases with an incubation period, such as COVID-19,
SARS, and many other viral infections. It is particularly useful for understanding the

dynamics of diseases that spread before individuals show symptoms.
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It assumes constant rates of transmission, exposure, and recovery, which may not be
realistic in all cases.

The model does not account for births, deaths, or other demographic factors that could
influence disease dynamics.

It assumes homogeneous mixing, which may not reflect real-world interactions.

1.6.5 SEIRS Model with Vital Dynamic

The SEIRS model is an extension of the SEIR model, incorporting reinfection and
immunity loss dynamics. It divides the population into four compartments: Susceptible S,
Exposed E, Infected I, and Recovered R. This model considers that recovered individuals
may lose immunity and become susceptible again. It is useful for studying diseases where
immunity is not permanent, such as certain viral infections with waning immunity.

(dS

I
— = AN+ 6R - <5N+v+u) S,

FE I
U pS— (ot u)E,

i _

ik I— .
| vS+y—(0+p) R

oF — (v+p) 1,

With

e A: Birth rate.

e (3: Infection transmission rate.

e v: represent the vaccination rate
e 0: Transition rate from E to I.

e 7: Recovery rate.

e §: Immunity loss rate.

e i: Death rate.
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)
| |
S v | R
Susceptible Recovered
v e v Ju
E o

Figure 1.7: Flow chart for an SEIRS model with vital dynamic.

Numerical simulation:

1000 | —— Susceptible (S)
Exposed (E)
—— Infected (1)

—— Recovered (R)
800

600

400

Number of individuals

200

20 40 60 80 100
Time (days)

ol

Figure 1.8: Numerical simulation of the SEIRS model with: 5 = 0.5, 7 = 0.1 and the initial
conditions NV = 1000, S (0) =985, £ (0) = 10, 1 (0) = 5and R (0) = 0.

1.7 The Fundamental Concepts in Fractional Calculus

In this section, we introduce key concepts in fractional calculus. The space under

consideration is the Banach space of continuous functions C ([0, ¢] , C), with the norm

o]l = sup [o (t)]. (1.3)
te(0,¢]
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Definition 1.8 ([26]). The left-sided (arbitrary) fractional integral of order o > 0 of a continuous
function ¢ : [0, (] — R is given by

TS (t) = ﬁ /Ot (t—7)"""o(r)dr, t€]0,4]. (1.4)

where T (a) = [;° 7 exp (—7) dr is the Euler gamma function.

Definition 1.9 (Caputo’s fractional derivative [26]). The left-sided Caputo’s fractional derivative
of order ov > 0 of a function ¢ : [0, (] — R is given by

7o () , fora =m € Ny,
D)) =4 T iy et e )
Tot = J, o) Sdr, form —1<a<meN.
Lemma 1.1 ([26]]). Assume that “Dg, ¢ € C ([0,(],R), then we get for all o > 0
o SO
\70+ 0+%0 7n_1<a§nEN (1.6)

Lemma 1.2 (Gronwall [23]). Let ¢ (t) and w (t) be nonnegative, continuous functions on 0 <

t < {, for which the inequality:

@ (t) < p(0) +/0 w(T)p(r)dr, t€[0,4]. (1.7)

where ¢ (0) is a nonnegative constant. Then

(1) < ¢ (0)exp (/OtCU(T) dr) , te|0,4]. (1.8)

Definition 1.10 (Banach’s fixed point [52]). Let P be a non-empty closed subset of a Banach
space 2, then any contraction mapping T of P into itself has a unique fixed point.

Definition 1.11 (Schauder’s fixed point [52]). Let €2 be a Banach space, and P be a closed,
convex and nonempty subset of Q). Let T : P — P be a continuous mapping such that T (P) is a

relatively compact subset of Q). Then T has at least one fixed point in P.
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CHAPTER 2

MALARIA TRANSMISSION DYNAMICS

USING FRACTIONAL MODELS

%his chapter examines malaria through fractional mathematical models that account
for time delays and memory effects, providing greater accuracy in representing the

disease dynamics.

2.1 Introduction

The transmission of diseases through mosquito bites highlights the important role of
small pests in the spread of diseases. Malaria, which results from blood parasites of
the genus Plasmodium and is transmitted through Anopheles mosquito bites, poses a
major challenge to human health. This disease is notorious for its prevalence in tropical
and subtropical regions, where the environment is conducive to mosquito breeding and
transmission of blood parasites between humans. Global Health Organizations estimate
that the number of malaria cases annually ranges from hundreds of thousands to millions,
with developing countries being particularly affected.

Suitable environmental conditions such as stagnant water pools and high temperatures
contribute to the spread of malaria, increase its severity, and exacerbate its complications.
Those afflicted with malaria suffer from serious health effects, including organ failure such
as kidney and liver failure, changes in blood composition, and central nervous system
disorders. Individuals infected with malaria may experience symptoms such as high
fever, severe headache, muscle pain, and confusion. In severe cases, death may occur if
immediate and adequate treatment are not administered. Therefore, combating mosquitoes
is of paramount importance for reducing the transmission of this disease and preserving
public health.

This chapter contributes to the development of a fractional mathematical model aimed
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at enhancing our understanding of the malaria transmission dynamics. The effectiveness
of the model in accurately representing disease dynamics is ensured by analyzing the
equilibrium points and studying the solution stability. Additionally, calculating the basic
reproduction number provides crucial insights into the disease spread rate and influencing
factors, which aids in better guiding health policies and preventive measures. Moreover,
the model is used to validate the data and identify the factors contributing to disease
transmission. Based on the results of the model, recommendations and strategies are
offered to improve malaria control efforts and reduce their impact on public health.

In this chapter concerning the dynamics of the epidemic, we categorize the entire human
population, represented as /N, into three distinct classes: Susceptible (Sy), Infected (Iy),
and Partially Immune (Py) individuals.

Moreover, the mosquito population surrounding the human population, denoted as M,
is partitioned into two distinct categories: Susceptible (S),) and Infected (,,) mosquitoes.

The parameters of the SIP(N)-SI(M) model are defined as follows:

e A indicates the rate of increase in the susceptible individuals.

e )\ represents the rate of increase in the susceptible mosquitoes.

e 11 < A is the rate of natural death for humans.

e v < A represents the rate of natural death of mosquitoes.

e (3 is the probability rate of disease transmission from Ij; to Sy.

e v is the probability rate of disease transmission from Iy to Sy,.

e 1 expresses the immunity acquisition rate for humans.

e § represents the immunity loss rate for humans.

Motivated by the above-mentioned work, for 0 <¢ < ¢ < oo, and 0 < a < 1, we have:

( e - By (1)
Cpe Sy (1) = /;jwimpjv () — ( L+ u) Sy (8),
Dy (t) = TS 0= e ) Iy 1),
D8, Py (t) = wly () — (64 11) Py (1), 1)
Cra YN (t)
DSy () = AM(t)—( R EMO)
| ODg I (1) = %N(g)sM (£) — vl (1),

where the first three equations in system represent human equations, while the last
two equations express mosquito equations.

The changes in the transmission of malaria between humans and mosquitoes in SIP(IN)-
SI(M) model can be interpreted as follows:
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Figure 2.1: Flowchart of SIP(N)-SI(M).

In Figure[2.1 it is assumed that susceptible individuals Sy are recruited at a rate AN
and die naturally at a rate ;.. They become infected with malaria as a result of being bitten
by infected mosquitoes and moving to infected class Iy at a transmission rate (3.

For infected individuals, Iy is assumed to die naturally at a rate ; or acquire partial
temporary immunity and move to the partially immune class Py at a rate x. Furthermore,
partially immune individuals Py may lose immunity and return to the susceptible class Sy
at a rate 0 or die naturally at a rate p.

As for mosquitoes Sy, they are recruited into the susceptible category at a rate A\ and
die naturally at a rate v. Susceptible mosquitoes Sj; become infected with malaria at a rate
7 after feeding on the blood of infected humans and move to the infected humans and
move to the infected category I,,. Infected mosquitoes I, also die naturally at a rate v.

The chapter is structured to gain a thorough understanding of malaria transmission
dynamics and the factors that influence them. We begin with exploring the feasibility
region for the fractional SIP(N)-SI(M) mathematical model using the Caputo fractional
derivative. This allows us define the boundaries in which we can effectively analyze
the system’s behavior and disease spread. This analysis helps in assessing the model’s
applicability and identifying the optimal conditions for its study.

Following this, attention is focused on studying the existence, uniqueness, and stability
of solutions using Schauder’s and Banach’s fixed-point theorems, along with Ulam-Hyers’
stability criteria. This analysis ensures that the model provides sustainable and applicable

solutions, enhancing its credibility and ability to accurately represent real-world dynamics.
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The basic reproduction number, $ib, is a critical indicator for assessing malaria trans-
mission. Determining :ib provides insights into disease spread rates and helps to identify
points where control measures can be applied. In addition, we investigate the equilibrium
points within the fractional SIP(N)-SI(M) model, analyze their stability to guide disease
control strategies, and predict future trends. Mosquitoes play a crucial role in the transition
between susceptible and infected states. Their recruitment, natural mortality, and infection
dynamics are integral components of our model.

We validate the accuracy of our model using real data from the Algerian region. This
allows us to identify the specific local factors contributing to the spread of malaria. The
validation process enhances the precision of the model and assists in developing targeted
disease-control strategies. Furthermore, we investigate the memory effect, which has
enriched our understanding of the influence of temporal and historical dynamics on

disease transmission.

2.2 Dynamic Analysis of the Feasible Region

2.2.1 Positivity and Boundedness of the Model

The SIP(N)-SI(M) model is investigated within a biologically feasible region in R?,

as defined in the subsequent lemma.

Lemma 2.1. Assume that M, repersents the initial total mosquito population, let Ny be the initial
total human population at t = 0, where 0 < t < { < oo. Consequently, the solution to the
considered model is confined to the feasible region, given by

AV PV
0= Iy, P, I R :0< N (¢) < N, S < M (t) < M, — ).
{(SN7 Ny P, Sar, Ing) € RY 10 <N (t) < Noexp (F(a+1)> , 0< M (t) < Mgexp (F(a—l—l))}

with
N(t) =Sy (t)+1In(t)+ Py (t), M(t)=5u(t)+Iu(t).
Proof. Let
N (t) = Sn (t) + In (t) + Py (1),
then
“D N (t) = “Dg. Sy (t) + D In (t) + “Dg Py (1)
Now, summing all the human equations of (2.1), we get
CDLN(E) = (A—p)N (1)
< AN (t).
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2.2. Dynamic Analysis of the Feasible Region

After using lemma [1.1} we get
N () < No+ ATEN (1)

Applying Gronwall lemmal 1.2} we obtain

Y0 o ().

where N is the total human population at ¢ = 0.
In another way, let
M (t) = Su (t) + I (2)

then
“DY M (t) = D Sar (t) + “DGi Iy (1)

Now, summing all the mosquito equations of (2.I), we obtain
“DyM(t) = (A—wv)M(t)
< AM(1).
Applying lemma([L.1} gives us
M (t) < Mo+ AT M ().

After using Gronwall lemmal (1.2, we get

< e (2

where M, is the total mosquito population at ¢ = 0. O

In subsequent sections of this chapter, we assume the existence of two positive constants:

N < Noexp (B5), M < Moexp (),

where the total human population N and mosquito population M remained fixed through-
out the chapter period and can be expressed as N (t) = N and M (t) = M. This assumption
was made to normalize the SIP(N)-SI(M) model (2.1). Therefore, we put:

SH=3 TW=5 P@H=5L

(2.2)
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then we obtain

DgS (1) = A+6P ()~ (BF (1) + ) S (1),
DIt) = BFMSH—(v+mI(),
CDGP(t) = KI(t)—(0+u)P (), 23)
DV (t) = A-(ZO)+v)V (),
| CDRF(W) = ATV () - oF (),
along with the positive initial conditions
S(0) = w1, Z(0) = p2, P(0) = 3, V(0) = a0, F(0) = 5. (24)

2.2.2 Existence Results of Solutions for the Normalized Model

In this section, we explore the existence and uniqueness of solutions to problem (2.6)—
(2.7) through the field of fixed-point theory. Our investigation employs Banach’s and
Schauder’s fixed-point theorems, as outlined in [53, 54} 23] 55} 56].

Let p = (S,Z,P,V, F) € Q, where Q = [C ([0,/],[0,1])]” is a Banach space with

lellg = max {[[Slle s [ Zllo » 1Pl s Vllo s [F e}

and let ©» = (11, 19, 13, 14,15), be such that

(

bitp@) = A= (BF () +p)SE)+P (),
e (tp(t)) = BF@E)S(t) = (k+w)I(t),
Us(t e (t) = (t) O+p)P(), (2.5)
ba(to(t)) = A=(I()+ U) (t),
| Us(tp(t) = AZ(H)V(E) —vF ().
It is clear that ¢ is a continuous function.
By applying J; to both sides of the system
Diip(t) =9 (te(t), (2.6)
taking into account the conditions
@ (0) = w0 = (1,92, 3,1, 05) , 2.7)

and employing Lemma 1.1} we obtain the following system of fractional integral equations

1 ! a—1
o) =0+ i [ (=1 S o) ar
which is equivalent to the original problem (2.6)-2.7).
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Theorem 2.1. Let 3,7, 6, k, v, u, o, £ € Ry, be such that « € (0,1] and

I'(a+1)
t=< (max{ﬁ+u,m+u,5+u,7+v}> ' 28)

Q=

Then, there is at least one solution to problem [2.6)—(2.7) on [0, €].

Proof. The proof begins with transformation of problem 2.6)-(2.7) into a fixed-point prob-
lem T (t) = ¢ (t), with

Tet)=(Tip(t), T2 (t), T (t), Tap (), Tse (t))

and
T (t) = po + ﬁ / (t— 1) (7,0 (1)) dr. 2.9)

Observing that for ¢ € (2, the operators 7, for 1 < ¢ < 5 are continuous, as demonstrated

in Step 1. Consequently, 7 ¢ is an element of (2, with

[Tello = max [Tl

1<3<5

The equivalence between problems (2.6)-(2.7) and implies that 7 includes fixed points

for solving the aforementioned problem.

Step 1. 7 is a continuous operator.
Let (gon)neNO = (S», I, P, Vn, Fn) be five nonnegative real sequences, such that

lim ¢, = ¢ in Q. We obtain for all ¢ € [0, ¢,

n—oo

\ﬁ%(ﬂ—ﬁs@(ﬂ!ém/o (t = 7)o (1,00 (7)) = 0 (1,0 (7)) dr, (2.10)

where 1); satisfies (2.5) for each 1 < i < 5. We have

91 (8o (1) = n (o ()] = [6(Pu(t) =P (1) = [(BFn (t) + 1) Sn (1)
— (BF () + 1) S @)

0[P (t) =P )]+ 1S (t) = S (1)]
+[6Fn (1) Sn () = BF (1) S ()]

IN

< G|Pu(t) =P @O+ (B+p) S, (t) —S()]
+B8|Fn (t) — F (1))
< max{0,8+ u}tllen —¢llg- (2.11)
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2.2. Dynamic Analysis of the Feasible Region

Similarly, we obtain

o (£, 00 (1) —®2 (Lo (D) < max{B,k+ u} oo — ¢llg,

|13 (£, 0 (1) — U3 (L0 ()] < max{k,d + p} llon — ollg, (2.12)
s (t 0 (1) — a0 )] < (v +0) [lon —¢llg,

5 (t,on (1) — 5 (L (1) < max{y, v} [len — ¢llq-

Since ¢, — ¢ in Q asn — oo, we get 1, (t, ¢, (1)) — ;i (¢, (t)) forany ¢ € [0, (], and
eachi € 1,5.
Now, let K > 0, be such that for each ¢ € [0, /], we have

(t—7)*" (t—7)"

Tl [9i (7,00 (7)) = i (1,0(7))] < W(Wz’(ﬂ@n(ﬂﬂ + i (1,0 (7))
< 2k (t—7)".
~ (o)

For each i € 1,5, the function 7 — FQ(—’;) (t —7)* " is integrable on [0, ], for each
t € [0,]. Thus, the implication of Lebesgue’s dominated convergence theorem gives

us
|Tion (t) — Tip (t)| — 0 as n — oo,
and hence
Tim {|Tpn = Teollg = 0.

This signifies the continuity of 7.

Step 2. 7 is defined from a bounded, closed, and convex subset into itself.
Utilizing (2.8), we define

. o' (o + 1)+ (A+ X))~
~ D(a+1) —max{B + p, ki + p, 6 + p,y + v’

where ¢* = max ¢;, and define the subset 2, as follows:

Q= {peQ:ply <.

It is clear that €2, is a subset of (2, distinguished by its bounded, closed, and convex
subset of ().

Consider the integral operator 7 : €2, — Q defined by (2.9). It follows that 7 (£2,) C
Q,.

Souad Bounouiga 34  Mohamed Boudiaf University of M’sila



2.2. Dynamic Analysis of the Feasible Region

Step 3. 7 (Q2

Indeed, employing (2.11) and (2.12) provides us

max {5, & + (1} [|¢llq
max {r, 0 + p} [l ,
A (v +0)llellg,
max {7, v} [|gllq -

VAN VAN VAN VAR VAN

Then, in each case, for any ¢ € (2

[¢1 (t, 0 ()| < mr, Vi € 1,5,

with
A+

A +max {8+ u,0} [[ellg

n=——+max{f+ur+pd+py+u}

Thus

I (o)
nt

['(a+ 1)7‘

(A + ) Lo

| Tip (D] < i +

<"+

]f (t — 1) s (7, (7)) dr

<

LA ey

<r Viel,bs,
or (|7itllo)1<ic5 < 1 then [[ Tl < r. Consequently 7T (€2
») is equicontinuous subset of (2.

Lett1,ty € [0,4], t1 < ty and ¢ € Q,. Then, for every i € 1,5,
1
I'(a)
3 /0
1

I'(a)
1

| Tip (t2) = Tip (1)

/ (b — )" s (1, 0 (7)) dr

‘ -

(= 7)" 4 (rop (7)) dr

=

IN

2—7' (tl—T)

()

nr

—7)

’_J

IN
=

2—7'
Oz

2

T
T
([

+

(ty — 1) dT) .

t1

max{/ + p, K&+ p, 0+ py + 0}
I'(a+1)

BYSKIN

we get

)%(T(P ’dr

T (1 (7)) dr

— (ty —7)* ] dr

(2.13)
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2.2. Dynamic Analysis of the Feasible Region

We have
o o 1d o a
(ts—7)* ' = (i —7) 12—55((?52—7) —(ti—7)7),

then
1

~[(t— 1) + (15 — )],

t1
(ty—7)*" = (g —7)* M dr <
0

we also have

[ = ar == -0

t1

< (ty—1)".

SHRS

Then, (2.13) gives

| Tip (t2) — Tip (t1) i

| < m[Q (ta — )" + (t5 —19)].

The right-hand side of the inequality above approaches zero as t; — t, for every
i€ 1,b.

Based on Steps 1-3, assisted by the Ascoli-Arzela theorem, we infer the continuity of
T : Q. = Q,, its compactness, and its satisfaction with Schauder’s fixed-point theorem
assumptions. Therefore, 7 possesses a fixed point that solves problem (2.6)-(2.7) on
[0, 4]. O

Theorem 2.2. We give o € (0, 1], ¢ > 0, and
n=max{f + p, £ + 1,6 + p1,7 + v},

for some 3,0, k,v,v,u € Ry If
nt®

I'(a+1)
thus, there is a unique solution to the problem @2.6)—-([2.7) on [0, ).

<1, (2.14)

Proof. Similar to the steps taken to prove Theorem 2.1} problem (2.6)-(2.7) has already been
transformed into fixed-point problem (2.9).
Let p,w € €, then

| Tip (t) — Tiw ()] < ﬁ/o (t =) i (7,0(7)) = i (,w (7)) dr, Vi € 15, (2.15)
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Forallt € [0, /], we have

1 (t @ () — ¢ (Lw ()] < max{B+p,d}|p—wlg,
[tho (L0 (1) =2 (fw ()] < max{B,k+ pu}le —wlg,
s (Lo (1) — ¢ (tw (t)] < max{r,0+pu}llo—wlg,
[ha (Lo (1) —ha (tw (@) < (v+v) o —wlg,
s (t, 0 (t) — s (Lw ()] < max{y,v}[e—wlq-
Then
Wi (t, 0 (1) = ¥ (t,w () < nlle —wlg, Vi€ 1,5 (2.16)
From (2.15), we find
A _
ITig = Tl < 1 gy I =l Vi €T5.
and

(e}

nl
Te —Twlg < CES] | —wllq -

Referring to (2.14), 7 is considered as a contraction operator. By employing Banach’s
Contraction Principle, it can be deduced that 7 possesses a unique fixed point, which

corresponds to the unique solution of the problem (2.6)-(2.7) on [0, £]. O

2.2.3 Ulam-Hyers Stability for the Normalized Model

Definition 2.1. The system of Caputo-type fractional differential equations is Ulam-Hyers
stable if there exists a real number ¢ > 0 such that for each ¢ = max{ey,...,e5} withe; >0, i €

1,5, and for each solution w € 2 of the inequality
|“Dgw; (t) — i (tw (1) <&, te€[0,4],ieT5, (2.17)
there exists p € Q a solution of with
lw = pllg < ce.

Definition 2.2. The system of Caputo-type fractional differential equations is generalized
Ulam-Hyers stable if there exists { € C' (R, R.), £(0) = 0, such that for each solution w € ) of

inequality (2.17), there exists a solution ¢ € Q of with

lw =¢llg <€(e)
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Remark 2.1 ([57]). If w € Q is a solution of inequality , then there exist (;);c15 > 0 and
¢ € ), such that

1. “Dew; (1) =i (t,w (t) + ¢ (), t €10,4], i € 1,5,

2. |¢;i (t)| <&, forallt € [0,¢], and each i € 1,5.

The subsequent lemma aids in establishing the stability of system (2.6).

Lemma 2.2. Ifw € Qs the solution of inequality 2.17), then there exist (;),cr5 > 0 such that w
will be the solution of the inequality

1

(0= 0) — i [ =0 e ) ar] < U0

foreachi € 1,5.

Proof. If w is a solution of (2.17), we have from Remark[2.1]

{CD;;M (1) =t (b0 (1) + 6 (1), te€[0,4], €T3

|0 ()] <&, (i)iers > O,
hence . .
i (8) = 0) + s / (t =) [ (ry0 () + 4 (7)] .
Also,
1 -
wi (1) — w, <o>—m/0 (t = 1)V (ryw (7)) dr
— w0+ ﬁ /0 (t = 7 s (70 (7)) + 6 (7)) dr
— w (0) — ﬁ /0 (£ — )2 g (0 (7)) dr
1 t a1
< m/ (t— )" |65 (7)] dr
(%, J—
< m, Vi e 1,5.
That establishes the lemma. O]

Theorem 2.3. Assuming that holds, system is Ulam-Hyers stable. Furthermore, it can
also be asserted that is a generalized Ulam-Hyers stable system.
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Proof. Let (i);c15 > 0, we define w € (2 as a solution of the inequality
|C,D+wl()_wi(t7w<t))‘§8iu te{07€]7i€17_57
and ¢ € 1 is the unique solution of system with the conditions

¢i (0) =w; (0), Vielb.

Then .
soz-<t>=wi<o>+ﬁ / (t — 7)oy (0 () d,
and
0 (8) — @i (O] = | (8) — wi (0 %/ DL, (7, (1)) dr
< lws () - w %/ (t— 1)y (ry0 (7)) dr

1 a—1
e / (t = 1) s (7, () — 4 (0 (7)) -

Using (2.16), and Lemma 2.2} we get

l S
() — 0 < = (e _ 1.5,
|wi (t) — i (8)] < ot D) (e +nllp—wllg), Vtel0,], Viels

Taking the maximum from both sides, we obtain

(67

0
_ [ + — .

Thus

lp —wllg < ez,
where ¢ = W' This implies that systern is stable in the Ulam-Hyers sense and
is consequently generalized Ulam-Hyers stable if we set £ (t) = ct. O

2.3 Analysis for the Fractional SIP(N)-SI(M) Model

2.3.1 Basic Reproduction Number and Equilibrium Points

Theorem 2.4. The basic reproduction number of system is determined by

ByAA

Mo = (| .
v (K + )

(2.18)

Souad Bounouiga 39  Mohamed Boudiaf University of M’sila



2.3. Analysis for the Fractional SIP(N)-SI(M) Model

Proof. Because the SIP(N)-SI(M) model is composed of infection components Z, P, and F,

we obtain:
PE@)S () = (5 + @) I(t)
Y — 7 = KL (t) — (0 +p)P(t)
YL (t)V (t) —vF (t)
Accordingly,
BF)S (1) (k+u)Z(t)
Yi = 0 Zi= (6+p)P(t)—rKI(1)
VL)V () vF (1)

Here, y; denotes the rate of new infections appearing in compartment i, and z; denotes
the rate of transitions between compartment i and other infected compartments for each
i€{1,2,3}.

The new infection matrix ) and transition matrix Z are assessed at the disease-free
equilibrium point Dfp (Theorem[2.5), as follows:

0 0 BS k+p 0 0
Y= 0 0 O , 2= —k 0+4+pu 0
W 0 0 0 0 v

Following the next-generation matrix principle, the basic reproduction number is defined
as the spectral radius of matrix YZ~' and is given by (2.18). O

The initial step in comprehending a differential equation is to identify equilibrium

points. In epidemiology, we are concerned with two types of equilibrium point:

e Disease-free equilibrium is defined as the point at which no disease (or death from
disease) is introduced into the population and is depicted in the modelasZ =P =
F=0.

e Other equilibrium points, where Z # 0 and F # 0, are indicated as endemic equilib-

rium points (or outbreak equilibrium points).
We define the positive real values
my=kK+p, Mmg=0+u,
to facilitate the calculations and establish the following theorem.

Theorem 2.5. The system has two types of equilibrium points
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1. Disease-free equilibrium
o A A
@fp = (S,I,P,V,f) - (_,0,0, —,0) .
W v
2. Endemic equilibrium point Ey = (S*, 7%, P*,V*, F*), which is

C /J (5 + ml) * * K * )\ ’y)\I*
= 1B TV ) e BT
@qp (S ( Am2 ) Y ? m2 Y /}/I* + U? ) (’YI* + U) )

where
mqmso U2

v [mimav + BA (6 4+ mq)]
The existence of the endemic equilibrium point depends on S3b > 1.

I = (Ro*—1).

Proof. To determine the equilibrium points for system (2.3), we set “D%, ¢ (t) = 0, with
¢ =(S,Z,P,V,F). Therefore

p

0 = A+6P(t)—(BF @) +p)S(t), (eql)
0 = BFH)SH) —(r+p)IT(1), (eq2)
0 = KZ(t)—(0+n)P(t), (eq3)
0 = A—(Z@)+v)V(t), (eq4)
| 0 = YL (t)V (t) — vF (t). (egb)
From equations (eg3) and (eq4), we have
P()="I(t) and V()= m

Substituting the expression of V () in equation (eg5), we get

AT
FO=30Tm o)

If we add (eql) to (eq2) we obtain

S (t) :S<1—Mf(t)>.

Amg

1. If T = 0, we can easily obtain the first disease-free equilibrium point Dfp.

2. When 7 # 0, equation (eq2) gives us

2
« 1MoV 2
I = Mb” — 1) .
v [mimav 4+ BA (6 + my)] ( )

Consequently, we obtain the required endemic equilibrium point Eqp, which exists
for Rb > 1.

Hence, the theorem is proved. O
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2.3.2 Stability Study of Disease-Free Equilibrium Point
Local Stability Analysis of ©fp

Theorem 2.6. The disease-free equilibrium point of system is locally asymptotically stable
when Kb < 1.

Proof. The Jacobian matrix for system (2.3)) is written as follows

1 Y1 OYr OYr  OYn

oS oL oP oV oF

Oy OYp  Oya  OYp O

oS oL oP [9)% oOF

J = Oys  Oy3  Oyz Oyz  Oya
oS 0L oP oV oF

Oy OYs  Os Oy Oy

oS oL oP [9)% oOF

OYs Ovs Ovs OYs OyYs

oS oL oP oV oF

where ¢1<;<s5 (t, ¢ (t)) represents the right-hand side of (2.3). Then

—(BF+p) O ) 0 —-BS
BF —my; 0 0 BS
J = 0 K —ms 0 0
0 —Y 0 —(nZ+wv) 0
0 0% 0 L —v

The eigenvalues of J (Dfp) are given as the roots of the following characteristic polynomial
P (X)=—(p+X)(ma+X)(v+X)[X*+ (mi +v) X +mv (1 —Rb6?)].

The roots of P, (X') are negative reals or complexes of negative real parts, which makes Dfp

locally asymptotically stable. O

Global Stability Analysis of Dfp

Theorem 2.7. The disease-free equilibrium point Dfp of system is globally asymptotically
stable if Rb < 1.

Proof. To prove the theorem, we examine the following Lyapunov function

W (S,Z,P,V,F) = T + csP + s F.
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We consider ¢; to be positive constants for i € 1, 2, 3, to be determined later. The fractional

derivative of IV along with the solution of system is calculated as follows:
CDYLW = ¢, “DULT 4 ¢, ° DY P + ¢ DY F
=1 [BFS — (k+ pu)Z] + co [KZ — (6 + p) P] + c3 [YIV — v.F]
< {%}"— (/<;—i—,u)4 + e[k — (0 +p) P +c3 {%\I—v}"}
= {—cl (k4 p) + car + 031—)\} T—co(0+p)P+ [cl% — 031)} F.

_ BA

=5 we obtain

By choosing ¢; = v, c; = 0, and c3
CDSJ/V <v(k+p) (9%2 - 1) T.

Thus, if Rb < 1, we get “Dg, W < 0, then 4% < 0. According to LaSalle’s invariance

principle [58]], this implies that Dfp is globally asymptotically stable. O

2.3.3 Stability Study of Endemic Equilibrium Point
Local Stability Analysis of Eqp

Let go, g1, and gs, be such that

. kO + (mq + 0) (BF* +
= (T o) (TR,
ma
g o= m1(72*+v)+ﬁf Op+m1 (VI" + v+ p) + ma (VI + 0)] + pms (my + 7T +U),
1)
g2 = (BF +p)ma+ (my +9L" +0) (BF + p+ma) +m1 (7" +v).

Theorem 2.8. If we put
pyV*S" <min{go, g1, g2},

the endemic equilibrium point Eqp of system is locally asymptotically stable when Rb > 1.

Proof. As shown in the previous section, the Jacobian matrix J (Eqp) for (2.3) is

—(BF +p) 0 0 0 —BS*
BF* -m; 0 0 pS*
Jeqp = 0 K —Mg 0 0
0 -V 0 —(Z*+v) 0
0 0% 0 vL* —v
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The characteristic polynomial is given by
Py(X)=—(0+X)(X*+a3X? + axX? + a1 X + ag) ,

where
ag = pmz(go — BYV'S),
ar = (ma+p) (g1 — PYV'ST),
az = go — BYV*ST,
as = BF*+9L* +my+me+ p+ .
According to Descartes’ rule, the roots of P, (X) are negative reals or complexes of negative

real parts. Therefore, the required result is obtained. O

Global Stability Analysis of Eqp

From system (2.3), we obtain

(A= 6P+ (BF + ) S,
(k+p) 8 = BS*F,

(0 + p) P* = KI*,

A= (4T* 4+ v) V",

| vF* =LV

Theorem 2.9. Suppose that

P s N\ Fr (v N\ FT
<1< mj - — - :
P_l_mm{(«? 1) +f*1’(v 1) +J—"*I}
Therefore, the endemic equilibrium point Eqp of the system is globally asymptotically stable
when Rb > 1.

Proof. We analyze the following nonlinear Lyapunov function of the Goh-Volterra form:

W (S,T,P,V, F) = [S(t)—S*—S*logSS—(f)] + [z(t)_z*_z*logzz_(f)
+% [P(t)—?*—mogpp_@}
+ [V(t)—v*—v*logvv_@]
+ {f(t)—f*—f*log%(f)].
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By leveraging the fidings on Volterra-type Lyapunov functions for fractional-order epi-
demic systems outlined in [59], and subsequently employing the Caputo derivative on

both sides, the following inequality can be established:

(63 S* Q I* (63 6 P* (6%
“Dg.W < (1 — §> “Dy.S (1) + (1 — T) “DST(t) + i1 a (1 - $) “Dg.P (1)
58* V* o 58* f* o
+— (1 — 7) “DsV(t) + - (1 — ;) DS F (1) .

A simple calculation provides the following result

(1-%) °pe.S = (1-%) [A+ 0P — (BF + 1) S

_ (1 _ %) [—0P* 4+ (BF 4+ p)S* + 0P — (BF + ) S]

o, 8 8 e (1S .
= uS (2—§—§)+B}"S <1 3) BFS + 6P — 6P
St S

TAFS® — 0P + P

In same way, we find

(1 _ IT) ope, T — (1 _ %) BFS — (k + u)*z}

= BFS - (n+u)I—BfSIT+ (K +p)Z"
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) P ) P
— (1 - D3P = — (11— "= |[kT (5
(-2 e - s (=B - 6+w7
0K ok _P*
= OP* - 0P 7 — 7—.
+5+u o+p P
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/88* V* Crmar - /88* _K B
S (V) emy - 5 (1YY ey
BRSOV
= = (1 V)[(vz +0)V = (I +0v) V]
= pBSV* (Q—V——£>+ﬁ ’yZ*V*—B vIV
% )% v v
S* S* *
+B 7IV*—B—71*V*V—.
v v )%
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= pSs YLV — BS*F — ps ’yIVJr + BS*F*.
v v F
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Then

s S S* V- IVF  FST*
Cryo < * s v * QX e r .
Dy W < uS (2 S 5*) +AFS (4 S~V TVF ]-"*S*I)

oy VY (ST SP PI I
+58V<2—7—%)+57? (S—SP*—PI*+I*).

V*
and 2—v——
'P*
for 5317

=5 -5 — 797 ~Fsz =0, for mm{(s ) +]—'*I7<V 1) +]—'*I}21‘

Because all parameters are nonnegative, we obtain CDSU/V < 0, which follows that
% < 0 when Rb > 1. According to LaSalle’s invariance principle [58], (S,Z,P,V, F) —
(8*,Z*,P*,V* F*)as t — 0. ]

2.4 Data Fitting Analysis through Numerical Simulation

In this section, we validate our analytical findings by determining specific parameter
values and using the Adams-type predictor-corrector method [60, 61] to perform a numeri-
cal simulation of the proposed nonlinear system to obtain an approximate solution for
the model.

The nlinfit function in MATLAB is a powerful tool for nonlinear regressions. It is used
to model predictive relationships between variables when the data or the relationship
between variables is complex and does not fit simple linear models. It also provides a
convenient interface for data-fitting problems.

Using this tool, we identified the parameter values closest to those in Table[2.2} resulting
in a minimum error for the fractional-order model. These estimated parameters were
then incorporated into the fractional-order SIP(IN)-SI(M) model . To ensure consistent
physical dimensions, we modified the units of all model parameters to align with the
dimension (time) ™, which corresponds to the fractional derivatives with dimension (order

Q).

2.4.1 Numerical Scheme for the Fractional SIP(N)-SI(M) Model

In this subsection, we outline the generalized predictor-corrector scheme associated

with the Adams-Bashforth-Moulton algorithm [62], which can be used to solve fractional
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epidemic systems. The chosen method is stable, converges faster, and has superior accuracy

compared to other methods [61}62,63], making it an optimal choice for our SIP(N)-SI(M)

model (2.).

Consider the following Cauchy problem of Caputo fractional derivative of order o > 0

CD&go(t):w(t,go(t)), 0<t<t, a€(m-—1,m]
go('“)(O):goék), k=0,1,....m—1, meN.

where ) is a nonlinear function. The Cauchy problem is equivalent to the Volterra integral

equation:
m_lt ®) 1 t )
o= 3 il gy [ G- v e )
Consider a uniform grid {¢, = nh, withn =0,1,..., L} for some integer L and h = %

Let ¢y, (t,) denote the approximation of ¢ (¢,,). Assume that we have already calculated

approximations j, (t;), for j = 1,2,...,n, and we want to obtain ¢}, (t,41) using equation
(2.4.1).
(tnt1) mz L?ﬂ (tns1, 0 (tns1))
[(a+2)

k=

+F(T+2) jgo aj,n+1¢ (thDh (t])) )

where
not —(n—a)(n+1)%, if j =0,
W1 =14 n—j+2) " +n—5)*""—2(mn—j 4+, if1<j<n, (2.19)
1, ifj=n+1.

The preliminary approximation @ZT (tn+1) is called predictor and is given by

3

+—me+1¢ (t5,0n (1)),

h n+1

with

[0}

bjnt1 = o [(n+1 =5 = (n—4)°]. (2.20)
Error in this method is

n:%laX I [ (tn) — @n (tn)] = O (he) ’

777777

where © = min (2, 1 + «). Consequently, by taking ¢y, (t,) = (Sn,., In,, Pn,, Sum,, Im, ) and

¥ (tny on (tn)) = (V1 (n o (E0)) 5 P2 (Ens 00 (E)) s s (s @ (En)) 5 Va (Eny on (E0)) 5 ©5 (Eny 0 (En)) S

Souad Bounouiga 47  Mohamed Boudiaf University of M’sila



2.4. Data Fitting Analysis through Numerical Simulation

where (), ;5 satisfy . We explore the numerical scheme corresponding to the SIP(N)-
SI(M) model (2.7):

I}y, r r
SNn+1 = SNO a+2) (AN ( —rt + N) S%n+l + 5R€Vn+1)

,u) Sn, + 5RNJ.> ,

& 159 T I
In ntl INO + F(Z+2) ( AX/;H Sif n+1 (Fd—i_'u) Iﬁfnﬂ)

I,
+ e Z%nﬂ( 75N, —(F&JFM)IN)

PNn+1 = Py, + % <K[%n+1 - (5 + 'u) RIJ)\;nH)

@ ’)/I s
SMn+1 = SMO + ﬁ <)\M o ( ]\JITVLJrl + U) SA]PQ?H»I)

I
+ F(a+2) Z ajn+1 (AM <71\17Vj ) SMJ) ’

2
_ h P Npir gpr P
]Mn+1 - '[MO + I'(a+2) < N S Mp1 U]Mn+1)

n
he . Mg
+ T(a+2) Zjoaj,nJrl( N SMj UIMj s
j=

where a; .11 are given by (2.19). Similarly, the predicted values are

r w BI

S%nﬂ = SNO + I‘(la) z ijLJrl (AN - < = + ,u) SN + 5RN>
Jj=0

B = Iyt o S b (Pigy - I

Nop1 = N0 T F(a) ZO jm+1 N, — (5 +p) In,
‘]:

PK;;H_I = PNO + ﬁ Z:(]bj’nJrl (/‘i[Nj — <5+/L) PNj) ,
J:

" n In,
SHrue = St + ey 2 by (A = (5 +v) S, ),
J:

- n Iy,
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where b; .11 are given by (2.20).

2.4.2 Fitted Data Analysis of Malaria in Algeria

This section presents a numerical study to contribute to a comprehensive understanding
and effective management of malaria in Algeria using data from reliable health sources.
Statistical and graphical methods were employed to examine the key epidemiological
indicators and provide insights into the malaria situation in the country.

The total population of Algeria was N = 30774 621 in 2000 [70]. Initial reported malaria
cases Iy (0) = 541 from the World Health Organization [71].

In our analtsis, we assume that the total population /N remains constant; however, a
significant increase in population was observed from 2000 to 2021. Therefore, we cannot
directly compare the infection rate in 2000, where there were 541 cases out of a population
of 30 774621, to the infection rate in 2021, where there were 1 164 cases out of a population
of 44177 969. To ensure accuracy, we will adjust the infection rate for each year based on
the initial total population in 2000 (Table 2.I), enabling a precise comparison of infection
rates over time. Based on these considerations, we will calculate the average recruitment

and natural death rates for the entire period from 2000 to 2021 [72].

Interpretation Ref. 2000 2001 2020 2021 Average
Population of Algeria [70] | 30774621 31200985 43451666 44177969 -
Initial malaria cases [71] 541 435 2726 1164 -
Adjusted malaria cases - 541 429 1931 811 -
Recruitment rate A [72] 0.0196 0.0193 0.0224 0.0215 0.022818
Natural death rate [72] 0.005 0.0049 0.0054 0.0045 0.0046818

Table 2.1: Adjusted parameters and initial data of infected population in Algeria from 2000

to 2021.

Lemma[2.T|ensures that the population does not exceed a specified limit. This constraint

is integral to maintaining the validity of our model, as it reflects real-world limitations on

population growth and size. Indeed, we have

NO = N2000 =30774621 and N (t) < N2021 = 44177 969.
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Subsequently, it must hold that:

A0
Nopa1 < Naggo exp (m)

. 0.022818¢~
< min N2000 X exXp m .

Our numerical simulation shows that the greatest value that / can take is 36 when we
select 0.79 < a < 1. This decision makes the existence and uniqueness of the solution for
the SIP(N)-SI(M) model on [0, /| more evident. As a result, N should not be greater than
4.67 x 107, in accordance with the limitations of Lemma[2.1]

Figure 2.2[shows the simulation of the model predictions for real-world malaria cases.
The predicted parameter values, biological descriptions, and pertinent references are

displayed in the table below.

Parameter Interpretation Baseline Value = Reference
A Recruitment rate of human 0.022818 Estimated [72]
Sy (0) Initial number of Sy 30773545 Calculated
Iy (0) Initial number of Iy 541 [71]

Py (0) Initial number of Py 535 Assumed
Sy (0) Initial number of S, 288 232 Assumed
I (0) Initial number of ), 19310 Assumed

I} Rate of transmission from I,; to Sy 0.294482673 Fitted

J Immunity loss rate of humans 0, 0314446765 Fitted

K Immunity acquisition rate of humans 0, 512191861 Fitted

A Recruitment rate of mosquito 0.104576629 Fitted

v Rate of transmission from I to Sy, 0.126616512 Fitted

v Natural death rate of mosquitoes 0.456197917 Fitted

L Natural death rate of humans 0.0046818 Estimated [72]

Table 2.2: Parameters and initial data of the SIP(IN)-SI(M) model.

The basic reproduction number in this case is:
SRb ~ 0.4203 < 1.

Moreover, following Theorem if we choose 0.79 < a < 1, then SIP(N)-SI(M) model

admits a unique solution on [0, ¢], with

¢ < 1.8083 (unit).
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As malaria statistics are collected annually or over several months, we chose a unit of 20
years. In this context, the value of ¢ should not exceed 36 years.

Figure presents a chronological table spanning 21 years (beginning in 2000) of
confirmed malaria cases. This illustrates fluctuations in the number of infections, reflecting
variations in the symptoms and disease severity. Additionally, the data revealed a notable

increase in cases coinciding with the emergence of COVID-19.

Infected Population Due Malaria in Algeria

2000 —

- %--Real Data of Malaria
= Simulated Model

1600 —

1200 [—

Initial Reported
Cases of Infections
in Algeria 2000
(541)

Human Population (Individual)
I

1
8
I
/
*
/
.
2

| | | | | | | | | | | | | | | | | | | | | | | |
1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022
Date (Year)

Figure 2.2: The reported cases of malaria in Algeria (shown with red markers) compared to
the predicted cumulative infected cases provided by the proposed model (represented by
blue line) for o = 0.79.

In the context of Caputo’s model, various values of o are examined to represent different
scenarios or conditions. Figures [2.3 and [2.4]illustrate the simulation findings with the
numerical results employed to analyze the dynamics of two human classes and two

categories of mosquitoes.
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Figure 2.3: Numerical simulation results for the model for the human population.

It is essential to note that the SIP(N) model assumes a well-mixed population, homoge-

Souad Bounouiga 51  Mohamed Boudiaf University of M’sila



2.4. Data Fitting Analysis through Numerical Simulation

ne

ous mixing, and constant parameters over time. However, it may not fully capture all

aspects of disease transmission such as birth, death, or variations in immunity. Further-

more, the suitability of the SIP(N) model varies depending on the specific disease being

modeled and the context of the outbreak.
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Figure 2.4: Numerical simulation results for the model for the mosquito population.

Next, we demonstrate the behavior of the fractional system (2.1) using four specific

values of a € (0, 1]. The simulation results of the model are presented in Figure[2.5, showing

the dynamics of both human and mosquito populations over time for various values of a.
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Figure 2.5: The dynamics of Caputo’s fractional model for various values of a and using

the estimation parameters in Table

The first graph shows the susceptible human populations from 2000 to 2020. As the
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parameter « increases, the decline in the susceptible population accelerates, signifying a
more rapid spread of the disease. This observation suggests that higher memory effects
(corresponding to larger « values) lead to a swifter depletion of the susceptible human
population, thereby intensifying disease transmission dynamics.

Moving to the second graph, we examine the infected human population during the
same period. For lower a values, the infection peak experiences a delay, whereas higher o
values cause the peak to manifest earlier and with greater intensity. This temporal shift
in the infection peak for smaller e values provides a critical window for implementing
intervention strategies that can mitigate the impact of the disease.

The third graph depicts the susceptible mosquito populations over time. Analogous to
the human population, an increase in « results in a more rapid reduction in the number
of susceptible mosquitoes. This behavior reflects the heightened transmission dynamics
associated with larger o values.

These simulation results and accompanying graphs emphasize the pivotal role of the
fractional-order parameter a in malaria transmission dynamics between humans and
mosquitoes. Higher a values lead to rapid and intense disease spread, which affects human
susceptibility and infection peaks. Conversely, smaller a values allow for delayed infection
peaks, thereby creating an opportunity for early intervention. These insights underscore
the significance of fractional models for understanding disease spread and optimizing
public health strategies.

After the initial analysis, adjustments were made to the crucial parameter /3, which rep-
resents the disease transmission rate among the infected individuals. Gradual and diverse
modifications are applied to return to the initial baseline value, and the resulting impact on
the populations of infected individuals is illustrated in Figure for the fractional cases,
specifically with a = 0.85 and o = 0.95.
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Figure 2.6: Impact of 3 on the infected population for different values of a with o = 0.85,

a = 0.95 and using the estimation parameters in Table

The graphical results reveal a pronounced reduction in the peaks of the infection curves
within each population category as the contact rate 3 decreases. Notably, smaller values
of the fractional parameter a correspond to a slower and more sustained disease spread,
effectively capturing the memory effect inherent in the model. This biological interpretation
underscores that increasing o accelerates disease transmission, whereas lower values delay
the appearance of infection peaks, a behavior contingent upon the impact of preceding
events.

Furthermore, our graphical analysis emphasizes the critical role of preventive measures.
Neglecting interventions such as reducing human-mosquito contact, leads to a substantial
increase in infections, facilitating a longer and swifter disease spread. Therefore, targeted
efforts to minimize the contact between humans and mosquitoes should be central to
intervention strategies. Implementing insecticides and medications to reduce mosquito
populations significantly contributes to the maintenance of human population stability and

curbing disease transmission.

2.4.3 Significance and Closing Remarks on Numerical Simulation

In Algeria, concerted efforts by authorities aim to raise public awareness about the criti-
cal importance of implementing safety measures to prevent malaria transmission. These
preventive measures include targeted pesticide spraying in high-risk areas, distribution
of treated mosquito bed nets for nocturnal protection, and provision of medications for
treatment and prevention. Implementing these preventive strategies is pivotal for manag-
ing the spread of malaria as they effectively reduce the risk of infection and subsequent

transmission.
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In our mathematical model, these preventive measures directly impact the parameter
8, which represents the rate of infection transmission from mosquitoes to humans. Our
simulations explore how variations in this parameter influence disease progression and
spread. Figures 2.5/and [2.6/illustrate how different values of the fractional-order parameter
a affect the duration of the critical disease state, particularly the number of infected
individuals. Specifically, a € (0, 1) quantifies memory during epidemics. As o approaches
zero, the system exhibits perfect memory, whereas approaching one signifies no memory.
Notably, an increase in 3 leads to a rapid surge in the number of infected individuals,
emphasizing that neglecting safety measures significantly accelerates disease spread.

A comparison of our results with those of recent studies employing traditional models
reveals that the fractional-order model better captures the intricate dynamics of disease
transmission, particularly in the context of malaria. Recent research utilizing fractional-
order models has demonstrated their efficacy in providing more accurate epidemic predic-
tions, especially when accounting for natural delays in transmission processes. Our model
aligns with these findings, but introduces a novel dimension by explicitly considering the

impact of memory on disease spread, an aspect overlooked in traditional models.

Souad Bounouiga 55 Mohamed Boudiaf University of M’sila



CHAPTER 3

DENGUE FEVER DYNAMICS USING

ADVANCED MATHEMATICAL
APPROACHES

%his chapter presents a traditional mathematical model for studying the dynamics
of dengue fever, focusing on environmental factors and their impact on the rate of

disease transmission.

3.1 Introduction

Dengue fever is one of the most widespread viral diseases transmitted by mosquitoes
globally, threatening the lives of millions in over 100 countries, particularly in the tropical
and subtropical regions. The virus that causes dengue fever is primarily transmitted
through the bite of Aedes aegypti or Aedes albopictus mosquitoes, which thrive in humid
urban environments. The main symptoms of this disease include a high fever, headache,
and muscle and joint pain. In severe cases, the disease can lead to dengue hemorrhagic
fever or shock syndrome, which can be fatal if not properly treated [82].

Dengue fever presents an escalating global health challenge, with the World Health
Organization (WHO) estimating approximately 390 million infections annually, 96 million
of which are symptomatic [82]. The rapid spread of this disease can be attributed to
multiple factors, including rapid urbanization, increased population density in cities, and
climate change, which expands the habitat of virus-carrying mosquitoes. Therefore, finding
innovative solutions to curb the spread of this disease through preventive measures or
effective health strategies is of utmost importance [65].

In the epidemic dynamics discussed in this chapter, we divide the total human popula-

tion (denoted as N) into four distinct classes:
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e Sy: Susceptible individuals.

e [ Infected individuals.

e Hy: Hospitalized individuals.

e Rn: Recovered individuals.

Additionally, the mosquito population surrounding the human population (denoted as
M) is divided into:

e Sy Susceptible mosquitoes.

e E): Exposed mosquitoes.

e [)s: Infected mosquitoes.

The parameters of the SIHR(IN)-SEI(M) model are defined as follows:

e A: Rate of increase in susceptible individuals.

¢ \: Rate of increase in susceptible mosquitoes.

e 1, < A: Natural death rate for humans.

e v < \: Natural death rate of mosquitoes.

e 0: Rate of death due to disease infection in Iy. Dengue-induced mortality in /.

e 3: Probability rate of disease transmission from I,; to Si.

e : Probability rate of disease transmission from I to S;.

e 1: Immunity loss rate for humans.

e p: Transfer rate of humans from Iy to Ty.

e ¢ and 7: Recovery rates from infectious populations Iy and Ty, respectively.

e §: Infection rate of mosquitoes.

Motivated by the above-mentioned works, we propose the following system of ordinary

differential equations for 0 < ¢ </ < oc:

( dsgt“) = AN (t) + Ry (t) — (ﬁ]\%g) +u) Sw (1)
dfz;t(t) _ 5]\141‘4(;;) Sy(t)—(p+q+0+pu) Iy (t)
dHCfl;(w = ply(t) = (74 p) Hy (t)
dRc]th D= () + 7Hy (1) = (& + p) By (1) (3.1)
dSy (1) VN ()
S = AM() - ( N —H)) Sw (1)
dE?;t(t) _ vfz]vv (t) Sur (t) = (5 +v) Ey (t)
DO gy 1) - ot 0
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In system (3.1)), the first four equations represent the human population dynamics, whereas
the last three equations describe the mosquito population dynamics.

To better understand the transmission dynamics of infectious diseases between humans
and mosquitoes in the STHR(N)-SEI(M) model (3.1), we refer to the following chart:

m AN I |

Figure 3.1: Flowchart of SIHR(N)-SEI(M).

This chapter aims to provide a comprehensive understanding of the dynamics of dengue
fever transmission and its influencing factors. We begin by analyzing the behavior of the
SIHR(H)-SEI(M) mathematical model to apply it after that in studying recent health data
from a range of countries. This analysis allows us to identify the effective application
domains of the model and assess the behavior of the disease spread across diverse environ-
ments.

We then chapter the existence and uniqueness of the solutions using Banach’s fixed-
point theory, ensuring that the solutions provided by the model are sustainable and ap-
plicable in various contexts. The basic reproduction number, 9Rb, is a vital indicator for
assessing dengue fever transmission, helping us understand disease spread rates, and
identifying points where effective control measures can be implemented.

Additionally, we explore the equilibrium points within the model and analyze their
stability to guide disease control strategies and predict future trends. We validate the
accuracy of our model using real data from multiple countries and identify specific local

factors that contribute to the spread of dengue fever. This validation process enhances the
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precision of the model and aids the development of targeted and effective strategies for

disease control.

3.2 Dynamic Analysis of the Feasible Region

3.2.1 Positivity and Boundedness of the Model

The SIHR(N)-SEI(M) model is investigated within a biologically feasible region in

R”, as defined in the subsequent lemma.

Lemma 3.1. Assume that M, represents the initial total mosquito population, and let N, be the
initial total human population at t = 0, where 0 < t < { < oco. Consequently, the solution to the

considered model is confined to the feasible region, given by

Q= {(Sn.In,Hn, Ry, Sus Eary Ing) € RL 0 < N (t) < Noyexp (A —p)£), 0 < M (t) < Myexp (M)}

with
N(t)=Sy({t)+In(t)+ Hy(t)+ Ry (t), M(t) =Sy (t)+ En(t)+ I (t).
Proof. Let
N (1) = S (1) + In () + Hy (£) + Ry (1),
then
AN (1) _ dSx () dly(t) _dHy (1)  dRx (1)
e dt dt dt dt -

Now, summing all the human equations of (3.1), we get

dN (t

PO~ N0 01w 1)

< (A-WN().

Consequently,

t
N (¢) §N0+/ (A—p) N (7)dr.
0
Applying Gronwall lemma [23], we obtain
N (t) < Noexp (A= p)£),

where N is the total human population at ¢ = 0.

In another way, let
M (t) =Sy (t) + En () + Ing (1),
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then
AM (1) _ dSu (1) , dEx (1) , dIy (1)
dt  dt dt dt

Now, summing all the mosquitoes equations of (3.1)), we obtain

dM (t)
—v) M
2= - M
< AM ().
Or .
M (t) < My +/ AM (7)dr.
0
Therefore,
M (t) < Myexp (M)
where M, is the total mosquito population at ¢ = 0. O

In subsequent sections of this chapter, we assume the existence of two positive constants:
N < Noexp((A—p)l), M < Myexp (M),

where the total human population N and mosquito population M remained fixed through-
out the chapter period and can be expressed as N (t) = N and M (t) = M. This assumption
was made to normalize the STHR(N)-SEI(M) model (3.1). Therefore, we put:

SM=", IM=157 HO=" R ="

Vi =2t =540 Fo) =" -
then we obtain S
Tzf) = A+RR() — (BF () +p)S (1)
dz_it) = BF)SEt)—(p+q+0+p)I(t)
dtlﬁ(t) = ()~ (T + ) H)
‘”Zt(t) — T+ TH) — (k4 )R () (33)
AU ORI
déd 7%t)
— = ZOYVH) - E+0)EW)
\ d];t(t) = 6E(t) —vF(1).

along with the positive initial conditions

S(0) =1, Z(0) = o, H(0

~—

= 3, R(0) = ¢4, V(0) = ¢35, £(0) = @, F(0) = 7. (3.4)

Souad Bounouiga 60  Mohamed Boudiaf University of M’sila



3.2. Dynamic Analysis of the Feasible Region

3.2.2 Existence Results of Solutions for the Normalized Model

In this section, we explore the existence and uniqueness of solutions to problem (3.6)-(3.7)
using Banach’s fixed-point theorem.
Let o = (S,Z,H,R,V,E,F) € Q, where Q = [C ([0, ], [0,1])]" is a Banach space with

lellg = max {IS ] s (121l » 1o s IR so > Wl s €] » IF N0}

and let 1/1 = (7/}17 w27 ¢3, w4a ¢5, w67 2ﬂ?)/ be such that

(

i (tp(t) = —(ﬁf(t) p)S(t) + KR (1),
ba(t,p(t) = BF(H)SH) —p+q+0+p)I(t),
Ps(tp(t) = () (T+m)H(),
bat, o) = qZ @) +7H () = (k+p)R(1), (35)
U5t (1) = A=(Z(1)+v)V(1),
Ve (t,p(t)) = ALV () -0 +v)E(),
| Ur (e (t) = 0E(1) —vF(t).

It is evident that ¢ is a continuous function.

Applying an integral to both sides of the system yields

de (1)

2 =), 36

taking into account the conditions

¢ (0) = o = (¢1, P2, 3, a5 5, 65 P7) 5 (3.7)

we obtain the following system of integral equations

t
o=t [ v(rp(m)dr
0
which is equivalent to the original problem (3.6)-(3.7).

Theorem 3.1. Let 3,7v,6,k,p,q,7,0,v, u, L € R, be such that
n=max{B+p,p+q+0+p7+pur+py+v,0+vk

If
nl <1, (3.8)

thus, there is a unique solution to problem (3.6)—B.7) on [0, €].
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Proof. The proof begins with transformation of problem (3.6)-(3.7) into a fixed-point prob-
lem T (t) = ¢ (t), with

To(t) = (Tie(t), Tap (t), Tap (1), Tap (), Tsp (), Tow (1), Trp (1))

and .
To(t) = o+ / o (r, 0 (1)) dr. (3.9)

Observing that for ¢ € (), the operators 7;¢ for 1 < i < 7 are continuous.

Consequently, T ¢ is an element of 2, with
1Tellg = max | Tiollo -

The equivalence between problems (3.6)-(3.7) and implies that 7 includes fixed points
for solving the aforementioned problem.

Let p,w € €, then

T (8) — Tiw ()] < / i (r, 0 (7)) — W (.0 (7)) dr, Wi € T 7. (3.10)

Forallt € [0, /], we have

[ (e (1) = (tw@)] = [8(Re (1) =R (1)) = [(BF, (1) + 1) Sp (1)
— (BFu (1) + 1) S, (D]
< RIRe () = Ru (D] + 1|8, () = S. (1)
+1B8F, () Sy (1) = BFu () Su (1)]
< KRy (1) = Ru (O] + (B + 1) [Sp (1) = S (1)
B[ F, (1) = Fu (1]
< max{k, B +u} o —wlq- (3.11)
Similarly, we obtain
V2 (8,0 (1) =2 (Lw (@) < max{f,p+q+0+u}le—wlg,
93 (8,0 (1) =3 (t,w ()] < max{p, 7+ pjllp —wlq,
[Ya (8,0 (1) = ¢u (t,w ()] < max{p, ¢,k + p}llp —wllg,
95 (80 (1) =5 (Lw @) < (v+0) e —wllo,
[V (1,0 (1) = 6 (t,w ()] < max{y,d + v}l —wlq,
Y7 (80 (1) =7 (tw (@) < max{d, v} [p —wlq.
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Then,
Wi (£, 0 (1) — ¥ (tw ()] Sl —wllg, Vi€ TT. (3.12)
From (3.10), we find
I Tio — Tiwll o < mlllp —wlg, Vi€ 1,7
and

1T = Twllg <nllle —wlg-

Referring to (3.8), T is considered a contraction operator. By employing Banach’s Contrac-
tion Principle, it can be deduced that 7 possesses a unique fixed point, which corresponds
to the unique solution of the problem (3.6)-(3.7) on [0, ¢]. O

3.2.3 Ulam-Hyers Stability for the Normalized Model

Definition 3.1. The system of differential equations is Ulam-Hyers stable if there exists a real
number ¢ > 0 such that for each ¢ = max{ey,...,e;} withe; > 0, i € 1,7, and for each solution

w € Q of the inequality

St~ b)) <e, tel0d, ieTT, (3.13)

there exists ¢ € § a solution of with
lw —¢llg < ce.

Definition 3.2. The system of differential equations is generalized Ulam-Hyers stable if there
exists £ € C (R, Ry), £(0) = 0, such that for each solution w € Q of inequality , there
exists a solution p € Q of with

lw = ¢llg < €(e)-

Remark 3.1 ([24} 21])). If w € Q is a solution of inequality , then there exist (¢;);cr7 > 0 and
¢ € Q, such that

L Sw (t) =i (tw(t) +¢i(t),t€[0,4], i €17,
2. |pi (t)| < &, forall t €[0,4], and each i € T,7.

The subsequent lemma aids in establishing the stability of system (3.6).
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Lemma 3.2. If w € (2 is the solution of inequality , then there exist (¢;);cr7 > 0 such that w
will be the solution of the inequality

S €€i7

w; (t) — w; (0) — /0 Vi (T,w (7)) dr

foreachi € 1,7.

Proof. If w is a solution of (3.13), we have from Remark 3.1]

{%wi(t) — G (w(®) s (1), tel0,d,ielT,

16: (1)) < =, (s > 0,

hence .
w;i (1) = w; (0) + /0 [V (T,w (7)) + ¢ (T)] dr.
Also,
w; (t) — w; (0) — /0 Y (ryw(7))dr| = |w; (0)+ /0 (Vi (T,w (7)) + ¢ (1T)] dT
—w; (0) — /0 Vi (Tyw (7)) dT
< [loelarse, vietr

That establishes the lemma. l

Theorem 3.2. Assuming that holds, system is Ulam-Hyers stable. Furthermore, it can
also be asserted that is a generalized Ulam-Hyers stable system.

Proof. Let (i);c17 > 0, we define w € €2 as a solution of the inequality

%wi(t)—wi(t,w(t)) <eg, tel0,4],iel,T,

and ¢ € ( is the unique solution of system with the conditions
©i (0)=w; (0), VielT.

Then .
%w:w@+lmvmen
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and

|ws (1) — s ()] =

IA

Using (3.12), and Lemma [3.2) we get
wi () =i (W] < L(ei +nlle —wllg), VEE[0,4], Vi€ LT
Taking the maximum from both sides, we obtain
lp —wllg < (e +nlle —wlq) -

Thus

lp = wllg < ce,

where ¢ = 1%;73 This implies that system is stable in the Ulam-Hyers sense and is
consequently generalized Ulam-Hyers stable if we set £ (¢) = ct. O

3.3 Analysis for the STHR(N)-SEI(M) Model
3.3.1 Basic Reproduction Number and Equilibrium Points

Theorem 3.3. The basic reproduction number of system (3.3) is determined by

B ByoAA
S)%_\//w2(6+v)(P+q+0+u)' (3.14)

Proof. Because the SIHR(IN)-SEI(M) model is composed of infection components Z, H, &,

and F, we obtain:
BFS—(p+q+0+pn)IT

v pL—(T+p)H
C NIV (1) — (6 +v) E
6E —uF
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Accordingly,
BFS p+qg+0+p)Z
_ 0 | T+ () H
oy |7 (6+0)€
0 —0& +vF

Here, y; denotes the rate of new infections appearing in compartment 4, and z; denotes
the rate of transitions between compartment i and other infected compartments for each
i €{1,2,3,4}.

The new infection matrix ) and transition matrix Z are assessed at the disease-free equilib-
rium point Dfp (Theorem , as follows:

0 0 0 8§ p+q+0+p O 0 O

0 00 O — + 0 0
V= g Z= p TT U

YW 00 0 0 0 d+v 0

0O 00 O 0 0 -0 w

Following the next-generation matrix principle, the basic reproduction number is defined
as the spectral radius of matrix Y2~ and is given by (3.14). O

The initial step in comprehending a differential equation is to identify equilibrium

points. In epidemiology, we are concerned with two types of equilibrium point:

¢ Disease-free equilibrium is defined as the point at which no disease (or death from
disease) is introduced into the population and is depicted in the model as 7 = H =
E=F=0.

e Other equilibrium points, where 7 # 0, H # 0, and F # 0, are indicated as endemic

equilibrium points (or outbreak equilibrium points).
We define the positive real values

M=p+qg+0+pu, Ay =T+,
)\3:/14‘/1/7 /\4:6+U7

to facilitate the calculations and establish the following theorem.

Theorem 3.4. System has two types of equilibrium points

1. Disease-free equilibrium

S s e = o oA A
Dfp = (Sal—aT7R7V7€>‘F) = (;a()ao?Oa%aan) .
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2. Endemic equilibrium point Ey = (S*, 7%, H*, R*, V*,E*, F*) which is

T* ONT*
e (57 Lo T A )
Ay A3 YL* + v Ay (VL 4 v) vy (VI + v)
where
S _5_ ,u()\1/\2—l-/<&(p—|—Q—i-,u))—Hm’(é’%—/ub)z*7
pA2A3
also
_ [LUQ)\1>\2)\3)\4 (%52 _ 1)

oM A A F T (04 ) F (M + K (p+ 0+ p))
The existence of the endemic equilibrium point depends on 93b > 1.

do(t) =
Proof. To determine the equilibrium points for system 1 , we set flt( ) =0, with p =
(S,Z,H,R,V,E, F). Therefore

(

0 = A+rR({)—(BF (@) +p)S(t), (eql)

0 = BFHS()—MI(t), (eq2)

0 = pL(t)—XH(t), (eq3)

0 = gZ@)+7V ()= AsR(1), (eq4)

0 = A= (ZH)+v)V (D), (eq5)

0 = 2@V —ME(), (eq6)

L0 = se@—vF @, (eq7)
From equations (e¢3) and (e¢5), we have
A

H(t) = >\21< ) and V(t) = T to

then we replace it in (eq4) , (e¢6) , and (eq7) , to get
Ao+ T ML (t ONT (t
R = : )\;)_\3 oI ®), &)= A4 (’y; (t() iL v)’ B UA4Z7Z (t() )+ v)’

If we add (eql) to (eq2) we obtain

(MAe+K(p+0+p)+ K70+ p)
/l/\g)\g,

1. If 7 = 0, we can easily obtain the first disease-free equilibrium point Dfp.

st=8-"~ (),

2. When 7 # 0, equation (eq2) gives us
. LU A Aads My
YUMA AL + KT (O + 1) + pp(MAe +w(p+ 60+ 1))
Consequently, we obtain the required endemic equilibrium point Eqp, which exists
when 53b > 1.

(:Ro* — 1) .

Hence, the theorem is proven. O
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3.3.2 Stability Study of Disease-Free Equilibrium Point
Local Stability Analysis of ©fp

Theorem 3.5. The disease-free equilibrium point of system is locally asymptotically stable
when Kb < 1.

Proof. The Jacobian matrix for system (3.3)) can be written as

QU OUr O v G Oy O
oS o OH OR oV o€ OF
oS 0L OH R ()% o€ oF
Qv Ovs Ovs Qs Ous DUy O
oS oL OH OR oV o0& OF
J=| ow ow ows ovs ou ovu ow

oS oz oH OR OV o€ oF

s 05 Ous  Ovs  Ous  Ovs  Ous
95 @I 9H 9ROV  9E BF

g O  Ovs  Ovs Ovs Ot  Ous

oS oz oH OR OV o€ oF

Yy OYr  Oyr Oyr dyYr dur dyr
98 9I 9H IR BV 9 OF

where ¢1<;<7 (¢, ¢ (t)) represents the right-hand side of (3.3). Then

—(BF+p) O 0 K 0 0 =88
BF =X 0 0 0 0 pgS§
0 p =X 0 0 0 0
J = 0 q T =3 0 0 0
0 -V 0 0 —(WZ+v) O 0
0 02% 0 0 L Xy O
0 0 0 0 0 b  —v

The eigenvalues of J (Dfp) are given as the roots of the characteristic polynomial

P(X)==(p+X)(v+X) A+ X) N+ X) [X®+ (A + M +0) X7
+ (Mg + v+ vA) X + vy (1 - RE%)].

According to Descartes’ rule, the roots of P (X) are negative reals or complexes of

negative real parts, which makes ®©fp locally asymptotically stable. O

Global Stability Analysis of Dfp

Theorem 3.6. The disease-free equilibrium point Dfp of system is globally asymptotically
stable if Rb < 1.
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Proof. To prove the theorem, we examine the following Lyapunov function
W(S,I,%,R,V,S,F> =0l 4 coH+ 035 + ey F.

We consider ¢; to be positive constants for i € {1, 2,3, 4}, which will be determined later.

The derivative of IV along with the solution of system is calculated as follows:

aw _ L  dH b dF
. Yar % % T Y

=1 [BFS — MI]| + o [pT — NoH] + c3 [7IV — As€]
+ ¢4 [0 — v F]

A A
< [%F - >\1—’Z‘| + co [pI — )\27‘[] +c3 [%I — /\48‘|

+ ¢y [58 — U./—"]

A
= [—01/\1 + cop + 03%} T — )M
A
-+ [—03)\4 + 045] & + [Cl% - C4U:| F.

— ﬁ5 Cy = — BAM

By choosing ¢; = vy, ca =0, c3 = ,and , wWe obtain

% < U)\l)\4 (9% - 1) E.

Thus, if Rb < 1, then ¥ < 0. According to LaSalle’s invariance principle [58], this implies
that Dfp is globally asymptotlcally stable. O

3.3.3 Stability Study of Endemic Equilibrium Point
Local Stability Analysis of Eqp

Let go, 91, g2, and g3 be such that
/\4 (’}/I* + U) (/,L)\l)\g/\g + BF*/\Q)

go = ,U)\Q)\:} ’
(VZ* +v) (A7 + BF* Mo + pp (A2 + £) + A2 (g + A3 (0 + p))])

no= HA2 + A3 + Ao A3
/\1/\2)\3)\4 (YZ* + v+ p) + BF Ao
LA + A3 + A3 ’
g = /\1)\2)\3)\4 + )\7 (’)/I* + v+ [L) (’)/I* + ’U) (,u)\e, + ﬁf*)\g) + ﬂf’* ()\9 + )\10)

H‘F)\g‘i‘)\g
g3 = M ABF A+ XBF +p) (VI +v)+ X6 (VI + v+ ),
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where
As = A+ A+ A3+ Ay,
A = Mo+ A3+ A+ Aoz + Ao + Ay,
A7 = AAoA3 + At Aoy + At Az AL + Ao Az,
As = MAa+ M+ Ads + Aods + Asha + A3 (p+ 0+ p) + pg,
Ao = pp(As+7)+ A2 (g + A3 (04 1)),

Mo = M(MAa+ XA+ A3 (p+ 60+ 1)+ pq).

Theorem 3.7. If we put
5761)*8* < min {907 g1, 92, 93} )

then the endemic equilibrium point Eqp of system is locally asymptotically stable if Rb > 1.

Proof. As shown in the previous section, the Jacobian matrix J (€qp) for (3.3) is

—(BF* + p) 0 0 K 0 0 -pS*
BF* -\ 0 0 0 0 pS*
0 p =X 0 0 0 0
Jg, = 0 q T  —X3 0 0 0
0 -V 0 0 —(WZ*+wv) 0 0
0 YV* 0 0 ~L* -\ 0
0 0 0 0 0 o —v

The characteristic polynomial is given by
P(X)=—(v+X)(X°+a5X° + as X + a3 X® + a2 X + a1 X + ap)

where
ag = praAz(go — ByOV*S),
a1 = (uAg + pAz + AoA3) (g1 — BYOV*S™),
as = (p+ X+ A3) (g2 — ByoV*SY),
az = g3 — PyoV*ST,
as = X6+ A5 (BF +9L" + v+ p) + (BF 4 p) (v I* +v),
as = A +yL*+BF +v+ .
According to Descartes’ rule, the roots of P, (X) are negative reals or complexes of negative

real parts. Therefore, the required result is obtained. O
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Global Stability Analysis of Eqp

From system (3.3)), we obtain
)

— (BF* +p) " — KR,
MI* = pF*S*,
pL* = MH*,
MR =qT* + 7H",
A= (VIT*+v)V*,
MEF = ~T*V*,
vF* = 0E*.

Now, let us define

( *

le%(I*—Z)nLB(]:—}"*)Jr;( *—R),

Zy =B (F=F)+7(V-V)+Z (- &)+ L (R*—R),
Z3=2(T"-I)+ %5 (R"—R),

| Zi= 5 (F = F)+ 35 (V-V).

To prove the theorem concerning global stability, we propose the following hypothesis.

I°ﬂ \1|

Hyp. There exist four nonnegative constants &}, &5, X3, and X, such that

( Z) = (Xl — /\}5{* - M) Stgs*/

Zy = (Xy — A1) I_II*,
Zy = (X — \y) B,

| 2= (X =) 55

Theorem 3.8. Assume that hypothesis (Hyp) holds. Then, the endemic equilibrium point Eqp of

system (3.3) is ¢lobally asymuptotically stable if b > 1.
Y 8 y asymp Y

Proof. We analyze the following nonlinear Lyapunov function of the Goh-Volterra form

W (S, I,H,R,V,E,F) = 'S(t)—s*—s*log%] + [I()—I*—z*log%]
+ -7-[(15)—7-[* H* log H}+[R() R*—R*log%]
+ :V (t) —V*—V*log v_)] + [5 (t) — &* — E*log g(t)}
+ | F@) - F - Frlog T

By calculating the derivative of W with respect to time along the solutions of system (3.3),

we obtain

v _ ([ SNdS () TNdT () H\dH (| RO\ AR
dt S ) dt T ) dt H ) dt R ) dt

B L L S
V) dt £ ) dt F ) dt’
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A simple calculation provides the following result

(1_§)§ _ <1_§) A+ KR — (BF + 1) S|

= (1 — %) KR+ (BF 4+ 1) S*+ kR — (BF + 1) S|
_ S ;S* (1 (S — 8) — k(R —R) — BFS + BF*S*].
As
BF'S* — BFS = fF*S* — BF'S + BF'S — BFS — S (F — F*) — Aég (S—5%), (315)
then
<1—§) % —— ({f +u> (S;S*) —(§-8Y 6(?—]—"*)+§(R*—R) :

In same way, we find

(1 - 3) % _ (1 _ Z) BFS - NI = 2oL (BFS — M (T —T') = MT]

T A T
. @-T)y T-1 e
= -\ 7 7 [BFS — BF*S7].
Using gives us
I\ dT (I-1%)° MNI* _, . BS .
(1_T>E = -\ 7 _S*I(I —I)(S—S)—T(I —I)(F—-F").
Next
H*\ dH H—H" H—H* . .
(H-H)" p o (7
= - — 2 (H-H) (T -T
= B (- H) (T - D)
Also

R*\ dR R*
()R (Y

R—R*
:( - )[pZ+T7—[—/\3(R—R*)—)\3R*]

(R-R)* . g oo T
= N - (R ~R) [£(R-R")+

= R(’H—”H*)

<1_%>% _ (1_%) A= (I +v)V] = (1_%) (VT* +0) V' — (YT +v) V]

[ VA R Vi Ve
= —U( Y )—l— v VZ*V* —~yZV)].
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As
Y 9% %Y 9k * * * )‘48* *
YLV — NIV =TV + 7LV — ALV — IV = =4V (T - 1%) — e (V-V"), (3.16)
then
v\ dV M E* (V — V)
11— = — — —V* — 7).
( V)dt (v* +U) Y @y -1
Next

£\ d€ & £ ¢ . .

(E—¢&) &€
£ £

= -\ VZ*V* —~1V)].

Using (3.16) gives us

(1_5>$__A4 e g E OV V) - (€ 6T -T).

Also

(1—];)% = <]:;f*)[55—vf]:(]:;]:*)[55—@(]:—]:*)—0]:*]

Then

AW MI* (S — &) (T —T7)? (H —H*)?

< - — —

T (5* * ) 5 S " R
_()\{i +U>(V V) _M(s £ (F=FY

% 5 T
L Z(S-8) - Z(T—T) — Zy(H—H*) — Z4(E — €Y.

By employing (Hyp), we get

AW (S — &) (T —1%)? (H — H*)? (R —R*)?
<< _x, = 7 _ S D S
@ S Mg Y7 S S
* _yx\2 _ox)2 _oT)\2
_()\;f +U)(V V) X4(5 &y (F ]—")'

vy e TUTF

Because all parameters are nonnegative, we obtain ¥ < 0 when b > 1. According

to LaSalle’s invariance principle [58], (S,Z,H,R,V, &, F) — (S*, 2%, H*, R*, V*,E*, F*) as

t — oo. O]
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3.4 Data Fitting Analysis through Numerical Simulation

In this section, we validate our analytical results by specifying particular parameter
values and applying a numerical solution method to the model. The parameters, as
detailed in Table are based on consistent scaling to ensure that they align with the
correct physical dimensions. For clarity, all model parameters are adjusted to conform to

the time dimension, ensuring consistency with the model requirements.

3.4.1 Evaluating Dengue Control in Low $ib Countries
Fitted Data Analysis of Dengue in Singapore

This section presents a numerical study that contributes to a comprehensive under-
standing and effective management of dengue in Singapore, using data from reliable
health sources. Statistical and graphical methods were employed to examine the key
epidemiological indicators and provide insights into the dengue situation in the country.

Singapore has a tropical, humid climate year-round, making it prone to continuous
mosquito breeding and dengue transmission. Although Singapore has a highly developed
healthcare infrastructure and strong monitoring system, persistent climatic conditions
pose an ongoing challenge in controlling mosquito populations. Continuous efforts in
environmental management and raising health awareness among the population are crucial
to minimize the spread of the disease.

The total population of Singapore was N = 3022209 in 1990 [74], with initial reported
dengue cases of Iy (0) = 218939 [73].

In our analysis, we assume that the total population N remains constant; however, a
significant increase in population was observed from 1990 to 2021. Therefore, we cannot
directly compare the infection rate in 1990, where there were 218 939 cases out of a pop-
ulation of 3022209, to the infection rate in 2021, where there were 485 139 cases out of a
population of 5941 060. To ensure accuracy, we will adjust the infection rate for each year
based on the initial total population in 1990 (Table3.1)), enabling a precise comparison of
infection rates over time. Based on these considerations, we will calculate the average

recruitment and natural death rates for the entire period from 1990 to 2021 [75].
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Interpretation Ref. 1990 1991 e 2020 2021 Average
Population of Singapore | [74] | 3022209 3120620 --- 5909869 5941060 -
Initial dengue cases [73] | 218939 228484  --- 469646 485139 -
Adjusted dengue cases - 218939 221279 --- 240169 246790 -
Recruitment rate A [75] | 0.0182 0.0171 .-~ 0.0085 0.0086  0.0117375
Natural death rate [75] | 0.0047 0.0046  ---  0.0052 0.0058 0.00465

Table 3.1: Adjusted parameters and initial data of infected population in Singapore from
1990 to 2021.

Lemma [3.1{ensures that the population does not exceed a specified limit, maintaining

our model’s validity and reflecting real-world population constraints. Indeed, we have
N() = N1990 =3022209 and N (t) < N2021 = 25941 060.
Subsequently, it must hold that:

Nogor < Niggoexp (A — p) f)
< min {Nige0 x exp ((0.0117375 — 0.00465) £)} .

Our numerical simulation shows that the highest value that ¢ can take is 77. This decision
makes the existence and uniqueness of the solution for the STHR(N)-SEI(M) model on [0, /]
more evident. As a result, N should not be greater than 5.2318 x 10°, in accordance with
the limitations of Lemma[3.1]

The basic reproduction number in this case is:
Rb ~ 0.374530069 < 1.

Moreover, following Theorem then SIHR(N)-SEI(M) model admits a unique solution
on [0, ¢], with
¢ < 1.5485 (unit).

Because dengue statistics are collected annually or over several months, we chose a unit of
50 years. In this context, the value of ¢ should not exceed 77 years.

Figure[3.2]shows the development of confirmed dengue cases in Singapore over 31 years
starting in 1990. The curve demonstrates noticeable fluctuations in recorded infections,
with different phases indicating variations in the disease spread rates. The graph highlights
periods of increase and decrease, reflecting changes in environmental and health conditions,
and improvements in prevention and treatment strategies. The data suggest a gradual

improvement in disease control in recent years despite ongoing fluctuations.
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Figure 3.2: The reported cases of dengue in Singapore (shown with red markers) compared
to the predicted cumulative infected cases provided by the proposed model (represented

by blue line).

Figure[3.3|shows the trend of infected individuals and those hospitalized due to dengue
in Singapore from 1990 to 2021. The curve representing infected individuals displays a
fluctuating pattern, with noticeable peaks in certain years, indicating periods of increased
infection rates. In contrast, the curve for hospitalized individuals follows the infection
curve but remains at lower levels, indicating that only a portion of the infected population
required hospitalization. Together, these curves illustrate the relationship between the total

number of infections and severity of cases requiring medical care in hospitals over time.
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Figure 3.3: Infected and Hospitalized Individuals for Dengue Model in Singapore.

Figure 3.4 presents the trends of exposed and recovered individuals in Singapore within
the dengue model from 1990 to 2021. The number of exposed individuals decreases over
time as more people become infected and recover from the disease. In contrast, the number

of recovered individuals shows a gradual increase, reflecting the cumulative number of
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people who gained immunity after infection. The points at which these curves intersect
indicate significant shifts in disease dynamics, such as periods when recovery rates surpass

infection rates.

108 Susceptible and Recovered Individuals for Dengue Model in Singapore
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Figure 3.4: Susceptible and Recovered Individuals for Dengue Model in Singapore.

Figure 3.5|illustrates the impact of different transmission rate 3 values on the number
of dengue-infected individuals in Singapore from 1990 to 2021. The colored lines represent

different scenarios for changes in transmission rate values.

105 Impact of Different Beta Values on Infected Humans in Singapore
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Figure 3.5: Impact of Different 5 Values on Infected Humans in Singapore.

The numerical simulation shows that as the /3 value increases, the number of infections
rises significantly, especially during periods of peak infection. The graph demonstrates
that altering the /5 value leads to substantial differences in infection numbers, with higher
$ values resulting in a larger number of infected individuals. This reflects the effect of

increased transmission rates on the spread of the disease.
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Singapore’s Measures Against Dengue Fever and Their Impact on Disease Transmis-

sion

Singapore has implemented several preventive measures to combat dengue fever, which
significantly affects the transmission rate 3. These measures include controlling mosquito
breeding sites by removing stagnant water, launching awareness campaigns to increase
knowledge of mosquito bite prevention, using insecticides, and enhancing healthcare and
patient follow-up. These actions have led to a reduction in mosquito numbers and cases of
infection, contributing to a decrease in the transmission rate 3, and limiting the spread of

dengue fever.

Fitted Data Analysis of Dengue in Costa Rica

This section presents a numerical study to contribute to a comprehensive understanding
and effective management of dengue in Costa Rica using data from reliable health sources.
Statistical and graphical methods were employed to examine the key epidemiological
indicators and provide insights into the dengue situation in the country.

Costa Ricas warm, humid climate, coupled with a rainy season spanning from May
to November, creates ideal conditions for the breeding of mosquitoes responsible for
transmitting the dengue virus, especially in densely populated urban areas. The spread
of dengue is closely tied to the rainy season, because stagnant water provides breeding
grounds for mosquitoes. Despite ongoing efforts by health authorities, controlling the
spread of the disease remains a significant challenge, underscoring the need for robust
strategies for mosquito control.

The total population of Costa Rica was N = 3158253 in 1990 [76]. Initial reported
dengue cases I (0) = 78 620 [73].

In our analysis, we assume that the total population /N remains constant; however, a
significant increase in population was observed from 1990 to 2021. Therefore, we cannot
directly compare the infection rate in 1990, where there were 78 620 cases out of a population
of 3158253, to the infection rate in 2021, where there were 127 337 cases out of a population
of 5153 957. To ensure accuracy, we will adjust the infection rate for each year based on the
initial total population in 1990 (Table 3.2), enabling a precise comparison of infection rates
over time. Based on these considerations, we will calculate the average recruitment and

natural death rates for the entire period from 1990 to 2021 [77].
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Interpretation Ref. 1990 1991 e 2020 2021 Average
Population of Costa Rica | [76] | 3158253 3239414 ... 5123105 5153957 -
Initial dengue cases [73] 78 620 79 644 e 122913 127337 -
Adjusted dengue cases - 78620 77649 - 75772 78030 -
Recruitment rate A [77] 0.0274 0.0266 e 0.0122 0.0119  0.018096875
Natural death rate p [77] 0.0039 0.0039  --- 0.0056 0.0072  0.004478125

Table 3.2: Adjusted parameters and initial data of infected population in Costa Rica from
1990 to 2021.

Lemma [3.1|ensures that the population remains within specified limits, maintaining the

validity of our model by reflecting real-world population constraints. Then,
NO = nggg =3158253 and N (t) S N2021 = 5153 957.
Subsequently, it must hold that:

Nagar < Niggoexp (A — ) €)

The SIHR(N)-SEI(M) model admits a unique solution when ¢ < 0.7817 (unit = 50 years).
Thus, ¢ should not exceed 39 years, and N should not be greater than 5.3781 x 10, per
Lemma 3.1f's limitations.

The basic reproduction number in this case is:
Rb ~ 0.592189356 < 1.

Figure 3.6| illustrates the development of dengue cases in Costa Rica over a span of
31 years starting in 1990. The curve reflects clear fluctuations in the number of reported
cases, with periods marked by significant increases in infections followed by gradual
declines. These variations indicate the influence of environmental and health factors as
well as advancements in prevention and treatment methods. The data also highlight a
gradual improvement in disease control in recent years despite continued fluctuations

during certain periods.
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Figure 3.6: The reported cases of dengue in Costa Rica (shown with red markers) compared
to the predicted cumulative infected cases provided by the proposed model (represented

by blue line).

Figure 3.7)shows the trends of infected and recovered individuals in Costa Rica within
the dengue model from 1990 to 2021. The curve representing infected individuals shows
fluctuations in the number of cases, with significant peaks occurring during certain years,
indicating periods of increased infection rates. The curve for recovered individuals shows a
steady increase over time, reflecting the cumulative number of individuals who recovered
and gained immunity. The divergence between these two curves highlights the progression

of the epidemic and recovery dynamics in the population.
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Figure 3.7: Infected and Recovered Individuals for Dengue Model in Costa Rica.

Figure 3.8 illustrates the trends in susceptible and hospitalized individuals in Costa
Rica under the dengue model from 1990 to 2021. The curve for susceptible individuals
initially starts at a high level, gradually decreasing over time as more individuals become

infected and either recover or require hospitalization. In contrast, the curve for hospitalized
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individuals remains significantly lower, following a pattern that mirrors the number of
infections, but with fewer cases requiring hospitalization. This figure shows the relationship
between susceptible individuals and those requiring medical attention in hospitals over a

given timeframe.
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Figure 3.8: Susceptible and Hospitalized Individuals for Dengue Model in Costa Rica.

Figure 3.9/ depicts the dynamics of mosquito populations in Costa Rica according to
a dengue fever model. The curves represent the numbers of susceptible, exposed, and
infected mosquitoes from 1990 to 2021. The number of susceptible mosquitoes remains
relatively stable with minor fluctuations, while the populations of exposed and infected
mosquitoes show a gradual increase over the years. Both the exposed and infected mosquito
populations exhibit a steady growth trend, indicating an increase in the transmission
potential of dengue fever over time. These trends highlight the importance of mosquito

control to prevent the spread of dengue.
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Figure 3.9: Susceptible, Exposed, and Infected Mosquitoes for Dengue Model in Costa Rica.
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Figure shows that higher 3 values increase dengue infections in Costa Rica, similar

to Singapore, highlighting the need to control transmission rates.
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Figure 3.10: Impact of Different # Values on Infected Humans in Costa Rica.

Costa Rica’s Dengue Strategies: Impact on Transmission and Infection Rates

Costa Rica has implemented several measures to combat dengue fever, aiming to reduce
the spread of the disease and lower the number of infections. These measures include
community awareness campaigns focused on the importance of eliminating mosquito
breeding sites, such as stagnant water, which provides an ideal environment for the Aedes
aegypti mosquito, the virus carrier. Health authorities also carried out insecticide spraying
programs in areas most prone to dengue outbreaks, in addition to enhancing healthcare
programs for the early detection and appropriate treatment of infections.

These measures have had a noticeable impact on reducing the transmission rate £,
leading to a decrease in the spread of infections among the population. Furthermore,
improvements in the healthcare system and increased community awareness have con-
tributed to a significant reduction in the number of recorded cases in certain affected areas.
However, Costa Rica continues to face seasonal challenges in controlling the spread of

dengue due to environmental and climatic factors that promote mosquito breeding.

3.4.2 Assessing Dengue Challenges in High 916 Countries
Fitted Data Analysis of Dengue in Yemen

This section presents a numerical study to contribute to a comprehensive understanding

and effective management of dengue in Yemen using data from reliable health sources.
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Yemen’s climate is characterized by dry and sporadic rainy seasons, creating periodically
suitable environments for mosquito breeding. The healthcare system in Yemen is severely
weakened due to ongoing conflicts, making it difficult to manage dengue outbreaks. Addi-
tionally, environmental changes lead to increased mosquito populations, posing a major
challenge to health authorities in controlling the spread of the disease.

The total population of Yemen was N = 13375121 in 1990 [78]. Initial reported dengue
cases, Iy (0) = 1851 [73].

Due to population growth from 1990 to 2021, we adjusted the infection rates to ensure
accurate comparisons (Table 3.3). In 1990, there were 1851 cases out of a population of
13375121, and in 2021, there were 8 074 cases out of a population of 32981 641 [79].

Interpretation Ref. 1990 1991 e 2020 2021 Average
Population of Yemen [78] | 13375121 13895851 --- 32284046 32981641 -
Initial dengue cases [73] 1851 1986 e 7705 8074 -
Adjusted dengue cases - 1851 1912 e 3192 3274 -
Recruitment rate A [79] 0.0526 0.0517 e 0.0313 0.0305 0.03850625
Natural death rate [79] 0.0118 0.0115 e 0.0065 0.0068 0.0079625

Table 3.3: Adjusted parameters and initial data of infected population in Yemen from 1990
to 2021.

Lemma 3.1|ensures that the population remains within specified limits, maintaining the

validity of our model by reflecting real-world population constraints. Then,
No = Niggo = 13375121 and N (t) < Nogo1 = 32981 641.
Subsequently, it must hold that:
Noaga1 < Niggoexp (A — ) £).

The SIHR(N)-SEI(M) model admits a unique solution when ¢ < 1.2358 (unit = 50 years).
Thus, ¢ should not exceed 62 years, and N should not be greater than 8.8299 x 107, per
Lemmal[3.1l

The basic reproduction number in this case is:
Rb ~ 1.432852042 > 1.

Figure shows a gradual increase in dengue cases in Yemen from 1990 to 2021,
with a significant increase in the incidence rates reflecting the country’s challenging health
conditions. These data indicate an ongoing and growing spread of the disease, particularly

in recent years.
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Figure 3.11: The reported cases of dengue in Yemen (shown with red markers) compared

to the predicted cumulative infected cases provided by the proposed model (represented

by blue line).

Figure shows the numbers of exposed and infected mosquitoes in Yemen from

1990 to 2021. Exposed mosquitoes decrease continuously, indicating a rapid transition to

infection or the impact of the interventions. Infected mosquitoes initially increase due to

favorable conditions, followed by a decrease reflecting health interventions or depletion of

susceptible mosquito populations.
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Figure 3.12: Exposed and Infected Mosquitoes for Dengue Model in Yemen.

Yemen’s Dengue Efforts Amid Humanitarian Challenges

Yemen has undertaken various efforts to combat dengue fever, including extensive

awareness campaigns, mosquito spraying operations in the most affected areas, and im-

provements in sanitation and elimination of mosquito breeding sites. Health programs
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have been implemented to enhance the prevention and provision of medical care for in-
fected individuals. However, the country has faced significant humanitarian challenges
such as ongoing conflicts and resource shortages, which have limited the effectiveness of
these measures. These challenges have impacted the ability of authorities to control the
spread of the disease, increasing the transmission rate 5 and resulting in an increase in the

number of infections.
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Figure 3.13: Impact of Different Beta Values on Infected Humans in Yemen.

Fitted Data Analysis of Dengue in India

This section presents a numerical study to enhance the understanding and management
of dengue in India, using reliable health data. The Indian monsoon season from June
to September leads to stagnant water accumulation, which is ideal for Aedes mosquito
breeding. Densely populated urban areas with poor infrastructure exacerbate this problem.
Improving environmental management and healthcare is essential for reducing the dengue
spread in India.

The total population of India was N = 870452165 in 1990 [80]. Initial reported dengue
cases, Iy (0) = 11262313 [73].

Due to population growth from 1990 to 2021, we adjusted the infection rates to ensure
accurate comparisons (Table[3.4). In 1990, there were 11 262 313 cases out of a population
of 870452 165, and in 2021, there were 28 205 520 cases out of a population of 1407 563 842
[81].
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Interpretation Ref. 1990 1991 2020 2021 Average
Population of India [80] | 870452165 888941756 1396387127 1407563842 -
Initial dengue cases [73] | 11262313 11570731 28 379 898 28205 520 -
Adjusted dengue cases - 11262313 11330065 17690 899 17442588 -
Recruitment rate A [81] 0.0315 0.0309 0.0166 0.0164 0.023621875
Natural death rate p [81] 0.0109 0.0106 0.0074 0.0094 0.00829375

Table 3.4: Adjusted parameters and initial data of infected population in India from 1990 to

2021.

Lemma 3.1 ensures that the population remains within specified limits, maintaining the

validity of our model by reflecting real-world population constraints. Then,

No = N1990 = 870452165 and N (t) < N2021 = 1407563 842.

Subsequently, it must hold that:

Nopa1 < Nigggexp (A — p) f).

The SIHR(N)-SEI(M) model admits a unique solution when ¢ < 2.1568 (unit = 50 years).
Thus, ¢ should not exceed 108 years, and N should not be greater than 4.546 x 10°, per

Lemma[3.]]

The basic reproduction number in this case is:

Rb ~ 1.157058336 > 1.

Figure shows the evolution of confirmed dengue cases in India over a 31-year

period starting in 1990. The graph illustrates a nearly constant increase in cases, reflecting

an increasing spread of the disease. The simulated model (blue line) aligns well with the

given data (red dots), highlighting the prediction accuracy. The data reveal a continuous

rise in cases, with a notable increase toward the end of the last decade, influenced by factors

such as climate change and environmental and health conditions.
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Figure 3.14: The reported cases of dengue in India (shown with red markers) compared to
the predicted cumulative infected cases provided by the proposed model (represented by

blue line).

The Impact of Preventive Measures and Challenges on the Spread of Dengue Fever in
India

India has implemented several measures to combat infectious diseases such as dengue
and malaria, including health awareness campaigns, mosquito control programs, improved
sanitation systems, and the distribution of mosquito nets and medications. Improved
sanitation helps eliminate stagnant water, which reduces mosquito breeding grounds, and
promotes hygiene practices that decrease the chances of disease transmission. Despite these
efforts, India continues to face significant challenges due to its high population density,
which contributes to the rapid spread of diseases. Population density directly affects the
transmission rate 3, as it facilitates the transmission of infections among individuals due
to proximity and overcrowding. This leads to a significant increase in the number of
infections, making disease control efforts more difficult. Additionally, challenges related to
providing healthcare in rural areas and poverty further complicate these efforts, making it

more difficult to control the spread of diseases.
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Figure 3.15: Impact of Different Beta Values on Infected Humans in India.

Appendix

The tables below provide a deeper understanding of the results presented in Figures
B.11] and [3.14] They provide the predicted parameter values used in the dengue

model, along with biological descriptions that clarify the practical context of these values.

The tables also include relevant references.
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CHAPTER 4

MATHEMATICAL INSIGHTS INTO

CUTANEOUS LEISHMANIASIS
DYNAMICS

%his chapter discusses the transmission of cutaneous leishmaniasis using a mathe-
matical system that describes the interaction between humans and the infected

mosquito, considering the factors influencing disease spread.

41 Introduction

Cutaneous leishmaniasis is one of the most prevalent parasitic diseases worldwide,
posing a significant public health challenge in numerous countries, particularly in the
Middle East, North Africa, and parts of South America. The disease is primarily transmitted
through the bite of infected female Phlebotomus sandflies, which thrive in semi-arid and
rural environments. Cutaneous leishmaniasis is characterized by the appearance of skin
ulcers or lesions, which, although not fatal, can cause permanent scars. In some cases, the
disease can progress to more severe forms if left untreated [82].

Cutaneous leishmaniasis represents an increasing burden, with the World Health Or-
ganization (WHO) estimating over 700000 to 1 million new cases annually, primarily
in endemic regions [82]. The disease is transmitted through the bite of infected female
Phlebotomus sandflies, which inject Leishmania parasites into the host’s skin. These para-
sites then multiply within macrophages, leading to skin ulcers or lesions. The spread of
this disease is driven by several factors, including urbanization, environmental changes,
population displacement, and socioeconomic challenges that hinder access to healthcare.
Developing effective strategies for prevention, treatment, and control of cutaneous leish-

maniasis is essential to reduce its impact on affected communities [83]].
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4.1. Introduction

By incorporating real epidemiological data from affected regions, mathematical models
can accurately identify the factors contributing to outbreaks and highlight critical areas for
intervention to reduce disease spread.

In this chapter, the dynamics of the epidemic are modeled by dividing the total human
population (denoted as ) into five distinct classes:

e Sn: Susceptible individuals.

e IJy: Exposed individuals.

e [y: Symptomatic infectious individuals.

e Ay: Asymptomatic infectious individuals.

e Rn: Recovered individuals.

Additionally, the sandfly population surrounding the human population (denoted as
M) is divided into:

e Su: Susceptible sandflies.

e [,;: Infected sandflies.

The parameters of the SEIAR(N)-SI(M) model are defined as follows:

¢ A indicates the rate of increase in the susceptible individuals.

e )\ represents the rate of increase in the susceptible sandflies.

e /1 < A expresses the natural death rate for humans.

e v < )\ presents the natural death rate of sandflies.

e 3 is the probability rate of disease transmission from infected sandflies to susceptible
humans.

e v is the probability rate of disease transmission from infected humans to susceptible
sandflies.

e x represents the proportion of recovered individuals who lose temporary immunity
and become susceptible again.

e ) < 1 probability that an exposed human develops symptomatic cutaneous leishmani-
asis infection after leaving the incubation period.

e § is the rate at which the treated population leave the class Fy

e ¢ and p are the recovery rates from infectious populations Iy and Ay respectively.

Motivated by the above-mentioned works, we propose the following system of ordinary
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4.1. Introduction

differential equations for 0 < ¢ </ < oo:

| ngt(t) = AN(t)+ &Ry (t) - (B]\ZM (E? + u) Sw (t)
dt M) Sy (t) = (6 + p) En (t)
dlzt(t) = 00BN (t) — (p+p) Iy (1)
dAézvt(t) = (1-0)0EN () — (q+n) An (t) 4.1)
dRy (1)
o = PIv(D) +qAN (1) = (k£ p) By (¢)
dsgt ) _ M(t) — ( v (In (Jif%(rt )AN (t)) N U) S (0
dy (t) (IN (t) + Ax (1))
(i ) = 0 S (t) — vl (1)

In system (&), the first five equations represent the dynamics of the human population,
whereas the last two equations describe the dynamics of the sandfly population.

To better understand the transmission dynamics of infectious diseases between humans
and sandflies in the SEIAR(N)-SI(M) model outlined in system (4 , we refer to the

following chart:

w1 g M (.
S Iy

< - 7
B Iy
M

yY(n *+An)
N

Ey
il

AM! | o

Figure 4.1: Flowchart of SEIAR(N)-SI(M).
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4.2. Dynamic Analysis of the Feasible Region

This chapter aims to provide a comprehensive understanding of the dynamics involved
in the transmission of cutaneous leishmaniasis and the factors that influence it. We begin
by analyzing the behavior of the SEIAR(N)-SI(M) mathematical model, examining its
solutions” existence, uniqueness, and stability, ensuring that the model’s solutions are
applicable and sustainable in various contexts. Additionally, we determine the basic
reproduction number, explore the equilibrium points within the model, and analyze their
stability to guide disease control strategies and predict future trends.

We validate the accuracy of our model using real data from Algeria, focusing on M’Sila
province, because it has recently recorded a high incidence of the disease in the country.
By doing so, we aim to identify local factors contributing to the spread of cutaneous
leishmaniasis. This validation process enhances the model’s precision and helps develop

targeted and effective strategies for disease control.

4.2 Dynamic Analysis of the Feasible Region

4.2.1 Positivity and Boundedness of the Model

The SEIAR(N)-SI(M) model is investigated within a biologically feasible region in

R”, as defined in the subsequent lemma.

Lemma 4.1. Assume that M, represents the initial total sandfly population, let Ny be the initial
total human population at t = 0, where 0 < t < { < oo. Consequently, the solution to the
considered model is confined to the feasible region, given by

0= {(SN,EN,IN,AN,RN,SM,IM) S Rzr 0 < N(t) < Nypexp (Ag), 0< M(t) < Myexp ()\6)}
with

N@)=Sy({t)+Ex@t)+In({t)+An(t)+ Ry (t), M(t) =Sy (t)+ Iy (t).

Proof. Let
N (t) =Sy () + En (t) + In (1) + An (t) + Ry (1),
e (1) _dSw(t)  dEx(t)  dIy(t) | dAx () | dRy ()
dN (t) dSy (t dEy (t dly (t dAN (t dRy (t

a @ T a TTa tTa TTa

Now, summing all the human equations of (4.1)), we get
4N (1)
U TR0
< AN(1).
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4.2. Dynamic Analysis of the Feasible Region

Consequently,
t
N (t) < Ny +/ AN (7)dr.
0

Applying Gronwall lemma [23], we obtain
N (t) < Nyexp (Al),

where Nj is the total human population at ¢ = 0.
In another way;, let
M (t) = Sar (8) + Las (1) ,
then
dM (t)  dSu (1) N dly (t)
e dt dt -
Now, summing all the sandfly equations of (4.I), we obtain

dM (t)
—7 = (A= t
= =M
< AM(1).
Or .
M (t) < M, +/ AM () dr.
0
Therefore,
M (t) < Mpexp (M),
where 1/ is the total sandfly population at ¢ = 0. O

In subsequent sections of this chapter, we assume the existence of two positive constants:
N < Nyexp(Al), M < Myexp (M),

where the total human population N and sandfly population M remained fixed throughout
the chapter period and can be expressed as N (t) = N and M (t) = M. This assumption
was made to normalize the SEIAR(N)-SI(M) model . Therefore, we put:

sm=25 em=5 T=5"  A@M=%2 w2
R() =", V()= F)=2,
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4.2. Dynamic Analysis of the Feasible Region

then we obtain

( %tt) = A+rR(@{)— (BF ) +p)S(t),

%L@ = BFOSEH) — 0 +mE®),

dz_f) = 05E(t) — (p+m)I(t),

O 000~ (gt m) AL, (43)
‘”Zt(’f) = pT(t)+qgA) — (h+ )R (D),

dz_gﬂ — A= (YT +AD) +0)V (1),
\dflt(t) — ST+ AD)) V() —oF (1),

along with the positive initial conditions

S(0) = @1, £(0) = @2, T(0) = s, A(0) =4, R(0) =¢s5, V(0) = s, F(0) = 7. (44)

4.2.2 Existence Results of Solutions for the Normalized Model

In this section, we explore the existence and uniqueness of solutions to problem (4.6)—#.7)
using Banach’s fixed-point theorem.
Letp = (S,E,Z, A, R, V,F) € Q, where Q2 = [C ([0, /], [0, 1})]7 is a Banach space with

lpllg = max {[IS]lo s [1€]l oo » 1 Z1lc s Alle s 1Rl » [V lloo s 1 F oo 3

and 1et 1/} = <¢17 ¢27 w37 1/147 w57 w67 ¢7); be SUCh that

;

h(tpt) = A= (BF@)+p)SE)+rR(H),

ba(t,p(t) = BFE)SEH) = (0+p)E),

Us(t,p(t)) = 06E(t) = (p+p)I(),

Palt,o(t) = (1=0)0E(t) = (qg+p) Al), (4.5)
U5 (to(t) = pL(t)+qA[{) —(k+p)R(),

e (t,p(t) = A=(y(Z@)+AQR)+0v)V (1),

[ Yr(be () = 7T+ A@)) V() —vF (1)

It is evident that ¢ is a continuous function.

Applying an integral to both sides of the system yields

WO _ytpw), (*6)

taking into account the conditions

¥ (O) = ¥ = (@17 P2, ¥3, P4, P5, 9067907) ’ (47)
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4.2. Dynamic Analysis of the Feasible Region

we obtain the following system of integral equations

t
o=t [ v(rpm)dr
0
which is equivalent to the original problem (4.6)-(.7).

Theorem 4.1. Let 3,6,0,k,v,q,p,v, i, £ € R, be such that

n =max{f + p,0 4+ p,p + i, q + p, K + p,y + v}

If
nt <1, (4.8)

thus, there is a unique solution to the problem (#.6)—-(4.7) on [0, ).

Proof. The proof begins with transformation of problem (#.6)-(4.7) into a fixed-point prob-
lem T (t) = ¢ (t), with

To(t)=(Tip(t), Tap (), Tso (t), Tap (t), Tsw (t) , T (L) , Tre (t))

and .

Te®) =0+ [ 0(rp(r)dn ®9)
Observing that for ¢ € (2, the operators 7;¢ for 1 < i < 7 are continuous. Consequently,
Ty is an element of ), with

[Tello = max [Tl

1<i<7

The equivalence between problems (#.6)-(.7) and (4.9) implies that 7 includes fixed points
for solving the aforementioned problem.

Let p,w € €, then

|ﬁ¢@—7@@ﬂsérmvm@»—wAavaaneiﬁ (4.10)

where 1); satisfies for each 1 < i < 7. We have

[t (1) = (tw @) = |8 Ry (1) = Ru () = [(BF, (1) + 1) Sy (1)
— (BFu () + 1) S, (D]

+
R t)l+ul3 (t) — Su ()]

)
< RIRy (t) — R (
+|BF, (1) Sy (1) — BF (1) S (2]
< KRy () - w(t)|+(ﬁ+u)|3 (t) — S (0)]
+8|F, (t) — o, (B)]
< max{r, S+ p} o —wlq - (4.11)
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4.2. Dynamic Analysis of the Feasible Region

Similarly, we obtain for all ¢ € [0, /],

|2 (0 () = b2 (t,w (1) < max {5, + pu} [o —wllg,
V3 (0 (1) — s (t,w (1) < max{00,p+ p}lle —wlq,
st @ (8) — s (tw ()] < max{(l—0)0,q+pu}lle—wlg,
V5 (0 (1) — s (t,w (1) < max{p, g,k + p}lly —wlq,
Y6 (£, () — b (1w (1) < (v +0)lle —wlq,
7 (6 (1) — b7 (t,w (1) < max{y,v} [l —wlq-
Then
Wi (0 (1) =i (tw (@) <nlle—wllg, Vie LT (4.12)

From (4.10), we find
| T — Tiwll oo < nllle —wllg, Vie1,7.
and
ITe = Twllg < ntlle —wlg-

Referring to (4.8), 7 is considered as a contraction operator. By employing Banach’s
Contraction Principle, it can be deduced that 7 possesses a unique fixed point, which

corresponds to the unique solution of the problem (.6)-(4.7) on [0, 4]. O

4.2.3 Ulam-Hyers Stability for the Normalized Model

Definition 4.1. The system of differential equations is Ulam-Hyers stable if there exists a real
number ¢ > 0 such that for each ¢ = max {ey,...,e;} withe; > 0, i € 1,7, and for each solution

w € Q of the inequality

St~ st <e, tel0d, ieTT, (4.13)

there exists ¢ € § a solution of with
lw = ¢llg < ce.

Definition 4.2. The system of differential equations is generalized Ulam-Hyers stable if there
exists ¢ € C'(Ry,Ry), £(0) = 0, such that for each solution w € Q of inequality [@.13), there
exists a solution p € Q) of with

lw = ¢llg <€ (e)-
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4.2. Dynamic Analysis of the Feasible Region

Remark 4.1 ([24, 21]). Ifw € Qs a solution of inequality (£.13), then there exist (¢;),cr7 > 0 and
¢ € Q, such that

1o S () =i (bw(®) +¢i (1), t€[0,4], i €T,7,
2. |pi (t)| < &, forall t €[0,€], and each i € 1,7.

The subsequent lemma aids in establishing the stability of system (4.6).

Lemma 4.2. If w € ) is the solution of inequality , then there exist (¢;);c17 > 0 such that w
will be the solution of the inequality

S E€i7

wi () — w; (0) — / b (7w (7)) dr

foreachi € 1,7.

Proof. If w is a solution of (4.13), we have from Remark [4.1]

{%wmt)m(t,w(t))mi(t), fel0.d,ieTT.

i (1)] < &, (€i)ierz > 0,
hence .
w; (t) = w; (0) + /0 [V (Tyw (7)) + ¢s (7)] dr.
Also,
wi (1) — w3 (0) — /0 i (rw (D) dr| = |ws (0) + /0 s (7,0 (7)) + s (7] dr
s (0) — /O Wi (7w (7)) dr
< /t | (T)| dT < le;, Viel,T.

That establishes the lemma. ]

Theorem 4.2. Assuming that holds, system is Ulam-Hyers stable. Furthermore, it can
also be asserted that is a generalized Ulam-Hyers stable system.

Proof. Let (i);c17 > 0, we define w € (2 as a solution of the inequality

%wi () =i (bw )| <en tel0,ielT,
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4.3. Analysis for the SEIAR(N)-SI(M) Model

and ¢ € Q is the unique solution of system (4.6)) with the conditions
0 (0) =w; (0), Viel,T.

Then .
i () = wi (0) + / b (ry 0 (7)) di,

and

jwi () — @i ()] =

IA

Using (4.12), and Lemma 4.2} we get
lwi () — i (O)] < l(ei+nle—wlg), VE€I0,(, Viel,T.

Taking the maximum from both sides, we obtain

lp —wllg < (e +nlle—wllg)-

Thus

lo —wllg < ez,
where ¢ = 1_4;]5 This implies that system 1@} is stable in the Ulam-Hyers sense and is
consequently generalized Ulam-Hyers stable if we set £ (t) = ct. [

4.3 Analysis for the SEIAR(N)-SI(M) Model

4.3.1 Basic Reproduction Number and Equilibrium Points

Theorem 4.3. The basic reproduction number of system is determined by

9%:\/ AYMA (65 +(1_9)5). (4.14)

V(@ +p) \p+p gt p
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4.3. Analysis for the SEIAR(N)-SI(M) Model

Proof. Because the SEIAR(N)-SI(M) model is composed of infection components &, 7, A,

and F, we obtain:

PEH)S ) = (0+p) E(1)
06E (t) — (p+ 1) Z (1)

TR a0 -+ mAQ
Y (@)+A@)V(t) —vF (1)
Accordingly,
BF (t)S(t) (0 +wu) &)
_ 0 L —00E () + (p+ 1) (1)
4 0 T S0+ (g4 ) A
Y@ +A@D)V () vF (1)

Here, y; denotes the rate of new infections appearing in compartment ¢, and z; denotes
the rate of transitions between compartment i and other infected compartments for each
i€{1,2,3,4}.

The new infection matrix ) and transition matrix Z are assessed at the disease-free equilib-
rium point Dfp (Theorem [4.4), as follows:

0 0 0 ABS 6+ 0 0 0

0 0 0 0 —46 + 0 0
) - p+p

0 0 0 O —(1-05 0 q+p O

0 vV vV 0 0 0 0 wv

Following the next-generation matrix principle, the basic reproduction number is defined
as the spectral radius of matrix YZ~! and is given by (4.14). O

The initial step in comprehending a differential equation is to identify equilibrium

points. In epidemiology, we are concerned with two types of equilibrium point:

e Disease-free equilibrium is defined as the point at which no disease (or death from
disease) is introduced into the population and is depicted in the modelas £ =7 =
A=F=0.

e Other equilibrium points, where 7 # 0, A # 0 and F # 0, are indicated as endemic

equilibrium points (or outbreak equilibrium points).
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4.3. Analysis for the SEIAR(N)-SI(M) Model

We define the positive real values

)\1:5+M7 )‘2:p+:uv
As=q+p,  A=rK+p,

to facilitate the calculations and establish the following theorem.

Theorem 4.4. The system has two types of equilibrium points
1. Disease-free equilibrium
G2 s o= o = A A
@fp:(8,87I,A,R,V,f): 5707070707;70 .

2. Endemic equilibrium point Eqp = (S*,E*, T*, A*, R*, V*, F*) which is

66 ., (1—0)¢ pod q(l—&)é) A YAAE* )
¢ = S*vg*a_g*v g*a + g*a ) )
w ( N X ()\2)\4 Ao A+ 0 0 (TAE* 1 0)

where
St — 5—, _ )\2)\3 (/\1 + Ii) + KO (9)\3 + (1 - ‘9) /\2)5*’
Ao A3y
also
2
& — v )\1)\2)\3)\4 (me _ 1) ’
with ( )
g6 (1-6)6
A = —
5 AQ + /\3 )
The existence of the endemic equilibrium point depends on 9Rb > 1.
: S : do(t) - . B
Proof. To determine the equilibrium points for system (4.3), we set = 0, with ¢ =

(8,6, Z, A, R,V,F). Therefore

p

= A+rR() = (BF @) +p)S(t), (eql)
= BF)S() —ME), (eq2)
= 65E(t) — T (1), (eq3)

(1—0)0& (t) — AsA(L), (eq4)
= pI(t)+qA(t) = MR(), (egd)
= A-(Z®)+A{) +v (eq6)
= 7ZH+AD)V(E) v (eq7)

S—
At

~~
~

S—

o O o o o o o
I

™
—~
~
N—
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4.3. Analysis for the SEIAR(N)-SI(M) Model

From equations (e¢3) and (eg4), we have

Z(t)= i—(SS (t) and A(t) = d-09

then we replace it in (eg5) , (e¢6) , and (eq7) , to get

P05 q(1—6)6 A O ANE)
R(t):(A2A4+ Xs )5(t)’ V(t>:’y)\55(t)+v7 f(t)_v(v)\55(t)+v)'

If we add (eql) to (eq2) we obtain

Ao\

E(t),
1. If £ = 0, we can easily obtain the first disease-free equilibrium point Dfp.

2. When € # 0, equation (eq2) gives us

UQ)\l)\Q)\3>\4

E =
")/)\5 [U)\1>\2)\3)\4 + ﬁ)\ [)\2)\3 ()\1 + /‘i) -+ KO (9)\3 + (1 — 9) )\2)]]

(Rb* —1).

Consequently, we obtain the required endemic equilibrium point Eqp, which exists

for Rb > 1.

Hence, the theorem is proved. O

4.3.2 Stability Study of Disease-Free Equilibrium Point
Local Stability Analysis of Dfp
Theorem 4.5. Suppose that
BYOVS < MiAads + Mot + A Asv + A Asv,
then, ©fp of the system achieves local asymptotic stability when Rb < 1.

Proof. The Jacobian matrix for system (4.3)) is expressed as follows

Oy Oy Oy OY1 0Py OY1 DYy
88 @9 P9I @A R 9V OF
Oy Oy Oty OYp Oy OYp Oy
95 @9 9I DA R BV OF
Ous  Ous  Ouvs  Oys O3 OYs  OYs
85 B9 9I @A 9ROV OF
J=| 9 s s s Oy s Ouy

95 @9 9I 9A OR 9V OF
s Qs Ous  Oys 05 OYs  OYs
85 B9 9I @A 9ROV OF
s Ods  Ovs  OYs  OYs OYs  OYs
85 @9 09I @A R 9V OF
Obg Qb7 Our  OyYr  OYr OYr Oy
85 B9 9I @A R 9V OF
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4.3. Analysis for the SEIAR(N)-SI(M) Model

where 1<;<7 (t, ¢ (t)) represents the right-hand side of (#.3). Then

—(BF+p) 0 0 0 0 88
BF A 0 0 0 0 38
0 06 -y 0 0 0 0
J= 0 1-0)5 0 -\ 0 0 0
0 0 D qg —M\ 0 0
0 0 -V =V 0 —-(Z+A)+v) 0
0 0 WY 0 Y(Z+A) —v

The eigenvalues of J (Dfp) are given as the roots of the following characteristic polynomial
PX)=—(p+X)(v+X) A+ X) (X" +a3X? + a2 X® + 1. X + ap)

with

ap = vAAA; (1 —Rb%),

ar = Mz + MAav + M Asv + AaAzv — ByOSY,

as = M2+ AMA3+ A3+ Mo+ Av + Asv,

az = M+ A+ A3+
As By0VS < Moz + AMAv + MA3v + A Asv, we find ag, a;, a; and a3 are nonnegative
coefficients when 2ib < 1. According to Descartes’s rule, the roots of P; (X) are negative
reals or complexes of negative real parts and that makes Dfp is locally asymptotically
stable. O

Global Stability Analysis of Dfp

Theorem 4.6. The disease-free equilibrium point Dfp of system is globally asymptotically
stable if Rb < 1.

Proof. To prove the theorem, we examine the following Lyapunov function
W(S,g,I,A,R,V,f) = Clg + CQI+ 03A+ C4JE.

We consider ¢; to be positive constants for i € {1,2, 3,4}, which will be determined later.
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4.3. Analysis for the SEIAR(N)-SI(M) Model

The derivative of I along with the solution of system is calculated as follows
dW € dZ dA dF

W 261$+C2%+63E +C4%
=1 [BFS — ME| + ¢ [05E — MoT] + c5[(1 — 6) 6 — Ay A]
+e[y(ZT+ AV —vF]

<o {%J-‘ - Ale] 2 056 — M)+ 5 [(1— 0) € — Ao A

A
+¢y {v(f—i-/l); —U]:]
= [—Cl)\l + 6295 + C3 (1 - 0) (5] & + |:_CQ)\2 + 641—)\:| A

A A
+ [—03)\3 + 04%] A+ {016— - C4U} F.

1
By choosing ¢; = g—X)\Q)\g, Co = ’L—A)\g, 3 = ’YTA)\Q, and ¢; = A\ )\3, we obtain
dW
< BN s (9362 — 1) €.

dt ~ pA
Thus, if Rb < 1, then ¥ < 0. According to LaSalle’s invariance principle [58], this implies

that ©fp is globally asymptotically stable. O

4.3.3 Stability Study of Endemic Equilibrium Point
Local Stability Analysis of Eqp

Let go, 1, g2, and g3 be such that
(’7 (I* + .A*) + U) [)\1)\2)\3)\4 + BF* ()\2)\3 ()\1 + Ii) + 0k (9)\3 + (1 — 9) )\2))]

go = O (OA3 + (1 —0) X2) ’
_ BFR[pdeds (A + k) + ps8 (04 + (1 - 0) A) + (7 (27 + A7) + ) (Ao + 56 (p6 + ¢ (1 — 6)))
g = pAs+ (A +p) (03 + (1 —0) A2)

+M)\1)\2)\3)\4 + (,u)\g + )\1)\2)\3)\4) (’Y (I* + A*) + U)
pAg + (Mg + ) (OA3 + (1 = 6) Ag) 7
AMA2A3A + A5 (V(ZF + A") + v+ p) + A7 (BF 4+ p) (v (Z7 + A) +v)
A3+ (1 —0) o+ Ay +p
BF* [)\9 + ko (9)\3 + (1 — 9) Ay + ,LL)]
OAs+(1—O)da+M+p 7
95 = M+ ABF +p) (VT +A)+0)+ M (VT +A)+BF +v+p),

92 =

where
Ae = A1+ Ao+ A3+ Ay,

A7 = AAo F+ A3+ A g+ Agdg 4+ Ag g + Ay,
A8 = A1 A2A3 + A Aoy + A A3 + AaAs )y,
Ao = pladg+ (A +K) (A2 + pAs + Aadsz) .
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4.3. Analysis for the SEIAR(N)-SI(M) Model

Theorem 4.7. If we put
675])*8* < min {907 91, 92, 93} )

then the endemic equilibrium point Eqp of system is locally asymptotically stable if SRb > 1.

Proof. As shown in the previous section, the Jacobian matrix J (Eqp) for is

— (BF* + ) 0 0 0 K 0 —3S*
BF* —\ 0 0 0 0 BS*
0 66 —A2 0 0 0 0
Jeqp = 0 1-0)6 0 -3 0 0 0
0 0 P g —M 0 0
0 0 -V V0 —(y(TF+ AY) +v) 0
0 0 00 2D Ve 0 v (Z* + A¥) —v

The characteristic polynomial is given by
Py(X)=—(v+X) (X% + a5 X% + asX? + a3X> + 0o X* + a1 X + ap) ,

where

ag = pA2(06A3+ (1 —6)dA2) (go — ByOV*S"),

a1 = (A + A+ p) (0A3 + (1= 0) A2)) (g1 — BydV*S™),

az = (OA3+ (1 —=0) o+ g+ p) (92 — ByOV*SY),

az = g3 — ByoV*S*,

ags = M+X(Y( T +A)+BF +v+p)+ (v (T + AY) +0) (BF*+ ),
as = Xe+7(T*+A") + BF +vu+p

According to Descartes’ rule, the roots of P, (X) are negative reals or complexes of negative real

parts. Therefore, the required result is obtained. O

Global Stability Analysis of Eqp

From system (4.3), we obtain

A= (BF +p)S*—kKkR",
MEF = BF*S*,

05E* = \oT",

(1— 0) 86" = Az A",

MR* = pI* + g A",

A= (v(Z*+ A*) +v) V¥,
vF* =~ (% 4+ A*) V*.
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Now, let us define

Z =2 (& - &)+ B(F-F)+5(R" - R),

Zy =8 -+ (V-V)+ E(F -~F)+ L (R*-R),
Zy =D ey (V- V) + K (F - F)+ L (R —R),
Zy =B (& - &)+ ¥ (v V).

To prove the theorem concerning global stability, we propose the following hypothesis.

Hyp. There exist three nonnegative functions X, A5, A3, and X such that

Z) = (Xl - )‘1 & H) SSS*,

= (X — X)) &,
= (X5 — \g) AL,
(X4 U) .7-'}_]—'

Theorem 4.8. Assume that hypothesis (Hyp) holds. Then, the endemic equilibrium point Eqp of system
is globally asymptotically stable if Rb > 1.

Proof. We analyze the following nonlinear Lyapunov function of the Goh-Volterra form:

W(SELARV,F) = [S(t)-8" ~ 5 log 2] + [£ (1) - & — £ log ]
+ :I(t)—I* T 105 Z0] + [A (1) — A° - A" log 40|
+ [R() R =R 10g B + [V (1) -V = V7 log 5L
+ -]:(t)— — F*log F(t)}

By calculating the derivative of W with respect to time along the solutions of system (4.3), we obtain
dW 1—g ﬁ—%— 1- & d€+ I—Z—* 4z
dt S/ dt £ ) at dt
1—£ %—i— 1—&* d—R—F 1- LA id
A ) dt R ) dt V) at
A
F ) dt
A simple calculation provides the following result

(1 ‘Z)‘fl‘f _ (1_‘§>[A+m—(5f+u)3]

— <1_ ‘f;) [—kR*+ (BF 4+ 1) S*+ kR — (BF + u) S]

_ S ;S* [~ (S — 8%) — k (R* — R) — BFS + BF*S"].

BF*S* —BFS = BF*S*—BF*S+BF'S—pFS

= —BS(F-F)- /\jgg* (§-87), (4.15)

Souad Bounouiga 106  Mohamed Boudiaf University of M’sila



4.3. Analysis for the SEIAR(N)-SI(M) Model

then

1 S*\ dS )\18 * n
S ) dt
In same way, we find

)55
(1_5*)615 _ gl >ﬁ}'S M)

—(S— S*)[B(]—'—]—'*)Jrg(R*—R)}.

£ ) dt
£ "
= T [BFS — M (£ €) - M€
(- e -g e
= A e [BFS — pF57].
Using gives us
ENdE L (E—E) NEF L, o BS o x
(1-5)G - e ae-s-Fe-ar-m).
Next

I\ dL -1

- (I _II> [06€ — Mo (T —T%) — XoT%]

_ Z-T e

L -Za@-myeE -
Also
(1_§>CZ‘ _ (1-&)[(1—9)55%3,4]
_ (A;A*>[(1—0)55—)\3(A—A*)—/\3A*]
*2 _
d
" R*\ dR (R —R*)? . P o q .
(1_ R>dt:—>\4R—(R ~R) [ @1+ & (A-A)].
Next
(1-5)% = (1-%)n-0a+a+oy
- (1—11);*>[(V(I*+A*)+U)V*—(7(I+«4)+U)V]
%) 2 *
_ _U(V_VV) +V;V by (T + AV =y (T + A)V].
As

YT+ ANV -~ (T + AV

YT+ ANV v (T + ANV
- YT+ AV -~ (IZT+ AV

= WIE-T) (A A -2

V-V, (416)
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4.4. Data Fitting Analysis through Numerical Simulation

then ,
V*\dy  (vF V=V i o
(1 V>dt_ (V* +U>V YV =V)NZT-T")+ (A- A")].
Also
F*\ dF F*
= F;f Y(Z+AY —v(F—F) —vF
V-Vv: F—F
= —v( > S _ = YT+ AV =~y (T + A)V].
Using gives us
FN\NdF (V- V) uF )
(1_]-') T A
YW s * «
—F (F =R -T)+ (A=A
Then
dw _ (M€ (-89 | (=&)Y | @Z-1) | (A-A)
dt§<8*+> 5 M AT T AT
 (R=R")*  [(vF* V-v)? (F-F
A4 ) v +v v v 7

—HI1(S—=S8")—H2(Z—-T") —Hz (A— A") — Ha (F - F").

By employing (Hyp), we get

AW (S — 8%)? (€ —&%)? (T —1%)? (A— A*)?
7 e R S R
L R=R*)* [uF" Vv-v: (F-F)
MR v )Ty WE

Because all parameters are nonnegative, we obtain % < 0 when $3b > 1. According to LaSalle’s
invariance principle [58], (S,€,Z, A, R, V,F) — (S*,&*, T*, A*, R*, V*, F*) as t — 0. O

4.4 Data Fitting Analysis through Numerical Simulation

In this section, we validate our analytical results by specifying particular parameter values and
applying a numerical solution method to the model. The parameters, as detailed in Table are
based on consistent scaling to ensure alignment with the correct physical dimensions. For clarity, all
model parameters are adjusted to conform to the time dimension, ensuring consistency with the

model requirements.
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4.4. Data Fitting Analysis through Numerical Simulation

4.4.1 Fitted Data Analysis of Cutaneous Leishmaniasis in Algeria

This section presents a numerical study that comprehensively understands and effectively
manages cutaneous leishmaniasis in Algeria, utilizing data from reliable health sources. Statistical
and graphical methods were employed to examine key epidemiological indicators and offer insights
into the cutaneous leishmaniasis situation in the country.

Algeria’s warm and humid climate significantly contributes to the spread of cutaneous leishma-
niasis by providing an ideal environment for sandfly vectors. Its geographical location, bordered by
Morocco, Tunisia, and Libya—countries with high disease incidences (Figure [£.2)-facilitates easier
transmission due to the constant movement of people and goods across these borders. Furthermore,
rural populations living near domestic animals, which serve as reservoirs for the parasite, contribute
to the disease’s prevalence throughout the region.
N

N N

Ghardaia

« Errachidlia

+ Ouerzazate

Algeria

|
Mauritania “ Egypt \ o
| \
[ L. infanta |
[ L. major \‘
[ L. ropica ‘\
200 km |
[— —] Aoun et al, 2013 by A. Rhim

Figure 4.2: Geographical distribution of cutaneous leishmaniasis cases due to L. infantum,

L. major, and L. tropica in North African countries [85].

The total population of Algeria was N = 32956 690 in 2005 [70]. Initial reported cutaneous
leishmaniasis cases I (0) = 30227, according to the World Health Organization [86].

In our analysis, we assume that the total population NV remains constant. However, a significant
increase in population was observed from 2005 to 2023. Therefore, we cannot directly compare
the infection rate in 2005, where there were 30227 cases out of a population of 32956 690, to the
infection rate in 2023, where there were 7557 cases out of a population of 45 606 480.

To ensure accuracy, we adjust the infection rate for each year based on the initial total population
in 2005, enabling a precise comparison of infection rates over time, (see Table we use the
abbreviation Cu. Le. instead of Cutaneous Leishmaniasis).

Based on these considerations, we calculate the average recruitment and natural death rates for

the entire period from 2005 to 2023 [72].
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4.4. Data Fitting Analysis through Numerical Simulation

Interpretation Ref. 2005 2006 e 2022 2023 Average
Population of Algeria | [70] | 32956690 33435080 --- 44903225 45606480 -
Initial Cu. Le. cases [86] 30227 14379 e 5744 7557 -
Adjusted Cu. Le. cases - 30227 14173 e 4216 5461 -
Recruitment rate A [72] 0.0208 0.0216 e - - 0.023770588
Natural death rate [72] 0.0047 0.0047 e 0.0043 - 0.004616667

Table 4.1: Adjusted parameters and initial data of infected population in Algeria from 2005
to 2023.

Lemma [£.T|ensures that the population remains within specified limits, maintaining the validity

of our model by reflecting real-world population constraints. Then,
No = N2005 =32956690 and N (t) < N2023 = 45606 480.
Subsequently, it must hold that:

Nogas < Nagos exp (AL)

< min {N2005 X exp (0.0237705885)} .

Based on the predicted parameter values listed in Table the SETAR(N)-SI(M) model admits
a unique solution when ¢ < 1.2552 (unit = 20 years). Thus, ¢ should not exceed 25 years, and N
should not be greater than 59 707 579, according to Lemma [4.1]'s limitations.
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Parameter Interpretation Baseline Value  Reference
A Recruitment rate of human 0.023770588 Estimated [72]
Sy (0) Initial number of Sy 32926 463 Calculated
En (0) Initial number of Ey 0 Assumed
Iy (0) Initial number of Iy 30227 [86]

An (0) Initial number of Ay 0 Assumed
Ry (0) Initial number of Ry 0 Assumed
Sar (0) Initial number of S, 28114166 Fitted

I (0) Initial number of ), 3658 164 Fitted

15 Rate of transmission from [,; to Sy 0.0523401 Fitted

0 Rate of individuals exiting class Ey 0.032663 Fitted

K Rate of transfer from Ry to Sy 0.6732704 Fitted

7 Symptomatic Cu. Le. probability 0.5911227 Fitted

P Recovery rate from Iy 0.7921 Fitted

q Recovery rate from Ay 0.5954292 Fitted

A Recruitment rate of sandflies 0.8796 Fitted

v Transmission rate from [ and Ay to S);  0.0292525 Fitted

v Natural death rate of sandflies 0.4847334 Fitted

i Natural death rate of humans 0.004616667 Estimated [72]

Table 4.2: Parameters and initial data of the SETAR(N)-SI(M) model.

The basic reproduction number in this case is:
Rb ~ 0.1918 < 1.

Figure 4.3|displays the progression of reported cutaneous leishmaniasis cases in Algeria from
2005 to 2023. The curve reveals an initial high number of infections in 2005, recorded at 30 227 cases.
This was followed by a rapid decline over subsequent years, reaching a relatively low and stable
infection level by 2017. The graph also shows minor fluctuations in infection rates in the later years,
reflecting periodic increases and decreases due to environmental or epidemiological factors. The
simulated model, represented by the blue curve, closely aligns with the real data, suggesting the
model’s effectiveness in capturing the dynamics of the disease spread. This trend indicates overall
improvement in controlling the disease, likely due to enhanced public health interventions and

prevention measures.
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Figure 4.3: The reported cases of Cu. Le. in Algeria (shown with red markers) compared to
the predicted cumulative infected cases provided by the proposed model (represented by

blue line).

Figure[d.4illustrates the trends of susceptible individuals for cutaneous leishmaniasis in Algeria
from 2005 to 2023. The curve for susceptible individuals starts at a certain level and gradually
increases over time as more individuals become vulnerable to the disease. This increase reflects the
growing number of individuals who have not yet been infected but are at risk of contracting the
disease. The figure highlights the relationship between the number of susceptible individuals and

the rising risk of infection over the given period.
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Figure 4.4: Susceptible individuals for cutaneous leishmaniasis model in Algeria.

Figure demonstrates the dynamics of cutaneous leishmaniasis in Algeria between 2005
and 2023 through three categories: symptomatic infectious individuals, asymptomatic infectious
individuals, and recovered individuals. The red curve shows a sharp decline in the number of
symptomatic infections after 2005, reflecting the impact of effective health interventions in reducing
the spread of symptomatic cases. In contrast, the black curve demonstrates a gradual increase in
asymptomatic infections followed by stabilization, indicating challenges in detecting silent cases
that may contribute to disease transmission. The blue curve reflects a continuous increase in the
number of recovered individuals, highlighting significant improvements in recovery rates due to
advancements in treatment and preventive measures. Overall, the figure indicates improved disease

control while emphasizing the need for enhanced efforts to detect asymptomatic infections.
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Figure 4.5: Symptomatic, asymptomatic infectious, and recovered individuals for cutaneous

leishmaniasis model in Algeria.

Figure illustrates the impact of different transmission rate 3 values on the number of
individuals infected with cutaneous leishmaniasis in Algeria from 2005 to 2023. The colored lines

represent different scenarios for changes in transmission rate values.

4 X10° Impact of Different Beta Values on Infected Humans in Algeria
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Figure 4.6: Impact of Different Beta Values on Symptomatic Infectious Individuals in

Algeria.

The numerical simulation shows that as the 8 value increases, the number of infections rises
significantly, especially during peak infection periods. The graph demonstrates that altering the
value leads to substantial differences in the number of infections, with higher 3 values resulting in
a larger number of infected individuals. This reflects the effect of increased transmission rates on

the spread of the disease.
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4.4.2 Fitted Data Analysis of Cutaneous Leishmaniasis in M’Sila

This section presents a numerical study aimed at providing a comprehensive understanding
and effective management of cutaneous leishmaniasis in M’Sila, utilizing data from reliable health
sources [87]. Statistical and graphical methods were employed to examine key epidemiological
indicators and offer insights into the cutaneous leishmaniasis situation in the region.

M’Sila province is characterized by a semi-arid climate with high summer temperatures and
low winter rainfall, creating favorable conditions for the breeding of sandflies, the primary vector of
cutaneous leishmaniasis. These natural conditions, combined with unplanned urbanization, poor
sanitation infrastructure, and a lack of preventive awareness, significantly contribute to the spread
of the disease in the region. Figure [f.7]illustrates the geographical location of M'Sila province on the

map of Algeria, providing spatial context for the study and linking the findings to the targeted area.

{

S5
el
"i

M'sila Province

I The Capital

Figure 4.7: Location of M’Sila province in Algeria.

The curves presented in Figure .8 provide an accurate comparison between the recorded real
data of cutaneous leishmaniasis cases in M’Sila province from 2018 to 2023 (red dots) and the
simulated results of the mathematical model (blue line). This comparison reveals distinct patterns
in the dynamics of disease spread throughout the year.

Generally, a decline in the number of infected cases is observed during the early months of each

year. This decline is often linked to climatic factors such as low temperatures, which hinder the
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activity of the sandflies, the primary vector of the disease. However, a notable exception is observed
in December, where the data consistently show a significant increase in cases. This December surge

may be attributed to a combination of factors, including:
e The delayed appearance of symptoms from infections acquired in preceding months.

e Local environmental and agricultural activities that may extend the favorable conditions for

sandfly activity.
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Infected Population Due Leishmaniasis in Msila from 2018 to 2023
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Figure 4.8: Comparison between real data and mathematical model of cutaneous leishma-
niasis dynamics in M’Sila (2018-2023).
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4.5 Significance and Closing Remarks on Numerical Simu-
lation

Cutaneous leishmaniasis is a parasitic disease transmitted to humans by biting infected female
sandflies. Environmental conditions, such as high humidity and vegetation, poor infrastructure,
inadequate waste management, population displacement, migration, and human activities that
disturb sandfly habitats contribute to the spread. Climate change also plays a significant role in
expanding sandfly populations to new areas.

Preventive measures include improving waste management, using insecticides, wearing long
sleeves, applying insect repellents, and using insecticide-treated bed nets. Public health awareness
campaigns are essential for educating communities on these preventive measures.

Treatment involves early diagnosis and appropriate medical care to prevent severe disfigurement
or other complications. Treatment options typically include antileishmanial drugs and supportive
care such as wound management to facilitate healing and minimize scarring.

These measures reduce the contact rate between humans and sandflies, significantly lowering
disease transmission. Prompt and effective treatment also helps reduce the reservoir of infection,
curbing the spread. Implementing integrated prevention and control strategies is essential to

mitigate the impact on affected communities.

Souad Bounouiga 117  Mohamed Boudiaf University of M’sila



Conclusion

In this thesis, we have presented a comprehensive analysis of the dynamics of malaria, dengue

fever, and cutaneous leishmaniasis transmission using advanced mathematical models. Our
research aimed to investigate the factors influencing the spread of these diseases and to propose
effective strategies for their prevention and control. Both traditional and fractional mathematical
models were employed to ,explore the impact of environmental and behavioral factors on disease
transmission emphasizing the significance of mathematical modeling as a tool for guiding public
health policies.

For malaria, we used the SIP(N)-SI(M) model, incorporating fractional calculus to assess
the impact of memory effects on disease dynamics. One of the key findings of this research is
that fractional calculus provides higher accuracy in predicting disease progression compared to
traditional models. Through stability and uniqueness analysis, we identified a suitable and feasible
region for the models solutions from both epidemiological and mathematical perspectives. The
model was applied to real-world data from Algeria, and numerical simulations demonstrated the
impact of transmission rates on the number of infected individuals. The results confirmed that
reducing the basic reproduction number below one is essential for controlling malaria. Consequently,
we concluded that preventive measures such as insecticide-treated bed nets and the use of effective
medications are crucial in limiting the disease’s spread.

For dengue fever, we utilized the SIHR(N)-SEI(M) mathematical model to analyze disease
transmission in different environments. Our analysis highlighted the role of environmental factors,
such as temperature, rainfall, and poor urban planning, in the disease’s spread. Numerical simula-
tions demonstrated that transmission rates directly influence the number of infected individuals,
underscoring the need for swift action during outbreaks. Based on our findings, we emphasized
that reducing the basic reproduction number below one can be achieved through public health
measures such as mosquito control, insecticide spraying, and the widespread use of treated bed nets,
along with community health education. These targeted interventions are essential for mitigating
the diseases impact and ensuring community safety.

For cutaneous leishmaniasis, we developed a mathematical SEIAR(N)-SI(M) model to describe

disease transmission dynamics between humans and the sandfly vector. This model, highlighted
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the influence of environmental and behavioral factors on disease spread serving as a valuable tool
for understanding how human interaction with the environment affects transmission. Through
this modeling approach, we explored the role of environmental conditions in either promoting or
mitigating the disease’s spread. Our findings identified effective prevention strategies, such as
reducing stagnant water and controlling the sandfly population.

The results of this thesis have underscored the importance of mathematical modeling in under-
standing infectious disease dynamics. The application of fractional calculus in malaria modeling
has enhanced prediction accuracy and provided deeper ,insights into the complex interactions
between humans and mosquitoes. Meanwhile the traditional models used for dengue fever and
leishmaniasis have highlighted the critical role of local and early interventions. Our findings confirm
that mathematical models are essential tools for predicting disease behavior, guiding public health
strategies, and ultimately reducing the burden of infectious diseases.

Based on our findings, several recommendations can be made to mitigate the spread of these
diseases and improve prevention and treatment strategies. First, reducing the basic reproduction
number below one in all studied cases is crucial, which requires the implementation of effective
preventive measures such as insecticide ,spraying, the use of treated bed nets, and timely medical
treatment. Second increasing community awareness of personal and environmental preventive
methods is key to controlling disease spread. Third, improving health data collection and epidemic
surveillance is essential to ensuring rapid and effective responses during outbreaks.

In conclusion, this thesis emphasizes the vital role of mathematical modeling in enhancing our
understanding of infectious disease dynamics and guiding public health policies. By employing
both traditional and fractional models, our research has provided accurate insights that contribute
to the development of improved prevention and control strategies for malaria, dengue fever, and
cutaneous leishmaniasis. The practical application of these models has demonstrated their potential

in significantly reducing the health and economic burden of these diseases on society.
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Cette thése présente et étudie plusieurs modéles innovants pour analyser et comprendre la
dynamique de transmission des maladies infectieuses transmises par les moustiques, notamment
le paludisme, la dengue et la leishmaniose cutanée. Elle fournit une analyse compléte de la
propagation de ces maladies grace a des simulations numériques, en utilisant des données
sanitaires récentes de plusieurs pays. En outre, I'étude examine I'existence, I'unicité et la
stabilité des solutions, ainsi qu'une exploration du nombre de reproduction de base, des points
d'équilibre et de leurs propriétés de stabilité. Les simulations numériques révélent une
corrélation directe entre les taux de transmission et le nombre d'individus infectés, soulignant le
besoin urgent de mettre en ceuvre des protocoles de traitement efficaces.

Mots clés : Modélisation mathématique, maladies infectieuses, dynamique des populations, paludisme,

dengue, leishmaniose cutanée, existence et unicité, taux de reproduction de base, points d'équilibre, A
analyse de stabilité, simulations numériques, paramétres d'estimation, analyse des données de santé et D
protocoles de traitement. i

Abstract:

individuals, underscoring the urgent need to implement effective treatment protocols.

Key words: Mathematical modeling, infectious diseases, population dynamics, malaria, dengue fever,
cutaneous leishmaniasis, existence, uniqueness, basic reproduction number, equilibrium points, stability
analysis, numerical simulations, estimation parameters, health data analysis, and treatment protocols.
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