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Notation

e R” is the n-dimensional real Euclidean space.
e N is the collection of all natural numbers.
e Z is the set of all integer numbers.

e For a=(ay,...,a,) €N}, and x =(xy,..,, x,) € R” we write |a|=a; +...+a,, x%=
X xe and 99=(2)" . (2)".

e The Euclidean scalar product of x =(x,..., x,,) and y =(y,..., ) is given by x-y =
XN+t X, V-

e The expression f < g means that f < cg for some independent constant ¢ (and

non-negative functions f and g).
o f~g means f Sg S [f for non-negative functions f and g.

e For x e R” and r >0 we denote by B(x,r) the open ball in R” with center x.



Introduction

function spaces have been a central topic in modern analysis, and are now of increas-
ing applications in many fields of mathematics especially harmonic analysis and partial
differential equations. The most known general scales of function spaces are the scales
of Lebesgue spaces, Sobolev spaces and Besov spaces. See [J] for more details about for
Besov spaces.

Modulation spaces, which were initiated by Feichtinger in 1983, were investigated for
the purpose of measuring smoothness of functions and distributions in a way other than
Besov spaces.

Besov spaces are very close to Holder-Zygmund spaces and are used in partial dif-
ferential equations. These spaces are defined by way of dilations. Feichtinger took full
advantage of the group structure of R”. Recall that R” carries the structure of a Lie
group not with dilation but with addition. Therefore, it seems natural that we consider
the translation.

Modulation spaces are applicable to various partial differential equations. Recently
modulation spaces can be applied even to the modeling of wireless channels and the
quantum mechanics.

The aim of this master thesis is to present some import properties of Modulation
spaces.

Our thesis consists of three chapters.

In the first one, we give some basic properties of Lebesgue spaces. We also give some
key technical lemmas that we will use later.

In the second chapter, we present the definition of modulation spaces and prove their
basic properties. Also, we prove some elementary embeddings..

In the third chapter, we study the duality of modulation spaces.



Chapter 1 e ————

Basic spaces

In this chapter, we presented some fundamental proprieties to our work. We also give
some key technical lemmas needed in the proofs of the main statements of this thesis

such as Nikol’skij-Triebel types inequalities.

1.1 Lebesgue spaces

In this section we recall and present some properties of Lebesgue spaces.

Definition 1.1. Let 0 < p < 0o0. The Lebesque space LP is the set of all measurable
functions f :R" — C such that

Il = ([ troap ax)” <

with 0 < p < 00 and
||f||oo :ess—sup|f(x)| < 00,
X€Rn
Remark 1.2. Let 1< p <oo. The LP spaces are Banach spaces. For 0 < p <1, they are

only quasi-Banach spaces, that is, they are complete but the triangle inequality is now in

the following form
\f+gll, <27(l7l, +llsll,).  r.geL”
Now, we recall the Holder inequality in Lebesgue spaces.

Theorem 1.3. Let 0< p,q,r<o0o,f €Ll and g€ LY. Then fge L™ with %:%+ In

1
7
addition, we have

7l <[l lsll,
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The notion of convolution of two functions is defined as follows.

Definition 1.4. Let f,g € L'. The convolution fxg is defined by

f*g(x)=J flx—y)g(y)dy, xeR".
Rn

Let us recall the following Riesz-Thorin interpolation theorem, see [B].
Theorem 1.5. Let 1< py, p1,Go, Gy <00 and 0 €(0,1). Define 1< p<00,1<g< 00 by

1 1-60 6 1 1-60 6

;_ Po E’ g 9o i

If T is a linear operator with
T:LP L% | T()|. <Ml-||f||pi, felLP,ie{0,1}.

Then
I, <M= ], feLr.

Theorem 1.6. Let 1< p,r,q < o0 be such that %—i—é 1+ % Assume that f € LP and
ge€L. Then fxge€L" and

I7<sll, <ll71l,lsl,

Proof. Fix a function g in LY. Let f be a measurable function. We set

L(f)=f*g.

Let fe L9 and x eR". By Holder’s inequality, we obtain

If*g(x)l<f lf(x—=y)ligy)dy
R~
|Lff||f||m"

<|l

Then
T L7 = L, TP e <[lg]lallf 0 L



Let feL'. We have

|%ll, = sup
[l

1 1
T. h(ix)dx|, —+—=1.
fRn = (£)(x)h(x) x] o

Observe that
J Tg(f)(x)h(X)deJ f f(y)glx—y)dyh(x)dx

:J f(y)J g(x—y)h(x)dxdy

Let y €R” and h e L7 with ||h||q, < 1. By Holder’s inequality, we obtain

f g(x—lh(xldx < gt~y |||,
Rn

<llsll, N1zl

<|sll,-

This leads to
J (ARG x < g, [ £]]

Then
L' =19 T, <&l Il e’

By Riesz-Thorin interpolation theorem, we get

L7 =17 0, <l 7], feL”

with
1 1-6 0

— 1_
p 1 g r
1
q

1-0 6
g oo

Finally, observe that equations (ll:ll) give %+ =1+ % The proof is complete.

(1.1)



1.2 Tempered distributions

In this section, we recall some definitions and classical properties about tempered distri-

butions, the translation, dilation, and modulation operators.

Definition 1.7. Let f be a continouse function. By suppf we denote the support of the

function f, i.e., the closure of its non-zero set;

suppf ={x €Rn: f(x)#0}.

Let us recall some of properties of the support of the function.

(i) f=0<=suppf =0
(ii) suppf is closed in R”

(iif) supp(fg) < supp(f)Nsupp(g)
(iv) supp(f) is the complement of the largest open subset of R" where f does not

vanish.

Definition 1.8. We set
PR")={p € € (R"):supp(y) is compact}.

D(R") is coled space of test functions.

Now, we define the Schwartz space (R") of rapidly decreasing smooth functions as

follows.

Definition 1.9. We say that ¢ € S (R") if ¢ € €°°(R") and
[l = sup12? o)1 +1™ < 00
xeR”

for all nonnegative integers M and multi-indices 3.

Equivalently, the complete topology of #(R") can be given through the family of

seminorms

pap(f)=sup|x*df p(x)| < co.

xe€Rn

Definition 1.10. A temperate distribution f on R" is a continuous linear functional f :

10



Remark 1.11. The space of temperate distributions on R" is denoted by &'(R").

Theorem 1.12. Let f: S (R")— C be linear. f €. S'(R") if and only if there exist N,M € N
such that

(fro)l<c D paply)

IAISN,IBISM

for all ¢ € S (R").

The usual operations on a smooth function have a counterpart in the realm of dis-
tributions. We can talk, for example, about the translation, dilation, or derivative of a
distribution. Let x,y,& € R",&e>0 and ¢ € 2(R"). Then, the translation, dilation, and
modulation operators are defined as follows:

(a) Translation, or time-shift, by y T, p(x)=¢(x—y);

(b) (L'-normalized -dilation) D,¢(x)=¢e"¢(e ' x);

(¢) Modulation, or frequency-shift, by & M:p(x)=e?™<*p(x).

We can define the operations of translation, dilation, and modulation, respectively, of
a distribution u in a natural way. Let ue€ 2’(R").

(a) (T, u, ) =(u, T, ¢);

(b) (Deu, ) =(u, p(e));

(c) (Meu, ) =(u,M_cp).

Definition 1.13. The convolution between a distribution f and a test function ¢ is a

function, defined as follows:

fro(x)=(f,p(x—)=(f,Te(x)), xeR"

Remark 1.14. Let f € ' (R") and ¢ € S (R"). The following properties of convolution
follow straightforwardly from the definition:

(i) T(fx@)=T, fxo=f*T,¢).

(ii) 0%(f xp)=0%fxp=f*x0%, VYaeN".

(iii) f*p € € (R").

Definition 1.15. We define the Fourier transform of a function f € L' by

9(f)(€)=f(€)=J e i f(x)dx, EER"

Rn

11



Its inverse is denoted by Ff.

Proposition 1.16. Let f,ge€ L', y,E€R", >0 and a €N". Then
(i)Z(T,f)=M_, 7 f.

(ii) F(M,f)=T,Ff.

(i11)F (D, f)E) = F f(£&).

(iv) F(Of)E)=2rid)* F(f)&).

(v) F(f*8)=F(f)F(g).

1.3 Nikol’skij-Triebel types inequalities

Let £, €R" and the compact set KcR"”. We recall that
diamK =sup{|x—y|: x,y € K}.

Definition 1.17. Let 1< p < oo. We say that f € PWP(K,E,) if f € LP and suppF f C
K+&,.

Remark 1.18. If £,=0, we simply write f € PWP(K) for f € PWP(K,O).
In the following we present Nikol’skij-Triebel inequality, see [9].

Proposition 1.19. Let KCR" be a compact set and 0 < p < q < oo. Let f € PWP(K).
Then there exists a constant C = C(diamK, p) such that

11l < cllrtl,-

An immediate consequence of Nikol’skij-Triebel’s inequality is the following convolu-

tion inequality

Proposition 1.20. Let K,,K,CR" be compact sets and 0<p <1. Let f €e PWP(K,) and
g€ PWP(K,). Then there exists a constant C = C(diamK,,diamK,, p) such that

lir1lglll, < <l lsll,.

12



Proof. Recall that K| —K, = {x;—x, : x; € K;,i € {1,2}}. Let x e R". We set h(y)=
FTgy) = f(y)g(x— ),y €R". By Proposition [L.14, we get

Fh,=Ff«xM_,7g.
Observe that suppZ h, c K, —K,. Hence, by Proposition , we obtain

|f11g10x) = |||,
<Cld,

=C( f PO |ex—y) ay)”.

Therefore
lir1lgll], =(f (f1+1glxy )"
f n J 11w gy’ dy)"
<c|7,llell,
where, we have used Tonelli’s Theorem. The proof is complete. 0

Proposition 1.21. Let KCR" be compact sets, Eg € R" and 0 < p<g<oo. If fe
PWP(K,, &), then there exists a positive constant C = C(diamK, p) such that

11l < <lizl,.

Proof. Observe that f€ LP < M_; f € LP and Z(M_; )= 1_: Z(f). Proposition

gives the desired estimate. ]
Proceeds similar to the proof of Proposition , but now using the statement of
Proposition , we get the following result.

Proposition 1.22. Let K|, K,CR" be compact sets, £;,E, € R” and 0< p < 1. Let f €
PWP(K,,&,) andg € PWP(K,,&,). Then there exists a constant C = C(diamK,, diamK,, p)
such that

lirt<tsil, <<l llll,-

13



Proposition 1.23. Let KCR" be compact sets, £, € R",0 < p < 00 and a = a(K) >0
sufficiently small. let f € PWP(K,&,). Then

1], ~ (3 1tatinr) .

kezn
The mixed sequence Lebesgue space is defined in the following way.

Definition 1.24. 0 < p,q < 0o. The space £P9 is the set of doubly indexed sequence

S =(Sk1)k1ezn Such that

Isl,n0 = ( Z (Z |Skz|p)q/p)l/q <00

kezn lezn
with the usual modification if p =00 and or q = 0.

We recall the definition of the Bessel potential space H, 5 see [6] for more details about

this function space.

Definition 1.25. Let 1< p <00,0< g <00 and s =0. Then the Bessel potential space H;
is the collection of all f € &'(R") such that

11l =77 @ +am2igyi 7 1], < oo

Remark 1.26. (i) We will write H® = H,.
(ii) Note that by virtue of Plancherel’s theorem,

feH @f (1 +4m*|E)|F F(EIPdE < oo,

The following estimate will play an import tools in this thesis, which called Bernstein’s

multiplier theorem.

Theorem 1.27. Let K CR"be a compact set and0< p < 00. Let s> s(p,n):= n(m—%).
If fe PWP(K) and y € H¥, then there exists a constant C >0 such that

|77 1ll, < Cll]

. f||p (1.2)

Moreover, if p 21, the estimate (@) holds under the weaker condition f € LP.

14



Definition 1.28. 0 < p,q < 0o. The space LP(£9) is the collection of all sequences of

measurable functions f =(fi)rezr in R" such that

”fHLﬂ(M) - ( Z ”fk”Z)l/q <09,

kezn
with the usual modification if g = 0o.

Let 1< p < 00. We define the dual exponent p’ in the usual way, that is, + + 5 = 1.

1
rp TP
The following result will play an import tools in this thesis.

Proposition 1.29. Let 1< p,q < o0o. Then (LP({9)) = LP' (7). More precisely, for all
f=(fi)kezn , any F €(LP(L9)Y can be expressed as

Fif)=> f glx)filx)d x,

kezn

where g = (g )kezr € LP'(€7) and

||F||(LP(M))/ = ”g”L”’(M’)‘

Proof. For the proof, see [9]. O

15



Chapter 2

Modulation spaces

In, this chapter, we present the definition of modulation spaces and prove their basic

properties. Also, we prove some elementary embeddings.

2.1 Definition and basic properties

To present the defintion of Modulation sapces, We first need the concept of a smooth

dyadic resolution of unity.

Definition 2.1. Fizy >0 to be sufficiently small and let ¢ € S (R"). We say that ¢ € S (R")
if suppZFp C{x:|x|<1} and

> FoE—rk)=1, EeR".

kezZn

We are now in a position to state the definition of Herz-type modulation spaces.

Definition 2.2. Let 0 < p,gq <00, and ¢ € #(R"), with y >0 sufficiently small, be fized.
The modulation space MP9 is defined to be the set of all f € &' (R") such that

1/
[ ave=( [ 17 epteelfac) " <eo.

with the obvious modification if f = 00.

Let 0 < p,q < o0, and p € (R"), with y > 0 sufficiently small, be fixed. Let f €
S'(R™). We set

||fH*MM = ( Z ”f*Myk‘P”Z)l/q < o0o.

kezn

16



Theorem 2.3. Let 0 < p,q < 00 and ¢ € S(R"), with y >0 sufficiently small, be fized.

Then || . ||MM is an equivalent quasi-norm on MP9.

Proof. Let feMP4. Step 1. In this step we prove that

||f||MM s ||f||*MM' (2'1)

Let £=(&y,....&,)eR" and k =(ky, ..., k,) €Z" be such that yk; <&; <y(k;+1),i €{1,...,n}.
As in Lemma ??, we can find an N = N(suppZ ¢,7,n) €N such that

[I<N

Assume that p > 1. By Young’s inequality, see Lemma @, we obtain

I * My x Mep |, < || f + My, [ M0,

S| =My,
Now, assume that 0< p < 1. Observe that
|1f % My x Mep||, < |If  Myesny ol IMeol|
Then by Proposition [L.2d, we get

| Myesny o+ Mepl|, <[| £+ Mygerno], | Mz ],
S ||f *My(k+z)80||p-

17



Hence

Hf*MESDHZ gf ( Z |f * M, e *Mgﬁﬁ(xﬂ)pdx
R

n KN

SO | I My« Mep(x)Pd x

[l|IKN J R7

=c Z |f * My *MWHZ

<N

< Z ||f*My(k+l)<PHZ-

<N

Let k=(ky,...,k,)€Z". We set
Ap={EeR" :vk; <&; <y(k;+1)}.

Now, we have

f||f*Ms<PIIZd€< | (S emael) " a
Rn kezn J A

& |IISN

J Z Hf*My(k+l)90||Zd5
kezn J A

k |1ISN

s 2 17 e

kezn

Therefore, we obtain (@) Step 2. In this step we prove that

(2.2)

Let k€Z" and let & €[ak,a(k+1)] be arbitrary. Then we have

M@= f*Mep My

<N

As before, we can prove that we have the following estimate:

|7 % Mecyip M|, S |15 Mg,

18



and

| Mpelly s D N1f Mgl

[II<N

This leads to

||f*Mrk90||Z S (IIZ ||f*M5+ﬂg0||p)q/p
II<N
SJ (Z ||f*M§+y190||p)q/pd5
Ac RN
SO | I eMeellyac.
1N J A
Therfore, we obtain (@) O

From Theorem @ and Proposition , we obtain the following statement.

Theorem 2.4. Let 0 < p,q < 00,7,B > 0 be sufficiently small and ¢ € %(R”) be fixed.

Then
t = (S (1 M),

kezn lezn

I#

is an equivalent quasi-norm on MP9, with the usual modification is p = 00 and/or q = 00.

Let 0<p,g <00 and ¢ € #(R"), with y> 0 sufficiently small, be fixed. We set

j;;,,, = ( Z Hf*MrksO”Z)l/q < oo

kezn

Is

Proposition 2.5. Let 0<p,q < o0 and ¢ € S(R"), with y >0 sufficiently small, be fized.
The definition of MP1 is independent of the window ¢.

Proof. Let ¢y, p, € #(R"), with y > 0 sufficiently small, be fixed. It is sufficient to show

that there exists a constant ¢ >0 such that for all f € M”97 we have

Y2 (2.3)

*,
< c||f o

MPp.4

If

Interchanging the roles of ¢; and ¢, we obtain the desired result. As in Theorem @, we

19



can find an N = N(y,n)eN such that

f*Myp1= Z [*Myep1 % Mygrny s, k=(ky, ..., k,) €Z".

[[|<N

The argument that used to prove (El!) yields

|f My || < > [ Myesy2[ - (2.4)

[1|<N

Summing over k € Z" in (@) and then raising to the 1/ power give (@) O

2.2 Embeddings

The following lemma and proposition give some embedding results for modulation spaces.

Lemma 2.6. (i) Let 0<p <00 and 0< g, < g, <00 . Then
MPN s MP:‘iz,

holds..
(ii) Let 0< g < 00. Suppose 0< p, < py<00. Then

MPT s MPa, (2.5)

Proof. The proof of (i) follows by embedding £%(Z") — £®(Z"). Let p € (R"), with
r > 0 sufficiently small, be fixed. Let f € MP9. We see that supp F(f *M,p)C{f€
R": | —7k|<1},.By Lemma

£+ My, <c||f* Mgl

(2.6)

pz’

for any k € Z, where the implicit constant is independent of k. The estimate (@) yields
the desired embedding (@) O

Theorem 2.7. Let 0< p,q < 00.
(i) We have the embedding
S (R")— MP1, (2.7)

20



In addition if 0< p,q < 00, then S (R") is dense in MP1.
(ii) We have the embedding
MP1— F'(R").

Proof. Step 1. Proof of (i). Let f € S (R"), ¢ € %(R"), with y > 0 sufficiently small, be
fixed and M,N €N be such that M >n/p and N > n/q. We have

f*Mgs(?(x):f fx=y)p(y)e*™Ydy
Rn

=(1+4n2|§|2)N/2f =y +amiERY e dy.
Rn

Denote A = Z Then

1162

JxM:p(x) =f flx=y)p(y)e*™Ydy
= (1+4r*(EPy f fx= e =2 (e™)dy.

By using integration by parts repeatedly and the product rule, we obtain the following

sequence of equalities;

f *Mw(x)=(1+4n2|5|2)—’w2f (1= 2(f(x—y)p(y)e”™ dy

Rn

=(1+am PNy CN,aJ o fx =y p(y)e*™dy.
R7

|a|l<N

Observe that
(I+x)<A+[x—=y)I+]yl), x,y€R™

This together with the fact that f,p € #(R"), we obtain

If xMep(x)l S+ x )™M +1gn™ Z CN,aJ (L+1yDM10" “p(y)dy

la|<N

SA+x)™Ma+1E) Z CNa”f“Na

la|l<N

21



Hence

£+ Mz, SA+IE™ D Cual| |y

la|l<N

and

[l 5 3 Goall [ 41607a2)"
Rn

la|l<N

$ 2 Cnallfllua

la|l<N

For the proof of the density of &(R") is dense in MP9 see [8]. Step 2. Proof of (ii). From
Lemma P.6 it suffices to show that M < 9/(R"). Let f € M™% and y € #(R"),
then (f, 1) denotes the value of the functional f of &’(R") for the test function . Recall
that, we can find an N = N(suppZ ¢,y,n) €N such that

f*Myp= Z [k Mgy * My .

<N

We obtain

[(f, )| < Z | Z(f*My(kH)‘P « M0, )|

kezn |II<N

= Z |(f*Myk<p, Z M, s *¢>|
e II<N

< Z ||(f*M7k80)(Z My(k+1)¢*lp)||1
<zn [I<N

=S 1 s e || M 5,
kezn <N

The last term clearly bounded by

C”f”MOO"><J ||¢||M1,1'

Observe that
[ lls S D Cnall o

la|<N

Then f e ’(R"). The proof is complete. ]

22



Theorem 2.8. Let 0< p,q<00. Then MP9 is a quasi-Banach space.

Proof. Let B,y >0 be sufficiently small, and ¢ € #(R"). We have

.
Mpa*

1 g 111

We set
Ckl(f):f*MykSO(ﬂl) and  ¢(f)=(cxi(fNiiezn-

We have ¢ : MP9 — C is a linear mapping. Observe that

Hf ;\/Im = Hc(f)”/gn,q' (2.8)

Let (f,).en be a Cauchy sequence in MP9. From (@) we get that (c(f,))neny 1s a
Cauchy sequence in P9 . Since P9 is a quasi-Banach space, there exists a sequence

¢ =(Cr)ks1ezn €LP7 such that

lim || —c(£,)]|,., =0-

n—oo

Define f € ./(R") so that (r, Ts; My, ) = ¢;. This implies that f€ MP9 and
,,ILIEo”f_anMM =0.

This is the desired conclusion. ]

Definition 2.9. Let ¢ € #(R") be a fixed, nonzero window function and u € &'(R"). The
short-time Fourier transform (STFT) of u with respect to ¢ is defined as

Vou(x,&)=(u,M:T,p), x,E€R".
Remark 2.10. We oberve that

Vou(x,&)=e ™ (uxM:@), feL*R").

23



Chapter 3

Duality

3.1 The Wiener Decomposition

Let k€ Z". We set Qr =k +Q,, where the Q, = [—%,%]". The set {Qy : k €Z"} is called

the Wiener decomposition of R”.

Definition 3.1. We say that ¢ € Z(R") if Y € S (R"),0< ¢ <1, suppy c[—1,1]" yY(x)=1,
x€Q, and

S uE-k=1, EcRr".

kezn

Let us now fix € #(R"). We define next the smooth operators that are Q.

Definition 3.2. Denote by Y = T =y (- - —k) the translation of Y at k. We set
Pl =7 Y, F
k fes”

We say that {Pkw ck €Z"} is the set of smooth frequency-uniform decomposition operators
associated with P € Z(R").

Remark 3.3. Notice that

PY(fIx)=F ix f(x), feS R,

Definition 3.4. Let 0< p,q <00 and Y € S (R") be fizred. The modulation space My, , is
defined to be the set of all f € S'(R") such that

10, = (S ) < oo,

kezn
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with the usual modification if p =00 or q = 00.

Proposition 3.5. Let 0 < p,q < 00 and Y € S (R") be fized. The definition of M, , is
independent of the window .

Proof. Let i, ¢ € (R") be fixed. It is sufficient to show that there exists a constant
¢ >0 such that for all f e MP7 we have

1715, <ellrll (3.1)

Interchanging the roles of Y and ¢ we obtain the desired result. Let us write A for the
set of all n-tuples k € Z" which satisfy

B(k,vn)N B(0, v1) # 0.

A has at most O(4/n) elements. In particular, this also implies that
IR0, = 2 l1RE R,
leA

Observe that
B/ (f)=Mi(PY(M_f), keZ".

Then
|BE B, =[P (M )], (3.2)

Let K= U B(k,+/n). We have K is a compact set. Then by Theorem and (@)7

we get

1 1
|RE RO, S Nlly IBE, s> "(m_g)'
We know that ||t,bk||HS S1,keZ™. Hence
[2E, = 2 1R% 7,
leA
This leads to (@) The proof is complete. O

Proposition 3.6. Let 1< p,q <00 and f €M, ,. Then, for a fived yp € #(R") there exists
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f=(fi)e LP(L?) such that

=Y Bl (3.3)
kezn
Moreover,
11l =fE] ey £ = D B E=(f) € L7} (3.4)
kezn

is an equivalent norm on M, .. Conversely, if an f € S(R") can be represented as in

() such that the norm in (@) is finite, then f €M, ,.

Proof. Let f €M, ,. We set

fe=> RS, £=(f),

leA

where A is the set obtained in Proposition @ We have

f= Z Pklp(fk)

kezn

and
||f||Lp(gvl) S ||f||M,,,q'

Using now Bernstein’s multiplier theorem, Proposition , we see that

[PY A, s DN PGl S Dl

leA leh

This leads to
15 11, S 181y

The proof is complete. [

Proposition 3.7. Let 0<p,q < oo. Then
My, q =M1,

in the sense of equivalent quasi-norms.

Proof. Let Y € #(R") and f € L (R"). Let Z¢ be a smooth bump function compactly
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supported in B(0,R) with an R~104/n and Z ¢(x)=1,x € B(0,34/n). We have

Vy f(x,8)=e ™ 5V, F f(E,—x)
=e I NTP(—E)T f)x).

Using the mean value theorem, we will be able to find &£; € Q; such that
/ , /
= W) ~) 3 [2220)
n ezn

By the choice of ¢ and Proposition we have the following;:
[P, =17 s fl, =177 T oz £, 5 [P0,

This leads to ||f||M S Hf”//rw Let us observe that the support of Z¢: = T; F ¢
intersects at most O(\/_ ) many supports of Y = Try. Using again Proposition , and
recalling the notation for the set A of size O(y/n) utilized in the proof of Proposition @,

we obtain the following:

B2, =77 S vt 7 1), | P

leA leA

Hence
||f||fﬂm N ||f||llf/1p,q'

The proof is complete. O

3.2 Duality of Modulation spaces

Let X be a normed space over R or C. The dual of X is the space of continuous linear
maps from X into R or C. The notation for the dual of X is X’.
The aim of this section is to determinate the duality of the modulation spaces. Recall

that if p > 1, we define the dual exponent p’ in the usual way, that is, + % =1.

Theorem 3.8. Let 1< p,q <oo. Then (MP7Y =MP .
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Proof. We see that to show that (M, ,) =M, .. We show first that

M, . — (M

) (3.5)

Let geM, .., and f € S(R"). Note that we have the decomposition

/’q/.

(81)= D (Peutlg) Plf)-

kezn leh

Using Holder’s inequality, we get

DD Bt PN < D, D [P, |2,
kezn leA leA kezn
S (Slnawl) X o)
leA  kezZn kezn
Sl N7,

The density of #(R") in M, , yields (@)

Now we prove that (M, ,) — M, .. Let f € M,,. The mapping f — (Pc(f)kezn
isometric from M, , into the subspace 2 of LP(£7). Therefore, if F € (M, ,) , we can
think of F as belonging to 2 and then extending F to a continuous functional in (LP(£7)).
By some abuse of notation, we call this extended functional also F. By Proposition ,

for all f=(fi)rez» We can represent F as

Ff)=> f g X)filx)d x,

kezn

where g=(g;)kez» € LP (£7) and

||F||(L!’(M))/ = ”g”m’(m’)'

Let now f € %(R"). The inclusion &(R") < M, , implies that £=(P(f))kez» € LP(£7).
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Hence

Fif)=> f gL(X)P(f)(x)d x

kezn

:Zf Pegi(x)f(x)dx.

kezn

Consequently, we have the identity

F= > P

kezn

in a distributional sense. Using now Proposition @, we see that

”F”M,,,,q, S ||g||Ll”(M’) - ”F”(va)y'

This yields the desired result. ]

conclusion

In this note, we discussed some properties of modification spaces, which play a role in
mathematical analysis, especially differential equations. To study these spaces, we pro-
vided a summary of Lebesgue spaces and some important theorems that helped us com-
plete the thesis, such as Nikolsky-Tribal inequalities. In this note, we demonstrated some
equivalent systems, containments, and duality in these spaces. We also discussed some
properties of modification spaces, which play a role in mathematical analysis, especially
differential equations. To study these spaces, we provided a summary of Lebesgue spaces
and some important theorems that helped us complete the thesis, such as Nikolsky-Tribal
inequalities. In this note, we have demonstrated some equivalent systems, containments,
and dualities in these spaces. The future of this research lies in expanding it to practi-
cal applications, particularly in the analysis of regular solutions to differential equations
within modulation spaces, which opens the way for the use of these spaces in practical

problems of an applied nature.
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Résumé

Dans cette these, nous avons présenté certaines propriétés des espaces de modulation,
qui sont trés importants en analyse mathématique, notamment pour les équations
différentielles. Pour étudier ces espaces, nous avons présenté un résumé sur les espaces
de Lebesgue ainsi que quelques introductions et théoremes qui nous ont aidés pour
compléter la these, comme les inégalités de Nikol’skij-Triebel. Dans cette theése, nous
avons démontré quelques normes équivalentes et dualités dans ces espaces .

Mots-clés :

Espaces de modulation, transformée de Fourier a court terme, espaces de Lebesgue,

fonction fenétre, dualité, espaces fonctionnels.

Abstract

In this thesis, we present some of the properties of modulation spaces, which are used in
mathematical analysis, especially differential equations. To study these spaces, ,we give
some key technical results needed in the proof of the main results. We present a
summary of Lebesgue spaces and some inequalities, such as Nikolskiy-Triebel
inequalities. In this thesis, we give some equivalent norms and duality in these spaces.
Key words : Modulation spaces, short-term Fourier transform, Lebesgue spaces,

window function, duality, functional spaces.
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