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Notations

Notations

L(X, Y ) The space of all bounded linear operators from X to Y.

B̊X The open unite ball of X.

BX The closed unite ball of X.

p∗ The conjugate index of p (i.e., 1
p

+ 1
p∗ ).

K The field of real or complex numbers.

K(X, Y ) The space of all compact operators from X to Y.

F(X, Y ) The space o fall finite-rank operators from X to Y.

Kp(X, Y ) The space of all classicl p-compact operators from X to Y.

`p The banach space of p-summabl scalar sequences.

J The natural embedding J : X −→ `∞(BX∗ ) is defined as J(x) = (x∗(x))x∗∈BX∗ .

`∞ The Banach space of bounded scalar sequences.

c0 The subspace of `∞consisting of the scalar sequences.

`∞(BX ) The Banach spaces of all bounded scalar families(λx∗) where x∗ ∈ BX∗ .

T ∗ The adjoint linear operator of T.
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Introduction

The work of this memory is introduced within the framework of functional analysis. In

particular, the theory of p-compact operators was initiated by Pietsch [16] and Fourie and

Swart [8]. There is another well-known notion of p-compact operators, which is a recent

notion, introduced and studied in 2002 by Sinha and Karn [9]. Following [15], we call

classical p-compact operators to the p-compact operators of Fourie and Swart. These classes

was extended to the Lipschitz case by Achour et al. [1, 21]. The set of classical p-compact

operators fromX into Y is denoted byKp(X, Y ). Fourie and Swart [8] showed that (Kp, kp(·))
is a Banach operator ideal. Many important properties, it is shown in [9].

Recall that a compact operator is any operator who verifies T (B
X

) is relatively compact.

The space of compact operators K (X, Y ) is a Banach ideal. If Y = `p we have an important

identification with the spaces of uncondemnly p-summable sequences, that is to say

`up (X∗) = K (X, `p) and `u∞ (X∗) = K (X, c0) , if Y = c0.

After the definition of the compact operators, we introduce the definition of the classical

p-compact operators as being: any linear operator which is factored into two compact

operators author of the space `p, i.e., the following diagram commutes

X T−→ Y

R↘ ↗ S

`p

with R ∈ K (X, `p) and S ∈ K (`p, X). We are going to do a detail study on the article

"Banach ideals of p-compact operators" by Jan Fourie and Johan Swart. The memory is
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Introduction

based on papers [8] and [9]. In order to achieve this purpose the memory was organized as

follows:

The first chapter is an overview of notions and basic concepts and results needed in the

following chapters. These include sequence spaces, operator ideals and copmact operators.

In the second chapter, we start by introducing the uncondemnly p-summable sequence

spaces and we give some properties of these spaces. We defne and analyze the concept

Kp of all classical p-compact operators as an operator ideal. We present a characterization
given by a representation; more precisely an operator T ∈ Kp(X, Y ) if and only if T has

a representation of the form T =
∑

n 〈·, x∗n〉 yn where (x∗n)n ∈ `up (X∗) and (yn)n ∈ `up∗ (Y ) .

The principal result of the last chapter ([14, 12, 8, 9, 13, 5]), that the injective hull of the

classical p-compact operators coincides with the unconditionally quasi p-nuclear operators

of Kim [13]. Also we present the related dual result: an operator is unconditionally quasi

p-nuclear, if and only if its adjoint is unconditionally p-compact (unconditionally p-compact

was introduced and studied by Kim [13]).
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Chapter 1

Preliminaries

In this chapter, we present a collection of definitions, properties and basic formulas that

will benefit us during this work. for example sequences in Banach spaces (p-summable

sequences, weakly absolutely p-summable sequences), operator ideal, finite rank operator

and compact linear operator (See [16], [17] and [2]). We will write K for the real numbers

field R or the complex numbers field C .the set of all natural numbers {0, 1, ...} is denoted
by N Along this letters X and Y denotes Banach spaces with norm‖·‖. the open unite ball
of X is denoted by BX that is the set {x ∈ X, ‖x‖ < 1} and the closed unite ball of X
is denoted by B̊X that is the set {x ∈ X, ‖x‖ 6 1}. A linear map or a linear operator T
between real (or complex) linear spaces X, Y is a function T : X −→ Y such that

T (αx+ βy) = αT (x) + βT (y), for all α, β ∈ R (or C ) and x, y ∈ X.

If X, Y are normed spaces then we can define the notion of the bounded operators. Let

(X, ‖·‖X) and (Y, ‖·‖Y ) are normed spaces. A linear map T : X → Y is bounded if there is

a constant C such that ‖T (x)‖Y ≤ C ‖x‖X for all x ∈ X. If T : X → Y is a bounded linear

operator, then we define the operator norm ‖T‖ of T by

‖T‖ = inf {C : verifying ‖T (x)‖Y ≤ C ‖x‖X for all x ∈ X.}

= sup

{
‖T (x)‖Y
‖x‖X

, x ∈ X
}
.

We denote the set of all bounded operators T : X → Y by L(X, Y ) . If X is normed space

and Y = R (or C ) then L(X, Y ) = X∗, we will say that X∗ is the dual topological of X.
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1.1. Absolutely p-summable sequence

Theorem 1.0.1 (Hahn-Banach) Let be X a normed space, for each x0 ∈ X, x0 6= 0, there

is a functional lineal ϕ ∈ X∗ such that ‖ϕ‖ = 1 and ϕ (x0) = ‖x0‖ .

Definition 1.0.1 (Dual topological)Let X be a normed space. We call topological dual, and

we denote by X∗, the Banach space of continuous linear forms on X, i.e.,

X∗ = L (X,K)

such that the norm is given by

‖x∗‖ = sup
‖x‖≤1

|x∗ (x)|

= sup
‖x‖=1

|x∗ (x)| .

1.1 Absolutely p-summable sequence

Let 1 ≤ p ≤ ∞. The classical Banach sequence spaces `p, `∞ and c0 are define by

• `p =
{

(xn)n ⊂ K: ‖ (xn)n ‖p = (
∑∞

n=1 |xn|
p)

1
p <∞

}
, 0 ≤ p <∞.

• `∞ = {(xn)n ⊂ K: ‖ (xn)n ‖∞ = supn∈I |xn| <∞} , p =∞.

• c0 = {(xn)n ⊂ K: limn→∞ |xn| = 0} .

Definition 1.1.1 Let 1 ≤ p ≤ ∞. A sequence (xn)n, of elements of X is said to be

absolutely p-summable if

‖(xn)n‖p =

(
∑

n ‖xn‖p)
1
p <∞ , if 1 ≤ p <∞

supn ‖xn‖ <∞ , if p =∞
.

When p = 1, it is said that (xn)n is absolutely summable. We denote by `p(X) the vector

space of all absolutely p-summable sequences of elements of X. For p ≥ 1, (`p(X), ‖ · ‖p) is
a Banach space.

The spaces c0(X ) of norm null sequences in X is Branch spaces with the given by

‖(xn)n‖∞ = sup
n
‖xn‖ .
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1.2. Operator ideals

Definition 1.1.2 Let 1 6 p <∞. A sequence (xn)n in X is said to be weakly p-summable

if
∞∑
n=1

|x∗((xn)| <∞,

for every x∗ ∈ BX∗. We denoted by `wp (X) the Banach spaces of weakly p- summable sequence

in X becomes a Banach spaces when equipped with the norm given by

‖(xn)n‖
w
p = sup


( ∞∑
n=1

|x∗ (xn)|p
) 1

p

: x∗ ∈ BX∗

 .

Remark 1.1.1 In the case p = ∞. then the spaces `w∞(X) of weakly bounded sequences

coincide with the spaces `∞(X),

‖(xn)n‖
w
∞ = ‖(xn)n‖∞ .

The following fact is well known, which is discussed in [6].

Theorem 1.1.1 Let 1 < p ≤ ∞ be arbitrary Then L (`p;X) is isometrically isomorphic to

`wp∗ (X). Hence if (xn)n a sequence in X and under the mapping u(xn)n → u(xn)n((αn)n) =
∞∑
n=1

αnxn which is converges in X for each (αn)n ∈ `piff (xn)n ∈ `wp∗ (X) .

Definition 1.1.3 [6]A sequence (xn)n in X is said to be weakly null iff

lim
n→∞

|x∗ (xn)| = 0,

for evrery x∗ ∈ X∗. We denoted by cw0 (X) the Banach spaces weakly null sequences in X is

a closed subspace of `∞(X). Therefore, it is a Banach space with the supremum norm of

`∞(X).

1.2 Operator ideals

Definition 1.2.1 (finite rank) Let X and Y be Banach spaces. A linear operator T ∈
L(X, Y ) is said to be finite rank if and only if there exist functional x∗1, x

∗
2, ..., x

∗
n ∈ X∗, and

y1, y2, ..., yn ∈ Y such that

T (x) =

n∑
k=1

x∗k(x)yk, x ∈ X.

The class of all finite rank operators is denoted by F .
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1.3. Compact linear operators

Let us recall the definition of a Banach operator ideal, from [6].

Definition 1.2.2 An operator ideal I is a subclass of the class L of all continuous linear
operators between Banach spaces such that for all Banach spaces X and Y its components

I(X, Y ) := L(X, Y )∩I satisfy:
(i) I(X, Y ) is a linear subspace of L(X, Y ) which contains the finite rank operators.

(ii) The ideal property: if v ∈ L(G,X), u ∈ I(X, Y ) and w ∈ L(Y,H), then the compo-

sition w ◦ v ◦ u is in I(G,H).

If ‖.‖I : I → R+ satisfies:

(i’) (I(X, Y ), ‖.‖I) is a normed (Banach) space for all Banach spaces X and Y,

(ii’) ‖idK‖I = 1,

(iii’) If v ∈ L(G,X), u ∈ I(X, Y ) and w ∈ L(Y,H),

‖w ◦ u ◦ v‖I ≤ ‖w‖ ‖v‖I ‖u‖ ,

then (I, ‖.‖I) is called a normed (Banach) operator ideal.

The operator ideal I is said to be closed if each I(X, Y ) is a closed subspace of L(X, Y ) for

the sup norm.

1.3 Compact linear operators

Definition 1.3.1 Let X, Y be Banach spaces and T : X → Y be a linear operator. We say

that T is compact if

T (BX) is relatively compact in Y.

We denote by K (X, Y ) the space of all compact operators between X and Y. If we provide

K (X, Y ) of the induced norm of L (X, Y ), it becomes a Banach space.

Theorem 1.3.1 K(X, Y ) is Banach ideal space.

Example 1.3.1 Every finite rank operator between Banach spaces is compact.

Corollary 1.3.1 K(X, Y ) is closed subspace of L(X, Y ).
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1.3. Compact linear operators

Example 1.3.2 Let a = (an)n ∈ c0 and let Da : `p −→ `p such that Da(x) = Da(xn) =

(anxn)n. Then Da is compact. It is easily verified that
∥∥D(an)n

∥∥ = ‖(an)n‖∞. In fact

1) Da is linear continuous. For x, y ∈ X and λ ∈ K

Da(x+ λy) = (anxn + λanyn)n

= (anxn)n + λ(anyn)n

= Da(x) + λDa(y),

and

‖Da(x)‖`p = ‖(anxn)n‖`p

= (
∞∑
i=1

|anxn|p)
1
p

6 sup
n∈N
|an| (

∞∑
i=1

|xn|p)
1
p

= ‖an‖∞ ‖x‖`p .

Hence, Da is linear continuous, with ‖Da‖`p 6 ‖an‖∞ .
2) Let aN be a sequence such that

aNn =

 an if n 6 N

0 otherwise
,

and let TN = DaN such that

TN : `p −→ `p

(xn) 7−→ (aNn xn)n =
∑N

n=1(a
N
n xn)en

,

where en canonical basis of `p. Then finite rank operator, with
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1.3. Compact linear operators

‖Da − TN‖ = sup
x∈B`p

‖Da(x)− TN(x)‖p

= sup
x∈B`p

‖(anxn)16n6∞ − (anxn)16n6N‖p

= sup
x∈B

`p

‖(anxn)n≥N+1‖p

= sup
x∈B

`p

( ∞∑
n=N+1

|an|p |xn|p
) 1

p

≤ sup
x∈B

`p

sup
n>N+1

|an|
( ∞∑
n=N+1

|xn|p
) 1

p

≤ sup
n>N+1

|an| sup
x∈B

`p

‖x‖

≤ sup
n>N+1

|an| −→ 0, N −→∞ for n −→∞,

is a limit of finite rank operator. Hence is compact.

Proposition 1.3.1 [7]Let X and Y Banach spaces. Then

a) If T : X −→ Y is compact and A ∈ L(X, Y ), then A ◦ T is compact.
b) If T : X −→ Y is compact and B ∈ L(Z, Y ), then T ◦B is compact.

Theorem 1.3.2 (Schauder’s Theorem) It is well known that if X and Y are normed spaces

and T : X → Y is a linear and compact operator, then also T ∗ : Y ∗ → X∗ is compact. The

converse is true if Y is complete.

The convex hull subset

Definition 1.3.2 The convex hull of a sequence (xn)n ∈ c0(X) is defined as

conv{(xn)n} =

{ ∞∑
n=1

αnxn : (αn)n ∈ B`1

}

Definition 1.3.3 Let 1 ≤ p ≤ ∞. The p-convex hull of a sequence (xn)n ∈ `p(X) is defined

as

p− conv{(xn)n} =

{ ∞∑
n=1

αnxn : (αn)n ∈ B`p∗

}
.

7



1.3. Compact linear operators

Theorem 1.3.3 [10, 4] (Grothendieck compactness principle). A subset K of X is

relatively compact if and only if there exists (xn)n ∈ c0(X) such that K ⊂conv{xn)n}, the
closed convex hull of the sequence (xn)n.

Proposition 1.3.2 Let K ⊂ `p. The set A is relatively compact iff there exists λ = (λn)n ∈
c0 such that

K ⊂
{∑

n

λndnen : d ∈ B`p

}
.

Definition 1.3.4 A sequence (xn)n is a null sequence if for every open interval containing

0, the sequence is ultimately in that interval. In symbols: ∀ε > 0 ∃N ∈ N such that |xn| < ε

when n ≥ N .

8



Chapter 2

The ideal of classical p-compact

operators

In this chapter we will study the class of p-compact operators. The definition of a c-p-

compact operator is essentially based on the decomposition of two compact operators, this

decomposition is done around the space `p. We will start this chapter by defining the

unconditionally p-summable sequences, then we will discuss some properties and results

concerning the class of classical p-compact operators. This chapter is mainly based on [2],

[9], [20], [12] and [8].

2.1 Unconditionally p-summable sequences

We recall the notion of unconditionally p-summabl sequences and we show some new prop-

erties of these spaces. Let (xi)i a sequence in `p(X). We have
∑+∞

i=1 ‖xi‖
p < ∞ and,

therefore,

lim
n→∞

‖(xi)∞i=n‖p = lim
n→∞

(
+∞∑
i=n

‖xi‖p
) 1

p

= 0. (2.1.1)

Is it the same for weakly p-summable sequences? In other words, given a sequence (xi)i ∈
`wp (X), it is true that limn→∞ ‖(xi)∞i=n‖

w

p ? We will see later that this is not always true,

which suggests the consideration of the sequences which satisfy this property, again in this

sequence, X is a normed space and 1 ≤ p <∞.

9



2.1. Unconditionally p-summable sequences

Definition 2.1.1 Let 1 6 p 6 ∞. A sequence (xn)n ∈ X is said to be unconditionally

p-summable if (xn)n ∈ `wp (X) and

lim
k−→∞

‖(xn)∞n=k‖p,w = 0

and we denoted by

`up(X) =
{

(xn)n ∈ `up(X) : lim
k−→∞

‖(xn)∞n=k‖p,w = 0
}
.

Definition 2.1.2 A sequence (xi)
∞
i=n in X is said unconditionally summable if, for all bi-

jection η : N −→ N, the series
∑∞

i=1 xη(j) is convergent in X.

Proposition 2.1.1 A sequence (xi)
∞
i=n in X is said unconditionally summable if and only

if, belongs to `u1 (X) .

Proof. See ([3], Proposition 8.3).

Proposition 2.1.2 `up (X) is a closed subset of `wp (X) and therefore it is a Banach space,

with the norm ‖·‖p,w when X is Banach.

Proof. Let (xi)
∞
i=n, (yi)

∞
i=n ∈ `up (X) and λ ∈ K. Then

lim
n→∞

‖(xi)∞i=n‖p,w = lim
n→∞

‖(yi)∞i=n‖p,w = 0

and we have

0 ≤ lim
n→∞

‖(xi + λyi)
∞
i=n‖p,w

= lim
n→∞

‖(xi)∞i=n + λ (yi)
∞
i=n‖p,w

≤ lim
n→∞

‖(x)∞i=n‖p,w + |λ| lim
n→∞

‖(yi)∞i=n‖p,w = 0,

i.e., limn→∞ ‖(xi + λyi)
∞
i=n‖p,w = 0. Therefore (xi)

∞
i=n + λ (yi)

∞
i=n ∈ `up (X) .

Let’s see that `up (X) is closed in `wp (X) . Let
(
xk
)∞
k=1

a sequence in `up (X) , xk
converg−→ x.

We put that x = (xn)n and, for each k ∈ N, xk =
(
xkn
)
n
∈ `up (X) . Then,

lim
n→∞

∥∥(xki )∞i=n∥∥p,w = 0 for each k ∈ N,

10



2.1. Unconditionally p-summable sequences

i.e., for each ε > 0, ∃n0 (k) ∈ N such that ∀n ≥ n0 (k)∥∥(xki )∞i=n∥∥p,w < ε

2
for each k ∈ N. (2.1.2)

Since xk → x
k→∞

in `wp (X), i.e.„for each ε > 0, ∃k0 ∈ N such that ∀k ≥ k0

ε
2
>
∥∥xk − x∥∥

p,w
=
∥∥(xkn)n − (xn)n

∥∥
p,w

=
∥∥(xkn − xn)n∥∥p,w

= supϕ∈BX∗
(∑∞

n=1

∣∣ϕ (xkn − xn)∣∣p) 1p
≥ supϕ∈BX∗

(∑∞
i=n

∣∣ϕ (xki − xi)∣∣p) 1p
=
∥∥(xki )∞i=n − (xi)

∞
i=n

∥∥
p,w

,

(2.1.3)

for each n ∈ N. Hence, for n ≥ n0 (k0) , by 2.1.2 and 2.1.3 we have

‖(xn)n‖p,w =
∥∥∥(xn)n −

(
xk0i
)∞
i=n

+
(
xk0i
)∞
i=n

∥∥∥
p,w

≤
∥∥∥(xi)

∞
i=n −

(
xk0i
)∞
i=n

∥∥∥
p,w

+
∥∥∥(xk0i )∞i=n∥∥∥p,w

≤ ε

2
+
ε

2
= ε

This prove that x ∈ `wp (X). Thus, `up (X) is closed in `wp (X) .

Proposition 2.1.3 Let 1 ≤ p <∞. Then
1)`p (X) ⊆ `up (X) .

2)`up (X) ⊆ c0 (X) .

Proof. 1)Let (xn)n ∈ `p (X). We know that `p (X) ⊂ `wp (X) this implies that

(xn)n ∈ `wp (X). and

‖(xi)∞i=n‖p,w ≤ ‖(xi)
∞
i=n‖p .

Hence, by 2.1.1 we have

lim
n→∞

‖(xi)∞i=n‖p,w ≤ lim
n→∞

‖(xi)∞i=n‖p = 0.

Thus, limn→∞ ‖(xi)∞i=n‖p,w = 0.

2) Let (xn)n ∈ `up (X). For each i ∈ N choose ϕi ∈ BX∗ such that ‖xi‖ = ϕi (xi), which

we know to be possible by the Hahn-Banach Theorem (Theorem 1.0.1). Thus,

lim
n→∞

‖xi‖ = lim
n→∞

ϕi (xi) = 0.

11



2.1. Unconditionally p-summable sequences

Since the norm at c0(X) is the same as `∞(X). So (xn)n ∈ c0(X).

We need the following Lemmas

Lemma 2.1.1

(a) For (an)n ∈ `up(X
∗), 1 ≤ p ≤ ∞ and δ > 0 given, there exist (bn)n ∈ `up(X

∗) and

ζ ∈ c0, such that ‖ζ‖∞ = 1, an = ζnbn, ∀n ∈ N and ‖(bn)n‖p,w < ‖(an)n‖p,w + δ.

(b) For (xn)n ∈ `up(X); 1 ≤ p ≤ ∞ and δ > 0 given, there exist (yn) ∈ `up(X) and

ζ ∈ `∞(c0), such that ‖ζ‖ = 1, xn = ζnbn, ∀n ∈ N and ‖(yn)‖p,w < ‖(xn)‖p,w + δ.

Proof. (a) For (an)n ∈ `up, (X∗) , 1 ≤ p ≤ ∞, and δ > 0 given, there exists an increasing

sequence of natural numbers 1 = m0 < m1 < m2 < ...such that
∥∥∥(an)n≥mj

∥∥∥
p,w

< δ
(1+j)3

.

We put ζn = 1
j
, for mj−1 ≤ n < mj and bn = an

ζn
for all n ∈ N. Then ξ ∈ c0 such that

‖ξ‖ = 1. an = ξnbn, for (bn)n ∈ `up,q (X∗)

‖(bn)n‖p,w =
∥∥∥(bn)n<mj

∥∥∥
p,w

+
∥∥∥(bn)n≥mj

∥∥∥
p,w

=

∥∥∥∥∥
(
an
ζn

)
n<mj

∥∥∥∥∥
p,w

+

∥∥∥∥∥
(
an
ζn

)
n≥mj

∥∥∥∥∥
p,w

≤ 1

‖ζ‖∞

∥∥∥(an)n<mj

∥∥∥
p,w

+ (j + 1)
∥∥∥(an)n≥mj

∥∥∥
p,w

≤ 1

‖ζ‖∞

∥∥∥(an)n<mj

∥∥∥
p,w

+ (j + 1)
δ

(1 + j)3

≤ ‖(an)n‖p,w + (1 + j)−2 δ

≤ ‖(an)n‖p,w + δ.

The proof of (b) is similar to that (a).

By using Lemma 2.1.1 the following characterizations of `up, (X
∗) are easily verified.

Lemma 2.1.2 Let 1 6 p ≤ ∞. Then
(a) (an) ∈ `up(X

∗), iff there exist a β ∈ c0 and (bn) ∈ `wp (X∗) such that an = βnbn,

∀n ∈ N.
(b) (xn) ∈ `up(X), iff there exist a β ∈ c0and (yn) ∈ `wp (X) such that xn = βnyn, ∀n ∈ N.

the theorem 1.1.1 leads the following lemma.
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2.1. Unconditionally p-summable sequences

Lemma 2.1.3

a) Let 1 ≤ p ≤ ∞ and (xn)n a sequence in X. Then
∑

n λnxn converges in X for each

λ ∈ `p iff (xn)n ∈ `wp∗ (X).

b) Let 1 ≤ p ≤ ∞ and (xn)n a sequence in X. Then
∑

n λnxn converges in X for each

λ ∈ `i iff (xn)n ∈ `∞ (X).

Theorem 2.1.1 [8]

a) Let 1 ≤ p ≤ ∞. Then `up (X∗) is isometrically isomorphic to K(X, `p).

b) Let 1 ≤ p <∞. Then `up (X) is isometrically isomorphic to K(`p∗ , X).

Proof. a) Let 1 ≤ p ≤ ∞. We associate with (an)n ∈ `up (X∗) the continuous map P :

X −→ `p : x −→ (〈an, x〉)n . obviously

‖P‖ = sup
x∈BX

‖P (x)‖

= sup
x∈BX

‖(〈an, x〉)n‖p

= ‖(an)n‖
w
p .

By Lemma 2.1.1, there exist (bn)n ∈ `up (X∗) and (ξn)n ∈ c0 such that an = ξnbn, ∀n ∈ N.
Hence R : X −→ `p : x −→ (〈bn, x〉)n is continuous and P = D(ξn)n

◦R. Since

D(ξn)n
: `p −→ `p : λ −→ λ.ξ

is compact, by Proposition 1.3.1 it follows that P is compact. Conversely, let P : X −→ `p

be compact. For x ∈ X we choose any pair z ∈ BX and ζ > 0 such that x = ζz. Since

P (BX) is relatively compact, then by Theorem 1.3.2, there exists a monotone null- sequence

(dn)n ∈ C0 such that

P (BX) ⊂
{ ∞∑
n=1

λndnen : (λn)n ∈ B`p

}
.

This follows from the well known characterizations of compactness in the spaces `p. Hence

there exists a (λ0n)n ∈ B`p such that P (z) =
∞∑
n=1

λ0ndnen. Define un, n ∈ N, by 〈un, x〉 = ζλ0n.

If Pn denotes the ith coordinate projection on `p,
Pn : `p −→ K

(λn) 7−→ λn
,, it is easily verified

13



2.1. Unconditionally p-summable sequences

that un is continuous with ‖un‖ ≤ ‖Pn‖ and (un)n ∈ `wp (X∗). In fact, we have

|〈un, x〉| = |〈un, ζz〉| = |ζ| |〈un, z〉|

= |ζ|
∣∣λ0n∣∣ = |ζ| |Pn ((λn0 )n)| .

This means |〈un, z〉| = |Pn ((λn0 )n)|, with

‖Pn‖ = sup
(λn)n∈B`p

|Pn ((λn)n)| ≥ |Pn ((λn0 )n)| = |〈un, z〉|

Hence

‖un‖ = sup
t∈BX

|〈un, t〉| ≤ ‖Pn‖ ,

and

‖(un)n‖p,w = sup
x∈BX

‖(〈un, x〉)n‖p

= sup
x∈BX

( ∞∑
n=1

|〈un, x〉|p
) 1

p

≤ sup
x∈BX

( ∞∑
n=1

∣∣ζλ0n∣∣p
) 1

p

≤ |ζ|
( ∞∑
n=1

∣∣λ0n∣∣p
) 1

p

<∞.

Let (an)n be the sequence defined by an = dnun. It follows from Lemma 2.1.2 that

(an)n ∈ `up (X∗) and further

‖P‖ = sup
x∈BX

‖P (x)‖ = sup
x∈BX

∥∥∥∥∥
∞∑
n=1

〈an, x〉 en

∥∥∥∥∥
= sup

x∈BX
‖(〈an, x〉)n‖p = ‖(an)n‖

w
p .

which gives the desired isometry.

Remark 2.1.1 The case p =∞ may be treated analogously. we also refer to [19].

b) Let (xn)n ∈ `up (X) , with 1 < p < ∞. We then define Q : `p∗ → X : λ −→
∞∑
n=1

λnxn.

By Lemma 2.1.3 Q is well define, continuous and its adjoint Q∗ : X∗ −→ `p is given by

Q∗ (ϕ) = (〈ϕ, xn〉)n , ϕ ∈ X∗ and

‖Q‖ = ‖Q∗‖ = sup
ϕ∈BX∗

‖(〈ϕ, xn〉)n‖ = ‖(xn)n‖
w
p .
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2.1. Unconditionally p-summable sequences

By Lemma 2.1.2 there exist a ξ ∈ c0 and (yn)n ∈ `up (X) such that xn = ξnyn ∀n ∈ N. Define
S : `p∗ → X : λ −→

∞∑
n=1

λnyn. Then Q = S ◦ Dξ which is compact, since Dξ : `p∗ → `p∗ :

λ −→ λξ is compact by Remark 1.3.2. Conversely, let Q : `p∗ → X is compact. Define

xn := Q (en) . Then Q (λ) =
∞∑
n=1

λnxn for all λ ∈ `p∗ and by Lemma 2.1.3 it follows that

(xn)n ∈ `wp (X) . Now Q∗ : X∗ −→ `p is given by Q∗ (ϕ) = (〈ϕ, xn〉)n , ϕ ∈ X∗ is compact by
Schauder′s theorem 1.3.2 and from a) it follows that (xn)n ∈ `up (X), where the isometry is

again defined by noting that

‖Q‖ = ‖Q∗‖ = sup
ϕ∈BX∗

‖(〈ϕ, xn〉)n‖ = ‖(xn)n‖
w
p .

For p = 1 the proof follows from Lemma 2.1.2 and proposition 2 of [19].

Corollary 2.1.1 Let 1 < p <∞, be arbitrary. Then
1) R : X −→ `p is compact iff it has a representation of the from R(an)n (x) =∑
n 〈x, an〉 en = (〈an, x〉)n for some (an)n ∈ `up (X∗) and ‖R‖ = ‖(an)n‖`wp (X∗).
2) S : `p∗ −→ X is compact iff it has a representation of the from S(xn)n ((ξn)n) =∑
n xnξn for some (xn)n ∈ `up (X) and ‖S‖ = ‖(xn)n‖`wp (X).

Proof. 1) Let R ∈ K (X, `p). Then by a) in Theorem 2.1.1, we have `up (X∗) is isometrically

isomorphic to K(X, `p), and according there proof, for (an)n ∈ `up (X∗) the continuous map

R(an)n (x) = (〈an, x〉)n
=

∑
n

〈x, an〉 en, for all x ∈ X.

with ‖R‖ = ‖(an)n‖`wp (X∗) .
2) Let S ∈ K (`p∗ , X). Then by b) in Theorem 2.1.1, we have `up (X∗) is isometrically

isomorphic to K(X, `p), and according there proof, for (xn)n ∈ `up (X) the continuous map

S(xn)n ((ξn)n) =
∑
n

xnξn

=
∑
n

〈x, an〉 en, for all (ξn)n ∈ `p∗ .

with ‖S‖ = ‖(xn)n‖`wp (X) .
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2.2. The classical p-compact operators

Proposition 2.1.4 Let 1 < p <∞. Then
1) For R ∈ K (X, `p) and ε > 0 be given. There exist a compact diagonal operator

D(ξn)n
: `p −→ `p, (ξn)n ∈ c0,

∥∥D(ξn)n

∥∥ = 1 and R̃ ∈ K (X, `p) such that R = D(ξn)n
◦ R̃,

with
∥∥∥R̃∥∥∥ < ‖R‖+ ε.

2) For S ∈ K (`p, X) and ε > 0 be given. There exist a compact diagonal operator

D(ξn)n
: `p −→ `p, (ξn)n ∈ c0,

∥∥D(ξn)n

∥∥ = 1 and S̃ ∈ K (`p, X) such that S = S̃ ◦D(ξn)n
, with∥∥∥S̃∥∥∥ < ‖S‖+ ε.

Proof. 1) Let R ∈ K (X, `p) . Then by Corollary 2.1.1 R has a representation of the from

R(an)n (x) =
∑

n 〈x, an〉 en for some (an)n ∈ `up (X∗) and ‖R‖ = ‖(an)n‖`up (X∗). By Lemma
2.1.1 there exist (bn)n ∈ `up (X∗) and ξ ∈ C0, such that ‖ξ‖ = 1, an = ξnbn, ∀n ∈ N and

‖(bn)n‖
w
p ≤ ‖(an)n‖

w
p + ε. (2.1.4)

We putR̃ (x) =
∑

n 〈x, bn〉 en andD(ξn)n
((λn)n) = ξnλn. By Example 1.3.2D(ξn)n

is compact,

by Corollary 2.1.1 again and 2.1.4 R̃ ∈ K (X, `p) and
∥∥∥R̃∥∥∥ < ‖R‖+ ε.

The proof of (2) is similar to that (1).

2.2 The classical p-compact operators

Definition 2.2.1 Let 1 6 p ≤ ∞. An operator T : X −→ Y is called classical p-compact

(c-p-compact) if there are compact operators R : X −→ `p and S : `p −→ Y such that

T = R ◦ S.

and the vector space of all c-p-compact operator from X to Y is denoted by Kp(X, Y ) with

norm defined by

kp (T ) = inf {‖R‖ ‖S‖ : R ∈ K(X, `p), S ∈ K(`p, Y ), T = R ◦ S} .

Remark 2.2.1 If p =∞, T is called ∞-nuclear, `p is replaced by c0.

Theorem 2.2.1 Let 1 < p <∞, and let T ∈ L (X, Y ) . The following are equivalent:

1) T ∈ Kp (X, Y ) .
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2.2. The classical p-compact operators

2) There exists R ∈ K (X, `p) and S ∈ L (`p, X) such that T = S ◦R. We have

kp (T ) = inf ‖R‖ ‖S‖ ,

where the infimum runs all over the possible factorizations T = S ◦R.
3) There exists a compact diagonal operator D(ξn)n

: `p −→ `p, R ∈ L (X, `p) and

S ∈ L (`p, X) such that T = S ◦D(ξn)n
◦R. We have

kp (T ) = inf ‖R‖
∥∥D(ξn)n

∥∥ ‖S‖ ,
where the infimum runs all over the possible factorizations T = S ◦R.
4) Same as 2) except that, R ∈ L (X, `p) and S ∈ K (`p, X).

Proof. 1) =⇒ 2) is obviously

2) =⇒ 3) Follows from the proof (1) in Proposition 2.1.4. (Let R ∈ K (X, `p) . Then

by Corollary 2.1.1 R has a representation of the from R(an)n (x) =
∑

n 〈x, an〉 en for some
(an)n ∈ `up (X∗) and ‖R‖ = ‖(an)n‖`up (X∗). By Lemma 2.1.1 there exist (bn)n ∈ `up (X∗) and

ξ ∈ C0, such that ‖ξ‖ = 1, an = ξnbn, ∀n ∈ N and

‖(bn)n‖
w
p ≤ ‖(an)n‖

w
p + ε.

We put R̃ (x) =
∑

n 〈x, bn〉 en and D(ξn)n
((λn)n) = ξnλn. By Example 1.3.2 D(ξn)n

is com-

pact, by Corollary 2.1.1 again and 2.1.4 R′ ∈ K (X, `p) ⊂ L (X, `p) and
∥∥∥R̃∥∥∥ < ‖R‖ + ε).

Hence T = S ◦D(ξn)n
◦ R̃.

3) =⇒ 4) is obviously

4) =⇒ 1) Suppose that there exists R ∈ L (X, `p) and S ∈ K (`p, X) such that T = S◦R,
with

σ = inf ‖R‖ ‖S‖ ,

where the infimum runs all over the possible factorizations T = S ◦R. Clearly

σ ≤ kp (T ) = inf {‖R‖ ‖S‖ : R ∈ K(X, `p), S ∈ K(`p, Y ), T = R ◦ S} . (2.2.1)

Let ε > 0 there exist R0 ∈ L (X, `p) and S0 ∈ K (`p, X) such that T = S0 ◦ R0 and
σ ≤ ‖S0‖ ‖R0‖ < σ+ ε. By (2) in Proposition 2.1.4 there exist a compact diagonal operator

17



2.2. The classical p-compact operators

D(ξn)n
: `p −→ `p, (ξn)n ∈ c0,

∥∥D(ξn)n

∥∥ = 1 and P ∈ K (`p, X) such that S0 = P ◦ D(dn)n

with ‖P‖ < ‖S0‖+ ε
‖R0‖ . Hence T = P ◦

(
D(ξn)n

◦R0
)
with

kp (T ) ≤ ‖P‖
∥∥D(ξn)n

◦R0
∥∥ ≤ ‖P‖∥∥R0∥∥ ≤ ∥∥S0∥∥∥∥R0∥∥+ ε < σ + ε. (2.2.2)

Thus kp (T ) = σ.

The next result immediately follows from the above the Corollary 2.1.1 and Theorem

2.2.1.

Corollary 2.2.1 Let 1 < p <∞, and let T ∈ L (X, Y ) . Then the following are equivalent:

1) T ∈ Kp (X, Y ).

2) T has representation of the form T (x) =
∑

n 〈x, x∗n〉 yn where (x∗n)n ∈ `up (X∗) and

(yn)n ∈ `up∗ (Y ) . In this case

kp (T ) = inf ‖(x∗n)n‖p,w ‖(yn)n‖p∗,w .

3) Same as 2) except that (x∗n)n ∈ `up (X∗) and (yn)n ∈ `wp∗ (Y ) .

4) Same as 2) except that (x∗n)n ∈ `wp (X∗) and (yn)n ∈ `up∗ (Y ) .

Proof. (1)⇒ (2) Let T ∈ Kp (X, Y ) . then we have T = S ◦R where

R ∈ K (X, `p) and S ∈ K (`p, Y ) .

By Corollary 2.1.1 there exist (x∗n)n ∈ `up (X∗) such that

R (x) =
∑
n

x∗n (x) en = (x∗n (x))n ,

and (yn)n ⊂ `up∗ (Y ) such that

S ((an)n) =
∑
n

anyn.

Then

T (x) = S ◦R (x)

= S (R (x))

= S ((x∗n (x))n)

=
∑
n

x∗n (x) yn

18



2.2. The classical p-compact operators

that is T (x) =
∑
n

〈x∗n, x〉 yn.

(2)⇒ (3) Obviously.

(3)⇒ (4) Let T has representation of the form T (x) =
∑
n

〈x∗n, x〉 yn where (x∗n)n ∈ `up (X∗)

and (yn)n ∈ `wp∗ (Y ) . By Lemma 2.1.2, we have

x∗n = λnbn,

where

(λn)n ∈ c0 and (bn)n ∈ `wp (X∗) .

Then

T (x) =
∑
n

〈λnbn, x〉 yn

=
∑
n

〈bn, x〉λnyn

Also by Lemma 2.1.2, we have (λnyn)n ∈ `up∗ (Y ) .

(4) ⇒ (1) Let T has representation of the form T (x) =
∑
n

〈x∗n, x〉 yn, where (x∗n)n ∈

`wp (X∗) and (yn)n ∈ `up∗ (Y ) . By Corollary 2.1.1 there exist R ∈ L (X, `p) and S ∈ K (`p, Y )

such that

R (x) =
∑
n

x∗n (x) and S ((an)n) =
∑

anyn.

Then

T = S ◦R.

Remark 2.2.2 We have Kp (X, Y ) ⊂ L (X, Y ) , with

‖T‖ ≤ kp (T ) . (2.2.3)

19



2.2. The classical p-compact operators

Proof. Let T ∈ Kp (X, Y ) . By Hölder inequality, we have

‖T (x)‖ = sup
‖y∗‖≤1

∥∥∥∥∥
〈∑
n∈J
〈x, x∗n〉 yn, y∗

〉∥∥∥∥∥ = sup
‖y∗‖≤1

∣∣∣∣∣∑
n∈J
〈x, x∗n〉

∣∣∣∣∣ |〈yn, y〉|
≤
( ∞∑
n=1

|〈x, x∗n〉|
p

) 1
p

sup
‖y∗‖≤1

( ∞∑
n=1

|〈y∗, yn〉|p
∗

) 1
p∗

≤ sup
x∈BX

( ∞∑
n=1

|〈x, x∗n〉|
p

) 1
p

sup
‖y∗‖≤1

( ∞∑
n=1

|〈y∗, yn〉|p
∗

) 1
p∗

= ‖(x∗n)n‖
w
p,q ‖(yn)n‖

w
p∗,q∗ .

Hence, T ∈ L (X, Y ) , with

‖T‖ ≤ kp (T ) .

Theorem 2.2.2 Let 1 ≤ p <∞.
(
Kp(X, Y ), ‖T‖Kp

)
is a Banach space .

Proof. 1) Let T1, T2 ∈ Kp(X, Y ) and α ∈ K. For any ε > 0, T1 and T2, By (2) in Corollary

2.2.1, we will consider

Tk (x) =
∑
n

〈
x, x∗k,n

〉
yk,n, for each x ∈ X, k = 1, 2,

such that
∞∑
n=1

∣∣〈x, x∗k,n〉∣∣p ≤ kp (Tk) +
ε

2
, k = 1, 2, ∀x ∈ BX ,

and
∞∑
n=1

|〈yk,n, y∗〉|p
∗
≤ kp (Tk) +

ε

2
, k = 1, 2.

Hence ∥∥∥(∣∣〈x, x∗k,n〉∣∣)1≤k≤2, 1≤n≤N∥∥∥pp
≤

N∑
i=1

∣∣〈x, x∗1,i〉∣∣p +
N∑
i=1

∣∣〈x∗∗, x∗2,i〉∣∣p
≤
(
kp (T1) + kp (T2) +

ε

2

)
.
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2.2. The classical p-compact operators

Therefore ∥∥∥(∣∣〈x, x∗k,n〉∣∣)1≤k≤2, 1≤n≤∞∥∥∥p ≤ (kp (T1) + kp (T2) + ε)
1
p .

In the same way ∥∥∥(|〈y∗, yk,n〉|)1≤k≤2, 1≤n≤∞
∥∥∥
p∗
≤ (kp (T1) + kp (T2) + ε)

1
p∗ .

Hence

(T1 + T2) (x) =
∑

1≤n≤N

〈
x, x∗1,n

〉
y1,i +

〈
x, x∗2,n

〉
y2,n

=
∑

1≤k≤2, 1≤n≤N

〈
x, x∗k,n

〉
yk,n,

and

kp (T1 + T2) = inf
∥∥∥(∣∣〈x, x∗k,n〉∣∣)1≤k≤2, 1≤n≤N∥∥∥p ∥∥∥(|〈y∗, yk,n〉|)1≤k≤2, 1≤n≤∞

∥∥∥
p∗

≤ kp (T1) + kp (T2) + ε.

Since ε is arbitrary, then T1 + T2 ∈ Kp(X, Y ) and

kp (T1 + T2) ≤ (kp (T1) + kp (T2)) <∞. (2.2.4)

Also we have

kp (αT1) = kp

(
α
∑
n

〈
., x∗1,n

〉
y1,n

)

= kp

(∑
n

〈
., αx∗1,n

〉
y1,n

)
= inf{

∥∥∥(αx∗1,n)n∥∥∥wp,q ∥∥(y1,n)n
∥∥w
p∗q∗
}

= |α| inf{
∥∥∥(x∗1,n)n∥∥∥wp,q ∥∥(y1,n)n

∥∥w
p∗q∗
}

= |α| kp (T1) .

Therefore, αT1 ∈ Kp(X, Y ) and

kp(αT1) = |α| kp(T1). (2.2.5)

By 2.2.4 and 2.2.5 Kp(X, Y ) is a vector subspace.
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2.2. The classical p-compact operators

2)Let T ∈ Kp(X, Y ) and α ∈ K, n ∈ I. If T = 0, then kp(T ) = 0. Conversely, by 2.2.3 we

have

‖T‖ ≤ kp(T ) = 0.

Thus, T = 0. Hence by 2, 2.2.5 and 2.2.4Kp(X, Y ) is a normed space.

3. Let (Tk)k a sequence in Kp(X, Y ) such that
∑

k kp(Tk) <∞. Then, by 2.2.3
∑

k ‖Tk‖ ≤∑
k kp(Tk) <∞. Hence, the series

∑
k Tk is converges to an operator T =

∑
k Tk in L(X, Y ).

Now, we show that T ∈ Kp(X, Y ) and kp(T ) ≤
∑

k kp(Tk).

Let ε > 0. For each k ∈ N, choose
(
x∗k,n

)
n
in `wp (X∗) and

(
y∗k,n
)
n
in `wp∗ (Y ) , such that

Tk (x) =
∑

n

〈
x, x∗k,n

〉
yk,n and∥∥∥(x∗k,n)n∥∥∥wp ≤ (kp(Tk) +

ε

2k

) 1
p
,
∥∥∥(yk,n)k,n

∥∥∥w
p∗
≤
(
kp(Tk) +

ε

2k

) 1
p∗
.

Since, T =
∑

k Tk =
∑

k

∑
n

〈
x, x∗k,n

〉
yk,n =

∑
k,n

〈
., x∗k,n

〉
yk,n, then there is

(
x∗k,n

)
k,n
in

`wp (X∗) ,
(
y∗k,n
)
k,n
in `wp∗,q∗ (Y ) , such that

∥∥∥(x∗k,n)k,n∥∥∥wp ≤
(∑

k

kp(Tk) + ε

) 1
p

,
∥∥∥(yk,n)k,n

∥∥∥w
p∗
≤
(∑

k

kp(Tk) + ε

) 1
p∗

.

Hence

kp(T ) ≤
∥∥∥(x∗k,n)k,n∥∥∥wp ∥∥∥(yk,n)k,n

∥∥∥w
p∗
≤
∑
k

kp(Tk) + ε.

Since ε is arbitrary,

kp(T ) ≤
∑
k

kp(Tk) <∞.

Thus, T ∈ Kp(X, Y ).

Proposition 2.2.1 Let X, Y and G be Banach spaces.

i) For T ∈ Kp(X, Y ) and S ∈ L(Y,G), we have ST ∈ Kp(X,G), with

kp (ST ) ≤ ‖S‖ .kp (T ) .

ii) For T ∈ L(X, Y ) and S ∈ Kp(Y,G), we have ST ∈ Kp(X,G), with

kp (ST ) ≤ kp (S) . ‖T‖ .
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2.2. The classical p-compact operators

Proof. i) Let T ∈ Kp(X, Y ) and S ∈ L(Y,G), such that

T (x) =
∑
n

〈x, x∗n〉 yn, for each x ∈ X.

We have

S (T (x)) =
∑
n

〈x, x∗n〉S (yn) , for each x ∈ X,

with

‖(x∗n)n‖
w
p <∞,

and

‖(S (yn))n‖
w
p∗ = sup

z∗∈BG∗
‖(|〈S (yn) , z∗〉|)n‖p∗

= sup
z∗∈BG∗

‖(|〈yn, S∗ (z∗)〉|)n‖p∗

= ‖S‖ sup
z∗∈BY ∗

∥∥∥∥(∣∣∣∣〈yn, S∗ (z∗)

‖S‖

〉∣∣∣∣)
n

∥∥∥∥
p∗
.

Then

‖(S (yn))n‖
w
p∗ ≤ ‖S‖ sup

y∗∈BY ∗
‖(|〈yn, y∗〉|)n‖p∗ .

Thus, ST ∈ Kp(X,G) and

kp (ST ) ≤ ‖S‖ .kp (T ) .

2. Let T ∈ L(X, Y ) and S ∈ Kp(Y,G), such that

S (x) =
∑
n

〈x, y∗n〉 zn, for each x ∈ X.

We have

S (T (x)) =
∑
n

〈T (x) , y∗n〉 zn

=
∑
n

〈x, T ∗ (y∗n)〉 zn.

Then

S (T (x)) =
∑
n

〈x, T ∗ (y∗n)〉 zn, for each x ∈ X.
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2.2. The classical p-compact operators

We have

‖(T ∗ (y∗n))n‖
w
p = sup

x∈BX

( ∞∑
n=1

|〈x, T ∗ (y∗n)〉|p
) 1

p

= ‖T‖ sup
x∈BX

(
1∑

n=1

∣∣∣∣〈T ∗∗ (x)

‖T‖
, y∗n

〉∣∣∣∣p
) 1

p

≤ ‖T‖ sup
y∈BY ∗∗

‖(|〈y, y∗n〉|)n‖p

≤ ‖T‖ ‖(y∗n)n‖
w
p <∞,

and

‖(zn)n‖
w
p∗ <∞.

Hence, ST ∈ Kp(X,G) and

kp (ST ) ≤ kp (S) ‖T‖ .

Proposition 2.2.2 Let X and Y be Banach spaces. Lf (X, Y ) is dense in Kp(X, Y ).

Proof. Let T ∈ Kp(X, Y ). Then

T (x) =
∞∑
n=1

〈x, x∗n〉 yn, for each x ∈ X,

with

‖(x∗n)n‖
w
p < 1 and ‖(yn)n‖

w
p∗ <∞.

We put

Tk (x) =
K∑
i=1

〈x, x∗i 〉 yi,

we find

Tk ∈ Lf (X, Y )

and

(T − Tk) (x) =
∞∑
n=1

〈
x, x∗k+n

〉
yk+n.
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2.2. The classical p-compact operators

Since limk−→∞

∞∑
n=1

|〈x, x∗n〉|
p <∞ and n+ k −→∞ as k −→∞, then

∞∑
n=1

∣∣〈x, x∗n+k〉∣∣p −→
k−→∞

0.

On the other hand, we also have

sup
y∗∈BY ∗≤1

∞∑
n=1

|〈yk+n, y∗〉|p
∗
−→ 0 as k →∞.

Hence

kp (T − Tk) ≤ sup
x∗∗∈BX∗∗

( ∞∑
n=1

∣∣〈x, x∗k+n〉∣∣p
) 1

p

sup
y∗∈BY ∗≤1

( ∞∑
i=1

|〈yk+n, y∗〉|p
∗

) 1
p∗

−→ 0 as k →∞.

Immediate consequence of Theoreme 2.2.2, Proposition 2.2.1 and Proposition 2.2.2 are

the following result

Corollary 2.2.2 Let X and Y be Banach spaces. For 1 < p < ∞, (Kp(X, Y ), kp(.)) is a

Banach ideal.
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Chapter 3

Injective hull of classical p-compact

operators

In this chapter, we define the notion of the injective hull and some properties and study

the injective hull of Kp and basic formulas. This chapter is mainly based on [14] [13][9][12].
Recall from [11, p. 421] that

X∞ = `∞ (BX∗) = {f : BX∗ → K ; f is bounded} ,

There is a linear and isometric embedding JX∞ : X → X∞ is given by

JX∞ (x) = 〈x; ·〉 .

Recall from [?, Theorem 4.6.9] that an operator ideal I is injective if and only if for every
(metric) injection J ∈ L(Y, Y0) and every T ∈ L(X, Y ) it follows from J ◦ T ∈ I(X, Y0)

that T ∈ I(X, Y ). The smallest injective operator ideal I inj that contains I is called the
injective hull of I. Refer to [18, p. 109 and 111] for the following concrete definitions of the
injective hulls of an operator ideal I, we have

I inj (X, Y ) = {R ∈ L (X, Y ) : J∞Y ◦R ∈ I (X, Y ∞)} ,

Where for R ∈ I inj (X, Y ), we have

Iinj (R) = I (J∞Y ◦R) .
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3. Injective hull of classical p-compact operators

The space X∞ has the extension property (or it is an injective Banach space), i.e. if Y, G

are Banach spaces such that G is a subspace of Y , then for any TεL(G,X∞) there exist

T̃ ∈ L(Y,X∞) such that
∥∥∥T̃∥∥∥ = ‖T‖ and T̃ (x) = T (x) for all x ∈ G.

Proposition 3.0.3 Let 1 ≤ p ≤ ∞. Given any pair X, Y of Banach spaces and

T ∈ L(X, Y ), the following are equivalent:

(a) T ∈ Kinjp (X, Y ).

(b) There exists a closed subspace Σ of `p such that T = S ◦ R for some R ∈ K(X,Σ)

and S ∈ K(Σ, Y ).

(c) There exists a closed subspace Σ of `p such that T = S ◦ R for some R ∈ K(X,Σ)

and S ∈ L(Σ, Y ).

If 1 < p ≤ ∞, then the above assertions are equivalent to
(d) There exists a closed subspaceΣ of `p such thatT = S ◦ R for some R ∈ L(X,Σ)

and S ∈ K(Σ, Y ). We have

Kinjp (T ) = inf{‖S‖‖R‖ : T = S ◦R},

where the infimum is taken over all relevant factorizations.

Proof. a)⇒b) Let T ∈ Kinjp (X, Y ) . Then J∞Y ◦ T ∈ Kp (X, Y ∞) . This means there exists

two operators R ∈ K (X, `p) and Q ∈ K (`p, Y
∞) such that J∞Y ◦T = Q◦R. Put Σ = R (X),

define P : R (X) → Y, R (x) 7−→ T (x) and let S be the continuous linear extension to Σ

such that S|R(X) = P . Hence S ◦R (x) = S (R (x)) = T (x) for all x ∈ X.
b)⇒c) is trivial.
b)⇒d) is trivial.
c)⇒a) Suppose that there exists a closed subspace Σ of `p such that T = S ◦ R for

some R ∈ K (X,Σ) and S ∈ L (Σ, Y ). We have J∞Y ◦ T = (JY∞ ◦ S) ◦ R. Since `p, Σ are

Banach spaces such that Σ is a subspace of `p, then for J∞Y ◦ S ∈ L(Σ, Y ∞) there existe

S̃ ∈ L(`p, Y
∞) such that

∥∥∥S̃∥∥∥ = ‖J∞Y ◦ S‖ and

S̃ (x) = J∞Y ◦ S (x)

for all x ∈ Σ (Y ∞ has the extension property). By the Theorem 2.2.1
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3. Injective hull of classical p-compact operators

J∞Y ◦ T ∈ Kp (X, Y ∞) .

d)⇒a) The proof is similar to that c)⇒a).
For each factorization T = S ◦R in all case, there exist S̃ ∈ L(`p, Y

∞), with∥∥∥S̃∥∥∥ = ‖S‖ (Y ∞ has the extension property).

Clearly that kinjp (T ) = kp (J∞Y ◦ T ) ≤ inf ‖R‖
∥∥∥S̃∥∥∥ = inf ‖R‖ ‖S‖ . We have for ε > 0

there exists two operators R0 ∈ K (X, `p,q) and S̃0 ∈ K (`p,q, Y
∞) such that J∞Y ◦T = S̃0◦R0,

with

kinjp (T ) ≤
∥∥R0∥∥∥∥∥S̃0∥∥∥ ≤ kinjp (T ) + ε.

Restrict S̃0 to R0 (X) and then consider the continuous linear extension S : R0 (X)→ Y .

We find T = S ◦R0 (by the above proof of a)⇒b)) and

kinjp (T ) ≤ ‖S‖
∥∥R0∥∥ =

∥∥∥S̃0|R0(X)∥∥∥∥∥R0∥∥ ≤ ∥∥∥S̃0∥∥∥∥∥R0∥∥ ≤ kinjp (T ) + ε.

Corollary 3.0.3 Let X, Y be Banach spaces, where Y is injective (has the extension

property). Then Kp(X, Y ) = Kinjp (X, Y ) with Kp (T ) = Kinjp (T ).

Proof. Let T ∈ Kp (X, Y ) . By definition T ∈ Kinjp (X, Y ) , with kinjp (T ) ≤ kp (T ). Con-

versely, let T ∈ Kinjp (X, Y ) . Then by there exist two operators R ∈ K (X,Σ) and

S ∈ K (Σ, Y ) such that T = S ◦ R. Since Y is injective, the operator S extends to a

continuous linear operator S̃ : `p (K)→ Y such that ‖S‖ =
∥∥∥S̃∥∥∥ and

T = S̃ ◦R. By Theorem 2.2.1, T ∈ Kp (X, Y ) and

kp (T ) ≤ ‖R‖
∥∥∥S̃∥∥∥ = ‖R‖ ‖S‖ .

Since the factorization T = S ◦ R was arbitrary and by Theorem 3.0.3, it follows that

kp (T ) ≤ kinjp (T ).

Theorem 3.0.3 Let 1 ≤ p ≤ ∞ and let X, Y be Banach spaces and T ∈ L(X, Y ). Then

T ∈ Kinjp (X, Y ) if and only if there is a sequence (x∗n)n ∈ `up (X∗) such that

‖T (x)‖ ≤ ‖(x∗n(x))n‖p , for all x ∈ X.

In this case,

kinjp (T ) = inf
{
‖(x∗n)n‖p,w∗ : ‖T (x)‖ ≤ ‖(x∗n(x))n‖p , for all x ∈ X

}
.
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3. Injective hull of classical p-compact operators

Proof. Assume T ∈ Kinjp (X;Y ). Then JY∞ ◦ T ∈ Kp(X, `∞(BY ∗)). Therefore, there are

(an)n ∈ `up (X∗) and (yn)n ∈ `up∗(`∞(BY ∗)) such that

JY∞ ◦ T (x) =

∞∑
n=1

〈x, an〉 yn.

Set x∗n = ‖(yn)n‖
w
p∗ an, for all n then (x∗n) ∈ `up(X

∗). Since JY∞ isometric embedding, we

have

‖T (x)‖ = ‖(JY∞ ◦ T ) (x)‖ = sup
‖y∗‖BY∞≤1

|〈(JY∞ ◦ T ) (x) , y∗〉|

= sup
‖y∗‖BY∞≤1

∣∣∣∣∣
〈 ∞∑
n=1

〈x, an〉 yn, y∗
〉∣∣∣∣∣

= sup
‖y∗‖BY∞≤1

∣∣∣∣∣
∞∑
n=1

〈x, an〉 〈yn, y∗〉
∣∣∣∣∣

I H
≤
( ∞∑
n=1

|〈x, an〉|p
) 1

p

sup
‖y∗‖BY∞≤1

( ∞∑
n=1

〈yn, y∗〉p
∗

) 1
p∗

=

( ∞∑
n=1

∣∣∣〈x, an ‖(yn)n‖
w
p∗

〉∣∣∣p) 1
p

≤ (

∞∑
n=1

|〈x, x∗n〉|
p)

1
p .

Thus, with each representation JY∞ ◦ T (x) =
∑∞

n=1 〈x, an〉 yn we associate a sequence
(x∗n)n ∈ `up(X∗) for which the desired inequality holds and which also satisfies

‖(x∗n)n‖
w
p = ‖(yn)n‖

w
p∗ ‖(an)n‖

w
p

Therefore, Kinjp (T ) = Kp (JY∞ ◦ T ) ≥ inf
{
‖(x∗n)‖w

∗

p : ‖Tx‖ ≤ ‖(< x, x∗n >)‖p ,∀x ∈ X
}
.

Conversely, suppose ‖T (x)‖ ≤ ‖(〈x, x∗n〉)n‖p ∀x ∈ X where (x∗n) ∈ `up(X∗). Define
P : X −→ `p by P (x) = (〈x, x∗n〉)n. Then the operator P is compact and ‖P‖ =

‖(x∗n)n‖wp . Clearly, ‖T (x)‖ ≤ ‖P (x)‖p for all x ∈ X. Therefore, S : P (X) −→ Y :

P (x) −→ T (x) defines a bounded linear operator with ‖S‖ ≤ 1. Let Q : P (X) −→ Y be

the continuous linear extension of S, so ‖Q‖ ≤ 1. By 3.0.3 we have T ∈ Kinjp (X;Y ) and

Kinjp (T ) ≤ ‖P‖ = ‖(x∗n)n‖w
∗

p .
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3.1. Unconditionally quasi p-nuclear operators

Since this is true for all (x∗n)n ∈ `up(X∗) for which the inequality holds, we have

Kinjp (T ) = inf
{
‖(x∗n)‖w

∗

p : ‖T (x)‖ ≤ ‖(〈x, x∗n〉)‖p ,∀x ∈ X
}
.

3.1 Unconditionally quasi p-nuclear operators

In [13, p. 136], the author introduce quasi unconditionally p-nuclear operators (quasi u-p-

nuclear operators) as follows:

Definition 3.1.1 Let 1 ≤ p ≤ ∞. A linear operator T : X −→ Y is called quasi u-p-nuclear

if there exists (x∗n) ∈ `up(X∗) such that

‖T (x)‖ ≤ ‖(x∗n(x))‖p , ∀x ∈ X.

The collection of all quasi u-p-nuclear operators from X to Y is denoted by NQ
up(X;Y ). The

norm

vQup(T ) = inf
{
‖(x∗n)‖wp : ‖T (x)‖ ≤ ‖(x∗n(x))‖p ,∀x ∈ X

}
,

turns the vector space NQ
up(X;Y ) into a Banach space.

Comparing Definition 3.1.1 with Theorem 3.0.3 yields:

Theorem 3.1.1 Let 1 ≤ p ≤ ∞. Then NQ
up(X;Y ) = Kinjp (X;Y ) and vQup(T ) = ‖T‖Kinjp

for all T ∈ NQ
up(X;Y )

The Theorem 3.1.1 and Corollary 3.0.3 leads the following result

Corollary 3.1.1 Let 1 ≤ p ≤ ∞. Suppose Y is injective. Then T ∈ NQ
up(X;Y ) if and only

if T ∈ Kp(X, Y ) and vQup(T ) = Kinjp (T ) .

Unconditionally p-compact operators

In [13] the concept of relatively unconditionally p-compact set is defined as follows:

Definition 3.1.2 A subset A of X is called relatively unconditionally p-compact (or rela-

tively u-p-compact) if there exists (xn) ∈ `up(X) such that
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3.1. Unconditionally quasi p-nuclear operators

A ⊆ p− co ({xn}) :=

{∑
n

anxn : (an) ∈ B`p∗

}
.

Using this definition, it is natural to introduce the concept of unconditionally p-compact

operator as in [13, p. 135]

Definition 3.1.3 A linear operator T : X −→ Y is said to be u-p-compact if T (BX) is a

relatively u-p-compact subset of Y . The collection of all u-p-compact operators from X to

Y is denoted by Up(X;Y ). A norm upis defined on Up(X;Y ) by

up(T ) = inf
{
‖(yn)‖wp : (yn)n ∈ `up(Y ) and T (BX) ⊆ p− co ({yn})

}
.

Proposition 3.1.1 [13, Theorem 2.1] For 1 ≤ p <∞, (Up,up) is a Banach operator ideal.

Proof. The proof of the following Proposition is similar to that Corollary 2.2.2.

Proposition 3.1.2 Let 1 ≤ p < ∞, T ∈ L(X, Y ) and (yn)n ∈ `wp (Y ). The following

statements are equivalent:

a) ‖T ∗ (y∗)‖ ≤ ‖(y∗(yn))n‖p ,∀y∗ ∈ Y ∗.

b) T (BX) ⊆ p− co ({yn}) .

Proof. a =⇒ b.By contradiction, assume that there exists x0 ∈ BX so that T (x0) /∈
p− co {yn}. We put A = {T (x0)} and B = p− co {yn}. As A and B are convex, A is

compact and B is closed. By Hanh-Banach, we can separate A and B strictly by a closed

hyperplane; that is to say, there exist α > 0 and y∗ ∈ Y ∗ such that H = [〈·, y∗〉 ≡ α],

〈T (x0) , y
∗〉 > α and 〈y, y∗〉 < α for all y ∈ B. Then

α < 〈T (x0) , y
∗〉 = 〈x0, T ∗ (y∗)〉

≤ sup
x∈BX

〈x, T ∗ (y∗)〉 = ‖T ∗ (y∗)‖

≤
( ∞∑
n=1

|〈yn, y∗〉|p
) 1

p

= sup
αn∈`p∗

∣∣∣∣∣
∞∑
n=1

αn 〈yn, y∗〉
∣∣∣∣∣

= sup
αn∈`p∗

∣∣∣∣∣
〈 ∞∑
n=1

αnyn, y
∗

〉∣∣∣∣∣ ≤ α,
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3.1. Unconditionally quasi p-nuclear operators

a contradiction.

(b)⇒ (a) Given ε > 0 and y∗ ∈ BY ∗ , choose x ∈ BX such that ‖T ∗ (y∗)‖ < |〈x, T ∗ (y∗)〉|+ ε
2
.

Now, take (an) ∈ B`p∗ so that ‖T (x)−
∑∞

n=1 αnyn‖ < ε
2
. Then

‖T ∗ (y∗)‖ < |〈x, T ∗ (y∗)〉|+ ε

2
= |〈T (x) , y∗〉|+ ε

2

≤
∣∣∣∣∣
〈
T (x)−

∞∑
n=1

αnyn, y
∗

〉∣∣∣∣∣+

∣∣∣∣∣
〈 ∞∑
n=1

αnyn, y
∗

〉∣∣∣∣∣+
ε

2

<
∞∑
n=1

|αn| |〈yn, y∗〉|+ ε ≤ ‖(αn)n‖p∗

( ∞∑
n=1

|〈yn, y∗〉|p
) 1

p

+ ε

≤
( ∞∑
n=1

|〈yn, y∗〉|p
) 1

p

+ ε.

and letting ε→ 0 we obtain

‖T ∗ (y∗)‖ ≤ ‖(x∗n(y∗))‖p .

Arguing in a similar way, we obtain the dual version of the above result:

Proposition 3.1.3 Let 1 ≤ p < ∞, T ∈ L(X, Y ) and (x∗n)n ∈ `wp (Y ). The following

statements are equivalent:

a) ‖T (x)‖ ≤ ‖(x∗n(x))‖p ,∀x ∈ X.

b) T ∗ (BY ∗) ⊆ p− co ({x∗n}) .

Proposition 3.1.4 Let 1 ≤ p <∞. For Banach spaces X and Y we have:

T ∈ NQ
up(X;Y )⇐⇒ T ∗ ∈ Up(Y ∗;X∗).

In this case

vQup(T ) = up(T
∗).

Proof. This is immediate from Proposition 3.1.3.

Proposition 3.1.5 Let 1 ≤ p <∞. For Banach spaces X and Y we have:

T ∈ Up(X;Y )⇐⇒ T ∗ ∈ NQ
up(Y

∗;X∗).
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In this case

vQup(T
∗) = up(T ).

Proof. Let T ∈ Up(X;Y ) and let (yn)n ∈ `up(Y ) be such that T (BX) ⊆ p− co ({yn}). Then
by Proposition 3.1.2,

‖T ∗ (y∗)‖ ≤ ‖(iY (yn (y∗)))‖p ,

for every y∗ ∈ Y ∗. Note that (iY (yn) ∈ `up(Y ), where iY : Y −→ Y ∗∗ is the natural isometry,

and

‖(iY (yn)‖p;w = ‖(yn)‖p,w .

Hence T ∗ ∈ NQ
up(Y

∗;X∗) and vQup(T
∗) ≤ up(T ).
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 .  صالملخ  
 
اليات ثمل تفصيلية هو دراسةا العمل الهدف من هذ   

 بين فضاءات باناخ  هالمستمر هالخطي لمؤثراتلباناخ 

 نقدم.  pℓ  الفضاء من خلال متراصه المفككة بواسطة مؤثرات
 وربط المثاليهذال المتباينه الهياكل  خصائص لبعض مناقشة

 -p و المشروط غير متراص p ؤثرينالم بفئات العليا المثل هذه

 .المشروط غير نيكليار

 
، جمعية غير المشروطة p، مؤثر متراص، متتاليات بناخ الخطية : مثالي المؤثراتالكلمات المفتاحية

 ة العادية.متراص p اتمؤثر

 
Abstract. 

    The aim of this work is a detail study of the Banach ideal of continuous linear 

operators, between Banach spaces, factorized compactly through ℓp, called 

classical p-compact. We present a discussion of some properties for the 

injective hull of this ideal and relate this work to the classes of unconditionally 

p-compact and quasi unconditionally p-nuclear operators. 

Keywords: Linear operator ideals, compact operator, Unconditionally p-summable 

sequences, Classical p-compact operator. 

 

Résumé. 

    Le but de ce travail est d'étudier en détail les idéaux d'opérateurs linéaires 

continus entre espaces de Banach factorisés par des opérateurs compacts à 

travers ℓp, appelés p-compacts classiques. Nous présentons une discussion de 

quelques propriétés de l’injective hull de cet idéal, et de relier ce travail à la  

classe d'opérateurs inconditionnellement p-compacts et la classe d'opérateurs 

quasi inconditionnellement p-nucléaires. 

Mots clés: L’idéal linéaire, Opérateur compact, Suite inconditionnelle p-sommable, 

Opérateur p-compact classique.    


