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Notaions

K The field of real or complex numbers.

4 The conjugate of the number p (1 < p < c0), that is % + % =1

E* The topological dual of E.

Bg The closed unit ball of E

L(E;F) The set of all linear operators.

z The ideal of all linear operator.

K The set of all compact linear operators.

w The set of all weakly compact linear operators.

L f The set of all finite rank linear operators.

IT,(X,Y) The ideal linear p-summing

TiLip The ideal of Lipschitz operators.

Lipg The set of all Lipschitz operators that vanish at 0.

x# The Lipschitz dual of the pointed metric space X.

M(X) The linear space of all molecules on the metric space X.

Myt The molecule defined by iy = X1y} — Xy for x, x" € X, where x4 is the characteristic
function of the set A.

E(X) The Arens-Eells space of X.

Tr, The linearization of the operator T.

Ly The set of all finite rank linear operators.

Lipor The set of Lipschitz finite rank operators.

IT, The set of all linear p-summing operators (1 < p < 00).

H% The set of all Lipschitz p-summing operator (1 < p < c0).

z The ideal of all linear operator.

vl The injective of the linear operators ideal Z.

finj The closed injective of the linear operators ideal Z.

(Ziip)o The interpolative of the Lipschiz operators ideal Zp;,
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Introduction

The theory of operator ideals, pioneered by A. Pietsch [14, [15], provides a powerful structural
framework for classifying bounded linear operators between Banach spaces. Pietsch’s seminal
work established the fundamental classes of operators, most notably the ideal of absolutely p-
summing operators, which he characterized through his celebrated Domination and Factorization
Theorems. These results demonstrated that p-summing operators admit an integral representation
via a probability measure on the dual unit ball, revealing a deep connection between summability
properties and measure theory. This foundational theory has since become a cornerstone of modern
Banach space theory, influencing areas ranging from local theory to harmonic analysis.

The systematic study of operator ideals has led to various methods for generating new ideals from
existing ones. Among these, the closed injective hull procedure, extensively studied by Jarchow
[11], extends a given ideal by allowing a controlled perturbation up to an arbitrary e-term. Let Z
be complete ideal-quasinorm, A linear operator T € T (E, F) belongs to 7" (E, F) if and only if,
for each € > 0, there exist a Banach space G and an operator S € Z(E, G) exist such that

|ITx|| < N(e)-||Sx|| +e-||x||, Ve>0, Vx € E. (1)

More germane to this work is the interpolative ideal procedure, introduced by Matter [13] in 1987.
by taking N(e) = ¢ for a constant 1 < r < 400 and computing the minimum of the right-
hand side of (1) with respect to €, which demonstrates that (1), is equivalent to the interpolation
formula:

ITx|l < ClIsx|*=lx]|%,

where ¢ is a parameter in (0,1). This elegantly generates a new operator ideal, denoted Z, from
a given ideal Z, effectively interpolating between the original ideal and the trivial ideal of bounded
operators.

Building upon this linear theory, the primary objective of this memoir is to extend the interpolative

ideal procedure to the non-linear category of Lipschitz operators between pointed metric spaces
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and Banach spaces. Following the work of Farmer and Johnson [10], who introduced Lipschitz
p-summing operators, we develop a comprehensive framework for interpolative Lipschitz operator
ideals. Our work is based on the recent article by Yahi, R., Achour, D., and Dahia, E. [20],
which systematically studies the closed injective hull of Lipschitz ideals and the interpolative
ideals of ipschitz operators. We establish fundamental properties, including the Banach ideal
structure, injectivity, and the critical relationship between the Lipschitz injective hull, the closed

injective hull, and the interpolative Lipschitz operator ideals. In particular, we show that 7 C

Lip
(ILip)(T - ITipinj Furthermore, we provide a detailed analysis of the concrete class (Hp o Lipg)e,
which consists of Lipschitz operators whose linearization is a (p,o)-absolutely continuous linear
operator [13]. This class is characterized by Pietsch-type domination inequalities and summability
conditions, unifying and extending classical results.
The contents of this memory are organized as follows. The preliminary chapter covers the essential
background on p-summing linear operators, operator ideals, metric spaces, Lipschitz spaces, the
molecule space AE(X) [[7], and the linearization process [18]. The second chapter systematically
develops the injective hull and the closed injective hull for linear operator ideals and then introduces

the interpolative ideals. The last chapter presents and analyzes to the study of the closed injective

hull for Lipschitz operator ideals and the interpolative Lipschitz operator ideals.




CHAPTER 1

Preliminaries

We briefly review the theory of p-summing linear operators between Banach spaces, which plays
a central role in the linear theory of operator ideals. After recalling the definition and Pietsch’s
Domination Theorem, we present the Factorization Theorem and basic examples. The class I,
is shown to form an injective Banach operator ideal, a property that will later be extended to the
Lipschitz setting.

This chapter is based on three key references: Absolutely Summing Operators by J. Diestel, H. Jar-
chow, and A. Tonge [9]; A. Pietsch’s book Operator Ideals [14]; and N. Weaver, Lipschitz Algebras
(second edition), World Scientific Publishing, Singapore, 2018, for the theory of metric spaces and
Lipschitz operators [1§].

1.1 Linear Operator Ideals

1.1.1 Finite Rank Operators

Recall that a linear operator T € L(E, F) is said to have finite rank if T(E) is a finite-dimensional
subspace of F. The class of all finite rank linear operators between Banach spaces is denoted by

L f(E, F). An operator has rank one if and only if it is of the form:
X Ry:x— (x,xM)y.
Thus, if T € L¢(E, F), it can be written as:

n
T = X; @i,
i—1

where (x7)"_; C E* and (y;)"_; C F (see [14, Page 25]).

i/1



1.2. THE INJECTIVE HULL PROCEDURE FOR LINEAR OPRARAFRRI IDPRESIMINARIES

1.1.2 Linear Operator Ideals

Definition 1.1 An operator ideal T is a subclass of the class L of all continuous linear operators
between Banach spaces such that for all Banach spaces E and F, its components Z(E,F) :=
L(E,F)NZ satisfy:

(i) Z(E,F) is a linear subspace of L(E, F) which contains all finite rank operators.

(it) The ideal property: If v € L(G,E), u € Z(E,F), and w € L(F,H), then the composition
wouov belongs to (G, H).

If there exists a function || - ||z : Z — R™ satisfying:

(i’) (Z(E,F),|| - ||z) is a Banach space for all Banach spaces E and F,

(i) idgllz = 1.

(iii’) ||wouov|z < ||wl|||u|lz||v|| for operators v,u,w as defined above,

then (Z, || - ||z) is called a normed (Banach) operator ideal.

The operator ideal Z is said to be closed if each Z(E, F) is a closed subspace of L(E, F) under the

standard supremum norm.
The ideal £  of finite rank linear operators is the smallest operator ideal, whereas L is the largest

one (14, Theorem 1.2.2].

1.2 The injective hull procedure for linear operator ideals

Definition 1.2 Following (|11, page 421 ]) an ideal T is called injective if , for all Banach spaces
E,F,G and every isometric embedding | € L (F,G) , we have that T € L (E, F) belongs to Z(E, F)
whenever Jo T is in Z(E,G).

Definition 1.3 The injective of an operator ideal denoted by I™ is defined by
T (E,F) = {S € L(EF);JroS € T (E,tn;) }.

T s the smallest injective ideal .Consequently , T is injective iff T™ = T.

The following Theorem characterize the injective hull of a linear operators Ideal:

Theorem 1.1 Let Z be an ideal of linear operators, E and F be two Banach spaces, then T &€
T (E, F) if and only if there exist a Banach space G and an operator




1.3. LINEAR P-SUMMING OPERATORS D

S € I(E,G) such that
IT@ < IS, ¥ eE.

1.3 Linear p-Summing Operators

Definition 1.4 Let 1 < p < oo. A linear operator T : E — F is said to be p-summing if there

exists a constant C > 0 such that for every finite sequence (Xi)1<i<y in E,
1 1
n P n p
(Z HT(xz')llp> <C sup (Z |é‘(xz')|”> : (1.1)
i=1 [¢llgx<1 \i=1

The infimum of all such constants C > 0 is denoted by 7,(T). The collection of all p-summing
operators between E and F is denoted by IT,(E, F).

Theorem 1.2 [9, Page 39] If 1 < p < g < oo, then IT,(E,F) C I1;(E, F). Moreover, my(T) <
my(T) for every T € 1T,(E, F).

Proposition 1.1 The classes of p-summing operator (1 < p < o) is an injective linear operator
ideals that is:
T eIIP(E,F) < JoT eII’(E,G)

for every isometric embedding | € L (F,G). Moreover (ITP)"™ = I1P

The following basic result about p-summing operators is due to A. Pietsch. It characterizes p-

summability by means of a domination theorem.

Theorem 1.3 (Pietsch Domination Theorem) |9, page 44/
Let1 < p<ooandT € L(E,F). Then T is p-summing if and only if there exist a constant C and
a reqular Borel probability measure yu on Bp« (equipped with the weak-star topology) such that:

IT(x)|| < C (/B * |<x,x*>|pd;¢(x*)) " WreE (1.2)

In this case, 11y(T) is the infimum of all constants C for which ) holds.




1.4. IDEALS OF COMPACT AND WEAKLY COMPACT LINEAR OPERATORS 6

1.4 Ideals of Compact and Weakly Compact Linear Oper-
ators

We say that a bounded linear operator T : E — F is compact (or weakly compact) if T(Bg) is
relatively compact (respectively, relatively weakly compact) in F. We denote the sets of compact
and weakly compact linear operators from E to F by K(E, F) and W(E, F), respectively.

Schauder’s theorem regarding the compactness of the adjoint of a compact linear operator is well

known and essential for our subsequent analysis.

Theorem 1.4 Let T € L(E,F). Then T is compact if and only if its adjoint T* is compact.
The weak counterpart to this theorem is due to Gantmacher:

Theorem 1.5 Let T € L(E,F). Then T is weakly compact if and only if T* is weakly compact.

Proposition 1.2 ([14]) The classes KK and W constitute closed, injective Banach operator ideals

under the standard operator norm.

1.5 Lipschitz Spaces

In this section, we present the general concepts and principles of Lipschitz spaces. To do this, we
begin by recalling fundamental definitions and properties related to metric spaces and Lipschitz

functions.

1.6 Metric Spaces

A metric space consists of a set—whose elements are considered points—equipped with a function

that measures the distance between any two points.

Definition 1.5 Let X be an arbitrary set and d : X X X — R4 be a mapping. We say that d is

a metric (or distance) on X if it satisfies the following conditions for all x,y,z € X:
1. dx,y) =0& x=y.

2. Symmetry: d(x,y) =d(y,x).
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3. Triangle Inequality: d(x,y) < d(x,z) +d(z,vy).
From these, the following properties inherently follow:
e Reverse triangle inequality: |d(x,y) —d(x,z)| < d(y,z) for all x,y,z € X.
e Generalized triangle inequality: d(x1,x,) < 2}7;11 d(xj, x]'H) forall xq,...,x, € X.

Definition 1.6 A metric space is a pair (X,d) where X is a set and d is a metric on X.

Example 1.1 The set of real numbers equipped with the distance d(x,y) = |x —y| is a metric

space.

Notation: Let (X,dx,e) be a pointed metric space (i.e., e is a distinguished base point; we

typically use 0 if X is a normed space).

1.7 Lipschitz Spaces Lip,(X,Y)

Definition 1.7 The Lipschitz space Lip,(X, E) is the Banach space of all Lipschitz mappings T
from a pointed metric space X to a Banach space E that preserve the base point (i.e., T(0) =0),
equipped with the Lipschitz norm.:

T - T
Lip(T) : i#s Axy) . (1.3)

When E = K, we write X* = Lipy(X, K).

Definition 1.8 (Lipschitz Dual) Let X be a pointed metric space. The Lipschitz dual, de-
noted by X*, is the Banach space of all Lipschitz scalar-valued forms on X. Specifically, X* =
Lip,(X,R) = Lipy(X), equipped with the norm:

) - 2()
Lip(x") = x#}; NCE

1.8 The Predual of Lip,(X)

In this section, we introduce the predual of Lip,(X). This means that there exists a Banach space

Z such that Lip,(X) is isometrically isomorphic to Z*.
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Definition 1.9 Let (X,dx) be a metric space. A molecule on X is a finitely supported scalar
function m : X — R (where the support is o(m) = {x € X : m(x) # 0}) that satisfies:

Y. m(x)=0.

x€o(m)

We denote the space of all molecules on X by M(X). We can express m asm =} ,cq(m) Mm(X) 1y,

where 11,y denotes the characteristic (indicator) function of the singleton {x}.

Remark 1.1 It can be shown that any m € M(X) can be written in the form:

m=3) M1y — 1),
i=1

though this representation is not unique.

Proposition 1.3 Let (X,dx) be a metric space. We equip the space of molecules M(X) with the

following norm:

n
|[m||pm(x) = inf { Y [Aildx (xi, x7)
i=1

n
m=7Y Ai(lyy — 1{x;})} :
i=1

Let E(X) denote the completion of the normed space (M(X), ||.||pm(x))- The space E(X) is often
called the Lipschitz-free space over X , and is also frequently denoted by F(X).

Theorem 1.6 Let X be a pointed metric space (i.e., X € Mg). Then (X)* = Lip,(X).

Corollary 1.1 Let X be a pointed metric space.
(1) For any molecule m, we have ||m||x) = SUPsep , |(m, f)].

(2) ||-||[e is @ morm on the space of molecules that satisfies Vx,y € X : |1y — Lpllix) =
dx(x,y).

The Banach space & (X) possesses several remarkable universal properties.

Theorem 1.7 ([18, Theorem 2.2.4])

Let X be a pointed metric space, E be a Banach space, and T : X — E be a base-point preserving
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Lipschitz map (T(0) = 0). There exists a unique bounded linear map Ty : £(X) — E such that

T =T odx. In other words, the following diagram commutes:

Furthermore, ||Tp|| = Lip(T).

The operator T7, is referred to as the linearization of T. The correspondence:
T<+— Ty

establishes an isometric isomorphism between the vector spaces Lip,(X, E) and L(E(X), E).




CHAPTER 2

The closed injective hull and the

interpolative linear operator ideals

In this chapter, we present a fundamental result due to Jarchow concerning the closed injective
hull of an operator ideal. This result provides a characterization of operators belonging to TZ(E, F)

in terms of a quantitative norm inequality.

2.1 The Closed Injective hull

The Closed Injective hull procedure Z +— 7" was introduced by Jarchow in 1981. This procedure
allow us to produce a new operator ideal from a given operators ideal.
The following theorem, due to Jarchow, characterizes the closed injective hull of an operator ideal

via a norm inequality involving an arbitrary e-perturbation.

Theorem 2.1 Let T be complete ideal-quasinorm, then T € T (E, F) belongs to 7" (E,F) if and
only if, for each € > 0, there exist a Banach space G and an operator S € Z(E, G) exist such that

|ITx|| < N(e)-||Sx|| +¢-|x||, Ve>0, Vx € E. (ii)

Example 2.1 T € L(E,F) belongs to I_I_linj(E,F) if and only if there exist a positive measure
u € M(B}) and a map N : Ry — Ry such that

| Tx|| < N(e) - (/B |{a, x)]| dy(a)) +e-||x]], Ve>0,Vxe€E.
E*

Theorem 2.2 Let T be an ideal and E and F Banach spaces. T € L(E,F) belongs to T(E,F) iff,
for each € > 0, a Banach space G¢ and an operator Se € Z(E, G¢) exist such that

| Tx|| < ||Sex]|| +€||lx]|, Ve>0, Vx € E. (i)

10



2.1. THE CLOSED INJECTIVE HULL 11

If T admits a complete ideal-quasinorm, then we may choose in addition G = G and Se = N(¢) - S

for some S € Z(E, G) and some N(g) > 0, i.e. we may replace (i) by
ITx|| < N(e) - ||Sx||+¢-||x]|, Ve>0, Vx € E. (ii)

Proof 2.1 (a) The implication that (i) holds for every T € fi(E,F) is straightforward. Con-
versely, assume that (i) is satisfied. Fiz e > 0 and consider the Banach space He := (G @ E)y,
(see 17.2.10). Define the linear operator Re : E — Hg by Rex := (Sex,ex). Clearly, R. is linear,
continuous, and injective. By virtue of (i), the map A¢ : R(Rg) — F given by A¢(Rex) := Tx
is well defined, linear, continuous, and satisfies ||Ae|| < 1. Since F® has the extension property,

Jr o A¢ extends to an operator A; € L(He, F®) with || A¢| = || A¢|. Now define
Be € Z(E,F®) by Bex:= Ac(Sex,0),

and

Ce € L(E,F®) by Cex:= AVS(O, €x),

for all x € E. Then JroT = B + C¢, and hence
lJeo T —Bell = ICell < e.

As e > 0 was arbitrary, we conclude that T € fi(E,F).

(b) Now suppose additionally that T admits a complete ideal quasinorm «. We may assume that
« is an ideal-r-norm for some 0 < r < 1. From (i), there exist Banach spaces Gy, and operators

Sy € Z(E,Gy) such that for every n € N and all x € E,
[ Tx|| < [|Snx|| +27"{|x]]. (iif)

Set G := (Bpen Gn)e1 and let I : Gy — G be the k-th canonical injection. Then (iii) implies

ITx]| < 2" a(Su) Y |27 a(Sk)] ™~ IeSex|| +27"| 1, (iv)
k=1
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for alln € N and x € E. Indeed, note that

. - o o —k/r ISkl
K (ST Ik Sex|| < ¥ 2 /v ISell x|| < [|x]],
k—1H[ (Sk)] I k; a(sk)H | < lx]]

for every x € E and m € IN, so the series on the right-hand side of (iv) converges. Moreover, for
alli,j € N,
i+j i+j
o (Z[Zk/’a(sk)]’lk5k> < Zz_k,
k=i k=i
which shows that the sequence (Z,T:l[Zk/ruc(Sk)]_llkSk)meN is Cauchy in [Z(E, G),«]. By hypoth-

esis, the limit
(o]

S:= Y 12 a(S)] ISk
=

exists in [Z(E,G),a]. From (i) and the definition of G, we obtain

| Tx|| < 2"7a(S,)||Sx|| +27"||x|, Vx€E, ¥neN. (v)

Define N(e) := 2V/7a(Sy) for e > 1, and N(¢) := 2""a(S,) for 27" < & < 27"t with n € N.
Then (v) immediately yields (ii). O

We observe that fi = IKC whenever T C K. Moreover, fi =1 holds for T =K, W, YV, since these
ideals are injective and closed. Of particular interest are the ideals T = 11, with 1 < p < oo. From

I, CVNW, we obtain the following.

Corollary 2.1 For every 1 < p < oo,

=2 N/ R
K=(11,)" CcIl,cVynw.

Corollary 2.2 An operator T € L(E,F) belongs to ﬁ;(E,F) if and only if there exist a positive
measure Y € A (Bg:) and a function N : R, — R, such that

Il < NG (

for every e > 0 and every x € E.

1/p
|<a,x>|Pdu<a>) el

E/
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We will later see that @11 = @; foralll < p < co. This relies on the following central theorem, .

Theorem 2.3 Let K be any compact space and F any Banach space. Then

¥ (%(K),F) = T (4(K), F).

2.2 The interpolative for linear operator ideals

Now we talk about the interpolative procedure for operator ideal which introduced by Matter in

1987. We consider the inequality
ITx|| < N(e) - ||Sx||+¢-||x]|, Ve>0, Vx € E. (ii)
We set N(e) = e" for a fized0 < 0 <1 andr = 1%;. Let f the function from Ry to Ry defined

.
by f(e) =& " [|Sx] + e [lx],

We now construct the table of variation f.

fler) =cl[Sx|'"=7 - |lx||”

where ¢ is a constant depending only on o with
( 1—o\7 o 1-0
o 1-0

Then (ii) is equivalent to the “interpolation forimula”

Il < fler) = ellSx||*7 - [lx]}%, vx € E],

where ¢ is a constant depending only on o.
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Definition 2.1 Let 0 < 0 < 1. An operator T : E — F belongs to Zy(E, F) if there exist a
Banach space G and an operator S € T(E,G) such that
ITx[| < [[Sx]|'"=7||x[|” V¥x € E.

For each T € (I)(E,F), we set

wo(T) ;= infa(S)17

where the infimum is taken over all operators S admitted above.

Note that ||T|| < ay(T), by definition.

Throughout this section, [Z,a] will denote a complete quasinormed operator ideal.

Theorem 2.4 |[L,,ay] is an injective complete quasinormed operator ideal. If & is even a norm,

then the same is true for a,.

Proof. We wverify only the triangle inequality. Let Ty, Ty € Z,(E,F). Given ¢ > 0, there is a
Banach space G; and an operator S; € Z(E,G;) such that

ITix ]| < fla(S) 7 Six '~ lla(Si)' x| Vx € E

and a(S))177 < (1 +&)an(T;) (i = 1,2). Introducing the li-sum G := G1 @ Gy and the oper-
ator S := a(S1) 7151+ a(S2) " 72S2 € Z(E,G) (J1, ]2 the canonical injections) and applying
HOLDER’s inequality, we get for all x € E

I(Ty + To)x[| < [|Tox|| + || Tox||

2
< Y lla(S) TSI Yl (Si) x|
i=1

5 1—0c 5 [
< (; Hﬂc(Si)”SixH> <; ||tx(Sz-)1"x||)
= (2(51)' 77 +a(S2) ) ISl |

Hence Ty + T € Zy(E, F) and furthermore, if x is the quasinorm constant of «,

ao(Ti+T2) < X7 (a(51)17 +a(52)' ™)
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<X+ e)(a0(Th) + ao(T2)).

In particular, if « is a norm, then so is xy. W

The ideal Ly is just the injective hull of L and the quasinorms are equal. Further properties are
given in

Proposition 2.1 Let 0 < 0,01,0p < 1. Then the following holds:

=inj

(b) I™W CI,CT".

(c) (101)02 - I¢71+02—U1¢72'

Here all inclusion maps have norm 1.

Proof. To verify (a), let T € Ly, (E,F) and € > 0. Then
ITx|| < ||Sx|'~[|x[|" Vx € E

holds for a suitable BANACH space G and an operator S € Z(E,G) with a(S)' = < (1+¢)ag, (T).
Since

ITx[l < IS~ Isx]|' =] x[|  Vx € E,

we get T € I, (E, F) and

Xy (T) <||S H(727‘71()((5)1*‘729‘(5)17”1 <(1+e)ag (T).

(c) is straightforward whereas (b) is a simple consequence of the introductory remarks to this
section. l
Remark. The concept introduced above can be generalized as follows. Given two complete quasi-

normed operator ideals [I,a] and [B, B], the class of operators T : E — F satisfying
ITx]| < lISox['~7lIS1x]|” Vx € E (3¢)

for suitable BANACH spaces Go, Gi and operators Sg € IZ(E,Gg) and S; € B(E,G1) again

constitutes an injective operator ideal (Z,B)y. A complete ideal quasinorm on (Z,B)q is given by

(a, B)o(T) := infa(S)' ~7B(S1)"
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where the infimum is taken over all operators Sg, S1 admitted in (3c).

2.3 (p,o0)-absolutely continuous operators

Throughout this section, let 1 < p < o0 and 0 < o < 1. If we apply definition 3.1 to the ideal

[Hp, ﬂp] of absolutely p-summing operators, we obtain the injective operator ideal

(ITy)er

which is complete with respect to the ideal norm (7tp)s. The subsequent characterizations of (I1y)q
are derived from the corresponding properties of Ily,. As usual, the dual unit ball B+ of a given

BANACH space E is considered as a compact space with respect to the o(E*, E)-topology.

Theorem 2.5 For every operator T : E — F, the following are equivalent:
(i) T € (p)e(E, F)
(ii) There exist a constant C > 0 and a probability measure p on B« such that

1-c

il <c ([ Qwal= s teau) © veek.

(iii) There exists a constant C > 0 such that for every finite sequence x1,...,x, in E,

1-c

i 1-—c
n RN n - o\ 7
Y ITxi| ™= | < Csup |} ([{xia)|“llxl|) ™ | .
i=1

ﬂEBE* i=1
In addition, (71,)(T) is the smallest number C for which, respectively, (i) and (iii) hold.

The operators in (I1y,), will be called (p, o)-absolutely continuous operators. For o =0, the above
theorem reduces to the well-known properties of I1,,.

Proof. The equivalence of (i) and (ii) is immediate from the definition of (Ily), and PIETSCH’s
characterization of absolutely p-summing operators. If T € (I1,)s(E, F), then (71p)q(T) is just
the infimum over all constants C such that (i) holds. The implication (ii) = (iii) is obvious. As

for the converse, exactly the same arguments (separation theorem, RIESZ representation theorem)
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apply as the proof of [10], 19.6.1, provided the functional fpr(a) given there is replaced by

i _ A r
fm(a) =Cm= Y ([, a) | |x]|) e = ) || Tx| 7.
xeM xeM
Furthermore, the respective sets of constants C satisfying (ii) and (iii) are identical, and the
minimum which exists in view of (i) equals (71p)(T). W

We are going now to compare (I1,)y with other known ideals. By 3.3(b), we immediately get

Here the left hand inclusion can be improved. As for the right hand inclusion, L may be substituted
by the ideal [I1yp, 714,p] of absolutely (q, p)-summing operators, for q suitably chosen.

Proposition 4.2. T »_C (ITy)¢ CI1 »_ . Both inclusion maps have norm 1.

TP’

As will be seen in sectzon 5, each of the above inclusions is strict and the index ﬁ can not be
improved.

Proof. Let T € I_Ili(E,F). Then there exists a probability measure yu on Bg« such that

1-c

I < e (1) ([ Il Fodu(a) © vx e

It follows that 4.1 (ii) holds with C = n%(T). Thus T € (I1y)(E, F) and (71p)s(T) < 7'(1%('1").
To wverify the second inclusion, let T € (I1,)s(E, F). Again by 4.1 we have

n L\ n 1 L\

Y T[T < (7p)e(T) sup | Y ([{xi, @)~ [|x:[|7) T2

i—1 a€Bpe \i=1

for all finite sequences x1, ..., %, in E. Since ||x¢|| < ep(x;) for each 1 < k < n, where
1
P
o mp (B
KZEBE* =1

we conclude

ﬂGBE*

(énmnl”v) < ()elT) - p(x)" - sup (iuxi,aw”v) '7
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= (7)o (T) - p(xi) -

Hence T € H%(E,F) and 1t p (T) < (71p)0(T). A

1-0




CHAPTER 3

The closed injective hull and the

interpolative Lipschitz operator ideals

In this chapter we present two procedures, the Lipschitz closed injective hull and interpolative
Lipschitz ideals. These procedures aim to construct new Lipschitz operator ideals between pointed
metric spaces and Banach spaces. The new ideals are characterized by specific criteria that deter-
mine whether a Lipschitz operator belongs to them, using summability properties and interpolation

formulas. This chapter based on the article of Rachid Yahi et al [20)].

3.1 Lipschitz operator ideals

In this section we present a useful criterion for a class ofter Lipschitz operators to form a Banach
Lipschitz operator ideal. The Theorem 3.1, which is the Lipschitz analogue of a classical result
in the linear theory, provides necessary and sufficient conditions in terms of completeness, ideal
property, and a summability condition. Subsequently,

The notion of linear operator ideals is extended to Lipschitz version by Achour et al. in [j].

Definition 3.1 A Lipschitz operator ideal Ly, is a subclass of Lipg such that for every pointed

metric space X and every Banach space E the components
ILip(X/ E) = Llpo(X, E) mILip

satisfy
1. I1ip(X, E) is a linear subspace of Lipo(X, E).
2. vg € I1ip(X,E) forv € E and g € X*.

8. The ideal property: if S € Lipo(Y, X), T € Z1;»(X,E) andw € L(E, F), then the composition
wTS is in ILip(Y/ F)

19
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A Lipschitz operator ideal Ly;y, is a normed (Banach) Lipschitz operator ideal if there is H.HIUP :
Trip — [0, +00[ that satisfies

1. For every pointed metric space X and every Banach space E, the pair (Z1;,(X, E), H'HILip) is
a normed (Banach) space and Lip(T) < |[T| g, for all T € Zp;p(X, E).

2. ||Id]K K — K, Id]K(A) = AHILip =1
3. 1fS € Lipo(Y, X), T € Tyiy(X, E) and w € L(E,F), then [wTS||z, < Lip(S) |Tlly,, [l

Now, we recall the composition method introduced in [5] to produce the Lipschitz operator ideal
ZoLipg, from a given linear operator ideal L. The Lipschitz operator T : X — E belongs to
ZoLipo(X,E) if there are a Banach space G, a Lipschitz operator S € Lipy(X,G), and a linear
operator u € T(G,E) such that T = uoS. This definition is equivalent to Ty € T(&(X),E). If

(Z,11-l7) is @ normed operator ideal, we write

1Tl zorip, = inf [lullz Lip(S) = [ITLliz,
where the infimum is taken over all u, S as described (see [, Proposition 3.2]).

Theorem 3.1 The class I;, endowed with a map ||- ”ILip : I1ip — [0, +00) is a Banach Lipschitz

operator ideal if and only if the following conditions are satisfied
Z) Llp() < ||.||ZLip and idg € ILip with ||id]K||ILip =1.
i) (Zrip, Lip(-)) enjoys the ideal property and the ideal inequality.

iii) If (Ty)n C ILZ-p(X,E) with ¥ 1 HT"HILZ»,, < oo, then

T:= Y Ty €I1ip(X,E) ‘deTHIUP < g’,l HT”HIUP'
n=

n>1

Proof 3.1 Firstly, we will show that conditions (%), (ii) and (i) implies L1y is a Banach Lipschitz
operator ideal. By the inequality Lip(-) < H'HILip’ if HT||IUP =0 then T =0 € Iy;,. Also by (iii)
we have S+ T € Iy for every S, T € Ip;p,. Fora € K,

al =u,oTo ldX c ILl‘p(X,E),
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where uy € L(E, E) given by uy(x) = ax. Thus, we have shown that I1;,(X, E) is a vector subspace
of Lipg(X, E). The triangular inequality and the homogeneity of ||-||IUP are derived directly from
(iii). Now let 0 # f € X* and e € E. Then

f-e = uoidlK Of S ILip(X/E)/

where u € L(K,E) given by u(a) = we. In order to prove that (ILip(X/E)/ ||-||Iup) is a Ba-

nach space, we will consider a Cauchy sequence (Tﬂ)nzl C ILip(X,E). Then, it is possible to

obtain a subsequence (Ty )iy of (Tn)psq such that ||Ty 41 — T"kHIL < Zl—k, which means that
= - ip

Y1 || Tt — TnkHIUp < . By (iii) we have Sj = kg-(T”"“ — Ty,) belongs to Ty, (X1, Xo; E)
Z]
and HSJ'HZU,, < 2]1—,1 for all j > 1. Now, note that S]' = (51 + Tnl) — Tn]., and then

) . . ) 1
jgrﬂoo ‘ILip_ lim ||S]||ILip< lim =0.

Tnj - (Sl + Tnl)

j—r4o0 T j—+ee2/ 1

This shows that (Tn].) -
j>

Which means that the Cauchy sequence (Tn),1 has a convergent subsequence (Tn}») . Then

j=1
(Tn),>1 4 convergent in (ILip(X,E), ||.||ILip) )
Conversely, If (ILip/ IE ||IUP) is a Banach Lipschitz operator ideal, then the conditions (i), (ii) are

converges to Sy + Ty, € Tpip(X, E) with respect to the norm H'”Iup‘

valid and (iii) is derived directly from the completeness of <ILip(X/E)I H-||Iup>.

3.2 The injective hull of Lipschitz operator ideals

In this section we characterize the injective hull of a Banach Lipschitz operator ideal via a domi-
nation inequality, and we give a quantitative description of its closed injective hull, we present the

following result, which can be seen as a generalization of |16, Satz 4.1] to the Lipschitz case.

Theorem 3.2 Let 11, be a Banach Lipschitz operator ideal. A Lipschitz operator T : X — E

belongs to IZLTZJ

Trip(X, G) such that

(X,E) if and only if there are a Banach space G and a Lipschitz operator S €

, (3.1)
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for all (x;)i_y, (x})-y in X and (a;)[_y in R. Moreover, ||T||wj = inf||S||z,,,, where the infimum
Lip
is taken over all G and S in )

Proof 3.2 For the “if” part, suppose that inequality (@) holds. Consider the normed space
Go C G spanned by S(X) and the linear operator Ry : Go — E given by Ro (Yj" 1 a;S(x;)) =
Y 1a;T(x;). By using ), we can check that Ry is well-defined, continuous with ||Ro| < 1
and then has a unique extension R to the completion Gy of Go. The metric extension property
of loo(BEg+), (see [7, Page 33]), guarantees the existence of a linear operator R:G— loo(BEg+),
satisfies that

JeoT =RoS € Ip;p(X, leo(BEr)).

This means that T € Iinj

Lip(X’E)' In addition, we have

Tl < R 1Sz, < 1Sl

To prove the “only if” part, it is enough to take G = loo(Bg+) and S = JpoT.

The next result provides a characterization of the closed injective hull ZLipm] of a given ideal Ty,
of Lipschitz operators by means of a norm inequality.

Recall that if p > 1 and (E;)2, is a family of Banach spaces, then the ¢y direct sum (@ EZ-)
i=1 ty

is the space consists of all (x;)32, € T2 Ei such that ¥;°4 |xi||P < oo. This is a Banach space
1
under the norm ||(x;)% ]| = (224 |xi||P) ¥ (see [?, Page 35]).

Theorem 3.3 Let Ly, be a Lipschitz operator ideal. The Lipschitz operator T : X — E belongs

—inj

to ILip(X, E) if and only if, for each & > O there are a Banach space Ge and Se € Lp;,(X, Ge) such
that

n
+e)  |ajld(x;, x}) (3.2)
i=1

Y ai(Se(x1) — Se(x)))

i=1

iaimxi) ~T(x))

for all (x;)_y, (x), in X and (a;)'_; in R.

=inj

Proof 3.3 Take T € 1;;,(X,E) and ¢ > 0. Then JpoT is a limit of a sequence (Sm),, C

m

Trip(X, loo(Bg+) with respect to the norm Lip(-). We can choose positive integer me such that
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Lip(Jeo T — Sp,) < &. On the other hand, for each (x;)I_, (X)), in X and (a;)'_; in R we have

171

=

-
Il
—_

a;(T(x;) — T(Xf))H

ai(Jg o T(x;) — Jeo T(x})) H

I
-

|
—_

1

a;(Sm (i) — S, (x7))

IN
N

-
Il
—_

+|| Y (Jeo T = Sw) (%) = (Jeo T = ) (x))

i=1

Y ai(Sm. () — S ()

i=1

n
+e ) laild(x;, xj).
i=1

<

Conversely, assume that ) is holds for a given € > 0 and a Banach space Ge. By us-
ing the linearization of the Lipschitz operators T and Sg we obtain || Tp(m)|| < ||(Se)r(m)]| +

eYiq |aild(x;, xj), for all molecule m € M(X) with representation m = Y’y ajm,. .. Therefore,
IT(m)]| < [1(Se)L(m)[| + e [[m]l px) -

Consider Hy = (Ge ® £(X)),, - Define the injective linear operator I, : £(X) — He by Ie(m) :=
((Se)p, e.m) . According to the injectivity of I, we can define a linear mapping Ae : R(Ig) — E
by A (Ie(m)) := Tr(m). This mapping is continuous with |A¢|| < 1, indeed, for all m € M(X)
we have

AR ()| < (S (m)] + & ] sy = ()]

Using the metric extension property of eo(Bp+), we can extend Jp o A to the linear operator

A, € L(He, loo(Bg+)) with HAZ <1.

We put
BE = ;4-; o ]E e} Sg S Isz(XIEOO(BE*))’
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where Je : Ge — Hg is the linear operator defined by J¢(t) := (t,0). Define C¢ : X — loo(Bg+) by
Ce(x) := Ag(0,e.my ). Because of

Ce(x) = Celx) | < || 4] 10, em ), < ed(x,x),

for all x,x' € X, the mapping Ce belongs to Lipg(X, leo(Bg+)) with Lip(Ce) < e. Taking into
account that Be(x) = Ae ((S¢)r(my),0) for every x € X, we obtain Be + Ce = Jgo T and then
Lip(Je o T — Be) = Lip(C¢) < e. Since this holds for all € > 0, it follows that Jpo T € Z1;,(X, E).
The proof is concluded.

In the following result, we characterize the closed injective hull of a given Banach Lipschitz operator

ideal (Zyip, ||'||Iup), which will be used in the sequel.

Corollary 3.1 Let (I, H-HIMP) be a Banach Lipschitz operator ideal. The Lipschitz operator

T : X — E belongs to TTZJP(X,E) if and only if, for each € > 0 there are a Banach space G, a
Lipschitz operator S € TI1;,(X,G), and a function N : Ry — Ry such that

n
+e ) laild(xi, x)), (3.3)
i=1

3" ai(T(x) — T(x) > ai(S(x) — S(x))

i=1

for all (x)1, (x)); in X, e >0 and (a;)!_; in R.

1
Proof 3.4 It is enough to show that ) is holds for T € anl]p(X,E) According to @), for
each m € IN there are a Banach space Gy, and Sy, € ILip(X, Gm) such that

n
+27"Y " aj|d(x;, x}) (3.4)
i=1

i a;(Sm(x;) — Sm(x}))

i=1

Y a(T(x;) — T(x)))

i=1

<

171
nelN
the canonical inclusion Iy : Gy — G, then Iy o Sy € I1;,(X,G) and

for all (x;)!, (x})1, in X and (a;)"_; in R. Putting G = ( @D Gn) and for each k consider
4

o0 1 oo

). o Sllz, < )

(0]
1
el 1Skl 7, < — < 0o,
= 208l =218, w S Lo

which means that the series Y 5> 27k HSkHE;p I 0 S converges in the Banach space (ILip(X, G), |- HIUP>
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to the Lipschitz operator

s=y !

I oS, € 1y (X, G)
k=1 2k ||Sk||ZL,p v

It follows from ||-|| < ||-||ILip that such series is pointwise convergent. The inequality ) implies

n n
<2"|[Sullz,, 27" ||5m||EL1,-p a; (Sm(xi) = Sm(x)) || +27" Y |ai| d(x;, x7)
i=1 i=1
o0 n n
<2"|ISmllz,,, 3o {122  ISkllz,, ai (Sk(xi) — Sk(xD)|| +27" X lail d(x;, x7)
k=1 ||i=1 i=1
n n
= 2"||Sullz,,, || X @ (S(xi) = S(x)) | +27" Y lail d(xi, x7).
i=1 i=1

Finally, for all m € IN, if we consider the function N : Ry — Ry defined by N(e) = 2 ||Sl||ILip
fore >1 and N(e) = 2™ HSmHILip for 27 < g < 27MFL e get the result.

The next result describes the closed injective hull of a Banach Lipschitz operator ideal of composition

type.

Proposition 3.1 For a Banach linear operator ideal L, we have
ZoLipy’ =T" o Lipo.

Proof 3.5 Since finj is closed then Tinj o Lipg is closed. On the other hand, for a given T in
Lipo(X, E), suppose that Jg o T belongs to 7" o Lipo(X, beo(Bg+)). The uniqueness of the lineariza-
tion maps gives

(JgoT), =Jeo Ty € T (#(X), leo(Bp)).

Then, the injectivity of 7" gwes Tp, € finj(E(X),E), so T isin T o Lipy(X,E), shows that

7" 0o Lipg is closed and injective Lipschitz operator ideal. Now, since L C fm], we obtain

inj

ToLipy" cT"oLipy =T" oLipo.
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For the converse inclusion, given T in 7" o Lipo(X,E) then there are a Banach space G, a
Lipschitz operator S € Lipg(X,G) and a linear operator u € ' (G,E) such that T = uo§S.
For ¢ > 0, choose v € Z(G,loo(Bg+)) such that ||[v — Jgpou| < LipS(S)

Z o Lipg(X,€eo(Bg+)). We have

and v oS belongs to

Lip(voS—JgoT) < Lip(S)|lv—Jeoul|| <e.

Therefore Jeo T € Z o Lipg(X, loo(Bg+)), which means that T € T o Lipoinj(X, E)).

The subsequent result provides several illustrations of the notion of a closed injective hull. In-
deed, Jiménez-Vargas et al. [12] introduced Lipyr, Lipgxc, and Lipgyy, the ideals of Lipschitz
finite-dimensional rank, Lipschitz compact operators, and Lipschitz weakly compact operators,

respectively, as an extension of a linear case.
Proposition 3.2 We have Lip()]:m] = Lipok.

Proof 3.6 Firstly, note that the ideals IC and YW of linear compact and linear weakly compact
operators are injective. From [J, Proposition 3.6] and [1, Proposition 2.4/, we get the injectivity

of Lipox and Lipgyy, indeed
(Lipox)™ = (KoLipg)™ = K™oLipy = Lipok,
(Lipow)™ = (WoLipg)™ = WioLipy = Lipgyy.
Now, since loo(Bg+) has the approzimation property, then it follows from [5, Proposition 2.8] that

JeoT € Lipor(X,los(Bg+)) if and only if Jeo T € Lipox (X, leo(Bgx)). This is equivalent to the
fact that the operator T belongs to Lipgx (X, E).

Taking into account that Lipox, Lipoy are closed ([, Corollary 3.3 and Proposition 3.6]), we
obtain the following.

Proposition 3.3 We have Lip();ginj = Lipox and Lipowinj = Lipow.

3.3 The interpolative Lipschitz operator ideal

In this section, we present another method for generating a new Lipschitz operators ideals from a

given Lipschitz operators ideals, which is called the interpolative method. From ), by taking
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N(e) = e for a constant 1 < r < 400 and computing the minimum of the right-hand side with

respect to €, which demonstrates that condition (@) is equivalent with the following inequality

< (r r+1 +rr+1>

1(5 x;) — S(x)) 7 (imild(xi/x;))r .

i=1

Definition 3.2 Let I1;, be a Lipschitz operators ideals and 0 < ¢ < 1. A Lipschitz operator
T € Lipo(X, E) belongs to (Zrip) (X, E) if there are Banach space G and a Lipschitz operator
S € I1ip(X, G) such that

1-0 " o
(Z |ai|d(x;, xll')) , (3.5)

i=1

for all (x;)i_y, (x})i2y in X and (a;)[_; in R. For each T € (Z1;p), (X, E) denoting

ITllz,,,), = inflIS]z,7,

where the infimum is taken over all Banach spaces G and operators S € ZLip(X/ G) working in the

above inequality.
Note that if we take n =1 in (@) we get Lip(+) < || - ||(IUP) .

Proposition 3.4 If (I, |- ||ILip) is an injective Banach Lipschitz operator ideal then ((Zrip)o, || -

H(ILip)U) is injective Banach Lipschitz operator ideal.

Proof 3.7 We check the conditions (ii) and (iii) in Theorem .
(ii) Let R € Lipo(Y,X), T € (Zrip) (X,E) and w € L(E,F). For all € > 0 there are a Ba-
nach space G and S € I1;,(X,G) satisfies (E) and ||S||1 7 < (1 +€)||T||(ILip) . For every

(i), (W), in Y and (a;)_; in R,

n
Y ai(woToR(y;) —woToR(y))
i=1
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< [lw[| Lip(R Za (SoR(yi)) = SoR(y7))

1-0 " o
(Z |ﬂi|d(yi/y§)> :
i=1

Which means that wo T o R is in (Zr) (Y, F) and

lwo ToR||g,) <llw|Lip(R)”|SoR|z”
< lwll Lip(R) (1 + &)l Tll(z,,,) -

as € is arbitrary we obtain (ii).
(iii) Let (Ta)n be a sequence in (Zip) (X, E) such that Y ||Tn||(ILip) < co. Since Lip(-) <
n=1 v

|- H(ZLip) and Lipo(X,E) is a Banach space, there exists T = Y, T, € Lipo(X,E). For each
o n=1

k€N and all e > 0 choose Banach space Gy and Sy € L1;,(X, Gy) satisfies @) and |]Sk||%;;7 <
||Tk||(ILip)(7 +¢/2%. Hence

00 1 00 €
—0
k—zl ISkl z,;, < k_Zl 1 Tillzys), + 55 < o

nelN

Introducing G = ( b Gn) and the k-th canonical injection I, : Gx — G. Then the series
b
Y ||Sk||EL‘;IkSk converge to S € I1;,(X,G). Now select (x;)Iy, (x{)!_y in X and (a;)}_; in R.

An application of Hélder inequality reveals that
n

Y ai(Ti(x;) — Tk(xf))H

i=1

ZazHSk”Z Sk xz) Sk(x:))

n

Z xz) x;))

IA
agk

,T
Il
—_

IA
Mg

w
I

(%
n
x| 3 lail ISkl e i, x ))

i=1

(£ )

= 1
x (i <f|al|||sk||; “d(x, ))) (3.6)

k=1 \i=1

n
> aillSkllz] (Se(xi) = Se(x7)

i=
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We have to estimate the latter expression of the right-hand side of ), we get
1-0c -
y 3 . 1-0 /
( ) (Z (Z |ail | Skllz,,, d(xi, xi)>>
= k=1 \i=1
n 1-0
Y ai(S(x) = S(x)

i=1
ko_il (Z |az|||Sk”% Ud(xzf )))

H kuzL,p)

n

X

;aznskHI Sk X,) Sk(x;))

X

1-0

- 5(xi))

|
¢

X

al|d Xj, X

/\ IIMS

J

1-0 o
st -5t x (z\aiwxi,x;)) |
=1 =1

<k; |5kHzL,p>

So Y. Ty converge to T = Y Ty € (Z1ip) (X, E), moreover

n=1 n=1

o
ITllz,,), (Z 1Skll% ) ISlz, < ]; ISellz)
8 o
< Z 1Tl z,s, + 5% = Y Tl iz, +e
k=1 k=1

and the proof follows.

Next, we show that the inclusion between a pair of Lipschitz operator ideals of the class with

different parameters behaves as expected.

Proposition 3.5 Let0 < 01,02 <1 such that oy < 02 and let Iy ;, be a normed Lipschitz operator
ideal. Then (Zrip), C (Ziip),, with |- ||(IL,«p)02 <" ||(IL,«’,)01

Proof 3.8 Let T € (ILiP)al (X,E) and e > 0. Choose a Banach space G and S € I1;,(X,G) such
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that “S”Z,;Tl <(1 +€)||T||(Iup)g1‘ For all (x;)I_y, (x))I_ in X and (a;)"_; in R, we have

i”i(T(xi) — T(x;)) ‘

IN
N

1-0 n 01
a;(S(xi) — S(xé))‘ (; !ai|d(xi,x{-)>

1—(72 n (%]
(Daiu(xi,x;)) .
=1

Il 2y, < Lip(5)™" sllz, < lIsIZ, " sliz, < (1 +8)lTll ),

< Lip(S

Z — 5(xi))

Hence T € (ZLip)Uz(X/E) and

The result follows.

Let us establish the relationship between the Lipschitz injective hull, the Lipschitz closed injective

hull, and the interpolative Lipschitz operator ideals.

Proposition 3.6 If I1;, is a normed Lipschitz operator ideal, then

inj 7 inj
Iyip € (Zrip), € Zrip

In addition, || - || m] <[ - || (Zip), <~ ||Ii4j.

Lip

Proof 3.9 Fora pointed metric space X and a Banach space E take T € IZL;:;(X, E) and fixe > 0.
According to Theorem for all € > 0 choose Banach space G and S € ILip(X,G) such that
ISllz,;, < (L+e)[ITIl, in and for every (x;)"_,, (x})"_; in X and (a;)'_; in R, we have

Lip

1—0 n o
(Z |ai|d(xi/ x;))
i=1
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from which we deduce that T € (Z1;p), (X, E) with

1Tl z,,,), < Lip(S)7ISIZ, < (1+ )Tl -

Lip

The second inclusion is a straightforward consequence derived from the introductory statements in

this section.

The following outcome provides the interpolative Lipschitz operator ideal of a normed Lipschitz

operator ideal of composition type.

Proposition 3.7 Let L be a normed linear operator ideal and 0 < o < 1. Then
(Z o Lipo), = (Z), © Lipo. (3.7)
Moreover, for any pointed metric spaces X and a Banach space E we have |[Tl||(z) orip, =

1Tl zotipe), -

Proof 8.10 Take T in (Zo Lipg), (X, E), m € M(X) and fix e > 0. Choose a representation
Y aimy s of m, where x;, x; € X, and a; € R, such that (C1_ |a;|d(x;, x])) < (1+¢) |[|m]|. Then
there are a Banach space G and S € T o Lipy(X, G) with ||S||%;Zip0 < (1+¢) ||T||(IoLip0) and

ITu ()] = | a(T () — T(x) ‘

ag

1-0 "
(; |ﬂi\d(xz‘,xf)>

< [ISe(m)[*7 (1 +e) ]|

Since S;, € T(4£(X),G) and the above inequality is holds for everye > 0, we get Ty, € (Z),(£(X),E)
with
1- 1-
ITellz), < USLlz™ = ISl zoLip, < L+ Tl (zoLipy), -

Which means that T belongs to (I), o Lipo(X, E) and [|T|(z) oLipy < T l(zoLipy), - Conversely, if
T € (Z)y 0 Lipo(X,E) then for a fix € > 0 there are a Banach space F, a Lipschitz operator w €
Lipo(X,F) and u € (I)o(F,E) such that T = uow with Lip(w)||lullz) < (L+e)IT|l(z) oLip,-

The definition of (I)s assures the existence of a Banach space G and v € Z(F,G) such that
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lollz 7 < (1 +e)l|ull(z),. We have

mo-no

(-0

< Lip(w)’ éai(v ow(x;) —vow(x}))

N

1-0 " o
(Z |a;|d(x;, xf)) ,
i=1

forall xj,x} € X, and a; € R, (1 <i<n). Sincevow isinT o Lipy(X,G), the Lipschitz operator
T belongs to (I o Lipg), (X, E) and

1Tl zoLipy), < Lip(@)” [[0 0 @] 75T,
< Lip(w) ||v||7 7 < Lip(w)(1+e)]|ul ()

2
< (147 Tll(z),0Lip,-
Then it follows that ||T||(IOLip0)U < |Tll(z),0Lipo-
By the following example, let us complete the panorama of summability for Lipschitz opeartors

defined between pointed metric spaces and Banach spaces.

Example 3.1 Let (I1,,||- HHP) be the famous Banach operator ideal of p-summing linear operators
(p > 1) which was introduced by Pietsch in [15]. When we utilize the composition method for I1,,
and subsequently apply the interpolative Lipschitz ideal procedure for the Banach Lipschitz operator
ideal ITy o Lipo, we acquire the Banach Lipschitz operator ideal (I—Ip)¢7 o Lipg. Note that (I—Ip)g 18
exactly the Banach ideal 11, o of (p,0)-absolutely continuous operators building from 11, by the

interpolative ideal procedure (see [13, Section 4]).

Taking into consideration that T € (I1, o Lipg) (X, E) if and only if Ty belongs to I, (#(X), E)
and by using [13, Theorem 4.1], we characterize the mappings that belongs to (Hp o Lipo)a b

means of integral domination inequality and summability inequality.

Note that the unit ball Byx# of X* is a compact Hausdorff space in the topology of pointwise

convergence on X.

Theorem 3.4 Let1 < p < oo, 0 <0 <1. The following are equivalent for a Lipschitz operator
T € Lipo(X,E).
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(2)(a)(a)(a)
1. T € (II, o Lipo),, (X, E).

2. There exist a constant C > 0 and a regular Borel probability measure p on By# such that

for any x;,x} € X, a; e R (1 <i<n).

3. There is a constant C > 0 such that for any x{:, x;j in X and all a{: mR(1<i<n1<j<s),

we have
1-0
S n . % v
Y| @(T () = T(x)))
j=1||i=1
1o
s _ . ol N\ = AN
/ /
<csp (£ (|Eedeh -] (Eiact )
f€Bys \ j=1 \ |i=1 i=1
Furthermore, the infimum of the constants C > 0 in (b) and (c) is equal to ||T||(HpoLipo) :

Remark 3.1 Note that if T belongs to (IT, 0 Lipg), (X,E), then setting n =1 in (c) we have
T € H%IU(X,E), the space of (p,0)-absolutely Lipschitz operators was introduced by Achour et
al. in M. It is currently unknown whether this latter class satisfies the linearization theorem.
However, based on the above, the class (Hp o LiPO)U indeed fulfills it. This means that this class
preserves nearly all the fundamental properties of the linear theory of (p,o)-absolutely continuous

operators.
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( Abstract )

In this memoir, we study two methods for generating a Lipschitz operator ideal from a given

Lipschitz ideal Ly, The first method is the closed injective hull procedure, denoted by ITipmj
The second method is the interpolative procedure, denoted by (ILip)g. We investigate various
properties related to both procedures and study the relationship between the resulting ideals,
establishing the following inclusion:

——inj
T C (Tuip)e C Tiip

For the concrete class (H,[J o Lipg)y, consisting of Lipschitz operators whose linearization
is a (p,0)-absolutely continuous linear operator, we obtain Pietsch-type domination and

factorization theorems.

Keywords: Operator ideals, Lipschitz operators, p-summing operators, closed injective hull,

interpolative ideals, (p,0)-absolutely continuous operators, Pietsch domination theorem.
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