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Notations

L(X,Y)
Ry
E*

No(w)
¢ (Bx)
Qx

The space of all bounded linear operators from X toY.

The field of non negative real numbers

The topological dual of £

The conjugate of the number p (1 < p < 00), that is 1% + 1% =1

The field of real or complex numbers.

The space of all compact operators from X to Y.

The space o fall finite-rank operators from X to Y.

The Banach spaces of all bounded scalar families (A,+) where z* € Bx«.

The natural isometry J : X — (o(Bx~) is defined as J(z) = (2*(x))s cByn -
The Banach space of bounded scalar sequences.

The subspace of £, consisting of the scalar sequences (z,), such that limz, = 0.
The banach space of p-summabl scalar sequences.

The adjoint linear operator of 7.

The set of all o-nuclear linear operators.

The set of all o(p)-nuclear linear operators (1 < p < c0)

The Banach spaces of all absolutely summable scalar families (\,) where © € Bx.

The natural surjection Qx : ¢1(Bx) — X is defined as Qx(A\z)zeny = D Aa.

z€Bx




Introduction

The notion of ideal of linear operators between Banach spaces is due to Pietsch [17]. Nowa-
days, ideal operators are explored by several authors in many and diverse directions (see,
for instance, [2, 3, 4, 6, 7], [18] and [16]). Among such ideals one can find the ideal of
o-nuclear operators (see, [17, Chapter 23] ). This notion has been recently revisited in [13].
Kim and Yung defined a new tensor norm (o-tensor norm) and show that it is associated
with the ideal of o-nuclear operators. It was shown [13], that the surjective hull and the
injective hull of o-nuclear linear operators coincide with the ideal of compact operators. In
[8] the concept of o-nuclear linear operators was generalized to o(p)-nuclear linear for p > 1.
Moreover, the concept of Lipschitz o(p)-nuclear defined between a pointed metric space and
a Banach space was introduced in [5], extending the o(p)-nuclear linear operators. In this
memory, we are going to do a detail study on the paper ” Spaces of (p)-nuclear linear and
multilinear operators and their duals ” by Geraldo. Botelho and Ximena Mujica.

In the first Chapter is an overview of notions and basic concepts and results needed in
the following chapters. These include vector-valued sequence spaces, also operator ideals
and we describe the ideal of compact operators.

In the second Chapter we define the set N, of all o-nuclear operators. We give some
characterizations of this concept in term of factorization and we prove that A“" surjective
hull and A" injective hull of o-nuclear equal to K (ideal of compact operators).

In the last Chapter we study the o(p)-nuclear operators between Banach spaces. We
prove that the class of o(p)-nuclear linear operators is a Banach ideal. We give, under
usual conditions on the underlying spaces, a simpler formula for the o(p)-nuclear norm of
a finite type operator. Also, we obtain a factorization of operators belonging to E_f At

the end of this chapter, we present an (incomplete) contribution of some properties of the



Introduction

injective and surjective hulls of the Banach operator ideal of o(p)-nuclear operators. In [6],
Ain, Lillemets and Oja they defined (p,r)-compact operators in an obvious way: a linear
operator T': £ — F'is (p, r)-compact if T'(Bp) is a relatively (p, r)-compact subset of F'. We

show, that KC(,,, ideal of (p, 7)-compact operators is included in the N Mo

L_ 1.1
Jq*),where =yt

The memory is based on papers [17], [14] and [8].



Chapter 1

Preliminaries

In this chapter we present a collection of some definitions, properties and basic formulas that
will benefit us during this work (see [1], [10] and [17]). For example absolutely p-summable
sequence, unconditionally p-summable sequences and operator ideals with some examples.

We will write K for the real numbers field R or the complex numbers field C. The set of
all natural numbers {0, 1, ...} is denoted by N. Along this work the letters X,Y, E and F
denotes Banach spaces with the norm ||.||. The closed unit ball of X is denoted by Bx that
is the set {x € X : ||z|| < 1}. The set of all functionals of a normed space X (that is the
continuous linear mapping from X into the scalars ) is a Banach space denoted by X* and
called the topological dual of X. For z € X we shall write (z, z*) or (z*, x) for the action

of the functional z* on = (z*(x)). The norm of z* € X* is
l2*]| = sup{[{z,2")| : = € Bx}.

We denote by £(X,Y) the Banach space of all continuous linear operators between X and
Y with the norm
||| = sup [ T'(2)]

rEBx

We write £(X) instead of £(X,X). If T € L(X,Y), the continuous linear operator 7 :
Y* — X* defined as

for every y* € Y* and = € X is called the adjoint operator of T with ||T'|| = ||T|].



1.1. Absolutely p-summable sequence

1.1 Absolutely p-summable sequence

Let 1 < p < oo. The classical Banach sequence spaces ¢, {, and ¢, are define by

o b= {(@)n CK: [ (@), Iy = (32 [2a)7 < 00}, 0 < p < ox.
o loo = {(zn)n CK: | ("En)n oo = SUDpeN |zn| < 00}, p = o0.
e ¢ = {(z,)n CK: lim, o |2,| =0}.

For p > 1, we note p* the conjugate of p defined by the formula ]19 -+ ]% = 1. We pose
p*=o00sip=1.

The following fact is well known, which is discussed in [10, 1].

Definition 1.1.1 1. A sequence (z,),, of elements of X is said to be absolutely p-

summable if
(S llzal?)? <00, if1<p<oc
||(xn)n||p = .
sup,, [|z,]| <oo , if p=o0
When p = 1, it is said that (xy), is absolutely summable. We denote by £,(X) the

vector space of all absolutely p-summable sequences of elements of X. (€,(X), || - |p)

18 a Banach space.

2. The spaces co(X ) of norm null sequences in X is Branch spaces with the norm given

by

H(In)nHoo = Sup Han .
n

3. A sequence (x,,), in X is said to be weakly p-summable if

o)
Z |‘T*(xn)|p < oo,
n=1

for every x* € Bx-. We denoted by (;)(X) the Banach spaces of weakly p- summable

sequence in X becomes a Banach spaces when equipped with the norm given by

1

(@), |l = sup (Z\x ) ) . 2* € By



1.2. Unconditionally p-summable sequences

Remark 1.1.1 In the case p = oo, then the spaces (¥ (X) of weakly bounded sequences
coincide with the spaces {5 (X),

1)l = l1(n) o -

1.2 Unconditionally p-summable sequences
We recall the notion of unconditionally p-summabl sequences.

Definition 1.2.1 Let 1 < p < oo. A sequence (z,,), € X is said to be unconditionally
p-summable if (z,,), € £;(X) and

i )i, = 0

and we denoted by

6(X) = { (@), € G:(X) 5 Tim (@)l =0}

Definition 1.2.2 A sequence (z;)

o0
1=

. i X is said unconditionally summable if, for all bi-

jgection 1 : N — N, the series Y .| ) is convergent in X.

Proposition 1.2.1 [9, Proposition 8.3]A sequence (z;);-, in X is said unconditionally

summable if and only if, belongs to ¢% (X).

Proposition 1.2.2 () (X) is a closed subset of £;) (X) and therefore it is a Banach space,

with the norm ||-[[,, .-

Proposition 1.2.3 Let 1 < p < oco. Then ¢, (X) C £*(X) C ¢ (X).

1.3 Operator ideals

In this section, we recall some basic facts and properties about operator ideals. We also
recall some of the classical examples.
Recall that a linear operator T' € L£(X,Y) is said to have finite rank if 7'(X) is a finite

dimensional subspace of Y. The class of all finite rank linear operators between Banach



1.3. Operator ideals

spaces is denoted by L£¢(X,Y’). One can readily see that an operator 7' € £(X,Y) has finite
rank if, and only if, there exist (z})?, C X* and (y;)?_, C Y such that

T(x) =Y (@)

for every x € X.

Let us recall the definition of a Banach operator ideal, from [17] (see also [10]).

Definition 1.3.1 An operator ideal T is a subclass of the class L of all continuous linear
operators between Banach spaces such that for all Banach spaces X and 'Y 1its components
I(X,Y) = L(X,Y)N T satisfy

(1) Z(X,Y) is a linear subspace of L(X,Y") which contains the finite rank operators.

(11) The ideal property: if v e L(G,X), u € Z(X,Y) and w € L(Y, H), then the compo-
sition wouowv is in I(G, H).

If ||.l7 : T — RT satisfies

(i) (Z(X,Y),|.ll7) is a normed (Banach) space for all Banach spaces X and Y .

(ii’) ||idgll; = 1,idx: K — K, idg (A) = A.

fii*) w o wo vlly <l ol lul.

Then (Z, ||.||7) is called a normed (Banach) operator ideal.

The operator ideal 7 is said to be closed if each Z(X,Y) is a closed subspace of L(X,Y") for

the sup norm.

Theorem 1.3.1 Let T be a subclass of L (X,Y") endowed with a non-negative function ||.| 7 :
7 — R*. For Banach spaces X,Y , define

I(E,F): =INL(X,Y).

Then (Z, ||.||;) is a Banach ideal of linear operators if and only if the following conditions
hold :

(¢) The linear operator idg : K — K, idg (A) = A, belongs to Z and ||idk||; = 1.

(ii) If S1,S9,... € Z(E,F) and > ;7 ||Sk|l; < oo, then S =" ||Skll € ZT(X,Y) and
151z < 22k 151



1.3. Operator ideals

(i) U T e L(G,X),SeZ(X,Y)ande Re L(Y,H), then RoSoT €Z(G,H) and
|7 o STy <[RSl 17

Every Banach ideal Z of linear operators contains the finite type linear operators

[z()bllz = [l 1ol
Corollary 1.3.1 If S € Z(X,Y), so ||S]| < |IS]l;-

Proof. We have for x € X,y* € Y* and S € Z(X,Y)

("0 5) () = [(y" o S5) (@) lidklly = [I(y* o T) () - idxl|1
= lly"oSeoRellz < Iy HIS]lz [ Bel

where R, : K — X : R, (A\) = Az and ||R|| = ||z|| .
So,

151 = sup 1S (@)l

ll=:|<1

= sup  [y7(5 ()

l=[[<1,[ly*[I<1

< sup |y Sz 1R

lz[[<L,[ly*[I<1

= 1151z

1.3.1 Examples

We now give a list of examples.
L: Ideal of continuous operators;
L: Ideal of finite rank operators;
T: The closure (with the usual operator norm) of an operator ideal Z;
Approximable operators. An operator T' € L£(X,Y) is called approximable operators
if there are T, € L¢(X,Y’), with

lim |7 — T,,|| = 0.



1.3. Operator ideals

We denote by L(X,Y) the ideal space of all approximable operators from X to Y.

Compact linear operators. A linear operator 7' € L(X,Y) is compact if
T (By) is relatively compact in Y.

We denote by IC (X, Y) the space of all compact operators between X and Y. If we provide
K (X,Y) of the induced norm of £ (X,Y’), it becomes a Banach ideal.

1.3.2 The convex hull subset

Definition 1.3.2 The convex hull of a sequence (x,,), € co(X) is defined as

n=1

conv{(x,)n} = {Zanmn :(om)n € le}

Definition 1.3.3 Let 1 < p < co. The p-convez hull of a sequence (xy,), € £,(X) is defined

as

p-conv{(x,)n} = {Zanxn (an)n € ng*} )

n=1

Lemma 1.3.1 [11] A subset K of a Banach space X is relatively compact if and only if for

every € > 0 ,there exists (x,), € co(X) with sup ||z;|| < (1 + €)sup ||z| such that
JEN zeK

K C conv{(zn)n}

Proposition 1.3.1 Let K C {,. The set A is relatively compact iff there exists X\ = (\,),, €

co such that

K C {ZAndnen : dGng}.



Chapter 2

The ideal of o-nuclear linear operators

The theory of o-nuclear linear operators on Banach spaces was introduced and developed
by Pietsch [17, Chapter 23|. This notion has been recently revisited in [13]. Kim and Yung
defined a new tensor norm (o-tensor norm) and show that it is associated with the ideal of
o-nuclear operators. It was shown in [13], that the surjective hull and the injective hull of

o-nuclear linear operators coincide with the ideal of compact operators.

2.1 o-nuclear linear operators
By [17], we have the following definition

Definition 2.1.1 Let E, F' be a Banach space andT : E — F be a bounded liniear operator
we say that T is o-nuclear operator if T =} 72 | x5 ®y; with (z5)32; C E* and (y;)=, C F
such that the famaily (x;'f@yj) 1s unconditionnally summable in the operator norm. Where

TiQy; s an operator from E to F defined by x;®y;(r) = 2% (z)y;.

The set of all o-nuclear operators is denoted by N, (E, F') and the o-nuclear norm is

denoted by 7, (T') and it is definited by

[e.0]

n, (T') = inf sup {Z

J=1

'r;k (.Z')y* (y])}7 YIS Ban* € BF*}7

where the infimum is taken over all o-nuclear representations.



2.1. o-nuclear linear operators

Theorem 2.1.1 By [17] (N, (E,F),n,(-)) is a Banach operator ideal.

For extension o-nuclear to o(p)-nuclear we need the following characterization [8] of

o-nuclear operators.

Theorem 2.1.2 An operator T € L(E, F) is o-nuclear if and only if there are sequences

()2, C E* and (y;);2, C F such that T = Zx ® i,
=1

sup > [a(2)y” (vi)| < o0
r€BE,,y*€Bpx* i—1

and
lim Z |} (x = 0.

m——00 xeBEHy EBF’" i

Proof. By [9, Propositions 8.3 and 8.1], a sequence (z;)$°; is unconditionally summable in

Banach space Z if and only if

and

for some norming set M C Byx.

Let x € Bg and y* € Bp«, define the map

Py ‘C(E’ F) - K, Py (T) = y* (T(l‘)) )

We can easily to prove that ¢, . is a continuous li

M={¢,,. x€Bgy" €Bp}

is subset of B(g, )«
Recall that for Banach space Z, a subset M of the dual unit ball Bz« is said to be

norming, if ||z|| = sup,.c,, [2*(2)| for all z € Z.



2.1. o-nuclear linear operators

Let us check that M is norming. Give ¢ € M, we have

sup [o(T)| = sup [p,,.(T)
peM Lpz,y*EM

= sup [y (T(x))]
r€EBE
y*EBF*

T()

= sup
rx€BER

= Tl

For Z = L(E,F) and (2;)2; = (zf @ y;)2, C Z. We take p € M

lo(z;®y:)| = “ny(@@yl)‘
= |y (27 (2)ys)]
= |zi(2)y" (y:)|

for x € Bg, y* € Bp-.

Since (z;®y;)$2, is unconditionally summable sequence in £(E, F'), that equivalently with

supZIsD 7 Q)| le “(yi)] < o0

tpEM zeBE,,y EBF* i—1
and
lim sup Z lo(z; @ y;)| = lim Z |z} (x = 0.
m—00 e M ; m=—0oo IEBEMCU EBF* —

t=m

This completes the proof. m
Motivated by Theorem 2.1.2, we characterize the Definition 2.1.1 as follows.

Definition 2.1.2 We say that an operator T between two Banach spaces E and F' is o-
nuclear if there are sequences (\;);o, € loo, (x})0, C E* and (y;);2y C F such that T =

=1

Z|:z: v (y;)] < o0

IGBEMy GBF* i=1

and

lim Z |z} (z = 0.

m—00 IEBE”Z/ EBF* i



2.1. o-nuclear linear operators

In this case, the o-nuclear norm becomes defined as

770(1)( )= 1nf{||( )i:l” ZL” }

IEBE”Z/ EBF* i—1

where the infimum is taken over all o-nuclear representations of T'.

Proposition 2.1.1 For all o-nuclear operator T, we have 1, (T') = 1,1y (T
Proof. Now, consider T =" xiQu; = > oo NxiQu; with \; = 1, we have

770(1)(T) = inf{”()\i)?;H Z\x }

E77y GBF* i=1

inf { Z |} (z } =n,(T).

$EBE Y EBF* i=1

IN

On the other hand, let T =2, \xiQy; = Y.~ xi®z; where z; = \;y;, we have

(1) = inf x;
7 ( ) {IGBE,,:L/ GBF*Z| }

=1

= inf Al |
{B EBF*D I >|}

=1

< inf{u(Ai);'ilHoo Z o (= } = o1y (T),

xGBE”y GBF* i—1

which completes the proof. m

Example 2.1.1 Let (z;)32, € ¢o(F), we define the map

S:ty — FE:a— S(a Ze )z,

[eo]

where (€5)22, is the standard unit vector in 05 (i.e. c¢y). Then S is o-nuclear operator.

Indeed, obvious that S is linear continues operator and S =", ef @ x;. We have

o0

Z el (o = sup Z laz™ (x;)]

aEBgl,I EBE* i=1 aGBgl,x*GBE* i=1

< sup Z |l [|:]
a€B 01 j=1
< sup [z sup [laf, < oo

1<i<oo a€By,

10



2.2. Factorization theorem

and

lim Z e (a = lim Z | x™ ()

m—0oo OLEBZ , T EBE* . m—0oo aEle,x EBE* L

< lim sup Z|az| || ]|

le m

< lim Sup HmzH sup Z ’052’ = 0.

m—00 1<i<00 OlGBglz m

So, S is o-nuclear operator and

N, (S) < sup {Z |aja”(x;)] : (o) € Bey, 2" € BE*}

Jj=1

IN

sup [|lz; ]| = [|zf]
JEN

2.2 Factorization theorem

A sequence (e;) with e; # 0 is called a hyperorthogonal basis of the Banach space U if its
< HZ?:l 1;€; forn=1,2,..

linear span is dense and if |§ j‘ < ‘%‘ implies Hzg;l &€

Remark 2.2.1 FEvery hyperorthogonal basis is unconditional conversely, a Banach space

with an unconditional basis can be renormed such that basis becomes hyperorthogonal.

Example 2.2.1 The unit sequence basis of ¢, with 1 < p < oo and cy is hyperorthogonal

basis.

The o-nuclear operator can be factorized as the following theorem (see [17, Theorem

23.2.5] and [14]). Here we give the proof in more detail .

Theorem 2.2.1 An operator T € N, (E, F) if and only if, the following diagram commutes

T

FE — F
Al /B
U

where, A € Ly(E,G),B € L{(G,F) and G is a Banach space having a hyperorthogonal
basis (e;)2,. And we haven, (T') = inf || A|| || B|| where the infimum is taken over all possible

factorizations.

11



2.2. Factorization theorem

Proof. =) Consider ¢ > 0, T' € N,(E,F) and let Y \;zf®y; be a representation of T,
i=1
such that

sup Zyg; (W)l < (L+2) ()24l s (T) -

z€BE,,y* €Bp+ i=1

We have for all z € F and y* € F™,

o0 l’* * ) 0
< sup |27 (2)y" (vi)
22:1: |x|| y | 2EBE,y*€Bpx* ;
< (1 +e) [l n, (1),
it follows that
> i@y ()l < (1 +2) D)2l n, (T) [l 7]l
i=1

We put |27 (x)y* (y;)| = |a|, obvious that («;)2, € ¢1. By Lemma 8.6.4 in [17], there exists

a decreasing sequence (p;)2; € ¢o with 0 < p; < 1 such that

S ol < (149 .
=1 =1

We conclude that
S ot @yt ()l < (L)Y |t (@)y (v)
i=1 i=1
< (14’ D2y llsdme () 1] ly* Il -

We can consider g; = ?, where (f3;) € ¢ such that 1 > 5, > 8, > ... > 0. Thus,

25 2lai @)y (i)l < (L4 &) [(D)Z e (T) Nl vl
Let
G:={z= (1), € C: (r;8; 'y;)2; is unconditionally summable }

and

2]l == sup ZW Ty (yi)]-

y*EBpx i=1

12



2.2. Factorization theorem

Then (G, || - ||¢) is a Banach space and the sequence (e;)°; of standard unit vectors forms
a hyperorthogonal basis in G. Indeed, let |v,| < |6;|, we have

n
E Vi€i
i=1

= [(vizille
G

= sup Z }%’5;19* (yz)‘

Yy EBpr i

< sup Z }91'5;13/* (Z/z)‘

Y E€Bpx iy
n
- ||<0i>?:1||G: Zeiei
i=1

)

G

for all n € N.
Define A € L(E,G) and B € L (G, F) by

A(x) =z} (z), forz e B x; € E*
and . . .
B(z) = B((r:)%,) = B _mie:) = > 7iBle)) = Y AT,
i=1 i=1 i=1
for z € G and (\;)2, € (.
Hence, it follows that

Bo A(z) = B((z;())Z,) = Z Aiwi (2)y = T

Usually, we take P, : G — G such that P,,((§;)%2,) := (&;)*,. Then

||(A_PmA)x||G = H('r:(x))oierlHG

= sup Zﬁjllccj(fc)y*(yl)!

v EBr i

= sup Zﬁiﬁ;ﬂﬁ(@y*@i”

*
Y E€BF st

Bupr sup > Bt (@)y" ()]

v EBRr i Zmi1

Bna(L+2)* 1A oo o (T) 2]

IN

IA

13



2.2. Factorization theorem

and
(B = BPn)z|| = Z NiTiYi
1=m-+1
= sup Z ATy (i)
v EBF (i1
< DRl sup D> iy (i)
v EBFR it
< ODZ e sup D B8 iy ()]
y*E€Bp~ i=m+1
< BunllM)Zllee sup > 7By ()]
Y E€Bps
< BuaallN)Zi et

Hence [[A = P All < 8,01 (1+ )*[|(A) 21 171,(T) and [|B = BP|| < B4 [[(A) 24 [loo-

So, A€ L{(E,G) and B € L4(G, F) with
Al < (1 +e)?[[(A)21 1 1o (T) and [ Bl < [[(A0)i24 [loo-

It follows that ||A||||B|| < (1 +&)*n,(T). Then, n, (T) = inf ||A||||B|| where the infimum is
taken over all possible factorizations.

<) Assume that 7" have the precedent factorization. Consider A € W,B €
m and G is Banach space having a hyperorthogonal basis.

Let (e;);2, be a hyperorthogonal basis of G and (v;) € G* be a sequence of corresponding

coordinate functionals, we have

o0

Alr) =) v (Ax))e; = Z Av; (2) €.

i=1

By composing with B, we get

T(z)=BoA(x) = B(Z A*v; () e;) = ZA*W (z) B (e;) .

Therefore, considering x7 = A*v; € E*, as there are (\;)32; € l \ {0} and (y;)3°, € F such
that B(e;) = Ajy;- Then T has the representation

=1

14



2.2. Factorization theorem

In order to show that 7" is o-nuclear operator. We have

m m

sup O |al(@)y () = sup
r€BE,,y*€Bpx* i=1 rE€BE,,y*€Bpx*

=1

< JOOZE sup Y (At (B(e))]

r€BE,,y*€Bpx i=1

= [()Zlx sup Zm B(e:)] -

uEIm(A i—1
Y EBF*

Let ¢; = +1, we have to estimate the latter expression. Observe that

sup Z’U’ B(e;))| = sup Z‘gzvz z))‘

uelm( A) ueIm(A)
y*EBpx y*EBpx

= sup |y |B giv; (u) €

y*GBF*

(by Hahn-Banach) = sup [|B Z £iv; (u) e;
uelIm(A) i—1
S B sup 52”2 €;
I ||u€[m Z

Since (e;); is hyperorthogonal basis and |g;| = 1, for all ¢ > 1, then

sup v (u) e;]| < sup Zvl e;
uelm(A uEIm (A4)
Therefore
awp (o < OB sup quz e
©€Bp ;) ueIm(A)
yEBF*

< JODERASIBI sup [ Pa(w)ll,

ucIm(A)

where (Pp,), the sequence of canonical projections, P, (u) = Y " vi(u)e;.
Thanks to [15, Corollary 26.3 (a)], there is a constant C' > 1 such that || P, (u)|| < C|ull.
It follows that

15



2.2. Factorization theorem

sup Y[ @)y ()l < CIHODZLIBI sup o
r€BE,,y*€Bpx* i=1 uelIm(A)
= ClO)ZIZ B sup [|[A)]
rEBR

= Ol IBIIIAL < oo

Now we will prove that

o0

lim sup Z |zf (z)y* (y;)| = 0.

M=% z€Bg,,y*€EBpx i
* * B €;

We have

o0 o0

sup Y |af(@)yt (w)| = sup
mGBE,,y*GBF* i=m+1 IL’EBE,,y*GBF*

i=m+1

< JOZmals s Y fu(An)y” (Ber)

z€Bg, y*€Bp* i=m-+1

IODZ I sup > Joi (u)y* (Bles)]

<
uelIm(A) ;
ZIG*IEBI(:*) i=m+1
< DRI sup > foi (w) y* (Ber))]

u€Im(A) j=m+1
y*EBpx

Let ¢; = +1, we have to estimate the latter expression. Observe that

sup > i (w)y (Ble)| = sup | Y ewi(u)y (Bler)
u€Im(A) j=m+1 uelm(A) |j=m+1
y*EBpx y*EBpx

= sup |y <B< > e (u) 6))‘
uelm(A) i=m+1
y*eBF*
B( Z EiV; (U) €i> ‘

= sup
uelm(A) ]
o0
< |B| sup | Y ewi(w)e
uelm(A) ||i=m+1

Since (e;); is hyperorthogonal basis and |g;| = 1, for all ¢ > 1, then

o) [e.e]

v; (u) e;
1=m-+1

gv; (u) e
i=m-+1

sup

ucIm(A)

< sup
ueIm(A)

16



2.3. The surjective and injective hull of o-nuclear linear operators

Therefore
sup STyt W)l < IODRLBI sup || > vi(w)e;
v€Bp Y €Br* i ueIm(A) ||i=m+1
< D)2 IBI sup  lu— Pr(u)]],

ueIm(A)

We know that every approximable operators are compact operators, it follows that Im(A)
is compact in G. We have by [15, Corollary 26.3 (b)] the sequence (P,,) converges to the
identity uniformly on Im(A), i.e.

lim sup |ju— P,(u)| =0.

m=—ee ucIm(A)

Consequently,

lim sup Z\x =0.

m OO$€BE i=m
Y GB *

This proves that T is o-nuclear operator. m

2.3 The surjective and injective hull of o-nuclear linear
operators

Let A be an operator ideal. The surjective hull [A, ||-|| ,]°* of an operator ideal [A, ||-]| 4] is

defined as follows;
A (EF):={T € L(E,F) : Qg € A({1(Bg),F)},
where Qp : (1(Bg) — FE is the natural surjection operator defined as Qx(Az)ren, =

> Az, and [|T| gour == |TQg]| 4 for T € A (E, F).

z€BR

Lemma 2.3.1 [17] Let [A, ||-|| 4] be a Banach operator ideal and let E and F' be a Banach
spaces. A linear map T € A*"(E, F) if and only if there exists a Banach space Z and an
S € (Z,F) such that T(Bg) C S(Bz).

In this case,

17

Asur — iIlf ||S||A .

where the infimum is taken over all the above inclusions.

17



2.3. The surjective and injective hull of o-nuclear linear operators

Theorem 2.3.1 [13, Theorem 2] The surjective hull [N, n, (-)]""" of the ideal of o-nuclear

operators can be identified with the ideal [IC, ||-||] of compact operators.

sur

Proof. Since [N, n, ()] C [Ly, |-] and [Zy, |-] = [K, |-} (see [9, Ex. 9.12] , then

Noy e (I C I T

To show the opposite inclusion, let £ and F' be Banach spaces. Let T' € K(FE, F) and let

€ > 0 Then by Lemma 1.3.1, there exists a null sequence(z;); in £ with
sup [|z;[| < (1+€) ||
JEN

such that

T(BF) C {Zajxj : (aj)j < Bgl} .

J=1

Let us consider the map S : ¢{ — F A = Zej@xj, where each e; is the standard unit
j=1
vector in ¢y. By Example 2.1.1, S € N, (¢;, F) and

Ny (S) < sup |lz;]| < (1+€) [T
jEN

Since T'(Br) C A(By,), by Lemma 2.3.1, T € N2*"(E, F) and n, (T) <, (S) < (1+4¢€) ||T].
u

Following [17], for a Banach operator ideal A, the injective hull [A, ||-|| ] of an operator
ideal [A, ||| 4] is defined as follows;

AM(B F) :={T € L(E,F) : igT € A(E, lo(Bp+)},

where ip : F' — (s (Bp+) is the natural isometry defined as ip(z) = (2*(2)):+eB,. , and

|T|| gins := ||irT|| 4 for all T € A™(E, F). If A is an operator ideal, then A™ is also an

operator ideal. The dual operator ideal A% consists of all operators T" such that 7% € A.
An operator ideal A is called symmetric if A C A% in case A = A% the operator ideal

is said to be completely symmetric [17, 4.4.5].

inj _

Lemma 2.3.2 [13, Lemma 4]If | A, ||-|| 4] is a symmetric Banach operator ideal, then [A, ||-|| 4]
surydual
LA, [1[]a]™]

18



2.3. The surjective and injective hull of o-nuclear linear operators

Using the principle of local reflexivity, Hutton [12](see also, [17, Proposition 4.4.7]),
proved that a continuous linear operator S € L(F, F') between Banach spaces can be ap-
proximated, in the usual operator norm, by finite rank operators if and only if its adjoint
S* € L(F*, E*) can be approximated, in the usual operator norm, by finite rank operators.

(i.e., L;(E, F) is completely symetric).
Theorem 2.3.2 [N, (E,F),n, ()] is symmetric.

Proof. By Theorem 2.2.1 T € N,(E, F) if and only if, there exist two operators A €
Li(E,G),B € L;(G,F) and G is a Banach space having a hyperorthogonal basis (¢;)%;
such that T'= BA. Hutton’s theorem assures that B (respectively A) can be approximated
by finite rank operators if and only if B*(respectively A*) can be approximated by finite
rank operators. This proves that 7% = A*B* € N,(F*,E*). =

The injective hull of the ideal of nuclear operators is identified in [17, Proposition 8.5.5]
(see also [13, Theorem 2]). The following theorem is a consequence of the fact that the ideal

ING(E, F),n, (-)] is symmetric.
Theorem 2.3.3 [N,,n, ()] = [K, ||

Proof. Since [N, 7, (+)] is symmetric, by Theorem 3.3.1 and Lema 2.3.2,

Nosy O = (N, ()] = K 1]
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Chapter 3

The ideal of o(p)-nuclear linear

operators

In [14] and [8] the Banach operator ideal of o(p)-nuclear linear operators for p > 1 is
introduced and studied. In [8] the concept of o-nuclear linear operators was generalized
to o(p)-nuclear linear operators for p > 1. In this chapter we prove that the class of o(p)-
nuclear linear operators is a Banach ideal, in particular the class of o-nuclear linear operators
is a Banach operator ideal. Also prove, under usual conditions on the underlying spaces,
a simpler formula for the o(p)-nuclear norm of a finite type operator. At the end of this
section, we present an (incomplete) contribution of some properties of the surjective hull of

the Banach operator ideal of o(p)-nuclear operators.

3.1 o(p)-nuclear linear operators

Now we present the classes of o(p)-nuclear linear operators for p > 1 introduced by Botelho

and Mujica in [8] and [14].

Definition 3.1.1 For1 < p < oo , we say that a linear operator T : E — F' is o(p)-nuclear
if there are sequences (\;)32, € Ly, (3)52, in E*and (y;)52, in F, such that
T = Z )\jxj@yj,
j=1
- * * 1
sup () | (@)y (y)]")r < o0

mGBEwy*GBF* j=1

20



3.1. o(p)-nuclear linear operators

and

hSA
I
©

lim sup

M=% xcBp,,y*€Bp* j=m

)

o
In this case we say that T = Z A\jT;®yj, is o(p)-nuclear representation of T' and
j=1

define

o0

A s (3

z€BE, W E€Bpx i,

Il = nf{][(A)

* |pl
. p

23 (2)y* ()

where the infimum runs over all o(p)-nuclear representation of 7' . The set of all such

linear operators is denoted by Nn(p) (E; F).
Proposition 3.1.1 Let T € L(E,F) and 1 <p < oo. Then
Now) (E,F) CN, (E,F).

Proof. Given T € N, (E,F). We have T' = Z)\jx;@yj =2

j=1
Ajy; € F, note that T" have a o-nuclear representation. Thanks to Holder’s inequality, we

- 1SBJ®b where b;

have

o o0

sup > @yt )] = s YN

xeBEuy*EBF* _]21 xEBE,,y*EBF* ] 1

o0
IGBEMy EBpx =1

( ) (y])|

< )7l

< 00

v
Sl

and

oo

mli_r)noo sup Z @)y (b;)] < )2 [lpe lim sup <Z |25 (2)y* (y
j=m

mGBE71:'-,/>.(€BI7‘"‘ i=m m— iEGBEn?J*GBF*

=
v
S I

Hence, T' is o-nuclear, with

ne(T) = inf { sup Y x;(w)y*(bj)l}

z€BE,,y*€Bpx* j=1

p Sup (Z!ﬂi(l‘)y ()|"

xeBEny*eBF* i=1

IN

inf § [[(A)i

N———
< =
I
]
A=
=
—~
~
N—

This completes the proof. m

21
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3.1. o(p)-nuclear linear operators

Example 3.1.1 Let 1 < p,q,7 < oo such that i = %—k L ()2 € Ly(E) and (X)32 € Ly,
we define the map

R:l,— FE:a— S(a Z)\]ez a);,

where ()2, is the standard unit vector in {,» (i.e. ¢o). Then R is o(p)-nuclear operator.

Indeed, obvious that S is linear continues operator and have a o(p)-nuclear representation

R =737 \ei®x;. We have

=1 j=1
o 1
< sup (O eyl [lal)P)?
a€By, j:1
; 1
< sup ( ZI%I r ZH%H )u
OCEB[7 ] 1
< (=)l < o0
and . -
lim su e*oz;v*m-p%<1i xlqizo
fm Ol @)lF < i kel

Then, R is o(p)-nuclear operator and

IRl < 1()7Z

Z\e DIRE

j=1

OteBgT x EBE*

< G52l ()5l

Proposition 3.1.2 For 1 < p < oo, (N

oo | - Mb)@ a Banach ideal of linear operator.

In particular the class of o-nuclear operator linear is a Banach operator ideal.

13

Proof. Condition (7). It follows from idg = 1-idg®1 (idx(c) = >0, - idx(a) -1 = ) and

1

= sup |l-idg(a)y(1)|] < 1. Moreover, let idx = Zl)\Jﬁj@nj € Ly(p) be any
]:

lall<1,|lvlI<1

8

lidx||

a(p)

o(p)-nuclear representation. Then 1 = idk (1) = >\ ;3;7;. Consenquently,
j=1

1= [Jid| < supZ\A,mm\ < (A2 [l sup me )7,

IMI<155 IvI<1 5=

22



3.1. o(p)-nuclear linear operators

and therefore 1 < [|idk||,,,
Let us prove condition (i) of Theorem 1.3.1. First, for every T' € N, (E; F) and ¢

given we remark that

1T = sup [|T(x ||=Sup

r€EBR

= Z\A ||~’E v)]

LEEBE y* EBF

F

(A5l sup ( zi(2)y" (y;) |p>
IEBE”y*EBF* i=1

< (1 +€) HT”J(p)

=

IN

Let A1, Ag, ... € Nogy(E; F) be such that [ Ag]| < oo. Sincell-| < |||, the
j=1
series ZAk is absolutely convergent in the Banach space L(E; F'),therefore A := ZAk
k=1 k=1

converges in L(E; F). Now we shall see A is o(p)-nuclear .Given ¢ > 0 for each k take

o(p)-nuclear representation Ax = Z AkjTr;®Yk; such that
j=1

[ el < (4 0 el

and

o0

sup (Y Jais @)y ) [P) < (1 +6) 1 Aell,) -

z€BE,,y* €Bp+ j=1

RSBl

o0 [e.9]

Let us see that Z Z AkjTr;®yr; o(p)-nuclear representation of A.
k=1 j=1

we have,

( p ZZP\MVJ

k=1 j=1

[e.9]

< D (a+ A =)

k.f

=1
= (1+e). Z [ Akl < o0
k=1
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3.1. o(p)-nuclear linear operators

and

* * AP < * * NP
xeBES,EPeBF* ; ; (l')y (yk])} o ; xEBES,,I;I*)eBF* ; ’xk] (x)y (ykﬁ‘

o0
< (149X A, < oo
k=1

To check the condition concerning the tail of the series, let § > 0 be given. Observing that,

for each m € N, such that

A = Z A = Z Z Ak Tr; QY
i k=1 j

1 =1 j=1
m—1m—1 m—1 oo
S ) I NCHINED S) RTINS 35S Akafvm@ym
k=1 j=1 k=1 j=m k=m j=1

tail

We have to show that there is M € N such that

m—1

> ek @)y () +ZZ|% V" (us)|))7 < 6,

IEBE”y GBF* k=1 j=m k=m j=1
o0 (o ¢]
for every m > M . By Z ||Ak||g<p) < 00 , there exists ks € N such that Z HA’f“c,(m < Q(fj-E)
j=1 k=ks
. Hence
o o
Z Z }9‘31@3 ()" < Z sup v ()" (i) |
wGBEny eBF"‘ k= k ] 1 k:k(g xEBE,,y*EBF* jzl
< 1o Y, <5
k=ks
o0
For k=1, ..., ks_1, since Z Akj T @Yy 18 a o(p)— nuclear representation of Ay, there is ji
j=1

€ N, such that

p

)
Z ‘xk] " (Yrs ‘p = okl

xGBEuy GBF)" i—g
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3.1. o(p)-nuclear linear operators

Choosing M = max{ Ky, Ji, ...,

A is o(p)-nuclear. From

I (Arg) Tz sup

p* -

CEGBE y*EBF*

1 1
(14 ¢€)rr. Z\|Ak|| )7

a +e>.; A, -

letting € — 0, we conclude that [A[,,

Jys—1} we have for m > M :

This completes the proof that

) < Z 1Akl

(77i1) Now consider the linear operators R € E(F G) and S € L(H,E). Let T €

Lo (E£; F) and € > 0. We have T' = Z \j7;®y; such that

J=1

[ i

EBE Y EBF*
and
o0
lim sup
m—0oo z€BE,,y*€Bpx

i—m

For every v € H,

1

N < (14e) T,

O Jai@)y w)[F) =o.

RTS(u) = R(Zij;(S(u)y]):R(ZAJ-S*@;*)(u)y])
= D AS @A) = 3 Aih; (g,
and
()2 sup (D |(S* (@) (w) - g (R(y;)[")

uEBpy,,g*€Bg* j=1

— -
[CHh xEBEﬁ};yEBF*(; (2
= ISR | (A5 sup
Eny*EBp*

ISTHIRI (T + ) Tl o

25

(S(u) - B (g")(w))|")

hSAL

S(u)
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3.2. Some properties

Moreover

im  sup () [(S* (@) () - g*(R(y))[)7

M= ueBy, g*€Be+ j=m

IN

ISTHIRI Yo

EyGBF*<m

So RT'S € Low)(H,G) and [|[RTS| ) < [[BI[Tl5) ST =

a(p)

Remark 3.1.1 By Proposition 3.1.2 and Proposition 2.1.1 the case p = 1 recovers the

Banach ideal of o-nuclear linear operators.

3.2 Some properties

This section is mainly based on [8].
Once (Lo(p), || - [lo(p)) is @ Banach ideal linear operators,we have L¢(E; F') C L (E; F),

and

Aareyl = 1Al ol

forall \ e K, x* € E*,y € F.

Remark 3.2.1 It follows from the definition that Li(E; F) is || . ||, -dense in L¢(E; F).
Therefore the operator S = Z)\ja:;f@yj is approzimable. since every S € L;(E;F) has a
j=1
finite reprsentation of the form S = Z AT RY;.
j=1

For S € L(E; F), define

m

1516y = AL (Ag)7%0 llpe - sup Z

Bg,y*€Bp+ 1

1

)W)}

Where the infimum runs over all finite representations S = Z AT RY;.
j=1
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3.2. Some properties

Remark 3.2.2 It is easy to check that |||, ; i a norm on L;(E;F) such that ||| <

[y It follows that |-, is a complete norm on L¢(E; F). It is clear that [|-||, ) <

Ml 5

For further use, we shall establish conditions under which the equality holds

Lemma 3.2.1 If the norms ||-| ., and [|-|| are equivalent on L¢(E; F') then they coin-

a(p)f

ctde on this space.
Proof. By assumption there is a constant C' > 0 such that |[-[| ., < C'[|[|,(, on L;(E; F).
Given S € L;(E; F) and ¢ > 0, take an infinite o(p)-nuclear representations S = Z AT QY

j=1
such that

IN

sup
z€BE,,y*€Bpx* =1

()2 Dok

15
(a+2)I8l,,,

In particular, for each m € N,
m

p* Z

z BEny EBF*

a(p)

m—1
1D 275005 o <1 A7
j=1

D)7 < (1 +3) 1S

Since,
lim )% =0,
m=00 J:EBE,,y EBF* —
for a sufficiently large m € N we get,
- * * 1
< Oy sup () 3@y (y)[)”
r€Bg,y*€Bpx .
a(p) J=m
e 1
< [y sup (@) (y)|")»
Ol s, B lestoly )
€
< o= lisl,
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3.2. Some properties

It follows that,

m—1 o)
1S,y = (1D AziQuys + > AwiQy;
= =m o(p)f
m—1
< D0 Aoy, 2 QY;
i=1 o(p)f o(p)f
19 > %
< (1+ 5) 1515 +C Z ARy,
J=m o(p)
< (1+ )HSHO(p HSHU@

= (1+€) ||S||0'(p)
And as this holds for every £ > 0 , the result follows. =

Corollary 3.2.1 Suppose that E is a finite-dimensional normed space. Then |[S| ., ; =
S| .y for every S € L(E; F).

a(p)

Proof. In this case L(E; F) = L¢(E; F) and this is a complete space for both norms ||-||
and |-

a(p)f

o(p) - By the isomorphisme theorem these norms are equivalent. The result follows

from Lemma 3.2.1. =

Lemma 3.2.2 IfAc L,p)(E;F) and T € Li(D; E) then
1A © Tl 5 < 1Al 1T

Proof. Letting J : T(D) — E be the formal inclusions and T:D— T(D) be defined by
T (u) = T'(u), we can write "= J o T. Since each T(D) is finite dimensional,

we have
Ly(T(D); F) = Ly(T(D); F) = Lo (T(D); F).
So,
L;(T(D); F) is complete with both norms || . [|spyand || . |[sp)s- By the inequality
|- o< || - llosand the open mapping theorem we conclude that these norms are
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3.2. Some properties

equivalent on L¢(7T'(D); F'). By Lemma 3.2.1 we get

I Ao o=l Ao J llow)
< Aol J |l

= [ Alow

from which it follows that

| AoT |lops=ll Ao JoT |lop)s
< AoJ oy - I Tl
= Aol T -

This completes the proof. m

Now, we recall Banach spaces, which have the approximation property.
Let E be a Banach space and let 1 < v < co. We say that £ has the y-bounded approzi-
mation property if, for every compact subset K C E and every € > 0, there is a finite rank
operator T' € L;(E, E) such that

[ =Tz <e,

for all x € K and ||T|| < 7.
A Banach space is said to have the bounded approximation property if it has v-bounded
approxzimation property for some . A Banach space is said to have the metric approximation

property if it has 1-bounded approximation property.

Proposition 3.2.1 If E* have the bounded approxzimation property, then ||-[| ., ; = ||l 5o
L (E,F) regardless of the Banach space F.

Proof. Let v > 1 be such that E* has the y-bounded approximation property. Given
Ae Ly (E,F),Given € > 0,by [17, Lemma 10.2.6] there exists T' € L; (E, F'), such that

T[] < (1+€)y
and

AoT =A
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3.3. Factorization theorem, surjective hull of o(p)-nuclear linear operators

By 3.2.2 we have

||AOT||J(p)f = ||AOT||
Al

o(p)f

[T

IN

a(p) |

< (+)vIAllyepy

A

Letting ¢ — 0 we get

The result follows from by 3.2.1. =

3.3 Factorization theorem, surjective hull of o(p)-nuclear
linear operators

We give the factorization theorem, for its proof we use the same technique in Theorem 2.2.1

(see also, [14, 1.6.2 Teorema| for n = 1).

Theorem 3.3.1 Let 1 < p < oo andT € L(E,F). An operator T is o(p)-nuclear if and

only if, the following diagram commutes

E 5 F
Al /B
U

where, A € L¢(E,U), B diagonal and U is a Banach space having a hyperorthogonal basis
(e0)2y, with Ble;) = Niyi, (M)2y € Ly and y; € F such that (13y:)2, € ((F) for 7 =
Yo Tiei € U. And we have 775(,,) (T') = inf || B|| . || B|| where the infimum is taken over all

possible factorizations.

Let 1 < p <oo,1 <r <p* The (p,r)-convex hull of a sequence (z,,), € ¢,(E) is defined

as

(p,r)-conv{(z,),} = {Zanmn (an)n € BgT} )

n=1
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3.3. Factorization theorem, surjective hull of o(p)-nuclear linear operators

A subset K of a Banach space FE is relatively (p,r)-compact (see [6]) if and only if for

every € > 0 ,there exists a sequence (z;); € ¢,(E) such that

K C {Jriozn:vn (ap)n € BZT} .
for some (), € 0,(E)((2)n € co(E) when p = 00).

Definition 3.3.1 [6/Let 1 < p < oo, 1 < r < p*. A linear operator T : X — Y is (p,r)-
compact if T(Bg) is a relatively (p, r)-compact subset of Y.

Denote the class of all (p,r)-compact operators acting between arbitrary Banach spaces

by IC(PJ‘)'
Remark 3.3.1 It is clear that Koy = K, K pr) = K,

Proposition 3.3.1 Let 1 < p,q,r < oo such that qi*
Ko (B ) e,y | © [Notw (B ). -l |

Proof. Let T' € K,,)(E,F) and let ¢ > 0. Then by Lemma 1.3.1, there exists a null

+%,7‘§p* and p < q. Then

=1
p

sequence (y;); in £,(F) with

Il < @+ Tl .

such that

T(Bg) C {Z a;y; - (a;); € Bgr} :

Let us consider themap R : £, — F':a—— R(a) = 3277, ef(a)yi = D277, [[(y));]], €; (@ )m =

zlz

Yo el (o )”( T where each e; is the standard unit vector in ¢q. As ¢, C ¢,

Then R has a o(¢*)-reprsentation,

*"“

< sup (Y Jay[") %Znyjn z

aEBeT j=1

1y5);1l,

)q

OLGBZT Y GBF* -

and
1Rl < Il < 1+ 1T,
Since T(Bg) C R(By,) = Za]y] : (aj); € Bgr} , by Lemma 2.3.1, T' € Vi (B, F) and
7j=1

I

weir, S Blwo(ey < A+ T =
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Conclusion

The concept of o-nuclear linear operators was generalized to o(p)-nuclear linear operators
for p > 1. The class of o(p)-nuclear linear operators is a Banach ideal, in particular the class
of o-nuclear linear operators is a Banach operator ideal. Also, under usual conditions on
the underlying spaces, a simpler formula for the o(p)-nuclear norm of a finite type operator.
Also, we obtain a factorization of operators belonging to £_f The surjective hull and the
injective hull of o(1)-nuclear linear operators coincide with the ideal of compact operators.
But, in the case p > 1 until now, we don’t know the answer, we have the following ” K,

the ideal of (p, r)-compact operators is included in N o) -
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Abstract.

The aim of this work is a detail study of the Banach ideal of sigma(p)-nuclear
linear operators, between Banach spaces. We present a discussion of some
properties and factorized this ideal by approximable operators.

Keywords: Linear operator ideals, compact operator, unconditionally p-summable
sequences, approximable operators, sigma nuclear.

Résumeé.

Le but de ce travail est d'étudier en détail les idéaux d'opérateurs sigma(p)
nucléaires entre espaces de Banach. Nous présentons une discussion de
quelques propriétés, et le théoreme de factorisation de cet idéal par des
opérateurs approximables.

Mots clés: L’idéal linéaire, Opérateur compact, Suite inconditionnelle p-sommable,
Opérateur approximable, sigma nucléaire



