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Notation

R Set of real numbers.
N∗ Set of positive integer numbers.
LP (a, b) Space of power function p ∈ [1,∞[ integrable on (a, b).
‖.‖Lp(a,b) Norm in Lp.
L∞(a, b) Space of functions essentially bounded on (a,b).
‖.‖L∞ Norm in L∞.
a.e. almost everywhere.
(., .) Scalar product.
p′ conjugate of holder of p

(
p′ = p−1

p

)
.

AC(a, b) Space of absolute continuous function on (a, b).
ACn(a, b) Space of n absolute continuous function of order n on (a, b).
W 1,p(a, b) The usual Sobolev space on (a, b).
‖.‖W 1.p Norm in W 1,p.
D(a, b) Space of infinitely differentiable functions with compact support.
L(E) The set of all linear and continuous maps from E to E.
Γ(.) The Gamma function.
B(.) The Beta function.
Iαa+ The fractional integral on the left of order α in the sense of Riemann-Liouville.
Iαb− The fractional integral on the right of order α in the sense of Riemann-Liouville.
p∗α The fractional critical exponent

(
p∗α = p

1−αp

)
.

Dα
a+ The fractional derivative on the left of order α in the sense of Riemann-Liouville.

Dα
b− The fractional derivative on the right of order α in the sense of Riemann-Liouville.

cDα
a+ The fractional derivative on the left of order α in the sense of Caputo.
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cDα
b− The fractional derivative on the right of order α in the sense of Caputo.

Dαa+ The weak left fractional derivative .
Dαb− The weak right fractional derivative .
d
dx

The usual derivative
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Introduction

Mathematics is one of the most important tools in science. It helps us understand and
describe many natural and physical phenomena. One of its key fields is differential equa-
tions, which are used to study things that change, like speed, temperature, or population
growth.

As science progressed, researchers found that classical derivatives are sometimes not
enough to model certain systems, especially those that depend on previous states or have
memory. To solve this, a new type of derivative called fractional derivatives was introduced.
This led to the development of fractional differential equations, which use derivatives of non-
integer order. Important references in this area include the book by [6], which is a modern
and detailed source on fractional equations, and the book by [9], which lays the theoretical
foundations of fractional integrals and derivatives. Another helpful reference is the work
by [8], which combines theory and applications.

These equations can be either linear or nonlinear. Nonlinear equations are harder to
analyze and often require advanced mathematical tools. In this thesis, I study both linear
and nonlinear fractional differential equations. The main goal is to prove the existence of
weak solutions using methods from functional analysis. I also relied on other references
such as [2] for nonlinear functional analysis and Sobolev spaces.

This thesis is divided into four chapters:

• In Chapter 1, I present the main mathematical tools and theorems needed in the
rest of the work, especially those related to variational methods.

• In Chapter 2, I explain fractional integrals and the Riemann–Liouville derivative,
with simple examples to help the reader understand the concepts.
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• Chapter 3 is about fractional Sobolev spaces and absolutely continuous functions.
I also present embedding results and versions of the fractional integration by parts
formula.

• In Chapter 4, I apply the theory to a nonlinear fractional differential equation using
three methods: variational minimization, the Nehari manifold approach, and the
eigenvalue method.

This work shows that fractional calculus is a powerful and useful tool for solving complex
problems in mathematics and applied sciences.
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CHAPTER 1
PRELIMINARIES

In this chapter, we present the essential mathematical tools and foundational results
that will be used throughout the thesis.These concepts are essential for understanding
and studying differential equations., particularly those involving fractional derivatives and
variational methods.

1.1 Functional Spaces

1.1.1 The Lebegue Space

Definition 1.1. [2] Let (a, b) ⊂ R open set and let p ∈ R with 1 ≤ p < +∞ , the lebesgue
space is defined by :

Lp(a, b) =
{
f :]a, b[−→ R is measurable and

∫ b

a
|f(x)|pdx <∞

}

equipped with the norm

||f ||Lp(a,b) =
(∫ b

a
|f(x)|pdx

) 1
p

Definition 1.2. The lebegue space L∞(a, b) is defined by :

L∞(a, b) =
{
f :]a, b[→ R is measurable, ∃ constant C : |f(x)| ≤ C a.e x on (a, b)

}
,

equipped with the norm

‖f‖L∞(a,b) = inf {C, |f(x)| ≤ C a.e x on (a, b)} = ess sup
x∈(a,b)

|f(x)| a.e x on (a, b)

Remark 1.1. For p = 2,the space L2(a, b) is a Hilbert space with the inner product

(u, v) =
∫ b

a
uvdx

9



1.1. FUNCTIONAL SPACES

Theorem 1.1. [2] The spaces (Lp, ||.||Lp) is

• Banach space for 1 ≤ p ≤ ∞

• a reflexive space for 1 < p <∞

• a separable space for 1 ≤ p <∞

Remark 1.2. The space L1 is separable but not reflexive , while the space L∞ is neither
reflexive nor separable .

Notation 1.1. Let 1 ≤ p ≤ ∞ we denote by p′ the conjugate of p defined as follows p′ = p
p−1

Theorem 1.2. (The Hölder Inquality):[2]
Let f ∈ Lp and g ∈ Lp′ with 1 ≤ p ≤ ∞ then f, g ∈ L1∫ b

a
|f(x)g(x)|dx ≤ ‖f‖Lp(a,b)‖g‖Lp′ (a,b) (1.1)

We have also the generalized Hölder inquality :∫ b

a
|f1(x) . . . fm(x)|dx ≤ ‖f1‖Lp1 (a,b) . . . ‖fm‖Lpm (a,b) (1.2)

where fk(x) ∈ Lpk(a, b), k = 1, 2, . . . ,m ,
m∑
k=1

1
pk

= 1

Remark 1.3. whene p = q = 2, Hölder’s inequality becomes:∣∣∣∣∣
∫ b

a
f(x)g(x) dx

∣∣∣∣∣ ≤
(∫ b

a
|f(x)|2 dx

)1/2 (∫ b

a
|g(x)|2 dx

)1/2

, (1.3)

which corresponds to the classical Cauchy-Schwarz inequality in the Hilbert space L2(a, b).

Theorem 1.3. (Young Inequality):[2]
for all a, b ∈ R

ab ≤ 1
p
|a|p + 1

p′
|b|p′ (1

p
+ 1
p′

= 1)

Moreover : ∀ε > 0,∃C > 0 such that :

ab ≤ εap + Cbp
′where C = ε−

1
p−1

Theorem 1.4. (Interpolation inquality)[2] If f ∈ Lp(a, b) ∩ Lq(a, b) with 1 ≤ p ≤ q ≤
∞ , then f ∈ Lr(a, b) : p ≤ r ≤ q :

‖f‖Lr ≤ ‖f‖θLp‖f‖1−θ
Lq , where

1
r

= θ

p
+ 1− θ

q
, 0 ≤ θ ≤ 1
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1.1. FUNCTIONAL SPACES

Theorem 1.5. (Fubini’s theorem):[2][9]
Let Ω1 = [a, b],Ω2 = [c, d],−∞ ≤ a < b ≤ ∞ and let f(x, y) be a measurable function
defined on Ω1Ω2 if at least one of the integrals∫

Ω1

(∫
Ω2
f(x, y)dy

)
dx,

∫
Ω2

(∫
Ω1
f(x, y)dx

)
dy,

∫∫
Ω1Ω2

f(x, y)dxdy

is finit and absolutely convergent then∫
Ω1

(∫
Ω2
f(x, y)dy

)
dx =

∫
Ω2

(∫
Ω1
f(x, y)dx

)
dy =

∫∫
Ω1Ω2

f(x, y)dxdy

the following particular case of Fubini’s theorem holds,namely :
∫ b

a

(∫ x

a
f(x, y)dy

)
dx =

∫ b

a

(∫ b

y
f(x, y)dx

)
dy

Theorem 1.6. (Lebesgue’s dominated convergence theorem):[2]
Let (fn) be a sequence of functions of L1(a, b) , we assume that

a) fn(x) −→ f(x) a.e x on (a, b)

b)There exists a function g ∈ L1(a, b) such that for each n ,|fn(x)| ≤ g(x) a.e x on (a, b)

Then f ∈ L1(a, b) and ||fn − f ||L1(a,b) −→ 0

Theorem 1.7. ( Inverse of Lebesgue’s Dominated Convergence Theorem):[2]
Let (fn) ⊂ Lp(a, b)and f ∈ Lp(a, b) such that ‖fn − f‖Lp(a,b) −→ 0. Then, there exists a
subsequence (fnk) such that:

a) fnk(x) −→ f(x) a.e. x on (a, b)

b) |fnk(x)| ≤ h(x) ∀k and a.e. x on (a, b), with h ∈ Lp(a, b)

1.1.2 Space of absolutely continuous functions

Definition 1.3. Let [a, b],−∞ < a < b < +∞ a finite interval of R and AC[a, b] is the
space of primitive function f , ie:

AC([a, b]) =
{
f : ∃ϕ ∈ L1(a, b) : f(x) = C +

∫ x

a
ϕ(t)dt

}
and we call AC[a, b] the space of absolutely continuous functions on (a, b)

11



1.2. SOME USEFUL RESULT

Definition 1.4. for n ∈ N∗ , we denote ACn([a, b]) the space of function f which have
continuous derivatives up to order (n− 1) and such that f (n−1) ∈ AC([a, b]) ie :

ACn([a, b]) =
{
f ∈ Cn−1(a, b)/f (n−1) ∈ AC([a, b])

}
In particular ,if n = 1 , we have AC1([a, b]) = AC([a, b])

Definition 1.5. Let 0 < α < 1 the holder space C α([a, b]) is define as follows

C α([a, b]) =
{
u ∈ C ([a, b])

∣∣∣∣∣ |u(x)− u(y)|
|x− y|α

≤ C, ∀x, y ∈ [a, b], x 6= y

}

Remark 1.4. The space C α([a, b]) is a banach space with the norm

‖u‖Cα = ‖u‖L∞(a,b) + sup
x 6=y

x,y∈[a,b]

|u(x)− u(y)|
|x− y|α

1.2 Some useful result

We use the following lemma to prove some next theorem.

Lemma 1.1. Let x, y > 0 such that y ≤ x we have :

If µ ≥ 1 then (x− y)µ ≤ xµ − yµ (1.4)

If 0 < µ ≤ 1 then yµ − xµ ≤ (x− y)µ (1.5)

Lemma 1.2. For all x, y ≥ 0 we have:

If p ≥ 1 then (x+ y)p ≤ 2p−1(xp + yp), (1.6)

If p < 1 then (x+ y)p ≤ xp + yp, (1.7)

Lemma 1.3. The following function is strictly increasing :

f : [a, a+ h] −→ R
s 7−→ f(s) = (b− h− s)α − (b− s)α + (a+ 2h− s)α − (a+ h− s)α

Proof. We define:

f1(s) = (b− h− s)α − (b− s)α, f2(s) = (a+ 2h− s)α − (a+ h− s)α.

Then:
f ′1(s) = −α

[
(b− h− s)α−1 − (b− s)α−1

]
,

12



1.2. SOME USEFUL RESULT

f ′′1 (s) = α(α− 1)
[
(b− h− s)α−2 − (b− s)α−2

]
.

Since b − h − s < b − s for s < b − h, we have f ′′1 (s) < 0 for all s ∈ (a, b − h). Thus,
f ′1(s) is decreasing on (a, b− h), and we obtain:

f ′1(s) ≥ f ′1(b− h) = αhα−1.

Similarly, for f2, we compute:

f ′2(s) = −α
[
(a+ 2h− s)α−1 − (a+ h− s)α−1

]
,

f ′′2 (s) = α(α− 1)
[
(a+ 2h− s)α−2 − (a+ h− s)α−2

]
.

Since a + 2h − s > a + h − s, we have f ′′2 (s) > 0 for all s < a + h. Hence, f ′2(s) is
increasing on [a, a+ h], and:

f ′2(s) > f ′2(a) = −α
[
(a+ 2h− a)α−1 − (a+ h− a)α−1

]
= −α

[
(2h)α−1 − hα−1

]
.

Putting everything together, we find:

f ′(s) = f ′1(s) + f ′2(s)

≥ αhα−1 − α
[
(2h)α−1 − hα−1

]
= α

[
hα−1 − (2h)α−1 + hα−1

]
= αhα−1

[
2− 2α−1

]
.

Since α ∈ (0, 1), we have 2α−1 < 1, so 2 − 2α−1 > 0. Therefore, f ′(s) > 0, and we
conclude that f is strictly increasing on the considered interval.

1.2.1 The Lax-Milgram theorem

Definition 1.6. 1. A bilinear form a : H ? H → R is said to be

(i) Continuous if there is a constant C such that

|a(u, v)| ≤ C‖u‖‖v‖ ∀u, v ∈ H

(ii) Coercive if there is a constant α > 0 such that

a(v, v ≥ α‖v‖2 ∀v ∈ H

13



1.2. SOME USEFUL RESULT

• A linear form ` : H → R is continuous or bounded if there is constant C > 0
such that

`(v) ≤ c‖v‖ ∀v ∈ H

Theorem 1.8. (Lax-Milgram)[2] Let H be a Hilbert space, H ′ its dual . Let a : H?H →
R be a continuous and bilinear from , and ϕ ∈ H ′. Then there exists a unique element u ∈ H
such that

a(u, v) = 〈ϕ, v〉 ∀v ∈ H. (1.8)

1.2.2 Some compactness result

Definition 1.7. (compact set) Let A be a subset of a normed space E. Then A is called
compact if every sequence (xn) ⊂ A has a convergent subsequence.

Definition 1.8. (Precompact set ) A subset A of a normed space E is said to be pre-
compact in E if, for every ε > 0, the set A can be covered by a finite number of subsets of
E, each having diameter less than or equal to ε.

Theorem 1.9. [7] A normed space is compact if and only if it is precompact and complete.

Definition 1.9. (Uniformly equicontinuous) Let E be a subset of C([a, b])(the space
of continuous functions) we say that E is uniformly equicontinuous if:

∀ε > 0, ∃δ > 0 such that d(x1, x2) < δ ⇒ |f(x1)− f(x2)| < ε ∀f ∈ E

Theorem 1.10. (Ascoli–Arzelà):[2]
Let E be a bounded set of C([a, b]). Assume that E is uniformly equicontinuous, Then the
closure of E in C([a, b]) is compact

Theorem 1.11. [3] Let Ω ⊂ RN be an open set and 1 ≤ p <∞. A bounded set K ⊂ Lp(Ω)
is precompact in Lp(Ω) if and only if:

∀ε > 0, ∃δ > 0, ∃G ⊂ Ω open such that ∀u ∈ K, ∀h ∈ RN , |h| < δ, |h| < d(G, ∂Ω)∫
G
|u(x+ h)− u(x)|p dx < εp and

∫
Ω\G
|u(x)|p dx < εp

14



1.3. SPECIAL FUNCTIONS

1.2.3 Spectral decomposition

Definition 1.10. A bounded operator T ∈ L(E) is said to be self-adjoint if T ? = T , i.e.,

(Tu, v) = (u, Tv) ∀u, v ∈ E

Definition 1.11. Let E and F be normed spaces, and let T : E → F be a bounded linear
operator. We say that T is compact if for every bounded sequence (un)n∈N in E, there exists
a subsequence (ukn) such that the sequence (Tukn) converges in F .

Theorem 1.12. Let H be a separable Hilbert space and let T be a compact self-adjoint
operator. Then there exists a Hilbert basis composed of eigenvectors of T

1.3 Special Functions

Definition 1.12. [9] the gamma function Γ is defined for a complex number z with Re(z) >
0 as follows :

Γ(z) =
∫ ∞

0
e−xxz−1dx

Proposition 1.1. [9] We have following properties:

1. for all z > 0 ∈ C we have Γ(z + 1) = zΓ(z)

2. Γ(z) = (z − 1)!

3. if n ∈ N∗ then Γ(n+ 1) = n!

Definition 1.13. [9] the Beta function β is a type of euler integral defined by :

B(p, q) =
∫ 1

0
xp−1(1− x)q−1 (p, q ∈ C, Re(p) > 0, Re(q) > 0)

Proposition 1.2. [9]

1. For all p, q ∈ C, Re(p) > 0, Re(q) > 0, we have

B(p, q) = Γ(p)Γ(q)
Γ(p+ q) (1.9)

2. If n,m ∈ N∗then ,
β(n,m) = (n− 1)!(m− 1)!

(n+m+ 1)!

15



CHAPTER 2
RIEMANN-LIOUVILLE FRACTIONAL

INTEGRALS AND DERIVATIVES

In this chapter, we will first learn about the idea of fractional integrals, followed by an
explanation of the Riemann–Liouville derivative. Simple examples will be given to help
make these concepts easier to understand. We will also look at some important properties.

2.1 Riemann-Liouville Fractional Integrals

Definition 2.1. Let n−1 < α < n and u ∈ L1(a, b). The left Riemann–Liouville fractional
integral Iαa+ and right Riemann–Liouville fractional integral Iαb− of u are defined as follow:

(Iαa+f)(x) = 1
Γ(α)

∫ x

a
(x− t)α−1f(t)dt (a < x ≤ b). (2.1)

(Iαb−f)(x) = 1
Γ(α)

∫ b

x
(t− x)α−1f(t)dt (a ≤ x < b). (2.2)

Example 2.1. for α > 0,β > 0 ,we put f(x) = (x− a)β−1

(
Iαa+(x− a)β−1

)
(x) = 1

Γ(α)

∫ x

a
(x− τ)α−1(τ − a)β−1dτ, we put τ − a = s(x− a)

= 1
Γ(α)

∫ 1

0
((x− a)− s(x− a))α−1(s(x− a))β−1(x− a)ds

= 1
Γ(α)(x− a)α+β−1

∫ 1

0
sβ−1(1− s)α−1ds

= 1
Γ(α)(x− a)α+β−1B(α, β)

16



2.1. RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

By (1.9), B(α, β) = Γ(α)Γ(β)
Γ(α+β)

(
Iαa+(x− a)β−1

)
(x) = Γ(β)

Γ(α + β)(x− a)α+β−1 (2.3)

same idea for the right-sided fractional integral (the change of variable is b− τ = s(b− x))
we obtien : (

Iαb−(b− x)β−1
)

(x) = Γ(β)
Γ(α + β)(b− x)α+β−1

Example 2.2. Let 0 < α < 1, and let f(x) = c, where c is a constant.

(Iαa+c) (x) = 1
Γ(α)

∫ x

a
(x− t)α−1c dt

= c

Γ(α)

∫ x

a
(x− t)α−1dt =

[
−c

αΓ(α)(x− t)α
]x
a

Hence,
(Iαa+c) (x) = c

Γ(α + 1)(x− a)α (2.4)

Theorem 2.1. Let 0 < α < 1 and let f , ϕ such that

Iαa+ϕ(x) = f(x) (2.5)

Then
ϕ(x) ∈ L1(a, b)⇔

(
I1−α
a+ f

)
(x) ∈ AC([a, b]) and

(
I1−α
a+ f

)
(x)(a) = 0

Where (
I1−α
a+ f

)
(x) = 1

Γ(1− α)

∫ x

a
(x− t)−αf(t)dt (2.6)

Proof. (⇒) :
The equation (2.5) may be solved in the following:
Changing x to t and t to s respectively ,and multiplying both sides of the equation by
(x− t)−α and integrating we have∫ x

a
(x− t)−αdt

∫ t

a
(t− s)α−1ϕ(s)ds = Γ(α)

∫ x

a
(x− t)−αf(t)dt

We interchanging the order of integration in the left-hand side we arrive at :∫ x

a
ϕ(s)ds

∫ x

s
(x− t)α−1dt = Γ(α)

∫ x

a
(x− t)−αf(t)dt (2.7)

We put t = s+ τ(x− s) we have :∫ x

s
(x− t)−α(t− s)α−1dt =

∫ 1

0
τα−1(1− τ)−αdτ

17
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= B(α, 1− α) = Γ(α)Γ(1− α)

We by substituting in (2.7) we have :∫ x

a
ϕ(s)ds = 1

Γ(1− α)

∫ x

a
(x− t)−αf(t)dt

Hence after differentiation we have :

ϕ(x) = 1
Γ(1− α)

d

dx

∫ x

a
(x− t)−αf(t)dt (2.8)

So, if (2.5) has a solution ,this solution is necessarily given by (2.8) and therefore it is
unique.
We assum that the equation (2.5) has a solution ϕ(x) ∈ L1(a, b) .
We define the function

f1−α(x) = 1
Γ(1− α)

∫ x

a
(x− t)−αf(t)dt

By differentiating both sides with respect to x , we obtain :

d

dx
f1−α(x) = ϕ(x)

Furthermore, evaluting at x = a, we get

I1−αf(a) = 1
Γ(1− α)

∫ a

a
(a− t)−αf(t)dt = 0

Thus, the necessity of the condition is establish
(⇐):
We have I1−α

a+ f(x) ∈ AC(a, b) and satisfies I1−α
a+ f(a) = 0. We want to show that ϕ(x) ∈

L1(a, b)
Since I1−α

a+ f(x) ∈ AC([a, b]), we have
(
I1−α
a+ f

)′
(x) = d

dx
I1−α
a+ f(x) = ϕ(x) ∈ L1(a, b) (2.9)

So, ϕ(x) exists olmost everywhere and belongs to L1(a, b)
We substitute (2.9) in (2.5) we get :

1
Γ(α)

d

dx

∫ x

a
(x− t)α−1

(
I1−α
a+ f

)′
(t)dt = g(x)

So,
g(x) = Iαa+

(
I1−α
a+ f

)′
(x)⇔

(
I1−α
a+ f

)′
(x) = Dα

a+g(x)

18
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Hence ,(
I1−α
a+ f

)′
(x) ∈ L1(a, b)⇒

(
I1−α
a+ f

)′
(x) = 1

Γ(1− α)
d

dx

∫ x

a
(x− t)−αg(t)dt =

(
I1−α
a+ g

)′
(x)

i.e. (
I1−α
a+ f

)′
(x) =

(
I1−α
a+ g

)′
(x)

Thus, (
I1−α
a+ f

)
(x) =

(
I1−α
a+ g

)
(x) + C (2.10)

and we have as x = a(
I1−α
a+ f

)
(a) = 0

(
I1−α
a+ g

)
(a) = 0 because

(
I1−α
a+ f

)′
(x) ∈ L1(a, b)

Which implies that C = 0 Hence by (2.10)(
I1−α
a+ f − I1−α

a+ g
)

= 0⇒ I1−α
a+ (f − g) = 0⇒ f − g = 0

So,
f = g

This implies the choice:

ϕ(x) = 1
Γ(1− α)

d

dx

∫ x

a
(x− t)−αf(t)dt

We must check that ϕ(x) ∈ L1(a, b). Since I1−αf(x) is absolutely continuous, its derivative
ϕ(x) exists almost everywhere and belongs to L1(a, b). Thus, the solution ϕ(x) exists in
L1(a, b), proving that the equation is solvable.

Lemma 2.1. If f(x) ∈ AC([a, b]) then I1−α
a+ f(x) ∈ AC([a, b]) and

I1−α
a+ f(x) = 1

Γ(2− α)

(
f(a)(x− a)1−α +

∫ x

a
f ′(t)(x− t)1−αdt

)
Proof. We have :

f ∈ AC(a, b) i.e f(t) = f(a) +
∫ t

a
f ′(s)ds (2.11)

Substituting (2.11) into (2.6), we obtain:

I1−α
a+ f(x) = 1

Γ(1− α)

∫ x

a
(x− t)−α

[
f(a) +

∫ t

a
f ′(s)ds

]
dt

Now we split the integral :

I1−α
a+ f(x) = f(a)

Γ(1− α)

∫ x

a
(x− t)−αdt+ 1

Γ(1− α)

∫ x

a
(x− t)−α

(∫ t

a
f ′(s)ds

)
dt
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So, we compute the first integral directly, and for the second integral, we apply fubini’s
Theorem(1.5):

I1−α
a+ f(x) = f(a)

Γ(2− α)(x− a)1−α + 1
Γ(2− α)

∫ x

a
f ′(s)(x− s)1−αds

So:
I1−α
a+ f(x) = 1

Γ(2− α)

(
f(a)(x− a)1−α +

∫ x

a
f ′(s)(x− t)1−αdt

)
This function is absolutely continuous because: f ′ ∈ L1(a, b) and (x − t)1−α ∈ L1(a, b) for
0 < α < 1 and (x− a)1−α is continuous.
Hence

I1−α
a+ f(x) ∈ AC(a, b)

Proposition 2.1. Let α > 0 ,β > 0 et f ∈ L1 [a, b] , Then

Iαa+I
β
a+f = Iβa+I

α
a+f = Iα+β

a+ f (2.12)

Proof.

Iαa+I
β
a+f(x) = 1

Γ(α)

∫ x

a
(x− τ)α−1

(
1

Γ(β)

∫ τ

a
(τ − s)β−1f(s)ds

)
dτ

= 1
Γ(α)Γ(β)

∫ x

a

∫ τ

a
(x− τ)α−1(τ − s)β−1f(s)dsdτ

We change of integration order we get :

Iαa+I
β
a+f(x) = 1

Γ(α)Γ(β)

∫ x

a
f(s)

∫ x

s
(x− τ)α−1(τ − s)β−1dτds

We use this change u = τ−s
x−s , du = dτ

x−s , τ = (x− s)u+ s, u : 0 −→ 1

Iαa+I
β
a+f(x) = 1

Γ(α)Γ(β)

∫ x

a
f(s)(x− s)α+β−1

∫ x

s
(1− u)α−1uβ−1duds

= 1
Γ(α)Γ(β)

∫ x

a
f(s)(x− s)α+β−1B(α, β)duds, (by1.9)

= 1
Γ(α)Γ(β)

Γ(α)Γ(β)
Γ(α + β)

∫ x

a
f(s)(x− s)α+β−1ds

= 1
Γ(α + β)

∫ x

a
(x− s)α+β−1f(s)ds

= Iα+β
a+ f(x).
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2.1.1 Embedding of the Riemann-Liouville Integral

Theorem 2.2. The Rieman-liouville integral Iαa+f ,Iαb−f : Lp(a, b) −→ Lp(a, b) is well
defined and continous for 1 ≤ p ≤ ∞ and we have :

‖Iαa+f‖Lp(a,b) ≤
(b− a)α
Γ(α + 1)‖f‖L

p(a,b) (2.13)

‖Iαb−f‖Lp(a,b) ≤
(b− a)α
Γ(α + 1)‖f‖L

p(a,b). (2.14)

Proof. We have :

|Iαa+f(x)| =
∣∣∣∣∣ 1
Γ(α)

∫ x

a
(x− t)α−1f(t)dt

∣∣∣∣∣
By Hölder’s inequality(1.1), we obtain:

|Iαa+f(x)| ≤ 1
Γ(α)

(∫ x

a
|f(t)|(x− t)

α−1
p dt

)(∫ x

a
(x− t)α−1dt

) 1
p′

≤ (b− a)α(
p−1
p )

Γ(α)α
p−1
p

(∫ x

a
|f(t)|p(x− t)α−1dt

) 1
p

Then ,

‖Iαa+f‖pLp(a,b) ≤
(b− a)α(p−1)

Γp(α)αp−1

∫ b

a

∫ x

a
(x− t)α−1|f(t)|pdtdx

Hence, by Fubini’s Theorem (1.5), we obtain:

‖Iαa+f‖pLp(a,b) ≤
(b− a)α(p−1)

Γp(α)αp−1

∫ b

a
|f(t)|p

∫ b

t
(x− t)α−1dxdt

≤ (b− a)α(p−1)

Γp(α)αp−1
(b− a)α

α
‖f‖pLp(a,b)

= (b− a)αp
Γp(α + 1)‖f‖

p
Lp(a,b)

Hence ,
‖Iαa+f‖Lp(a,b) ≤

(b− a)α
Γ(α + 1)‖f‖L

p(a,b)

• Same idea for (2.14)

Theorem 2.3. 1. If α ∈
]
0, 1

p

[
the operator Iαa+ , Iαb− : Lp(a, b)→ Lq(a, b) are continuous

for every q ∈ [1, p∗α] where p∗α = p
1−αp the fractional critical exponent.

2. If α ∈
]

1
p
, 1
[
the operator Iαa+ , Iαb− : Lp(a, b)→ L∞(a, b) are continuous
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Proof. 1. Let α ∈
]
0, 1

p

[
⊂ (0, 1) we show that :

‖Iαa+u‖Lq(a,b) ≤ C‖u‖Lp(a,b) where q ∈ [1, p∗α]

namely Iαa+ is bounded from Lp , 1 ≤ p ≤ 1
α
into Lr where 1 ≤ r < p∗α

We set ε = 1
2

(
1
r
− 1

q

)
then we have :

Γ(α)Iαa+u(x) =
∫ x

a
(x− t)α−1u(t)dt

By Hölder’s inequality, we obtain:

|Iαa+u(x)| ≤ 1
Γ(α)

∫ x

a

(
|u(t)|

p
r (x− t)ε− 1

r

)
|u(t)|1−

p
r (x− t)ε−

1
p′ dt

Then, applying the generalized Hölder’s inequality (1.2) ,where p1 = r , p2 = rp
r−p ,

p3 = p′ we obtain:

|Iαa+u(x)| ≤ 1
Γ(α)

(∫ x

a
|u(t)|p(x− t)rε−1dt

) 1
r
(∫ x

a
|u(t)|pdt

) 1
p
− 1
r
(∫ x

a
(x− t)p′ε−1dt

) 1
p′

≤ (b− a)ε

Γ(α)(εp′)
1
p′
‖u(x)‖1− p

r

Lp(a,b)

(∫ x

a
|u(t)|p(x− t)rε−1dt

) 1
r

Hence ,

‖Iαa+u(x)‖Lr(a,b) =
(∫ b

a
|Iαa+u(x)|rdx

) 1
r

≤ (b− a)ε

Γ(α)(εp′)
1
p′
‖u(x)‖1− p

r

Lp(a,b)

(∫ b

a

∫ x

a
|u(t)|p(x− t)rε−1dtdx

) 1
r

By Fubini’s Theorem (1.5), we obtain:

‖Iαa+u(x)‖Lr(a,b) ≤
(b− a)ε

Γ(α)(εp′)
1
p′
‖u(x)‖1− p

r

Lp(a,b)

(∫ b

a
|u(t)|pdt

∫ b

t
(x− t)rε−1dx

) 1
r

≤ (b− a)2ε

Γ(α)(εp′)
1
p′ rε

1
r

‖u(x)‖1− p
r

Lp(a,b)‖u(x)‖
p
r

Lp(a,b)

≤ C‖u(x)‖Lp(a,b) where C = (b− a)2ε

Γ(α)(εp′)
1
p′ rε

1
r

2. Let 1
p
< α < 1 we show that :

‖Iαa+u(x)‖L∞(a,b) ≤ ‖u‖Lp(a,b)
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|Iαa+u(x)| ≤ 1
Γ(α)

∫ x

a
(x− t)α−1|u(t)|dt

By Hölder’s inequality (1.2), we obtain:

|Iαa+u(x)| ≤ 1
Γ(α)

(∫ x

a
(x− t)(α−1) p

p−1dt
) p−1

p
(∫ x

a
|u(t)|pdt

) 1
p

= 1
Γ(α)

(
p− 1
pα− 1

) p−1
p

(x− a)α−
1
p‖u‖Lp(a,b)

≤ c(b− a)α−
1
p

Γ(α) ‖u‖Lp(a,b) , where c =
(
p− 1
pα− 1

) p−1
p

• Same idea for Iαb−u(x)

Theorem 2.4. Let 0 < α < 1 and p ≥ 1. Then the operators: Iαa+,Iαb− :Lp −→ Lp are
compact.

Proof. Since Lp(a, b) is complete, it suffices to show that Iα(B1) is precompact (see Theo-
rem 1.9). For this purpose, we will apply Theorem 1.11.
We distinguish two cases:
• Case p = 1

We define
Ωh = (a+ h, b− h), h > 0

and we consider the unit ball

B1 = {u ∈ L1(a, b) : ‖u‖L1(a,b) ≤ 1}

Let u ∈ B1 we have∫ b−h

a+h
|Iαa+u(x+h)−Iαa+u(x)|dx = 1

Γ(α)

∫ b−h

a+h

∣∣∣∣∣
(∫ x+h

a
(x+ h− t)α−1u(t)dt−

∫ x

a
(x− t)α−1u(t)dt dx

−
∫ x

a
(x− t)α−1u(t)dt

)∣∣∣∣ dx
≤ 1

Γ(α)

(∫ b−h

a+h

∫ x

a
|(x+ h− t)α−1 − (x− t)α−1||u(t)|dtdx

+
∫ b−h

a+h

∫ x+h

x
|(x+ h− t)α−1||u(t)|dtdx

)
We denoted : ∫ b−h

a+h
|Iαa+u(x+ h)− Iαa+u(x)|dx ≤ 1

Γ(α) (A1 + A2) (2.15)
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Let

A1 =
∫ b−h

a+h

∫ a+h

a
|(x+ h− t)α−1 − (x− t)α−1||u(t)|dtdx

+
∫ b−h

a+h

∫ x

a+h
|(x+ h− t)α−1 − (x− t)α−1||u(t)|dtdx

By Fubini’s Theorem (1.5), we obtain:

A1 =
∫ a+h

a
|u(t)|

∫ b−h

a+h

(
(x− t)α−1 − (x+ h− t)α−1

)
dxdt

+
∫ b−h

a+h
|u(t)

∫ b−h

t

(
(x− t)α−1 − (x+ h− t)α−1

)
dxdt

After computing the inner integral in both terms, we obtain:

A1 = 1
α

∫ a+h

a
|u(t)|(b− h− t)α − (b− t)α + (a+ 2h− t)α − (a+ h− t)αdt

+ 1
α

∫ b−h

a+h
|u(t)|(b− h− t)α − (b− t)α + hαdt

Since the function

f(t) = (b− h− t)α − (b− t)α + (a+ 2h− t)α − (a+ h− t)α

By lemma 1.3 the function f is increasing , we bound it from above by evaluating it at
t = a+ h. In the second term, the function

f(t) = (b− h− t)α − (b− t)α + hα

is decreasing, so we bound it from above by evaluating it at t = a+ h. We then obtain:

A1 ≤
(b− a− 2h)α − (b− a− h)α + hα

α
‖u‖L1(a,b)+

(b− a− 2h)α − (b− a− h)α + hα

α
‖u‖L1(a,b)

A1 ≤ 2(b− a− 2h)α − (b− a)α + hα

α
(2.16)

Let
A2 =

∫ b−h

a+h

∫ x+h

x
|(x+ h− t)α−1||u(t)|dtdx

We perform the change of variable s = t − x, and by adjusting the bounds of the integral
accordingly from x to 0 and from x+ h to h we obtain

A2 =
∫ b−h

a+h

∫ h

0
(h− s)α−1|u(s+ x)|dsdx
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By fubini theorem (1.5) we obtain :

A2 =
∫ b−h

a+h
|u(s+ x)|

∫ h

0
(h− s)α−1dsdx

= hα

α

∫ b−h

a+h
|u(s+ x)|dx

Hence ,
A2 ≤

hα

α
‖u‖L1(a,b) (2.17)

Then by (2.16) and (2.17) we obtain :∫ b−h

a+h
|Iαa+u(x+ h)− Iαa+u(x)|dx ≤ 1

Γ(α + 1) (2(b− a− 2h)α − 2(b− a)α + 3hα)

So ,
lim
h−→0

∫ b−h

a+h
|Iαa+u(x+ h)− Iαa+u(x)|dx = 0

By the Dominated Convergence Theorem (1.6), we obtain:∫ b

a
|Iαa+u(x)|dx = lim

h−→0

∫ b−h

a+h
|Iαa+u(x)|dx

So , given ε > 0, there is δ > 0 such that :∫
(a,b)\[a+h,b+h]

|Iαa+u(x)|dx < ε 0 < h < δ

Therefore ,by theorem (1.11) the Iαa+(B1) is precompact in Lp(a, b)
Hence by theorem (1.9) the Iαa+(B1) is compact
• Case p > 1

Let
u ∈ Bp = {u ∈ Lp(a, b) : ‖u‖Lp(a,b) ≤ 1}

We have :∫ b−h

a+h
|Iαa+u(x+ h)− Iαa+u(x)|pdx =

∫ b−h

a+h

∣∣∣∣∣ 1
Γ(α)

(∫ x+h

a
(x+ h− t)α−1u(t)dt−

∫ x

a
(x− t)α−1u(t)dt

)∣∣∣∣∣
p

dx

By (1.6) ,we obtain :
∫ b−h

a+h
|Iαa+u(x+h)−Iαa+u(x)|pdx ≤ 2p−1

Γp(α)

∫ b−h

a+h

(∫ x

a
|(x+ h− t)α−1 − (x− t)α−1||u(t)|dt

)p
dx

+ 2p−1

Γp(α)

∫ b−h

a+h

(∫ x+h

x
|(x+ h− t)α−1||u(t)|dt

)p
dx
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Then, ∫ b−h

a+h
|Iαa+u(x+ h)− Iαa+u(x)|p dx = 2p−1

Γp(α)(A1 + A2)

We have:

A1 =
∫ b−h

a+h

(∫ x

a

∣∣∣(x+ h− t)α−1 − (x− t)α−1
∣∣∣ |u(t)| dt

)p
dx

=
∫ b−h

a+h

(∫ x

a

[
(x− t)α−1 − (x+ h− t)α−1

]
|u(t)| dt

)p
dx

Furthermore, we split A1as:

A1 =
∫ b−h

a+h

(∫ a+h

a

[
(x− t)α−1 − (x+ h− t)α−1

]
|u(t)| dt

)p
dx

+
∫ b−h

a+h

(∫ x

a+h

[
(x− t)α−1 − (x+ h− t)α−1

]
|u(t)| dt

)p
dx

(2.18)

We apply Hölder’s inequality (1.1), and we obtain:

A1 ≤
∫ b−h

a+h

[(∫ a+h

a
[(x− t)α−1 − (x+ h− t)α−1]|u(t)|p dt

)
(∫ a+h

a
[(x− t)α−1 − (x+ h− t)α−1]dt

) P
p′
 dx

+
∫ b−h

a+h

[(∫ x

a+h
[(x− t)α−1 − (x+ h− t)α−1]|u(t)|p dt

)
(∫ x

a+h
[(x− t)α−1 − (x+ h− t)α−1]dt

) P
p′
]
dx

Since(∫ a+h

a
[(x− t)α−1 − (x+ h− t)α−1]dt

) P
p′

=
(

2(x− a)α − (x− a− h)α − (x+ h− a)α
α

)p−1

(∫ x

a+h
[(x− t)α−1 − (x+ h− t)α−1]dt

) P
p′ =

(
(x− a− h)α − (x− a)α + hα

α

)p−1

Hence,
A1 ≤(

2(x− a)α − (x− a− h)α − (x+ h− a)α
α

)p−1 ∫ b−h

a+h

∫ a+h

a
[(x−t)α−1−(x+h−t)α−1]|u(t)|pdtdx

+
(

(x− a− h)α − (x− a)α + hα

α

)p−1 ∫ b−h

a+h

∫ x

a+h
[(x−t)α−1−(x+h−t)α−1]|u(t)|pdtdx
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By Fubini’s Theorem, we obtain:
A1 ≤(

2(x− a)α − (x− a− h)α − (x+ h− a)α
α

)p−1 ∫ a+h

a
|u(t)|p

∫ b−h

a+h
[(x−t)α−1−(x+h−t)α−1]dxdt

+
(

(x− a− h)α − (x− a)α + hα

α

)p−1 ∫ b−h

a+h
|u(t)|p

∫ b−h

t
[(x−t)α−1−(x+h−t)α−1]dxdt

Since,∫ a+h

a
|u(t)|p

∫ b−h

a+h
[(x−t)α−1−(x+h−t)α−1]dxdt = 1

α

∫ a+h

a
(b−h−t)α−(a+h−t)α−(b−t)α

+(a+ 2h− t)α|u(t)|pdt∫ b−h

a+h
|u(t)|p

∫ b−h

t
[(x−t)α−1−(x+h−t)α−1]dxdt = 1

α

∫ b−h

a+h
(b−h−t)α−(b−t)α+hα|u(t)|pdt

It has been previously shown that the function

f(t) = (b− h− t)α − (a+ h− t)α − (b− t)α + (a+ 2h− t)α

by lemma 1.3 the function f is increasing,we bound it from above by t = a+ h and in the
second term has been previously shown that the function

f(t) = (b− h− t)α − (b− t)α + hα

is decreasing,we bound it from above by t = a+ h.We then obtain :

A1 ≤
(

2(b− a)α − (b− a− h)α − (b+ h− a)α
α

)p−1

· (b− a− 2h)α − (b− a− h)α + hα

α
‖u‖pLp(a,b)

+
(

(b− a− h)α − (b− a)α + hα

α

)p−1

· (b− a− 2h)α − (b− a− h)α + hα

α
‖u‖pLp(a,b)

(2.19)
Now we estimate A2. We apply Hölder’s inequality and obtain:

∫ b−h

a+h

(∫ x+h

x
(x+ h− t)α−1|u(t)|dt

)p
dx ≤

∫ b−h

a+h

(∫ x+h

x
(x+ h− t)α−1|u(t)|pdt

) 1
p

(∫ x+h

x
(x+ h− t)α−1dt

) 1
p′
p dx
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Hence,

A2 ≤
h
αp
p′

α
p
p′

∫ b−h

a+h

∫ x+h

x
(x+ h− t)α−1|u(t)|pdtdx

We perform the change of variable s = t− x. Then, when t→ x, we have s→ 0, and when
t→ x+ h, we have s→ h we obtain :

A2 ≤
h
αp
p′

α
p
p′

∫ h

0
(h− t)α−1

∫ b−h

a+h
|u(x+ s)|pdxdt

Hence,
A2 ≤

hαp

αp
‖u‖pLp(a,b) (2.20)

So,by (2.19) and (2.20) we obtain :

lim
h−→0

∫ b−h

a+h
|Iαa+u(x+ h)− Iαa+u(x)|pdx = 0

So, By the Dominated Convergence Theorem (1.6), we obtain::∫ b

a
|aIαx u(x)|p dx = lim

h→0

∫ b−h

a+h
|aIαx u(x)|p dx

next, given ε > 0, there is δ > 0 such that:∫
(a,b)\(a+h,b−h)

|aIαx u(x)|p dx < ε 0 < h < δ

Therefore, by theorem (1.11) Iαa+(Bp) is precompact in Lp(a, b), hence, by theorem (1.9)
Iαa+(Bp) is compact In the same way , we can show thatIαb− : Lp(a, b) −→ Lp(a, b) is
compact

Theorem 2.5. If α ∈
(
0, 1

p

)
the operator Iαa+ , Iαb− : Lp(a, b) → Lq(a, b) are compact where

q ∈ [1, p∗α[

Proof. Let us consider the unit ball of Lp(a, b) :

Bp =
{
u ∈ Lp(a, b) : ‖u‖Lp(a,b) ≤ 1

}
We define Ωh = (a+h, b−h) for h > 0. Let 1 ≤ q < p∗α. By the interpolation inequality(1.4),
for any 0 ≤ θ ≤ 1, we obtain:

‖Iαa+u(x+h)−Iαa+u(x)‖Lq(Ωh) ≤ ‖Iαa+u(x+h)−Iαa+u(x)‖θL1(Ωh)‖Iαa+u(x+h)−Iαa+u(x)‖1−θ
Lp
∗
α (Ωh)

Next, we estimate the second term as follows:

‖Iαa+u(x+ h)− Iαa+u(x)‖Lp∗α (Ωh) ≤ ‖I
α
a+u(x+ h)‖Lp∗α (Ωh) + ‖Iαa+u(x)‖Lp∗α (Ωh)

≤ 2‖Iαa+u‖Lp∗α (a,b)
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Thus,

‖Iαa+u(x+ h)− Iαa+u(x)‖Lq(Ωh) ≤ ‖Iαa+u(x+ h)− Iαa+u(x)‖θL1(Ωh)(2‖Iαa+u‖Lp∗α (a,b))
1−θ

By Corollary(2.4), since u ∈ Bp, we have

‖Iαa+u(x+ h)− Iαa+u(x)‖L1(Ωh) → 0 as h→ 0

Hence,
‖Iαa+u(x+ h)− Iαa+u(x)‖Lq(Ωh) → 0 as h→ 0

By Hölder’s inequality (1.2), we obtain:

‖Iαa+u‖Lq(E) ≤
(∫

E
|1|

p∗α−q
p∗α dx

)1− q
p∗α
(∫

E
|Iαa+u(x)|

p∗α
q dx

) q
p∗α where E = (a, b)\(a+ h, b− h)

≤ |2h|1−
q
p∗α ‖Iαa+u‖Lp∗α ((a,b)\(a+h,b−h))

By theorem (2.3)(1)

‖Iαa+u‖Lq(E) ≤ C|2h|1−
q
p∗α −→ 0 as h −→ 0

Hence , by theorem (1.11) the Iαa+(Bp) is precompact in Lq(a, b)
Therefore,by theorem (1.9) the operator Iαa+ : Lp(a, b)→ Lq(a, b) is compact.
• The same result holds for Iαb− by symmetry.

Theorem 2.6. (Integration by part): Let f ∈ Lp(a, b) and g ∈ Lp
′(a, b) such that

1
p

+ 1
p′
≤ 1 + α, then we have

∫ b

a
f(x)Iαb−g(x)dx =

∫ b

a
g(x)Iαa+f(x)dx (2.21)

Proof. By Theorem (2.3), the term f(x)Iαb−g(x) is well-defined. So∫ b

a
f(x)Iαb−g(x)dx = 1

Γ(α)

∫ b

a
f(x)

∫ b

x
(t− x)α−1g(t)dtdx

= 1
Γ(α)

∫ b

a

∫ b

x
(t− x)α−1f(x)g(t)dtdx

using the Fubini’s theorem we obtain:∫ b

a
f(x)Iαb−g(x)dx = 1

Γ(α)

∫ b

a

∫ t

a
(t− x)α−1f(x)g(t)dtdx

= 1
Γ(α)

∫ b

a
g(t)

∫ t

a
(t− x)α−1f(x)dxdt

=
∫ b

a
g(t)

(
1

Γ(α)

∫ t

a
(t− x)α−1f(x)dx

)
dt

=
∫ b

a
g(t)Iαa+f(t)dt
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Hence ∫ b

a
f(x)Iαb−g(x)dx =

∫ b

a
g(t)Iαa+f(t)dt

• By the same way for the right fractional integral

2.2 Rieman Liouvill Fractional Derivatives

Definition 2.2. Let 0 < α < 1. We define the left Riemann-Liouville fractional derivative
Dα
a+f of the function f as follows:

(Dα
a+f)(x) = d

dx
(I1−α
a+ f)(x) = 1

Γ(1− α)
d

dx

∫ x

a
(x− t)−αf(t)dt (2.22)

And the right fractional derivative

(Dα
b−f)(x) = −d

dx
(I1−α
b− f)(x) = −1

Γ(1− α)
d

dx

∫ b

x
(t− x)−αf(t)dt (2.23)

Example 2.3. for 0 < α < 1,β > 0, we put f(x) = (x − a)β−1 , according to the equa-
tion(2.22) we have

(Dα
a+f)(x) =

(
d

dx

)
◦ I1−α

a+ f(x) =
(
d

dx

)(
Γ(β)

Γ(1− α + β)(x− a)β−α
)

and

(
d

dx

)
(x− a)β−α = (β − α)(x− a)β−α−1

and on the other hand

Γ(1− α + β) = (β − α)Γ(β − α), Γ(x+ 1) = xΓ(x)

therefore

(Dα
a+f)(x) = Γ(β)

Γ(1− α + β)(β − α)(x− a)β−α−1

= (β − α)Γ(β)
(β − α)Γ(β − α)(x− a)β−α−1

Hence
(Dα

a+f)(x) = Γ(β)
Γ(β − α)(x− a)β−α−1 (2.24)
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same idea for the right-sided fractional derivative for f(x) = (b− x)β−1 we obtient :

(
Dα
b−(b− x)β−1

)
(x) = Γ(β)

Γ(β − α)(b− x)β−α−1

Example 2.4. Now, we will have the derivative of order α of a constant function. According
to the previous example, by taking β = 0 we obtain

Dα
a+(x− a)0 = Dα

a+1 = Γ(0 + 1)
Γ(0− α + 1)(x− a)0−α

Dα
a+1 = 1

Γ(α + 1)(x− a)−α

The derivative of a constant in the sense of Riemann-Liouville is not zero
On the other hand, for j = 1, 2, , [α] + 1,

Dα
a+(x− a)α−j(x) = 0

• Same idea for the right-sided fractional derivative

2.2.1 Some properties of fractional derivatives

We present below some useful properties of the left and right fractional derivatives.

Proposition 2.2. If 0 < α < 1 and f(x) ∈ AC(a, b) then :

(Dα
a+f) (x) = 1

Γ(1− α)

(
f(a)(x− a)−α +

∫ x

a
(x− t)−αf ′(t)dt

)
(2.25)

And
(Dα

b−f) (x) = 1
Γ(1− α)

(
f(b)(b− x)−α +

∫ b

x
(t− x)−αf ′(t)dt

)
(2.26)

Proof. •By (2.22) and (2.11) we obtain :

Dα
a+f(x) = 1

Γ(1− α)
d

dx

∫ x

a

(
f(a) +

∫ t

a
f ′(s)ds

)
(x− t)−αdt

= 1
Γ(1− α)

d

dx

(
f(a)

∫ x

a
(x− t)−αdt+

∫ x

a

∫ t

a
f ′(s)(x− t)−αdsdt

)

= 1
Γ(1− α)

(
f(a)(x− a)−α + d

dx

∫ x

a

∫ t

a
f ′(s)(x− t)−αdsdt

)

By fubini theorem (1.5) we obtian :

Dα
a+f(x) = 1

Γ(1− α)

(
f(a)(x− a)−α + d

dx

∫ x

a
f ′(s)

∫ x

s
(x− t)−αdtds

)

= 1
Γ(1− α)

(
f(a)(x− a)−α +

∫ x

a
f ′(s)(x− s)−αds

)
• By the same way for (2.26)
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Proposition 2.3. Let 0 < α < 1, 0 < β < 1, we have the following properties:

1. if f, g ∈ L1(a, b) and ∀λ, µ ∈ R Then the operator Dα
a+ , Dα

b− is linear

Dα
a+(λf + µg)(x) = λDα

a+f + µDα
a+g

2. if f(x) ∈ L1([a, b]), then

(Dα
a+Iαa+f) (x) = f(x), and (Dα

b−I
α
b−f) (x) = f(x) (2.27)

3. if f(x) ∈ L1([a, b]), where 0 < α < 1, and I1−α
a+ f ∈ AC([a, b]) we have

(Iαa+Dα
a+f) (x) = f(x)− I1−α

a+ f(a)
Γ(α) (x− a)α−1 (2.28)

(Iαb−Dα
b−f) (x) = f(x)− I1−αf(b)

Γ(α) (b− x)α−1 (2.29)

Proof. Let 0 < α < 1

1. The proof is obvious.

2. • By (2.22) and the proposition (2.1) we get :

Dα
a+Iαa+f(x) = d

dx
I1−α
a+ Iαa+f(x) = f(x)

• By the same way for the right fractional derivative

3. We have

(Iαa+Dα
a+f) (x) = 1

Γ(α)

(∫ x

a
(x− t)α−1Dα

a+f(t)dt
)

= d

dx

(
1

Γ(α + 1)

∫ x

a
(x− t)αDα

a+f(t)dt
)

We put :

G(u) = 1
Γ(α + 1)

∫ x

a
(x− t)αDα

a+f(t)dt

= 1
Γ(α + 1)

∫ x

a
(x− t)α d

dt
Iα−1
a+ f(t)dt
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Then, we apply integration by parts we obtain:

1
Γ(α + 1)

∫ x

a
(x− t)α d

dt
Iα−1
a+ f(t)dt = 1

Γ(α + 1)
[
(x− t)αI1−α

a+

]x
a

+ α
∫ x

a
(x− t)α−1I1−α

a+ f(t)dt

= −I
1−α
a+ f(a)

Γ(α + 1) (x− a)α + Iαa+(I1−α
a+ f(x))

By (2.1) we obtain :

1
Γ(α + 1)

∫ x

a
(x− t)α d

dt
I1−α
a+ f(t)dt = −I

1−α
a+ f(a)

Γ(α + 1) (x− a)α + I1f(x)

So ,

d

dx

(
−I

1−α
a+ f(a)

Γ(α + 1) (x− a)α + I1
a+f(x)

)
= d

dx
I1
a+f(x)− I1−α

a+ f(a)
Γ(α + 1)

d

dx
(x− a)α

= f(x)− I1−α
a+ f(a)
Γ(α) (x− a)α−1

• By the same way for (2.29)

2.3 Caputo Fractional Derivatives

Definition 2.3. Where x ∈ [a, b] , moreover ,the left and right caputo fractional derivative
are defined as :

cDα
a+u(x) = I1−α

a+ u′(x) (2.30)

and
cDα

b−u(x) = −I1−α
b− u′(x) (2.31)

Remark 2.1. If u(x) ∈ D(a, b) we have

cDα
a+ = Dα

a+ , cDα
b− = Dα

b−
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CHAPTER 3
FRACTIONAL SOBOLEV SPACES

In this chapter, we introduce the concepts of fractional absolutely continuous functions and
fractional Sobolev spaces. We also present some fundamental properties of these spaces,
including embedding results, and establish several versions of the fractional integration by
parts theorem.

3.1 Weak fractional derivative

Definition 3.1. • Let u ∈ L1
Loc(a, b) and 0 < α < 1, if there is v ∈ L1

Loc such that :∫ b

a
u(x)Dα

b−ϕ(x)dx =
∫ b

a
v(x)ϕ(x)dx, ∀ϕ ∈ D(a, b) (3.1)

Then v is called weak left fractional derivative of u we denote by :

Dαa+u(x) = v(x)

• In the same way, if there is w ∈ L1
Loc(a, b) such that :

∫ b

a
u(x)Dα

a+ϕ(x)dx =
∫ b

a
w(x)ϕ(x)dx, ∀ϕ ∈ D(a, b) (3.2)

Then w is called weak right fractional derivative of u we denote by :

Dαb−u(x) = w(x)

Proposition 3.1. If u ∈ C1([a, b]) then the weak left and right fractional derivative Dαa+,Dαb−
of u coincides with the classical fractional derivative Dα

a+,Dα
b− of u.
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A+ (A,B) AND ACα,P

B− (A,B)

Proof. We have∫ b

a
u(x)(Dα

b−ϕ)(x)dx =
∫ b

a
u(x)cDα

b−ϕ(x)dx ∀ϕ ∈ D(a, b)

By the remark (2.1) and since cDα
b−ϕ = −I1−α

b−
d
dx
ϕ(x)∫ b

a
u(x)(Dα

b−ϕ)(x)dx =
∫ b

a
u(x)cDα

b−ϕ(x)dx = −
∫ b

a
u(x)I1−α

b− ϕ′(x)dx

= −
∫ b

a
I1−α
a+ u(x)ϕ′(x)dx (by(2.6))

=
∫ b

a
v(x)ϕ(x)dx ∀ϕ ∈ D(a, b)

Therefore: Dαa+u(x) = v(x) = d
dx
I1−α
a+ u(x)

where d
dx

is understood in the weak sense
Hence,

Dα
a+ = Dαa+ Dα

b− = Dαb−

Remark 3.1. The weak fractional deravitive Dαa+,Dαb− are lineair

3.2 SpacesACα,p
a+ (a, b) and ACα,p

b− (a, b)

Definition 3.2. Let 0 < α < 1 and 1 ≤ p <∞ we define the space ACα,p
a+ (a, b) ,ACα,p

b− (a, b)
as follow

ACα,p
a+ (a, b) =

{
f/∃ϕ ∈ L1(a, b) : f(x) = c

Γ(α)(x− a)α−1 + Iαa+ϕ(x)
}

where c = I1−α
a+ f(a)

(3.3)
and

ACα,p
b− (a, b) =

{
g/∃ψ ∈ L1(a, b) : g(x) = d

Γ(α)(b− x)α−1 + Iαb−ψ(x)
}

where d = I1−α
b− g(b)

(3.4)

Proposition 3.2. Let 0 < α < 1 , f ∈ L1(a, b) then Dα
a+f ∈ L1(a, b) if and only if

f(x) = c

Γ(α)(x− a)α−1 + Iαa+ϕ(x) x ∈ [a, b] a.e (3.5)

In this case , c =
(
I1−α
a+ f

)
(a) and ϕ(x) = (Dα

a+f) (x)

Proposition 3.3. Let 0 < α < 1 , g ∈ L1(a, b) then Dα
b−g ∈ L1(a, b) if and only if

g(x) = d

Γ(α)(b− x)α−1 + Iαb−ψ(x) x ∈ [a, b] a.e (3.6)

In this case , d =
(
I1−α
b− g

)
(b) and ψ(x) = (Dα

b−g) (x)
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3.3 Spaces Eα,p
L (a, b) and Eα,p

R (a, b)

• Let α ∈ (0, 1). We define the fractional Sobolev-type spaces associated with the left and
right Riemann–Liouville derivatives as follows:

Definition 3.3. The spaces Eα,p
L (a, b) and Eα,p

R (a, b) are defined by:

Eα,p
L (a, b) := {u ∈ Lp(a, b) | Dαa+u ∈ Lp(a, b)} , (3.7)

endowed with the norm:

‖u‖Eα,pL (a,b) :=
(∫ b

a
|u(x)|p dx+

∫ b

a
|Dαa+u(x)|p dx

)1/p

.

Similarly,
Eα,p
R (a, b) := {u ∈ Lp(a, b) | Dαb−u ∈ Lp(a, b)} . (3.8)

endowed with the norm:

‖u‖Eα,pR (a,b) =
(∫ b

a
|u(x)|p dx+

∫ b

a
|Dαb−u(x)|p dx

)1/p

.

• In particular, when p = 2, Eα,2
L (a, b) we denote Eα

L(a, b) it is Hilbert space with inner
product

‖u‖EαL(a,b) =
(∫ b

a
|u(x)|2 dx+

∫ b

a
|aDα

xu(x)|2 dx
)1/2

Similarly,

‖u‖EαR(a,b) =
(∫ b

a
|u(x)|2 dx+

∫ b

a
|xDα

b u(x)|2 dx
)1/2

Theorem 3.1. [4] For any 0 < α < 1 , 1 ≤ p < ∞ , f has the left Riemann Liouville
derivative Dα

a+f ∈ Lp(a, b) if and only if f ∈ ACα,p
a+ (a, b) that is-

f(x) = c

Γ(α)(x− a)α−1 + Iαa+ϕ(x)

With c = Iα−1
a+ f(a) and ϕ(x) = Dα

a+f(x)

Proof. • (⇒) We show that if Dα
a+f(x) ∈ Lp(a, b), then f ∈ ACα,p

a+ (a, b).

Let ϕ(x) = Dα
a+f(x) ∈ Lp(a, b). Define:

g(x) = Iαa+ϕ(x) = Iαa+Dα
a+f(x) ∈ Lp(a, b) (by (2.2))
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Then
g ∈ ACα,p

a+ (a, b).

Since
Dα
a+f(x) = Dα

a+g(x),

it follows that
Dα
a+(f(x)− g(x)) = 0.

Using the definition of the Riemann–Liouville fractional derivative, we obtain:

Dα
a+(f − g)(x) = d

dx

[
I1−α
a+ (f(x)− g(x))

]
= 0.

This implies that the function I1−α
a+ (f(x)− g(x)) is constant:

I1−α
a+ (f(x)− g(x)) = c.

Applying the operator D1−α
a+ to both sides gives:

f(x)− g(x) = D1−α
a+ c = c

Γ(α)(x− a)α−1,

Therefore,
f(x) = g(x) + c

Γ(α)(x− a)α−1, with g(x) = Iαa+ϕ(x).

Hence f ∈ ACα,p
a+ (a, b), which completes the proof.

• (⇐) We show that if f ∈ ACα,p
a+ (a, b), then Dα

a+f ∈ Lp(a, b).

By the definition of ACα,p
a+ (a, b) (see 2.11), we have:

f(x) = c

Γ(α)(x− a)α−1 + Iαa+ϕ(x), with ϕ ∈ Lp(a, b).

We apply the left Riemann–Liouville fractional derivative of order α to both sides of
the equation:

Dα
a+f(x) = Dα

a+

(
c

Γ(α)(x− a)α−1
)

+Dα
a+ (Iαa+ϕ(x)) .

By the definition of the Riemann–Liouville derivative (see Definition 2.22), and the
semigroup property Dα

a+Iαa+ϕ = ϕ (see Equation(2.27)), we obtain:

Dα
a+f(x) = d

dx

(
I1−α
a+

(
c

Γ(α)(x− a)α−1
))

+ ϕ(x)

= d

dx
(c) + ϕ(x) (see Equation 2.3).
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Since c is constant, we have d
dx

(c) = 0, and thus:

Dα
a+f(x) = ϕ(x) ∈ Lp(a, b).

Proposition 3.4. (A relation between ACα,p
a+ (a, b) and Eα,p

L (a, b)) Let 1 ≤ p < ∞.
Then we have:

Eα,p
L (a, b) = ACα,p

a+ (a, b) ∩ Lp(a, b).

Proof. • First, we show that

Eα,p
L (a, b) ⊂ ACα,p

a+ (a, b) ∩ Lp(a, b).

Let u ∈ Eα,p
L (a, b). by definition 3.3 u ∈ Lp(a, b) and Dαa+u ∈ Lp(a, b).

By Theorem 3.1, it follows that u ∈ ACα,p
a+ (a, b), i.e.,

u(x) = c

Γ(α)(x− a)1−α + Iαa+ϕ(x),

where ϕ(x) = Dαa+u(x) ∈ Lp(a, b), and c =
(
I1−α
a+ u

)
(a).

Thus, we obtain:
Eα,p
L (a, b) ⊂ ACα,p

a+ (a, b) ∩ Lp(a, b). (3.9)

• Next, we show that

ACα,p
a+ (a, b) ∩ Lp(a, b) ⊂ Eα,p

L (a, b).

Let u ∈ ACα,p
a+ (a, b)∩Lp(a, b). Then u ∈ ACα,p

a+ (a, b), so there exists ϕ ∈ Lp(a, b) such
that:

u(x) = c

Γ(α)(x− a)α−1 + Iαa+ϕ(x),

with ϕ(x) = Dα
a+u(x) ∈ Lp(a, b) and u ∈ Lp(a, b) by assumption.

Therefore, by (3.7), we have u ∈ Eα,p
L (a, b), and hence:

ACα,p
a+ (a, b) ∩ Lp(a, b) ⊂ Eα,p

L (a, b). (3.10)

Hence, by (3.9) and (3.10), we conclude that:

Eα,p
L (a, b) = ACα,p

a+ (a, b) ∩ Lp(a, b).
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Theorem 3.2. The fractional spaces (Eα
L(a, b), ‖.‖L) and (Eα

R(a, b), ‖.‖R) are separable and
reflexive banach spaces.

Proof. We equipped the product space E = L2(a, b) ?L2(a, b) with the Hilbert space norm:

‖(u1, u2)‖E =
(
‖u1‖2

L2(a,b) + ‖u2‖2
L2(a,b)

) 1
2

Next, we consider the fractional space Eα
L(a, b) with its norm:

‖u‖EαL(a,b) =
(
‖u‖2

L2(a,b) + ‖Dαa+u‖2
L2(a,b)

) 1
2

Now, define the operator: :

T : Eα
L(a, b) → E
u 7→ (u,Dαa+u)

For any u ∈ Eα
L(a, b), we have:

‖Tu‖E =
(
‖u‖2

L2(a,b) + ‖Dαa+‖2
L2(a,b)

) 1
2 = ‖u‖EαL(a,b)

Therefore, T is an isometry, i.e it is injective and preserves the norm.
Let (un) ⊂ Eα

L(a, b) be a sequence such that T (un)→ w ∈ E. Then:

T (un) = (un,Dαa+un)→ (u, v) ∈ E

Therefore, {
un −→ u in L2(a, b)

Dα
a+un −→ v in L2(a, b)

From the convergence un → u in L2(a, b), we have un → u in D ′(a, b), hence:

Dα
a+un → Dα

a+u in D ′(a, b)

Hence , v = Dα
a+u ,i.e.

w = (u,Dα
a+) = T (u)

Consequently, the image T (Eα
L(a, b)) it is a closed subspace of E.Since E = L2(a, b)L2(a, b)

is separable and reflexive (being a Hilbert space), every closed subspace of E is also separable
and reflexive. Hence, T (Eα

L(a, b)) is also separable and reflexive
Thus Eα

L(a, b)s separable and reflexive.
• Similarly for Eα

R(a, b) ,completing the proof.

Now, let us explore some properties of Iαa+ and Dαa+
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Lemma 3.1.

1. The operator Iαa+ : L2(a, b) −→ Eα
L(a, b) is linear and bounded

2. The operator Dαa+ : Eα
L(a, b) −→ L2(a, b) is linear and bounded

Proof. 1. From the definition of fractional integral (2.1) , we see that Iαa+ is linear oper-
ator , let u ∈ L2(a, b), v = Iαa+u then by lemma 3.1 , shows v ∈ Eα

L(a, b)
We have :

I1−α
a+ v = I1−α

a+ Iαa+u = I1
a+u (By proposition 2.1)

So Dα
a+v = u exist , which means Dαa+v = Dα

a+v , thus we obtain :

‖Dαa+v‖L2(a,b) = ‖u‖L2(a,b) (3.11)

and
Iαa+u = v ∈ Eα

L(a, b)

Together with (3.7) and (3.11) we have :

‖Iαa+u‖EαL(a,b) =
(
‖Iαa+u‖2

L2(a,b) + ‖Dαa+Iαa+u‖2
L2(a,b)

) 1
2

Then by (2.13) we get :

≤
(

(b− a)2α

Γ2(α + 1)‖u‖
2
L2(a,b) + ‖u‖2

L2(a,b)

) 1
2

≤
(

(b− a)2α

Γ2(α + 1) + 1
) 1

2

‖u‖L2(a,b)

which means that Iαa+ : L2(a, b) −→ Eα
L(a, b) is bounded .

2. We have previously proven in lemma 3.1 that the operator Dαa+ is linear
Moreover , it is easy to see

‖Dαa+u‖L2(a,b) ≤
(
‖u‖2

L2(a,b) + ‖DαL2(a,b)u‖2
) 1

2 = ‖u‖EαL(a,b)

Which means :Dαa+ : Eα
L(a, b) −→ L2(a, b) is bounded operator
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3.4 The space Eα
L,0(a, b) , Eα

R,0(a, b)

Our analysis will focus on the space Eα
L,0(a, b) with analogous results holding for Eα

R,0(a, b)

Definition 3.4. Let α ∈ (0, 1),we denote by Eα
L,0(a, b) as the closure of D(a, b) in Eα

L(a, b)
endowed with the norm of Eα

L(a, b) , that is :

Eα
L,0(a, b) = D(a, b)‖.‖EαL(a,b) (3.12)

Lemma 3.2. [10] Let u ∈ Eα
L,0(a, b) then :

Iαa+Dα
a+u(x) = u(x) a.e x ∈ (a, b) (3.13)

Proof. From the definition of space Eα
L,0(a, b) there exists a sequence (ϕn) ⊂ D(a, b) such

that :
‖ϕn − u‖EαL(a,b) −→ 0 as n −→∞

For ϕn ∈ D(a, b) , on has Dαa+ϕn = Dα
a+ϕn

which together with (2.28) we get

Iαa+Dαa+ϕn = Iαa+Dα
a+ϕn = ϕn −

I1−αϕn(a)
Γ(α) (x− t)α−1

Since I1−αϕn(a) = 0 , we have
Iαa+Dαa+ϕn = ϕn

By lemma 3.1 we add and subtract the termIαa+Dαa+ϕn :

‖Iαa+Dαa+u− u‖EαL = ‖(Iαa+Dαa+u− Iαa+Dαa+ϕn) + (Iαa+Dαa+ϕn − u)‖EαL(a,b)

≤ ‖(Iαa+Dαa+u− Iαa+Dαa+ϕn)‖EαL(a,b) + ‖(Iαa+Dαa+ϕn − u)‖EαL(a,b)

≤ ‖(Iαa+Dαa+(u− ϕn)‖EαL(a,b) + ‖Iαa+Dαa+ϕn − u‖EαL(a,b)

By the continuity of Iαa+ and Dαa+ , it follows that:

‖Iαa+Dαa+u− u‖EαL ≤ c‖ϕn − u‖EαL(a,b) + ‖u− ϕn‖EαL(a,b)

= (c+ 1)‖ϕn − u‖ −→ 0, as n −→∞

Where c > 0 is constant
Hence :

Iαa+Dαa+u(x) = u(x) a.e x ∈ [a, b]
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Corollary 3.1. (Fractional Poincare inequality): For evry u ∈ Eα
L,0(a, b) we have :

‖u‖L2(a,b) ≤
(b− a)α
Γ(α + 1)‖D

α
au‖L2(a,b) (3.14)

Proof. By combining lemma 3.2 with (2.13) we get :

‖u‖L2(a,b) = ‖Iαa+Dαa+u‖L2(a,b)

≤ (b− a)α
Γ(α + 1)‖D

α
a+u‖L2(a,b)

Remark 3.2. By Corollary 3.1 , we can endow the space Eα
L,0(a, b) with the below norm,

which is equivalent to the norm of Eα
L(a, b):

‖u‖EαL,0(a,b) =
(∫ b

a
|Dαau|

2 dx

) 1
2

.

Theorem 3.3. 1. If α ∈]0, 1
2 [ ,then

Eα
L,0(a, b) ⊂

{
u ∈ L2(a, b),Dαa+u ∈ L2(a, b) and lim

x−→a+
I1−α
a+ u(x) = 0

}

2. And , if α ∈]1
2 , 1[ then :

Eα
L,0(a, b) ⊂

{
u ∈ L2(a, b),Dαa+u ∈ L2(a, b) and u(a) = u(b) = 0

}
Proof. • For α ∈

]
0, 1

2

[
by definition 3.4 we have :

Eα
L,0(a, b) = D(a, b)‖.‖EαL(a,b)

So, for every u ∈ Eα
L,0(a, b), there is (ϕn) ⊂ D(a, b) such that :

lim
n→∞

‖ϕn − u‖EαL(a,b) = 0

Then by theorem 2.3 we have :

lim
x→a+

I1−α
a+ u(x) = I1−α

a+ u(a) = lim
n→∞

I1−α
a+ ϕn(a) = 0 ∀ϕ ∈ D(a, b)

Hence,
lim
x→a+

I1−αu(x) = 0 ∀x > a

because 1− α > 1
2 So,

Eα
L,0(a, b) ⊂

{
u ∈ L2(a, b),Dαa+ ∈ L2(a, b) and lim

x−→a+
I1−α
a+ u(x) = 0

}
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• Now, for α ∈
]

1
2 , 1

[
we recall from the definition 3.4 that: For any u ∈ Eα

L,0(a, b),

there exists a sequence (un) ⊂ D(a, b) such that

un −→ u in Eα
L,0(a, b)

By the compact embedding theorem 3.7 , we have:

‖u‖L∞(a,b) ≤
(b− a)α− 1

2

Γ(α)
√

2α− 1
‖u‖EαL,0(a,b)

That is,
max
x∈[a,b]

|u(x)− un(x)| ≤ C‖u− un‖EαL,0(a,b) −→ 0

where
C = (b− a)α− 1

2

Γ(α)
√

2α− 1
Therefore, we obtain:

0 ≤ |u(a)| = |u(a)− un(a)| ≤ ‖u− un‖L∞ −→ 0 as n→∞

Which implies that u(a) = 0. In the same way, we also have u(b) = 0 So,

Eα
L,0(a, b) ⊂

{
u ∈ L2(a, b),Dαa+ ∈ L2(a, b) and u(a) = u(b) = 0

}

3.5 Embedding results for Sobolev spaces Eα
L,0(a, b), Eα

R,0(a, b)

3.5.1 Continuous embedding

Theorem 3.4. [10] If α ∈
]
0, 1

2

[
, then embedding Eα

L,0[a, b] ↪→ Lq[a, b] is continous for
every q ∈ [1, 2∗α] , where 2∗α = 2

1−2α is the fractional critical exponent

Proof. By lemma 3.2 we have

‖u(x)‖L2∗ (a,b) = ‖Iαa+Dαa+u(x)‖L2∗ (a,b)

By theorem 2.3

‖u(x)‖L2∗ (a,b) ≤
(b− a)α− 1

2

Γ(α)(2α− 1) 1
2
‖Dαa+u(x)‖L2(a,b) (3.15)

Since
‖u(x)‖Lq(a,b) ≤ C‖u(x)‖L2∗ (a,b) ∀q ∈ [1, 2∗] (3.16)
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Hence, by combining (3.15) and (3.16), we obtain:

‖u(x)‖Lq(a,b) ≤
(b− a)α− 1

2C

Γ(α)(2α− 1) 1
2
‖Dαa+u(x)‖L2(a,b)

Then ,

‖u(x)‖Lq(a,b) ≤
(b− a)α− 1

2C

Γ(α)(2α− 1) 1
2
‖u(x)‖EαL,0(a,b)

Theorem 3.5. [10] If α ∈]1
2 , 1[, then the embedding Eα

L,0 ↪→ C α− 1
2 [a, b] is continuous

Moreover :
‖u‖L∞(a,b) ≤

(b− a)α− 1
2

Γ(α)(2α− 1) 1
2
‖Dαa+u‖L2(a,b) (3.17)

Proof. Let u ∈ Eα
L,0(a, b). Then, by lemma (3.2) and Hölder’s inequality (1.2), we obtain:

|u(x)| = |Iαa+Dαa+u(x)| = 1
Γ(α)

∣∣∣∣∫ x

a
(x− t)α−1Dαa+u(x)dt

∣∣∣∣
≤ 1

Γ(α)

(∫ x

a
(x− t)2(α−1)dt

) 1
2
(∫ x

a
|Dαa+u(t)|2dt

) 1
2

= ‖Dαa+u(t)‖L2(a,b)

(2α− 1) 1
2 Γ(α)

(x− a)α− 1
2

On other hande , let a < x1 < x2 < b then by lemma 3.2 and theorem 2.3 we obtain :

|u(x2)− u(x1)| = |Iαa+Dαa+u(x2)− Iαa+Dαa+u(x1)|

=
∣∣∣∣∣ 1
Γ(α)

(∫ x2

a
(x2 − t)α−1Dαa+u(t)dt−

∫ x1

a
(x1 − t)α−1Dαa+u(t)dt

)∣∣∣∣∣
≤ 1

Γ(α)

(∫ x1

a

∣∣∣(x2 − t)α−1(x1 − t)α−1
∣∣∣ |Dαa+u(t)|dt+

∫ x2

x1
|(x2 − t)α−1||Dαa+u(t)|dt

)
By the Cauchy–Schwarz inequality (1.3) , we obtain:

|u(x2)− u(x1)| ≤ 1
Γ(α)

(∫ x1

a
|(x2 − t)α−1 − (x1 − t)α−1|2

) 1
2
‖Dαa+u‖L2(a,b) + (x2 − x1)α− 1

2

Γ(α)(2α− 1) 1
2
‖Dαa+‖L2(a,b)

Using (1.4), we obtain the following estimate for the first term:

|u(x2)− u(x1)| ≤ ‖Dαa+u‖L2(a,b)

Γ(α)

(∫ x1

a
((x1 − t)2α−1 − (x2 − t)2α−1)

) 1
2

+ (x2 − x1)α− 1
2

Γ(α)(2α− 1) 1
2
‖Dαa+u‖L2(a,b)

≤
‖Dαa+u‖L2(a,b)

(2α− 1) 1
2 Γ(α)

(
(x2 − x1)α− 1

2 + (x1 − a)α− 1
2 − (x2 − a)α− 1

2
)

+ (x2 − x1)α− 1
2

Γ(α)(2α− 1) 1
2
‖Dαa+u‖L2(a,b)
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Using (1.5) we obtain :

|u(x2)− u(x1)| ≤ ‖D
α
a+u‖L2(a,b)

(2α− 1) 1
2 Γ(α)

(
(x2 − x1)α− 1

2 + (x2 − x1)α− 1
2 + (x2 − x1)α− 1

2
)

Hence ,

|u(x2)− u(x1)| ≤ 3(x2 − x1)α− 1
2

Γ(α)(2α− 1) 1
2
‖Dαa+u‖L2(a,b) (3.18)

Therefore,

‖u‖
Cα−

1
2 (a,b)

= ‖u‖L∞(a,b) + sup
(x1,x2)∈(a,b)

|u(x2)− u(x1)|
|x2 − x1|α−

1
2

≤ (b− a)α− 1
2

Γ(α)(2α− 1) 1
2
‖Dαa+u‖L2(a,b) + 3

Γ(α)(2α− 1) 1
2
‖Dαau‖L2(a,b)

=
 (b− a)α− 1

2

Γ(α)(2α− 1) 1
2

+ 3
 ‖Dαau‖L2(a,b)

Hence ,

‖u‖
Cα−

1
2 (a,b)

≤

 (b− a)α− 1
2

Γ(α)(2α− 1) 1
2

+ 3
 ‖u‖EαL,0(a,b)

3.5.2 Compact embedding

Theorem 3.6. [10] For α ∈]0, 1
2 [ the embedding Eα

L,0(a, b) ↪→ Lp(a, b) is compact for every
p ∈ [1, 2∗α[

Proof. By Theorem 3.4 , the operator

i : Eα
L,0(a, b) → Lq(a, b)

is continuous for q ∈ [1, 2∗] which means there exist a constante C such that :

‖un‖Lq(a,b) ≤ C‖un‖EαL,0(a,b) for all q ∈ [1, 2∗]

Therefore, if un ⇀ u in Eα
L,0(a, b) and the sequence is bounded, then, by the inequality

above, it is also bounded in Lp(a, b).
Since Dαa+un is bounded in L2(a, b), it follows from Theorem 2.5 that Iαa+(Dαa+un) is precom-
pact in Lq(a, b), for every q ∈ [1, 2∗[,That means there is a subsequence (ukn) we denoted
(un)n∈N and u ∈ Lq(a, b) such that

‖Iαa+Dαa+un − u‖Lq(a,b) −→ 0 as n −→∞
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Since by lemma 3.2 we have

un(x) = Iαa+Dαa+un(x)⇒ i(un(x)) = i(Iαa+Dαa+un(x))

So, by the continuity of i, the composition is compact.
Therefore,

i : Eα
L,0(a, b) −→ Lq(a, b)

is a compact operator for every q ∈ [1, 2∗[.

Theorem 3.7. [10] if α ∈]1
2 , 1[ the embedding Eα

L,0(a, b) ↪→ C([a, b]) is compact

Proof. Let un ⇀ u in Eα
L,0(a, b), we know that the sequence (un)n∈N is bounded in Eα

L,0(a, b).
Then, by Theorem 3.5 , it follows that (un)n∈N is also bounded in C([a, b]) i.e :

‖un‖EαL,0(a,b) ≤ K

Hence by (3.17) we obtain :

‖un‖L∞(a,b) ≤
K(b− a)α− 1

2

Γ(α)(2α− 1) 1
2

Thus, ‖un‖L∞(a,b) is uniformly bounded, meaning that the sequence (un)n∈N is uniformly
bounded in C([a, b]).
Moreover , by (3.18) we have

|un(x2)− un(x1)| ≤ K(x2 − x1)α− 1
2

Γ(α)(2α− 1) 1
2

Let
∀ε > 0, |x2 − x1| < δ ⇒ |un(x1)− un(x2)| < ε

We choose δ such that
k δα−

1
2

Γ(α) (2α− 1) 1
2

= ε

which gives

δ =
Γ(α) (2α− 1) 1

2 ε

k

 1
α− 1

2
> 0

Hence,
|x2 − x1| < δ ⇒ |un(x1)− un(x2)| ≤ ε
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Therefore, the sequence (un)n∈N is uniformly equicontinuous.
Since the sequence (un) is uniformly bounded and equicontinuous on the compact in-

terval [a, b], by the Arzelà–Ascoli Theorem 1.10 , it is precompact in C([a, b]).
This means that there exists a subsequence, still denoted by (un)n∈N, and a function

u ∈ C[a, b] such that
lim
n→∞

‖un − u‖L∞(a,b) = 0

3.6 Integration by parts

Theorem 3.8. Let f ∈ Iαa+(Lp), g ∈ Iαa+(Lp) such that 1
p

+ 1
q
≤ 1 + α then ,

∫ b

a
f(x)Dα

b−g(x)dx =
∫ b

a
g(x)Dα

a+f(x)dx (3.19)

Proof. We put f = Iαa+ϕ and g = Iαb−ψ we consider : ϕ = Dα
a+f and ψ = Dα

b−g we obtain :∫ b

a
f(x)Dα

b−g(x)dx =
∫ b

a
Iαa+ϕ(x)Dα

b−g(x)dx

=
∫ b

a
Iαa+ϕ(x)ψ(x)dx

By (2.21) we obtain : ∫ b

a
f(x)Dα

b−g(x)dx =
∫ b

a
ϕ(x)Iαb−ψ(x)dx

=
∫ b

a
g(x)Dα

a+f(x)dx

• By the same way for the right fractional derivative∫ b

a
f(x)Dα

a+g(x)dx =
∫ b

a
g(x)Dα

b−f(x)dx

Theorem 3.9. Let f ∈ Eα
L(a, b) and g ∈ AC([a, b]) then :∫ b

a
f(x)Dα

a+g(x)dx =
∫ b

a
g(x)Dα

b−f(x) + g(b)I1−α
b− f(b) (3.20)

∫ b

a
f(x)Dα

b−g(x)dx =
∫ b

a
g(x)Dα

b+f(x) + g(a)I1−α
a+ f(a) (3.21)
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Proof. By (2.25) we obtain :∫ b

a
f(x)Dα

a+g(x)dt = 1
Γ(1− α)

∫ b

a
f(x)

(
g(a)(x− a)−α +

∫ x

a
g′(t)(x− t)−αdt

)
dx

= g(a)
Γ(1− α)

∫ b

a
f(x)(x− a)−αdx+ 1

Γ(1− α)

∫ b

a

∫ x

a
f(x)(x− t)−αg′(t)dtdx

= g(a)I1−α
b− f(a) +

∫ b

a
f(x)I1−α

a+ g′(x)dx

By theorem (2.6) we obtain :∫ b

a
f(x)Dα

a+g(x)dx = g(a)I1−α
b− f(a) +

∫ b

a
I1−α
b− f(x)g′(x)dx

We apply integration by parts to the second term we obtain:∫ b

a
f(x)Dα

a+g(x)dx = g(a)I1−α
b− f(a) + I1−α

b− f(b)g(b)− I1−α
b− f(a)g(a)−

∫ b

a

d

dx
I1−α
b− f(x)g(x)dx

Hence , ∫ b

a
f(x)Dα

a+g(x)dx =
∫ b

a
Dα
b−f(t)g(x) + I1−α

b− f(b)g(b)

• The same idea for (3.21)

Theorem 3.10. If 0 ≤ 1
p
< α < 1 and 0 ≤ 1

q
< α < 1, then∫ b

a
(Dα

a+f)(x)g(x) dx =
∫ b

a
f(x)Dα

b−g(x) dx+ f(b)(I1−α
b− g)(b)− (I1−α

a+ f)(a)g(a)

For any f ∈ ACα,p
a+ , g ∈ ACα,q

b−

Proof. From (3.3) and (3.4) there exist ϕ ∈ Lp(a, b) and ψ ∈ Lq(a, b) such that

f(x) = I1−α
a+ f(a)
Γ(α) (x− a)α−1 + Iαa+ϕ(x)

g(x) = I1−α
b− g(b)
Γ(α) (b− x)α−1 + Iαb−ψ(x)

On the one hand, we have:∫ b

a
(Dα

a+f)(x)g(x) dx =
∫ b

a
ϕ(x)g(x) dx

=
∫ b

a
ϕ(x)

(
I1−α
b− g(b)
Γ(α) (b− x)α−1 + Iαb−ψ(x)

)
dx

= I1−α
b− g(b)
Γ(α)

∫ b

a
ϕ(x)(b− x)α−1dx+

∫ b

a
ϕ(x)Iαb−ψ(x)dx

= I1−α
b− g(b)(Iαa+ϕ)(b) +

∫ b

a
Iαa+ϕ(x)ψ(x)dx (By(2.21))
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∫ b

a
(Dα

a+f)(x)g(x) dx = I1−α
b− g(b) · f(b) +

∫ b

a
Iαa+ϕ(x)ψ(x)dx (3.22)

On auther hand ,we obtain

∫ b

a
f(x)(Dα

b−g)(x) dx =
∫ b

a
f(t)ψ(x) dx

=
∫ b

a

(
I1−α
a+ f(a)
Γ(α) (x− a)α−1 + Iαa+ϕ(x)

)
ψ(x) dx

= I1−α
a+ f(a)
Γ(α)

∫ b

a
(x− a)α−1ψ(x) dx+

∫ b

a
Iαa+ϕ(x)ψ(x) dx

= I1−α
a+ f(a)(Iαb−ψ)(a) +

∫ b

a
Iαa+ϕ(x)ψ(x) dx,∫ b

a
f(x)(Dα

b−g)(x) dx = I1−α
a+ f(a)g(a) +

∫ b

a
Iαa+ϕ(x)ψ(x) dx (3.23)

By subtracting equation (3.22) from equation (3.23), we obtain:∫ b

a

(
f(x)(Dα

b−g)(x)− (Dα
a+f)(x)g(x)

)
dx = I1−α

a+ f(a) · g(a) +
∫ b

a
Iαa+ϕ(x)ψ(x) dx

− f(b)I1−α
b− g(b)−

∫ b

a
Iαa+ϕ(x)ψ(x) dx

=
(
I1−α
a+ f

)
(a)g(a)−

(
I1−α
b− g

)
(b)f(b)

So, ∫ b

a
(Dα

a+f)(x)g(x) dx =
∫ b

a
f(x)Dα

b−g(x) dx+ f(b)(I1−α
b− g)(b)− (I1−α

a+ f)(a)g(a)

Theorem 3.11. Let f ∈ Eα
L,0(a, b) and g ∈ Eα

R,0(a, b) we have :∫ b

a
f(x)Dα

b−g(x)dx =
∫ b

a
Dα
a+f(x)g(x)dx (3.24)∫ b

a
Dα
b−f(x)g(x)dx =

∫ b

a
f(x)Dα

a+g(x)dx (3.25)

Proof. By lemma 3.2 we obtain :∫ b

a
f(x)Dα

b−g(x)dx =
∫ b

a
Iαa+Dα

a+f(x)Dα
b−g(x)dx

=
∫ b

a
Dα
a+f(x)Iαb−Dα

b−g(x)dx (by (2.21))

=
∫ b

a
Dα
a+f(x)g(x)dx (by lemma (3.2))

Hence, ∫ b

a
f(x)Dα

b−g(x)dx =
∫ b

a
Dα
a+f(x)g(x)dx

The same idea for (3.25)
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CHAPTER 4
APPLICATION TO THE BOUNDARY VALUE

PROBLEMS

In this chapter, we investigate a nonlinear fractional differential equation involving
Riemann–Liouville derivatives. We study three main cases:

• In the sublinear case 1 ≤ q < 2, we employ variational minimization methods;

• In the superlinear case 2 < q < 2∗, we use the Nehari manifold technique;

• In the linear case q = 2, we distinguish between the cases based on the values of λ.

In each case, we establish the existence of non trivial weak solutions.

4.1 Position of the problem

Definition 4.1. (The problem (P)) We consider the following problem:

(P)
{
Dα
b−D

α
a+u(x) = λ|u|q−2u in ]a, b[

Bα(u) = 0 on ]a, b[
where 0 < α < 1 and Bα(u) represent the boundary condition of the problem (P)which
depends on the value of α ∈ (0, 1), and is given by: :

Bα(u) =
 lim

x−→a+
I1−αu(x) = 0 if α ∈

]
0, 1

2

[
u(a) = u(b) = 0 if α ∈

]
1
2 , 1

[
Definition 4.2. (The Weak Solution) A function u ∈ Eα

L,0(a, b) is called a weak solution
of problem (P) if it satisfies the following variational formulation.∫ b

a
Dα
a+u(x)Dα

a+v(x)dx = λ
∫ b

a
|u(x)|q−2u(x)v(x)dx ∀v ∈ D(a, b). (4.1)
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To find the variational formulation it is necessary to follow the following steps :

• We multiply the first equation in problem (P)by a test function v that is sufficiently
smooth and compactly supported in (a, b), and integrate over (a, b):∫ b

a
Dα
b−(Dα

a+u(x))v(x) dx = λ
∫ b

a
|u(x)|q−2u(x)v(x) dx, ∀v ∈ D(a, b).

• Using fractional integration by parts (3.19), the left-hand side transforms into:∫ b

a
Dα
a+u(x)Dα

a+v(x)dx = λ
∫ b

a
|u(x)|q−2u(x)v(x)dx ∀v ∈ D(a, b). (4.2)

Definition 4.3. (Energy Functional) We define the functional associated with problem
(P) as follows:

I : Eα
L,0[a, b] → R

u 7→ I(u) = 1
2

∫ b

a
|Dα

au(x)|2dx−
∫ b

a
F (u)dx (4.3)

where :
F (u) = λ

q
|u|q

Proposition 4.1. The functional I is well-defined and differentiable on Eα
L,0(a, b). And the

differential is given by

〈I ′(u), v〉 =
∫ b

a
Dα
a+u(x)Dα

a+v(x)dx− λ
∫ b

a
|u(x)|q−2u(x)v(x)dx ∀u, v ∈ Eα

L,0(a, b) (4.4)

Proof. • Firstly, the functional (4.3) is well-defined. Indeed, for any u ∈ Eα
L,0(a, b) we have :

|I1(u)| = 1
2 ‖D

α
a+u‖2

L2(a,b) <∞ (4.5)

For the second term:

|I2(u)| = λ

q

∣∣∣∣∣
∫ b

a
uq dx

∣∣∣∣∣
≤ λ

q

∫ b

a
|u(x)q| dx = λ

q
‖u‖qLq(a,b) <∞ (Eα

L,0(a, b) ↪→ Lq(a, b)) (4.6)

Hence, by (4.5) and (4.6), the functional (4.3) is well-defined.
• Let us now show that I is Gâteaux differentiable and I ′(u) is continuous i.e :

lim
t−→0

I(u+ tv)− I(u)
t

=< I ′(u), v >
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We set:
I1(u) = 1

2

∫ b

a
|Dα

a+u(x)|2 dx

and
I1(u+ tv) = 1

2

∫ b

a
|Dα

a+(u+ tv)|2 dx

by lemma(3.1) we obtain:

|Dα
a+(u+ tv)(x)|2 = |Dα

a+u(x) + tDα
a+v(x)|2

Integrating over (a, b) we get :

I1(u+ tv) = 1
2

∫ b

a
|Dα

a+u(x)|2dx+ t
∫ b

a
Dα
a+u(x)Dα

a+v(x)dx+ t2

2

∫ b

a
|Dα

a+v(x)|2dx

Thus
I1(u+ tv)− I1(u) = t

∫ b

a
Dα
a+u(x)Dα

a+v(x)dx+ t2

2

∫ b

a
|Dα

a+v(x)|2dx

Dividing by t and taking the limite as t −→ 0 , we obtain :

lim
t−→0

I1(u+ tv)− I1(u)
t

=
∫ b

a
Dα
a+u(x)Dα

a+v(x)dx

Thus,by Poincaré inequality (3.14) ,we can show easily that I ′1(u) is continuous in Eα
L,0(a, b)

and the gataux derivative is

< I ′1(u), v >=
∫ b

a
Dα
a+u(x)Dα

a+v(x)dx (4.7)

Now for the nonlinear term:
I2(u) =

∫ b

a
|u|qdx

And
I2(u+ tv) =

∫ b

a
|u+ tv|qdx

Thus,
lim
t−→0

I2(u+ tv)− I2(u)
t

= lim
t−→0

∫ b

a

|u+ tv|q − |u|q

t
dx

We apply the Dominated Convergence Theorem 1.6 on :

|u+ tv|q − |u|q

t

1.

lim
t−→0

|u+ tv|q − |u|q

t
= lim

t−→0
q|u+ tv|q−2(u+ tv)v

= q|u|q−2uv
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4.1. POSITION OF THE PROBLEM

2. we define
g(s) = |u+ sv|q

is continous and differentiable , then by means value theorem , ∃ θ ∈ (0, t) such that

g(t)− g(0) = g′(θt)t ⇔ |u+ tv|q − |u|q = q|u+ θtv|q−2(u+ θtv)vt

⇔ |u+ tv|q − |u|q

t
= q|u+ θtv|q−2(u+ θtv)v

Then ∣∣∣∣∣ |u+ tv|q − |u|q

t

∣∣∣∣∣ = q|u+ θtv|q−1|v|

We applay the inquality (1.6)
when : a = u , b = θtv

Hence ∣∣∣∣∣ |u+ tv|q − |u|q

t

∣∣∣∣∣ ≤ 2q−1q(|u|q−1 + |v|q−1)|v|

≤ 2q−1q(|u|q−1|v|+ |v|q−1|v|)

≤ 2q−1q(|u|q−1|v|+ |v|q)

Then by Hölder inquality |u|q−1|v| ∈ L1(a, b) , and |v|q ∈ Lq ⊂ L1

Hence we take h = 2q−1q(|u|q−1|v|+ |v|q) ∈ L1

By the Dominated Convergence Theorem (D.C.T) 1.6 we conclude that

lim
t−→0

∫ b

a

|u+ tv|q − |u|q

t
dx = q|u|q−2uv

Hence, by applying holder inquality (1.2) and Poincaré inequality (3.14) , we show that
I ′2(u) is continous and the Gâteaux derivative of I2 is

< I ′2(u), v >= λ
∫ b

a
|u(x)|q−2u(x)v(x)dx (4.8)

By (4.7) and (4.8), the functional I is differentiable on Eα
L,0(a, b) and :

< I ′(u), v >=
∫ b

a
Dα
a+u(x)Dα

a+v(x)dx− λ
∫ b

a
|u(x)|q−2u(x)v(x)dx

Now we try to prove that :

I ′ : Eα
L,0(a, b) −→ (Eα

L,0(a, b))′
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is continous
We aim show that

un → u in Eα
L,0(a, b)⇒ ‖I ′(un)− I ′(u)‖(EαL,0(a,b))′ −→ 0

Where
‖I ′(un)− I ′(u)‖(EαL,0(a,b))′ = sup

‖v‖=1
| < I ′(un)− I ′(u), v > |

Let v ∈ Eα
L,0(a, b) such that ‖v‖ = 1 , we have

‖I ′(un)− I ′(u)‖(EαL,0(a,b))′ = sup
‖v‖=1

∣∣∣∣∣
∫ b

a
(Dα

a+un −Dα
a+u)Dα

a+vdx+
∫ b

a

(
|un|q−2un − |u|q−2u

)
v

∣∣∣∣∣
By Holder inquality we obtain :

‖I ′(un)− I ′(u)‖(EαL,0(a,b))′ ≤ sup
‖v‖=1

(
‖Dα

a+un −Dα
a+u‖L2(a,b)‖Dα

a+v‖L2(a,b)
)

+
(∫ b

a

∣∣∣|un|q−2un − |u|q−2u
∣∣∣ q
q−1 ‖v‖Lq(a,b) dx

) q−1
q

≤

‖un − u‖EαL,0(a,b) +
(∫ b

a

∣∣∣|un|q−2un − |u|q−2u
∣∣∣ q
q−1 dx

) q−1
q


≤ ‖un − u‖EαL,0(a,b) +

(∫ b

a

∣∣∣|un|q−2un − |u|q−2u
∣∣∣ q
q−1 dx

) q−1
q

= ‖un − u‖EαL,0(a,b) + ‖|un|q−2un − |u|q−2u‖
L

p
p−1 (a,b)

We set wn = |un|q−2un , we prove that ‖wn − w‖
L

q
q−1 (a,b)

−→ 0 . Where w = |u|q−2u

Since un ⇀ u in Eα
L,0(a, b), by compact embedding un −→ u in Lq(a, b). Then by converse

of dominated convergent theorem there exists a subsequence still denoted (un) such that

1. un −→ u a.e ⇒ |un|q−2un −→ |u|q−2u that is wn −→ w a.e

2. ∃g ∈ Lq(a, b) : |un| ≤ g(x) a.e ⇒ |un|q−1 ≤ gq−1 Hence

|wn| =
∣∣∣|un|q−2un

∣∣∣
= |un|q−1 ≤ gq−1

Since g ∈ Lq(a, b)⇒ gq−1 ∈ L
q
q−1

Hence by dominated convergent theorem wn −→ w ⇒ ‖|un|q−2un − |u|q−2u‖
L

q
q−1 (a,b)

−→ 0
Hence

‖I ′(un)− I ′(u)‖(EαL,0(a,b))′ −→ 0

Remark 4.1. The function u ∈ Eα
L,0(a, b) is weak solution of problem (P) if and only if u

is a critical point of I
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4.2. EXISTENCE OF THE WEAK SOLUTION FOR THE SUBLINEAR CASE 1 ≤ Q < 2

4.2 Existence of the weak solution for the sublinear
case 1 ≤ q < 2

In this case, we prove that the problem (P) admits a nontrivial weak solution. We use
variational minimization methods by showing that the functional (4.3) is coercive, weakly
lower semicontinuous, and bounded from below.

4.2.1 Main Result

Theorem 4.1. Let α ∈ (0, 1) and 1 ≤ q < 2. Then, the problem given by equations (P)
admits non trivial weak solution in Eα

L,0(a, b),

We will applay the following theorem , wich gurranties the existence of a critical point
of I

Theorem 4.2. Let E be a reflexive Banach space, and let I : E → R be a functional
that is bounded from below, coercive, and weakly lower semi-continuous. Then I attains its
minimum at some point u ∈ E.

Proof. To prove Theorem 4.2, it suffices to establish the following lemmas

Lemma 4.1. The functional I is coercives in Eα
L,0[a, b]: i.e

lim
‖u‖−→+∞

I(u) = +∞

Proof. By (4.3)

I(u) = 1
2

∫ b

a
|Dα

au(x)|2dx−
∫ b

a
F (u)dx

= 1
2‖u‖

2
EαL,0(a,b) −

λ

q

∫ b

a
|u|q by Remark (3.2)

We apply Hölder’s inequality to the second term and obtain:

I(u) ≥ 1
2‖u‖

2
EαL,0(a,b) −

λ

q
‖u‖qLq

By continuous embedding(see theorem 3.4) , we obtain.

I(u) ≥ 1
2‖u‖

2
EαL,0(a,b) −

λ

q
‖u‖qEαL,0(a,b)

Hence

lim
‖u‖−→+∞

I(u) > lim
‖u‖−→+∞

1
2‖u‖

2
EαL,0(a,b) = +∞ (1 ≤ q < 2)
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Lemma 4.2. The functional I is weakly lower semi-continuous(w.l.s.c) in Eα
L,0(a, b) : i.e.

For any sequence (un) ⊂ Eα
L,0(a, b) if

un ⇀ u in Eα
L,0(a, b) then lim inf

n−→∞
I(un) ≥ I(u)

Proof. By the functional (4.3) we set:

i)
I1(u) = 1

2‖u‖
2
EαL,0(a,b)

Since ‖u‖EαL,0(a,b) is a norm in Banach space(Hilbert space ), we have

(un, v)→ (u, v)

We put v = u

lim
n−→∞

(un, u) = (u, u) = ‖u‖2

Thus
lim inf
n←→∞

‖un‖EαL,0(a,b)‖u‖EαL,0(a,b) ≥ ‖u‖2

Hence
lim inf
n←→∞

‖un‖EαL,0(a,b) ≥ ‖u‖

‖u‖EαL,0(a,b) is (w. l. s.c) .So I1 is (w.l.s.c) i.e

1
2 lim inf
n−→+∞

‖un‖2
EαL,0(a,b) ≥

1
2‖u‖

2
EαL,0(a,b)

Consequently:
lim inf
n−→+∞

I1(un) ≥ I1(u) (4.9)

ii)
I2(u) = λ

q
‖u‖qLq

By compact embedding we obtain :

λ

q
lim

n−→+∞

∫ b

a
uqn = λ

q

∫ b

a
uq

Consequently :
λ

q
lim

n−→+∞
I2(un) = λ

q
I2(u) (4.10)
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Hence by (4.9) and (4.10)

lim inf
n−→+∞

I(un) = 1
2 lim inf
n−→+∞

‖un‖2
EαL,0(a,b) −

λ

q
lim

n−→+∞
I2(un) ≥ 1

2I1(u)− λ

q
I2(u) = I(u)

Lemma 4.3. The functional I is bounded from below in Eα
L,0(a, b) : i.e

∃M ∈ R : I(u) > M,∀u ∈ Eα
L,0(a, b)

Proof. By (4.3) we obtian:

I(u) = 1
2 ||u||

2
EαL,0(a,b) −

λ

q
‖uq‖Lq

By the continuous embedding, we obtain:

I(u) ≥ 1
2‖u|‖

2
EαL,0(a,b) −

λc

q
‖u‖qEαL,0(a,b)

We using Young inquality(1.3) we get :

I(u) ≤ 1
2‖u‖

2
EαL,0(a,b) −

λc

q
ε‖u‖2

EαL,0(a,b) −
cελc

q

=
(

1
2 −

λc

q
ε

)
‖u‖2

EαL,0(a,b) − C
(
C = cελc

q

)

For ε < q+1
2λc , we have

(
1
2 −

λc
q
ε
)
≥ 0

Hence
I(u) ≥ −C

Proof of Theorem 4.1. According to Theorem 4.2, the functional I attains its min-
imum at some u ∈ Eα

L,0(a, b). Since I is differentiable (see Proposition 4.1), u is a critical
point of I. which is the non-trivial weak solution of (Pλ) .
we have I(u) = inf I(u) , let w ∈ Eα

L,0(a, b) with ‖w‖Lq(a,b) = 1

I(tw) = t2‖Dα
a+w‖L2(a,b) − tq‖w‖qLq(a,b)

= tq
(
t2−q‖Dα

a+w‖L2(a,b) − ‖w‖qLq(a,b)
)

≤ tq
(
t2−q‖Dα

a+w‖L2(a,b) − 1
)
< 0
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for t small emough
I(tw) < 0

Hence u 6= 0

4.3 Existance of the weak solution for the superlinear
case 2 < q < 2∗

In this case, we observe that the functional defined by (4.3) is not bounded from below on
the whole space Eα

L,0(a, b). However, it may be bounded below on certain subsets of this
space. One such subset is known as the Nehari manifold.

4.3.1 Preliminaries

Definition 4.4. (Nehari manifold) We define the Nehari manifold as follows:

M =
{
u ∈ Eα

L,0(a, b)
∣∣∣ 〈I ′(u), u〉 = 0

}
, (4.11)

which is equivalent to:

M =
{
u ∈ Eα

L,0(a, b)
∣∣∣∣ u 6= 0, ‖u‖2

EαL,0(a,b) = λ‖u‖qLq(a,b)
}
. (4.12)

Remark 4.2. If u ∈M then we have

I(u) =
(

1
2 −

1
q

)
‖u‖2

EαL,0(a,b). (4.13)

That is, the functional I restricted to the Nehari manifold M takes the above simplified
form.

Remark 4.3. The functional I given by (4.13) is coercive on M . Indeed, since q ∈]2, 2∗[,
we have q > 2, and hence

1
2 −

1
q
> 0

Therefore,
lim

‖u‖→+∞, u∈M
I(u) = +∞

This shows that I is coercive on M , allowing us to apply the direct method of the calculus
of variations to obtain a minimizer on M .
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4.3.2 Main Result

Theorem 4.3. Let q ∈]2, 2∗[, and λ > 0. Then the problem (4.1) admits a non trivial weak
solution in M .

The proof of this theorem is based on the proofs of the following lemmas

Lemma 4.4. The Nehari manifold defined by (4.12) is not empty.

Proof. Let u ∈ Eα
L,0(a, b) with u 6= 0. We aim to show that there exists a real t > 0 such

that tu ∈M , that is:
‖tu‖2

EαL,0(a,b) = λ‖tu‖qLq(a,b)

Then
t2‖u‖2

EαL,0(a,b) = λtq‖u‖qLq(a,b)

Dividing both sides by t2 (since t > 0), we obtain:

‖u‖2
EαL,0(a,b) = λtq−2‖u‖qLq(a,b)

which leads to:

tq−2 =
‖u‖2

EαL,0(a,b)

λ‖u‖qLq(a,b)
Thus, we define:

t =
‖u‖2

EαL,0(a,b)

λ‖u‖qLq(a,b)


1
q−2

> 0

Therefore, there exists t > 0 such that tu ∈M , which implies that the Nehari manifold M
is nonempty.

Lemma 4.5. We define m = inf
u∈M

I(u) and we have m > 0.

Proof. Let u ∈M and by embedding inquality we have :

‖u‖2
EαL,0(a,b) = λ‖u‖qLq ≤ λC‖u‖qEαL,0(a,b)

for some C > 0 we have
‖u‖EαL,0(a,b) ≥

( 1
λC

) 1
q−2

(4.14)

We have

m = inf
u∈M

I(u) =
(

1
2 −

1
q

)
inf
u∈M
‖u‖2

EαL,0(a,b)

≥
(

1
2 −

1
q

)( 1
λC

) 2
q−2
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Hence
m = inf

u∈M
I(u) > 0

Lemma 4.6. The energy functional I attains its minimum over the Nehari manifold M
at some u 6= 0 , that is , There exists u ∈ M , with u(x) ≥ 0 almost everywhere in (a, b) ,
such that :

m = inf
u∈M

I(u) = I(u)

Proof. Let (un) ⊂M be a minimizing sequence, i.e.,

lim
n→∞

I(un) = inf
u∈M

I(u) = m

By the definition of the set M , we have:

(un)n∈N ∈M ⇔

 un ∈ Eα
L,0(a, b), un 6= 0,

‖un‖2
EαL,0(a,b) = λ‖un‖qLq(a,b)

⇒

 |un| ∈ E
α
L,0(a, b), |un| 6= 0,

‖ |un| ‖2
EαL,0(a,b) = λ‖ |un| ‖qLq(a,b)

⇒ |un| ∈M

Since (|un|) ⊂M and I(un) = I(|un|), we may assume that

un(x) ≥ 0

Therefore, we can consider a new minimizing sequence consisting of nonnegative functions.
Hence,

lim
n→∞

I(un) = lim
n→∞

(
1
2 −

1
q

)
‖un‖2

EαL,0(a,b) = m

Since the functional I is coercive, the sequence (un) is bounded in Eα
L,0(a, b). Moreover, we

know that
Eα
L,0(a, b) ↪→c L

q(a, b)

i.e., the embedding is compact. Therefore, up to a subsequence, we have:

un ⇀ u in Eα
L,0(a, b), and un → u in Lq(a, b)

which implies that
un(x)→ u(x) a.e. x ∈ (a, b)

We have
I(u) = 1

2‖u‖
2
EαL,0(a,b) −

1
q
‖u‖qLq(a,b)
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Since un ⇀ u in Eα
L,0(a, b)⇒ ‖u‖ ≤ lim inf

n−→+∞
‖un‖

I(u) ≤ 1
2 lim inf
n−→+∞

‖un‖2
EαL,0(a,b) −

1
q

lim inf
n−→+∞

‖un‖qLq(a,b)

= lim inf
n−→+∞

(
1
2‖un‖

2
EαL,0(a,b) −

1
q
‖un‖qLq(a,b)

)
= lim inf

n−→+∞
I(un) = m

Hence
I(u) ≤ m (4.15)

• If u ∈M , then
I(u) ≥ m = inf

u∈M
I(u) (4.16)

Since (un) ∈M , we have
‖un‖2

EαL,0(a,b) = λ‖un‖qLq(a,b)

Now, suppose by contradiction that

‖un‖EαL,0(a,b) → 0 as n→∞

Then, since Eα
L,0(a, b) is a reflexive Banach space, there exists a subsequence (still denoted

un) such that
un ⇀ u weakly in Eα

L,0(a, b)

Using the weak lower semi-continuity of the norm, we get

‖u‖ ≤ lim inf
n→∞

‖un‖ = 0 ⇒ u = 0

This contradicts inequality (4.14), which asserts the existence of a constant C > 0 such
that for all u ∈M ,

‖u‖ ≥
( 1
λC

) 1
p−2

> 0

Hence, the assumption ‖un‖ → 0 must be false,then

u 6= 0

• It remains to show that
‖u‖2

EαL,0(a,b) = λ‖u‖qLq(a,b).

By the weak lower semi-continuity of the norm, we have:

‖u‖2
EαL,0(a,b) ≤ lim inf

n→∞
‖un‖2

EαL,0(a,b) = λ lim inf
n→∞

‖un‖qLq(a,b) = λ‖u‖qLq(a,b).
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Assume, by contradiction, that:

‖u‖2
EαL,0(a,b) < λ‖u‖qLq(a,b)

Define

t =
‖u‖2

EαL,0(a,b)

λ‖u‖qLq(a,b)
< 1

Then, tu ∈M i.e:

I(tu) =
(

1
2 −

1
q

)
‖tu‖2

EαL,0(a,b)

= t2
(

1
2 −

1
q

)
‖u‖2

EαL,0(a,b)

≤ t2 lim inf
n→∞

(
1
2 −

1
q

)
‖un‖2

EαL,0(a,b)

= t2 lim inf
n→∞

I(un)

≤ t2m.

Hence by (4.16) we get :
m < I(tu) ≤ t2m⇒ t ≥ 1

This leads to a contradiction , thus our assumption was false, and we conclude that:

‖u‖2
EαL,0(a,b) = λ‖u‖qLq(a,b) ⇒ u ∈M

Finally, by (4.15) and (4.16), it follows that:

I(u) = m

Lemma 4.7. Let u ∈M be a minimizer of the energy functional I over the Nehari manifold
M ⊂ Eα

L,0(a, b). Then u is a critical point of I, that is,

I ′(u) = 0 in Eα
L,0(a, b).

Proof. Let v ∈ Eα
L,0(a, b) and we define the function as follow :

Φ(s) =
‖u+ sv‖2

EαL,0(a,b)

‖u+ sv‖qLq(a,b)


1
p−2
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Where s ∈ (−ε, ε) is small emough , and Φ(s) > 0 such that Φ(s)(u+ sv) ∈M
And we have :

Φ(0) =
‖u‖2

EαL,0(a,b)

‖u‖qLq(a,b)


1
p−2

= 1

Thus , we define the function γ as

γ(s) = I(Φ(s)(u+ sv))

Since u is a minimizer of I on M , the function γ(s) has minimum at s = 0
Hence

γ(0) = I(u) ≤ γ(s)

Therfore
γ′(s) = 0

Differentiating γ with respect to s, we obtain:

γ′(s) = 〈I ′ (Φ(s)(u+ sv)) ,Φ′(s)(u+ sv) + Φ(s)v〉

Since Φ(0) = 1 and u ∈M , this yields:

γ′(0) = 〈I ′ (Φ(0)u) ,Φ′(0)u+ v〉

= 〈I ′(u),Φ′(0)u+ v〉

Using the fact that 〈I ′(u), u〉 = 0, we conclude:

γ′(0) = 〈I ′(u), v〉

Proof of Theorem 4.3 By above lemma the functional (I) admits a critical point
whish is the non-trivial weak solution in M

4.4 Existence of the weak solution for the linear case
q = 2

In this section, we study the linear problem associated with the Riemann-Liouville frac-
tional operator, where we fix the exponent q = 2. Our goal is to determine the eigenvalues,
in particular the first eigenvalue λ1, using the weak formulation and variational characteri-
zation. We also show that the problem admits only the trivial solution when λ < λ1, while
a nontrivial solution exists when λ ≥ λ1.
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4.4.1 Preliminaries

Definition 4.5. (Eigen value problem (Pλ))the eigen value (Pλ)) is defien as follow :

(Pλ)
{
Dα
b−D

α
a+u = λu in x ∈ ]a, b[,

Bα(u) = 0 on x ∈ ∂]a, b[

Where :

Bα(u) =
 lim

x−→a+
I1−αu(x) = 0 if α ∈

]
0, 1

2

[
u(a) = u(b) = 0 if α ∈

]
1
2 , 1

[
λ is called an eigenvalue of the operator Dα

b−D
α
a+ , and the non-trivial weak solution u is

called the eigenfunction associated with λ.

Definition 4.6. We define the bilinear form associated with (Pλ) as follows:

a(u, v) =
∫ b

a
Dα
a+u(x)Dα

a+v(x) dx− λ
∫ b

a
u(x)v(x) dx ∀u, v ∈ Eα

L,0(a, b). (4.17)

Remark 4.4. Let us note that the above problem admits 0 as a solution, which is called the
trivial solution. Our intention is to investigate the existence of nontrivial weak solutions of
(Pλ) .

4.4.2 The case λ < λ1

Theorem 4.4. The problem (Pλ) admits a unique weak solution wich is the trivial solution
in Eα

L,0(a, b) when −∞ < λ < λ1 with

λ1 = inf
w∈EαL,0(a,b)

w 6=0

‖Dα
a+w‖2

L2(a,b)

‖w‖2
L2(a,b)

Proof. We consider two distinct subcases
• Case λ ≤ 0
To prove the theorem (4.4) in this case , we apply the Lax-Milgram Theorem.

i) We define the bilinear form as follow

a(u, v) =
∫ b

a
Dα
a+u(x)Dα

a+v(x) dx− λ
∫ b

a
u(x)v(x) dx

We verify the conditions of the Lax-Milgram theorem:
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1. Continuity: For all u, v ∈ Eα
L,0(a, b),

|a(u, v)| =
∣∣∣∣∣
∫ b

a
Dα
a+u(x)Dα

a+v(x) dx− λ
∫ b

a
u(x)v(x) dx

∣∣∣∣∣
≤
∣∣∣∣∣
∫ b

a
Dα
a+u(x)Dα

a+v(x) dx
∣∣∣∣∣+ |λ|

∣∣∣∣∣
∫ b

a
u(x)v(x) dx

∣∣∣∣∣
By Hölder’s inequality, we obtain

|a(u, v)| ≤ ‖Dα
a+u‖L2(a,b)‖Dα

a+v‖L2(a,b) + |λ|‖u‖L2(a,b)‖v‖L2(a,b)

≤ C‖u‖EαL,0(a,b)‖v‖EαL,0(a,b),

where the norm ‖u‖EαL,0(a,b) is defined appropriately for the space Eα
L,0(a, b).

2. Coercivity: by Poincaré inquality (3.14)

a(u, u) = ‖Dα
a+u‖2

L2 − λ‖u‖2
L2 ≥ ‖Dα

a+u‖2
L2 ≥ ‖u‖2

EαL,0
.

ii) The linear form `(v) is equal to zero.then ` is continuous
Hence, by the Lax-Milgram theorem, there exists a unique weak solution which is the
trivial solution u ∈ Eα

L,0(a, b) to the problem.

• Case 0 < λ < λ1

In this case we applay Poincaré inequality. By the bilinear form (4.17), we have:

a(u, u) = ‖Dα
a+u‖2

L2 − λ‖u‖2
L2

Applying the Poincaré inequality (3.14), which asserts:

‖u‖2
L2 ≤ c‖Dα

a+u‖2
L2 , ∀u ∈ Eα

L,0(a, b)

we deduce:

a(u, u) ≥ ‖Dα
a+u‖2

L2 − λc‖Dα
a+u‖2

L2

= (1− λc)‖Dα
a+u‖2

L2 .

Thus, a(u, u) is coercive if 1− λc > 0, that is:

λ <
1
c

Moreover, Poincaré’s inequality implies:
1
c
≤ inf

u∈EαL,0(a,b)

‖Dα
a+u‖2

L2

‖u‖2
L2

= λ1

Therefore, coercivity holds whenever λ < λ1
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4.4.3 The case λ = λ1

Theorem 4.5. For λ = λ1 the problem (Pλ1) has a non trivial weak solution u which called
the first eigen function of Dα

b−D
α
a+

Proof. we introduce its weak formulation, which consists in finding a function u ∈ Eα
L,0(a, b)

such that : ∫ b

a
Dα
a+uDα

a+v dx = λ1

∫ b

a
uv dx ∀v ∈ D(a, b)

We put v = u we obtain :
‖Dα

a+u‖2
L2(a,b) = λ1‖u‖2

L2(a,b)

Let we put :
φ(wn) = ‖D

α
a+wn‖2

L2

‖wn‖2
L2

The weak solution u satisfies :

λ1 =
‖Dα

a+u‖2
L2(a,b)

‖u‖2
L2(a,b)

= φ(u)

Then λ1 = inf
w∈EαL,0(a,b)

φ(w) Let (wn) ⊂ Eα
L,0(a, b) be a minimizing sequence, i.e.,

lim
n→∞

φ(wn) = inf
w∈EαL,0(a,b)

φ(w) = λ1 > 0

Now define the normalized sequence:

un = vn
‖vn‖L2(a, b) ⇒ ‖un‖L2(a, b) = 1 and Dα

a+un = Dα
a+vn

‖vn‖L2(a, b) . (4.18)

Then:
φ(vn) = ‖Dα

a+un‖2
L2 = φ(un)→ λ1

Hence, the sequence (un) is bounded in Eα
L,0(a, b), and there exists a subsequence (still

denoted (un)) and u ∈ Eα
L,0(a, b) such that:

un ⇀ u in Eα
L,0(a, b)

By the compact embedding Eα
L,0(a, b) ↪→c L

2(a, b), we obtain:

un → u in L2(a, b), ‖un‖L2 = 1→ ‖u‖L2 = 1
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Also, since the norm is weakly lower semicontinuous and φ(un)→ λ1, we have:

φ(u) = ‖Dα
a+u‖2

L2 ≤ lim inf
n→∞

‖Dα
a+un‖2

L2

= lim inf
n→∞

‖Dα
a+un‖2

L2

‖un‖2
L2

(by dividing by ‖un‖2
L2)

= lim inf
n→∞

φ(un)

= λ1

Therefore,

φ(u) =
‖Dα

a+u‖2
L2(a,b)

‖u‖2
L2(a,b)

≤ λ1

But by definition of λ1, we have:
φ(u) ≥ λ1

which implies:
φ(u) = λ1

Thus, if φ attains its minimum at u, we must show that u is a critical point of φ.
Let

φ(u) = ‖D
α
a+u‖2

L2

‖u‖2
L2

We have I : u 7−→ ‖Dα
a+u‖2

L2(a,b) is differentiable.

< I ′(u), v >= 2
∫ b

a
Dα
a+u Dα

a+v dx see the proof of (4.7)

In the same way, we can show that J : u 7−→ ‖u‖2
L2(a,b) is differentiable and we have ,

〈J ′(u), v〉 = 2 〈u, v〉

Then by using the quotient rule for differentiation, we find that the derivative is given by:

〈φ′(u), v〉 = 2 〈Dα
a+u,Dα

a+v〉 ‖u‖2
L2 − 2 〈u, v〉 ‖Dα

a+u‖2
L2

‖u‖4
L2

=
2‖u‖2

L2

(
〈Dα

a+u,Dα
a+v〉 − 〈u, v〉

‖Dα
a+u‖

2
L2

‖u‖2
L2

)
‖u‖4

L2
.

Thus,
〈φ′(u), v〉 = 2

‖u‖2
L2

(〈Dα
a+u,Dα

a+v〉 − λ1 〈u, v〉)
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Hence, u ∈ Eα
L,0(a, b) \ {0} and φ(u) = λ1 = inf

u∈EαL,0(a,b)
φ(w)

Hence
φ′(u) = 0⇒ 〈φ′(u), v〉 = 0 , ∀v

We have φ′(u) = 0, that is,

2
‖u‖2

L2
(〈Dα

a+u,Dα
a+v〉 − λ1 〈u, v〉) = 0

Hence,
〈Dα

a+u,Dα
a+v〉 − λ1 〈u, v〉 = 0, (4.19)

Hence, u is a weak solution of (P) . Since ‖u‖L2(a,b) = 1, then u is non trivial solution.

4.4.4 The case λ > λ1

In this section, we use the decomposition spectral theorem 1.12

Definition 4.7. Let α ∈ (0, 1). We define the following linear operator

T : L2(a, b) → L2(a, b)
u 7→ Tv = u

(4.20)

where u is the solution of the boundary value problem{
Dα
b−D

α
a+u = v in ]a, b[

Bα(u) = 0 on ∂]a, b[

Then we state the following theorem

Theorem 4.6. There exists an eigenvalue sequence (λn) such that (Pλn) has non trivial
solution
Furthermore 0 < λ1 < λ2 < · · · < λn < · · · , λn → +∞

To prove this theorem, we verify the conditions of the spectral decomposition theorem.

Proposition 4.2. The operator T is well defined and linear

Proof. • To prove that the operator T is well defined, we apply the Lax-Milgram theo-
rem. We consider the bilinear form

a(u, v) =
∫ b

a
Dα
a+u(x)Dα

a+v(x) dx

This bilinear form satisfies the following properties:
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– Continuity: By the Cauchy-Schwarz inequality, we obtain

|a(u, v)| ≤ ‖Dα
a+u‖L2(a,b) ‖Dα

a+v‖L2(a,b)

= ‖u‖EαL,0(a,b) ‖v‖EαL,0(a,b) (by Remark 3.2).

– Coercivity:
a(u, u) =

∫ b

a
|Dα

a+u(x)|2 dx = ‖u‖2
EαL,0(a,b)

Furthermore, the linear form is:

`(v) =
∫ b

a
u(x)v(x) dx

– Continuous : By the Cauchy–Schwarz inequality and the continuity embed-
ding, we obtain:

`(v) ≤ ‖u‖L2(a,b)‖v‖L2(a,b)

≤ ‖u‖EαL,0(a,b)‖v‖EαL,0(a,b)

By the Lax-Milgram theorem, there exists a unique u ∈ Eα
L,0(a, b) such that

a(u, v) = `(v), ∀v ∈ Eα
L,0(a, b)

Hence, the operator T : v 7→ u is well defined.

• Now, we prove the linearity of the operator T
Let v1, v2 ∈ L2(a, b) and ∀ µ1, µ2 ∈ R, we show that :

T (µ1v1 + µ2v2) = µ1T (v1) + µ2T (v2)

Since u1, u2 are solutions of the following boundary value problems, respectively:

u1 = T (v1), i.e.
Dα

b−D
α
a+u1 = v1 in ]a, b[

Bα(u1) = 0 on ∂]a, b[
(4.21)

u2 = T (v2), i.e.
Dα

b−D
α
a+u2 = v2 in ]a, b[

Bα(u2) = 0 on ∂]a, b[
(4.22)

We multiply equations (4.21) and (4.22) by µ1and µ2 respectively, and add them term
by term.We obtain:

Dα
b−D

α
a+ (µ1u1 + µ2u2) = µ1v1 + µ2v2
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Hence,
T (µ1v1 + µ2v2) = µ1u1 + µ2u2 = µ1T (v1) + µ2T (v2)

Now consider the boundary condition. Since Bα is a linear boundary operator:

Bα(u) = Bα(λu1 + µu2) = µ1Bα(u1) + µ2Bα(u2) = λ · 0 + µ · 0 = 0

So T is linear.

Proposition 4.3. The operator T is self-adjoint in L2(a, b) that is :

< Tv1, v2 >=< v1, T v2 > ∀v1, v2 ∈ L2(a, b)

Proof. Let v1, v2 ∈ L2(a, b) i.e Tv1 = u1 and Tv2 = u2

So ∫ b

a
Dα
a+u1(x)Dα

a+u2(x)dx =
∫ b

a
v1(x)u2(x)dx (4.23)

And ∫ b

a
Dα
a+u2(x)Dα

a+u1(x)dx =
∫ b

a
v2(x)u1(x)dx (4.24)

Then by (4.23) and (4.24) we obtain :∫ b

a
v1(x)u2(x)dx =

∫ b

a
v2(x)u1(x)dx

Hence ,
<Tv1, v2> = <v1, T v2>

Proposition 4.4. The operator T is compact.

Proof. Let (vn) be bounded sequence in L2(a, b) such that :

Tvn = un ⇔
{
Dα
b−D

α
a+un = vn in ]a, b[

Bα(un) = 0 on ∂]a, b[

⇒
∫ b

a
Dα
a+unD

α
a+ϕdx =

∫ b

a
vnϕ ∀ϕ ∈ D(a, b)

We put ϕ = un we obtain :

‖Dα
a+un‖2

L2(a,b) =
∫ b

a
vnundx

70



4.4. EXISTENCE OF THE WEAK SOLUTION FOR THE LINEAR CASE Q = 2

By the Cauchy–Schwarz theorem and the Poincaré inequality (3.1), we obtain:

‖un‖2
EαL,0(a,b) ≤ C‖vn‖L2(a,b)‖un‖EαL,0(a,b)

which implies that
‖un‖EαL,0(a,b) ≤ C‖vn‖L2(a,b) = C ′

By compact embedding theorem (3.6) we have Eα
L,0(a, b) ↪→c L

2(a, b) i.e:

∃ ukn : ukn −→ u in L2(a, b)
Tvkn −→ u

Hence, the operator T is compact

Proof of Theorem 4.6 By the spectral decomposition theorem (1.12), we know that
the space L2(a, b) admits a Hilbert basis (un)n∈N∗ consisting of eigenfunctions associated
with eigenvalues (µn)n∈N∗ , where (µn) is a decreasing sequence converging to zero:

Tun = µnun with µn → 0.

It follows that
Dα
b−D

α
a+(µnun) = un,

and hence,
Dα
b−D

α
a+un = 1

µn
un = λnun,

where (λn) is an increasing sequence such that λn → +∞.
Hence , the problem (Pλ) admit a non trivial weak solution un at λ = λn = 1

µn
, for all n
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Conclusion

In summary, this thesis explores the theoretical and practical aspects of fractional
differential equations, with a particular focus on proving the existence of weak solutions for
both linear and nonlinear problems. By combining classical tools from functional analysis
with modern techniques in fractional calculus, this work contributes to the understanding
of how fractional derivatives can be effectively applied in mathematical modeling. The
structure of the thesis is designed to guide the reader progressively—from foundational
concepts to advanced applications—highlighting both the richness and the challenges of
this rapidly growing field.
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Abstract
This thesis aims to study fractional differential equations of both linear and nonlinear

types, based on Riemann–Liouville derivatives of non-integer order.
We begins by presenting the necessary mathematical background, including Lebesgue

and fractional Sobolev spaces, and introduces the fundamental concepts of fractional inte-
gration and differentiation. These tools are then applied to analyze three main cases of the
studied equation: the sublinear case 1 ≤ q < 2, the superlinear case 2 < q < 2∗, and the
linear case q = 2. In each case, we prove the existence of weak solutions within suitable
functional spaces, taking into account the variation of conditions related to the spectral
parameter λ.

Keywords: Riemann–Liouville integral, Riemann–Liouville derivative, fractional Sobolev
spaces, fractional boundary value problems.

Résumé
Ce mémoire a pour objectif l’étude des équations différentielles fractionnaires de type
linéaire et non linéaire, en s’appuyant sur les dérivées de Riemann–Liouville d’ordre non
entier.

Le travail commence par la présentation des bases mathématiques nécessaires, incluant
les espaces de Lebesgue et de Sobolev fractionnaires, ainsi que les notions fondamentales
d’intégration et de dérivation fractionnaires.

Ces outils sont ensuite appliqués à l’analyse de trois cas principaux de l’équation étudiée
: le cas sous-linéaire 1 ≤ q < 2, le cas sur-linéaire 2 < q < 2∗, et le cas linéaire q = 2. Dans
chaque situation, nous démontrons l’existence de solutions faibles dans des espaces fonc-
tionnels appropriés, en tenant compte des différentes conditions imposées sur le paramètre
spectral λ.

Mots-clés : Intégrale de Riemann–Liouville, dérivée de Riemann–Liouville, espaces de
Sobolev fractionnaires, problèmes aux limites fractionnaires.
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