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Notations

The n-dimensional real Euclidean space.

The collection of all natural numbers and Ny = N U {0}.

The set of all integer numbers.

Means that z® = 2" - 23* - - - 2% for x = (21, ...,x,) € R"

and a = (aq, ..., ;) € N§

Means that f < ¢ g for some independent constant ¢

(and non-negative functions f and g).

Means f < g < f.

The continuous embeddings from X to Y.

The largest integer smaller than or equal to x € R.

The open ball in R" with center = and radius r.

The support of the function f.

The (Lebesgue) measure of £ C R".

The Schwartz space.

The dual of Schwartz space.

The classical Lebesgue space

The conjugate exponent of p(-) define by the formula 7 + 5 =1
The space of all (complex) sequences {ay},., equipped with the quasi-norm

| {ar} ez | 7] = ( i }ak|q>1/q(with the usual modification if ¢ = o).
k=—o0

The collection of all locally integrable functions on R"
The Hardy-Littlewood maximal operator defined by

M(f)(@) = sup i [ | (0)] dy. Yz € RY
r>0



Introduction

Function spaces with variable exponents has developed since the paper (O. Kovacik and J.
Rakosnik, On spaces L@ and W*?@) Czechoslovak Math. J.) in 1991. After this, these type
of function spaces has been intensively studied in the recent years by a significant number of
authors.

In this memory, we study anisotropic Herz spaces K;:(’_% (A;R") and anisotropic Herz-type
Hardy spaces H K| (A;R") with variable exponent (one parameter is variable ) which is a
generalization of classical anisotropic Herz and anisotropic Herz-type Hardy spaces. These
spaces go back to the authors H. Wang H. Zhao and J. Zhou in the last decade.

In 2015, H. Wang [13] first introduced anisotropic Herz spaces, later in 2018, H. Zhao and
J. Zhou [16] presented the characterizations of anisotropic Herz-type Hardy spaces with vari-
able exponent associated with a non-isotropic dilation on R"” and also established the atomic
decomposition of these function spaces.

Our memory consists of three chapters. In the first chapter, we give some basic properties
of variable Lebesgue spaces after this we define anisotropic Herz and Herz-type Hardy where
one parameter is variable.

In the second chapter, we present some results given in [13| 15] concerning the atomic de-
composition of anisotropic Herz and anisotropic Herz-type Hardy

spaces.

In chapter 3, using the decomposition theorems, we present the boundedness of some subi-
linear operators on these spaces given by

Tf(@)] < / %dy, x ¢ supp f

for integrable and compactly supported functions f.



CHAPTER 1

ANISOTROPIC HERZ AND HERZ-TYPE
HARDY SPACES WITH VARIABLE EXPONENT

U n this chapter, we present the concepts of some spaces used in this memory. Firstly, we
mention the variable Lebesque space LP() where we present some basic propreties of these
spaces. Secondly, we give the definitions of homogeneous and nonhomogeneous anisotropic

Herz and Herz-type Hardy spaces with one variable exponent.



1.1. VARIABLE LEBESGUE SPACES 4

1.1 Variable Lebesgue spaces

In this section, we define Lebesque spaces with variable exponent. We begin with the semi-

modular space or modular space and the norm.

1.1.1 Basic properties of semi-modular (modular) spaces

Definition 1.1. Let £ be a real vector space.
The function p is said to be left-continuous if the mapping A — o (\z) is left-continuous on
[0,00) forevery z € E, i.e.

lim o (Az) = o (x).

A—=1-

(a — b~ means that a tends to b from below, ie. a < band a — b~; a — b' is defined

analogously).

Definition 1.2. Let £ be a real vector space.
A function g : £ — [0, +00] is called a semi-modular on FE if it satisfies the following conditions:
1- o(0) = 0.
2- o(Az) = o(z) for all z € E, and for all scalar A with |A\| = 1.
3- p is convex.
4-.p is left-continuous on [0, co) for every = € E.
5- o(Az) =0 forall A > 0 implies z = 0.
A semi-modular p is called continuous if the mapping A — o(Az) is continuous on [0, oo) for

everyr € L.

Example 1.1. Let 1 < p < oo, then

o) = [ 1@ dr
defines a modular on the space of all measurable function on 2 C R".

Proposition 1.1 ([5].). Let E a vector space on R and ¢ a semi-modular on E.
1) A — o (Az) an increasing function on [0, 0o) for every x € E.
2) For every |\| < 1, we havea o (A\x) = o (|A\| z) < |\ o(z).
3) For every |\| > 1, we have a p (Ax) = o (|A|x) > |A| o(x).

University of M’sila 2020/2021 Anisotropic Herz and
BAITICHE Yamina Herz-type Hardy spaces



1.1. VARIABLE LEBESGUE SPACES

Proof. 1) Since p convex ,0 > 0 and p(0) = 0, we have for every 0 < A <wv

() = o (us)
()

VL)

0
A
< Z
v
<v
2) By definition we have
o(Axr) = Q( A )
) = o (37 Nl
= o(|A[x)

IfFIN<1:

o(Ax) = o(|Alx)

(i (3)9

< [Ae(z).

For 3),if [\| > 1

o (Az) = ¢ ([A[z)

=o (e (1-37) )

< e ()

s0 0 ([Alz) = [Al o (A\x).
Definition 1.3. Let g is a semi-modular or modular on F, then
Xy ={ze€E, IN>0:9(\x) < oo}

is called a semi-modular space or modular space.

So X, a normed vector space on R, include a norm

|z]], == inf {)\ >0 (;) < 1} .

University of M’sila 2020/2021
BAITICHE Yamina
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1.1. VARIABLE LEBESGUE SPACES 6

Lemma 1.1 ([5]). (Norm-modular unit ball property) Let o be a semi-modular on E.then
||x||g <1l<=p(x) <1

If o is continuous, then also

|z]l, <1<+= o(z) <1,

and

|z]], =1+ o(z) = 1.

1.1.2 Variable exponents

In this subsection, we begin with the basic properties and notation of variable exponent. Given

an open set {2 C R". We put
Po (2) := {p mesurable: p(-) : Q — [¢, oo[ for some ¢ > 0} .
The elements of P, (€2) are called exponent functions or simply exponents.
Notation 1.1. We denote by
P () := {pmesurable: p(-) : Q C R" — [1,00[}.
Given p € Py(2) and aset E C 2, let
p~ (E) =essinfp(z), p"(E)= esseinp ().
If the domain £ = 2 = R” we will simply write
p-=p (R"), p"=p"(R").

Definition 1.4. Let open set Q C R™ and p € Py(Q2). The variable Lebesgue space LP")(Q) to be

the set of all measurable functions f such that g,y (f/\) < oo for some A > 0.

p(z)
<1,,

LP(-)(Q) = {f measurable : I\ > 0 : Op(") (f/N) = / ‘@
Q
equipped with the following quasi-norm

£l ooy gy := nf {A > 02 gy (F/A) <1}

If the set on the right-hand side is empty we define || f|| ;. = oo. If 2 = R", we will often

write || f[],,.) instead of || f[| o) ny-

University of M’sila 2020/2021 Anisotropic Herz and
BAITICHE Yamina Herz-type Hardy spaces



1.1. VARIABLE LEBESGUE SPACES 7

Remark 1.1. If p(-) = p is constant, then the Definition[I.4]is equivalent to the classical norm on
LP(Q). If p < 400 and

f@) "
CAASaV) P
L5
then
A= ”f”LP(Q)

the same is true if p = oc.

Theorem 1.1 ([3]). Let open set @ C R™ and p € Po(2). The function | f| . defines a quasi-norm
on LPC)(Q) and L) (Q) is quasi Banach spaces.

Proof. First, we prove that LP() (Q) is vector spaces.
Since 0,()(0) = 0, then we have 0 € L") (Q).
Let f € LP0) (Q) and a € R*. There exists A > 0 such that

Op(-) (/\f) < 0.

|

We put \y =

|

Op(-) (Aoarf) = Op(") (Ao |l f)

= 0p() (Af) < o0,

which shows that af € LP0) (Q).
It suffices to show that if f, g € LP0) (Q), then

f+gel”V(Q).
By the convexity of g,

oy A(f +9))

Il
S

0 ((%QAJC + (1 — %)2/\9))

1 .
Op(") (2Af) + = 0p() (2Ag) = 0if A — 0.

<
- 2

N | —

Now, we show that [|-[| ., o) is @ quasi norm, i.e. we will prove that ||-[| ;) ) has the following
properties:

1 ||f||Lp(.)(Q) = (0ifand only if f = 0;

) foralla € R, [lafll o0 ) = ] | fll oo o)

G) 1 + 9l ooy < Ifllzeer @) + 191l oo -

University of M’sila 2020/2021 Anisotropic Herz and
BAITICHE Yamina Herz-type Hardy spaces



1.1. VARIABLE LEBESGUE SPACES 8

Let f € LPU) (Q). There exists 3 > 0 such that g, (3f) < 1. This shows that || || o) < o0 also
have [[0] () () = 0.

For a € R, we have:

(67
leef Il oy = 1nf{A>0 0p(:) (Tf) §1}
f{)\ > 0: Op(-) <‘Ck#) < 1}
= inf {Tla’ >0: Op(") (

= |a|inf {7’ >0 0p0y
= |o| Hf”LP(-)(Q)

We now show the triangular inequality. Let f, g € L*0) (Q) and || f[| () () < 7 and [|gll oo () <

0. Then
2

< 1 and ”Q <1
0 ey ()

Lp( )
By the convexity of g,(.), we have:

PONYTe) PO\ 15y 7100

g f g g
<
7 +3 (7) IEETAG <5>

v 84 B
o +0 gy+4
Therefore,
If+ g||Lp(->(Q) <~v+4.
Which implies

1/ +gHLP(‘)(Q) < HfHLpM(Q) + HQHLP(~)(Q)

([ fll o)) = O, then gy (arf) < 1forall @ > 0. By the convexity of (),

2n() (Af) = () (TAT—f)
= 0p() (Tﬁ +(1 - ¢)0>

T

A
< TOp() <7f)

<1

Y

forall A > 0 and for all 7 € (0; 1]. Then = = 0. O

University of M’sila 2020/2021 Anisotropic Herz and
BAITICHE Yamina Herz-type Hardy spaces



1.1. VARIABLE LEBESGUE SPACES 9

Corollary 1.1 ( [3], [5]). Let open set 2 C R™ and p € Py(12).
@ I £l < 150 0(f) < A f [l -
QIFL<|[fll,0 50 [ fll0) < o(f)-
(3) We have || f]],,, < o(f) + 1.

Proof. () If || f]l,., = 0, then f = 0 and so o(f) = 0.

If0 <[/ fll,. < 1.Since

=1
p(")

2 (nfng) —

If || f[l,) < 1, then by the convexity of ¢, we have

S
111y
by Lemmall.T, we have

o) = el 777 »
< 11fll, Q<W> < 1flly -

(2) We assume that || f[| ., > 1 then o(f) > 1. So

0 ({) > lforevry [|f|,,>A>1

we have o(f) > A because A\ was arbitrary, we deduce that

o(f) = 1l -

(3) This is a consequence of the (2). O

1.1.3 Generalization Holder’s inequality

The following theorem is the generalization of the classical Holder’s inequality in variable
Lebesgue spaces. The classical Holder’s inequality is that for all p, 1 < p < oo, given f € L?(Q)
and g € L¥'(Q)

/Qlf(x)g(iv)ldfv < A llzogey N9l (e -

The following theorem is the generalization of the classical Holder’s inequality in variable
Lebesgue spaces. The classical Holder’s inequality is that for all p, 1 < p < oo, given f € LP(Q2)
and g € L¥' ()

[ 1#@@ds < £l 9l

University of M’sila 2020/2021 Anisotropic Herz and
BAITICHE Yamina Herz-type Hardy spaces



1.2. ANISOTROPIC HERZ SPACE WITH VARIABLE EXPONENT 10

This inequality is true for variable exponents with a constant on the right-hand side, see for

example [4, Theorem 2.33].

Theorem 1.2 ([4]). Let Q and p € P(S2). Then there exists a constant K such that for all f € LPO)(Q)
and g € LPO(Q), fg € LY(Q) and

1fgll @) < KN F ooy 11 oo -

where

K=(1/p”+1-1/p").

1.1.4 Logarithmic Holder continuity

Definition 1.5. We say that a function p : Q@ — R is locally log-Holder continuous on (2, if there

exists cjog(p) > 0 such that

Clog
4 <
Ip(z) —p(y)| < (e +1/ [z =]
forallz,y € Q. If 0 € Qand
Clog
- < o4 .
pla) ~p(0)] < S

for all z € (), then we say that p is log-Holder continuous at the origin (or has a log decay at the

origin). If for some p., € R and ¢y, > 0, there holds

Clog

[P(7) — Poo| < m

for all z € (), then we say that p is log-Holder continuous at infinity (or has a log decay at infinity).

1.2 Anisotropic Herz space with variable exponent

In the following, we introduce some basic notations, definitions of anisotropic spaces associated

with general expansive dilations, the following definitions and notaions are from [2] and [13].

Definition 1.6. A dilation is n x n real matrix A, such that all eigenvalues A of A satisfy |A| > 1.

University of M’sila 2020/2021 Anisotropic Herz and
BAITICHE Yamina Herz-type Hardy spaces



1.2. ANISOTROPIC HERZ SPACE WITH VARIABLE EXPONENT 11

A set A C R" is said to be an ellipsoid if
A ={reR":|Bzx| <1}

for some nondegenerate n x n matrix B, where | - | denotes the Euclidean norm in R™.

In [2, Lemma 2.2], we have for a dilation A, then there exists an ellipsoid A and r > 1 such that
AN CrA C AN,

where |A\|, the Lebesgue measure of A\, equals 1.
For convenience, we set

B, = AN fork € Z,

then we have

By C rBy C By,

and
| Bx| = bk>
where b = | det A| > 1.
Definition 1.7. A homogeneous quasi-norm associated with an expansive matrix A is a mea-
surable mapping o4 : R" — [0, 00|, so that
oo, (x)>0forxz#0,
e 04 (Azx) = boy () for x € R™,
e thereisc > 0sothatos (z+y) <c(oa(z)+ 04 (y)) for z,y € R™.

For a fixed dilation A we define the “canonical” quasi-norm o.

Definition 1.8. Define the step homogeneous quasi-norm on R" induced by dilation A as

. b] lf $€Bj+1\Bj
"@)_{ 0 if x=0.

For any z,y € R", we have

o(z+y) <t (o(x)+0(y),

where 6 be the smallest integer so that

2B, C A’B, = By.

University of M’sila 2020/2021 Anisotropic Herz and
BAITICHE Yamina Herz-type Hardy spaces



1.3. ANISOTROPIC HERZ-TYPE HARDY SPACES WITH VARIABLE EXPONENT 12

Also, we use the following notation
Ry, := B, \ B4 and Xk = XRy, » k € Z.

Definition 1.9. Let « € R,0 < ¢ < oo and p € Py (R"). The homogeneous anisotropic Herz
space K;(’_% (A; R™) associated with the dilation A is defined by

K (AR = { € i) B\ {01 [ koyaaery < 00 |
where

£l s = { > kuankHZ(,)} :

k=—00

The non-homogeneous anisotropic Herz space K ;Y(q) (A;R") associated with the dilation A is
defined by
K (AR =L f € L (R™) 1l s aeny < 0 |

such that

o0 q
. ko q
HfHKE‘(%(A;Rn) = [ XBo [l + {Z (L ka||Lp<->(Rn>} ‘
k=0
Recall that these function spaces coincid with variable Herz spaces when A = 2/d, we refer

the reader to the papers [6] and [9] for further details,historical remarks and more references on

variable Herz spaces.

1.3 Anisotropic Herz-type Hardy spaces with variable expo-
nent

In this section, we will give the definition of anisotropic homogeneous and nonhomogeneous
Herz-type Hardy space with variable exponent.

The nontangential maximal function of f with respect to is defined as

My(f)(x) = sup {b~*|f o (A™") (y)|,x —y € By, k € Z} .

The radial maximal function of f with respect to ¢ is defined as

M(f)(x) := i}égb‘k\f xp (A7) (2).

University of M’sila 2020/2021 Anisotropic Herz and
BAITICHE Yamina Herz-type Hardy spaces



1.3. ANISOTROPIC HERZ-TYPE HARDY SPACES WITH VARIABLE EXPONENT 13

Let M_(f) be the grand maximal function of f defined by

My (f)(x) = sup M(f)(x),

pEAN

the radial grand maximal function of f is

My (f)(z) = sup M(f)(x),

pEAN
where

Ay = {4,0 €S loll,ny <lfor laf < N;m < Nand N is integer > 0} :
The following lemma is from [8, Lemma 1].
Lemma 1.2. Let p € P'°8. For any cubes (balls) P and (), such that P C (), we have
= -
- (@) < Xl . (@)
| IxPlly0 |p|

with ¢, C' > 0 are independent of |(Q)| and | P| .

The next lemma is a Hardy-type inequality which is easy to prove.

Lemma 1.3 ([9]). Let 0 < v < 1and 0 < q < oo. Let {e,},, be a sequence of positive real numbers,
such that

H{gk}keZqu =1 < o0.

A T —j .14 —k
Then the sequences {(5k D0, = ngk ¥ ]8j}keZ and {nk : 7 ijk 7 q}kez belong to (9, and
€0kt iezllen + {midiezllw < e 1,
with ¢ > 0 only depending on a and q.

The anisotropic homogeneous and nonhomogeneous Herz-type Hardy spaces are defined

in the following way:.

Definition 1.10. Let « € R,0 < ¢ < oo and p € Py (R").
(i) The homogeneous anisotropic Herz-type Hardy space H K;“(% (A;R™) is defined as the set of all
f € §'(R™) such that M, (f) € K;“(’f’; (R™) and we put

1 s ey = DM () e aey

(ii) The nonhomogeneous anisotropic Herz-type Hardy space HK ) (A;R") is defined as the set of
all f € S'(R") such that M, (f) € K (R") and we put

HfHHKO‘(q) A;Rn) HMN( )HKg(g(A;Rn) :

University of M’sila 2020/2021 Anisotropic Herz and
BAITICHE Yamina Herz-type Hardy spaces



1.3. ANISOTROPIC HERZ-TYPE HARDY SPACES WITH VARIABLE EXPONENT 14

Recall that, if p, ¢, and « satisfy the conditions of definition, then the qausi-norms || f|| ; Ko (ARn)
and || f|| 4 Ko (ARm) does not depend, up to the equivalence of quasi-norms, on the choice of the
function ¢ and, hence, the spaces H K;‘(’% (A;R") and HK§ (A;R") are defined independently
of the choice .

The anisotropic homogeneous and nonhomogeneous Herz-type Hardy spaces with variable
exponent p but fixed «, ¢ were recently studied by H. Zhao and J. Zhou [16]. In [16], we have
forp e Pl with1 < p~ < pt < 00,0 < g < 0o and

1
I<a< n(l — F)’
then

loc

HES (AR 0 L) (RM{0}) = Ky (A;R"),

and

HESS (A;RY) N LE)(R™) = K34 (A R™) .

loc o
Also, if p € P with 1 <p~ < p* < oo and
1
n(l— F) < a < oo,
then
HES (AR N L) (R™\{0}) G Ky (AR,

loc

and
HESS (AR N LI (R™) S K3 (AR
If the dilation A = 21d, then these function space coincides with variable Herz-type Hardy
space, we refer the reader to the papers [7], [10], [11] and [14] for further results for these

variable function spaces.

University of M’sila 2020/2021 Anisotropic Herz and
BAITICHE Yamina Herz-type Hardy spaces



CHAPTER 2

DECOMPOSITION THEOREMS OF

Kp(’_) (A;R"™) AND HKp(’.) (A; R™)

U n this chaper, we introduce the bloc decoposition of anisotropic Herz spaces in the first
section, and we establish some theory for these space. We present in the secend section of
this chapter the atomic decomposition theorems for Herz-type Hardy spaces, to apply it in the
application two of third chapter.

15



2.1. ATOM 16

2.1 Atom

We begin this section by the definition of block and atoms.

Definition 2.1 ([13],[16]). Let « € R and p(-) € P (R").

(i) A mesurable function a(x) is said to be a central («, p(-))-block if it satisfies

(1) suppa C By, for some k € Z,

@) llall oy <070

(ii) A function a(z) on R" is said to be a central («a, p(-))-block of restricted type, if it satisfies the
conditions (2) above and suppa C B, with & > 0.

(iii) For 1 — - < a < o0, p € P (R") and non-negative integer s > [(a -1+ p%) Inb/In /\_} :
A function « is said to be a central (o, p(-))-atom if it satisfies the conditions (1) and (2) above
and

(3) Jon 2Pa(zx)dz =0, |B] <s.

(iv) A function a on R" is called a centrale (o, p(-))-atom of restricted type, if it satisfies the
conditions (2),(3) above and

suppa C By with k > 0.

2.2 Block decomposition of Kg{% (A;R™)

In this section, we present the decomposition theorems of the homogeneous and non-homogeneous
anisotropic variable Herz spaces.

The following two theorems are from [13] when « (-) = « is constant.

Theorem 2.1. Let o € R,0 < ¢ < oo and p € Py (R"), the following two statements are equivalentes
(i)- f € K8 (A;R)
(ii)- f can be represented by
+00
F@)= > Ma (), 2.1)

k=—o00

where the series converges in the sense of distributions, A\, > 0, each by, is a central (o, p(-))-block with
support contained in By, and

+oo 1
q\1 )
(D )" < ellfliss -

k=—o00

University of M’sila 2020/2021 Anisotropic Herz and
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2.2. BLOCK DECOMPOSITION OF K (4;RY) 17

1

. . —+o00 q E . . 3 .
Moreover, the norms || f|| Ko (k) and inf ( oo | AR ) are equivalent, where the infimum is taken

all over all decompositions of f as in (2.1).

Remark 2.1. Since we use Lemma|l.3|then we eliminate the discussions (0 < p <land1l <p <

oo ) given in [13, Proof of Theorem 2.3].

Proof. We first prove (i) implies (ii). For every f € Kﬁ(’g (A;R™), write

fla)= Y f(z)x(x)

k=—oc0

+00 oo
S 127 IR Ac2R G R o WS

DOk ] Fxull

k=—00 k=—00

where )\, = b 1f Xkl and ay, (z) = % It is obvious that suppa, C By, and

Haka(.) = b

Thus, each ay is a central («, p(-))- atoms with the support By, and

(5 ) = (2 s, )

= Hf||f<;(»g(A;Rn)-

Q=

Now we prove (ii) implies (i). Let f(z) = 3.,°°_ Mwax (z) be a decomposition of f which

k=—o00
satisfies the hypothesis (ii) of Theorem 2.1}

We observe that x; - a; = 0 when 2* < 27=! which means that
E<j—1

which gives that x; - a; # 0 when s that
k>j.

For each j € Z, by the Minkowski inequality
||fXj||p(.) < Z | Ak] ||ak||p(.) : (2.2)
k=j

efinition of atom and from (2.2), it follows that ~a,q 4.mny 1S DOUNAE
By definiti f df 2.2)), it foll h f K(_)(AR)' b ded by

+oo +o00 q 1
L= (3 (3 Nl sl ) )"
k=—o00 =k
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2.3. ATOMIC DECOMPOSITION OF HK 3 (4;RY) 18

Since 0 < a < 0o, then by Lemma([1.3|(with 0 < v = b~* < 1), we have

—+o00o —+00 1 —+oo 1
ISC(Z (Z‘)‘j’bi(jik)a)q)q §C<Z P\k‘q)q.
k=—oco0 j=k k=—o00
This finishes the proof. O

By repeating the same arguments used in the proof of Theorem we can obtain the de-

composition theorem of the non-homogeneous anisotropic Herz spaces.

Theorem 2.2. Let o € R,0 < g < oo and p € Py (R"), the following two statements are equivalentes
7 a,q . n
(ii)- f can be represented by

+oo
fla) =) Mar(z), 23)
k=0

where the series converges in the sense of distributions, A\, > 0, each by, is a central (v, p(-))-block with

support contained in By, and

+o0 il
q
(D Iwl) " < ellfllnsamn
k=0

1

Moreover, the norms || f|| a5 (ARN) and inf (ZZ:S | Ak > " are equivalent, where the infimum is taken
p(- k)

all over all decompositions of f as in [2.3).

2.3 Atomic decomposition of H Kﬁ(.‘ﬁ (A;R™)

In this section, we present the atomic decomposition of anisotropic Herz-type Hardy spaces
with one variable exponent.

The following atomic decomposition is given in [16].

Theorem 2.3. Let 1 — p% < a <ooand, p(-) € P(R") and 0 < ¢ < oo, and non-negative integer
s> [(a -1+ p%) In b\ In )\,]. The following two statements are equivalentes
7 g . n
(i)- f € HK 5 (A;R")
(ii)- f can be represented by

+oo
f@) =3 mar(), (2.4)
k=—0o0
University of M’sila 2020/2021 Anisotropic Herz and
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2.3. ATOMIC DECOMPOSITION OF HK 3 (4;RY) 19

where the series converges in the sense of distributions, n, > 0, each by, is a central (o, p(-))-atom with

support contained in By, and

(Zw) < O\ fllies a-

1
) . +00 q\4 . . .
Moreover, the norms || f|| Ko (AR) and inf ( o || ) are equivalent, where the infimum is taken

all over all decompositions of f as in [2.4).

+00
Proof. First we prove (i) = (ii). Suppose that f(x) = >  mnrax(x), we consider two cases
k=—o00

0<g<land1l < g < oo.
Case 1: If 0 < ¢ < 1, it suffices to show that

||M¢(@)||K§(1q)(,4;Rn) <C,
holds for any central («, p(-))-atom with minimal value of s > [(a —1— p%) Inb\ In )\_] . Since

Me(a) = sup My(a) := My(a),

pEAN

it suffices to prove that there exists a positive constant C' independent of a such that
My (@) o < €, for N =N, (2.5)

where

N o [(1/p—1)Inb/InA_]+2 , 0<p<1
7, 1.2 , p>1

Suppose that suppa C By, for some ky € Z. Write

e}

IME(@)5ng = D 0" | (Mia) il

k=—00

ko+w

=3 My - DD B (M)

k=—00 k=ko+w+1
= ]1 + ]2.

First, we estimate /,. Using the boundedness of M% on LPU)(R")-norm and the size condition
(2) of a in Definition 2.1, we have

ko+w
[1 < qu Z bkaq
k=—o0
ko+w

< Clalll, > b < b,

k=—o00

University of M’sila 2020/2021 Anisotropic Herz and
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2.3. ATOMIC DECOMPOSITION OF HK 3 (4;RY) 20

Next we estimate I,. We need a pointwise estimate of M%a(z) on Cj, for k > ko + w + 1. Taking
r € Ry, ¢ € Sy,l € Z and a polynomiale P of degree < s, which will be specidied later, then

we have

fax )@ =7 | [ ateta-tia = )iy

— /B a(y)p(A (z — y))dy — 0

! /3 aly) (p(A(z — y))dy — P (A" (z — y))) dy

Sb‘l/s ay)dy  sup  |o(y) — P(y)]

yEA~ e+ By,

=: b / na(y)kao(y)dy sup  |e(y) — P(y)]

y€A~la+ By,

< b fal, |

, sup  [p(y) — P(y)|
(") yGA_lx+Bk0,l

, sup  [o(y) — P(y)l,
(") yGA‘leerofz

Xi,

< pro—lpko(a=1) kao

where we have used Holder’s inequality. Suppose x € Ry whith k > ko + w + 1. Then z €
Bio+w+m+1 \Bhg+wi+m, Where integer m = k — kg —w — 1 > 0. Recall that (see [2, (2.11)])

t, € B; and t, € B, =t +t € Bi—l—am and t; ¢ Bi+w and t, € B, =t +t ¢ B;,
which gives that
A7z + Byt € A (Brgtwrtm+1\Brotwsm) + Brot

=%V ((BW+m+1\BW+m> + BO)
- Ako_l(Bm)C = (Bko—l+m)c-

We cosider two cases. If kg > [ then we choose P = 0, and

Sup |90(y) - P(y)l < sup min (1, Q(y)—N) < p—N(ko—l+m)
yeA™ et Brg 1 YEA~I£ By

If ky < I then we choose P to be the Taylor expansion of ¢ at the point A~'z of order s. By the
Taylor Remainder Theorem and 2.5, we have

sup lo(y) — P(y)| < C sup sup sup laaoz (A_lx + 02)’ |z|5Jrl

YEA a+ By i 2€Byy—1 0<0<1 |a|=s+1
1)(ko—l . _
< CAETD kD) sup  min (1, 0(y)"")
yEA~ e+ By,

< O i (1, =N ko=bem)y
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2.3. ATOMIC DECOMPOSITION OF HK 3 (4;RY) 21

Then, for € Byyiwrm+1\Bkotwim, m > 0,

Miya(z) = sup sup|(a* @;)(z)|

pEAN lEZ

<R iy

max( sup ko= p~N(ko=lsm)
() 1eZ,1<ko

+C sup b(kofl))\(_SJrl)(kofl) min (1’ b*N(kofler)) )
1€7,1>ko

Notice that the supremum over [ < k is attained when | = k; and the supremum over [ > k is
attained when kg — [ + m = 0, since bA*™' < b~V for N > s + 2. Hence, it suffices to check the

maximum value for kg < ! < kg+mand [ > ky+m. For € By twim+1\Bkg+wtm: m > 0, we get

M a(z) < pFoletl) kao

< bRy,

() A (b*Nm, C (bAS_+1)"”)
e (b/\S_—H) —m ’

again by bA*"'6=" < 1. Therefor, by s = [(a —1+ p—ﬁ) In b\ In )\_] and since ||x, [,y Xy <

cb, we have
I, = Z bk“qH./\/lNakaq(.)
k=ko+w+1
<C Z bkaqb(fko(a+1))q Xko P (b)\s_+1)_mq HX;CHZ()
k=ko-+w-+1 P0)
S kaqp(—ko(a+1))qpk s+1\~ma HX’% p'()\?
<C Z preap(—ko( ))qbq(b/\_ ) <—
k=ko+w-+1 HXk Hp(~)
= —(s+1)pa—1+-2 (k—Fk2)q
<c ¥ (b)\_ b p+) &0
k=ko+w-+1
Case 2: If 1 < ¢ < oo, we have
[M(a Kaq = Z b ||(Ma) xill
k=—o0
ey et (S Il [ ME ], )’
k=—0oc0 l=—00
k—w—1 q
<C Z bkaq( S !mIHMNal-Xka(,))
k=—oc0 l=—00
+C Z bkaq( Z ] HMNGZ XkH (.))q
k=—o00 l=k—w
=: Jl + JQ.
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By Holder inequality, it follows that

f<C Z por( 3 )’

l=k—w
kaq q 1,—lag/2 - —lagq'/2 a/d
<C Z b Z m|* 0 b
l=k—w
<C Z bkaq/Z( Z |77 |qb—lo¢q/2>
k=—o00 —w
4w
<C Z ‘77 ‘qb laq/?( Z bkaq/2>
l=—00 k=—oc0
<C Y fnl"< oo
l=—0

Using the same estimate of I, for M%a;,, when k > [ + w + 1, we have

[ (M%a) xal| < CHTHHD (AT g L Iy

< Op~—Ua+D)+kp(=R)(= %) (b)\i+1)l+w+1_k.

Let 2 = A*'42%_ Then, by 2 < 1,

k—w—1

- 35 (5 il )

k=—o00

w q
<C Z praa {kzlmyb lat1) +kb(l Ek)( (b)\s+1)l+w+1k}

k=—o00 l=—o00
k—w—1

<cy (Y i)

k=—0o0 l=—o00

Since z < 1, then by Lemma(I.3|(with 0 < v = z < 1), we have

k—w—1

J,<C f: ( Z |77[|Zk_l>q

k=—oc0 Il=—o0

<C Z | < o0.

l=—00
The proof of (i) = (i) is included in given in the proof of [16, Theorem 2.2]. Hence the proof of

this Theorem is complete. [

Remark 2.2. Itis easy to see that, for the case 0 < ¢ < 1, if we remove the condition suppay C By,

then the conclusion of Theorem 2.3lis also true.
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CHAPTER 3

APPLICATIONS

n this chapter we present the boundedness of some bilinear operators on anisotropic variable
Herz and anisotropic Herz-type Hardy spaces. Firstly, we see in first section the result of

[13, Theorem 3.1] and in the secend section, we present the result of [16, Theorem 4.1].

23



3.1. APPLICATION ON K728 (4;RY) 24

3.1 Application on Kg‘(’% (A;R")

In the folowing section, we present the result of [13| Theorem 3.1] (when the exponent « is con-
stant) concerning the boundedness of some sublinear operators 7" satisfying the size condition
/(W)
Tf(x) S / ————dy, x¢suppf (3.1)
TS [ S o

for integrable and compactly supported functions f.

Theorem 3.1. Let a € R,0 < ¢ < coand p € P (R") . If p is log-Holder continuous, both at the origin
and at infinity and 0 < o« < 1—1/p™*. If a sublinear operator T satisfies for any integrable function
f with a compact support and T is bounded on LPO)(R™), then T is bounded on K;“(’_% (A;R™).

Remark 3.1. Since we use Lemma|l.3|then we eliminate the discussions (0 <p <land1l <p <

oo ) given in [13, Proof of Theorem 3.1].

Proof. We must show that
HTf||KS‘<"q)(A;R”) <c ||f\|f<;<g(,4;w)

forall f € K;“(’g (A;R™). Using Theorem 2.1, we may assume that

+o0
[ = Z i@

1=—00

where \; > 0 and a;’s are («, p(-))- atom with suppa; C B;. We have

+o00 +o00 q 1/q
||Tf||Kg(’A‘1)(A;R") ~ ( Z pred < Z Nia; || Ta; - Xk“p(.)) >

k=—oc0 1=—00

+oo k—6-1 a\ 1/a
S (Z pres < ) AZ'||T“i‘><kr||p(~>> )

k=—0oc0 i=—00

+00 o0 q\ 1/q
+ ( > b ( > Al Ta; Xk||p(.)> )

k=—00 i=k—0
= Jl + JQ.

Let us first estimate .J;. By the condition (3.1) and the factif x € R,y € B;andi < k-6 — 1,
then

(@ —y) > bPo(z) — oy) > blo(z) — b0lo(z) = b (1 _ 1) o(z),
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we get

Ta, ()] < Mdy

<cb~ k/ la; (v)| dy,

by generalized Holder inequality with = 1, the condition (ii) in Definition 2.1{ and

p’( )
Lemma(l.2) we get

(Tai ()] < b7 Nailli Ixallyg,

< ch™ k—i(a—1+1/p* )

which gives

ITai - Xkl < ™ TP gl

< ebF-1H1/pT)—ia— 141 /)

then, J; is bounded by

00 k—0—1 a\ 1/a
le(Z(Z)\b za1+1/p>) )

k=—o00 \1=—00

By Lemma(with 0 <a=>b"141/r" < 1), wehave

Yoo fk—6-1 a\ 1/a
JlS(Z(ZAb zal-i—l/p))

k=—o00 \i=—00

+00 1/q
(59
k=—o00

< CHfHK;({q)(A;Rn)'

Let us estimate J,. By the LP*)(R")-boundedness of T, definition of atom we obtain

+00 +o0 a\ /4
s (3 w3 wa ) )
k=—0o0 i=k—0

+o0 +00 q\ 1/q
(Z ()
k=—oc \i=k—0
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since « is non negative number, then by Lemma|1.3[(with 0 < v = b~* < 1), we have

+o00 +o0 q\ 1/q
(£ (E0))

k=—oc0 \i=k—0

+o0 1/q
< (z A?)

k=—o00

< CHfHKg(g(A;Rny

A combination of estimations of .J; and J, finish the proof of Theorem O

3.2 Application on H Kg‘(’% (A;R™)

In this section, we give an application of the atomic decomposition of H K;(’g (A;R™).

Theorem 3.2 ([16]). Let 1 — p% <a<l- p% +Inb\InA_,0 < ¢ < oo, and p € P(R"). If a linear
operator T satisfies

Tf=) Nla;inS, if f=) Na; inS" (3.2)

ieN i€N
for evry central atomic decomposition, is bounded on L) (R™) and, for any f € LP")(R™) whith compact
support By, [, f(x) = 0, T satisfies the following size condition
b 1
171, if inf o(z—y)>b" (1 - —) o(x), (3.3)

o2(z)’ yesuppf b

Tf(x)l <C

then T is an operator bounded from H K;“(% (A;R™) (or HE 5 (4; R")) into K;(g (A;R™) (or K0 (4 R”)) :

Proof. We only prove the homogeneous case, the proof of the nonhomogeneous case is similar.

It is necessary to show that
1T Al icea S Wl argeee
p(-) »(-)

forall f € H K;‘(’g (A;R™). By using Theorem we can write f as

fl@) =Y ma;(x),

j=—o00

where each q, is a central («, p(-))-atom with support contained in B;, and

0 1/q
Hf||Hz‘<§<g ~ inf ( Z !Uk|q> :

k=—o00
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By condition (3.2), we write

I7 gy = 22 V2 WD)l

k=—00
o0 k—0—1 4
S Z b’“O‘CI(Z 5] 1[(Tar)- Xl )
k=—0o0 =—00
o] o] q
+ Z praa ( Z |n]| H Tal Xk“p())
k=—00 j=k—6
= Il + ]2.

First, we estimate [,. If j <k -0 — 1,2 € Ry, and y € B;, then

o(r—y) > bl (z) —o(y)

> bl (2) — b o (x)

By the last estimate and generalized Holder’s inequality with % % = 1, we can obtain the

following estimate
b llaly
o*(z)

< OV gl

[Ta;(x)] < C

()’

By the condition (2) of the atom a and since [|xs, |, x5, ,, = |Bx| and Lemma([l.2} we get

1705 Xy < OO flagll i, [, e, Ikl
< Obj-i—?—?k ||aj|| || HAZ5 ' () |Bk|
O Ml H
< Cb]+2 2k:b —k)(1-1\pT)—j
The case when 0 < ¢ < 1.
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If0 < ¢ <1, noting that (1 — &) — @ + 1 > 0, we deduce

9 k—0—1

q
n= 3 (3 nl el )
k=—o0 j=—00
k—0—1
<C Z bkocq( Z 0 |by+2 2k) (=) (1-1\p*)g ]aq>
h=—o0 j=—00
S Z WjV( > b—(k—j)(<1—1\p+)_a+1)q)
J=ee k=j+0+1
<C ) Inl" .
pa——

The case when 1 < ¢ < oc.
By Lemma 1.3 (with 0 < v = b~ (=1 -0+ < 1) we have

k—0—1

Il & Z bkaq( Z ’77 |b]+2 2k Y(1=1\pt)—j >q

k=—o00 j=—00

oS k—0—1

. q
<cy < 3 Wb—(k—y)((l—l\pﬂ—aﬂ))

k=—0c0 j=—00

<C Y ml” (3.5)

k=—00

Next we estimate I,. By the LP)-boundedness of T, the condition (2) of the atom a and Lemma
L3 (with 0 < v =b"* < 1), we get

o0

s q
L= (3l ITay) )
j=k—

k=—o00 7 (%

Z(Zln!b” )

j=—o00 j=k—0

<C Z ;1" (3.6)

Jj=—00
Thus, by (3.4), and (3.6) we complete the proof of this Theorem. O
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Résumé de these:

Dans cette thése, nous avons présenté les espaces de Herz anisotropes et
de Herz-type Hardy anisotropes avec un exposant variable, ou nous donnons
quelques propriétés de base de ces espaces, et a la fin nous avons étudi¢ la
continuit¢ de certains opérateurs sous-linéaires dans les espaces de Herz
anisotropes et de Herz-type Hardy anisotropes en utilisant les théorémes de
décomposition de ces espaces.

Mots clés : Espaces de Herz anisotropes, Espaces de Herz-type Hardy
anisotropes, Théorémes de décomposition, Opérateurs sous linéaire, Exposant
variable.

Abstract of thesis:

In this thesis, we have presented the anisotropic Herz spaces and
anisotropic Herz-type Hardy spaces with variable exponent, where we give
some basic properties of these spaces, and finally we studied the boundedness of
some sublinear operators in anisotropic Herz and anisotropic Herz — type Hardy
spaces by using the decomposition theorems of these spaces.

Kev _words: Anisotropic Herz spaces, Anisotropic Herz-type Hardy spaces,
Decomposition theorems, Sublinear operators, Variable exponent.
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