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General Introduction

The subject of this thesis is memorandum about generating functions. This is a very impor-
tant tool in combinatorics and probability, because it is used formally (algebraically) without
taking in consideration the topological and analytic properties of convergence (except in some
cases, where we are interested to asymptotics).

It seems that generating functions were used , for the first time by the french mathematician
Abraham De Moivre in the 17 th century. The general properties of the generating functions are
stated and examples to illustrate their importance are provided.

The thesis is organized as follows. In the first chapter, we outline some basic concepts of gen-
erating functions and operations on them. In the second chapter, we will see how to use the
generating functions to solve recurrence relations. Many examples many are included in this
chapter.

In the third chapter, we look at their use and manipulation in solving and proving some com-

binatorial identities, and then we end our work with a general conclusion.

1ii



CHAPTER 1

INTRODUCTION

In this chapter we collect all the results we will need in the sequel. Let K be a field. The

set
Kl[z]] = {Z a;x", a; € K}

will be defined. Equipped with the two laws (+, - ) itis a commutative ring and is called

the ring of power series, or generating functions.



1.1. PRELIMINAIRIES 2

1.1 Preliminairies

The field K will be always the field of real numbers R, or the field of the complex numbers

C. In what follows, we give the definition of generating functions.

1.1.1 Generating functions

Definition 1.1.
Let (a,)n>0 be a sequence € K. The ordinary generating function (O.G.F) (or the formal power
series) of the sequence (ay,)n>o is the series

f(SU):Zanx":a0+a1x+a2x2—l—---
n=0

Another type of generating functions is

Definition 1.2.

The exponential generating function (E.G.F) .

Zanx"/n! =ag + ayz/1! 4 agx?® /2! + - -

n=0

Definition 1.3.
The set of all generating functions on € K is denoted by K|[[z]].

Later on, we will define many operations on the set K[[z]]. Endowed with the two operations

(addition +, and multiplication .), it is known that the set K][z]] is an abelian ring.

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.2. OPERATIONS ON GENERATING FUNCTIONS

Example 1.1.
Consider the following generating function
1

Za”x”:1+a:r;+(ax)2+...+(ax)"—|—...: ,a € C.
— 1—ax

Another example deduced from the previous one, by putting a = 2z, is

1
1420 442° +-- -+ 22"+ = :
1—-2z
Example 1.2.
The simplest exponential G.F is certainly
= Z ax" /nl.
n=0
1.2 Operations on generating functions
Let f, g, h € K][[x]]. Let us write, once for all
Zan g =gz anx h:= h(z chx.
n=0

We define some operations on K [[]].

Definition 1.4. (Equality)

The generating functions f and g are equal <= a, =b,, Vn € N.

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.2. OPERATIONS ON GENERATING FUNCTIONS 4

Definition 1.5. (Multiplication by a scalar)
Let f € K][z]] and X € K, then:

Definition 1.6. (Sum)
The sum (f + g) of f and g, is defined by

flx)+g(z) = Z(an + b,)x".
n=0
Remark 1.1.
flz) =0 Zaix”:O = agt+amr+---+az" 4+ =0.
i=0
This means thata; =0, V i€ N
Example 1.3.
Consider the two generating functions :
- 1
= (3)"2" =143z +92>+272° + -+ = :
f(@) ;Ux + 31 + 92” + 272° + —
and
C 1
_ n.n __ 2 3 L
g(x)—%(—?)) =1 3w 90t = 2Tt e = o

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.2. OPERATIONS ON GENERATING FUNCTIONS 5

The sum of f and g is then

1 1
=24 182% +1622* + -+ = .
f(z)+ g(x) + 1827 4 1622" + 1_3x+1+3$

After an easy calculation, we obtain

f(@) +g(z) =2 (Z(9)"$2”> :

n=0

Definition 1.7.
The subtraction of f and g is defined by:

n=0
Example 1.4.
Let g be defined by:
(n+1)(n+2) 1
) =143z +62>+1023 4+ --- = (n "= ,
and h defined by
— 1+x)
h(x) =1+ 4x + 92° + 162 + 252* + - .- = 1—|—n2:c”:( .
@ > aften =
We have:
h(z)—glx) =0+z+32>+62°3+ .- = 1+n)z" = i
(@)~ gl) > (net = s

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.2. OPERATIONS ON GENERATING FUNCTIONS 6

Definition 1.8. (Product)
The product of f and g is defined by

Fla)-gla) = <fj aja:f> (f; b> -3 (Z b)

j=0 n=0 \ k=0

Remark 1.2.
Let

flz)=1 Zaixnzl — agtar+---+ax"+---=1
=0

This means that ag = 1 and a; = 0, forall ¢ > 1.

Example 1.5.
Let the two generating functions be given by

flz) = i 2nz" ' and g(x) = i Sa"

The product of these two generating functions is then:

h(z) = f(z) g(z) =2 (14 22 + 32° + 42° + 5a* + -+ ) x (14 52 + 252% + 1252° 4 6252 - - ) .

We obtain

(8x 1)+ (6x5)z+ (4x25) 2+ (2x125)2° +--- =

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.3. IMPORTANT OPERATIONS WITH GENERATING FUNCTIONS 7

8 + 30x + 100z* + 2502° + - - - =

(1—2)*(1—5x)

Definition 1.9. Shifting (right)
Shifting (right) a generating function by t terms means to multiply it by x', we then obtain a gener-

ating function, such that a;, = 0 for 0 < <t — 1.

For example if

f(ZL’) - Zanl‘n,

n=0

Then the shifted series by 1 terms is

~

@) =a'fla) = 3 ana™,
n=0

1.3 Important operations with generating functions

Now, we want to prove some useful properties of sums of generating functions. In particular
it is very useful that like other mathematical objects as integers or polynomials, generating

functions form also a ring with addition and multiplication.

Theorem 1.1.

Generating functions are closed under multiplication and addition .

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.3. IMPORTANT OPERATIONS WITH GENERATING FUNCTIONS 8

Proof:
If we take the definitions of addition and multiplication of generating functions we can see
that their output gives another infinite series.Therefore it is another generating function and

they are closed under both addition and multiplication.

Theorem 1.2.

The multiplication of generating functions is distributive with respect to the addition that is;

f(@)-(g(x) + h(z)) = (f(2)-g(x) + f(2)- h(z) = (9(x) + h(z))- f ().

Proof:
F(@)- (gle) + () = 3 ana™ (Z b + ch> .

Now we apply the summation we defined before:

i - i(bn +¢p).
n=0 n=0

Now we apply the multiplication defined above:

Z Z ak(bn_k + Cn—k)~

n=0 k=0

The distributive property of integers gives

o0 n o0 n [e.e] n
D) IV 3) SITNNS 3) TN
n=0 k=0 n=0 k=0 n=0 k=0

This is nothing than:

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.3. IMPORTANT OPERATIONS WITH GENERATING FUNCTIONS 9

f(x)-g(x) + f(x) - h(z))

Remark 1.3.

Finally, by the commutativity property of generating functions with multiplication we have:

(g+h)-f=Ff(g+h)=Ffg+[h

1.3.1 Identities and inverses

Many elements in group theory or number theory, have a special importance. For example
units, or the identity elements. We know that the identity of addition is 0 and the identity
of multiplication for the integers is 1. The set of the generating functions, also have identity

elements. First we want to find /(z) such that :

f(@) +1(x) = f(x) = I(x) + f ().

Remark 1.4.

For every generating function v(z) there exists another generating function v, (z) such that

v(z) + v (x) = 0.

In fact, if

o0 o0

v(x) = Z a,x", then v, (x) = Z(—an)x”.

n=0 n=0

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.3. IMPORTANT OPERATIONS WITH GENERATING FUNCTIONS

10

Remark 1.5.

There exists an identity for the multiplication of generating functions.

Remark 1.6.
For the product the identity element /(z) is such that:

Here, obviously, I(x) = 1.

Example 1.6.

flay=—(—m) - Ll Qo0

2

n

2 ooxn

=1

g()—1+:1:+——|——+ ==

21 n

Finally, we have

l+z4+ =+ +-

2 3
(1 ( 2 )) (1-(+e+g+m+0)) (1-(1re+rg+m+0))

21 3!

Mohemmed Rabhi, Adel Benaceur .
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1.3. IMPORTANT OPERATIONS WITH GENERATING FUNCTIONS 11

Let us define the inverse of f, if it exists by g such that

The element g is denoted by f~'.

Theorem 1.3.
The generating function
flz) = Z anx"
n=0

has an inverse if and only if ag # 0.

Proof:
Let f be a generating function and assume that g(z) = > 7 b,z is the inverse of f. Multi-

ply both series:

f(2)g(x) = agby + (aoby + arbo) * + (aghy + ayby + agby) 2° + -+ = 1.

From the first equation agby = 1, and then necessarily a, # 0. Conversely, if ay # 0. Then the

coefficients of the generating function g satisfying f.g = 1 are such that

aobo = 1, a0b1 —+ albo = O, a0b2 + albl + ang = O, ete.

So, the the coefficients of g may be determined by the formulas:

1 —a1h — (a1b b
bo=—, by = alo,bzz (abo + a1 0>,etc.
Qo Qg Qo

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.3. IMPORTANT OPERATIONS WITH GENERATING FUNCTIONS 12

1.3.2 Derivatives and integration

Definition 1.10.
Derivative of a generating function f(x): We define the derivative of the generating function f

by
d - n - n—1
%<§an$>:;nan'x .

The second derivative of f is defined similarly, by considering the generating series » "~ b,x™, where
b; = ia;. The higher derivatives are defined by an obvious way.

We use the notation <L for the k™ derivative in respect to .

Example 1.7.
f(x):ix”:1+x+x2—l—x3+x4+---: !
o 1—a
Then
d S 1
f(x):1+2x—|—312—|—4x3+5x4+---:an”’lz 5 -
dx n=0 (]' - ‘/E)

Definition 1.11.

We define the integral of the generating function f as

o S n o G a n+1
/f(x)dx_/nzzoanx dx—C'—l—nzzon_i_lx )

where C' is an arbitrary constant. Note that the integral of generating function, as with a normal

function, is defined up to a constant term.

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.3. IMPORTANT OPERATIONS WITH GENERATING FUNCTIONS 13

Almost all the rules known in Calculus for derivatives and integrals are valid with generating

functions too.

Example 1.8.
We have g(z) the generating functions:
1 1 1 = (-1)" ,

:1__2 4~ 6
9() 2" Tt Tt T (2n)!

So,
1 1 1
dr =0 — =28 — — 251+ — 7T _...4L(C.
/g(x) T=T = o8 = st +5040x +

Now note that

- (_1)n 2n+1 :

Z " =sin(z) + C

— (2n+1)

Theorem 1.4.

Leibnitz rule for differentiation:

Proof:

First we evaluate the left side of the equation.

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.3. IMPORTANT OPERATIONS WITH GENERATING FUNCTIONS 14

We first have that:
Fla)gla) =Y (k- ap by_y)a™ "
n=0 k=0
The term
f@)g' (@) = (ar- (m — k) byg)z™ "
n=0 k=0
Therefore,
Fl@)g@) + f@)g (@) =D Y (kapbpp)z™ " + ) — k) by ™
n=0 k=0 n=0 k=0
This may be written
Z (b ag b_g)™ ' + (M — k)~ ay, Z k) (k+ (m—k))z™
n=0 k=0 n=0 k=0
Finally
>N me(ag bpog)a™ ! = (f(2)g(x))
n=0 k=0
Theorem 1.5.

We have <L~ f(z) = 0 if and only if f(z) is a polynomial of degree < n.

dx™

Proof:

Let us prove the left sense first:

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.3. IMPORTANT OPERATIONS WITH GENERATING FUNCTIONS 15

Let f(z) = co + 12 + cex? + 323 + - - - ¢, 2™, then

Now, since n > d for all d’s , there exists an i for every d such that (d — i) = 0. This implies
that the whole product must be zero and thus the summation of the products must be also 0.

Now let us prove the right sense:

dx™ "L ezt
/ VTl
d=0

Which as it shown, it has only degree at most n (depending on what ¢; # 0).

1.3.3 Compositions

Definition 1.12.

Let be f and g the two generating functions :
flz) = Z a,x" and g(z) = Z bpz".
n=0 n=0

The composition of f and g is defined by

Foo) =3 (zbmxm) |

Example 1.9.

Consider the two generating functions:

1
1—2z’

f(:c)—1+$+x2+x3+x4+---—ix”—
n=0

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.3. IMPORTANT OPERATIONS WITH GENERATING FUNCTIONS 16

and

n £E2 1'3 .]74
n!

20 31 4l

So,

This summation is just

1 —et

Remark 1.7.
Note that the identity function for the composition is simple /(x) = z since it returns its

input:

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



1.3. IMPORTANT OPERATIONS WITH GENERATING FUNCTIONS

17

TABLE 1.1-Table elementary ordinary generating functions

G(2) Summation Notation Expanded Notation
= Sk l+z+a>+a2%--
H% S oo (—1)Fa* l—z+22—23 -
1_lxn ZZO:O l,nk 1+ 2"+ 1,211 + x?m .
1—127” S it 1+ ca™ + 2z + 3P
(R Yoo (i) L+nz+ (37) 2%+ (57) 2%
(1_1@2 oo ka® 0+ 2 +22%+ 323 -
(1+z)° 2o (7)o L+cr+(§)a® + (5’
T oo 1,k x2 x3
e Zk:oﬂx 1+$+§+3—!"'

Mohemmed Rabhi, Adel Benaceur .
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1.3. IMPORTANT OPERATIONS WITH GENERATING FUNCTIONS

18

TABLE 1.2-Operation on ordinary generating functions

Operatios OGF

Squence

ap, A1, A9, ..., Ay, ...

Do, b1, b, ovvy by ..

rf(xz) =551 Gn12”

O,&Q, a1,0a92y...,p—1, ...

f(x) —ag

= Ap12"
T ano

A1, A2, A3, -5 Apt 1, -+

fi(@) =250+ Dagyiz”

ar,2ag, ..., (n+ 1)apy, ...

X CLTL n
Jo f(x)dz = don>1 THx

ar az
O,Clo, 23

f(Az) = ano ANa,z™

2
CLO,>\CL1, A as, ..., )\”an,

f@) +g(x) = 22, 50(an + ba)"

ap + bo,CLl + bl, ceey + bn7

(I —2)f(x) =ao+ ZnZl(a’” — Qp_1)2"

apg, A1 — AQy -oey Ay — Ap—1y ---

f(x)g(x) = ano (ZOZan akb”—k) "

aobo, Cllbo, CLobl, ceey ZOZan akbn—k7

Mohemmed Rabhi, Adel Benaceur .
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CHAPTER 2

GENERATING FUNCTIONS AND
RECURRENCE RELATION

d{() fter defining the generating functions and highlighting their operations, we will in
this chapter show their role in solving the iterative relationship, after highlighting the

concept of the recurring relationship, in addition to solving various examples that prove the

wonderful role of the generative functions in dealing with the recurring relationships

19



2.1. RECURRENCE RELATION 20

2.1 Recurrence relation

Definition 2.1.
A recurrence relation for the sequence (a,),>o iS an equation relating the term a,, to certain of its

preceding terms a;, i < n, for each n > ny.

Example 2.1.

Fibonacci sequence: The recurrence relation for Fibonacci sequence (0,1,1,2,3,5,8,13,---) is

givenby: F,,o = F, o+ F, forn > 0, F, = 0, F; = 1 This formula arises in the 13" century, when
the Italian mathematician Leonardo Fibonacci proposed and solved the problem of "rabbits

multiplying".

Definition 2.2.

The recurrence relation is linear if it expresses an as a linear function of a fixed number of preceding
terms. Otherwise the relation is non linear.

A recurrence relation defining a sequence (a,)5°,, is said to be of order d if the recurrence relation

can be written in the form:

apva = f(an, any1, -+, appa-1) for allm >0,
where f is a function with d wvariables and f(a,,ani1, -, Gnya—1) 15 not identical to
f(¢,any1, -+, Qnyd—1) for some constant c.
Definition 2.3.
The recurrence relation is k-th order if a,, can be expressed in terms of a,—1, @p—2," -+ , Qp—g.

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



2.1. RECURRENCE RELATION 21

Example 2.2.

a, = 3a,_1 — 4a,_» n > 1. The recurrence relation is linear of the 2th-order.

Definition 2.4. NON HOMOGENEOUS

The nonhomogeneous recurrence relation has the form

Coap + Cran1+ -+ Cran_, = f(n), n >k,

where Cy # 0,Cy # 0, and f(n) # 0 for at least one value of n if n > k. If f(n) = 0, then the

recurrence relation is homogeneous .

Example 2.3.
Ap — 301 —4a,s=n+1n=>1

The recurrence relation is linear, non homogeneous and of the 2-th order.

We know that recurrence relations, may be solved using the the fact that the vector space is

generated by the exponential functions. So,let us remainder this fact:

Theorem 2.1.
If the characteristic equation x* — rixz — ro = 0 of the recurrence equation a,, = rya, 1 + r2a,_» has

two distinct roots Sy and Ss then

a, = uSy + vSy

is the closed form formula for the sequence where u and v depend on the initial conditions.

Theorem 2.2.
If {aﬁf’ )} is a particular solution of the non-homogeneous linear recurrence relation with constant

coefficients

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



2.1. RECURRENCE RELATION
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an, = Cran_1 + Coap_o + -+ + Crapn_y + F(n),

then every solution of the recurrence relation has the form

{7 +a},

h . . . .
where {a% )} is a solution of the associated homogeneous recurrence relation

Qp = Clan—l + CQCLn—Q + -+ Ck:an—k’-

Example 2.4.

Solve the recurrence relation given by:

(p = Qp—1 + 202
ap = 27 ap = 7

Solution.

The characteristic equation of this relation is

r*—r—2=0.

So, we have two distinct solutions 7 = 2 and r = —1, and then the solutions are given by

a, = a2" + G(—=1)".

Using the initial conditions, we obtain

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



2.1. RECURRENCE RELATION

23

a=2=a+p
@ =T7=w2+p3(-1)

This gives the values of o and f:

and then

a, =3-2n — (—1)"

Example 2.5.

Solve the recurrence relation

ap = 6a,-1 — 9a,_2
ag — 1, a; — 6

Solution.

The characteristic equation is given by

r? —6r+9=0,

and then the solution is » = 3. The general solutions of the recurrence relation is given by

a, = ad" + n3".
Using the initial condition, we obtain

ap=1=a«
ay=6=a-3+ -3

Mohemmed Rabhi, Adel Benaceur .
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2.1. RECURRENCE RELATION

24

So,a=1, =1, and

a, = 3" +n3"

Example 2.6.

Consider another example, with a non-homogeneous example

Ay, — Ap—1 — QAp_o = 21
ap = 0,(11 =1

Solution.

First, consider the homogeneous equation:

Ap — Ap—-1 — Qp—o = 0.

Its characteristic equation is

The solutions are given by

Mohemmed Rabhi, Adel Benaceur .
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2.1. RECURRENCE RELATION

25

a,=Cn—+D

Cn+D—-Cn—1)—D—-C(n—2)—D =2n

or

(Cn—Cn—-Cn)+D+C—-D+2C—-D=2n

—Cn+3C—-D =2n

~0=23C-D=0

C=-2,D=-6
an, = —2n —6
1 ! 1-v5]"
an = Q +2\/5 +b 2\/5] —2n—06

Mohemmed Rabhi, Adel Benaceur .

GENERATING FUNCTIONS



2.2. SOLVING RECURRENCE RELATION WITH GENERATING FUNCTIONS 26

a_3(¢5+2)andb_3(\/5—2)

IRV IRV
o 3(v5+2) [14+5 "+3(\/5—2) 1-5 ”_2n_6
"B 2 NG 2

2.2 Solving recurrence relation with generating functions

In this section, we will see how to use the generating functions to solve recurrence relations.

Let us start with the non-homogeneous case.

2.2.1 Linear non homogeneous recurrence relation (NHCR)

The following theorem gives the genral solution of the NHCR

Theorem 2.3.

Let the recurrence relation be

Cplp + Cp1Qp_1+ -+ + CppOp_k = p(n)

Then the sequence a,, is given by

o0

T —(ep—1a0 4 - + Cppo + Cp—k@1T + - - + Cyplp_p—12" ") + P(x)
" B Cp +Cp1® + -+ Cn—kxk

)

n=0

where
P(z) = Zp(n)x"

The a,, is obtained after the decomposition of the fraction into simple elements.

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



2.2. SOLVING RECURRENCE RELATION WITH GENERATING FUNCTIONS 27

Proof:
Multiply both sides of the relation by z™. Then:

Cnln " + Cp1Gp 1T 4 -+ + Cy " = p(n)z".

Summing up both sides of the relation term by term we get

o0 o0 o0 o0
Cn anxn+cn—1a0+cn—1 an—lxn_’_' ©FCr— A0+ Cp—k Q1T+ Cp— g AT Cp— an—kxn = p(n)l‘n7
n=0 n=1 n=k n=0
then
o o oo
n n—1 k—1 k n—k __
Cn_10p+Cp, E AnZT +Cp_1 E A1 - FCp_po+Cr_p1 T+ - FCp_pQp_ 1T HCp_iT 5 Ay 1T =
n=0 n=0 n=0
[e.e]
n
E p(n)z".
n=0
Let:

Z a,z" = f(x) and Zp(n)x" = P(x).

Letting f(z) be the generating function of the sequence in relation.

We have:

Cnf(x) + cprxf(z) + -+ g2 f(2) + cporag + -+ + Corlo + Cpg@1T + - -+ + Cupap_ 12" = P(x)
(cn + o1z + -+ 4 Cupz®) f(2) = —(cam1a0 + -+ + Compo + Crg@1T + -+ + Crgp_1ax_12") + P(x)

So:

fa) = “(eom o Cugo + Cuptn® o g2+ P(2)

Cn+ Cp1x + -+ gk

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



2.2. SOLVING RECURRENCE RELATION WITH GENERATING FUNCTIONS 28

We have

—(Cn1ag + -+ + Cp_pGg + Cpp@1T + -+ Cp_ g1 2"t

Cn +Cp1® + -+ Cn—kl‘k

)+ P@) S

Hence a,, = 0,, is the desired solution

2.2.2 Linear homogeneous recurrence relation

This case was almost settled, in fact, we just let p(n) =), to obatin the following theorem

Theorem 2.4.
Let the recurrence relation c,a, + ch—10p—1 + - - - + Cp—@n_i, = 0. Then, the general solution of this

relation is given by

k—1 i
fa) = —(Cn-1G0 + ** + Cpoi0 + Co kT + *+* Cpopp-g-12" ) S
- - n Y

Cp+ Cn1T + -+ + Cp_pak —

and a,, = w, is obtained after decomposition of the fraction.

(Cn +Cp1T 4 Cn—kmk)f(x) = _(Cn—lao + 0+ Cp—kQo + Cp—p1 T + - - Cn—k—lak—lmk_l)

k—1
—(Cn,1a0 + -+ Cp_kQo T+ Cp_ kX + - Cp_ Q1T )

Cp+ Cn1T + -+ Cp_pak

e.)
= g N
n=0

Now a,, is the coefficient of x", the term in the square brackets. Note that this solution could also be

fz) =

written as:
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TABLE 2.1-The following table gives the most known generating functions Table of

Generating Functions

Sequence a,,

Generating Function A(x)

C(k,n) (14 2)*
1 1
l1—x
n 1
! 1 —ax
1
(=1 I
(-17a = (o)’ =
Ck—1+n,n) (1_135)1@
Clk—1+n,n)a" 1=
1
C(k—1+n,n)(—a) (L
1
n+1 (=2
n 1
(1— )
(n+2)(n+1) (1;x)3
(n+ 1)(n) —
2 (1 + )
(1 —6x)3
(n+3)(n+2)(n + 1) i
(n+2)(n+ 1)(n) q i)z;
. z(1 + 4z + z°)
(1 —1x)2
(n+1)a” (1 —ax)?
na’ (1 —ax)?
2 ax(l+ ax)
(1 —ax)?
Ban ax(1 + 4ax + a*z?)
(1 —ax)?
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Example 2.7.
Let us start with a simple example: solve the following recursion, using the generating

function technique

Up = 20p,1
ag = 1

Solution.
First, put
flx) = Z anx"
n=0
Write f(z) as
flz) =1+ Zanx"
n=1

Now use the identity a,, = 2a,_; to get
fla) =1+ Z 2a,—12"
n=1
or, which is the same

flz)=1+2z Z Ap_12"
n=1

flz)=1 —i-QIZanx" =1+ 2zf(x).

n=0

Solving for f(z) to get
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1 - n, .n - n
f(a:’)zl_zx:;Q :;anx.

Finally

a, = 2".

Example 2.8.

Solve the recursion using the generating functions

Ap = 20p_1 — Qp—o N = 2
ag = 3, ay = —2.

Solution.
We have
f(@) =ao+ ax +axx® + -+ a2 + - .
20 f(z) = 2a0z + 2a12° + -+ 4 2a,_12" + - -
2 f(x) = apr® + -+ + apox” + -
Therefore,

f(@) =2z f(x) + 22f(x)
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= ag + (a; — 2ap)x + (az — 2a1 + ag)x® + - -

=3 — 8.

Since

+ (an — 2an-1 + ap_o)2" + - -

ap =3,a; = —2and a,, — 2a,_1 + a,_o = 0 forn > 2.

So,

(1 -2z +2%)f(z) =3 -8z

(1-2)2f(z) =3

— 8z

=(14+224+32°+---+(n+1)2" +---)(3 - 8x)

=320 -T2 - 122+ + [3(n+ 1) — 8nja" + - -

=320 —T2* - 122° +--- +

Therefore a n = 3 — 5z is the desired solution.

(=5n 4 3)z" + - --
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Example 2.9.

Solve the recurrence relation

anp = —30p_1+ 10a,_o, n =2
ag = ].,CLl =4.

Solution.
Let f(z) = ", a,x" be the generating function of the a, Multiply by 2™ both sides of the

previous relation, we get

o
g a,r" = —3 E Qp_12" + 10 g Qpox".
n=2 n=2 n=2

Rewrite the previous identity as

f(z) =1 —4x = =3z(f(x) — 1) + 102* f(z),

or
f(@)(1+32—102%) =1+ Tx
Therefore
fla) = 1+ 7z B 1+ 7z
YT T3 — 1022 T (1+52)(1— 22)
Write
1 A B
J(w) = (1+52)(1 —2x) 1450 1—2z
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Multiply both side by (1 + 5z) and then let + = —1/5, we get A. To get B, just let z = 0.
Indeed

A=—and B =

o

Therefore,

f(m):g(li&n)"';(l_le).

Expanding the right hand side to get
by 2
f(z) = - Z(—5$)n += (2z)".
— :

The solution is then

Example 2.10.

Solve the recurrence relation

Ap = —0p_1+2n—3, n=>1
CLO:1.

Solution.

Let

be the generating function of (a,). We have, after multiplying by 2" and then summing;:
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fl@)—1=—af(z)+> (2n—3)a".
n=1
Using the table of the generating functions, we obtain
1 3
Therefore,
1 3x
and then
1 3x
Jw) = (1+z)(1—2)2 1-—2z%
More explicitly
—  if n is even
1\l — T2
k0< 1)k { 2L if nis odd
If n is even,
an:0—2<—g> fl=n+1,
and if n is odd, then
n—1
an:(Qn—B)—Q( 5 )—1:2n—3—n~|—1—1:n—3.
Finally
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The solution is a,, = {

The solution may be written in the closed formula
a, =2(—1)"+n—1.

Example 2.11.

Solve the recurrence relation

ap = Qp_1+2(n—1)
ag = 1.

Solution.

n + 1if nis even
n — 3if nis odd

By the same method, we obtain after calculations and simplifications

1 2

3x?

o) =0 " T

—.%')3'

1

The value of a,, is given by the coefficient of 2™ in f(z). Since the generating function ~——3

is very known, it easy to determine the coefficient of 2™ in

1 20x 32

(1—z)3

2P (-2 (-2

#

this is coeff of z" in ﬁ& coeff of "1 in ﬁﬁ’) coeff of "2 in ﬁ Thus,
2 2 2 _
2 2
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Example 2.12.
This example is very famous, in fact, using the generating function, we can find an explicit

formula of the Fibonacci numbers. Solve the recurrence relation defined by

gn:gn—1+gn—2 n>2
9020,91:1.

Solution.
Put
n=0

Then we have

f@)=go+gz+ ) gaa™

n=2
Write f(z) as follows
f@)=go+ g+ [gnot + gnola™

n=2

So, we have

f(z) =gz + Z Jn_12" + Z Jn_ox"
n=2 n=2
flx)=z+ Zgn_lx” + Z Jn_ox™.
n=2 n=2

o) 00
f('r) =T+ Z gnflxni1 + 132 Z ganxniz
n=1 n=2
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r=1+azf(x)+2%f(x)

R S
Y = 5 Yo = 5
1++5 1-+5

The coefficient of " is then

()
(5059

In the next example, we use the exponential generating functions to find the explicit formula

Sl

1

gn = \/S

of a sequence (a,,), satisfying a recursion formula.
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Example 2.13.

Solve the following recurrence equation using exponential generating functions

{ dn: n — )(dn,1+dn,2) TLZ?)

Solution.

Put

. 0 1
-S4,
Now replace d,, by its values:
> n—1
(z) = — 1) (dp-1 + die :
/) = (= Vit + duos)
We get
. o a1 > o1
_ D, — 1)d,_
g (z) ;(n Y1 +;(n Jdn—2-—
or,
(CED PSS o .
g _n—O "y =2l e "yl
This is exactly

Mohemmed Rabhi, Adel Benaceur . GENERATING FUNCTIONS



2.2. SOLVING RECURRENCE RELATION WITH GENERATING FUNCTIONS

40

/ s 2 oo 2
g(z) = x;dnln Y +x;dn2n o
We obtain the differential equation:
§'(x) = zg'(x) + xg(x).
Which may be written
(1 —2)g'(z) = wg(),

or

glae)
g(z)  (1—x)
Let us transform it to
g 1
g@) -

Integrate it, to obtain

logg(z) = —log(1 —x) — 2z — log g(x)(1 — z) = —x,

Then

The term d,, of this generating function is the coefficient of Z; that is:
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12 o1

Note that d, is the number of derangements of an n-element set

Theorem 2.5.
If {a,},", is a sequence of numbers which satisfy the linear recurrence relation with constant coeffi-

cients, a,, + Cyap—1 + - - - + Cran—, = 0 where Cy, # 0, and n > k then the generating function

A(z) = Y277 anx™ equals ggz; ;where P(x) = ag + (a1 + Chag)x + -+ - + (ap—1 + Crag—o + -+ +
Cr_1a0)x* tand Q(z) = 1+ Crox + - - + Cpat.
Conwversely, given polynomials P(x) and Q(x), where P(x) has degree less than k, and Q)(x) has

o0

degree k, there is a sequence {a, }>°, whose generating function is A = £ (x)

Q(z)’

Example 2.14.

To illustrate the previous theorem, let us solve the following recursion

ay, — (ap_1 + 10a,,_o =0

for
n = 2.
Solution.
Put
Ax) = Z apx"”
n=0

Write A(x) as follows

Ax) = i apx’" — 75: ap_12" + 10 i (p_ox" =0,
n=2 n=2 n=2
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Now

[A(z) — ag — ayz] — Tz[A(z) — ag] + 102*[A(x)] = 0.

Rearrange to get

A(x)(1 — 72 + 102%) = ag + a1z — Tapx

or

ap + (a1 — Tag)x  ag + (a1 — Tag)x

A@) = T o (1 -22)(1 - 52)

After decompostion of A(z):

A(z) = G G
1—2x 1—-5z
We get
01 02 00 e’}
A — — n, .n n,.n
<$> 1—2$+1—5JI 01;2$ +anzzg5$

Ay = 01271 + 02571

Now the constants C; and C; are uniquely determined once the inital conditions are given,
i.e; the values for ag and a,. For example, if aqg = 10, and a; = 41, we replace n by 0 and 1 in the
solution a,, = C12" + (35" to obtain the two equations.

Ci + Cy = 10 and 2C + 5C, = 41 which give the values ¢} = 3 and C; = 7. Thus, in this
case the unique solution of the recurrence relation is a,, = (3)2™ + (7)5™.

Consider another example
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Example 2.15.

Solve the recursion

ay, — 9a,-1 + 26a,,_o — 24a,_3 =0, for n > 3.

Solution.

As usual, let

Now, write

Az) = i a, " —9 i Gp_12" + 26 i Qo™ — 24§: ap_32" =0,
n=3 n=3 n=3 n=3

or which is equivalent
(A(7) — ag — a17 — apz®) — 9z(A(x) — ag — ayx) + 260%(A(z) — ap) — 242°A(z) = 0,
Taking A(z) from one side yields
A(2)(1 — 9z + 262* — 242%) = ag + a1z + axr® — Yagr — a1 2* + 26a9z”.
or

ag + (a1 — 9ag)z + (ag — 9a; + 26ay) x>
1 — 9z + 2622 — 2423 '

Ax) =

We need the factorization:

1 — 9z + 262”7 — 242° = (1 — 22)(1 — 32)(1 — 4x).
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Now A(z) may be written

CH C& C%
(I—20) (=30  (U—dz)

Ax) =
So,
Alx) =Cy Z 2"z 4 Cy Z 3"z 4 Cy Z A"g",
n=0 n=0 n=0

and then

Alz) =D (Cr12" + Co3" + C4™)a™.

n=0
Since ag = 0,a; = 1 and ay = 10,

A . 17+‘$2 . CH C& C%
@) = A st (-2 ' (-3  (G—d0)

Now, multiply both sides by (1 — 2z)(1 — 3z)(1 — 4z), we get

C1(1 = 32)(1 — 4x) + Cy(1 — 22)(1 — 4x) + Cs5(1 — 22)(1 — 32) = = + 2°.

To get C} let z = 1 in the previous identity we get C; = 3
C,, Cj are obtained similarly: by setting # = : we obtain Cy, = —4

For

Finally we obtain the wanted value of (a,,)

1 = 2(27) — 43 + (7).
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Example 2.16.

Solve the recurrence relation by the generating functions

an, — 6a,_1 +12a,_9 —8a,_3=0n >3

CLOZO
(11:1
CL2:2.

Solution.

Set

According the previous theorem

where deg p = 2, deg (Q = 3 We have

ap + (a; — 6ag)z + (az — 6a;12ag)x?
1 —6x+ 12z — 8« '

But 41 — 6z + 1222 — 82z% = (1 — 27)3. So,

o 5 gl
AC) =G T T A

To find ~, multiply both sides by (1 — 22)® and let z = 1/2 gives
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Using the system
a+B+v=0
4o = —4
—4da—26=1

We deduce the other values:

So

o0

n=0 n=0

n=0

= i [(—1)2” + g(n +1)2" + _71 <(n - 2)2(" i 1)) 2"} 2",

n=0

and the wanted value of a,, :

an = (—1)2" + ;(n 120 _71 (<” i 2)2(” i 1)) o,

Example 2.17.

Solve the recursion relation

ap — 8Ap—1 + 21a,—9 — 18a,_3 =0 n >3
ag = 1,&1 :3,a2 =4,

Solution.
Let
Ax) = Z anx"”
n=0
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Write A(x) as
Ax) = Z a,x" — 8 Z Q12" + 21 Z Qp_ox" — 18 Z 3™ = 0.
n=3 n=3 n=3 n=3

Replace the summations by A(z), we get

(A(x) — ap — a17 — asx?) — 8x(A(z) — ag — a1x) + 212 (A(x) — ap) — 1822 A(x) = 0.

This yields
Al) = ap + (a1 — 8ag)z + (ag — 8ay + 21ag)z”
N 1 — 8z + 2122 — 1823
Alx) = 1 —5x + 22
YT TR+ 2122 — 1858
Note that

1 — 8z + 212% — 182° = (1 — 22)(1 — 3x)*.
Decompose this fraction to

o« B gl
AW = YT T e

where «, 8, v are constants. By identification, we obtain the system

9a+ 68 =1
—6a — 53 — 2y = -5
atfB+y=1
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, its solution is given by

a=—5
g=12
5
3

So,

Alx) = i {(—5)2” + (?) 3" + (%5) n® C(n + l,n)} z",

n=0
and then the values of a,,;

a, = (—5)2" + (?) 3"+ (%5) (n + 1)3".
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CHAPTER 3

APPLICATIONS OF GENERATING
FUNCTIONS

n this chapter we will see many applications of the generating functions in dealing with
combinatorial identities. First, we will use the famous "Snake oil method" to prove some
identities. This method and the examples are taken from the excellent book "Generatingfunc-

tionology" of Herbert Wilf.
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3.1 Combinatorial Identities

3.1.1 The Snake Oil Method for Doing Combinatorial Sums

This method, as its name suggestes, may work for almost all of the caes, were a summation is

involved. We apply it in four steps:
1. Identify the free variable say n, and call wanted sum f(n).
2. Consider the generating function for ) f(n)z".
3. Solve the new inner summation and the outer one.
4. Equate the coefficients to find f(n).
First let us recall the following basic and classic generating functions

Proposition 3.1.

Z(Z)xk = (1+a)" 3.1)
k
n\ . xk
;(k)x T Aot (k> 0). (3.2)
Z1in(in)$” = %(“vl—%) (3.3)

n

Now, let us start with some examples.

Example 3.1. Fiboancci numbers

Suppose, we are seeking for a closed formula for the following sum

Z(fb—k) (n=0,1,2,...).

k>0

The free variable is n. Call the considered sum f(n). Since

(Z):o for k < 0 and k > n,

we can sum over Z. Write it

f("):kzzo(i—k)'
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So,
= fn)x

is nothing but

- (o)

k>0

So, we can write it again as

:ZZ(fi_Ow"’

k>0 n

In order to apply (3.1), write 2" = z*.2"*, so

=3 ()

k>0

Now make the change r» = n — k to obtain

W= () )

k>0

The second summation is (1 + x)¥, so

:Zxk(l—l—x)k:Z(x—l—:c = ﬁ

k>0 k>0

This is the Fibonacci generating function:

We have proved that:

Example 3.2. Consider the sum
n+k 2k \ (—1)k
zk:(m+2k)<k: )k:—l—l (m, .2 0)

=S () () e

n>0

()

k

Lk n+k n+k
Z(m+2k‘>
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E() B )

r>k

B 2%\ (=1)F _, L2k
_; ko) k1" (1= kymiosi

:ﬁ%;(ikﬁil{u:xxv}k

(1 —z)m

So, our sum is just the coefficient in the expansion of Of—mm whichis (*7}).

x) m—1

Example 3.3. Consider the sum to evaluate:

=3 (n;{k) 2"k (0> 0).

k
Consider the generating function

F= anx"
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So

F = ;2-’“ nzzo (”;;k) 9nyn
_ ; 9k (20) 7k ; (n;k) (22)"*

(21,)216

— ;2k(2x)km
1 T F
- 1—2xz{(1—2x)2}

n>0

Now, we have a geometric series, so

1 1
F = —
B 1—2zx
(1 —4a)(1—x)
2 1

31 —4z) 31 —a)

Equate the coefficients of 2" in both sides we get

n+k\.,_, 2"+1
A > 0).
;(2/@) 3 (z0)

Example 3.4. Prove the identity

>0 =200

k k

Multiply the sum in the left side by z*, and write 2™ = z*.2" " :

() () = 20 e

k n>0
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Do the same thing for the sum in the right side, we obtain

AW HINEEE)

n>0 k

This means that we have the same sum.

Example 3.5.

Evaluate the sum

Let
and

Then we have :

Here we have used

F(z)=(-1)")_ ( Z ) ()" A +2) =D)"(Q+z)—1)" =(-1)"a"

k<n
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Therefore we obtained F'(z) = (—1)"2™ and since this is a generating function of the se-

quence f(m) we have

Example 3.6. Prove the identity

Let

and

We will prove that F'(z) = G(x). We have

F(z) =

1 e x?n
x _—
(1 _ x)Qn—&-l

We know that

Zk: (2712—1: 1) (m‘

N[
~—
no
-
|
N | —
/-~
N

—_

+
Blis
~_

no
3
x

+
N

—_
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So

2n—1 1 — !
F(z) = 5(\/5) <(1 — )T 1+ \/@2%1) :

—avr ((1 - JEP"“ (14 \/15)2n+1> ’

and this completes the proof of the identity.

Now, let us prove another identity in this last example.

2 ) ()= (o)

Let n be the free variable on the left and right side of F'(x) and G(x), where as usual

F(z) = Zn: 2" Xn: @Z) (2;) T G(z) = an (32) 2",

0<k<n

Example 3.7. Prove that

We want to prove that F'(z) = G(z). We have

o= xe (5 ()

0<kn

-y ( zk ) 2—2’“; ( ;Z ) 2%,

o<k

The last expression may be written as

g (s e

0<k

Now we use the formula for summation of even powers and get

¥ (o) v =5 oa (g v
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we get then

R = 357 2 () (- 2f>) * T v 2 () (W)

Since 3, (%) 2" = g, we get

1 1 1 1
F@) = sa—2m \/1_4( xf) Tt 2va) \/1_4( x\/_)
1 —2y/x)? 14 2y/x)?
Which implies
Fio) 1 1

= + .
21 —4yx  2\/1+4x

For G(z), note that we have

So, we obatain

G(x) =

1 1
<\/1—4\/5Jr \/1+4\/5)’

DN | —

and F(z) = G(x).
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Conclusion

n this work, we have seen many properties of the generating functions. Their definition,
properties and some of their applications, , especially in solving recurrence problems and
tinding combinatorial identities. Many examples were supplied to illustrate these applications.
Applications of generating functions in Probability and asymptotics were not investigated in

this work, and this may be another master subject, since it may be considered to belong to

analysis rather than combinatorics.
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Résumeé

Dans ce mémoire, nous étudions les fonction génératrices.
On donnera la définition et les principales propriétés. En
plus, nous donnons quelques applications liés aux relations
de récurrences et a la preuve des identitées combinatoires.
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Abstract

In this thesis, we are interested in generating functions,
and their applications. We give their definition and proper-
ties. These properties are applied to solve recurrence relations
and to prove some combinatorial identities.
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