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Notation

N*
L"(a,b)

-1l 27 (a,b)
L*>(a,b)

C (07
D,

Set of real numbers.

Set of positive integer numbers.

Space of power function p € [1, oo[ integrable on (a, b).

Norm in LP.

Space of functions essentially bounded on (a,b).

Norm in L.

almost everywhere.

Scalar product.

conjugate of holder of p (p’ = pp%l).

Space of absolute continuous function on (a,b).

Space of n absolute continuous function of order n on (a, b).

The usual Sobolev space on (a, b).

Norm in WP,

Space of infinitely differentiable functions with compact support.
The set of all linear and continuous maps from F to FE.

The Gamma function.

The Beta function.

The fractional integral on the left of order « in the sense of Riemann-Liouville.

The fractional integral on the right of order a in the sense of Riemann-Liouville.

The fractional critical exponent (p:; = 7 _pap).
The fractional derivative on the left of order o in the sense of Riemann-Liouville.
The fractional derivative on the right of order « in the sense of Riemann-Liouville.

The fractional derivative on the left of order av in the sense of Caputo.
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Introduction

Mathematics is one of the most important tools in science. It helps us understand and
describe many natural and physical phenomena. One of its key fields is differential equa-
tions, which are used to study things that change, like speed, temperature, or population
growth.

As science progressed, researchers found that classical derivatives are sometimes not
enough to model certain systems, especially those that depend on previous states or have
memory. To solve this, a new type of derivative called fractional derivatives was introduced.
This led to the development of fractional differential equations, which use derivatives of non-
integer order. Important references in this area include the book by [6], which is a modern
and detailed source on fractional equations, and the book by [9], which lays the theoretical
foundations of fractional integrals and derivatives. Another helpful reference is the work
by [8], which combines theory and applications.

These equations can be either linear or nonlinear. Nonlinear equations are harder to
analyze and often require advanced mathematical tools. In this thesis, I study both linear
and nonlinear fractional differential equations. The main goal is to prove the existence of
weak solutions using methods from functional analysis. I also relied on other references
such as [2] for nonlinear functional analysis and Sobolev spaces.

This thesis is divided into four chapters:

e In Chapter 1, I present the main mathematical tools and theorems needed in the

rest of the work, especially those related to variational methods.

o In Chapter 2, I explain fractional integrals and the Riemann-Liouville derivative,

with simple examples to help the reader understand the concepts.
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o Chapter 3 is about fractional Sobolev spaces and absolutely continuous functions.
I also present embedding results and versions of the fractional integration by parts

formula.

o In Chapter 4, I apply the theory to a nonlinear fractional differential equation using
three methods: variational minimization, the Nehari manifold approach, and the

eigenvalue method.

This work shows that fractional calculus is a powerful and useful tool for solving complex

problems in mathematics and applied sciences.



CHAPTER 1

PRELIMINARIES

In this chapter, we present the essential mathematical tools and foundational results
that will be used throughout the thesis.These concepts are essential for understanding
and studying differential equations., particularly those involving fractional derivatives and

variational methods.

1.1 Functional Spaces

1.1.1 The Lebegue Space

Definition 1.1. [Z] Let (a,b) C R open set and let p € R with 1 < p < 400 , the lebesgue
space is defined by :

LP(a,b) = {f la,b[— R is measurable and/ab |f(z)Pdx < oo}
equipped with the norm )
o = [ o)
Definition 1.2. The lebegue space L™(a,b) is defined by :
L>(a,b) = { f :]a,b[— R is measurable, 3 constant C : |f(z)| < C a.e x on (a,b) },
equipped with the norm
£l o (apy = inf {C, |f(2)] < C a.e x on (a,b)} = ess sup |f(x)] a.c = on (a,b)

z€(a,b)

Remark 1.1. For p = 2,the space L*(a,b) is a Hilbert space with the inner product
b
(u,v) = / uvdx

9



1.1. FUNCTIONAL SPACES

Theorem 1.1. [2] The spaces (LP,||.||1») is
e Banach space for 1 < p < oo
e a reflerive space for 1 < p < o0

e a separable space for 1 < p < oo

Remark 1.2. The space L' is separable but not reflexive , while the space L™ is neither

reflexive nor separable .
Notation 1.1. Let 1 < p < oo we denote by p’ the conjugate of p defined as follows p' = L

Theorem 1.2. (The Hélder Inquality):[2]
Let f € LP and g € L with 1 < p < oo then f,g € L'

[ @i < 17 lsewnlol o (1.1)
We have also the generalized Hélder inquality :
/ |filz (@)ldz < [[fillrr@p) - - [ fmllom () (1.2)
LG |
where fi(x) € LP*(a,b),k =1,2 Z —
k=1 Pk

Remark 1.3. whene p = q = 2, Holder’s inequality becomes:
1/2

Lﬁummeg([vmwdgm<[m@ww) | )

which corresponds to the classical Cauchy-Schwarz inequality in the Hilbert space L?(a,b).

Theorem 1.3. (Young Inequality):[2]
forall a,b € R
1 1. 1 1
b < ~lap + b C+o=1)
p p p
Moreover : Ve > 0,3C > 0 such that :
ab < ed® + CH where C= 671?711

Theorem 1.4. (Interpolation inquality)[2] If f € LP(a,b) N L%(a,b) with 1 <p < q <
oo, then f € L™ (a,b) :p<r<gq:

1 0 1—-60
< A9 flI5" . where S=o 4+ 0<0<1

I/
P q

10



1.1. FUNCTIONAL SPACES

Theorem 1.5. (Fubini’s theorem):[2][9]
Let Q = [a,b],Qy = [¢,d],—00 < a < b < o0 and let f(x,y) be a measurable function
defined on 1€y if at least one of the integrals

L[ rwpdy)de. [ ([ swpds)ay. [[ sy

is finit and absolutely convergent then

/91 (/92 f(x,y)dy> dr = /92 (/ﬂl f(x,y)dx) dy = //le f(z,y)dxdy

the following particular case of Fubini’s theorem holds,namely :

[ ([ fewiy)dr= [ (/ybf(x,y)dx> ay

Theorem 1.6. (Lebesgue’s dominated convergence theorem):[2]

Let (f,,) be a sequence of functions of L'(a,b) , we assume that

a) fo(x) — f(x) a.e z on (a,b)

b) There exists a function g € L*(a,b) such that for each n ,|f,(x)] < g(z) a.e z on (a,b)
Then f € L'(a,b) and ||f, — fll11(ap — O

Theorem 1.7. ( Inverse of Lebesgue’s Dominated Convergence Theorem):[2]
Let (fn) C LP(a,b)and f € LP(a,b) such that ||fn — fllr(ap) — 0. Then, there exists a

subsequence (f,,) such that:
a) fn,(x) — f(x) a.e. z on (a,b)
b) |fn.(z)| < h(x) Vk and a.e. x on (a,b), with h € LP(a,b)

1.1.2 Space of absolutely continuous functions

Definition 1.3. Let [a,b], —00 < a < b < 400 a finite interval of R and AC|a,b] is the

space of primitive function f | ie:

AC([a,B]) = {f . 3p € L'a,b): flz) = C + /;go(t)dt}

and we call AC[a,b] the space of absolutely continuous functions on (a,b)

11



1.2. SOME USEFUL RESULT

Definition 1.4. for n € N* | we denote AC"([a,b]) the space of function f which have
continuous derivatives up to order (n — 1) and such that f"=Y € AC([a,b]) ie :

AC™([a,b]) = {f € C"(a,b)/f" ) € AC([a,b])}
In particular ,if n =1, we have AC'([a,b]) = AC([a, b])
Definition 1.5. Let 0 < oo < 1 the holder space €*([a,b]) is define as follows

€ ([a,b]) = {u € €([a,b]) | W < C, Va,y € [a,b], © # y}

Remark 1.4. The space €“([a,b]) is a banach space with the norm

u\xr) —u
lullge = l[ull oy + sup 14D =40
Ty |z —yl
x,y€|a,b]

1.2 Some useful result
We use the following lemma to prove some next theorem.
Lemma 1.1. Let x,y > 0 such that y < x we have :
If u>1 then (x —y)r <zt —y" (1.4)
If 0 < <1 then yt —at < (z—y)H (1.5)
Lemma 1.2. For all z,y > 0 we have:
If p>1 then (x +y)P <2071 (2P + yP), (1.6)
If p <1 then (x +y)? <aP+9", (1.7)

Lemma 1.3. The following function is strictly increasing :

fila,a+h] — R
s — f(s)=(b—h—s5)*=(b—3s)*+(a+2h—35)*—(a+h—3s)*

Proof. We define:
fi(s)=(b=—h—=8)*=(b—29)" fo(s)=(a+2h—3)*—(a+ h—s)°.

Then:
fils) = —a|(b—h—s)" = (b—s)7"],

12



1.2. SOME USEFUL RESULT

(s)=ala—1)[(b—h—s)*2 = (b—s)"?|.

Since b—h —s < b—s for s < b— h, we have f](s) < 0 for all s € (a,b— h). Thus,

f1(s) is decreasing on (a,b — h), and we obtain:
fi(s) > fi(b—h) = ah®*.
Similarly, for f5, we compute:
fi(s) = —al(a+2h -5 = (a+h—s)"],

5 (s) = ala—1) [(a +2h —5)**—(a+h— 5)“’2} :

Since a + 2h — s > a + h — s, we have fY(s) > 0 for all s < a + h. Hence, fi(s) is

increasing on [a, a 4 h|, and:
f3(s) > fola) = —af(a+2h—a)* " = (a+h— )| = —a [(2h)* = h*!] .
Putting everything together, we find:

f'(s) = fi(s) + f5(s)
> ah®™! = a[(2h)*7! = kT
=a [h7h = (2h)* 4+ B
= ah*™t 2 - 2071

Since a € (0,1), we have 27! < 1, so 2 — 2°7! > (0. Therefore, f'(s) > 0, and we

conclude that f is strictly increasing on the considered interval. ]

1.2.1 The Lax-Milgram theorem

Definition 1.6. 1. A bilinear form a: H* H — R is said to be

(1) Continuous if there is a constant C' such that
la(u, v)| < Cllullllvll - vu,v e H
(it) Coercive if there is a constant o > 0 such that

a(v,v > alv||* YveH

13



1.2. SOME USEFUL RESULT

e A linear form (: H — R is continuous or bounded if there is constant C' > 0
such that
L(v) < cljv|| Yve H

Theorem 1.8. (Laz-Milgram)[2] Let H be a Hilbert space, H' its dual . Leta : HxH —
R be a continuous and bilinear from , and ¢ € H'. Then there exists a unique elementu € H
such that

a(u,v) = {(p,v) Vv € H. (1.8)

1.2.2 Some compactness result

Definition 1.7. (compact set) Let A be a subset of a normed space E. Then A is called

compact if every sequence (x,) C A has a convergent subsequence.

Definition 1.8. (Precompact set ) A subset A of a normed space E is said to be pre-
compact in E if, for every e > 0, the set A can be covered by a finite number of subsets of

E, each having diameter less than or equal to €.
Theorem 1.9. [7] A normed space is compact if and only if it is precompact and complete.
Definition 1.9. (Uniformly equicontinuous) Let E be a subset of C([a,b])(the space
of continuous functions) we say that E is uniformly equicontinuous if:

Ve >0, 30 > 0 such that d(z1,22) < d = |f(z1) — f(z2)| <e VfeFE

Theorem 1.10. (Ascoli—Arzela):[7]
Let E be a bounded set of C([a,b]). Assume that E is uniformly equicontinuous, Then the

closure of E in C([a,b]) is compact

Theorem 1.11. [F] Let Q@ C RY be an open set and 1 < p < 0o. A bounded set K C LP(2)
is precompact in LP(Q) if and only if:

Ve >0, 30 >0, 3G C Q open such that Yu € K, Vh € RN |h| <6, |h| < d(G,00Q)

_ P p P p
/G|u(93+h) uw(z)Pdx < e and /Q\G|u(x)| dx < e

14



1.3. SPECIAL FUNCTIONS

1.2.3 Spectral decomposition
Definition 1.10. A bounded operator T' € L(E) is said to be self-adjoint if T* =T, i.e.,
(Tu,v) = (u, Tv) Yu,v e B

Definition 1.11. Let E and F' be normed spaces, and let T : E — F be a bounded linear
operator. We say that T is compact if for every bounded sequence (uy)nen in E, there exists

a subsequence (uy, ) such that the sequence (T'uy,) converges in F.
Theorem 1.12. Let H be a separable Hilbert space and let T be a compact self-adjoint

operator. Then there exists a Hilbert basis composed of eigenvectors of T

1.3 Special Functions

Definition 1.12. [9] the gamma function ' is defined for a complex number z with Re(z) >

0 as follows :
I'(2) :/ e "x* da
0

Proposition 1.1. [9/ We have following properties:
1. for all z > 0 € C we have T'(z41) = zI'(2)
2. T'(z)=(z—1)!
3. if n € N* then I'(n + 1) =nl!

Definition 1.13. [J/ the Beta function [ is a type of euler integral defined by :

1
B(p,q) = / 2 '1—2)""  (p,q € C,Re(p) > 0, Re(q) > 0)
0
Proposition 1.2. [9/

1. For all p,q € C, Re(p) > 0, Re(q) > 0, we have

B(p,q) = m (19)
2. If n,m € N*then , (n—1)!(m — 1)!
B(n,m) = (n+m+1)!

15



CHAPTER 2

RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS AND DERIVATIVES

In this chapter, we will first learn about the idea of fractional integrals, followed by an
explanation of the Riemann—Liouville derivative. Simple examples will be given to help

make these concepts easier to understand. We will also look at some important properties.

2.1 Riemann-Liouville Fractional Integrals

Definition 2.1. Letn—1 < o < n and u € L*(a,b). The left Riemann-Liouville fractional

integral IS and right Riemann—Liouville fractional integral I)- of u are defined as follow:

(12D = 505 /. @0 f(0)dt (a <z <b). (2.1)
1 b
(I () = r(@/x (t—2)* "' f()dt (a<a<b). (22)

Example 2.1. for a > 0,8 > 0 ,we put f(x) = (z —a)’~!

(Jg; (x — a)ﬁ_l) () = b JC(x — 7)1 —a)’tdr, we put T —a = s(x — a)
F(O./) a
~ (=0 = se =) sl — ) o - a)ds
= F(la)(x —a)*th ! ./01 sP7H1 — 5)*"tds
- - (1a) (z — a)***1 B(a, §)

16



2.1. RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

By (1.9), B(a, B) = 120

_ I'(5) _
o . /-1 _ - a+8—1
(120 =) (@) = ey (o =) (2.3
same idea for the right-sided fractional integral (the change of variable is b —1 = s(b—x))
we obtien : ()
(s
o o B—1 _ . a+p-1
(-6 -2"") @) = 77 7 50— )

Example 2.2. Let 0 < a < 1, and let f(x) = ¢, where ¢ is a constant.

(I%0) (z) = F(la)/j(x—t)a—lc dt

— F(ca)/aﬂﬁ(x_t)a‘ldt = LYF_(Z) (2 —t)a]

Hence,

(Igc) (x) = M

Theorem 2.1. Let 0 < a < 1 and let f, ¢ such that

(x —a)® (2.4)

Ivp(z) = f(z) (2.5)
Then
p(x) € L'(a,b) & (1,:°f) () € AC(la,b]) and  (1,2°f) (z)(a) = 0
Where
(157°0) @) = e [ e =07 (2.6
Proof. (=) :

The equation (2.5) may be solved in the following:
Changing = to ¢t and ¢ to s respectively ,and multiplying both sides of the equation by

(x — t)~® and integrating we have

[ty [ (= 5y p(s)ds = D) [ (@~ 1) (e

We interchanging the order of integration in the left-hand side we arrive at :

T

/ax ©(s)ds /j(w — 1) tdt = F(a)/a (x — 1) f(t)dt (2.7)

We put t = s + 7(x — s) we have :

/j(m — 1)t — 8)* dt = /1 N1 — 1) dr

0

17



2.1. RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

=B(a,1 —a)=T()I'(1 — )
We by substituting in (2.7) we have :

[ ety = r<11—a) [ = ey

Hence after differentiation we have :

(@) = s | -0 (2.9

So, if has a solution ,this solution is necessarily given by and therefore it is
unique.

We assum that the equation has a solution p(z) € L'(a,b) .

We define the function

fica(z) = Ti—a) /j(l" — )" f(t)dt

By differentiating both sides with respect to = , we obtain :

= iale) = (@)

Furthermore, evaluting at x = a, we get
I (@) = ey L n [ (=0 syir =0
Thus, the necessity of the condition is establish
@:
We have I'7*f(z) € AC(a,b) and satisfies I'7*f(a) = 0. We want to show that ¢(x) €
L'(a,b)
Since 17 f(z) € AC([a,b]), we have

d

(L) (@) = =L f(@) = p(a) € L'(a.b) (2.9)

So, ¢(z) exists olmost everywhere and belongs to L!(a, b)

We substitute (2.9)) in (2.5) we get :

r<1a> [t (1) 0= o

So,
g(x) = 18 (I5°F) (2) & (12°F) () = D2vg(x)

18



2.1. RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

Hence ,
(15:97) (2) € LMa,0) = (I5°F) (x) = ml_a);i / (@ - ) g(t)dt = (I5%) (2)
(172f) (@) = (1279) (@)
Thus,

(L) (@) = (179) (0) +-C (2.10)
and we have as x = a
(15F) (@) =0 (I5%9) (@) =0 because (I:°f) (x) € L'(a,b)
Which implies that C' = 0 Hence by (2.10))
(Iof —150g) =0 =I5 (F—g) = 0= f—g =0
So,
f=g

This implies the choice:

(@) = s | @0

We must check that ¢(z) € L'(a,b). Since I'=*f(x) is absolutely continuous, its derivative
¢(r) exists almost everywhere and belongs to L'(a,b). Thus, the solution ¢(z) exists in

L'(a,b), proving that the equation is solvable. ]

Lemma 2.1. If f(z) € AC([a,b]) then I';*f(x) € AC([a,b]) and

—a _ 1 o «a
I, f(x)—r(Q_a)(f( ) +/ )™ dt)
Proof. We have :
f e AC(a,b) ie f(t) +/ (s (2.11)
Substituting into (2.6)), we obtain:
1 T t
L) = gy [ @07 [f@) + [ )]

Now we split the integral :
oy dla) T . 1 v o [ty
I (m)—r(l_a)/a(x—t) dt+r(1_a)/G(x—t) (af(s)ds>dt

19



2.1. RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

So, we compute the first integral directly, and for the second integral, we apply fubini’s

Theorem(|1.5)):

1570 = s s [ - s
So:
1210 = gy (f@@ =0+ [ F(s)@ = 1))

This function is absolutely continuous because: f' € L'(a,b) and (x — ¢)'=* € L'(a,b) for
0 <a<1and (r—a)™®is continuous.

Hence
I'v*f(z) € AC(a,b)

]
Proposition 2.1. Let a > 0,8 >0 et f € L' [a,b] , Then
DN f =TI f =1 (2.12)
Proof
Bl = g [0 (o [ 9 0 an
_ r(a)lr(/a)/ [ @ =) = ) f(s)dsr
We change of integration order we get :
1L = Frpey [ 1) [[@ =t = ) s
We use this change v = Z=% du = 2= 7 = (z — s)u+ s,u: 0 — 1
@) = g [ IO = [t duds
= T L e = B f)duds, (ufL9)
- T T . [
= Far e s
()
]

20



2.1. RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

2.1.1 Embedding of the Riemann-Liouville Integral

Theorem 2.2. The Rieman-liouville integral IS, f, I3 f : LP(a,b) — LP(a,b) s well

defined and continous for 1 < p < oo and we have :

(b—a)®

I% Fll o s < r(a, 2.13

5 Flsstan < gy v (213)
(b= ar

L flleap < P(a 2.14

175 Pl < pray gy M e (214)

Proof. We have :

157 = |y [ =00 st

By Hélder’s inequality(|1.1]), we obtain:

120wl < g ([0l -0 a) ([ @)’

“’_“ail ([ 1rore O‘ldt>1

Oé

1
7/

IN

Then |,
b —a)® o
15 Wotay < ooyt [ = e s
Hence, by Fubini’s Theorem 1} we obtam:

(b— )@= b
M2 Ay < j))apl [1rp [ @ -0 tdeas
<b—a>a< b=ar
— (O./)Ozpl ||f||LPab

(b—a)™
e (a+1)||f||LP(ab

Hence ,

125 it < iy M o

e Same idea for (2.14]) O

Theorem 2.3. 1. Ifa€ }0 l{ the opemtor I I LP(a,b) — L9(a,b) are continuous

for every q € [1,p}] where pf, = —£— the fractional critical exponent.

2. If a € L%, 1[ the operator 1%, I : LP(a,b) — L*(a,b) are continuous
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Proof. 1. Let o € }O, %[ C (0,1) we show that :
||]3+U||Lq(a7b) < CHUHLP(a,b) where ¢ € [l,p;]

namely I is bounded from LP , 1 <p < é into L™ where 1 <r < p}

We set € = % (% — f) then we have :

() I% u(z) = / (o — 1) Vu(t)dt

By Holder’s inequality, we obtain:

a 1 * P 1 1-2 1
|fa+u<x>|sr(a)/a (lu(®)[F (@ = 0 7) Ju(®)[F (x — )7 dt

Then, applying the generalized Holder’s inequality 1} ;where p;1 =1, py = % ,

([o-r-a)

p3 = p’ we obtain:

1% u(z)| < (/ ()P (z — ) 1dt> (/ lu(t ypdt)

b—a P v
< () i (/ )P~ 0yt

‘!\)—l

1
I

'BD—'

Hence ,

1
b s
Izl = ([ V)

(b— a) P I7( yre 1 '
S il ([ wore o)

1=

By Fubini’s Theorem ({1.5)), we obtain:

b—a) 1
@y € —— @)L, ( [ tutorar [ - o m)

F(Oé)(@’)p
(b _ a)Qe 1_€ g
< ER ||U($)||Lp(a’b)||u(a:)||Lp(a’b)
[(a)(ep) e
b —a 2e
< Cl‘u(x)HL”(a,b) where C = ( l 1
L(a)(ep')? rer

2. Let % < a < 1 we show that :

[Eos

w(@)]| oo o) < [l Locap)
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1 x
()| < gy [ G = 0 o)
By Holder’s inequality (|1.2)), we obtain:

st < iy ([1e072a)” ([ o)

p—1
1 D — 1 p 1
- T(a) (poz—1> (x —a)™ »lul|r(ap)
1 -
clb=a)” > p—1Y\ 7
=  Ta) P(a ) h —
> F(a) ||U||L (a,b) where ¢ (pa — 1)
e Same idea for I u(x) .

Theorem 2.4. Let 0 < o < 1 and p > 1. Then the operators: I, I)* :LP — LP are

compact.

Proof. Since LP(a,b) is complete, it suffices to show that [%(By) is precompact (see Theo-
rem [1.9)). For this purpose, we will apply Theorem m
We distinguish two cases:
e Case p=1
We define
Q=(a+hb—h), h>0

and we consider the unit ball
By ={uce Ll(a, b) : HUHLl(a’b) <1}

Let uw € By we have

1
[0 +h a

[ et -tz = s [0 ([ @ n- 0 [ omtuoar i

- /;(x - t)a_lu(t)dt) dx

1 b—h rx
< h—1)*"t — (x — ) |u(t)|dtd
< it (L [ n= 0 = @ o
b—h prz+h
+ / (x4 h — t)a1|]u(t)|dtdx>
at+h Jx
We denoted :
b—h 1
/M (e + b) = I ula)|de < s (A + Aa) (2.15)
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Let
L t/ (x4 h = 1)*7" = (& — )7 u(t)|dtdx

/ (@ +h— )27t — (z — 1) Y]u(t)|dtde
a+h

By Fubini’s Theorem ({L.5)), we obtain:

a+h b—h
A= [Tl [ (=00t = @ b)) dode
a a+h

w1t [ (0 = e o)

After computing the inner integral in both terms, we obtain:

1 a+h
Ap:a/ ()| (b—h—1)* — (b= 1) + (a+2h — t)* — (a + h — t)°dt
1 rb—h
o [ @I = h— ) — (b— ) + hedt
O Ja+h

Since the function
f)=b—h—t)"—(b—t)"+ (a+2h—t)*— (a+h — 1)

By lemma the function f is increasing , we bound it from above by evaluating it at

t = a + h. In the second term, the function
f&)y=b—h—t)*=(b—t)*+h"

is decreasing, so we bound it from above by evaluating it at t = a + h. We then obtain:

(b—a—2h)*—(b—a—h)*+ h" (b—a—2h)*—(b—a—h)*+ h®

A <

|l 21 a0y + 2l 21 (a )

b—a—2h)* — (b—a)® + h®

«

A < 5! (2.16)

Let
Ay = / t/ (2 + h— )2 Y |u(t)|dtdz

We perform the change of variable s = ¢t — x, and by adjusting the bounds of the integral

accordingly from z to 0 and from x + h to h we obtain

Ay = / / — 8)* Mu(s + z)|dsdx
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By fubini theorem (1.5 we obtain :

b—h
A,y :/ |us+x\/ — 8)* dsdx
a+h

hO{ —
- d
o \u(s+m)| x

Hence ,
[e%

h
Ay < EHUHLl(a,b) (2.17)
Then by (2.16) and (2.17) we obtain :

b—h
/ 1% u(z + h) — I%u(w)|de < (2(b— a — 2h)* — 2(b— a)* + 3h°)
a+h

['(a+1)

So ,
b—h
lim IS u(z + h) — Iu(z)|de =0

h—0 Ja+h
By the Dominated Convergence Theorem ([1.6]), we obtain:

b
/ IS u(x)|de = hm / |15 u(x)|d
So , given € > 0, there is 6 > 0 such that :
/ I%u(z)|de <e  0<h<é
(a,b)\[a+h,b+h]

Therefore ,by theorem the 12 (By) is precompact in L”(a, b)
Hence by theorem the 1% (B;) is compact
e Case p>1
Let
ue B, ={ucLf(a,b): |ullr@p <1}

We have :
b—h

/ 1% u(z + h) — I%u(z)Pdr =
a+h

b—h| 1 z+h z p
/a W F ( / (@ + h— £)° Lu(t)dt — / (z — t)a_lu(t)dt> dz
By ,we obtain :
b—h 2P 1 P
/ Mularh) = Iu(a) Pdo < / . ( / (@ +h— 1) = (x —t)a_1||u(t)|dt) do

+FQ:(;) / :h ( / M- t)a‘lHu(t)]dt)pdx
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Then,

We have:

Furthermore, we split A;as:

A = / :h ( / o (2 =8 — (@ + h— )" Ju(t)] dt> dz

b—h

Since

(/:+h[(a; )t —(z+h— t)"‘_l]dt> /

( / () B t)al]dt>

+h

Hence,
A <

b—h 9
/ [I%u(z + h) — [Su(z)| de =
a+h

+

a+h

We apply Holder’s inequality (1.1]), and we obtain:

A < /aihh [(/fh[(x D (@ h— ) () dt)

(/aa+h[(x — 1) —(z+h - t)“_l]dt> 5] dx

+

(

b—h

a+h

)
(2= = (x+h— t)a‘l]dt> 5’1 dz

T

+h

p—1

I'r(a) (A1 + Ao)

(& +h— 0" — (@ = )| Ju(®) dt)p de

(/ [ = 0" = (@ + h— )] Ju(t)] dt)p do

p

(/ [((r =) = (24 h— )] Ju(t)] dt)p de

+h

+h

P
P

@\‘»U

X

(2(m—a)a—(x—a—h)“—(x—f—h—a)o‘

(0%

+<(x—a—h)°‘—(x—a)°‘+h°‘

«

26

([ =0 =@+ h= ) dt

2 —a)*—(zr—a—h)*—(r+h—a)

+h

(2.18)

-

)“ /ab_h /aa+h[(:c—t)“1—(x+h—t)“l] [u(t) [ dtdz

) - /aihh /aih[(x_t)“l—(ﬂh—t)“] [u(t)|"dtdz
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By Fubini’s Theorem, we obtain:

A <

) B 0 I S B
e I MG A e T

Since,

wahmowliﬁ@F¢w—k4x+h—ww4uﬂu:iié“ﬁ@—h—ww—m+h—wa—w—oa

+(a + 2h — t)*[u(t)Pdt
/ihh [u(t)? /tb_h[u_t)a—l —(wth—t)*)dadt = ;Li;h<b—h—t>“ —(0=t)" A% lu(t)"dt

It has been previously shown that the function
f&)=0b—h—t)*—=(a+h—1t)—=(b—1t)"+ (a+2h —t)*

by lemma [I.3] the function f is increasing,we bound it from above by ¢ = a + h and in the

second term has been previously shown that the function
f&)=b—-—h—-0)*—=({b-1t)“+hn"

is decreasing,we bound it from above by t = a + h.We then obtain :

2b—a)* —(b—a—h)*—(b+h—a)*\'"" (b—a—20)"—(b—a—h)*+h
A, < : 1|70 0,0)
(6] (6]
(b—a—h)*—(b-a)+h*\"" (b—a—2h)*—(b—a—h)*+h*
n - : /|70 0,5)
(2.19)

Now we estimate A;. We apply Holder’s inequality and obtain:

-

/:h (/:Hl(x +h— t)a‘1|u(t)|dt)p dx < /:h [(/:+h(x +h— t)"“1|u(t)|”dt> '

z+h i i
(/ (x4+h— t)aldt> dx
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Hence,

=2

/ / (& + h— )2 Yu(t)Pdtdz

We perform the change of Varlable s =t —x. Then, when t — x, we have s — 0, and when

\\v

t — x + h, we have s — h we obtain :

a

hp’ h b—h
Ay < —5 / (h — t)a_l/ lu(z + s)|Pdzdt
0 a

a? +h
Hence,
hp
Az < —llullZoga (2.20)
So,by (2.19) and - we obtain :
b—h
lim IS u(z + h) — Ivu(z)Pde =0
h—0 Ja+h

So, By the Dominated Convergence Theorem (|1.6]), we obtain::

b b—h
[ ladtu(@) da = lim [ | L2u(@)P do

h—0

next, given € > 0, there is 6 > 0 such that:

/ WCu(@)Pde < e 0<h <6
(a,b)\(a+h,b—h)

Therefore, by theorem (1.11)) I% (B,) is precompact in LP(a,b), hence, by theorem ([1.9)
1% (B,) is compact In the same way , we can show thatl;" : LP(a,b) — LP(a,b) is
compact O
Theorem 2.5. If a € (0, %) the operator 1%, Iy : LP(a,b) — L%(a,b) are compact where
q € [1,p3]
Proof. Let us consider the unit ball of L?(a,b) :

B, ={u € LP(a,b) : ||ull o(asy < 1}

We define 2, = (a+h,b—h) for h > 0. Let 1 < ¢ < pf. By the interpolation inequality (|1.4]),
for any 0 < 6 < 1, we obtain:

122 w(w+h) = I u(@)l| o) < (Mo ule+h) = Iu(@) | g, 1 gvule +h) = I u@)] 58 o

Next, we estimate the second term as follows:

115wz + h) — I u(@)| oz, < Harul@ + h)|| s ) + e w(@)] e g,

< 2||]c?+u||LP2(a,b)
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Thus,

15 u(z + h) = Igvu(@) Lo, < [Hgwu(z + h) = Ifvu(@) |12 o, UGl o o)
By Corollary([2.4)), since u € B,, we have

| I u(x 4 h) — I u(z) | i,y — 0 ash—0

a

Hence,

| I u(x 4+ h) — Ivu(x) | pa,) — 0 ash —0
By Holder’s inequality (|1.2)), we obtain:

* 1—% * a

Pa—4 « Po ;
[ L5 ullpamy < (/; |1|P2‘vd:v> ’ </E |I§+u(x)|qu>p where E = (a,b)\(a + h,b— h)
-4 o
< [2n] 7w HIa+U”LPZ((a,b)\(a+h,b—h))

By theorem (2.3))(1)

%l pogp) < CJ2h] 7% — 0 as h— 0

Hence , by theorem (1.11)) the 1% (B,) is precompact in L9(a,b)
Therefore,by theorem (1.9) the operator : LP(a,b) — L9(a,b) is compact.
e The same result holds for /;* by symmetry. ]

Theorem 2.6. (Integration by part): Let f € LP(a,b) and g € L¥(a,b) such that
%Jr]%g 1+ «, then we have

[ 1@ gayie = [ o)1z p()ar (2.21)

a

Proof. By Theorem ({2.3)), the term f(x)I;* g(x) is well-defined. So

/abf(:r)lf‘g(x)da: = F(loz)/abf(m) /;(t o)Ly () dtda

1 b b
= — t—mz)* ! t)dtd
fy L Lo @ty
using the Fubini’s theorem we obtain:

[ 5@ gy = .//t—xQV’>mﬁm
- F()/ o(0) [ (¢ = ) ()
b

/ ( / (= 2yt f(x)dx) dt
AL
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Hence \ \
| f@ - g(@)de = [ g1 f(e)de

e By the same way for the right fractional integral [

2.2 Rieman Liouvill Fractional Derivatives

Definition 2.2. Let 0 < a < 1. We define the left Riemann-Liouville fractional derivative
D2, f of the function f as follows:

(D) = LU Ne) = mmay g =07 0a @22)
And the right fractional derivative
(D5 o) = TN = prmay gy [ -2 f0d 29

Example 2.3. for 0 < a < 1,8 > 0, we put f(z) = (x — a)’~1 , according to the equa-

tz’on we have

(D2 f)(z) = (dd) o 1157 (z) — (j) (miflm( _ a)ﬁa>

and
<ddx> (z—a)’™*=(8—a)(z—a)’"

and on the other hand

'Nl—a+p) = (B—a)l(f—a), I(x+1) =al(x)

therefore
(D2N) = o (-l — e
(B —a)l'(B) (- a)ﬂ—a—l
(8 —a)l(5 - a)
Hence
o _ T e
(Da+ )(J]) - 1-\(5 _ Oé) (l‘ a) (224)
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same idea for the right-sided fractional derivative for f(x) = (b — x)°~! we obtient :
I'(8) e
DY (b—a2) 1) (2) = —2 (ph— g)f—ot
(D=2 ) (0) = 5 g b=

Example 2.4. Now, we will have the derivative of order o of a constant function. According

to the previous example, by taking 5 = 0 we obtain

[ 0 __ « _ F(O+1) 00—«
a*(m_a) - a+1_f‘(0—a+1)(x_ )
e _ 1 r—a)®
a+1_r(a+1)( )

The derivative of a constant in the sense of Riemann-Liouville is not zero

On the other hand, for j =1,2,,[a] + 1,
(@ —a)*™(z) =0

e Same idea for the right-sided fractional derivative

2.2.1 Some properties of fractional derivatives

We present below some useful properties of the left and right fractional derivatives.

Proposition 2.2. If0 < a <1 and f(z) € AC(a,b) then :

(D) (@) = = (f@@ =0+ [(w=por) @)

And

D5 6) = e (f00 -0+ [a-a=roa) — @o0)

Proof. eBy and we obtain :
Dt = i ) (F@+ [ Fes) - o
_ ml_&);;(f( W [ O‘dt+/ / F(s)(x — 1) O‘dsdt)

1 —Q
= M(f(a)(x—a / / f'(s)(x—1t) dsdt)
By fubini theorem (|1.5)) we obtian :
1
Dif@) = Fi—w (f(a)(a: —a) / (s / z— t)%itds)
1 —Q
- F(l—a)<f( v-a) [ 6= ds)
e By the same way for O
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Proposition 2.3. Let 0 < a < 1,0 < 8 < 1, we have the following properties:

1. if f,g € L*(a,b) and VA, u € R Then the operator D%, D{- is linear
Dge (A + pg)(x) = ADgv f + nDgrg
2. if f(x) € L'([a,b]), then
(Dg+ 15 f) (2) = fz),  and  (Dp-I-f) (x) = f(z) (2.27)

8. if f(x) € LY([a,b]), where 0 < a < 1, and I'7*f € AC([a,b]) we have

(13:D5) (@) = f(0) = 2 L = 0y (2:28)
(5 05-9) ) = 1) - T L0 0 -y (220

Proof. Let 0 < a <1

1. The proof is obvious.

2. e By (2.22)) and the proposition ([2.1)) we get :

67 (@) = 1T S () = f()

e By the same way for the right fractional derivative

3. We have
10pn @) = g ([@- o)
= 3 (riy [ - ooz soa)
We put :
Glu) = F(alﬂ) w0 ey
- g e o
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2.3. CAPUTO FRACTIONAL DERIVATIVES

Then, we apply integration by parts we obtain:

o om0 0 = e o [T o s
B, e
TTap )R

By ([2.1)) we obtain :

F(alm /ax(ac — t)ajtliiaf(t)dt = —M(w —a) + I'f(2)
So ,
d (L) ay gl _d gy [7%f(a) d a
% <_F(a+1)(x B a) + Ia+f($)> o %Ia"'f('r) - m@(l’ — CL)
— s - o e

e By the same way for ([2.29)

2.3 Caputo Fractional Derivatives

Definition 2.3. Where © € [a,b] , moreover ,the left and right caputo fractional derivative

are defined as :

‘D u(x) = )7 (2) (2.30)

and
‘Di-u(z) = -7/ () (2.31)

Remark 2.1. If u(z) € Z(a,b) we have

cpo . Do cpa _ o
at = Fat > Db__Db—
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CHAPTER 3

FRACTIONAL SOBOLEV SPACES

In this chapter, we introduce the concepts of fractional absolutely continuous functions and
fractional Sobolev spaces. We also present some fundamental properties of these spaces,
including embedding results, and establish several versions of the fractional integration by

parts theorem.

3.1 Weak fractional derivative

Definition 3.1. e Let u € L} (a,b) and 0 < o < 1, if there is v € L} . such that :

/abu(:zz)Dg‘_go(x)dx = /bv(a:)go(x)dx, Yo € Z(a,b) (3.1)

a

Then v is called weak left fractional derivative of u we denote by :
Doiu(x) = v(z)
e In the same way, if there is w € L}, .(a,b) such that :

/abu(x)Dg‘+go(a:)dx = /bw(x)go(x)dx, Vo € P(a,b) (3.2)

a

Then w is called weak right fractional derivative of u we denote by :
Dy-u(z) = w(x)

Proposition 3.1. Ifu € C*'([a,b]) then the weak left and right fractional derivative D%, /D

of u coincides with the classical fractional derivative DS\, Dy of u.
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3.2. SPACESACS/! (A, B) AND AC%" (A, B)

Proof. We have

b b
[ u@Dip)@)de = [Cu@) Dip@)ds Vo€ 2ab)

By the remark 1' and since “Dj_p = —[l}fo‘%gp(x)

[ a0 e = [ e’ Di ey = [ u@)i g s

= [ Gud)
b
o

— /a z)o(z)dr VY € P(a,b)

Therefore: D% u(x) = v(z) = L1 u(z)

where % is understood in the weak sense
Hence,

°=Di. Dy =Dp

Remark 3.1. The weak fractional deravitive DS, /Dy are lineair

3.2 SpacesAC Y (a,b) and AC,""(a,b)

Definition 3.2. Let 0 < a < 1 and 1 < p < co we define the space AC(a,b) ,ACy2"(a, b)
as follow
c

ACSP(a,b) = {f/flgo € L'(a,b): f(z) = o) (x—a)* 4 I;iga(x)} where ¢ = ];_:a(];(;bi

and

ACP(a,b) = {g/a¢ € L'(a,b) : g(x) = i(b — )+ Ig”@b(:z:)} where d = I}~*g(b)

I(c)
(3.4)
Proposition 3.2. Let 0 < a <1, f € L'(a,b) then D% f € L*(a,b) if and only if
. c - a—1 «@
f(z) = o) (x —a)* " + IS () x € [a,b] a.e (3.5)
In this case , c = ([;IO‘ ) (a) and p(x) = (D% f) (x)
Proposition 3.3. Let 0 < a <1, g € L'(a,b) then D{-g € L*(a,b) if and only if
d -1
=——(©b—2)" Ix . .
g9(z) o) (b—2)"" + [ y(x)  x€lab] ae (3.6)

In this case , d = (Iblfo‘g) (b) and Y(x) = (Dg-g) (x)
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3.3. SPACES E;""(A,B) AND EX" (A, B)

3.3 Spaces E;"(a,b) and Ey"(a,b)

e Let w € (0,1). We define the fractional Sobolev-type spaces associated with the left and

right Riemann-Liouville derivatives as follows:

Definition 3.3. The spaces E}"(a,b) and ER*(a,b) are defined by:
E7P(a,b) :={u € LP(a,b) | DSu € LP(a,b)}, (3.7)
endowed with the norm:

1/p
il o= ( [ ool o+ [ D3t as)

Similarly,
EZP(a,b) :={u € LP(a,b) | Dy-u € LP(a,b)}. (3.8)

endowed with the norm:

1/p
lilgoian = ( [ TP ao+ (1125 u(a)? ao)

e In particular, when p = 2, E%*(a, b) we denote E%(a,b) it is Hilbert space with inner

1/2

iz = ([ o) o+ [ LDzuto)P o)
1/2

||u||E["(ab) = (/ |u |2d51?+/ | Dbu )|2dx>

Theorem 3.1. [J] For any 0 < a« < 1,1 < p < oo, f has the left Riemann Liouville
derivative D, f € LP(a,b) if and only if f € AC5"(a,b) that is-

product

Similarly,

Cc

J(@) = Fag (o= @™+ ()

With ¢ = I f(a) and ¢(z) = D%, f(z)
Proof. e« (=) We show that if D%, f(z) € L?(a,b), then f € AC?(a,b).

Let o(x) = D%, f(x) € LP(a,b). Define:

9(z) = Ifve(x) = I Dy f(x) € LP(a,b)  (by ([2.2))
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Then
g € AC’Z"f(a, b).

Since
Dgi f(z) = Dgrg(x),
it follows that
D2, (f(x) — g(x)) = 0.
Using the definition of the Riemann-Liouville fractional derivative, we obtain:
a d 11—« _
o (f = 9)@) = — [L°(f() = g(@))] =0,
This implies that the function I)7*(f(z) — g(z)) is constant:
7°(f(x) — g(a)) = e

Applying the operator D}lla to both sides gives:

c

() = 9(a) = Dizte = pos (e — o),
Therefore,
F(@) = 9(a) + g (e =0 with g(@) = Fp(o).

Hence f € AC3"(a,b), which completes the proof.

(<) We show that if f € AC{"(a,b), then D%, f € LP(a,b).

By the definition of AC%"(a,b) (see [2.11]), we have:

(x—a)* '+ I%p(x), with ¢ € LP(a,b).

We apply the left Riemann—Liouville fractional derivative of order a to both sides of

the equation:
C
D2 f(o) = D (o = ) 4 D3 (o)

By the definition of the Riemann—Liouville derivative (see Definition [2.22]), and the
semigroup property D%, I% ¢ = ¢ (see Equation(2.27))), we obtain:

D2 g0 = 5 (150 (i) ) + o0

d
= %(C) + () (see Equation [2.3)).
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Since c is constant, we have - (c) = 0, and thus:

D2 f(z) = p(z) € LP(a,b).

]

Proposition 3.4. (A relation between AC(a,b) and E;"(a,b)) Let 1 < p < oo.

Then we have:

ESP(a,b) = AC®P(a,b) N L*(a, b).

Proof. « First, we show that

E}?(a,b) C ACYP(a,b) N LP(a,b).

Let u € E7*?(a,b). by definition [3.3|u € LP(a,b) and D% u € LP(a,b).
By Theorem it follows that v € AC7(a,b), i.e.,

- F(Oz) (QZ o a>lia + Ig+(p(£€),

where p(z) = D% u(x) € LP(a,b), and ¢ = ([ijau) (a).

Thus, we obtain:
E;?(a,b) C ACSP(a,b) N LP(a,b). (3.9)

Next, we show that

ACP(a,b) N LP(a,b) C E7"(a,b).

Let u € AC(a,b) N LP(a,b). Then u € AC"(a,b), so there exists ¢ € LP(a,b) such

that:
u(e) = [ =@+ Tpla),

with p(z) = D% u(z) € LP(a,b) and u € LP(a,b) by assumption.

Therefore, by (3.7), we have u € E}*(a,b), and hence:
ACP(a,b) N LP(a,b) C E7"(a,b). (3.10)

Hence, by (3.9) and (3.10), we conclude that:

E}?(a,b) = ACSP(a,b) N LP(a,b).
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Theorem 3.2. The fractional spaces (E¢(a,b),|.||z) and (E%(a,b), ||.|r) are separable and

reflexive banach spaces.

Proof. We equipped the product space E = L*(a, b) x L?(a, b) with the Hilbert space norm:

1
(ur,u2) e = (luallFagan) + lu2llfags)

Next, we consider the fractional space Ef(a,b) with its norm:

[NIE

el 2wy = (1tl3 20y + IDE tll32 ()

Now, define the operator: :

T:E¥a,b) — E
u = (u, D¢u)

For any u € Ef(a,b), we have:

1
[Tullp = (HUH2L2(a,b) + |‘D3+H%2(a,b)>2 = HUHEg(a,b)

Therefore, T' is an isometry, i.e it is injective and preserves the norm.

Let (u,) C E?(a,b) be a sequence such that T'(u,) — w € E. Then:
T(u,) = (up, Dsuy,) — (u,v) € E

Therefore,
u, — u in L%*a,b)
D%wu, — v  in L%*(a,b)

From the convergence u,, — u in L*(a,b), we have u,, — u in 2'(a,b), hence:
DY u, = D¥u  in P'(a,b)
Hence , v = DL u Jie.
w = (u, DY) =T(u)

Consequently, the image T'(E¢(a, b)) it is a closed subspace of E.Since E = L?*(a,b)L?*(a,b)
is separable and reflexive (being a Hilbert space), every closed subspace of F is also separable
and reflexive. Hence, T'(E%(a,b)) is also separable and reflexive

Thus E%(a,b)s separable and reflexive.

e Similarly for E%(a,b) ,completing the proof. O
Now, let us explore some properties of I, and DS,
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Lemma 3.1.
1. The operator I : L*(a,b) — E¢(a,b) is linear and bounded
2. The operator D%, : E¢(a,b) — L*(a,b) is linear and bounded

Proof. 1. From the definition of fractional integral (2.1)) , we see that I, is linear oper-
ator , let u € L*(a,b), v = I%u then by lemma , shows v € E%(a,b)
We have :

v =I7T%u=11u (By proposition [2.1]

So D% v = u exist , which means D¢, v = D%, v , thus we obtain :

1D+ vl 22 (apy = llull 22 (ap) (3.11)

and

Ifu=ve Ef(a,b)

Together with (3.7)) and (3.11)) we have :

N |=

1 ullzswny = (IHS 7o + D% IS ulF2g0s)

Then by (2.13) we get :

[V

(b— a)Qa 2 2
< <w||u||L2(a,b) + lullz2(a0.0)

(b_a)2a %
— +1

which means that I% : L*(a,b) — E%(a,b) is bounded .

2. We have previously proven in lemma [3.1] that the operator D, is linear
Moreover , it is easy to see

1

HD§+UHL2(a,b) < (HUH%Q(a,b) + HD%Q(a,b)uH2>§ = HUHEz‘(a,b)

Which means :D%, : E¥(a,b) — L*(a,b) is bounded operator
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3.4 The space Ef ((a,b) , Ef(a,b)

Our analysis will focus on the space Ef ((a,b) with analogous results holding for Ef ((a,b)

Definition 3.4. Let o € (0,1),we denote by Ef 4(a,b) as the closure of 9(a,b) in Ef(a,b)
endowed with the norm of E¥(a,b) , that is :

B o(a,b) = D(a,b) i (3.12)
Lemma 3.2. [10] Let u € Ef (a,b) then :
< D u(z) = u(w) a.e x € (a,b) (3.13)

Proof. From the definition of space Ef ((a,b) there exists a sequence (¢,) C Z(a,b) such
that :
ln — ullEo(ap) — 0 as n — 00
For ¢, € Z(a,b) , on has D%, ¢, = DY ¢,
which together with we get

15+ Dgvpn = 13+ Dgs on = on — W(x — )
Since I'"%p,(a) = 0 , we have
15+ Dgpn = n
By lemma we add and subtract the term/% D3y, -

e+ Davu = ullgg = (g Davu = I+ Daipn) + (154 Dgrpn — ) || 5 (a)

(e}

|(13+ Davu — I3+ D on) | me (ap) + |15+ Do on — w) || B9 (arp)

IN

< e Dgs (v = @)l Bg (ap) + 15+ Daron — ullBg ()

By the continuity of I and D¢, it follows that:

|15 Davu —ullpe < cllon — ullpeap) + (v — @ullzs (@)

= (c+1|lpn —ul] — 0, as n — oo

Where ¢ > 0 is constant
Hence :

I4 DS u(x) = u(x) a.e x € [a, b
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Corollary 3.1. (Fractional Poincare inequality): For evry u € Ef ((a,b) we have :

(b ay
S Tatl)

Proof. By combining lemma [3.2| with (2.13)) we get :

2] 22 (a) Dgul 22(ap) (3.14)

lulli2@py = Lo+ Dol L2(ap)
(b—a)

~ 7 DO‘
= F(Oj—Fl)H a+u||L2(a,b)

O

Remark 3.2. By C’omllary , we can endow the space E 4(a,b) with the below norm,

which is equivalent to the norm of E¢(a,b):

1

b, P
[ullgg (@) = /Q|Dau| dr| .

Theorem 3.3. 1. If a €]0, 5[ ,then

E7 o(a,b) C {u € L*(a,b),D%u € L*(a,b) and  lim I} %u(x) =0 }

z—sat
2. And , if o €]5,1] then :
E7 o(a,b) C {u € L*(a,b),D%u € L*(a,b) and u(a) = u(b) = 0}
Proof. e For a e }O, %{ by definition we have :
Bfola,b) = F(a,5) 72"
So, for every u € Ef ¢(a,b), there is (¢,) C Z(a,b) such that :
dim [l — ullpg(ap) =0

Then by theorem [2.3] we have :

lim I)7%u(x) = I'7%u(a) = lim I'7%n(a) =0 Vo € PD(a,b)

z—a™t n—00

Hence,

lim I'"®u(z) =0 Vr > a

z—a™t

because 1 — o > % So,

E7o(a,b) C {u € L*(a,b), D% € L*(a,b) and lim I';7%u(z) = 0}

z—at
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« Now, for a € ]%, 1[ we recall from the definition 3.4 that: For any u € EY ((a,b),

there exists a sequence (u,,) C Z(a,b) such that
U, —u in E7 o(a,b)

By the compact embedding theorem , we have:

(b— a)o‘*%
[ul| Lo (ap) < WIIUHEg,Om,b)
That is,
i fu(a) — wn(a)] < Cllu g oy — 0
where

Therefore, we obtain:

0 < u(a)| =|u(a) —uy(a)] < ||u—uyllpe — 0 asn — oo
Which implies that u(a) = 0. In the same way, we also have u(b) = 0 So,
Ef o(a,b) € {u € L*(a,b), D € L*(a,b) and u(a) = u(b) = 0}

]

3.5 Embedding results for Sobolev spaces E7 ((a,b), Ef 4(a, )

3.5.1 Continuous embedding

Theorem 3.4. [10] If o € }0, %[ , then embedding Ef ola,b] — L%a,b] is continous for

every q € [1,2%] , where 2¥, = 17220[ is the fractional critical exponent

Proof. By lemma [3.2| we have

lu(@)][ 25 0py = Mo+ Darul@)|l L2 ()
By theorem [2.3]
@) oy < =D (e (3.15)
u\x 2% (g ~ T a ulxr 2 a, .
PN = Playa — i e Eed
Since
|w(r)||Lagap) < Cllu(@)| 2o Vg € [1,27] (3.16)
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Hence, by combining (3.15)) and (3.16]), we obtain:

(b—a)*:C
I'(a)(2a —1)2

[u(@) ]| Loapy <

Then |,

b—a O‘_%C’
b= a0 @)l o
[(a)(2a —1)2 ‘

|u(@)] Lagap) <

O]
Theorem 3.5. [10] If o €]5,1[, then the embedding Ef , — €°~z2[a,b] is continuous
Moreover : )
(b—a)2
U\ L>°(a S 1 a (a 3.17
]| oo () o) @a — 1)} D5+ ul| L2(a,p) (3.17)
Proof. Let u € Ef (a,b). Then, by lemma (3.2)) and Hélder’s inequality (1.2), we obtain:
1 T
u(@)] = 15 Pgule)] = o | [l =0 D)

IN

F(la) ( / (- t)Q(al)dt)% ( / ' !D§”+U(t)|2dt>;

D u(®) 22 (ap) ol
= I (x—a)* 2
(20— 1)3T(a)

On other hande , let a < x; < x5 < b then by lemma and theorem we obtain :

u(wz) = u(zr)| = [I3Dgrulrs) — I Daru(zy)]

a

- |F<1a) ([ =0 Dutydt = [ @1 - 0 Dpale >dt)|

i ([

By the Cauchy—Schwarz inequality (1.3]) , we obtain:

(22 — )" (1 — )27 || Dl |dt+/ (w2 — 1) Y| D2, ult )|dt>

1 a1 ot ol (x9 —x1)*"
o) — el < g (= 07 = = 0 Pl +

Using ((1.4)), we obtain the following estimate for the first term:

[(a) T(a)(20 — 1)%
1D ull 20 — ) 4 (2 — )T — (1y — a)* 2
2= lT(a) (2~ H om0 = (@)

(2o — 21)°2

I'(a)(2a —1)2

I Dg+ vl 22(a)
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Using ((1.5)) we obtain :

DS | 22 (a,p) it 1 1
— < a ’ — a—3 — a3 — a—3
uza) — u(z1)| < (20 — 1)T(a) (($2 21)*72 + (29 — 1) 2 + (22 — 11) )
Hence ,
3(332—.1'1)017%
u(xe) — u(xy)| < Dol r2(a 3.18
u(w2) — u(z)] < 1ﬂ(oé)(za_l)ﬁll vl r2(ap) (3.18)
Therefore,
|u(@2) — u(z1)|
lull oy )y = Nullze@y +  sup
"2 (a,h) (a,b) (o1.00)€(a) |$2_x1|a—%
(b—a)*z 3
< Do | L2(ap) + D5 ul| 20
Ta)2a — i Pertlen = poson —ppiPavlizes
(b—a)*3
= —|—3 Dg‘u 2(a
(F(Q)(M_l); AP
Hence ,

+ 3) [ull g @b

3.5.2 Compact embedding

Theorem 3.6. [10] For a €]0, 1| the embedding Ef (a,b) — LP(a,b) is compact for every
pel,2]

Proof. By Theorem , the operator
i Egyo(a, b) — L%a,b)
is continuous for ¢ € [1,2*] which means there exist a constante C such that :
[unllagap) < Cllunllzg @y forall g € [1,27]

Therefore, if u,, — u in Ego(a,b) and the sequence is bounded, then, by the inequality
above, it is also bounded in L?(a,b).

Since D%, u,, is bounded in L?(a, b), it follows from Theorem [2.5|that I, (D% u,,) is precom-
pact in L9(a,b), for every g € [1,2*[[That means there is a subsequence (uy,) we denoted

(Up)nen and u € L9(a, b) such that
|15+ Dy, — UHLq(a,b) —0 asn — o0
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Since by lemma [3.2] we have
un () = 15 Dyvun () = i(un(z)) = i(15 Dyvun(v))

So, by the continuity of ¢, the composition is compact.

Therefore,
i: B o(a,b) — L(a,b)

is a compact operator for every ¢ € [1,2*].

Theorem 3.7. [10] if o €]3, 1] the embedding Ef (a,b) < C([a,b]) is compact

Proof. Let u, — uin Ef y(a,b), we know that the sequence (un)nen is bounded in Ef ;(a, b).

Then, by Theorem , it follows that (u,)nen is also bounded in C([a,b]) i.e :

[l g ooy < K

Hence by (3.17) we obtain :

K(b a=3
tnl ey < () )

—a
[(0)(20 —1)2
Thus, ||tn||z(ap) is uniformly bounded, meaning that the sequence (uy)nen is uniformly
bounded in C([a, b]).

Moreover , by (3.18]) we have

K(I‘Q — l’l)a_
Ia)(2a —1)

1
3
|un(x2) - un(xl)’ < 1
2

Let
Ve > 0, |z2 — 21| <0 = [un(z1) — un(z2)| < e
We choose § such that

k62
() (20 — 1)z

_ (F(a) (20 — 1)55) 0

which gives

k

Hence,

Ty — .Z'1| < ) = |un(l‘1> - Un($2)| S €
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Therefore, the sequence (uy)nen is uniformly equicontinuous.

Since the sequence (u,) is uniformly bounded and equicontinuous on the compact in-
terval [a, b], by the Arzela-Ascoli Theorem [1.10], it is precompact in C([a, b]).

This means that there exists a subsequence, still denoted by (u,),en, and a function
u € Cla,b] such that

dim [Ju, — ul|zoe(ap) =0

0
3.6 Integration by parts
Theorem 3.8. Let f € 1% (LP),g € I (L) such that % + % <1+ a then,
b b
[ 1@ Dgg(@)de = [ g(x) D f(x)da (3.19)

Proof. We put f = I, ¢ and g = I} 1) we consider : ¢ = D%, f and @ = D} g we obtain :

b b
| f@Dpg@de = [ 1zp@) Dy g(a)de

By we obtain :
/: f(a) Dy g(x)de = / () [0 (x)do

[
e By the same way for the right fractional derivative
[ #@) g gt = [ o) D5 f(w)dr
Theorem 3.9. Let f € E¢(a,b) and g € AC([a,b]) then :
[ @ Dgaw)de = [ o) D5 £(@) + o)1) (3.20)
b b .
| @)D g(@)dz = [ g() D5 f (@) + gla) 1 (a) (3:21)
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Proof. By - we obtain :

/f x)D3yg(x = F<11_Oé)/abf(:c)<g (x —a) +/ J(x—1t) adt)d:c
— F(?(i)a) /bf(a:)(x—a) “dx + F(l—a) /ab/; f(x)(x —t)" g (t)dtdx
= gla)[,=® +/ f(x

By theorem ([2.6)) we obtain :

[ @ggndr = glan @+ [ 1

We apply integration by parts to the second term we obtain:

[ F@Ds g()de = o) fla) + 12 F0)g) — B f(adg(a) — [ LI fw)g(a)de

Hence ,

[ s@Dzgadr = [ D pgte) + 1 F0)a0)

e The same idea for (3.21))
Theorem 3.10. If0 < > <a<land0< <a<1, then
b b
[ s D)@ty de = [ f) D g(x) de+ FO)I0)(0) — (11 ) a)g(a)
For any f € ACYY, g € ACY™

Proof. From (3.3) and (3.4) there exist ¢ € LP(a,b) and ¢ € L9(a,b) such that

o) = 2r 2 - a4 1ot
o) = B0 - ) 4 )

On the one hand, we have:
b b
L0 H@g@de = [ o@)g() de
_ / ’ (@) (Ib—;?ng) (b—2)*' + Jg_w(w)> dz

L,=g(b) a—1 ’
— bp(@) /agp(x)(b—x) dm+/a o(x) [ (x)dx

= B0 + [ el (Bypa)
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[ (D @)t dr = B=9) - F0) + [ T2 plai(r)da (322

On auther hand ,we obtain

b b
| F@(Dp g)@)da = [ Fp(a) do
_ <Ia+ (a)

B >)¢<x>dw

_ Ia—l— (CL) b — o
_F(a)/a@;_a ade+ [ T e d

b
= I @ 0)@) + [ Ie(e)(a) do,

b b
[ 1@ WD) @) de = 15 Fa)g(a) + [ 18,0 ()(a) do (3.23)
By subtracting equation (3.22)) from equation (3.23)), we obtain:

[ (F@DRg) ) — (D5 Pag(w)) dx = 17 ) - gla) + [ T plw)i(a) do

(0)1,=g(b) /
= (I; O‘f) (a)g(a) — (]b_ g) (0)f(b)
So,

[ Dz p@g@)dr = [ f@)Digla) de + FO)I=0)(0) — (152 F)()gla)

[
Theorem 3.11. Let f € Ef (a,b) and g € E% y(a,b) we have :
b b
| F@ Dy g(e)de = [ Dg () g(a)da (3:24)
b b
| Di-f@yg@)dz = [ f(a)Dsg(a)da (3.25)
Proof. By lemma we obtain :
b
[ f@Digar = [ 1805 5@ Dy gla)dr
= [ De s Dy gtz (by (221)
= /b D¢ f(x)g(x)dx (by lemma )
Hence,
b b
| f@Dg@)de = [ D2 f(@)g(a)da
The same idea for ((3.25|) ]
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CHAPTER 4

APPLICATION TO THE BOUNDARY VALUE
PROBLEMS

In this chapter, we investigate a nonlinear fractional differential equation involving
Riemann-Liouville derivatives. We study three main cases:

e In the sublinear case 1 < ¢ < 2, we employ variational minimization methods;
o In the superlinear case 2 < ¢ < 2*, we use the Nehari manifold technique;

o In the linear case ¢ = 2, we distinguish between the cases based on the values of \.

In each case, we establish the existence of non trivial weak solutions.

4.1 Position of the problem
Definition 4.1. (The problem (P)) We consider the following problem:

oy [ D Do) = Nl in oo
B, (u) = 0 on Ja,b
where 0 < a < 1 and B,(u) represent the boundary condition of the problem (P)which
depends on the value of o € (0,1), and is given by: :

. 1—a . . 1
Bu(u) — xE)I(ll+] u(z) =0 if 046}0,2[
u(a) =u(b) =0 if ae}%,l[
Definition 4.2. (The Weak Solution) A functionu € Ef y(a,b) is called a weak solution
of problem (P) if it satisfies the following variational formulation.

b b
/a DSu(x) DS v(x)de = )\/a lu(2)|9 2u(z)v(z)dr Yo € D(a,b). (4.1)
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To find the variational formulation it is necessary to follow the following steps :

e We multiply the first equation in problem (P)by a test function v that is sufficiently

smooth and compactly supported in (a, b), and integrate over (a,b):

/ D (D% u(x))o(z) dr = /ab|u(x)|‘12u(x)v(m)dx, Yo € (a,b).

e Using fractional integration by parts (3.19)), the left-hand side transforms into:

/ Dy u(z)Dyyv(x)dr = )\/ab lu(z) |7 *u(x)v(z)dr Yo € D(a,b). (4.2)

Definition 4.3. (Energy Functional) We define the functional associated with problem
(P) as follows:

I:E¢gla,b] — R
1 rb b
u — 1) = / | Do) 2 — / F(u)dz

where :

Proposition 4.1. The functional I is well-defined and differentiable on Ef o(a,b). And the
differential is given by

/ D u(z)Dov(x)dr — A / (@) Pule)u(@)dr Y, € B oa,b) (4.4)

Proof. e Firstly, the functional (4.3 is well-defined. Indeed, for any u € Ef ;(a,b) we have :

1 (e}
L)l =5 1D |72 g < 00 (4.5)
For the second term:
| b
Lw)| = 2 / ul do
q |\Ja
/ @)l do = el <0 (Efglab) = L'a.b) (4.6)

Hence, by (4.5)) and ( -, the functional (4.3) is well-defined.

e Let us now show that [ is Gateaux differentiable and I’(w) is continuous i.e :
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We set:

2/ | D% (x| de

and

Li(u+tv) = /|D (u+ tv)|* da
by lemma(3.1)) we obtain:
| Dg+ (u + tv) (@) = | Dgsu(a) + tDgo(z)?

Integrating over (a,b) we get :

I (u+ tv) 2/ | D& u(z 2dx+t/ D2 u(x) D¢ v(x)dx + 2/ | D% v(z) Pde

Thus
Li(u+tv) —I(u —t/ D&u(z) DS v(x)de + — /]Dauj (z)|*dx

Dividing by ¢ and taking the limite as ¢ — 0 , we obtain :

I tv)
lim 1(u+ v) / D& u(x) D¢ v(x)dx

t—0

Thus,by Poincaré inequality 1) ,we can show easily that [7(u) is continuous in Ef 4(a, b)

and the gataux derivative is

< Ii(u),v >= | DY u(x)Dyv(x)dx (4.7)

L(u) = | |u|%dx
And
b
LI(u+tv) :/ |u + tv|%dx

Thus,

- Dh(uAtv) — u IUH’U\" —Jul?

lim /

t—0 t t—>0

We apply the Dominated Convergence Theorem [I.6] on :

lu + to|? — |u|?
t

told — |ule
lim Jut toff = Jul = lim qlu + tv]9 % (u + tv)v
t—0

t—0 t

= qlu|"*uw
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2. we define
9(s) = [u+ svl?
is continous and differentiable , then by means value theorem , 3 6 € (0,t) such that
g(t) = 9(0) = g'(0)t & [u+tv]! — |ul” = glu+ Op|"*(u + Op)ut

lu + tv|? — |u|?
t

= qlu + 00|72 (u + Ov)v

Then
|u + tv|? — |u|?

t

= qlu+ |"[v]

We applay the inquality

when : a =u , b= 0w

Hence

|u + tv]? — |ul?
t

IA

297 q(ful™ 4 o] ) vl

< 277 q(ful o] + ol u])

< 277 q(ful* ol + Jv]?)

Then by Holder inquality |u|?"!|v| € L(a,b) , and |v|? € L? C L*
Hence we take h = 27 1q(|ul|?™v| + |v|?) € L!
By the Dominated Convergence Theorem (D.C.T) [L.6| we conclude that

\u + to]? — ]u\q
t—>0 t

dr = q|u|" *uv

Hence, by applying holder inquality (1.2]) and Poincaré inequality (3.14)) , we show that

I}(u) is continous and the Gateaux derivative of Iy is
< I(u),v >= )\/|u )0 2u(z)o(x)da (4.8)
By . ) and (4.8), the functional I is differentiable on Ef ;(a,b) and :

< I'(u),v >= / Dgiu(x)Dgv(x)de — )\/ab lu(2)|9 2u(z)v(z)dx

Now we try to prove that :
I': E7 o(a,0) — (E7 4(a, b))
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4.1. POSITION OF THE PROBLEM

1s continous

We aim show that
U, — u in B7 o(a,b) = ||I'(u,) — II(U)H(EZ"O(a,b))’ — 0

Where
”]/(Un) . I,(U>||(Eg70(a,b))’ = ”51”1£)1| < ]’(un) — ]’(u),v > |
Let v € Ef 4(a,b) such that [jv]| =1, we have

1 (un) = I'(u)ll g gayy = =1

b b
/ (D% un — D%u) Do vdz + / (Jualu, — Jul"u) v

By Holder inquality we obtain :

17/ (un) = 1)z ary < sup (1Dttn = Diretllpa(a I D5 vl e

b
+ (/ ‘|un|q_2un — |u|??u
a
1

a
b _a_ Ta
(Hun — u||Eg0(a7b) + (/ “un|q*2un — |u“1*2u q-1 dl’) )
’ a

g—1
q

_q_
q—1 ||U||Lq(a,b) dCL’)

IN

q—1

b _q_ q
< Hun — UHEgO(a,b) + (/ “un“I—Qun — |u|q—2u a1 dl‘)
’ a
= e =l + M — 2y
We set w, = |u,|"%u, , we prove that ||w, —w| _a — 0. Where w = |u|7?u

La=1(a,b)
Since u, — u in Ef y(a,b), by compact embedding u, — u in L%(a,b). Then by converse

of dominated convergent theorem there exists a subsequence still denoted (u,) such that
1. u, —u ae = |u,|"%u, — |u|7%u that is w, — w a.e
2. dg € LYa,b) : |u,| < g(x) ae = |u,|T! < g9 Hence
[wal = JJunl
= un[*7 < gt
Since g € L9(a,b) = g7 ' € L7t

Hence by dominated convergent theorem w,, — w = |||u, |7 %u, — \u|q_2u\|Lq;1l(ayb) — 0
Hence

1" (un) = 1" () g (@) — O
Remark 4.1. The function u € Ef y(a,b) is weak solution of problem (P) if and only if u

is a critical point of 1
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4.2. EXISTENCE OF THE WEAK SOLUTION FOR THE SUBLINEAR CASE 1 <Q <2

4.2 Existence of the weak solution for the sublinear
case 1 < g <2

In this case, we prove that the problem (P) admits a nontrivial weak solution. We use
variational minimization methods by showing that the functional (4.3) is coercive, weakly

lower semicontinuous, and bounded from below.

4.2.1 Main Result

Theorem 4.1. Let o € (0,1) and 1 < ¢ < 2. Then, the problem given by equations (P)

admits non trivial weak solution in Ef y(a,b),

We will applay the following theorem , wich gurranties the existence of a critical point

of 1

Theorem 4.2. Let E be a reflexive Banach space, and let I : E — R be a functional
that is bounded from below, coercive, and weakly lower semi-continuous. Then I attains its

minimum at some point u € E.
Proof. To prove Theorem [4.2] it suffices to establish the following lemmas
Lemma 4.1. The functional I is coercives in Ef y[a,b]: i.e

I(u) = +o0

llull—+oc

Proof. By (&3)

() = ; /ab|Df:u(:c)|2da:— /:F(u)d:z:

1 AP
= glully =5 [l by Remark 33

We apply Holder’s inequality to the second term and obtain:

1 A
1) 2 Gl an — 5l

By continuous embedding(see theorem [3.4)) , we obtain.

1 A
I(u) > §||U’||2Eg70(a,b) - 5”“”%30([1,17)

Hence

1
lim  I(u) > lim ulfe o =+o0  (1<q<2)

llull—>+o0 [l —+o0 2
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4.2. EXISTENCE OF THE WEAK SOLUTION FOR THE SUBLINEAR CASE 1 <Q <2

Lemma 4.2. The functional I is weakly lower semi-continuous(w.l.s.c) in Ef o(a,b) : i.e.

For any sequence (u,) C Ef o(a,b) if

U, —=u in E7(a,b) then liminfI(u,) > I(u)

n—aoo
Proof. By the functional (4.3)) we set:
i)
Lo
Ii(u) = §||U| B (ab)

Since [|u|ps (ap) is @ norm in Banach space(Hilbert space ), we have

(Up,v) = (u,v)

We put v =u
nhi{loo(unau) = (uvu) = ||u||2
Thus
tn inf | o ] 2 ooy > el
Hence

l%r&l){.lof ||Un||EgY0(a,b) > [[ul]

[ullze (ap) is (w. 1 s.c) .So I is (w.ls.c) i.e

. 1
5 liminf “un”%g’o(a,b) 2 §|\UH%CL{O(a,b)

Consequently:
liminf [y (u,) > I1(u) (4.9)

n—s—+o0o

A
Iy(u) = allullqm

By compact embedding we obtain :

Consequently :
— lim DL(u,) = é_fg(u) (4.10)
q
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4.2. EXISTENCE OF THE WEAK SOLUTION FOR THE SUBLINEAR CASE 1 <Q <2

Hence by (4.9) and (4.10))

o .. . 2 _ 1
liminf I(u,) = o liminf [Jun|ge @p) = LN L(un) 2 5h(u) = gfz(U) = 1I(u)
0]
Lemma 4.3. The functional I is bounded from below in E¢ y(a,b) : i.e
IM e R: I(u) > M,Vu € Ef 4(a,b)
Proof. By (4.3) we obtian:
1 A
I(u) = Sllellg @) EHuqu
By the continuous embedding, we obtain:
1 Ac
I(u) > §|’U|H2Eg,0(a,b) - ?HUH(IEiO(a,b)
We using Young inquality(|1.3)) we get :
1 Ac CeAC
I(u) < 5”“”%30((1,1)) - ;EHUH%’O@@) -
1 X CeAC
= (2 - q€> ||u||2Eg7O(a,b) -C (O = q )
Fore<%i , we have (%—%e) >0
Hence
I(u) > -C
O]
O]

Proof of Theorem [4.1] According to Theorem the functional I attains its min-
imum at some u € Ef (a,b). Since I is differentiable (see Proposition , u is a critical
point of I. which is the non-trivial weak solution of (P,) .

we have I(u) = inf I(u) , let w € Ef ¢(a,b) with [|w||zeqp =1
I(tw) = | Dgiwllreqes — tllwl|feqy

= 4 (t27q|’Dg+wHL2(a,b) - Hw”%q(a,b))
<t (B D wl| o — 1) <0
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4.3. EXISTANCE OF THE WEAK SOLUTION FOR THE SUPERLINEAR CASE 2 <@ < 2*

for ¢ small emough

I(tw) <0

Hence u # 0

4.3 Existance of the weak solution for the superlinear
case 2 < q < 2F

In this case, we observe that the functional defined by (4.3]) is not bounded from below on
the whole space Ef ((a,b). However, it may be bounded below on certain subsets of this

space. One such subset is known as the Nehari manifold.

4.3.1 Preliminaries
Definition 4.4. (Nehari manifold) We define the Nehari manifold as follows:

M = {u€ B 4(a,b) | (I'(u),u) =0}, (4.11)
which is equivalent to:

M = {u € Byofab) | u0, luly un = Mullas |- (4.12)

Remark 4.2. If u € M then we have

11y,
10 = (5= 5 Il o (.13

That is, the functional I restricted to the Nehari manifold M takes the above simplified

form.

Remark 4.3. The functional I given by is coercive on M. Indeed, since q €]2,2*,

we have ¢ > 2, and hence

1 1
———->0
2 q
Therefore,
im I(u) = 400
||u||—+o0, ueM

This shows that I is coercive on M, allowing us to apply the direct method of the calculus

of variations to obtain a minimizer on M.
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4.3. EXISTANCE OF THE WEAK SOLUTION FOR THE SUPERLINEAR CASE 2 <@ < 2*

4.3.2 Main Result

Theorem 4.3. Let q €]2,2*[, and A > 0. Then the problem admits a non trivial weak

solution in M.
The proof of this theorem is based on the proofs of the following lemmas
Lemma 4.4. The Nehari manifold defined by is not empty.

Proof. Let u € Ef ;(a,b) with u # 0. We aim to show that there exists a real ¢ > 0 such
that tu € M, that is:
2
[ty op = At
Then
llulis wn = ANl Lo

Dividing both sides by #? (since ¢ > 0), we obtain:

||u||2Eg70(a,b) = /\tq_2’|u||qu(a,b)

which leads to: )
lullzs ap)

AIIUIILq a)

1
2 —2
HuHEg,O(a,b) -
)‘HuHLq(a,b)

Therefore, there exists t > 0 such that tu € M, which implies that the Nehari manifold M

q—2

Thus, we define:

is nonempty. O]
Lemma 4.5. We define m = 12]\% I(u) and we have m > 0.
Proof. Let u € M and by embedding inquality we have :

HUHZEEYO(a,b) = AMullfs < )‘CHu‘|qu70(a,b)

for some C > 0 we have

1 \72
”UHEg,O(a,b) > ()\O) (4.14)
We have

] 1 1Y,
m = inf I(u) = <2 - ) ulélj\g ||u||2Eg70(a,b)

ueM q

@ - 1) ()\10)
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4.3. EXISTANCE OF THE WEAK SOLUTION FOR THE SUPERLINEAR CASE 2 <@ < 2*

Hence

m = inf I(u) >0
ueM

]

Lemma 4.6. The energy functional I attains its minimum over the Nehari manifold M
at some u # 0 , that is , There exists u € M , with u(x) > 0 almost everywhere in (a,b) ,
such that :

m = inf I(u) = I(u)

ueM

Proof. Let (u,) C M be a minimizing sequence, i.e.,

lim I(u,) = inf I(u) =m

n—00 ueM
By the definition of the set M, we have:

Un € Eg,0<a’b)7 Un, 7é 07 { |U’n| < Eg,0<a7b)7 |Un| 7é O’

= |u,| € M
I een| g oy = All T oo '

(Un)nEN eM & {

HunH%g,O(a,m = AHuanLq(a,b)
Since (|un|) € M and I(u,) = I(|u,]), we may assume that

up(z) >0
Therefore, we can consider a new minimizing sequence consisting of nonnegative functions.
Hence,

n—o0 n—oo

. . 1 1
lim I(u,) = lim (2 — q) HunH%g’o(a’b) =m

Since the functional I is coercive, the sequence (u,) is bounded in Ef ;(a,b). Moreover, we
know that
E7 o(a,b) —. L(a,b)

i.e., the embedding is compact. Therefore, up to a subsequence, we have:
u, = u in E7(a,b), and wu, —u in L(a,b)

which implies that

up(z) = u(z) a.e. x € (a,b)

We have

1 1
I(u) = §||u”%‘%70(a,b) - §”U||%q(a,b)
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4.3. EXISTANCE OF THE WEAK SOLUTION FOR THE SUPERLINEAR CASE 2 <@ < 2*

Since u, — u in Ef 4(a,b) = [Jul| < }nginog llwn |

IA

I(u)

1 ...
3 ilﬂll’lf ||unHEa0(a,b) - - Tlllﬂmf ||UnH%q(a,b)

n—>-4o0o

. L 2
= liminf <2||Un||Eg’0(a7b) q”unHanb)>

= liminf I(u,) =m

n—-o0
Hence
I(u) <m (4.15)
e If u € M, then
I(u) >m = ulgj\f/[ I(u) (4.16)

Since (u,) € M, we have
HunH2Eg70(a,b) = )\HuanLq(a,b)

Now, suppose by contradiction that
[tnllEg y(ap) =0 asn — oo

Then, since E¢ (a,b) is a reflexive Banach space, there exists a subsequence (still denoted
uy,) such that

u, —u weakly in ET (a,b)
Using the weak lower semi-continuity of the norm, we get
|ul| < liminf ||u,||=0 = wu=0
n—oo
This contradicts inequality (4.14]), which asserts the existence of a constant C' > 0 such

that for all u € M,

1

1 \r=—2
full = (55) >0

Hence, the assumption [|u,|| — 0 must be false,then

u#0

e [t remains to show that
||u||2Eg (a,b) — )\HU’HL‘Z ab)*

By the weak lower semi-continuity of the norm, we have:
||U||%Eg’0(a,b) < liggggf ||un||2Eg’0(a,b) = Miggggf ||Un||%q(a,b) = )‘HuH%q(a,b)‘
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Assume, by contradiction, that:

||u”2Egyo(a,b) < /\||UHqu(a,b)

Define )
I Eg (a,b)

N )\HUH%Q(a,b)

Then, tu € M i.e:

11 ,
) = (51 ol e

1 1
= (5= 1) Il o

1
< Plimins (2 - q) fualleg o

= t*liminf I (u,)
n—oo

< t2m.

Hence by (4.16) we get :

m < I(tu) < t*m=1t>1

This leads to a contradiction , thus our assumption was false, and we conclude that:

”UHQEgO(a,b) = MullTaop = veM

Finally, by (4.15) and (4.16)), it follows that:

I(u) =m
]

Lemma 4.7. Let u € M be a minimizer of the energy functional I over the Nehari manifold

M C Ef y(a,b). Then u is a critical point of I, that is,
I'(u) =0 in E7y(a,b).

Proof. Let v € Ef o(a,b) and we define the function as follow :

_1
O(s) = (”“*”H?ﬂg,ow,b))

[+ s0[| 70
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4.4. EXISTENCE OF THE WEAK SOLUTION FOR THE LINEAR CASE Q =2

Where s € (—¢,¢€) is small emough , and ®(s) > 0 such that ®(s)(u + sv) € M

_1
0) = ullE ap ) 7 .
/|70 a0y

Thus , we define the function v as

And we have :

7(s) = 1(®(s)(u + sv))

Since w is a minimizer of I on M , the function ~(s) has minimum at s =0

Hence

Therfore
7'(s) =0
Differentiating v with respect to s, we obtain:
v (s) = (I'(®(s)(u + sv)), D' (s)(u+ sv) + D(s)v)
Since ®(0) = 1 and u € M, this yields:
7(0) = {I'(®(0)u), ' (0)u+v)
= (I'(u),®(0)u +v)
Using the fact that (I'(u),u) = 0, we conclude:
7'(0) = (I'(u),v)
[

Proof of Theorem By above lemma the functional (I) admits a critical point

whish is the non-trivial weak solution in M

4.4 Existence of the weak solution for the linear case
q="2

In this section, we study the linear problem associated with the Riemann-Liouville frac-
tional operator, where we fix the exponent ¢ = 2. Our goal is to determine the eigenvalues,
in particular the first eigenvalue A\, using the weak formulation and variational characteri-
zation. We also show that the problem admits only the trivial solution when A\ < Ay, while

a nontrivial solution exists when A > A;.
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4.4.1 Preliminaries

Definition 4.5. (Eigen value problem (P,))the eigen value (P))) is defien as follow :

Dy D*u=Mu inz € la,b]
(P»x) B
B,(u) =0 on x € da,b]

Where : | N | |
B(u) :{ dim T Cu(@) =0 i aeod]
u(@) =u(d) =0 if acl}l]

A is called an eigenvalue of the operator D; D%, and the non-trivial weak solution w is

called the eigenfunction associated with \.

Definition 4.6. We define the bilinear form associated with (Py) as follows:
b
a(u,v) / D¢ u(x) Dev(x) de — )\/ u(x)v(x)dx Vu,v € E7 (a,b). (4.17)

Remark 4.4. Let us note that the above problem admits O as a solution, which is called the

trivial solution. Our intention is to investigate the existence of nontrivial weak solutions of
(Px) -

4.4.2 The case \ < )\

Theorem 4.4. The problem (P)) admits a unique weak solution wich is the trivial solution

in B7 o(a,b) when —oo < A < Ay with
DY w||?
A inf || at ||L2 (a,b)

weEY (a,b) ||rw||L2 (a,b)
w#0

Proof. We consider two distinct subcases
e Case A\ <0

To prove the theorem (4.4)) in this case , we apply the Lax-Milgram Theorem.

i) We define the bilinear form as follow

b
a(u,v) /Da+u a+v(az)da:—)\/ua:"ux dx

We verify the conditions of the Lax-Milgram theorem:

64
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1. Continuity: For all u,v € Ef 4(a,b),

ja(u, v)| =

/ab Dgyu(z)Dyvv(z) do — A /ab u(x)v(z) dr

< /ab D u(x) D¢ v(x) do| + | Al /ab u(z)v(x) dx

By Holder’s inequality, we obtain

|au, v)] <N Dgrull 2@ | Dg+vll 2@y + M ull 2 @p [0l 2 (@)
< Cllullgg @ V]l Eg (@)
where the norm ||ul|ge (ap) is defined appropriately for the space E7 ,(a,b).
2. Coercivity: by Poincaré inquality (3.14])
a(u,u) = [|Dgvullz> — AllullZ> > D ullzz > llullz, -
i1) The linear form ¢(v) is equal to zero.then ¢ is continuous
Hence, by the Lax-Milgram theorem, there exists a unique weak solution which is the

trivial solution u € EY ;(a,b) to the problem.

e Case 0 < A< )\
In this case we applay Poincaré inequality. By the bilinear form (4.17)), we have:

a(u, u) = || D ulliz — Allullz2
Applying the Poincaré inequality , which asserts:
lullZ> < cllDgrullze,  Vu € Efo(a,b)
we deduce:
a(u, u) > | Dgiull7> — Ae|| Dgyull7,
= (1= Ac)l|Dgrullz-.
Thus, a(u,u) is coercive if 1 — A¢ > 0, that is:
1

A< —
c

Moreover, Poincaré’s inequality implies:
O 7
¢ T ueEg @b |lul/2,

Therefore, coercivity holds whenever A < \;
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4.4.3 The case A = )\

Theorem 4.5. For A\ = Ay the problem (Py,) has a non trivial weak solution u which called

the first eigen function of Dy D%,

Proof. we introduce its weak formulation, which consists in finding a function u € E7 4(a, b)
such that :
b b
/ D& u DY vdr = )\1/ uv dx Vv € Y(a,b)

a

We put v = u we obtain :
||D§+U||%2(a,b) = >‘1Hu‘|%2(a,b)

Let we put :
DG+ wallZ-
W) = —4———t
o) = 2

The weak solution wu satisfies :

D% ul2,
)\1 —_ ” at ||L (a,b) — ¢(u)

ullZ 0.0

Then A\, = Einf( . ¢(w) Let (wy,) C EY (a,b) be a minimizing sequence, i.e.,
we %70 a, ’

lim ¢(w,) = inf @(w) =X >0

n—oo wekY ((a,b)

Now define the normalized sequence:

Un

~ lvallze(a,0)

fown

= |up|r2(a,0) =1 and Diu, = ——%——.
[onll 2 (a, )

U (4.18)

Then:
d(vn) = || Dgrunllie = dun) = Ay

Hence, the sequence (u,) is bounded in E7 ((a,b), and there exists a subsequence (still

denoted (u,)) and u € Ef y(a,b) such that:
u, = u in E7 y(a,b)
By the compact embedding Ef o(a,b) <. L*(a,b), we obtain:

u, = u in L*(a,b), |unllpz=1—= |jullzz =1
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Also, since the norm is weakly lower semicontinuous and ¢(u,) — A;, we have:

o(u) = |IDgeul? < liminf D%, 3

Da 2
= liminf 7” “+UZ”L2
nreo ||un||L2

= liminf ¢(u,)

(by dividing by ||u,||%2)

= )\

Therefore,

D« 22

(u) = | a+?;||L (a,b) <\
HuHLQ(a,b)

But by definition of A\, we have:

P(u) > A
which implies:

P(u) = A

Thus, if ¢ attains its minimum at u, we must show that u is a critical point of ¢.

Let
_ I1Dgull7

u) =
M= Tl
We have I :u — || Dg;ul|72(,, is differentiable.
b
< I'(u),v >= 2/ D% u D¢v dx see the proof of 1}
In the same way, we can show that J : u = [Ju[|72(, is differentiable and we have ,
(J'(u),v) =2 (u,v)

Then by using the quotient rule for differentiation, we find that the derivative is given by:

2 (Dgyu, Dgyv) ||ullf> — 2 {u, v) | Dgs ullf»

(¢'(u),v) =

]| 72
2 o o ||D“+uHiQ
2wl (Do, Do) — fuy o) itz

- ]| 72

Thus,
2
(¢'(u),v) = 7 ((Dgsu, Dgiv) — Ar (u, )
]| 7
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4.4. EXISTENCE OF THE WEAK SOLUTION FOR THE LINEAR CASE Q =2

Hence, u € Ef 4(a,0) \ {0} and ¢(u) = Ay =  inf  H(w)

u€EY ((ab)
Hence

¢'(u) = 0= (¢(u),v) =0, Vv
We have ¢'(u) = 0, that is,
2

lull7

((Dgru, Dgv) = Ay (u,0)) = 0

Hence,

(D& u, Dyv) — A\ (u,v) =0, (4.19)
Hence, u is a weak solution of (P) . Since ||u|[z2(qp) = 1, then w is non trivial solution. [

4.4.4 The case A > )\

In this section, we use the decomposition spectral theorem [I.12]

Definition 4.7. Let a € (0,1). We define the following linear operator

T:L%ab) — L%a,b)

u — Tv=u (4.20)

where u is the solution of the boundary value problem

Dy Ddu = v in la,b|
B,(u) =0 on Ola, b

Then we state the following theorem

Theorem 4.6. There exists an eigenvalue sequence (X\,) such that (Py,) has non trivial
solution

FPurthermore 0 < A\ < Ay < - < Ay <+, A\, — 00
To prove this theorem, we verify the conditions of the spectral decomposition theorem.
Proposition 4.2. The operator T is well defined and linear

Proof. o To prove that the operator T is well defined, we apply the Lax-Milgram theo-

rem. We consider the bilinear form
b
a(u,v) = / D2 u(z) Div(x) dx
This bilinear form satisfies the following properties:
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4.4. EXISTENCE OF THE WEAK SOLUTION FOR THE LINEAR CASE Q =2

— Continuity: By the Cauchy-Schwarz inequality, we obtain

|a(u, v)| < [[Dgsull2qap (DG4 0] 220

= |lullgg @b vl Eg (0t (by Remark [3.2)).

— Coercivity:
b
a(w,w) = [ |Dgu(@)dr = lullyy o

Furthermore, the linear form is:

— Continuous : By the Cauchy—-Schwarz inequality and the continuity embed-

ding, we obtain:

IN

l(v)

el 22 (a,0) 101 2 (a,0)

< ulleg y@ollvlleg @
By the Lax-Milgram theorem, there exists a unique u € Ef o(a,b) such that
CL('LL, ’U) = g(“)? Vv € Eg,(](a’a b)

Hence, the operator T': v + u is well defined.

o Now, we prove the linearity of the operator T'

Let vy, v9 € L%(a,b) and V g, us € R, we show that :
T(pvy + pov2) = T(vr) + T (v2)

Since uy, us are solutions of the following boundary value problems, respectively:

Dy D¢ = i

= T(vy), ied D Parwn=v inad] (4.21)
B,(up) =0 on dla, b|
Dy D¢ = i

ts = T(vy), ied Db Dartz=vz inab] (4.22)
B, (u2) =0 on Jla, b|

We multiply equations (4.21)) and (4.22)) by ujand ps respectively, and add them term
by term.We obtain:

Dy DZy (paur + flats) = f1v1 + oo
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Hence,

T (1 + pove) = pyug + pous = T (v1) + peT(vs)

Now consider the boundary condition. Since B, is a linear boundary operator:
B, (u) = Ba(Auy + pug) = p1 Bo(uy) + paBa(uz) =A-04+p-0=0

So T is linear.

O]
Proposition 4.3. The operator T is self-adjoint in L*(a,b) that is :
< Twvy, vy >=< v1,Tvy > Y1, vg GLQ(a,b)
Proof. Let vy,vy € L?(a,b) i.e Tv; = uy and Ty = uy
So
b b
/ D&y () DS us(z)de = / vy (z)ug(z)dx (4.23)
And
b b
/ D2 ug(x) DSuy (z)de = / vo(x)uy (x)dx (4.24)
Then by (4.23) and (4.24) we obtain :
b b
/ vy (z)ug(x)de = / vo(x)uy (x)dx
Hence ,
<TU1, Vo> = <Vq, TU2>
0

Proposition 4.4. The operator T' is compact.

Proof. Let (v,) be bounded sequence in L?(a,b) such that :

Dy D%, = v, in ]a, b
B (uy) = 0  onda,b

b b
= / Df}ruan;Jr(pdx:/ Unp Vo € Y(a,b)

a

Tv, =u, < {

We put ¢ = u,, we obtain :

b
1Dz sy = | entode
a
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By the Cauchy—Schwarz theorem and the Poincaré inequality (3.1)), we obtain:

HunHQEg’O(a,b) < Cllvall 2 lunll g ()
which implies that
[tnllBg @by < Cllvnllz2qp = €’
By compact embedding theorem (3.6) we have Ef ((a,b) <. L*(a,b) i.e:

Ju, : uy, — win L*(a,b)
Tv,, — u

Hence, the operator 1" is compact O]

Proof of Theorem By the spectral decomposition theorem ((1.12)), we know that
the space L%(a,b) admits a Hilbert basis (u,,),en+ consisting of eigenfunctions associated

with eigenvalues (fi,)nen+, where (p,) is a decreasing sequence converging to zero:
Tu, = ppu, with pu, — 0.

It follows that
Dy- Dy (Nnun) = Unp,

and hence,

1
o [0
Dy Diiuy, = —uyp = AUy,
n

where (),) is an increasing sequence such that A, — +oc.

Hence , the problem (P),) admit a non trivial weak solution u,, at A =\, = p%n, for all n
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Conclusion

In summary, this thesis explores the theoretical and practical aspects of fractional
differential equations, with a particular focus on proving the existence of weak solutions for
both linear and nonlinear problems. By combining classical tools from functional analysis
with modern techniques in fractional calculus, this work contributes to the understanding
of how fractional derivatives can be effectively applied in mathematical modeling. The
structure of the thesis is designed to guide the reader progressively—from foundational
concepts to advanced applications—highlighting both the richness and the challenges of
this rapidly growing field.
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Abstract

This thesis aims to study fractional differential equations of both linear and nonlinear
types, based on Riemann-Liouville derivatives of non-integer order.

We begins by presenting the necessary mathematical background, including Lebesgue
and fractional Sobolev spaces, and introduces the fundamental concepts of fractional inte-
gration and differentiation. These tools are then applied to analyze three main cases of the
studied equation: the sublinear case 1 < ¢ < 2, the superlinear case 2 < ¢ < 2*, and the
linear case ¢ = 2. In each case, we prove the existence of weak solutions within suitable
functional spaces, taking into account the variation of conditions related to the spectral

parameter \.

Keywords: Riemann-Liouville integral, Riemann-Liouville derivative, fractional Sobolev

spaces, fractional boundary value problems.

Résumé

Ce mémoire a pour objectif I'étude des équations différentielles fractionnaires de type
linéaire et non linéaire, en s’appuyant sur les dérivées de Riemann-Liouville d’ordre non
entier.

Le travail commence par la présentation des bases mathématiques nécessaires, incluant
les espaces de Lebesgue et de Sobolev fractionnaires, ainsi que les notions fondamentales
d’intégration et de dérivation fractionnaires.

Ces outils sont ensuite appliqués a ’analyse de trois cas principaux de I’équation étudiée
. le cas sous-linéaire 1 < g < 2, le cas sur-linéaire 2 < g < 2%, et le cas linéaire ¢ = 2. Dans
chaque situation, nous démontrons l'existence de solutions faibles dans des espaces fonc-
tionnels appropriés, en tenant compte des différentes conditions imposées sur le parametre

spectral .

Mots-clés : Intégrale de Riemann—Liouville, dérivée de Riemann—Liouville, espaces de

Sobolev fractionnaires, probléemes aux limites fractionnaires.
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