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Introduction

Topology is one of the branches of mathematics that received great im-
portance in studies due to its enormous applications in limited sets, discrete
sets, and geometric spaces.

Lotfi Zadeh introduced in 1965 [14] the concept of the fuzzy set to treat mys-
terious phenomena by generalizing the concept to ordinary sets, the concept
to of the fuzzy set was extended to fuzzy topology in 1968 by Chang [3], of
general topology to the fuzzy topological spaces.

In 2018, Mishra [IT] presented a fuzzy topology resulting from a fuzzy relation
by giving some related concepts and properties, for a fuzzy topology gener-
ated by a fuzzy relation, a fuzzy topology generated by a fuzzy interval order
[11].

The concept of fuzzy topology has been extended to the type-2 fuzzy topology
with the proof of topological spaces and many related theorems [I]. The aim
of this work, is to study how to construct a type-2 fuzzy topology by means
of a type-2 fuzzy relation, based on the extension of concepts previously in-
troduced by Mishra.

This memory contains four chapters:

In the first chapter, we mention the fuzzy sets and their operations(union,
intersection) presented by Zadeh [14], and the fuzzy relations and their oper-
ations(union, intersection and composition). In addition to the fuzzy topology
by Chang [3].

In the second chapter, we give the concept of the type-2 fuzzy sets, type-2
fuzzy relations and the type-2 fuzzy topology, and the operations on them.
In the third chapter, we present Mishra’s(2018) work on the topology result-
ing from a fuzzy relation.

In the fourth chapter, based on concepts introduced by Mishra, we attempt

to create a type-2 fuzzy topology generated by type-2 fuzzy relation.



Chapter 1

Preliminary on fuzzy sets, a-cuts,
t-norms, fuzzy relations, fuzzy topology

In this chapter, we address the concept presented by Lotfi Zadeh about fuzzy sets and
the operations on them, where we find some definitions and operation in the fuzzy set
that are an extension of the normal set, such as simple operations (intersection, union)
and other concepts that do not apply, such as the principle of non-contradiction. We also
mention the definition of fuzzy relation and fuzzy topology and the processes that place

on them.

1.1 Fuzzy sets

In this section, we define a fuzzy set, giving some properties and the operations that take

place on it.

Definition 1.1 [T}/ A fuzzy set in X is Characterized by a membership (Characteristic)

function pa: X — [0,1], called the membership function of A.

pa: X —[0,1]

r — pa(z).

Example 1.2 Let X ={0,1,2}

a fuzzy set A= {(0,0.2),(1,0.4),(2,0.6)} .
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1.1.1 Operations on Fuzzy Sets

Definitions and operations that include fuzzy sets are obvious extensions of the defini-
tions corresponding to the normal set. The basic operations in the fuzzy set provided by

Zadeh are containment, equality, union, intersection and complement.

Definition 1.3 [7j)

-Containment: Let A and B two fuzzy sets. We say that set A contained in B (A C B) if
pa(x) < pp(z), Vo € X.
-Equality: Two fuzzy sets A and B are equal, A = B if and only if

pa(z) = pup(x), Ve € X.

-Union: Two fuzzy sets A and B, whose membership functions is related to those of A

and B, is the union of two fuzzy sets A and B with respective membership functions pia(x)
and pp(x).

pavp(x) = max {pa(@), pp(z)}, Vo € X.

or, in abbreviated form

tauB = pHaA NV B

-Intersection: The intersection of two fuzzy sets A and B with respective functions pa(z)
and pp(x) is a fuzzy set AN B, whose membership function is related to those of A and

B

anp(x) = min {pa(2), pup(2)} , Vo € X

or, in abbreviated form

HAnB = A N\ B

-Complement: The complement of a fuzzy set A is denoted by A and is defined by
pilz)=1—pa(z), Vo e X.

Example 1.4 Let A and B two fuzzy sets, where X = {1, xs,23} .

CHAPTER 1. PRELIMINARY ON FUZZY SETS, a-CUTS, Page : 2
T-NORMS, FUZZY RELATIONS, FUZZY TOPOLOGY
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A= {(1’1, 03), (lL‘Q, 06), ([Eg, 0)} .
B= {(1'1, 02), (I‘Q, 08), ((L’g, 04)} .

The union two fuzzy sets A and B, for x = x1 :

pav(z1) = max{pa(r1), up(r1)}

= max{0.3,0.2}
= 0.3
Forx = x5 :
pavp(r2) = max{pa(za), pup(r2)}
= max{0.6,0.8}
= 0.8
For x = x5 :

pavp(rs) = max{pa(zs), pp(rs)}
= max{0,04}

= 04

AUB = {(21,0.3), (22,0.8), (x3,0.4)} .

In the same way we calculate the intersection: panp(x1) = 0.2, panp(r2) = 0.6,

tans(xs) = 0.
Hence, AN B = {(x1,0.2), (x4,0.6), (x3,0)}.

—A is complement of a fuzzy set A then

pa(zr) = 1—pazr)
= 1-03

= 0.7

pi(ze) =04 and pi(zs) =1

A= {(171, 07), (ZL‘Q, 04), (Ig, 1)} .

CHAPTER 1. PRELIMINARY ON FUZZY SETS, a-CUTS, Page : 3
T-NORMS, FUZZY RELATIONS, FUZZY TOPOLOGY
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1.1.2 Cartesian product

Definition 1.5 [8/ Cartesian product applied to multiple fuzzy sets can be defined as
follows.

Let pia, (), pa,(x), ..., a, () as membership functions of Ay, As, ..., Ay,

for Yx1Aq,...,x, € A,. then, the probability for n-tuple (x1,xs,...,x,) to be involved in

fuzzy set Ay x Ay X ... X A, is, Py s A x Ay, (L1, Ty ooy T) = N [f14, (21), ey 14, (20)] -

Example 1.6
Lets X = {x1,29,23},Y = {y1,y2} and lets Ay, A, are two fuzzy subsets respectively

defined on X and Y given by :

A1 = {(.Th 02), (IQ, 05), (]33, 01)} y A2 {(yl; 01), (y27 06)} .

parxa, = {{(x1,91),0.1);{(71,92),0.2) ; ((2,91),0.1) ;

((72,92),0.5) ; {((w3,91),0.1) 5 (w3, 92),0.1) } .
1.1.3 « — Cutset

Definition 1.7 [8/ The o — cutset A, is made up of members whose membership is not

less then a.

A, ={x € X| pa(x) > a}.
Proposition 1.8 [7] Lets A and B two fuzzy sets on X. then,
1. (AUB), = A, U B,.
2. (ANB)y = Ay N B,.
3. (A)g # A,
4. For any a < A\, where 0 < X\ < 1, it is true that Ay C A,, where Ay = X.

Example 1.9

Let X ={1,2,3,4,5} and A be a fuzzy subset of X where :

CHAPTER 1. PRELIMINARY ON FUZZY SETS, a-CUTS, Page : 4
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A =1{(1,0.2),(2,0.5),(3,0.4),(4,0.9), (5, 1)} , B = {(1,0.1), (2,0.2), (3,0.3), (4,0.4), (5,0.5)} .
The o — cuts of the fuzzy set A are:

Apo = {z € Xpa(z) > 02} ={1,2,3,4,5}.
Aps = {z € X, pa(z) > 0.5} = {2,4,5} .
Aoa = {z € X, pia(z) > 0.4} = {2,3,4,5} .
Avg = {2 € X, pa(z) > 0.9} = {4,5}.

A ={z € X, pa(z) > 1} = {5} .

The union 1s :

(AUB)o4a = ApsUDBya
= {2,3,4,5} U{4,5}

= {2,3,4,5}
The intersection 1s:

(ANB)osa = AoaN By
= {2,3,4,5} N {4,5}
= {4,5}
1.1.4 T-norms and T-conorms

Definition 1.10 [12] A triangular norm or "t-norm" is binary operation on [0,1], and

a common practice is to denote them by T, and write
T :[0,1] x [0,1] — [0,1], Vx,y € [0,1]
satisfying following conditions:
1. Commutativity T(x,y) = T(y, x)
2. Associativity T(x, T (y, 2)) = T(T(z,y), 2)
3. Monotonicity T'(z,y) < T(x,z) (y < 2)

4. Identity T'(x,1) =x

CHAPTER 1. PRELIMINARY ON FUZZY SETS, a-CUTS, Page : 5
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Example 1.11 Ty (z,y) = min(xz,y) =z Ay

Ty - [0,1] x [0,1] — [0, 1]

Let x,y € [0,1] = Ty (z,y) = min(z,y) = min(y,z) = Ty (y, x).

Let x € [0,1] = 2 < 1= Ty(z,1) = min(z,1) = z.

Ty(z,y) = mazx(z +y—1,0).

Ty, :[0,1] x [0,1] — [0, 1]

Let x,y € [0,1] = Tr(z,y) = max(z +y —1,0) = mazx(0,x +y — 1) = T1(y, z).

let x €[0,1] = 2>0=T(z,1) = max(x+1—1,0) = maz(x,0) = x.

Definition 1.12 [72] A triangular cnorm (t-conorm) is a binary operation on [0,1] if
only if

1. Commutativity T'(z,y) = T'(y, x)

2. Associativity T(x,T(y, z)) = T(T(z,y), 2)

3. Monotonicity T(x,y) < T(z,z) (y < =z)

4. Identity T'(z,0) =«

Example 1.13 Let Ty(z,y) = max(z,y)
Ty 2 [0,1] x [0,1] — [0, 1]
Let T,y € [07 1] = TM(xay) = max(x,y) = max(y,:v) = TM(wa)

Letz € [0,1] = 2 > 0= Ty(z,0) = x.

CHAPTER 1. PRELIMINARY ON FUZZY SETS, a-CUTS, Page : 6
T-NORMS, FUZZY RELATIONS, FUZZY TOPOLOGY
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1.2 Fuzzy relations

Definition 1.14 [75] fuzzy relation from X to Y is a fuzzy subset of X XY characterized
by a membership function ur : X XY — [0, 1], which associates with each pair (z,y) its

"grade of membership " ur(x,y) in R
R ={(z,y), pr(z,y)[(z,y) € X x Y} .

1.2.1 Operations on fuzzy relations

Definition 1.15 (Containment)[9] The containment of a fuzzy relation R in a fuzzy

relation @) is denoted by R C Q and is defined ur < g, which means

pr(z,y) < po(z,y),¥(z,y) € X x Y.

Definition 1.16 (Union)[9] The union of R and @Q is denoted by R U Q and is defined

by Hrug = PR V fiq, that is
prug(r,y) = max {ur(z,y), no(z,y)}, (z,y) € X x Y.

Definition 1.17 (Intersection)[9] The intersection of R and @ is denoted by R N Q

and is defined by pirng = pr A 1iq, that is
proQ(®, y) = min {ur(z,y), po(,y)}, (v,y) € X x Y.
Definition 1.18 (complement)[9] The complement of R is denoted by R is defined by
pr =1 — pr.

Example 1.19 Lets R and @ two fuzzy relations on X x X, where X = {x,y,2},

represented by its matrices Mg and Mg which are defined by the arrays :

R| =z Yy z Q| x y z
x| 1 10206 x| 1 10305
and
y |08 1 |05 y | 070906
z 0807 1 210802 0
CHAPTER 1. PRELIMINARY ON FUZZY SETS, o-CUTS, Page : 7
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The matrices Mg and Mg correspond to the two fuzzy relations R UQ and RN Q

RUQ | =z Y z RNQ | x Y z
x 1 10306 x 1102105
and
Y 0.8 1 |06 Yy 0.71 0.9 0.5
z 0.80.7| 1 z 0.3102] 0

R is complement of a fuzzy relation R, so

x Y z
010804
0.2 0 | 0.5
0.7 08| 0

SRS RS

Definition 1.20 composition of fuzzy relation(max-min composition)[16]

Let R(z,y), (z,y) € X XY and Q(y,z2),(y,2) € Y x Z be two fuzzy relations. The

maz-min composition R max-min ) is then fuzzy set
RoQ ={(x, z) max {min(ug(z,v), po(y, 2))} . x € X,y € Y,z € Z}.

Example 1.21 Let RC X XY and QQ CY X Z two fuzzy relations as follows :

Q 21 22 z3

R hn Yo Y3

x1 | 0.1]10.8) 0.3 and yi | 0.2 0.6 0.7
xo | 0.4 102106 y2 | 0.9 0.3 0.5
— ' ‘ ys | 0.4 0.5 0.8

The composition is R o )

ROQ 21 Z9 zZ3
1 0.1]0.3] 0.5
2o | 04 0.5] 0.6

1.3 Fuzzy topology
In order to give an overview of a fuzzy topology, we present the following definition, which
includes a set of illustrative examples.

Definition 1.22 [3] A fuzzy topology is a family T of fuzzy sets in X which satisfies the

following conditions:

CHAPTER 1. PRELIMINARY ON FUZZY SETS, a-CUTS, Page : 8
T-NORMS, FUZZY RELATIONS, FUZZY TOPOLOGY
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1. 0,X eT.
2. A BerT, then ANBe€T.
3. If A; € T for each i € I, then UrA; € 7.
T is called a fuzzy topology for X, and the pair (X, T) is a fuzzy topological space.

Example 1.23 Let X = {z,y} and 0, X and A be three fuzzy sets such that :
0= {(z,0),(y,0)}; X = {{z,1) . (y, D}

A= {(z,0.8),(y,0.3)}.

DNA={{z0),(y,00} =0; X NA={(z,0.8),(y,03)} = A
DUA={(2,08),(y,03)} =A: X UA={(z,1),(y, N} = X

So T ={0, X, A} is fuzzy topology and (X, T) is fuzzy topologies space.

Definition 1.24 (fuzzy neighborhood )[3]
A fuzzy set Uin a fts (X, 7) is a neighborhood, or nbhd for short, of a fuzzy set A if and

only if there exists an open fuzzy set 0 such that AC 0 C U.

CHAPTER 1. PRELIMINARY ON FUZZY SETS, a-CUTS, Page : 9
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Chapter 2

type-2 ftuzzy sets,type-2 fuzzy
relations and type-2 fuzzy topology

2.1 Type-2 fuzzy sets

[10] In this section, we define type-2 fuzzy sets and some important associated concepts.
By doing this, we provide a simple collection of mathematically well-defined terms that

will let us effectively communicate about type-2 fuzzy sets.

Definition 2.1 [10] A type-2 fuzzy set, denoted A is characterized by a type-2 member-

ship function p :(z,u), where v € X and u € J, C [0,1]:

A= {((x,u),uj(:v,u)) |V € X,Yue J, C [0,1]}.

in which 0 < pz(z,u) < 1. A can also be expressed as

A=3"% wa(a,w) /(2 u) T, € [0,1].

xeX u€Jy

Example 2.2 Let X = {x,x2,23} and A type-2 fuzzy set in universe X.

A ={((21,0.1),0.2), ((2,0.4),0.6), ((2,1),0.5), ((3,0.7),0.3)} .
2.1.1 Operations on type-2 fuzzy sets

Consider the following two type-2 fuzzy sets A and B in the universe X. Let p i) and

iy be the these membership grades, which are indicated for each x € X,

Fiw = > fo(u)/u and Hoaw = > g.(w)/w, where correspondingly u € J¥ w €

ueJY weJ¥

10
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J¥ indicate x and y primary membership f.(u), g ,(w). The secondary membership
(grades) of |0,1] are indicated x. The membership rating for the type-2 fuzzy sets union,
intersection, and complement A and B have been defined as following way

Containment:|7] Aisa type-2 fuzzy set of B denoted A C Bifu < wand fo(u) <g.(w)

for every xe X

Equality:|[7] A and B are equal type-2 fuzzy sets, denoted A= Bifu=wand

Fulw) = 13 (2, u0) = gu(w) = (@, w) for every o € X.
Join and meet

Define union and the intersection of two operations join and meet, where Ll is join and M
is meet. The notation u z(x)Up () indicates the join between two membership functions
() and pg (), and pz (2)Mp g (7) indicates the meet between two membership functions
p:(z) and pg(z). Explained as follows:

Union:[6] The union of two type-2 fuzzy sets

@) = piE)U Mé(ﬂﬂ)

ueJY wEJw

Intersection:|[6] The intersection of two type-2 fuzzy sets

Y
o
(>
=

N inp@) = pz@)Npge)

= 30D (Felw) A gelw)/(u Aw). (2.2)

ueJ¥ weJ¥
where V represents the max t-conorm and A represents a t-norm.

complement:[0]

(z) = —nj;)
= Y falw)/(1—u). (2.3)

ueJY
Where,— represent negation operation. The notation —u j(:c) indicates the negation of

the secondary membership function p :(z).

CHAPTER 2. TYPE-2 FUZZY SETS, TYPE-2 FUZZY Page : 11
RELATIONS AND TYPE-2 FUZZY TOPOLOGY
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Example 2.3 Let X = {z1, 29,23} be a nonempty set, and let A and B two type-2 fuzzy

sets in universe X.

A= {((21,0.2),0.1), ((x1,0.4),1), ((22,0.3),0.1), ((x3,0.5), 1), ((x3,0.6),0.3) } .
B= {((21,0.3),0.1), ((22,0.5),0.3), ((x2,0.1),1), ((x3,0.2), 1), ((x3,0.3),1)} .
/Zluéforx:xl:

0.1/A0.1 1A0.1

0.2v0.3 * 0.4v0.3
0.1 0.1

03 04
= {(0.3,0.1),(0.4,0.1)}

Forz=21: AUB = {((21,0.3),0.1), ((1,0.4),0.1)} .
jUéforx:xg:

0.1A0.3 0.1A1

0.3Vv0.5 * 0.3VvO0.1
0.1 0.1

05 03
= {(0.5,0.1),(0.3,0.1)}

Fora=as: AUB = {((2,0.5),0.1), ((x2,0.3),0.1)} .

jUBfOTQ?IZ'gZ

INA1 IA1 0.3A1 0.3A1

0.5Vv0.2 * 0.5Vv0.3 * 0.6Vv0.2 * 0.6Vv0.3
1 1 03 03

05 0570606
— {(05,1),(0.6,0.3)}

Forz=x3: AUB = {((x3,0.5), 1), ((x3,0.6),0.3)} .

Hence,

SY

UB = {((21,0.3),0.1), ((21,0.4),0.1), (2, 0.5),0.1),

((22,0.3),0.1), ((23,0.5), 1), (23, 0.6), 0.3)} .

Example 2.4 with the same values as the previous example(example 2.1), we study the

intersection.

CHAPTER 2. TYPE-2 FUZZY SETS, TYPE-2 FUZZY Page : 12
RELATIONS AND TYPE-2 FUZZY TOPOLOGY



2.1. TYPE-2 FUZZY SETS 13
f:l N é forx =1
() = 01A01 1Al
HinB\" = 097003 T 04405
_ 01
02 04
= {(0.2,0.1),(0.4,1)}
AN B = {((21,0.2),0.1), ((21,0.4), 1)} .
f:lﬂéforx:xg:
(2y) = 01703  01A1
Fins\") = 03805 T 03A01
_ 01 01
03 0.1
= {(0.3,0.1),(0.1,0.1)}
AN B = {((22,0.3),0.1), ((22,0.1),0.1)} .
/:1 N é for x = x3
() 1Al IAL 0341 0.3A1
HinB\") = 057802 05703  06A02  0.6A0.3
o1, 1 03 03
02 03 02 03
= {(0.2,1),(0.3,1),(0.2,0.3),(0.3,0.3)}
AN B ={((23,0.2),1), ((x3,0.3),1), ((x3,0.2),0.3), ((x3,0.3),0.3)} .
Hence,
ANB = {((21,0.2),0.1), ((x1,0.4), 1), ((,0.3),0.1),
((x% Ol)a 01)7 ((1’3, 02)7 1)7 ((.Ts, O2)a 03)} .
Example 2.5 (complement)
Let X = {x1,x9, 23} be a nonempty set, and f:l type-2 fuzzy set in universe X.
A= {((1,0.4),1), ((21,0.7),0.2), ((x2,0.3),0.1), ((x3,0.6), 1), ((x3,0.2),0.3) } .
CHAPTER 2. TYPE-2 FUZZY SETS, TYPE-2 FUZZY Page : 13
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Forx =z, :

1 |
(#) = o1 107
1
06 03
{((21,0.6), 1), ((21,0.3), 1)}

]

Forx = x,:

0.1 0.1
1-03 0.7

]
|

Forx = x5 :

1 . 0.3
1-06 1-0.2

1 0.3

:Bzz|
Il

04" 08
= {((£5,0.4),1), ((z3,0.8),0.3)}

50 A= {((21,0.6), 1), (21,0.3),0.2), (3, 0.7),0.1), (5, 0.4), 1), (5, 0.8),0.3)} .

Theorem 2.6 [13] Assume that 14:1, é and é are type-2 fuzzy sets on X. For any x € X, If

secondary membership functions ,uj(m), ué(:v) and #5(1') are convex fuzzy sets, we obtain

ne) (2.4)

N
o

(fluf?)m(f’:( mé)u(

and

(ANB)UC =(AUC)N(BUC) (2.5)

Proof. [13] For any x € X, since secondary membership functions p:(z), uz(r) and

pz(x) are convex T1 fuzzy sets in [0,1], from [1], they satisfy distributive laws under U

and M.

As a result, we obtain

CHAPTER 2. TYPE-2 FUZZY SETS, TYPE-2 FUZZY Page : 14
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and

U
Operations under collection of type-2 fuzzy sets [I]
Let {121Z s N} be an arbitrary collection of type-2 fuzzy sets subset of X such that N is

a countable set, operation are possible under an arbitrary collection of type-2 fuzzy sets.

1. The union | J;.y A is defined as

Ui

1€EN

Z Z ZGN fm(l)? (26)

u
zeX ueJ¥ ZGN

2. The intersection (), A; is defined as

NilG

1€EN

L5 e

reX ueJY

Proposition 2.7 [ Let {fll 1€ N} be an arbitrary collection of type-2 fuzzy sets sub-

set of X such that N is a countable set and B be another type-2 fuzzy set of X, then

1 50|UA] - U (BnA)
teN ieN
2 BU|NA| = n (BUA)
1€N 1€N
31— |ULl=n(1- 4
YA=06-4)
1=l =y (- 4)
ieN ieN
CHAPTER 2. TYPE-2 FUZZY SETS, TYPE-2 FUZZY Page : 15
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2.2. TYPE-2 FUZZY RELATIONS 16

2.2 Type-2 fuzzy relations

Definition 2.8 [2] A type-2 fuzzy relation is a type-2 fuzzy set defined on the Cartesian
product of the crisp sets X1, Xa, ..., Xpn; that is, where the tuples (r1,xa,...,x3) have dif-
ferent degrees of membership and are type-1 fuzzy sets. In other words, the type-2 fuzzy
relation denotes a degree of membership that is a type-1 fuzzy set and of itself, rather
than a number in the range [0,1]. It’s easy to see why this is called a fuzzy-valued fuzzy
relation [1].

The type-2 fuzzy relation R on X XY is considered, where X = {z1,29,...,2,} and

Y ={vy1,y2, -, Ym}- R The type-2 fuzzy relation that may be written follows :

Mfz(xhyﬂ /J“’fz(xl?ym)

Mfz(%a?h) M?i(x%ym)
pa(X,Y) = . . .

,Ufz(xnayl) T :ufz(xnaym)

where each pps(x;,y;) is a type-1 fuzzy set or a secondary membership grade of R.

2.2.1 Composition of type-2 fuzzy relations

[6] If R(R) and S(S) are two type-1 (type-2) fuzzy relations on U x V and V- x W |
respectively, then the membership for any pair (u,w), u € U and w € W, is non-zero if

and only if there exists at least one v x V such that ug(u, v) # 0 (up(u,v) # 0) and

ps(v,w) # 1/0 (pg(v,w) # 1/0).
Uﬁoé:(u? w) = |_|ng [:ufe(uv U) M IUS(Uv w)} .

Example 2.9 Let R and S two type-2 fuzzy relations, R € (X xY), S € (Y x Z), where
X ={w1, 29,23}, Y = {y1, 12} and Z = {21, 22, 23} .

Y1 Y2
) 0.2 04 06 0.8 0.3

1
o | BT
0i8§8:8 o b

s L0870 706 06 02106

CHAPTER 2. TYPE-2 FUZZY SETS, TYPE-2 FUZZY Page : 16
RELATIONS AND TYPE-2 FUZZY TOPOLOGY



2.2. TYPE-2 FUZZY RELATIONS 17

Z1 R2 Z3

W02, 05,08 07 08,08 02, 1 00

S=, | ob o O BT B3 Bf B O 43

1 0.2+@ 07 01703 0 To7 08

Bos(Tis 2) = U (g (i y1) M ps(yl, 25)] . where i ={1,2,3}, j = {1,2,3}
Z1 R9 Z3

p [02, 050 02 02 01 02 08 03

o %8% %" 8 83 01 03 828

ROS:xQ————_____

05 02 03 81 03 01 03 8% 05

%5 | 06702 05 07 01704 06 02 06

Theorem 2.10 [13] Suppose that 7~2, S and L are Type-2 fuzzy relations on product spaces
Ux V, Vx Wand W x Q, respectively, and s (u,v), pg(v,w) and puz(w,q) are convex

T1 fuzzy sets. If spaces V and W are finite, then

Proof. [7] From Definition 1, for any (u,q) € UxQ, we have

[(Rog)o (U, ) Uwew [ros(u, w) M pz(w, )]

Uwew [l—lvEV [“ﬁ(u7 U) Ml MS(% w)] M #ﬁ(w’ Q)]

pi(uw,v) Mpg(v,w) is a convex type-1 fuzzy set in [0,1]

HRo(SoL) Uvev g (u,v) M pgoz(v, )]
Lyev [M?@(uv U) Uwew [MS(’U> U)) Ml /LL”(IU, Q>”

Uwew [l—lvGV [,ufz(u, U) M :uS(/U? w) M Nﬁ(wa Q)H

implies 117080z (0A)= HaoEos) (1,q) for any (u,q) € U x Q O

Theorem 2.11 [13/ Let R, S be two T2 fuzzy relations defined on U x V, and L be a T2
fuzzy relation on V- x W. If pp (u,v), pg(u,v) and pz(v,w) are convex fuzzy sets for any
(v,v) € UxV and (vw) €V x W, then we have

(RUS)oL=(RoL)U(SoL)

CHAPTER 2. TYPE-2 FUZZY SETS, TYPE-2 FUZZY
RELATIONS AND TYPE-2 FUZZY TOPOLOGY

Page : 17



2.2. TYPE-2 FUZZY RELATIONS 18

Proof. [7]

oo w) = | | lpus(u,v) Mg (v, w)]
veV

= |_| [ (u,v) U pg(u, v)] M pg(u, w)]

veV

for any (u,w) € U x W, can be written

H(Rozy(Sol) (U W) = Hgop(u, w) U pigez(u, w)

= |_| [,Ufz(ua U) M Mﬁ(v7w)] U |_| [,ug(u, U) M ”E(U’ w)}

vEW veV

since arbitrary fuzzy sets in [0,1] satisfy associative and commutative laws under L [1],

we have

|€_|V [ (w, v) M (v, w)] U |€_|V [15(u,v) T pz (v, w)]

- |€|V [[pz (w, 0) T (v, w)] U [pg(u, v) T g (v, w)]]

Furthermore, noting that p5(u,v), pg(u,v) and pz(v,w) are convex fuzzy sets

in [0,1], form [1], they satisfy distributive laws under LI and M. Therefore, we get

LIl (s 0) Ppag(o,w)] U (e, v) Mg (v, w)]]

= L [(o.0) U g, )] 1 g, )

I(RUS)0f (Us W) = fiRof)(Sos) (Us W)

for any (u,w) € U x W. Thus,

O

Theorem 2.12 [15] Let R, S be two T2 fuzzy relations defined on U x V, and L be a
T2 fuzzy relation on W x U. If pp (u,v), pg(u,v) and ps(w,u) are convexr T1 fuzzy sets

for any (u,v) € U XV and (w, u) € W x U, then we have

Remark 2.13 (RNS)oL # (RoL)N(SoL)

CHAPTER 2. TYPE-2 FUZZY SETS, TYPE-2 FUZZY Page : 18
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2.2.2 The reflexive, symmetric, transitive type-2 fuzzy relation
Definition 2.14 [5/ Let R be a Type-2 fuzzy relation on X. Then R is said to be
(1) reflezive if R(x,z) =1, forallz € X.
(2) antireflezive if R(x,x) =0, forallz e X.
(3) symmetric if R(z,y) = R(y,x), for all z, y € X.
(4) antisymmetric if R satisfies R(x,y) =0 or R(y,z) =0, for allz,y € X(x #1v).
(5) transitive if R oR T R, where R o R is defined by
RoR(x,y) = suprex {7@(95, 2)AR(z, y)} .

0 and 1 memberships are denoted as 1/0 and 1/1 in type-2 fuzzy sets respectively.
0 membership in a type-2 fuzzy set means that it has a secondary membership equal
to 1 corresponding to the primary membership of 0, and if it has all other secondary

memberships equal to 0. Similarly, the meaning of 1 is same as 0[4].

Example 2.15 Let 7:€ type-2 fuzzy relation on X, where X = {x,y}, given by

1 0.9 0.3 4

R = 1T 09 3+8.4
03 , 04 0b , 0%

3 4 1 1

(i) R(z,z) =1, for all z € X.

Therefore, R is a type-2 fuzzy reflexive relation.

(ii) R(z,y) = R(y,z), for all z,y € X.

Therefore, R is a type-2 fuzzy symmetric relation.

(iii) RoRC R

1,09 03, 04 1,09 03, 04
s 5 1409 03, 04 1409 03, 04
Ro® = | &5 BTH || AT BTH
03 Tod 1 T 1 03 Tod 1 T 1
03 , 04 03, 04
~ ~ L9 _l’_ 2= petiog + 2=
RORZ{&P) g4 83 8:%]
03 Toa 1T 1
Thus, RoR C R.
Hence, Ris a type-2 fuzzy transitive relation.
CHAPTER 2. TYPE-2 FUZZY SETS, TYPE-2 FUZZY Page : 19
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2.3 Type-2 fuzzy topology

Definition 2.16 [1/ Let 7 be the collection of type-2 fuzzy sets over X. 7 is said to be a

type-2 fuzzy topology if

, for any A; e 7:', N countable set.

o
C
}ll
m
[0

The pair (X, 7:') 15 called type-2 fuzzy topological space over X.
Remark 2.17 f:l is a type-2 fuzzy close set in X.

Proposition 2.18 [1] Let (X, 7) be general type-2 fuzzy topological space over X then

the following conditions hold:
1. @,X are type-2 fuzzy closed sets.
2. Arbitrary intersection of type-2 fuzzy closed sets is closed sets.

3. Finite union of type-2 fuzzy closed sets is closed sets.

Proof. [I]

1. (5, X are type-2 fuzzy closed sets because they are the complements of the type-2

fuzzy open sets 0, X is respectively.

2. Let {/:12 1 €N } be an arbitrary collection of type-2 fuzzy closed sets, then

ﬂfx

o ZEN fx
B Z Z ZEN

rzeX ueJY

_ ZZ ZEN fz ))

zeX uGJ" zEN 1 o u))

CHAPTER 2. TYPE-2 FUZZY SETS, TYPE-2 FUZZY Page : 20
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since the arbitrary union of type-2 fuzzy open sets are open {U fli] (x) is an open
ieN

and [ﬂ f:ll] (x) is a type-2 fuzzy closed set.
ieN

3. If flz(z € N) is type-2 fuzzy closed sets, then U/L is a type-2 fuzzy closed set,
ieN
(finite intersection of type-2 fuzzy open sets are open).

O

Example 2.19 Let X = {z1,22} and let 0, X and A be three type-2 fuzzy sets in X

which are

0 = {((21,0),1), ((22,0), D} 5 X ={((21,1),0.9), ((25,1),0.9)}

A= {((21,0.6),0.2), (z1,0.3),0.7), ((x1,0.4),0.5), (22, 0.8), 1), (22, 0.5),0.2), (s, 0.6), 0.7)}

1AN09
ps 7 (1) = V1 = (1,0.9)
BUX = {((21.1),0.9)}
6 ):(forx—xg
1A09
oz (@2) = o = (1,09)

DUX = {((£2,1),0.9)}

1209

iz (r1) = AT = (0,0.9)

DNX = {((22,0),0.9)} ¢ 7

then 7 = {@,):(, /:1} s not type-2 fuzzy topology.

Example 2.20 Let X = {1,225} and let 0, X and A be three type-2 fuzzy sets in X

which are

0 = {((22,0), 1), ((22,0), 1)} : X = {((z1,1),1), (2. 1), 1)}

CHAPTER 2. TYPE-2 FUZZY SETS, TYPE-2 FUZZY Page : 21
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2.3. TYPE-2 FUZZY TOPOLOGY 22

A = {((21,0.6),0.2), ((21,0.3),1), ((z1,0.4),0.5), (w2, 0.8), 1), ((x2,0.5),0.2), ((x2,0.6),0.7)} .

@U):(formle.'

=
=
-

!
—~
=
-
~
I
I
—~
—_
—_
~—

ps 5 (T2) = m:(lal)
DUX = {((x2,1),1)}
DU X = {((21,1),1), ((z2,1), 1)} = X
(?)ﬁ):(forx:xl
pigle) = o =0.1)
0NX = {((z1,0),1)}
6(?)%][07’35—:62
i) = == (0,1)

@) 1A02 1AL 1AO5
x =\ —
Houa\t 0vV06  0V03  0v04

— {(0.6,0.2),(0.3,1),(0.4,0.5)}

DUA(z) = {((21,0.6),0.2), ((21,0.3),1), ((x1,0.4),0.5)}

e = LAl 1AD2 1A0T
Houa\™) = 508 T 0v05 ' 0v06

— {(0.8,1),(0.5,0.2), (0.6,0.7)}

DU A(zs) = {((25,08),1), ((x3,0.5),0.2), ((x,0.6),0.7)}

CHAPTER 2. TYPE-2 FUZZY SETS, TYPE-2 FUZZY Page : 22
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UA = {((21,0.6),0.2), ((x1,0.3),0.7), ((z1,0.4),0.5),

=N

((22,0.8), 1), ((22,0.5),0.2), ((2,0.6),0.7)} = A.

—(?)ﬂ/:lforx:xl:
() 1A0.2+ A1 +1A0.5
z =\ =
Hijn i\ 0A06  OAD3  OAOA
B o.2+1+0.5
0 0 0
= (0, max(0.2,1,0.5))
= (071)
—@ﬂjforx:xgz
(@) A1 +1/\0.2+1/\0.7
z =\ =
Hin a2 0AD8  OAD5  OAO0G
_ 1,02 07
00 0

= (0, max(1,0.2,0.7))

= (07 1)

=2
D)
:I>1E
I
=21

{((21,0),1), ((22,0),1)} =

In the same way we find:

—X UA = {((21,1),1), (22, 1), 1)} = X

<

NA = {((21,06),0.2), ((x1,0.3),1), ((1,0.4),0.5),

((22,0.8), 1), (w2, 0.5),0.2), (2, 0.6),0.7)} = A.

Hence, 7 is the type-2 fuzzy topology.

CHAPTER 2. TYPE-2 FUZZY SETS, TYPE-2 FUZZY Page : 23
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Chapter 3

Fuzzy topology generated by fuzzy
relation

In this chapter, we discuss the presentation of the work of the scientist Mishra and

Srivastava (2018) on the topic of fuzzy topology generated by a fuzzy relation.

3.1 Fuzzy topology generated by fuzzy relation

Definition 3.1 [T1] Let R be a fuzzy relation on a set X. Then for x € X, the fuzzy sets

L, and R,, which are defined as

L.(y) =R(y,x), forall ye X.

Ro(y) = Rz, y), forally € X.

are called lower and upper contour, respectively, of the element x € X.
The fuzzy topology generated by the collection Sy of all lower contours
(i.e.,.§ = {L, : x € X}) will be denoted by 11, and the fuzzy topology generated by the

collection Sy of all upper contours (i.e.,So = {R, : © € X}) will be denoted by .

Definition 3.2 [T1)
The fuzzy topology which is generated by the set S = {Ly},cy U{Rs},cx @5 called the

fuzzy topology generated by R and is denoted by TR .

Example 3.3 Let R be a fuzzy relation on X = {x,y}, given by

R| z Yy
x| 0.6 08
y | 04105

24
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Then, Ly, Ly, R, R, are the fuzzy sets in X given by:

L, = {{x,0.6), (y,0.4)}; L, = {{x,0.8), (y,0.5)}.
R, = {{2,06), (45,0.8)}; R, = {(,0.4), (5,05)}.

71 = {0x,1x, Ly, Ly} fuzzy topology.
7 ={0x, 1x, Ry, Ry} fuzzy topology.
L,NR,={(z,04),(y,04)}; L, N R, = {(x,0.6), (y,0.5) }.
L,UR, = {(x,06),(y,0.5)}; L,UR, ={(z,0.8),(y,0.8)}.

the fuzzy topology generated by fuzzy relation is
TR = {OX, 1)(, Lx, Ly, Rx, Ry, Lw N Ry, ,Ly N Rm, Lx U Ry, Ly U Rx} .

Example 3.4 Let R be a fuzzy relation on X = {x,y, 2}, given by

R| = Y z
z | 0.3]05]07
y| 0206109
z | 0.8] 0104

Ly, Ly, L., R,, Ry, R, are the fuzzy sets in X and 11,9 where :

L, ={(x,0.3),(y,0.2),(2,0.8) }; L, = {(x,0.5), (y,0.6) , (2,0.1) } ;
= {(x,0.7), (y,0.9) , (2,0.4)}

R, ={(z,0.3),(y,0.5),(2,0.7)} ; R, = {(z,0.2) ,(y,0.6) , (2,0.9) } ;

R, = {(x,0.8),(y,0.1),(z,0.4) }

71 = {04, 14, Ly, Ly, L. } ;79 = {04, 1, Ry, Ry, R.} two fuzzy topology.

L,UR, ={(z,0.8),(y,0.2),(2,0.8)} and L, U R, = {(z,0.7) ,(y,0.9) , (2,0.9) } .
R, UL, ={(x,0.5),(y,0.6),(2,0.7)}.

S0 7R = {04, 1, Ly, Ly, Ly, Ru, Ry, Rey Ly UR., L. UR,, Ry UL}

Proposition 3.5 [7])

If R is a symmetric fuzzy relation, then 71 = 7.

Proof. [11] Since R is a symmetric fuzzy relation, so R(x, y) = R(y, x), for each x, y €X.

This implies that R,(y) = L.(y), for each x, y € X and hence R, = L,, for each x €X.

CHAPTER 3. FUZZY TOPOLOGY GENERATED BY FUZZY Page : 25
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Thus the topologies 71 and 75, which are generated by {L, : x € X} and {R, : z € X},

respectively, are same. [

Example 3.6 Let R be a symmetric fuzzy relation on X = {x,y}, given by

Ty
z | 04 0.3
R= y [ 0.3 0.2 }

then, Ly, Ly, Ry, R, are the fuzzy sets in X and 71,72, where:

Ly = {(2,0.4), (1,0.3)}, L, = {(2,0.3), (y,0.2)}.
R, = {{2,04), (4,0.3)}, R, = {(x,0.3), (1,0.2)}.

L,, L, €™, then L, L, = {(x,0.3),(y,0.2)} = L, € 7.
L, € 7 for each v € X, then UL, € 7y, L, € 7y for eachy € X, then UL, € 7.

L,UL,={(z,04),(y,03)} =L, € 1.
hence, 71 ={0,1, L., L,} fuzzy topology.

R,, R, € 15, then R, "R, = {(2,0.3) ,(y,0.2)} = R, € .
R, € 13 for each x € X, then UR, € 1, R, € 15 for each y € X, then UR, € 7.

R,UR, ={(x,0.4),(y,0.3)} = R, € m.

hence, T2 = 40,1, R;, R, } fuzzy topology.
we have, L,=R, ={(z,0.2),(y,0.3)} and L, = R, = {(2,0.3) ,(y,0.2) } .

Hence, According to the previous property, the 71 = To.

Proposition 3.7 [11] If R is a fuzzy preorder relation, then

1. If A€, then |J R, CA.

z:A(z)=1

2. If A€y, then |J L, CA.
z:A(z)=1

Proof. [I1] To show that |J L, € A. This indicates that there is some x for which
z:A(x)=1
A(x) = 11is true and y, € L,. So r < R(y,z). Now since A is open and A(z) = 1, so

CHAPTER 3. FUZZY TOPOLOGY GENERATED BY FUZZY Page : 26
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z, € A and there exists a basic fuzzy open set (., L,, such that

r, €Ny Loy CA = r <R(z,z;), for eachi =1,2,...,n

= r<min{R(y,z), R(z,x;)}
< R(y,z;), foreachi=12 ..n
= Yy € L,,, foreachi=12 .n
= Yr € m?zl in g A
= y €A
= U L. CA

z:A(z)=1

O

Theorem 3.8 [11)

Let (X, 1) be a fuzzy topological space where T has a subbase {U,,V, : x € X} such that
Uy(x) = Vi(y), for each z, y €X. Consider the fuzzy relation R : X x X — I defined
by R(z,y) = Uy(x) = Vi(y), for each (z, y) € X x X. Then the following properties hold

good:

1. R is reflexive if and only if U.(x) =1, for each z €X.

NS

. R is irreflexive if and only if U,(x) # 1, for some x €X.

Co

. R is symmetric if and only if U, =V,, Ve e X.

4. R is antisymmetric if and only if (UxNVx)(y) =0, Vo,y € X, such that
x#y.

5. R is transitive if and only if U,(x) > (V, N U,)(y) holds for each z,y,z € X.

D

. R is total if and only if U, UV, = 1x, for each x € X.

CHAPTER 3. FUZZY TOPOLOGY GENERATED BY FUZZY Page : 27
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Chapter 4

Type-2 fuzzy topology generated
by type-2 fuzzy relation

In this chapter, we try to create a type-2 fuzzy topology generated by a type-2 fuzzy
relation by extending the concept introduced by Mishra with different definitions and

examples.

Definition 4.1 Let R be a type-2 fuzzy relation on a set X. The fuzzy sets L, and Ry,

for x € X, defined as :

1. L:z(y) =R(y,x), forallyeX.

2. }:%m(y) = R(x,y), forallyeX.

The type-2 fuzzy topology generated by the collection Q1, where Q1 = {L, : v € X},
will denote 71, and The fuzzy topology type-2 generated by the collection Qo,
where Qy = {R, : x € X}, will denote 7.

Definition 4.2 The fuzzy topology type-2 generated by the set Q = {[:/;B} U {éz}
rzeX zeX

is known as the R generated and is denoted by 7= .

Example 4.3 Let 7:2 be a type-2 fuzzy relation on X = {z,y}, given by:

| |

then, L, [:y, R, }%y are the type-2 fuzzy sets on X and 71, T», given by :

ow

ol o

28
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F_ 01,03 _02,07

Lw_ 1 +0.5’ 9_04+0.3'

5 01,02 B _ 03, 07

R, =5 + 0By =05 + 03
0,1€m.

?

L, L, e 71, then IZ, ﬂiy =014 03

o|o
B

L,en for each x € X, then UL, € ?I,Ey €n for each y € X,

R

= 0.1A0.2

L B 0.3A0.7
TV 1vo04

0.5Vv0.3

then I_IEy €.

R, €7 for each x € X, then UR, € 752, ]%y €T for each y € X, then I_IJ%y €T

0.1N0.3 02A0.7

0.4Vv 0.3

R,UR, =

02 — R,, LyUR,=22+% (L,UR,CR,).

the type-2 fuzzy topology generated by type-2 fuzzy relation is:

S

n

I
—
o
—
h
§ n
h
<

fuy)

v B B

Example 4.4

Let R be a type-2 fuzzy relation on X = {x,y, 2}, given by:

CHAPTER 4. TYPE-2 FUZZY TOPOLOGY GENERATED
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R| z | y | 2
S 03 08 03
02 | 05 | 01
01035 04
Ylo21lo06la7
PO g
07 1 03] 02
L, L, L, R, R,, R, are the fuzzy sets in X and 71, T2, given by:
03,04 ,07 J _08,05,04 J _ 03,04, 09
Li=0s+oatom Ly=o5To6Tos L==01i+to7 o2
P _ 03,08 ,03 p _ 04, 05,04 p _ 07,04 09
Ro=0s+tostolb By=02tostom Be=o7+ostos
Therefor
5 = {oz, 1x,Lx,Ly,LZ}
7~_2 = {Ox> 1xaRxaRy7Rz}
F F _ 03,04 04 .7 F 03, 04 , 07 F F _ 03 , 04 , 04
LeMLy=05+03+ 035 LaMLe =055 +53 + 03 and Ly N L. = g3 + 55 + 03
> 5 _ 03,04 , 03 .71 5 _ 03, 04 , 04 ~ 5 _ 03 , 04 , 0.7
5 5 _ 03,05, 03.p 5 _ 03, 04 , 03 5 5 _ 04 , 04 , 04
Rzl_lRy—@—i—ﬁ—i—m,Rzl_le—ﬁ—i—ﬁ—l—mandRyl_lRZ—ﬁ—i—@—i—ﬁ.
S M 04,05, 04.7 qp 03 05,03 07 . — 07 04 04
vy Ry =03 +0s tosilyMBe = g5 + o5 T o7 ond LyM R, = 55 + 53 + 03
" M p 03,04 ,03.7 qp 03,04 ,04 g7 —p _ 03, 04 09
L.NMR =3+ tonLNRy =035 +55 to3 ond LR, = 55 + 55 + o3
> 5 _ 03,04, 03. 7 S _ 04 , 05 , 04 > 5 _ 03, 04 , 09
mqu—@+ﬁ+ﬁ7 yURy—ﬁ-i-m—l—ﬁ and zURZ—ﬁ—f-W‘f‘ﬁ
F 5 _ 03,05, 03.7 5 _ 07 , 04 , 04 ; 5 _ 03, 04, 03
y|_| m—ﬁ‘i‘m‘i‘ﬁ, yI_IRZ—ﬁ—i—ﬁ—i—ﬁand ZURm—ﬁ—Fﬁ—f—ﬁ.
S|P 03,04 ,04. 5 | p _03,05,03 75 | _ 03,04, 03
L.URy =35+ 057 o Be URy =35 + 56 + o7 and Ry UR, = 55 + 55 + 03
> . — 04, 04 4 04
RyUR. =¢5+ 05T 09
S0
Tz = {Ox,lz,Lm,Ly,LZ,Rx,Ry,RZ,LII_I y,LxI_I Z,Lyl_ILZ,LxI_I x,Lgcl_IRy,

Proposition 4.5

If R is a symmetric type-2 fuzzy relation, then 7, = 7.

Proof.

Since R is a symmetric type-2 fuzzy relation, so R(z,y) = R(y, ), for each x, y € X.
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This implies that éx(y) = L:x(y), for each x, y € X and hence ]%x = I;, for each x € X.

Thus the topologies 7; and 7», are generated by { cx € X} and {R tx € X} O

Example 4.6 Let R be a symmetric type-2 fuzzy relation on X = {z,y}, given by

|

then, L,, Ey, R,. ]%y are type-2 fuzzy sets and 71, T2, given by

ow

o
o lboen |

[y= —= 4 = [ =~ 4 =
02 05 05 06
z 01 04 = 04 0.2
R,=—+4+—R,=—+—
2+ 50 O.5+06
we have,
Ox,lx €7
Zf L Eﬁ,thenL I_IIj %—I—%,(f Zf [j)
IfxeﬁfreacthX I_IL 67'1, [jyéﬂfreachyEX Ij T:

R
hence, Ty = {6, i }i; R: } type-2 fuzzy topology.

we have I:z:Rx:%+% and Ey:}%yzo“*—i-()?,

hence, According to a previous property, the 7| = Ty.
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Conclusion

In this memory, we have extended the definition given by prof.Mishra (fuzzy topology

generated by fuzzy relation) to the type-2 fuzzy topology. We created two type-2 fuzzy

sets Ly, R, and we did the union and intersection between them, so we got a type-2 fuzzy
topology generated by type-2 fuzzy relation and is denoted by 7=, giving examples and

properties that indicate this.
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Abstract

Topology is one the branches of mathematics that has great received importance . In this
memory, we studied the type-2 of fuzzy topology generated by type-2 fuzzy relations by
expanding type-1 fuzzy topology generated by type-1 fuzzy relations .

Key words : Type-2 fuzzy sets, type-2 fuzzy relations, type-2 fuzzy topology, fuzzy topology

generated by fuzzy relation.

Résumé

La topologie est I'une des branches des mathématiques qui a une grand importance. Dans ce
mémoire, nous avons étudié la topologie floue de type-2 générée par des relations floues type-2
en développant la topologie floue type-1 générée par les relations floues de type-1.

Mot-clés : ensembles flou de type-2, relations flou, topology flou de type-2, topologie floue
générée par une relation floue .
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