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T`o ˚t‚h`a˚t `gˇr`e´a˚t `e´d˚i˜fˇi`c´e ”m‹y `gˇr`a‹n`d˜f´a˚t‚h`eˇrffl ˚t‚h`a˚t ”m`a‹y G´oˆdffl ˛h`a‹vfle ”m`eˇr`c›y `o“nffl ˛h˚i‹mffl, ˛h`o
˚t´a˚u`g‚h˚t ”m`e ˚t‚h`e ”n`o˝b˝l´e ”m`a‹n‹n`eˇr¯s.

T`o ”y´o˘uffl, ”m‹y ˛h`o“n`o˘r`a˜b˝l´e ˚t´e´a`c‚h`eˇrffl D˚rffl.HERAIZ R`a˜bˆa˛hffl, ”w˝h`o ˚t´a˚u`g‚h˚t ”m`e ˚t‚h`a˚t
`e›n`c´o˘u˚r`a`gˇi‹n`g `affl ˚t´e´a`c‚h`eˇrffl ˚t´o ˛h˚i¯s ¯sfi˚tˇu`d`e›n˚t ˚i¯s `affl ¯sfi˚tˇr`o“n`g ”m`o˘tˇi‹vˆa˚tˇi`o“nffl ˜f´o˘rffl ˛h˚i‹mffl ˚t´o
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Notations

Rn The n-dimensional real Euclidean space.
N The collection of all natural numbers and N0 = N ∪ {0}.
Z The set of all integer numbers.
xα Means that xα = xα1

1 · xα2
2 · · · xαnn for x = (x1, ..., xn) ∈ Rn

and α = (α1, ..., αn) ∈ Nn
0

f . g Means that f ≤ c g for some independent constant c
(and non-negative functions f and g).

f ≈ g Means f . g . f .
X ↪→ Y The continuous embeddings from X to Y .
[x] The largest integer smaller than or equal to x ∈ R.
B(x, r) The open ball in Rn with center x and radius r.
suppf The support of the function f .
|E| The (Lebesgue) measure of E ⊂ Rn.
S(Rn) The Schwartz space.
S ′(Rn) The dual of Schwartz space.
Lp(Ω) The classical Lebesgue space
p′ (·) The conjugate exponent of p(·) define by the formula 1

p(x)
+ 1

p′(x)
= 1

`q The space of all (complex) sequences {ak}k∈Z equipped with the quasi-norm∥∥{ak}k∈Z | `q∥∥ =
( ∞∑
k=−∞

|ak|q
)1/q

(with the usual modification if q =∞).

L1
loc (Rn) The collection of all locally integrable functions on Rn

M(f) The Hardy-Littlewood maximal operator defined by
M(f)(x) := sup

r>0

1
|B(x,r)|

∫
B(x,r)

|f(y)| dy, ∀x ∈ Rn

1



Introduction

Function spaces with variable exponents has developed since the paper (O. Kovacik and J.

Rakosnik, On spaces Lp(x) and W k,p(x), Czechoslovak Math. J.) in 1991. After this, these type

of function spaces has been intensively studied in the recent years by a significant number of

authors.

In this memory, we study anisotropic Herz spaces K̇α,q
p(·) (A;Rn) and anisotropic Herz-type

Hardy spaces HK̇α,q
p(·) (A;Rn) with variable exponent (one parameter is variable ) which is a

generalization of classical anisotropic Herz and anisotropic Herz-type Hardy spaces. These

spaces go back to the authors H. Wang H. Zhao and J. Zhou in the last decade.

In 2015, H. Wang [13] first introduced anisotropic Herz spaces, later in 2018, H. Zhao and

J. Zhou [16] presented the characterizations of anisotropic Herz-type Hardy spaces with vari-

able exponent associated with a non-isotropic dilation on Rn and also established the atomic

decomposition of these function spaces.

Our memory consists of three chapters. In the first chapter, we give some basic properties

of variable Lebesgue spaces after this we define anisotropic Herz and Herz-type Hardy where

one parameter is variable.

In the second chapter, we present some results given in [13, 15] concerning the atomic de-

composition of anisotropic Herz and anisotropic Herz-type Hardy

spaces.

In chapter 3, using the decomposition theorems, we present the boundedness of some subi-

linear operators on these spaces given by

|Tf(x)| .
∫
Rn

|f(y)|
%(x− y)

dy, x /∈ supp f

for integrable and compactly supported functions f .

2



CHAPTER 1

ANISOTROPIC HERZ AND HERZ-TYPE
HARDY SPACES WITH VARIABLE EXPONENT

I n this chapter, we present the concepts of some spaces used in this memory. Firstly, we

mention the variable Lebesque space Lp(·) where we present some basic propreties of these

spaces. Secondly, we give the definitions of homogeneous and nonhomogeneous anisotropic

Herz and Herz-type Hardy spaces with one variable exponent.

3



1.1. VARIABLE LEBESGUE SPACES 4

1.1 Variable Lebesgue spaces

In this section, we define Lebesque spaces with variable exponent. We begin with the semi-

modular space or modular space and the norm.

1.1.1 Basic properties of semi-modular (modular) spaces

Definition 1.1. Let E be a real vector space.

The function % is said to be left-continuous if the mapping λ → % (λx) is left-continuous on

[0,∞) for every x ∈ E, i.e.

lim
λ→1−

% (λx) = % (x) .

( a → b− means that a tends to b from below, i.e. a < b and a → b−; a → b+ is defined

analogously).

Definition 1.2. Let E be a real vector space.

A function % : E → [0,+∞] is called a semi-modular on E if it satisfies the following conditions:

1- %(0) = 0.

2- %(λx) = %(x) for all x ∈ E, and for all scalar λ with |λ| = 1.

3- % is convex.

4-.% is left-continuous on [0,∞) for every x ∈ E.

5- %(λx) = 0 for all λ > 0 implies x = 0 .

A semi-modular % is called continuous if the mapping λ → %(λx) is continuous on [0,∞) for

every x ∈ E.

Example 1.1. Let 1 < p <∞, then

%p(f) =

∫
Ω

|f(x)|p dx

defines a modular on the space of all measurable function on Ω ⊂ Rn.

Proposition 1.1 ([5].). Let E a vector space on R and % a semi-modular on E.

1) λ→ % (λx) an increasing function on [0,∞) for every x ∈ E.

2) For every |λ| ≤ 1, we have a % (λx) = % (|λ|x) ≤ |λ| %(x).

3) For every |λ| ≥ 1, we have a % (λx) = % (|λ|x) ≥ |λ| %(x).

University of M’sila
BAITICHE Yamina

2020/2021 Anisotropic Herz and
Herz-type Hardy spaces



1.1. VARIABLE LEBESGUE SPACES 5

Proof. 1) Since % convex ,% ≥ 0 and %(0) = 0, we have for every 0 ≤ λ < v

% (λx) = %

(
λ

v
vx

)
= %

(
λ

v
vx+

(
1− λ

v

)
0

)
≤ λ

v
% (vx)

≤ % (vx)

2) By definition 1.2, we have

% (λx) = %

(
λ

|λ|
|λ|x

)
= % (|λ|x)

If |λ| ≤ 1 :

% (λx) = % (|λ|x)

= %

(
λ

1
x+

(
1− λ

1

)
0

)
≤ |λ| % (x) .

For 3) , if |λ| ≥ 1

% (λx) = % (|λ|x)

= %

(
λ

|λ|
|λ|x+

(
1− λ

|λ|

)
0

)
≤ 1

|λ|
% (|λ|x)

so % (|λ|x) ≥ |λ| % (λx) .

Definition 1.3. Let % is a semi-modular or modular on E, then

X% := {x ∈ E, ∃λ > 0 : %(λx) <∞}

is called a semi-modular space or modular space.

So X% a normed vector space on R, include a norm

‖x‖% := inf
{
λ > 0 : %

(x
λ

)
≤ 1
}
.

University of M’sila
BAITICHE Yamina

2020/2021 Anisotropic Herz and
Herz-type Hardy spaces



1.1. VARIABLE LEBESGUE SPACES 6

Lemma 1.1 ([5]). (Norm-modular unit ball property) Let % be a semi-modular on E.then

‖x‖% ≤ 1⇐⇒ %(x) ≤ 1.

If % is continuous, then also

‖x‖% < 1⇐⇒ %(x) < 1,

and

‖x‖% = 1⇐⇒ %(x) = 1.

1.1.2 Variable exponents

In this subsection, we begin with the basic properties and notation of variable exponent. Given

an open set Ω ⊂ Rn. We put

P0 (Ω) := {p mesurable: p (·) : Ω→ [c,∞[ for some c > 0} .

The elements of P0 (Ω) are called exponent functions or simply exponents.

Notation 1.1. We denote by

P (Ω) := {p mesurable: p (·) : Ω ⊂ Rn → [1,∞[} .

Given p ∈ P0(Ω) and a set E ⊆ Ω , let

p− (E) = ess inf
x∈E

p (x) , p+ (E) = ess sup
x∈E

p (x) .

If the domain E = Ω = Rn we will simply write

p− = p− (Rn) , p+ = p+ (Rn) .

Definition 1.4. Let open set Ω ⊂ Rn and p ∈ P0(Ω). The variable Lebesgue space Lp(·)(Ω) to be

the set of all measurable functions f such that %p(·) (f/λ) <∞ for some λ > 0.

Lp(·)(Ω) :=

{
f measurable : ∃λ > 0 : %p(·) (f/λ) =

∫
Ω

∣∣∣∣f(x)

λ

∣∣∣∣p(x)

≤ 1

}
,

equipped with the following quasi-norm

‖f‖Lp(·)(Ω) := inf
{
λ > 0 : %p(·) (f/λ) ≤ 1

}
.

If the set on the right-hand side is empty we define ‖f‖Lp(·)(Ω) = ∞. If Ω = Rn, we will often

write ‖f‖p(·) instead of ‖f‖Lp(·)(Rn).

University of M’sila
BAITICHE Yamina
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1.1. VARIABLE LEBESGUE SPACES 7

Remark 1.1. If p(·) = p is constant, then the Definition 1.4 is equivalent to the classical norm on

Lp(Ω). If p < +∞ and ∫
Ω

∣∣∣∣f(x)

λ

∣∣∣∣p = 1

then

λ = ‖f‖Lp(Ω)

the same is true if p =∞.

Theorem 1.1 ([3]). Let open set Ω ⊂ Rn and p ∈ P0(Ω). The function ‖f‖Lp(·)(Ω) defines a quasi-norm

on Lp(·)(Ω) and Lp(·)(Ω) is quasi Banach spaces.

Proof. First, we prove that Lp(·) (Ω) is vector spaces.

Since %p(·)(0) = 0, then we have 0 ∈ Lp(·) (Ω).

Let f ∈ Lp(·) (Ω) and α ∈ R∗. There exists λ > 0 such that

%p(·) (λf) <∞.

We put λ0 = λ
|α| .

%p(·) (λ0αf) = %p(·) (λ0 |α| f)

= %p(·) (λf) <∞,

which shows that αf ∈ Lp(·) (Ω).

It suffices to show that if f, g ∈ Lp(·) (Ω), then

f + g ∈ Lp(·) (Ω) .

By the convexity of %p(·),

%p(·) (λ(f + g)) = %p(·)

(
(
1

2
2λf + (1− 1

2
)2λg)

)
≤ 1

2
%p(·) (2λf) +

1

2
%p(·) (2λg)→ 0 if λ→ 0.

Now, we show that ‖·‖Lp(·)(Ω) is a quasi norm, i.e. we will prove that ‖·‖Lp(·)(Ω) has the following

properties:

(1) ‖f‖Lp(·)(Ω) = 0 if and only if f ≡ 0;

(2) for all α ∈ R, ‖αf‖Lp(·)(Ω) = |α| ‖f‖Lp(·)(Ω)

(3) ‖f + g‖Lp(·)(Ω) ≤ ‖f‖Lp(·)(Ω) + ‖g‖Lp(·)(Ω) .
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1.1. VARIABLE LEBESGUE SPACES 8

Let f ∈ Lp(·) (Ω). There exists β > 0 such that %p(·) (βf) < 1. This shows that ‖f‖Lp(·)(Ω) <∞ also

have ‖0‖Lp(·)(Ω) = 0.

For α ∈ R, we have:

‖αf‖Lp(·)(Ω) = inf

{
λ > 0 : %p(·)

(
αf

λ

)
≤ 1

}
= inf

{
λ > 0 : %p(·)

(
|α| f
λ

)
≤ 1

}
= inf

{
τ |α| > 0 : %p(·)

(
f

τ

)
≤ 1

}
= |α| inf

{
τ > 0 : %p(·)

(
f

τ

)
≤ 1

}
= |α| ‖f‖Lp(·)(Ω) .

We now show the triangular inequality. Let f, g ∈ Lp(·) (Ω) and ‖f‖Lp(·)(Ω) < γ and ‖g‖Lp(·)(Ω) <

δ. Then ∥∥∥∥fγ
∥∥∥∥
Lp(·)(Ω)

≤ 1 and
∥∥∥g
δ

∥∥∥
Lp(·)(Ω)

≤ 1

By the convexity of %p(·), we have:

%p(·)

(
f + g

γ + δ

)
= %p(·)

(
γ

γ + δ

f

γ
+

δ

γ + δ

g

δ

)
≤ γ

γ + δ
%p(·)

(
f

γ

)
+

δ

γ + δ
%p(·)

(g
δ

)
≤ γ

γ + δ
+

δ

γ + δ
= 1.

Therefore,

‖f + g‖Lp(·)(Ω) ≤ γ + δ.

Which implies

‖f + g‖Lp(·)(Ω) ≤ ‖f‖Lp(·)(Ω) + ‖g‖Lp(·)(Ω) .

If ‖f‖Lp(·)(Ω) = 0, then %p(·)(αf) ≤ 1 for all α > 0. By the convexity of %p(·),

%p(·) (λf) = %p(·)

(
τ
λf

τ

)
= %p(·)

(
τ
λf

τ
+ (1− τ)0

)
≤ τ%p(·)

(
λf

τ

)
≤ 1,

for all λ > 0 and for all τ ∈ (0; 1]. Then x = 0.
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1.1. VARIABLE LEBESGUE SPACES 9

Corollary 1.1 ( [3], [5]). Let open set Ω ⊂ Rn and p ∈ P0(Ω).

(1) If ‖f‖p(·) ≤ 1, so %(f) ≤ ‖f‖p(·) .

(2) If 1 < ‖f‖p(·) , so ‖f‖p(·) ≤ %(f).

(3) We have ‖f‖p(·) ≤ %(f) + 1.

Proof. (1) If ‖f‖p(·) = 0, then f ≡ 0 and so %(f) = 0.

If 0 < ‖f‖p(·) ≤ 1. Since ∥∥∥∥∥ f

‖f‖p(·)

∥∥∥∥∥
p(·)

= 1

by Lemma 1.1, we have

%

(
f

‖f‖%

)
= 1.

If ‖f‖p(·) ≤ 1, then by the convexity of %, we have

%(f) = %(‖f‖p(·)
f

‖f‖p(·)
)

≤ ‖f‖p(·) %(
f

‖f‖p(·)
) ≤ ‖f‖p(·) .

(2) We assume that ‖f‖p(·) > 1 then %(f) > 1. So

%

(
f

λ

)
> 1 for evry ‖f‖p(·) > λ > 1.

we have %(f) > λ because λ was arbitrary, we deduce that

%(f) ≥ ‖f‖p(·) .

(3) This is a consequence of the (2).

1.1.3 Generalization Hölder’s inequality

The following theorem is the generalization of the classical Hölder’s inequality in variable

Lebesgue spaces. The classical Hölder’s inequality is that for all p, 1 ≤ p ≤ ∞, given f ∈ Lp(Ω)

and g ∈ Lp′(Ω) ∫
Ω

|f(x)g(x)| dx ≤ ‖f‖Lp(Ω) ‖g‖Lp′ (Ω) .

The following theorem is the generalization of the classical Hölder’s inequality in variable

Lebesgue spaces. The classical Hölder’s inequality is that for all p, 1 ≤ p ≤ ∞, given f ∈ Lp(Ω)

and g ∈ Lp′(Ω) ∫
Ω

|f(x)g(x)| dx ≤ ‖f‖Lp(Ω) ‖g‖Lp′ (Ω) .
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1.2. ANISOTROPIC HERZ SPACE WITH VARIABLE EXPONENT 10

This inequality is true for variable exponents with a constant on the right-hand side, see for

example [4, Theorem 2.33].

Theorem 1.2 ([4]). Let Ω and p ∈ P(Ω). Then there exists a constant K such that for all f ∈ Lp(·)(Ω)

and g ∈ Lp′(·)(Ω), fg ∈ L1(Ω) and

‖fg‖L1(Ω) ≤ K ‖f‖Lp(·)(Ω) ‖f‖Lp′(·)(Ω) .

where

K = (1/p− + 1− 1/p+).

1.1.4 Logarithmic Hölder continuity

Definition 1.5. We say that a function p : Ω → R is locally log-Hölder continuous on Ω, if there

exists clog(p) > 0 such that

|p (x)− p (y)| ≤ clog

ln(e+ 1/ |x− y|)
for all x, y ∈ Ω. If 0 ∈ Ω and

|p(x)− p(0)| ≤ clog

ln(e+ 1/|x|)
for all x ∈ Ω, then we say that p is log-Hölder continuous at the origin (or has a log decay at the

origin). If for some p∞ ∈ R and clog > 0, there holds

|p(x)− p∞| ≤
clog

ln(e+ |x|)

for all x ∈ Ω, then we say that p is log-Hölder continuous at infinity (or has a log decay at infinity).

1.2 Anisotropic Herz space with variable exponent

In the following, we introduce some basic notations, definitions of anisotropic spaces associated

with general expansive dilations, the following definitions and notaions are from [2] and [13].

Definition 1.6. A dilation is n× n real matrix A, such that all eigenvalues λ of A satisfy |λ| > 1.
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A set4 ⊂ Rn is said to be an ellipsoid if

4 = {x ∈ Rn : |Bx| < 1}

for some nondegenerate n× n matrix B, where | · | denotes the Euclidean norm in Rn.

In [2, Lemma 2.2], we have for a dilation A, then there exists an ellipsoid4 and r > 1 such that

4 ⊂ r4 ⊂ A4,

where |4|, the Lebesgue measure of4, equals 1.

For convenience, we set

Bk = Ak4 for k ∈ Z,

then we have

Bk ⊂ rBk ⊂ Bk+1,

and

|Bk| = bk,

where b = | detA| > 1.

Definition 1.7. A homogeneous quasi-norm associated with an expansive matrix A is a mea-

surable mapping σA : Rn → [0,∞[, so that

• σA (x) > 0 for x 6= 0,

• σA (Ax) = bσA (x) for x ∈ Rn,

• there is c > 0 so that σA (x+ y) ≤ c (σA (x) + σA (y)) for x, y ∈ Rn.

For a fixed dilation A we define the “canonical” quasi-norm σ.

Definition 1.8. Define the step homogeneous quasi-norm on Rn induced by dilation A as

σ (x) =

{
bj if x ∈ Bj+1\Bj

0 if x = 0.

For any x, y ∈ Rn, we have

σ (x+ y) ≤ bθ (σ (x) + σ (y)) ,

where θ be the smallest integer so that

2B0 ⊂ AθB0 = Bθ.
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1.3. ANISOTROPIC HERZ-TYPE HARDY SPACES WITH VARIABLE EXPONENT 12

Also, we use the following notation

Rk := Bk \Bk−1 and χk = χRk , k ∈ Z.

Definition 1.9. Let α ∈ R, 0 < q ≤ ∞ and p ∈ P0 (Rn). The homogeneous anisotropic Herz

space K̇α,q
p(·) (A;Rn) associated with the dilation A is defined by

K̇α,q
p(·) (A;Rn) :=

{
f ∈ Lp(·)loc (Rn \ {0}) : ‖f‖K̇α,q

p(·)(A;Rn) <∞,
}

where

‖f‖K̇α,q
p(·)

:=

{
∞∑

k=−∞

∥∥bkαfχk∥∥qp(·)
} 1

q

.

The non-homogeneous anisotropic Herz space Kα,q
p(·) (A;Rn) associated with the dilation A is

defined by

Kα,q
p(·) (A;Rn) :=

{
f ∈ Lp(·)loc (Rn) : ‖f‖Kα,q

p(·)(A;Rn) <∞,
}

such that

‖f‖Kα,q
p(·)(A;Rn) := ‖f χB0‖p(·) +

{
∞∑
k=0

∥∥bkαfχk∥∥qLp(·)(Rn)

} 1
q

.

Recall that these function spaces coincid with variable Herz spaces when A = 2Id, we refer

the reader to the papers [6] and [9] for further details,historical remarks and more references on

variable Herz spaces.

1.3 Anisotropic Herz-type Hardy spaces with variable expo-
nent

In this section, we will give the definition of anisotropic homogeneous and nonhomogeneous

Herz-type Hardy space with variable exponent.

The nontangential maximal function of f with respect to is defined as

Mϕ(f)(x) := sup
{
b−k|f ∗ ϕ

(
A−k·

)
(y)|, x− y ∈ Bk, k ∈ Z

}
.

The radial maximal function of f with respect to ϕ is defined as

M0
ϕ(f)(x) := sup

k∈Z
b−k|f ∗ ϕ

(
A−k·

)
(x).
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1.3. ANISOTROPIC HERZ-TYPE HARDY SPACES WITH VARIABLE EXPONENT 13

LetMϕ(f) be the grand maximal function of f defined by

MN(f)(x) := sup
ϕ∈AN

Mϕ(f)(x),

the radial grand maximal function of f is

M0
N(f)(x) := sup

ϕ∈AN
M0

ϕ(f)(x),

where

AN =
{
ϕ ∈ S : ‖ϕ‖α,N ≤ 1 for |α| ≤ N,m ≤ N and N is integer ≥ 0

}
.

The following lemma is from [8, Lemma 1].

Lemma 1.2. Let p ∈ P log. For any cubes (balls) P and Q, such that P ⊂ Q, we have

C

(
|Q|
|p|

) 1
p+

≤
‖χQ‖p(·)
‖χP‖p(·)

≤ c

(
|Q|
|p|

) 1
p−

with c, C > 0 are independent of |Q| and |P | .

The next lemma is a Hardy-type inequality which is easy to prove.

Lemma 1.3 ([9]). Let 0 < υ < 1 and 0 < q ≤ ∞. Let {εk}k∈Z be a sequence of positive real numbers,

such that ∥∥{εk}k∈Z∥∥`q = I <∞.

Then the sequences
{
δk : δk =

∑
j≤k υ

k−jεj

}
k∈Z

and
{
ηk : ηk =

∑
j≥k υ

j−kεj

}
k∈Z

belong to `q, and∥∥{δk}k∈Z∥∥`q +
∥∥{ηk}k∈Z∥∥`q ≤ c I,

with c > 0 only depending on a and q.

The anisotropic homogeneous and nonhomogeneous Herz-type Hardy spaces are defined

in the following way.

Definition 1.10. Let α ∈ R, 0 < q ≤ ∞ and p ∈ P0 (Rn).

(i) The homogeneous anisotropic Herz-type Hardy space HK̇α,q
p(·) (A;Rn) is defined as the set of all

f ∈ S ′(Rn) such thatMϕ(f) ∈ K̇α,q
p(·) (Rn) and we put

‖f‖HK̇α,q
p(·)(A;Rn) = ‖MN(f)‖K̇α,q

p(·)(A;Rn) .

(ii) The nonhomogeneous anisotropic Herz-type Hardy space HKα,q
p(·) (A;Rn) is defined as the set of

all f ∈ S ′(Rn) such thatMϕ(f) ∈ Kα,q
p(·) (Rn) and we put

‖f‖HKα,q
p(·)(A;Rn) = ‖MN(f)‖Kα,q

p(·)(A;Rn) .
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Recall that, if p, q, and α satisfy the conditions of definition, then the qausi-norms ‖f‖HK̇α,q
p(·)(A;Rn)

and ‖f‖HKα,q
p(·)(A;Rn) does not depend, up to the equivalence of quasi-norms, on the choice of the

function ϕ and, hence, the spaces HK̇α,q
p(·) (A;Rn) and HKα,q

p(·) (A;Rn) are defined independently

of the choice ϕ.

The anisotropic homogeneous and nonhomogeneous Herz-type Hardy spaces with variable

exponent p but fixed α, q were recently studied by H. Zhao and J. Zhou [16]. In [16], we have

for p ∈ P log with 1 < p− ≤ p+ <∞, 0 < q <∞ and

0 < α < n
(
1− 1

p+

)
,

then

HK̇α,q
p(·) (A;Rn) ∩ Lp(·)loc (Rn\{0}) = K̇α,q

p(·) (A;Rn) ,

and

HKα,q
p(·) (A;Rn) ∩ Lp(·)loc (Rn) = Kα,q

p(·) (A;Rn) .

Also, if p ∈ P log with 1 < p− ≤ p+ <∞ and

n
(
1− 1

p+

)
< α <∞,

then

HK̇α,q
p(·) (A;Rn) ∩ Lp(·)loc (Rn\{0}) $ K̇α,q

p(·) (A;Rn) ,

and

HKα,q
p(·) (A;Rn) ∩ Lp(·)loc (Rn) $ Kα,q

p(·) (A;Rn) .

If the dilation A = 2Id, then these function space coincides with variable Herz-type Hardy

space, we refer the reader to the papers [7], [10], [11] and [14] for further results for these

variable function spaces.
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CHAPTER 2

DECOMPOSITION THEOREMS OF
K̇
α,q
p(·) (A;R

n) AND HK̇
α,q
p(·) (A;R

n)

I n this chaper, we introduce the bloc decoposition of anisotropic Herz spaces in the first

section, and we establish some theory for these space. We present in the secend section of

this chapter the atomic decomposition theorems for Herz-type Hardy spaces, to apply it in the

application two of third chapter.

15



2.1. ATOM 16

2.1 Atom

We begin this section by the definition of block and atoms.

Definition 2.1 ([13],[16]). Let α ∈ R and p(·) ∈ P (Rn).

(i) A mesurable function a(x) is said to be a central (α, p(·))-block if it satisfies

(1) suppa ⊂ Bk, for some k ∈ Z,

(2) ‖a‖Lp(·) ≤ b−kα.

(ii) A function a(x) on Rn is said to be a central (α, p(·))-block of restricted type, if it satisfies the

conditions (2) above and suppa ⊂ Bk, with k ≥ 0.

(iii) For 1− 1
p+
≤ α <∞, p ∈ P (Rn) and non-negative integer s ≥

[(
α− 1 + 1

p+

)
ln b/ lnλ−

]
.

A function a is said to be a central (α, p(·))-atom if it satisfies the conditions (1) and (2) above

and

(3)
∫
Rn x

βa(x)dx = 0, |β| ≤ s.

(iv) A function a on Rn is called a centrale (α, p(·))-atom of restricted type, if it satisfies the

conditions (2),(3) above and

suppa ⊂ Bk with k ≥ 0.

2.2 Block decomposition of K̇α,q
p(·) (A;R

n)

In this section, we present the decomposition theorems of the homogeneous and non-homogeneous

anisotropic variable Herz spaces.

The following two theorems are from [13] when α (·) = α is constant.

Theorem 2.1. Let α ∈ R, 0 < q ≤ ∞ and p ∈ P0 (Rn), the following two statements are equivalentes

(i)- f ∈ K̇α,q
p(·) (A;Rn)

(ii)- f can be represented by

f (x) =
+∞∑

k=−∞

λkak (x) , (2.1)

where the series converges in the sense of distributions, λk ≥ 0, each bk is a central (α, p(·))-block with

support contained in Bk and ( +∞∑
k=−∞

|λk|q
) 1
q ≤ c ‖f‖K̇α,q

p(·)(A;Rn) .

University of M’sila
BAITICHE Yamina

2020/2021 Anisotropic Herz and
Herz-type Hardy spaces



2.2. BLOCK DECOMPOSITION OF K̇α,Q
P (·)
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)
17

Moreover, the norms ‖f‖K̇α,q
p(·)(A;Rn) and inf

(∑+∞
k=−∞ |λk|

q
) 1
q

are equivalent, where the infimum is taken

all over all decompositions of f as in (2.1).

Remark 2.1. Since we use Lemma 1.3 then we eliminate the discussions (0 < p ≤ 1 and 1 < p <

∞ ) given in [13, Proof of Theorem 2.3].

Proof. We first prove (i) implies (ii). For every f ∈ K̇α,q
p(·) (A;Rn), write

f (x) =
+∞∑

k=−∞

f (x)χk (x)

=
+∞∑

k=−∞

bkα ‖fχk‖p(·)
f (x)χk (x)

bkα ‖fχk‖p(·)
=

+∞∑
k=−∞

λkak (x) ,

where λk = bkα ‖fχk‖p(·) and ak (x) = f(x)χk(x)
bkα‖fχk‖p(·)

. It is obvious that suppak ⊂ Bk and

‖ak‖p(·) = b−kα.

Thus, each ak is a central (α, p(·))- atoms with the support Bk and

( +∞∑
k=−∞

|λk|q
) 1
q

=
( +∞∑
k=−∞

∥∥bkαfχk∥∥qp(·) ) 1
q

= ‖f‖K̇α,q
p(·)(A;Rn).

Now we prove (ii) implies (i). Let f(x) =
∑+∞

k=−∞ λkak (x) be a decomposition of f which

satisfies the hypothesis (ii) of Theorem 2.1.

We observe that χj · ak = 0 when 2k < 2j−1 which means that

k < j − 1.

which gives that χj · ak 6= 0 when s that

k ≥ j.

For each j ∈ Z, by the Minkowski inequality

‖fχj‖p(·) ≤
∞∑
k=j

|λk| ‖ak‖p(·) . (2.2)

By definition of atom and from (2.2), it follows that ‖f‖K̇α,q
p(·)(A;Rn) is bounded by

I :=
( +∞∑
k=−∞

bkαq
( +∞∑
j=k

|λj| ‖aj‖p(·)
)q) 1

q
.
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Since 0 < α <∞, then by Lemma 1.3 (with 0 < υ = b−α < 1), we have

I ≤ c
( +∞∑
k=−∞

( +∞∑
j=k

|λj|b−(j−k)α
)q) 1

q ≤ c
( +∞∑
k=−∞

|λk|q
) 1
q
.

This finishes the proof.

By repeating the same arguments used in the proof of Theorem 2.1, we can obtain the de-

composition theorem of the non-homogeneous anisotropic Herz spaces.

Theorem 2.2. Let α ∈ R, 0 < q ≤ ∞ and p ∈ P0 (Rn), the following two statements are equivalentes

(i)- f ∈ Kα,q
p(·) (A;Rn)

(ii)- f can be represented by

f (x) =
+∞∑
k=0

λkak (x) , (2.3)

where the series converges in the sense of distributions, λk ≥ 0, each bk is a central (α, p(·))-block with

support contained in Bk and ( +∞∑
k=0

|λk|q
) 1
q ≤ c ‖f‖Kα,q

p(·)(A;Rn) .

Moreover, the norms ‖f‖Kα,q
p(·)(A;Rn) and inf

(∑+∞
k=0 |λk|

q
) 1
q

are equivalent, where the infimum is taken

all over all decompositions of f as in (2.3).

2.3 Atomic decomposition of HK̇α,q
p(·) (A;R

n)

In this section, we present the atomic decomposition of anisotropic Herz-type Hardy spaces

with one variable exponent.

The following atomic decomposition is given in [16].

Theorem 2.3. Let 1 − 1
p+
≤ α < ∞ and, p(·) ∈ P (Rn) and 0 < q < ∞, and non-negative integer

s ≥
[(
α− 1 + 1

p+

)
ln b\ lnλ−

]
. The following two statements are equivalentes

(i)- f ∈ HK̇α,q
p(·) (A;Rn)

(ii)- f can be represented by

f(x) =
+∞∑

k=−∞

ηkak(x), (2.4)
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where the series converges in the sense of distributions, ηk ≥ 0, each bk is a central (α, p(·))-atom with

support contained in Bk and ( +∞∑
k=0

|ηk|q
) 1
q ≤ C ‖f‖HK̇α,q

p(·)(A;Rn) .

Moreover, the norms ‖f‖HK̇α,q
p(·)(A;Rn) and inf

(∑+∞
k=0 |ηk|

q
) 1
q

are equivalent, where the infimum is taken

all over all decompositions of f as in (2.4).

Proof. First we prove (i) ⇒ (ii). Suppose that f(x) =
+∞∑

k=−∞
ηkak(x), we consider two cases

0 < q ≤ 1 and 1 < q <∞.

Case 1: If 0 < q ≤ 1, it suffices to show that

‖Mϕ(a)‖K̇α,q
p(·)(A;Rn) ≤ C,

holds for any central (α, p(·))-atom with minimal value of s ≥
[(
α− 1− 1

p+

)
ln b\ lnλ−

]
. Since

Mϕ(a) ≈ sup
ϕ∈AN

Mϕ(a) :=M0
N(a),

it suffices to prove that there exists a positive constant C independent of a such that∥∥M0
N(a)

∥∥
K̇α,q
p(·)
≤ C, for N ≥ Nq, (2.5)

where

Nq :=

{
[(1/p− 1) ln b/ lnλ−] + 2 , 0 < p ≤ 1
2 , p > 1

Suppose that suppa ⊂ Bk0 for some k0 ∈ Z. Write

∥∥M0
N(a)

∥∥q
K̇α,q
p(·)

=
∞∑

k=−∞

bkαq
∥∥(M0

Na
)
χk
∥∥q
p(·)

=

k0+ω∑
k=−∞

bkαq
∥∥(M0

Na
)
.χk
∥∥q
p(·) +

∞∑
k=k0+ω+1

bkαq
∥∥(M0

Na
)
.χk
∥∥q
p(·)

=: I1 + I2.

First, we estimate I1. Using the boundedness ofM0
N on Lp(·)(Rn)-norm and the size condition

(2) of a in Definition 2.1, we have

I1 ≤
∥∥M0

Na
∥∥q
p(·)

k0+ω∑
k=−∞

bkαq

≤ C ‖a‖qp(·)
k0+ω∑
k=−∞

bkα ≤ Cb−kαq.
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Next we estimate I2. We need a pointwise estimate ofM0
Na(x) on Ck for k ≥ k0 + ω + 1. Taking

x ∈ Rk, ϕ ∈ SN , l ∈ Z and a polynomiale P of degree ≤ s, which will be specidied later, then

we have

|(a ∗ ϕl)(x)| = b−l
∣∣∣∣∫

Rn
a(y)ϕ(A−l(x− y))dy

∣∣∣∣
= b−l

∣∣∣∣∣
∫
Bk0

a(y)ϕ(A−l(x− y))dy − 0

∣∣∣∣∣
= b−l

∣∣∣∣∣
∫
Bk0

a(y)
(
ϕ(A−l(x− y))dy − P

(
A−l(x− y)

))
dy

∣∣∣∣∣
≤ b−l

∫
Bk0

a(y)dy sup
y∈A−lx+Bk0−l

|ϕ(y)− P (y)|

=: b−l
∫
Rn
a(y)χBk0 (y)dy sup

y∈A−lx+Bk0−l

|ϕ(y)− P (y)|

≤ b−l ‖a‖p(·)
∥∥∥χk0∥∥∥p′(·) sup

y∈A−lx+Bk0−l

|ϕ(y)− P (y)|

≤ bk0−lb−k0(α−1)
∥∥∥χk0∥∥∥p′(·) sup

y∈A−lx+Bk0−l

|ϕ(y)− P (y)| ,

where we have used Hölder’s inequality. Suppose x ∈ Rk whith k ≥ k0 + ω + 1. Then x ∈

Bk0+ω+m+1\Bk0+ω+m, where integer m = k − k0 − ω − 1 ≥ 0. Recall that (see [2, (2.11)])

t1 ∈ Bi and t2 ∈ Bi ⇒ t1 + t2 ∈ Bi+ω, and t1 /∈ Bi+ω and t2 ∈ Bi ⇒ t1 + t2 /∈ Bi,

which gives that

A−lx+Bk0−l ⊂ A−l (Bk0+ω+m+1\Bk0+ω+m) +Bk0−l

= Ak0−l ((Bω+m+1\Bω+m) +B0)

⊂ Ak0−l(Bm)c = (Bk0−l+m)c.

We cosider two cases. If k0 ≥ l then we choose P = 0, and

sup
y∈A−lx+Bk0−l

|ϕ(y)− P (y)| ≤ sup
y∈A−l+Bk0−l

min
(
1, %(y)−N

)
≤ b−N(k0−l+m).

If k0 < l then we choose P to be the Taylor expansion of ϕ at the point A−lx of order s. By the

Taylor Remainder Theorem and 2.5, we have

sup
y∈A−lx+Bk0−l

|ϕ(y)− P (y)| ≤ C sup
z∈Bk0−l

sup
0≤θ≤1

sup
|α|=s+1

∣∣∂αα (A−lx+ θz
)∣∣ |z|s+1

≤ Cλ
(s+1)(k0−l)
− sup

y∈A−lx+Bk0−l

min
(
1, %(y)−N

)
≤ Cλ

(s+1)(k0−l)
− min

(
1, b−N(k0−l+m)

)
.
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Then, for x ∈ Bk0+ω+m+1\Bk0+ω+m,m ≥ 0,

M0
Na(x) = sup

ϕ∈AN
sup
l∈Z
|(a ∗ ϕl)(x)|

≤ b−k0(α+1)
∥∥∥χk0∥∥∥p′(·) max

(
sup

l∈Z,l≤k0
b(k0−l)b−N(k0−l+m)

+ C sup
l∈Z,l>k0

b(k0−l)λ
(s+1)(k0−l)
− min

(
1, b−N(k0−l+m)

) )
.

Notice that the supremum over l ≤ k0 is attained when l = k0 and the supremum over l > k0 is

attained when k0 − l + m = 0, since bλs+1
− ≤ b−N for N ≥ s + 2. Hence, it suffices to check the

maximum value for k0 < l ≤ k0 +m and l ≥ k0 +m. For x ∈ Bk0+ω+m+1\Bk0+ω+m,m ≥ 0, we get

M0
Na(x) ≤ b−k0(α+1)

∥∥χ
k0

∥∥
p′(·) max

(
b−Nm, C

(
bλs+1
−
)−m)

≤ Cb−k0(α+1)
∥∥χ

k0

∥∥
p′(·)

(
bλs+1
−
)−m

,

again by bλs+1
− b−N ≤ 1. Therefor, by s =

[(
α− 1 + 1

p+

)
ln b\ lnλ−

]
and since ‖χ

k
‖p(·) ‖χk‖p′(·) ≤

cb, we have

I2 =
∞∑

k=k0+ω+1

bkαq
∥∥M0

Naχk
∥∥q
p(·)

≤ C
∞∑

k=k0+ω+1

bkαqb(−k0(α+1))q
∥∥∥χk0∥∥∥qp′(·) (bλs+1

−
)−mq ‖χ

k
‖qp(·)

≤ C
∞∑

k=k0+ω+1

bkαqb(−k0(α+1))qbkq
(
bλs+1
−
)−mq (∥∥χk0∥∥p′(·)∥∥χ

k

∥∥
p(·)

)q
≤ C

∞∑
k=k0+ω+1

(
bλ
−(s+1)
− b

α−1+ 1
p+

)(k−k2)q

≤ C.

Case 2: If 1 < q <∞, we have

‖Mϕ(a)‖q
K̇α,q
p(·)

=
∞∑

k=−∞

bkαq ‖(Mϕa)χk‖qp(·)

≤ C
∞∑

k=−∞

bkαq
( ∞∑
l=−∞

|ηl|
∥∥M0

Nal.χk
∥∥
p(·)

)q
≤ C

∞∑
k=−∞

bkαq
( k−ω−1∑
l=−∞

|ηl|
∥∥M0

Nal.χk
∥∥
p(·)

)q
+ C

∞∑
k=−∞

bkαq
( ∞∑
l=k−ω

|ηl|
∥∥M0

Nal.χk
∥∥
p(·)

)q
=: J1 + J2.
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By Hölder inequality, it follows that

J2 ≤ C

∞∑
k=−∞

bkαq
( ∞∑
l=k−ω

|ηl| b−lα
)q

≤ C
∞∑

k=−∞

bkαq
( ∞∑
l=k−ω

|ηl|q b−lαq/2
)( ∞∑

l=k−ω

b−lαq
′/2
)q/q′

≤ C
∞∑

k=−∞

bkαq/2
( ∞∑
l=k−ω

|ηl|q b−lαq/2
)

≤ C

∞∑
l=−∞

|ηl|q b−lαq/2
( l+ω∑
k=−∞

bkαq/2
)

≤ C
∞∑

l=−∞

|ηl|q <∞.

Using the same estimate of I2 forM0
Nal, when k ≥ l + ω + 1, we have∥∥(M0

Na
)
χk
∥∥ ≤ Cb−l(α+1)

(
bλs+1
−
)l+ω+1−k ‖χBl‖p′(·) ‖χBk‖p(·)

≤ Cb−l(α+1)+kb
(l−k)(1− 1

p+
) (
bλs+1
−
)l+ω+1−k

.

Let z = λs+1
− bα−δ2 . Then, by z < 1,

J1 = C
∞∑

k=−∞

bkαq
( k−ω−1∑
l=−∞

|ηl|
∥∥M0

Nal.χk
∥∥
p(·)

)q
≤ C

∞∑
k=−∞

bkαq

{
k−ω−1∑
l=−∞

|ηl| b−l(α+1)+kb
(l−k)(1− 1

p+
) (
bλs+1
−
)l+ω+1−k

}q

≤ C
∞∑

k=−∞

zkq
( k−ω−1∑
l=−∞

|ηl| z−l
)q

Since z < 1, then by Lemma 1.3 (with 0 < υ = z < 1), we have

J1 ≤ C
∞∑

k=−∞

( k−ω−1∑
l=−∞

|ηl| zk−l
)q

≤ C

∞∑
l=−∞

|ηl|q <∞.

The proof of (ii)⇒ (i) is included in given in the proof of [16, Theorem 2.2]. Hence the proof of

this Theorem is complete.

Remark 2.2. It is easy to see that, for the case 0 < q ≤ 1, if we remove the condition suppak ⊂ Bk,

then the conclusion of Theorem 2.3 is also true.
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CHAPTER 3

APPLICATIONS

I n this chapter we present the boundedness of some bilinear operators on anisotropic variable

Herz and anisotropic Herz-type Hardy spaces. Firstly, we see in first section the result of

[13, Theorem 3.1] and in the secend section, we present the result of [16, Theorem 4.1].
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3.1 Application on K̇α,q
p(·) (A;R

n)

In the folowing section, we present the result of [13, Theorem 3.1] (when the exponent α is con-

stant) concerning the boundedness of some sublinear operators T satisfying the size condition

|Tf(x)| .
∫
Rn

|f(y)|
σ(x− y)

dy, x /∈ supp f (3.1)

for integrable and compactly supported functions f .

Theorem 3.1. Let α ∈ R, 0 < q ≤ ∞ and p ∈ P (Rn) . If p is log-Hölder continuous, both at the origin

and at infinity and 0 < α < 1−1/p+. If a sublinear operator T satisfies (3.1) for any integrable function

f with a compact support and T is bounded on Lp(·)(Rn), then T is bounded on K̇α,q
p(·) (A;Rn) .

Remark 3.1. Since we use Lemma 1.3 then we eliminate the discussions (0 < p ≤ 1 and 1 < p <

∞ ) given in [13, Proof of Theorem 3.1].

Proof. We must show that

‖Tf‖K̇α,q
p(·)(A;Rn) ≤ c ‖f‖K̇α,q

p(·)(A;Rn)

for all f ∈ K̇α,q
p(·) (A;Rn). Using Theorem 2.1, we may assume that

f =
+∞∑
i=−∞

λiai

where λi ≥ 0 and ai’s are (α, p(·))- atom with suppai ⊆ Bi. We have

‖Tf‖K̇α,q
p(·)(A;Rn) ≈

(
+∞∑

k=−∞

bkαq

(
+∞∑
i=−∞

λiai ‖Tai · χk‖p(·)

)q)1/q

.

(
+∞∑

k=−∞

bkαq

(
k−θ−1∑
i=−∞

λi ‖Tai · χk‖p(·)

)q)1/q

+

(
+∞∑

k=−∞

bkαq

(
+∞∑
i=k−θ

λi ‖Tai · χk‖p(·)

)q)1/q

=: J1 + J2.

Let us first estimate J1. By the condition (3.1) and the fact if x ∈ Rk, y ∈ Bi and i ≤ k − θ − 1,

then

σ(x− y) ≥ b−θσ(x)− σ(y) ≥ b−θσ(x)− b−θ−1σ(x) = b−θ
(

1− 1

p

)
σ(x),
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we get

|Tai (x)| .
∫
Bi

|ai (y)|
σ(x)

dy

≤ cb−k
∫
Bi

|ai (y)| dy,

by generalized Hölder inequality with 1
p(·) + 1

p′(·) = 1, the condition (ii) in Definition 2.1 and

Lemma 1.2, we get

|Tai (x)| . b−k ‖ai‖p(·) ‖χBi‖p′(·)
≤ cb−k−i(α−1+1/p+)

which gives

‖Tai · χk‖p(·) ≤ cb−k−i(α−1+1/p+)‖χ
k
‖p(·)

≤ cbk(−1+1/p+)−i(α−1+1/p+),

then, J1 is bounded by

J1 .

(
+∞∑

k=−∞

(
k−θ−1∑
i=−∞

λib
(k−i)(α−1+1/p+)

)q)1/q

.

By Lemma 1.3 (with 0 < a = bα−1+1/p+ < 1), we have

J1 .

(
+∞∑

k=−∞

(
k−θ−1∑
i=−∞

λib
(k−i)(α−1+1/p+)

)q)1/q

.

(
+∞∑

k=−∞

λqi

)1/q

≤ c‖f‖K̇α,q
p(·)(A;Rn).

Let us estimate J2. By the Lp(·)(Rn)-boundedness of T , definition of atom we obtain

J2 .

(
+∞∑

k=−∞

bkαq

(
+∞∑
i=k−θ

λi ‖ai‖p(·)

)q)1/q

≤

(
+∞∑

k=−∞

(
+∞∑
i=k−θ

λib
−(i−k)α

)q)1/q

,
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since α is non negative number, then by Lemma 1.3 (with 0 < υ = b−α < 1), we have

J2 .

(
+∞∑

k=−∞

(
+∞∑
i=k−θ

λib
−(i−k)α

)q)1/q

.

(
+∞∑

k=−∞

λqi

)1/q

≤ c‖f‖K̇α,q
p(·)(A;Rn).

A combination of estimations of J1 and J2 finish the proof of Theorem 3.1.

3.2 Application on HK̇α,q
p(·) (A;R

n)

In this section, we give an application of the atomic decomposition of HK̇α,q
p(·) (A;Rn).

Theorem 3.2 ([16]). Let 1 − 1
p+
≤ α < 1 − 1

p+
+ ln b\ lnλ−, 0 < q < ∞, and p ∈ P(Rn). If a linear

operator T satisfies

Tf =
∑
i∈N

λiTai in S ′ , if f =
∑
i∈N

λiai in S ′. (3.2)

for evry central atomic decomposition, is bounded on Lp(.)(Rn) and, for any f ∈ Lp(·)(Rn) whith compact

support Bk,
∫
Rn f(x) = 0, T satisfies the following size condition

|Tf(x)| ≤ C
bk ‖f‖1

σ2(x)
, if inf

y∈suppf
% (x− y) ≥ b−θ

(
1− 1

b

)
%(x), (3.3)

then T is an operator bounded fromHK̇α,q
p(·) (A;Rn)

(
or HKα,q

p(·) (A;Rn)
)

into K̇α,q
p(·) (A;Rn)

(
or Kα,q

p(·) (A;Rn)
)
.

Proof. We only prove the homogeneous case, the proof of the nonhomogeneous case is similar.

It is necessary to show that

‖Tf‖K̇α,q
p(·)

. ‖f‖HK̇α,q
p(·)
,

for all f ∈ HK̇α,q
p(·) (A;Rn) . By using Theorem 2.3, we can write f as

f(x) =
+∞∑
j=−∞

ηjaj(x),

where each aj is a central (α, p(·))-atom with support contained in Bj , and

‖f‖HK̇α,q
p(·)
∼ inf

(
∞∑

k=−∞

|ηk|q
)1/q

.
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By condition (3.2), we write

‖Tf‖q
K̇α,q
p(·)(A;Rn)

=
∞∑

k=−∞

bkαq ‖(Tf)χk‖qp(·)

.
∞∑

k=−∞

bkαq

(
k−θ−1∑
j=−∞

|ηj| ‖(Tal).χk‖p(·)

)q

+
∞∑

k=−∞

bkαq

(
∞∑

j=k−θ

|ηj| ‖(Tal).χk‖p(·)

)q

=: I1 + I2.

First, we estimate I1. If j ≤ k − θ − 1, x ∈ Rk, and y ∈ Bj, then

σ(x− y) ≥ b−θσ(x)− σ(y)

≥ b−θσ(x)− b−θ−1σ(x)

= b−θ
(

1− 1

b

)
σ(x).

By the last estimate and generalized Hölder’s inequality with 1
p(·) + 1

p′(·) = 1, we can obtain the

following estimate

|Taj(x)| ≤ C
bj ‖aj‖1

σ2(x)

≤ Cbj+2−2k ‖aj‖p(·)
∥∥χBj∥∥p′(·) .

By the condition (2) of the atom a and since ‖χBk‖p′(·) ‖χBk‖p(·) ≈ |Bk| and Lemma 1.2, we get

‖Taj · χk‖p(·) ≤ Cbj+2−2k ‖aj‖p(·)
∥∥χBj∥∥p′(·) ‖χk‖p(·)

≤ Cbj+2−2k ‖aj‖p(·)

∥∥χBj∥∥p′(·)
‖χBk‖p′(·)

|Bk|

≤ Cbj+2−2kb(j−k)(1−1\p+)−jα.

The case when 0 < q ≤ 1.
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If 0 < q ≤ 1, noting that (1− 1
p+

)− α + 1 > 0, we deduce

I1 =
∞∑

k=−∞

bkαq
( k−θ−1∑
j=−∞

|ηj| ‖(Taj).χk‖
p(·)

)q
≤ C

∞∑
k=−∞

bkαq
( k−θ−1∑
j=−∞

|ηj| b(j+2−2k)b(j−k)(1−1\p+)q−jαq
)

≤ C

∞∑
j=−∞

|ηj|q
( ∞∑
k=j+θ+1

b−(k−j)((1−1\p+)−α+1)q
)

≤ C
∞∑

j=−∞

|ηj|q . (3.4)

The case when 1 < q <∞.

By Lemma 1.3 (with 0 < υ = b−((1−1\p+)−α+1) < 1), we have

I1 ≤
∞∑

k=−∞

bkαq
( k−θ−1∑
j=−∞

|ηj| b(j+2−2k)b(j−k)(1−1\p+)−jα
)q

≤ C
∞∑

k=−∞

( k−θ−1∑
j=−∞

|ηj| b−(k−j)((1−1\p+)−α+1)
)q

≤ C
∞∑

k=−∞

|ηk|q . (3.5)

Next we estimate I2. By the Lp(·)-boundedness of T , the condition (2) of the atom a and Lemma

1.3 (with 0 < υ = b−α < 1), we get

I2 =
∞∑

k=−∞

bkαq
( ∞∑
j=k−θ

|ηj| ‖(Taj).χk‖
p(·)

)q
.

∞∑
j=−∞

( ∞∑
j=k−θ

|ηj| b−(j−k)α
)q

≤ C

∞∑
j=−∞

|ηj|q . (3.6)

Thus, by (3.4), (3.5) and (3.6) we complete the proof of this Theorem.
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  :مذكرةالملخص 

ص واالخ ةمتباین "هاردينمط -هارز"فضاءات  و متباینة الخواص "هارز"فضاءات قدمنا  في هذه المذكرة

 خیر درسناوفي الأ ،ساسیة لهذه الفضاءاتص الأصائالخعطینا بعض أحیث  ،متغیرال دلیلالذات 

نمط - هارز"و فضاءات  متباینة الخواص "هارز"فضاءات الخطیة في  تحتالمؤثرات  محدودیة بعض

                                    .لهذه الفضاءاتنظریات التفكیك  باستعمال صواالخ ةمتباین "هاردي

     

 ،صواالخالمتباین  هاردينمط -ارزهفضاءات  ،صواالمتباین الخ فضاءات هارز :الكلمات المفتاحیة

 .دلة متغیرةأ ،مؤثرات تحت الخطیة ،نظریات التفكیك

 

Résumé de thèse: 

Dans cette thèse, nous avons présenté les espaces de Herz anisotropes et 

de Herz -type Hardy  anisotropes avec un exposant variable, où nous donnons 

quelques propriétés de base de ces espaces, et à la fin nous avons étudié la 

continuité de certains opérateurs sous-linéaires dans les espaces de Herz 

anisotropes et de Herz-type Hardy anisotropes en utilisant les théorèmes de  

décomposition de ces espaces.  

Mots clés : Espaces de Herz anisotropes, Espaces de Herz-type Hardy 

anisotropes, Théorèmes de décomposition, Opérateurs sous linéaire, Exposant 

variable. 

  

Abstract of thesis:  

In this thesis, we have presented the anisotropic Herz spaces and 

anisotropic Herz -type Hardy spaces with variable exponent, where we give 

some basic properties of these spaces, and finally we studied the boundedness of 

some sublinear operators in anisotropic Herz and anisotropic Herz – type Hardy 

spaces by using the decomposition theorems of these spaces. 

Key words: Anisotropic Herz spaces, Anisotropic Herz-type Hardy spaces, 

Decomposition theorems, Sublinear operators, Variable exponent. 
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