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Preface.

This educational academic manuscript includes lessons and solved exercises for
students of scientific disciplines: First year university level. These lessons are designed
according official curriculum issued by the Algerian Ministry of Higher Education and
Scientific Research. This manuscript will contribute to achieving pedagogical objectives and

enhancing students' understanding.

The manuscript includes a number of main themes, which are listed as follows:
Chapter 1: Electrostatics

Chapter 2: Conductors

Chapter 3: Electric Circuits (Electrokinetics)

Chapter 4: Magnetostatics
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Chapter 1: Electrostatics

I-1) Introduction :( History of electricity and magnetism)

The history of static electricity in ancient times can be summarized in the following points:

The history of electricity can be traced back to ancient times, particularly with the
observations of the Greek philosopher Thales. He noted that rubbing amber with fur could

cause it to attract lightweight objects, an early observation of static electricity. However,

Thales did not propose a scientific explanation.

The first to use the Greek word "élektron"” (fjiektpov) were the ancient Greeks, and it
meant "amber," which is known for its ability to attract small objects when rubbed. The
term was later used to refer to electrical phenomena by William Gilbert (1600), who was
the first to derive the Latin term "electricus"” to describe materials that exhibit effects
similar to amber when rubbed. This usage eventually led to the emergence of the word
“electricity”.

In 1663, Otto von Guericke was able to manufacture the first charge generator, where he
used a sulfur ball fixed on an axis, which was then rotated, and its surface was covered
with a piece of cloth while rotating, which enabled it to attract light objects as well as
produce weak electric sparks. After that, both von Marum and Franklin were able to

manufacture improved charge generators.
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o In 1729, Stephen Gray was able to obtain the concept of insulating and conducting
materials through his experiments, as he rubbed a glass tube and touched one end of long
threads (up to 80 meters long) made of different materials. He found that some of these
materials could transfer electricity to the opposite end (as light objects were attracted to

this end).

o Du Fay (1745) discovered two types of electricity, where rubbing two ebonite (plastic) rods
with fur causes them to repel each other. Two glass rods brushed with silk resist each other.
Fur-rubbed ebonite (plastic) rods attract silk-rubbed glass rods. These empirical

observations led to the adoption of two types of charges: positive charges and negative

charges.
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o The Leiden Bottle Experiment was first presented in 1745 by Pieter van Musschenbroek
and Ewald Georg von Kleist, who each inserted a metal rod into a water-filled bottle, then
contacted the metal rod with a charged object, accumulating charges on the inner surface

of the bottle and opposite charges on the outer surface, and when the metal rod was touched
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by hand, it was shocked as a result of discharging the charge. The Leiden bottle experiment

is regarded as the first electrolytic capacitor.

o [n 1752, the scientist Benjamin Franklin was able to explain the phenomenon of lightning
as a form of electricity, as he explained it as an electric fluid (liquid) through the
experiment of a kite made of silk with a metal wire attached to its top. He tied it with a silk
thread soaked in water and attached a metal key to the thread (as shown in the picture
below). Franklin flew the kite in the sky during a thunderstorm and noticed that when he
brought his hand close to the key, he got an electric shock. This experiment enabled an
explanation of lightning as well as the discovery of lightning arrestors installed on

buildings.

o FElectricity (direct electric current) was first produced chemically by the scientist
Alessandro Volta in 1800, who created a column containing discs of copper and zinc

arranged alternately, separated by pieces of cloth soaked in an acidic solution.
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o In 1820, the scientist Qersted discovered the relationship between electricity and
magnetism when he noticed the deflection of a compass placed next to a conducting wire

carrying an electric current.
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o In 1822, the scientist Ampere was able to establish a law describing the relationship
between magnets and electric currents after he conducted a set of experiments on the effect

of electric currents on magnets as well as the effect of two electric currents on each other.

o [n 1831, Michel Faraday discovered electromagnetic induction, when he observed
that the passage of an electric current in a coil would induce an electric current in

a neighboring coil.
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o [n 1831, the scientist Michael Faraday created the first electric generator that depended
on the phenomenon of electromagnetic induction when he noticed that moving a magnet

near a copper ring leads to the production of an electric current.

o [n 1873 Maxwell presented his four equations describing how electric and magnetic fields
affect each other and electric charges. Many scientists relied on these equations to develop
their experiments and research, such as the German scientist Hertz, who produced
electromagnetic waves in the air in 1887. Then several other researches followed, such as
the researches of Thomas Edison and Tesla.

o The discovery of the components of matter, or rather atoms, is the most important event
that concerned electrical phenomena.

v' Thomson observed the deflection of cathode rays inside an evacuated tube when
exposed to an electric or magnetic field during his experiments in 1897, which led
him to the conclusion that these rays, known as Lenard rays, are a collection of
negatively charged particles he referred to as electrons. During this experiment, he

was also able to determine the ratio of an electron's charge to its mass.

Direction of
cathode ray
—_— s

v' In 1909, scientist Rutherford introduced a new atomic model, building upon

Thomson's depiction of the atom as a uniform sphere of positive charge filled with

—
)
| —
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negative electrons. He conducted an experiment by bombarding a thin gold foil with
alpha particles, observing that a significant proportion of the particles traversed
the foil without deflection, a small fraction were deflected at minor angles
indicating repulsive forces, and some alpha particles were deflected at angles
surpassing 90°. Rutherford's experiments concluded that the atom is not a uniform
sphere; instead, the majority of the atom's mass is concentrated in a tiny, positively
charged region known as the nucleus, with negatively charged electrons orbiting

around it.

Gold foil

Radioactive
substance

Deflection screen
Lead Box

v’ In 1917, Rutherford performed an important experiment by bombarding nitrogen
gas with alpha particles and observed the emission of unexpected particles that
possessed characteristics identical to those of the hydrogen nucleus and exhibited
a positive charge, afterward he named them protons.

v’ In 1932, physicist James Chadwick discovered the neutron as a particle with no
charge and a mass equal to that of the proton as a consequence of an experiment
he performed on a slice of beryllium. Chadwick bombarded slice of beryllium with
high-energy alpha particles and noticed the emission of uncharged particles he

named neutrons.
I-2) The Phenomenon of Electrification and Its Relationship to the Structure of Matter

The following phenomena are the most important examples from daily life of the phenomenon

of electrocution:
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1-  Feeling an electric shock when bringing your hand close to some things or shaking

hands with someone

2

Hair being attracted to the comb when combing it

3- Hearing a small electric crackle when removing woolen or polyester clothes
4
5

Seeing small sparks when removing a woolen jacket in the dark

Small paper scraps being attracted to the rubbed edge of a plastic ruler.

Electricity is a fundamental aspect of nature, often explained by the presence of electric
charges within materials. When materials become electrified, they possess an amount of
electricity, known as electrical charge. This charge is carried by tiny particles called electrons,
which were discovered by physicist Joseph John Thomson in 1897. Further advancements in
atomic theory came with the discoveries of the proton and neutron. Physicist Ernest Rutherford
identified the proton in 1919, elucidating its role as a positively charged particle within the
atomic nucleus. This discovery provided crucial insights into the composition of atomic nuclei

and their interactions.

In 1932, scientists James discovered the neutron, a neutral particle found within atomic
nuclei. The existence of neutrons helped reconcile discrepancies in atomic mass and

contributed to the development of nuclear physics.

These discoveries collectively expanded our understanding of electricity and paved the

way for advancements in fields such as particle physics, nuclear energy, and electronics.

Several models have been adopted to describe the atom, such as the Bohr model. The
quantum model is the most recent model to describe the atom, which considers the atom to
consist of a nucleus that includes positive protons and charge less neutrons, and electrons
orbiting around the nucleus in orbits (s, p, d, f) described by mathematical functions derived
from the solution of the Schrodinger equation. The charge and mass of an electron, proton and

neutron are given as follows:

v’ Electron (e) : charge q.=-1.60219 107 C mass m.=9.1095 10°! Kg
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v’ Proton (p) :charge q,=+1.60219 107 C mass my=1.67264 10" Kg
v Neutron (n) : charge q,=0C mass my=1.67492 107" Kg

Note:

The mass of electrons is very small compared to protons, as a proton is about
1836 times heavier than an electron.

-Electrons, especially those in the outer shells of an atom, are attached to the
nucleus by an electrical force (Coulomb force) resulting from the attraction
between the negative charge of the electron and the positive charge of the
nucleus. In contrast, protons inside the nucleus are attached by a very strong
nuclear force, much greater than the electrical force, which makes protons
unable to move easily between atoms.

As a result of these differences, during the process of electrical charging,
electrons move between atoms and materials, while protons remain in their
places within the nucleus.

Therefore, when an object is electrically charged (whether by rubbing,
contact, or induction charging), the main cause is the gain or loss of electrons

rather than protons, which leads to a change in the charge of the object.

I-3) Properties of electric charge
I-3-1) Millikan Oil Drop Experiment (for quantization of charge):

The Millikan Oil Drop Experiment, conducted by physicist Robert A. Millikan in 1909, aimed
to quantify the charge of an electron. In this experiment, tiny oil droplets suspended in a
chamber were observed under the influence of an electric field. By carefully measuring the
motion of these droplets and analyzing their behavior, Millikan determined that electric charge
is quantized, meaning it exists in discrete units. His precise measurements led to the
determination of the charge of a single electron, providing fundamental insights into the nature

of atomic and subatomic particles.

As a result of Millikan's experiment, any positive or negative charge q that can be detected is

expressed as:

q = ne
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Where n is an integer (positive or negative), representing the number of elementary charges,

and € is the smallest unit charge in nature. This smallest unit charge, denoted as ¢, has a

value of approximately 1.60219x10° coulombs.

Atomizer

Oil drop
Microscope
<«

Figure 02: Millikan Oil Drop Experiment

1-3-2) Conservation of Charge

Electric charge is neither created nor destroyed, but is transferred from one body to
another. This means that during the electrification process, only a process of redistributing
charges between the two electrified bodies, so one body appears to have an excess of charges

and the other body has a deficiency of charges.
1-3-3) Electrification Mechanism Explained

The figure below illustrates the mechanism of electrification. Initially, the material
is neutral (uncharged). However, when we rub a piece of amber with a cloth, a transfer
of charges occurs from the surface of one body to the surface of the other. This transfer
causes a redistribution of charges, resulting in one surface becoming positively charged

and the other becoming negatively charged.

+3-3

4D D net0

net 0 S
2
2\
= //

A

N
Amber Cloth
(@) (b) (©)

Figure 03: Electrification Mechanism

1-3-4) Methods of electrification

10

—
| —
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As depicted in the figure below, there are various methods of electrification:

1-3-4-1) Charging by rubbing

This occurs when two objects are rubbed together, resulting in the transfer of electrons
from one object to the other. The object that gains electrons becomes negatively charged, while
the other becomes positively charged. An illustrative example is the act of rubbing a plastic

rod with a piece of cloth.

1-3-4-2) Charging by contact

Contact charging takes place when two objects make physical contact, leading to the
exchange of electrons between them. If a negatively charged object touches a neutral object,
the charge is redistributed between them. This phenomenon occurs frequently in everyday

scenarios when different objects come into contact with each other.

1-3-4-3) Charging by Induction

Induction charging occurs when a charged object influences the charge distribution in
another object without direct contact. The presence of the charged object alters the distribution
of charges in the nearby object. A classic demonstration of this is bringing a charged rod close
to a piece of paper and observing how the charge distribution in the paper is affected by the
proximity of the charged rod

(a) (b)
Figure 04: Electrification (charging) methods

1-4) Electrostatic forces

The physicist Coulomb was able to measure the electric force exchanged between two

charged balls using the following experimental setup.

11

—
| —
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Figure 05: Coulomb’s experimental

Coulomb's law describes the electrostatic force between two charged objects. It states
that the force between two point charges is directly proportional to the product of their
charges and inversely proportional to the square of the distance between them.

Mathematically, Coulomb's law is expressed as:

.1 . .
FA/B = — _quB Uyp = k @33 AB
14B|

dmtey, 12

Where k is Coulomb's constant (k= 8.9875x10° N.m’/C = 9x10° N.m*/C, in vacuum).
r= ||ﬁ|| is the distance between the two charges A and B.
&o denotes the vacuum permittivity (€, =~ 8.854 X 1072 C2N~1m=2)

o The electric force applied by charge A to the point charge B is represented by a
vector characterized by:

Magnitude: The magnitude of the electric force between two charges q4 and qp separated
9448
r2

by a distance r is indeed given by Coulomb's law as ||FA/B || =k

Support: refers to the line connecting the centers of the two point charges A and B

Direction: The direction of the electric force depends on the types of charges involved. The
force vector points along the line connecting the charges. If the charges are of opposite
signs, the force is attractive, pulling the charges together. If the charges are of the same

sign, the force is repulsive, pushing the charges apart.

12
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Fpia Fosp ]
Attratction
qa q»
Fb/a _ﬁa/b \
da qp .
. Repusion
Fp/q = Fo/p
da U}

Figure 06: attractive (between Opposite Charges (One Positive, One Negative)) and
repulsive forces (between the same Charges (Both Positive or Both Negative))

In the case where a set of electric charges q; located at the P; positions with respect to a given
reference frame exert a force on an electric charge Q positioned at the M position, the net

forces acting on it is written as follows:

Q4 5
it = 2Pt = 0, e

L

I1-5) The Electric Field

Understanding the concept of the electric field requires recalling the following points:

1- Coulomb’s forces arise between an electric charge (considered as a charge source
Q) and an affected charge q are action at a distance (do not require contact between
charges) forces.

2- The strength of the electric force (Coulomb force) increases as the distance between
the two charges decreases and the magnitude of the two charges increases.

3- If we place (a charged point body) a test electric charge q somewhere and notice
that this test charge was affected by its motion in a certain direction, this is evidence

that it was affected by another charge Q, which is considered the source of this

effect.

- By moving the test charge q, we can define the place of the source charge Q and
whether is negative or positive.
- The closer the test charge gets to the source charge Q, the stronger the force

influenced it.

13
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- Asa conclusion to this experiment: when the test charge experiences an electric
force, it implies that it is within the influence of the source charge, meaning it

is inside the electric field generated by Q.

So we define the electric field as the property of the electric effect created by an electric

charge in the space surrounding it.

Every electric charge gives the space around it the property of the electric Coulomb
effect, i.e. it creates an electric field around it. Therefore, any charge present within this space

has been affected by the field resulting from the source charge.

The Electric field, denoted by the vector E and is expressed in N/C or V/m. The electric
field extends outward from positive charges and inward towards negative charges, causing
positive charges to experience a force in the same direction and negative charges to experience

a force in the opposite direction.

The electric field is q vector field generated (induced) by an electric charge. It represents a
spatial electrical property, its magnitude at specific point in the space depends on the value of
source charge and the distance of that point from the source, and its direction at that point is

depends on the type (sign . positive (+) or negative(-) ) of the charge.

The electric field generated by a point charge Q (located at the point P and considered as the

source) at a specific point in space M is characterized by three main features:

&% Support: It is the line connecting the source charge to the point M.
& Direction: The direction of the field depends on the polarity of the source charge,

pointing outward for positive charges and inward for negative charges.

u, r M E
—
ol

¢ o

—

0 u, g E- M
e ek

Figure 07: the direction of both the electric field at different points

& Magnitude (Length): The length of the field's vector is influenced by both the magnitude
of the source charge and the distance between the source charge and the point in

question.

14
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The mathematical expression for the electric field vector produced by a point charge Q (placed

at P and considered as the source) at a point in space is as follows:

Eq(M) = KQ ——
[PM||

r is the magnitude of the PM vector(r = ||PM||)

]

PM =7 = ||P7ﬁ||u7’ =ru, where

u, is the unit vector

KQ _,

E_)M = K 5L — 5
o) = KU =57 W

PM The vector connecting the source charge location P to the point M in space where the
field is being calculated.

The relationship between the electric field induced by the electric charge Q (located at P
point) and the electric force applied by Q on q charge located at M point is given as follows:

—  KqQ —

0/q = T—3 PM
[PM||

Fo;q(M) = q Eq

The electric field at a specific point in space M, generated by a collection of charges q; located
at the positions P; with respect to a given reference frame, is the vector sum of the individual

partial fields. The electric field is written as follows:

Brec (M) = ) E(M) =y K—I_ BN
; i

I-5-1) Electric field produced by these two charges

The electric dipole introduced in the figure below consists of a positive charge qp = +q and

a negative charge qy = —q separated by a distance 2a

15
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& Electric field produced by these two charges at point M, which lies on the midpoint
between the ends of NP, can be calculated as follows:

Ep y
M (0,y)
Ey
4 1
./// \' x
N (-a,0) P (+a,0)

E (M) = Ep(M) + Ey(M)
M
— 3

|PM||

Ep(M) = Kq

. NM
Ey(M) = —Kq

VM|
PM = (xy — xp)T + (yu — yp) = ()T + (9)]°
NM = (xy = x0)T + (ym — )7 = (T + (V)]
[PM|| = Va? +y?
INM|| = Va? +y?

(v + (W)

= ey
Fn = i FOTE OO

e

(—a)U + (y)37 —Kq @t + (¥)J
(Va2 +5?) (Ja? +y2)?
—-2Kqal

(JaZ+72)’

The electric field generated along the dipole axis, can be calculated as follows:

E (M) =Kq

EWM) =

16
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I¥ case : for M point located inside the segment [PN]

y
-4 . I E, Mx0 T4
—@—— ~ d
— s
N (-a,0) Ey P (+a,0)

E (M) = Ep(M) + Ey(M)

_ PM
Ep(M) = Kq .3

[|PM]|

— NM
EN(M) = —Kq —__.. 3
[N ]|

PM = (xy — xp)T + (yu — yp) = (x — )
NM = (xy —xy)0+ (yy =) = (x+ )T
IPM]| = V= @)? = (a-x)
|INM|| = /(x +a)? = (x + a)

(x—a)U  —KqU
(a—x)* (a—x)
(x+a)U  —KqU
q(x+a)3_(x+a)2

EWM)=-K ! LI P
(M) = — q((a—x)2+(x+a)2)l

Ep(M) = Kq

Ey(M) = —K

2" case : for M point located outside the segment [PN] i.e., on one of its endpoints

- yT +q M(x, 0)
‘ | . D o - — >
N (-a,0) P (+a,0) Ey E Ep

E (M) = Ep(M) + Ey(M)

_— m
EP(M) = Kq 5.3
[PM]|
. NM
EN(M) = —Kq —_ . 3
[NM||
( ]
L 77 )
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||P7ﬁ|| = J(x—a)}=((x-a)
|INM|| = /(x +a)? = (x +a)

(x—a)U  KqlU
(x—a)? (x—a)?

Ep(M) = Kq

(x+a)U  —KqU
Tx+a)?  x+a)?

Ey(M) = —K

- _ 1 1 .
E M) =Kq ((x—a)2 B (x+a)2>l

& FElectric field produced by these two charges at point M (general case) can be

E
y E;
Ev My
-q /’///,/"" +q
N (-a,0) P (+a,0)

calculated as follows:

E (M) = Ex(M) + Ey(M)

PM

Ep(M) = Kqg——
|PM|

NM

Ey(M) = —Kq——
[NM||

PM = (xy — xp)T + (yu — yp) = (x = )T + ()]
NM = (xy =)0+ (v =y = (x+ )T+ (y)]
[PM|| = /(x —a)? + y?

VM| = (x + )2 +y2

(x—a)U+ ()

W@ - a)? +y2)?

Ep(M) = Kq
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’ (x+a)'+ (W)
(G +a)? +y?)?
x-—aU+ 1 (x+a)?+(y)7>

WEx—a)?+y?)? (Ex+a)i+y3?)3

I-6) The electric potential generated by a point charge

Ey(M) = —K

E(M):Kq(

In order to move a charge q within an electric field E, work must be done by applying a force

that opposes the electric force (overcoming the electric field).

-

Fapplled = —qE

B B
WAegt = .I- Fapplled ar = _Qf E dr

A A

The difference in potential between two points A and B within the field is defined as the result

of dividing the applied work by the value of the electric charge

Wext B_)
VBA = A5 - —J EdF
q A

The relationship between electric potential and electric field is expressed as follows:
dv = —E.d?

By substituting the expressions for the electric field and the differential displacement in

different coordinate systems, we find:

v’ In Cartesian coordinates system

- —

E=E,T+E, J+E,

wa

dV = dV, + dV, + dV, = —E.d7 where
dr =dxT+dy j+dz k

v’ In Polar coordinates system
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} E=E u +E ug
dV = dV, + dVy = —E.dr where
dr =dru, +rdo uy

dv = dVr+dV9 = —ErdT'— EgrdQ
dV, = —E, dr
dVg = = Eg rdo
v’ In Cylindrical coordinates system

B E=E.u +Eyuyg +E, k
dV = dV, + dVy + dV, = —E.d7 where
dr =dru, +rdb ug +dz k

dV = dV, + dVy + dV, = —E, dr — Egrdf — E, dz

dV, = —E, dr
dVg = — Eg r do
dv,=—-E, dz

v’ In Spherical coordinates system
B E=E 0 +Eq ug +E, u,
V= dV, +dVy+dV, = —E.d7 where
dr =dru, +rdf ug +rsinfde u,
dV = dV. +dVy + dV, = —E,. dr — Egrdf — E, rsin6 do
dV, = —E, dr
dVg = — Eg rdo
dV, = —E, rsinf
To calculate the electric field from the electric potential expression, we use the following

gradient relationship:

E=- gradV
The gradient operator (grad) expression in different coordinate systems is given as follows:

v’ In Cartesian coordinates system

v' In Polar coordinates system
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d=p="g i &
grac= v =5, % T g 1o
v’ In Cylindrical coordinates system
__d>_l_79_6__)+10 __)+6_>
grat= v =5 " T " "oz
v’ In Spherical coordinates system
r 0 . 10 _, 1 Jd __
graa= V=5, U T Ve rsing dg Yo

Based on this foundation, we can express the electric potential components as follows.

v’ In Cartesian coordinates system

L — WV(x,v,z) . oV(x,yz) _ V(xyz) —
E =— = — _ _
gradV(x,y,z) Ox Z 5 7 = X
( aV(x,y,z)
B
- — — > aV(x’ y' Z)
E=E,v+E, J+E, k where <Ey:—T
aV(x,y,z)
S

v’ In Polar coordinates system
av(r,0) _, 10V(r,0) __,

E=—gradV(r,0)=— 5 W T ag Ug

_v(,0)

E=E uw +E, us, where T or
ror TRe e _ 1av(r,0)

o~ 08

V' In Cylindrical coordinates system

5 . ov(r,0,z) _, 10V(r,0,z) __, dV(r,0,z) —
E=—gradV(r0,z) = 3 u, g W m 5, k
( av(r,8,z)
E = —— "7
r or
E=ErW+Eu W++E2F where < E, =_1%
r
av(r,8,z)
A

v’ In Spherical coordinates system

E = —grad V(r,0,¢) = —

avV(r,08,p) _, 10V(r,0,p) __, 1 9vV(r,6,e)
—_— - u

or " r 00  rsing g
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( av(r,0,
G

" or
—> — — — 10V (r,0,p)
E=E u +E, ug ++Eyu, where  Eg= ————
1 advV(r,6,¢)

\E"’ - Crsing  d¢

The electric field generated by a point charge (assumed to be positive) at a point m in the

space surrounding the charge q is given as follows:

EM) = Koo where = IFI W = r it = EM) = KL,

dr =dru,
VM)= [dV = [-E.d7 = [-(K5%).(dr&) = [-K%dr

VM) =K§+C

The total electric potential V arising from a collection of point charges q; located at P; at a
specific point M in space is equal to the sum of the potentials arising from each individual

point charge at that point.

N N
V(M) = ZVL- M) =k2é+c
i=1 i=1 ”PlMll

I-6-1) The electric potential of an electric dipole
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We want to calculate the electric potential generated by a dipole at a distant point M and

then derive the electric field term at this point.

P +q
~ J
a
Kq; Kqp Kqy
V.. (M) :ZV- :VP(M)+VN(M):Z - 4N
" o — ||PM[|  [[PeM]|  [|PyM]]
|PeM|| = lirp || = 7p and | PyM|| = |7yl =y
K K —
Vuee M) = — = =L = Kg(=2)
P N N'P

For a point M located at a great distance from the dipole, the distances ry and rp are

approximately equal (ry = rp = 1) and the difference ry — rp is expressed as follows:

ry—Tp

cos 0 = => ry—Tp= acos@

acos 0

Vet (M) = Kq( )

We can also find the equation of the equipotential lines as follows:

r2

acos @ )
Vet (M) = Kq( ) ) = constant potential =V,

2 _ g (acosé?>:> i (acos@)
rT=nq V. r= q Ve

Therefore, the surface of the equipotential is in the form of spheres with

radius r.
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The equation of the field lines can be obtained after finding the expression
for the electric field in polar coordinates as follows:

v(r,8) . 10V(r6) __

E= —gradV(r,0) = — 5 W T Ue

0V (r,0)
. . T or
E=E,u. +Eg ug where 19V (r,0)
T
. 0 P (acos@) __2Kqacos®
L S B r3

o 10 7 (acosB) _Kqasind
6= a0\ "I\ T2 3

- 2Kqacos@ __, Kqasin@ __,
o E = 3 U, 3 Ug
EAdl=0 = r r
dl=dru, +rdf uy
2Kq a cos 6 Kqasin@ dr 2cos@
— 5 rd0—dr———=0=>—=—;
r r T sin 6

We integrate both sides of the equation and obtain:

r = csin?0
I-7) Electric field lines, equipotential surfaces and electric potential energy

An electric field line is an imaginary curve (C) to which the electric field vector is tangent at
every point on the curve, and it specifies the direction of the force acting on a test charge
(assuming a positive charge) placed in the field.

Electric field lines are continuous and do not intersect, perpendicular to equipotential surfaces,

and extend from positive charges to negative charges.

E
©)

The differential (infinitesimal) length vector dl shown in the figure above is parallel to the

electric field E vector at every point on the curve (C).

24

—
| —



Chapter 1: Electrostatics

By writing the expression for each of the differential length vector and the electric field vector

in the Cartesian, cylindrical and spherical coordinate systems:
E=E,1+E, j+E, k
v’ In Cartesian coordinates system
dl=dxi+dy j+dz k

—

E=E.u +Eyug +E, k
V' In Cylindrical coordinates system
dl=dru, +rdf ug +dz k

E=E W +E Ug +E, 0
v’ In Spherical coordinates system R
dl=dru, +rdf ug +rsinfde u,

Applying the condition of parallelism between the differential length dl vectors and the electric
field E, we obtain the analytical equation of lines of force:
Endl =0
Where it is written according to the approved coordinate system as follows:

o In Cartesian coordinates system

1T T k|
Endl=|E, E, E,|=(Edz—dyE,)U — (Eydz— dxE,)] + (Exdy — dxE, )k
dx dy dz
E,dz — dyE, =0 E,dz = dyE,
EAdl =0 = { E,dz —dxE, =0 = | E,dz = dxE, :‘;_::‘é_i':‘é_f

E.dy —dxE, =0 E.dy = dxE,
o In Cylindrical coordinates system

U ug k

Erdi=|g g, E,|=Eedz—rdOE) u, — (E.dz—drE,)ug + (E,rd0 — drEg)k

dr rdf dz
Egdz —rdOE, =0 Egdz = rdOE,
- — = dr rdf dz
ENdl=0>< E,dz—drE, =0 = < E,dz=drE, 5>—=——=—
E,. Eg E,

E.rd0 —drEg =0 E,rd0 = drEy

o In spherical coordinates system
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dr rdf rsinfde
= (Egrsin6 dop — rdHE(p)W — (E,rsin@ dop — drE(p)U; + (E,rd6 — drEg)u,
Egrsint do —rd0E, =0 Egrsinf do = rdoE,

dr rd@ rsinfd
=3 Eyrsinfdp —drE, =0 = { E,rsinfdyp =drE, =>—= = L4
E, E, E

¢
E,rd6 —drEg =0 E,rd0 = drEy

An equipotential surface is defined as a surface in space where the potential is equal at all
points, and this surface is perpendicular to the field lines. The equation describing an

equipotential surface is given by the following relation:

V(r) =V(x,y,z) = constant

Example of field lines and equipotential surfaces of a point charge

The expression for the electric field and electric potential due to a positive point charge is
given as follows:

- q —
E = Kr—zur
q
V(r)=K=
() =K+

Equipotential surfaces can be found by the relation:

V(r) =Kg=constant = KL= Kg=r
T constant %4
This equation is for the surface of a sphere with radius r.
Equipotential surface
Electric Field

To simplify the concept of potential energy of a system of charges, we must address some of

the following important points:
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- The potential energy of a point charge q located at position M within a potential arising
from another point charge Q (the source) is equal to the work done by an electric force
to move the charge q from infinity to point M( dE, = dW = F. Ej)

- The force of work to be exerted on the charge q is equal in intensity to the force
between the charge q and the charge q and opposite in direction( F= —qE (M))

- By integrating the term dE,, we find the expression for potential energy:

M M M M
E, = L dE, = E,(M) — E,(c0) = L —q(E.dr) = L —q(—dv) = qL dv
=qV (M)
here E,,(0) = 0 and V(o) =0
and thus E,(M) = q Vo(M)
We denote that Vo (M) is the potential created by Q at the point M

s If'we bring a first test charge “qq " from infinity and want to place it in position pq free of
charge, we do not exert any energy (work).

s If'we bring a second test charge "q," from infinity and want to place it in position p, near
the first test charge "q.", We have to apply potential energy (work) that opposes and

cancels the mutual effect between the two charges qq and q;.

Kq,

D12l
Kq,

llpzpi i

Vo, (p2) =
Epgyjq, = 92 Vg, P2) = EPg,yq, = q1 Vg, (p1) where
Ve (p1) =

Therefore, the internal potential energy (the total potential energy) of the two charges q1 and

q, in positions pq and P, respectively, is equal to:

1
U= qul/qz = quz/q1 =q Vql(pz) =q1 Vg, (p1) = E(QZ Vql(Pz) +q, Vg, (pl))

_ Kq1q;
|2y 2y

% If we bring a third test charge "q3" from infinity and want to place it in position ps near
the first test charge "q," and the second test charge "q,", then We have to apply three potential

energies (works). the first to oppose and cancel the mutual effect between the two charges q4
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and q,,the second to oppose and cancel the mutual effect between the two charges q, and q3,

and the third to oppose and cancel the mutual effect between the two charges q, and q;.

( ( Kqq

V, (pp) = —
P2 = 5l
Kq,

llp2p1 |l
Kq;

3Dl
Kq,

Ip1 sl
Kq,

Ip2psl
Kqs

llpsp-l

EpCh/CIz =4z Vql (Pz) = quz/q1 =q1 qu (pl) where

qu (p) =
Vas (p) =

A

EpCI1/CI3 =43 VQ1 (p3) = qu3/q1 =(q Vq3 (pl) where

J/ch (p3) =

(
Vi, (p3) =
Ep‘lz/‘ls =43 qu(p3) = qug/qz =4z %3 (Pz) where |
\ LVQ3(p2) =

Where ti(pj) : represents the potential generated by the charge q; at position pj .
Epg, /q; - Tepresents the potential energy resulting from the presence of charge qj at position

q; within the potential resulting from charge q;.

Therefore, the internal potential energy (the total potential energy) the three charges q4 , q2

and q3 in positions p1, P2, and p3 respectively, is equal to:

K K K
Q1Q2+ Q1Q3+ 4293

U= EPayjart EPassas + EPaz/as = 1o M imo T immall

For a system of charges consisting of N point charges q; located at p; , the total potential
energy (internal energy) of this system is given by:

N
K
v=2 K, Z Z Z 1Kqiq;
2 i=1 j=1,i%j ”plp]ll i=1 j=1,i#j 2 "plp]”
SN Kq;iq;
U= —
i=1 j=i+1 ”plp]”

1-8) The electric field and electric potential for a continuous Charge distribution

We previously studied various cases of discrete charge distribution, where the studied
system consists of a finite number of charged particles, which are considered as point charges

since their dimensions are extremely small compared to the distances between the charges.
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During this study, we calculated we calculated the electric potential and the electric field as

fundamental electrical parameters.

In this section, we will explore the case of continuous charge distribution. Continuous
charge distribution can be considered a special case in which a very large number of charges
is very large are distributed over a very small volume, surface, or distance (length). The
distance between any two adjacent charges is extremely small, i.e., infinitesimal. As a result, it
becomes impractical to treat charges as individual particles. Instead, we are compelled to use

the concept of charge density to describe how charges are distributed within the system.

) S Discrete charge distribution:
V' finite number of charged particles
@ @ v’ the dimensions of any particle charge

are extremely small compared to

the distances between the charges

Continuous charge distribution:

P v Large number of charged particles

The distance between any two adjacent

charges is extremely small, i.e., infinitesimal

I-8-1) Charge density distribution:

In general, the electric charge density Cq in the case of a uniform continuous distribution is
defined as the ratio of the total charge Q to the quantity A over which this charge is distributed,
whether it is volume (V), surface area (S) or linear distance (L). It can also be defined in terms
of the differential (infinitesimal) charge dq and the differential (infinitesimal) quantity over
which this charge is distributed dA, so that it is expressed as follows:
_Q_dq

1T A da

We can distinguish three types of charge distribution: linear charge density:
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Linear charge density A: If the charge is uniformly distributed along the length or perimeter

of an object. The expression for charge density, electric field, and electric potential at point M

is written as follows:

A=~=— >dq= Adl

Q_dq
L dl
In this case, each differential charge dq carried by the differential length dl generates at the
point M a differential electric field dE and a differential potential dV. To obtain the total
field E and the total electric potential, we integrate the differential electric field dE and the

differential electric potential dV.

=
differential length dlI carrying a
A M differential charge dq
| )
; 5
. A\
N 23
k|
Q) —>===" >
x, 1/ Y T~
/S P
The electric field

- o Kdqg — [(Kd — —
E(M) =JdE(M) = f ||ﬁ7|3 PM = J—q 7;where PM =7 =ru, ; r = ||PM||
PM

Kdq _, (KAdl_,
mws T

EM) = —f:f

The electric potential

Kdq Kdq KAdl
V(M)Zde(M)Z ?Zf Zf
[P r r
Surface charge density o: If the charge is uniformly distributed over the surface area of an

object. The expression for charge density, electric field, and electric potential at point M is

written as follows:

g =

Q dq _
S ds =>dq= ods

30

—
| —



Chapter 1: Electrostatics

\ differential

surface ds
z'f carrying a
, '°$\ d;lfferential
. charge dq
_)I
4 .
0 J—>— = _);\\\\\\\\\\\i\\\ A —
%7 s =
L x
The electric field
— - d —>
E(M):de(M):f 1 f—r where PM =7 =%, ; r = |[PM||
P
- Kdq Kdq __, Kods _
E(M)= r—3r=f7ur=f7ur

The electric potential

V(M)=fdv(M)= qu” :deq:fKads

||'p_1\7j r r

Volume charge density p : If the charge is uniformly distributed throughout the volume of an

object. The expression for charge density, electric field, and electric potential at point M is

written as follows:

Differential
volume dv
A M carrying a
I differential
! charge dq
|
k}
0’ > = - >
v y
'
L X
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The electric field

— R Kdgq —. Kd — —
E(M)=de(M)=f M =f—317;where M=%=ru;r=|PM|

IPw|” "
— Kdq | Kdq _, Kpdv _,
E(M)=f 3 rz'l-r—zurzf o ur
The electric potential
Kdq Kdq Kp dv
V(M>=de(M>= =) =f .

1-9) Gauss’s theorem

1-9-1) Electric Flux

Electric field flux @ is a scalar physical quantity that expresses the number of field lines

penetrating a given surface. It can be calculated by dividing the surface into infinitesimal

surfaces dS (differential surfaces), such that the electric field vector E is considered uniform

(constant in both magnitude and direction) on each differential surface.

The differential surface vector ds is a vector whose magnitude is equal to the area of the

differential surface and whose direction is perpendicular to the surface and directed outward.

The differential electric field flux d® is expressed by the scalar product of the electric field

vector E and the differential surface vector ds.
o = E.35 = ||B||.||a5]| cos 6 > & = 3€E ds cos 6

Where 0 is the angle between the vectors E and dS, and ¢ symbol means an integration over

a closed surface
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Depending on the value of the angle 0, we can distinguish three states of electric field flux ®:

( >0; ifo<m = E crosses the surface from the inside to the outside

s B
b = zero;if 0 = o) = E grazes the surface

7T -
n<o0;if 5 < 0 < 2m = E crosses the surface from the outside to the inside

Example

Calculate the electric field flux through the surfaces of
M
L \

the geometric shown in the opposite figure, assuming that the

uniform electric field (constant E = constant ).

Solution: '
. . . g H
The electric flux through this geometric soli dis equal to 'A
—

the sum of the fluxes through its five surfaces, each of them is G

calculated as follows:

Dror = Z Q; = Qg5 + Pg/s, + P/s. + P/s, + Pi /s,
7

Surface 1
L S =MXL T
<D§/Sl=fE.d51=E X51><00591;{91=%+9=>¢§/51=E XMXLXcos(§+9)
Surface 2
=2 == S, =HXL
‘pE/Szsz-dSZ=E XSZXCOSHZ;{ZH —0 =%gs, =E xXHXL
, =
Surface 3
Y — S3=G XL
¢§/S3:fE.dS3:E ><S3><cost93;{ 03=E =@z, =0
2
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Surface 4
o S, =(GxH)/2
d)ﬁ/S‘;:fEdS‘l':E XS4XCOSH4; 0 :E :>(pE/S4:0
Y2
Surface 5
. Se =(GxH)/2
¢E/55:fEd55:E XSsXCOSGS; HSZE :>¢)E’/55:0
2

T
quot:Zcpi: E><M><L><cos(§+0)+E XHXL+0+0+0
i

T
(pTot:Z(pi: ExLx (M xcos (5 +0) + H)
i

Surface 4 f PRGN

Surface 2

Surface 1

-->

Surface 5

1-9-2) Gauss’s Law
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Gauss's theorem states that the electric field flux @z through a closed surface S (the
imaginary Gauss surface) is equal to the algebraic sum of the electric charges Q;y, inside this
surface divided by the permittivity of free space €,. Gauss's theorem is expressed by the
following mathematical expression:

2 Qin

€o

(DF?:fE).ES:Z

Applying this mathematical expression requires considering several important points, such
as the optimal choice of the imaginary Gaussian surface, ensuring that it enclosed the point
where the electric field is to be calculated, so that the value of the electric field over the surface

remains constant.
Example:

We place a positive charge inside a sphere, then we place the sphere inside a cube, and
finally place the cube inside a cylinder as shown in the figure bellow. Compare the electric
field flux through the surface of the sphere, the electric field flux through the surface of the
cube, and the electric field flux through the surface of the cylinder. What do you conclude and

how do you explain it?

— E—
S / ¢
d
—
Q, Sy
i I

& The electric field flux through the surface of the sphere S

2 gJa Qin Q
CDE/SSZ.%E'dSS: . E=€—O

& The electric field flux through the surface of the cube S,

2 g3 Qin Q
d)E/SC:.%E'dSc: ' E=g
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& The electric field flux through the surface of the cylinder S,

o = Qin _Q
q’-"f/scyzﬂgE-‘Lgcy: ey

We note that the field flux through these different closed surfaces is equal (Pg /s, =
Qg /s, = P /Sey ), and we conclude that the field flux through the closed surface is related to

the total charge inside within it. This can be explained by the fact that the electric field lines

passing through the first closed surface are the same in number as those passing through the

second and third closed surfaces.
1-9-3) Some applications of Gauss's theorem

a) Application of Gauss's theorem to calculate the electric field and potential of a
positive point charge q

To calculate the electric field generated at a point M in the space surrounding a

positive point charge, we assume the existence of an imaginary Gaussian surface in the shape

of sphere with radius r, where r represents the distance between the point M and the point

charge Q (i.e., point M belongs (lies) to the imaginary Gaussian surface).

Gaussian sphere
—

By applying Gauss's theorem and calculating the electric field flux through this

imaginary Gaussian surface, we get:

2 Ja Qin Q
CDE/SSZ.%E'CIS: g—=€—
0 0
E.dS = E.S = E. 4mr?
Qm +0Q =>E47tr2=+—Q =E= iA”
“n__= ' & 4mrie,
- Ep €o
L
1 _KQ
 4me, T or2
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The value of the electric field obtained by Gauss's theorem is the same as the value obtained

by applying Coulomb's law.

After that, we proceed to calculate the electric potential based on the electric field

expression in spherical coordinates as follows:

KQ

dV = —E.di >V = —f—dr=7+c

lIimV(@r)=0=C=0

T—00

4

_Ke

r

b) Application of Gauss's theorem to determine the electric field and the electric

potential of an infinitely long wire with uniform linear charge density

Let us consider an infinitely long thin rod with a uniform positive or negative linear charge 1,

as illustrated in the figure bellow. To calculate the electric field at a point M in the space

surrounding this wire, we employ Gauss's theorem. We assume an imaginary Gaussian surface

in the form of a cylinder with a height L and base radius r. The total electric field flux through

this cylinder @z /cy IS the sum of the electric field flux through the lateral surface @z /1 the

electric field flux through the bottom base surface g /s> and the electric field flux through

the top base surface @ 5, and is calculated as follows:

L
¢ +
e
I + ;
| H L
I + A
| 4 ._)_%
. + . E
. 4 I
I
. L 3B
!:. + ~.. F
= lds
forA>0

——

37

——r



Chapter 1: Electrostatics

for nagative chage denisty(—2)

for positive chage denisty(A)
IEE = fE.SL cosm=—E.§;

fﬁ.ﬁ?:fE.SLCOSO=E.SL Pgrs, =

(DE)/SL:
S, =2nrlL S,=2nrlL

<I>§/SL=E27T7”L CDE/SLz—EanL
- = —— T[

DPg /5, = fE dSg =fE SBCOSE—O PE/sp :fE'dSB :fE-SBCOSEZO
- T[ 2 Jc

(pf/T:fE dST=fE.STCOS§—0 CDE/T:JE.dST:fE Srcos==0

Pircy = Piys, T Pissy + Piysy Pircy = Piys, + Pirsy T Piys

@E/Cy—EZTTTL (DE/Cy—EanL

i
L —A. L
E2nrL= — —E2nrlL =
€o €o
A _ A
2w e

The electric potential V(r) at any point M in the space surrounding the wire is derived as

follows from the expression electric field:

1
In-+C
2w &y T

Inr+C =

dV=—E.dF:>Vr=—f dr
( ) 2T &o 2T &o
Where the constant C is determined according to a known reference potential at a given point.

¢) Application of Gauss's theorem to determine the electric field and the electric
potential of an infinitely large uniformly charged plane.

Deriving the expression for the electric field generated by an infinitely large, uniformly

charged plane is done by choosing a Gaussian surface in the form of a cylinder with a base

radius r and height L.
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Chapter 1: Electrostatics

ds

=

ds

The total electric field flux is calculated by considering the contributions from the bottom

P p and top P bases of the cylinder, as well as through the lateral surface g, . By

applying Gauss's theorem, we obtain the following results:

- — T
Pg/s, =fE.dSL =fE.SLcos§=0
Dy/5, = fﬁ.dSB = fE.SB cos0 = E. Sy

Dz =f§.dTT=fE.STcos0=E.ST

d)E/Cy = d)ﬁ/SL + (Dﬁ/SB + (DE/ST

o) =E.Sp;+E.S;+0=2E.Sg = E.2nr?> where Sz = S; = nr?

E/cy

The electric potential V(r) at any point M in the space surrounding the wire is derived as

follows from the expression electric field:

39

—
| —



Chapter 1: Electrostatics

AV = —E.d7 = V(r) f”d 77 L ¢
= —C. =4 = - | — ==

r 4 2 & Z=3 &o
The constant c is determined depending on certain condition.
I-10) Solved exercises

Exercise 01:

Four charges 1, (b, 5, and Qs (Q1 = 02 =03 =-1 Q4 ’_ ____________ @ a3
uC, Q4= 2uC) are arranged as shown in the opposite b
figure.

1) Determine the type of interaction between each

pair of charges.

I.____________
L 2
jo)
N

2) Represent on the figure the electric forces applied Qi

to the electric charge Q3
3) Write the analytical expression for each electric force acting on the electric charge Q3

4) Calculate the net force applied to charge 5. ( Q1 = Q2= Q3 = 1 uC, Q4= 2uC)

Solution:

1- Determine the type of interaction between each pair of charges

Like charges repel each other, while opposite charges attract each other

{Ql Repulsive {Ql Repulsive {Ql Attractive
Q2 Qs Q4
{Qz Repulsive {Qz Attractive {Q3 Attractive
Q3 Q4— Q4—
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2- Represent on the figure the electric forces applied to the electric charge Q3

M;(0; 0) My(b; 0) Ms(b; b) M,u(0; b)
MiM; = (x3 —x)T+ (y3—y)] =bi+b] ;||MMs]| = Vb? + ()2 =b V2

MoMs = (x3 —x)T+ (y3—y2)] =bj ; ||M2M3” =b

MM; = (3 = x)T+ (33 —y)] =bT  ;||MuMs|| = b
Q1 = Q2 = Q3 = —1puC, Q4= 2uC
Foi = 1 2 b = ot ERIEOC 1
) FQZ—/Q?:: y % b7 = 9x10° (-1 x 10—62(2—1 x 107°) i
k Foags = k % (b1)= 9x10° (_1X1O_Z)2(ZX10_6) 7
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(— . 3.182x1073

Forjes = ——7— T+
. 9x1073 _
\ Fozje3 = ——37—J
. —18x107% |
\ Fowos= ——z— 1

4- The net force acting on the charge Q3

3.182x 1073 9x107% |, -—-18x1073 |
Fret/as = Fa1/03 + Faz/03 T Foajes =~ (I+ Dt ——5— J +——3 !

-3 -3

10 ) 10 )
=—5-[(3.182 - 18) + (3.182 + 9) J] = —5-[(~14:818)7 + (12.182) ]

Exercise 02:

Two tiny conducting balls of identical mass m and identical charge

Q, = Q, = q hang from non-conducting threads of length L. Assume

L 1
that 0 is so small that tan 0 can be replaced by sin 0; show that, for o :9
Q
equilibrium: x = (q°L/mg2mey)*/? r ! Q,
%{—/
x
Exercise 03:
x
Zﬁext=ma =0 = ﬁ+?+ FQb/Qa =0
( P=-m qJj
) T= —Tsinf T+Tcosb J
- QplQa ——n
Foy. = k ———= MpM,
1M, Mo |
M,(0; 0) Mp(—x; 0)
MM, = (xq — xb)i)‘l' (ya - yb)]_) =xT ; ”MbMa” =X

'
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Chapter 1: Electrostatics

=4 Qan VIRV q - qz -
Fo,10,= k ———= MM, = k e xl=kx—2 l
13, M|
oL o q*
P+T+ Fg,/9,= 0 = —mgj— T sinf ?+Tcos€f+kx—2?=5
qZ
. _ q*\ . . —Tsin +k—=0
(—mg+Tcos@)j+| —T sinb +kx_2 il=0 = X
—-mg+Tcosf =0
2 2
T sin@ =kq—2 k?c_z k q*
X“ =tanf = = >
mg mg x
Tcos8=mg

For small angles: tanf =~ sinf = —

2L

1

k q* 2Lkq? 2Lkq? 2Lkq*\3

9" _* s tlka __c|2Lka _(2Lkq”
mg x? 2L mg mg mg

Exercise 03:

What is the type of the electrical charges carried by the balls shown in the figure?

LEAR

B A(q)
Solution:
The type of the electrical charges carried by the balls

Like charges repel each other, while opposite charges attract each other

{A ](;_) Attraction = B(-)
{B(C_) Repulsive = C(-)

{C(D_) Attractive = D(+)

Exercise 04:
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1) What is the net force on charge A in each configuration shown in the opposite picture?

+1uc B -luC A +2uC
4 2cm 1 4 cm ®c
+1‘c B 1uC A +2pC
4 cm ® 2 cm ®c

2) Wewant to put the charge q, = —1 uC between two charges q. and q, (on the line joining

gc =+2upuC  qu=-1puC gp = +1uC
o o L

d-x X

the two charges as shown figure below) where the applied force from q, = +1uC charge
on the charge q, is cancelled by the force from the charge q. = +2 uC charge. Since

forces are vectors,. We will assume that the 1 uC charge is some distance x from the +1uC.

Calculate the distance x between q, and q,

Solution:
1- The net force on charge A
I*" case
y
+1uc B A +2pC
. 2cm . i) 4 cm .C X
-1pC
Frnet/ja = Fgja + Fcya
s —
Fgja = —— BA
|BA]|
Foa=k @AB CA
Al

A(0; 0) B(-0.02; 0) €(0.04; 0)
BA = 0.027 ;||BA| = 0.02
CA=-0047 ;||CA| = 0.04

(1x107%)(-1x1079%)

0.027= —22.57
(0.02)3 ' '

Fgia = 9x10°

(2x1076)(—1 X% 107°)
(0.04)3

Fea= 9x10° (—=0.047) = 11.257

'
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Fnet/A = FB/A + FC/A = _225?'*‘ 1125 i): _1125?

2" case
y
+1uc B A J +2uC
o o- °
cm '1HC l 2 cm C X

Fnetja = Fja + Fcya

(m= k (_IifA3 BA
|BA|

m= k qiq,A3 CA
lcA]|

A(0; 0) B(—0.04; 0) €(0.02; 0)
BA =0.0417 ;||BA| = 0.04
CA=-0.027 ;||CA| = 0.02

(1x107%)(-1x1079%)
(0.04)3

Fp/a = 9% 10° 0.047= —5.6257

(2x1076)(—1 % 107°)
(0.02)3

Fea= 9% 10° (=0.027) = 457

Fretja = Fgja + Fcja = —5.625 T+ 45 7=39.37517

2- Calculate the distance x between q, and qy

y
qc = +2uC f| i qg = +1uC
o d-x _ X .x
qa =—1uC
m: k @As BA
[BA|
m: k q_c_q>A3 CA
lcA]|

A(0; 0) B(x;0) C(—d+x;0)
BA = (—x)1 ;||§E||=x

CA=(d-x)T ;||C7||=d—x

45

—
| —



Chapter 1: Electrostatics

SN 9 (1x107%)(-=1x1079) L 9x10%
Fgia = 9%10 BE (—x)1= Z !
- o (2%x107%)(—1x107°) . —18x10°
FC/A: 9x%x10 (d—x)3 (d—X)l:Wl
Fnetja = 0= Fgja=—Fcja

9x10° —-18 x10° | 1 2
— =1 2= =—
x2 (d — x)? x2  (d—x)?
d—x
- V2

d — x\* X
(x ) =2 = d—x

{ x = 0.41d This value is acceptable wher d > x

;s

x = 2.38d This value is not acceptable whered < x

Exercise 05:

Three identical positive charges (Qqa = qp = q. = q)
are placed at the vertices of a square as shown in the adjacent ‘Ia$

figure opposite.
1- Represent the forces acting on the charge qq = —q at

the center of the square.

2- Write the analytical expression for each force, then

deduce the resultant (net) force acting on the charge qg,.

Solution :

I- Represent the forces acting on the charge q, at the center of the square

Vx




Chapter 1: Electrostatics

2- Write the analytical expression for each force, then deduce the resultant (net) force

acting on the charge qg4.

(Foja = k —41% ad
lad]|

<m_ k q_b_c)lds bd
Ibd]|

m’: qud cd
N Jed]

a(=l; 1) b(l; D) c(=L; =) d(0;0)
ad = (g — x)i+ g —ya)i = 1= 1] ;|lad|| = VE+ (D2 =1V2
bd = (xg = )l + (a = yp) = =11 1] ;lad]| = V(=D + (-D* = 12
od = (tg—x)T+ Qa—y)f =1i+1j ;|ad||= VE+12=1v2

(— q(—q) q*
Faja = k ——5 (T-1]) = - (i- D
/d
= )y T
L q(—q) q° R
{Fya=k (li—-1l)=—-k -7-)
T avz) 2V2 12
e q(=q) q*
F.qg=k s (T+1]) = — (t+ )
/d
- (1v2)® zflz
The net force acting on the charge qq
q?
Fnetja = Faya + Foja + Fepa = — 2\/_l2 (T— )

Exercise 06:

Three charges (qqa = —q ; qp = +2q and q. = —q) are
placed at the points (0,0) , (0; 2d) and (d,0) respectively as an_Y
shown in the opposite figure

1- Represent the forces acting on the charge q,

qdc

2- Calculate the resultant (net) force acting on the charge q,.

o
\ 4

da
Solution:

1. Represent the forces acting on the charge q,
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qa

2. Calculate the resultant (net) force acting on the charge q,.

(Fora = k 212 b
|[bal|

—_— qdcq9a

(Fere = T

a(0; 0) b(0; 2d) c(d; 0)

e

ba = (xg — %)l + (Va —¥p)f = —2d J ;||bal| = 2d

ca= (xa_xc)?'i' (Ya_yc)]_): —di :”w” =d

2

(— 2q(—q) q

| Frre =k @y D= kg
= —(—q) q® |
Fepa=k —yg— (CdD = —k—51
The net force acting on the charge q,
q . q . q L 1,
Fnet/d:Fb/a_i_Fc/a:_k?l-l_ k2 dzJ:: k?(—li-zj)

Exercise 07:

Consider three charges q4,= qg = q¢c=q at
the vertices of an equilateral triangle of side 21. What is
the force on a charge Q placed at the centroid of the

triangle, as shown in the Figure.

Solution:
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Fnetjc = Faje + Fgie + Feye

(Fae =k ”}Glfl’g AG

JFpc = k —= BG
[z

FC/G P (o (4 dcYc fﬁ
\ lcé|)

AO; y4) B(UI;0) C(=1;0) GO; y)

A

To find y, : sin @ =4 = y, = 2l sin 0 where 6 =§

21
V3
yA=2lsin%=217=l\/§ =>A(O; l\/§)

6 0 0
To find y; :tan;zyTG :>yG=ltan5 where E=§

l
A(0; 1V3) B(U;0) ¢(-1;0) G(O;ﬁ>

— l —2IV3 .. 2l\V3
4G =(xG—xA)H(yG—yA)f:(ﬁ—l@)ﬁ 57 llAcl ===
. I\* 213
BG = (xg —xp)i+ (yg —yp)] = —1T+ ? ”BG” = \/( D* + (?) T\/_

— . I A, 21\/_
CG = (xg —x)T+ (g~ yo)f = 1T+ —=J 5 [[CG| = /(l)2+( )

<I
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(9 <_2N§>7
A/G =
20v3)" \ 3
3
_ l
) 213 3
3
- qQ - l -
Ferog=k ———— (ll+—])
20v3)’ V3
\ 3
qQ R
Fret/¢6 = Faj¢ + Fgjg + Fepo = k 2l—\/§3 (-l+D 7T+
(%)
Fnet/G =6

Exercise 08:
Consider the charges q4 = +qand qg = +2q, and qc = —q

placed at the vertices of an equilateral triangle, as shown in

opposite figure.

& Represent on the diagram the forces acting on each charge.
& Write the expression of the force acting on each charge
Solution:

&% Represent on the diagram the forces acting on each charge

y

—21V/3 21\/§> )
+ J

3 3

Q¢

&% Write the expression of the force acting on each charge

FA/C = k qf_‘?% A—C)
]
Forces acting on charge Q.
Fgjc= k 2% BC
]
[ 50)
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(Fap = k 425 AB
|z
& Forces acting on charge Qg <
Fep= k 2% CB
5]’
— 944c
fFC/A k e CA
& Forces acting on charge Q4 {
Fga=k ‘ﬁ“ BA
5]
A(0; 0) B(d; 0) C(xc; ye)
sin 6 =%C = xc =dsinf
To find x¢ qnd y: where 8 = g
cos =% =y, =dcosf
( B d
Xc =35 e d dv3
dv3 2" 2
o=
AB = —BA = (kg —x )T+ (g —yu)y=d1 ,||ﬁ|| = ||E4)|| =d
—_ e N d d\/§ N —_— —_—
AC=—CA=(xc =x)l+ Qe =y =5 T+ —=] s[AC|| = ||cAl| = d
—_— B — N N d N d\/§ —_— P —
BC = —CB = (xc = xp)i+ (e —yp)f = =5 I+——] 7 s |BC|| = ||cB|| =4
& Forces acting on charge Q¢
4G (4 V3
ac— FERRW) 2
2 (_d. dV3
- _qu 1—) ‘\/§—> - - _qu 1—) 3\/§—)
Fret/c = —g3— (E l+7]>+(—l+\/§j) =z \~3it—J
& Forces acting on charge Qg
= q(q .
FA/B = k T dl
e T4Qe) (4. V3
¢/B = a3 \2 2/
. kg q .. ;
Fret/p =~ (21+(—z+\/_1)) d2 (l+\/§])

—

'
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& Forces acting on charge Q,

e 2qq R
FB/A =k F (—dl)

; —qq d, dv3 ,

fon=t—g 7272/
= E— qu - 1—) ﬁ—) qu 3—) \/§—>
Fret/a = - ‘“(5”7 1) =@\ Tztt g

Exercise 09:
In the Millikan experiment, two horizontal metal plates are separated by a distance of 1.0 cm,
with a potential difference of 3 kV. One plate is positively charged, the other negatively
charged. Small oil droplets, negatively charged, are present between the plates in equilibrium.
- Calculate the charge of a spherical oil droplet and compare it to the charge of an electron.
Given values: oil density (p) = 900 kg/m? droplet radius (/) = 2.0 um, gravitational field
strength (g) = 9.8 m/s?

Solution:

To calculate the charge of an oil droplet, we must first determine its mass and volume:
V =Z2mR® =335 x 107V m?

m

p=7 >m=pxV =900x3.35 x10"Y =3.015 x 107 Kg

Then we need to calculate the value of the electric field, the electric force, as well as the

gravitational force that this droplet will be subjected to.
The electric field between the plates:

gV 23990 o o5y
~d4- 001 /m

F=qE=q x3x10°
The gravitational force
P=mg=3.015 x1071* x9.8=2955%x 10713 N

In a state of equilibrium, the gravitational force is equal to and opposite in direction to

the electric force
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g 2955x10713 19
mg=qEFE =>q=mE= 3% 105 =9.85x10""C

& Compare the oil droplet charge to the charge of an electron.
ge = 1.6021 x 10719 C

q 9.85 x 1071° ¢ ;
P ~6 =q=
qe 1.6021x10°1° q qe

Exercise 10:
A negative point charge of magnitude -q is located on the
X-axis at point x = -a, and a positive point charge +q of
the same magnitude is located at x = +a, see the opposite
figure. A third positive point charge qo is located on the

y-axis with a coordinate (0, y).

(a) What is the expression of the net force on qo when its A(=a,0) L B(+a,0)

coordinate is (0, y)?

(b) What is the magnitude and direction of the net force exerted on qo when it placed at the
origin (0,0)?

Solution:

a) The expression of the net force on qo when its coordinate is (0, y)

FA/C = k ‘14,4_"1(;3 A—C)
<]
Forces acting on charge QC
FB/C =k qiqc3 _C)
<]

A(=a; 0) B(+a;0) C(o;y)
AC = (xc —x)T+ (ye —ya)f = at+y] ; ||AC|| = Va* + y2
BC = (xc = xp)i+ (yc —ys)] = —al+yJ] ;||BC|| == Ja? + y?

(—9) 90

FA/C = k _(a2+y2)3/2 (ai)‘l'yj))
= q 9o S 5
Fgic =k —(a2+y2)3/2 (—at+yJ)
— k q qo R —2akqqo |

Fretjc = m(—a?—Yf—al‘H’f): _(az+yz)3/zl
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We can observe that the resultant of the forces acting on charge qq has a single component
parallel to the unit vector 1, and this result is consistent with what was obtained by representing

the vectors graphically

b) The magnitude and direction of the net force exerted on qo when it placed at the origin

. =2akqq

., —2kqq ,
y=0 = Fuerye = 1= [

(a?)3/2 a2

Exercise 11:
In a Cartesian coordinate system (xy), two charges -{ and { are placed at points A(a, 0) and

B(- a, 0), respectively, where ais a positive number.

1) Represent the electric field generated E 4 by electric charge A at point M
2) Represent the electric field generated Ep by electric charge B at point M

3) Determine the direction and magnitude of the

yA

electrostatic field at point M(y, 0), as a function of M(O,y)+

I

a ¢ andy. I

I

4) Calculate the electric field for M(0,0 I

) Jfield for M(0,0) B(-a,0) ! A(a,0)

5) Plot the curve E(y). +=--=-=--r—-=--- +->x

6) Deduce the net electric force applied by these two
charges at a negative point charge placed at M (Q=-3uC), and a positive point charge
place at M (Q=+4uC).

7) Deduce the electric potential V created by these charges at point M.

Solution:
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& Represent the electric fields generated E, Eg and by electric charges A and B at point
M

& Determine the direction and magnitude of the electrostatic field at point M(y, 0), as a
function of @, {, and y. The net electric field at the point M

Ener D) = Y E (M) = ) Ko = B 40 = B0 + B 4
- ; PM
12 2 l

qa
— 3
[AM]|

E, (M) =k AM

5]
— 3
[BM]|

Ez(M) = k BM

A(a ; 0) B(=a;0) M(o;y)
AM = (xy — x2)i+ Gy —y)] = —al+y] ;[|[AM| = Va2 +y?

BM = (xy — %)+ (yu — yp)i = al+y] ;||[BM|| = Ja? +y2

E (M) =k (az_'__—)?z)g,/z (—al+y]))
—— Q 5
EB(M)= km(al‘F}/D

2aQ |

Enete (M) =E4, (M) + Eg (M) = k (a2 + y2)3/2 L

& Calculate the electric field for M(0,0) , in this case we replace the value of y by 0

- 20,
Enet (M) = k el
SN 2aQ
& Plot the curve E(y): “ENet (M)” = Enet = k (@+y2)3/2
[ 5)
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& Deduce the net electric force applied by these two charges at a negative point charge
placed at M (Q=-3uC), and a positive point charge place at M (Q=+4uC).

2aQ0Qum

FNet/M (M) = QuEnec (M) =k (a2 + y2)3/2 L

2aQ(-3x107%) 5 _ 3 aqQ >
@ LT 54 x 10 X—(a2+y2)3/2 U

FOI’ QM - _BﬂC:FNet/M (M) - 9 X 109 X

2aQ(4x107%) 5 3 aqQ >
@z LT 72 x 10 X—(a2+y2)3/2 l

FOI’ QM - 4ﬂC;FN€t/M (M) - 9 X 109 X

& Deduce the electric potential V created by these charges at point M.

It Method

_ _ 4 _
Vee (M) = Zvl- (M) —Z K = Vier O = VA )+ Vi ()

da qa
ViiM)=k ——+Cy= k ——+C
i lam| = ez ey
4B qda

Ve(M) =k —— +Cz =k

1BM]| Ja? +y?

+C,

Vet (M) =k +Cytk (qa +qp) + (C4 + Cp)

qda 5] k
—_ — 4+ (g = ——

We assume C4+ Cg = C

Vet (M) = (—Q+Q)+C=¢C

k
Ja?+y?
To determine the value of C, we rely on the principle that the electric potential vanishes

at infinity, and thus we assume:

Vet 0 2 0) =0 =2C=0 = Vye (M) =0
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2" Method : We can derive the electric potential expression from the electric field vector

expression as follows:

dV = dV, + dV, + dV, = —E.d7 where
dr =dxT+dy j+dz k

dV, = —E, dx

dV = dV +dV,, + dV, = —E, dx — E, dy — E, dz{ dV,, = — E, dy

dV, = —E, dz
2aQ
AV, = —k ———~ g
E:k(a2+y2)3/zl:{ av, = 0dy
dV,=0dz

( 2a0Q
Jave= | ~+ e

J
V=fdv=fdvx+jdvy+fdvz=>< fdvyzfo(iy
J

\ dl/'zz_].Odz
rjdvx_—k ¢ e
a2+ 2)2
(a?+y?) 240
3 JdVy=c2 :>V=—k—§x+cwherec=c1+c2+c3
(a® + y?)2
\ deZ=C3
For a point M M (0,y), We replace x by 0 and we find the expression:
2aqQ
V(M (0,y)) = —k—§0+c=c
(a? +y?)2

Vet ( 2 0) =0 =C= 0= Vye (M) =0

Exercise 12:
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Four charges (4, O, Qc, and {p are arranged

as shown in the opposite figure, where Q4= ‘?’MKO, 0.7
@s=@c= @b =0= +3uC !
! +..~D...£0, -d, 0)
1) Represent on the figure the electric field : Rl
. . . ..C..('d; 0) 0) : ’ . ﬂd: 0: 0)

generated at the point M (0,0,z), and write its - RS +-amm- > X
analytical expression S

B,4,0) .*
2) Deduce the net electric force applied by ’,+ |

I's

these four charges at negative point charge Y

placed at M (Q=-2uC).
3) Deduce the electric potential V created by these four charges at point M.

4) Calculate the net electric field, the net electric force, and the net electric potential for M
(0,0,0).

Solution:
1) Represent on the figure the electric field generated at the point M (0,0,z), and write its

analytical expression

/Q}Qv )

/40»

/Q)(’
M0, 0,2)

*-Q.fo’ 'dy 0)

/Q)Q

Ced0,0 LT AW 0,0

; 1

Do, |

3_(05 d: 0) ad !
A4 !

s’
X

X

Enec (M) = E E, (M) = § K—” ‘”3 BM = E, (M) + Eg (M) + Ec (M) + Ep (M)
: : PM
L L l
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(E, (M) = k —A_ AN
[4n]|

E, (M) = k —2_ B
[BM]|

E (M) = k —<— M
[cu||

Ey (M) = k —2— DM

y [

A(d;0;0) B(0;d;0) C(—d;0;0) D(0;—d;0) M(0;0;z)

AM = ey — x)T+ (yy — vy + (zy —ZA)E =—di+zk ,||ZM|| =4 d? + z2

Wz(xM—xB)T+(yM—yB)j)+(zM—ZB)E=—dj)+zE ;|W||=\/d2—i—z2
CM = (xp — %)+ Oy — yo)j + (zy — 20)k = d i+ zk ;||[CM|| = v d? + 22
DM = (xy — xp)i+ Yy — ¥p)j + (zu — 2p)k = dj+ zk ;|| DM|| = Vd? + 22
(o Q o
EA(M)— km(—dl+2k)
— Q R -
EB(M): km(-d}+2k)
< Q
EC(M)= km(d?ﬁ'zk)
P — Q N -
LED(M)= km(d]ﬁ'Zk)
SN — — — — 4KzQ - 108 z 103
Enet (M) = Ex(M) + Eg (M) + Ec (M) + Ep (M) = k =

(d? + z2)3/2 (d? + z2)3/2

& Deduce the net electric force applied by these two charges at a negative point charge
placed at M (Q=-2uC).

QuzKdQ . 2167 1073

FNet/M (M) = QMENet (M) = (dz + 22)3/2 (d2 + Z2)3/2

& Deduce the electric potential V created by these four charges at point M.
I*" method:

Vee (M) = ZVL-(M)=Z K”pi’—M” =V, (M) + Vi (M) + Ve (M) + V(M)
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qa _ da

(v, (M) = km+CA_ kW+CA
Ve (M) = k”;_,—;”+63= kd%+63
e - e
Vo () = kﬁ+%= k\/%+CD

Vet (M) = Z(qA+qB+qC+qD)+(CA+CB +Cc+Cp)

k
Vd? + 22
We assume C4+ Cg +Cc+Cp =C
Ve (M) = —2_ 4. C

To determine the value of C, we rely on the principle that the electric potential vanishes

at infinity, and thus we assume:

4kQ 108 x 103

Vwee (22 ) = 0 20+C=0 = Vyee (M) = e = "oy

2" Method : We can derive the electric potential expression from the electric field vector

expression as follows:

—

E=E+E, J+E,

w‘

dV = dV, + dV, + dV, = —E.d7 where
dr =dxT+dy j+dz k

dV, = —E, dx

dvV = dV, + dVy, + dV, = —E, dx — E, dy — E, dz{ dV, = — E, dy

dV, = —E, dz
dV, = 0dx
- 4Kz - —
E:(d2+z2Q)3/zk: y =0dy
4Kz Q
dv, = dz

- (d? + z2)3/2
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( szdexszdx ( szfdvsz
V= < Vy=fd1/3,=f0dy = < 1/3,=dey=Cy
= |ay=-4kQ | ————rdz |V =-4KQ | ——rd
__]. z = Qf(d2+zz)3/2 z A Qf(d2+22)3/2 z
To calculate the integral 1, = [ (dzéw dz , we perform the variable conversion process as
follows:

t?=d*+2z? =22tdt=2zdz=> dt=2zdz

1 1
f (d? +ZZ)3/2 J( 2)3/2 = ft_z dt = Tt
We replace t = +/d? + z?

1
Nro

I,=~—

Thus, we find:

z
VZ——4KQfde = —dz—-l-zz-l_
V(M) =V +V,+V, = ﬂ KO

N
To determine the constant c, we use the condition:
Vet 2> 0)=0=C=0 = Vy,,(M)=0
4KQ
& Calculate the net electric field for M (0,0,0) = z=0

V(M) =

4K (0)Q -

@+ 7 =

Ener (M) =
& Calculate the net electric force for M (0,0,0) = z=0

FNet/M (M) = QuEyer (M) = 0

& Calculate the net electric potential for M (0,0,0) = z=0
4KQ 4KQ _4KQ

= e JEr o d
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Exercise 13:

Two charges Qu=+4uC and Qp=+1uC are placed at the

C
vertices of an equilateral triangle of side length Il as shown the ,’l\‘\
4 \
opposite figure. l// W
\
4 \
-Find the total electric potential at the point C. Q. / [ AN 0,
4 \
Calculate/Deduce the expression of the electric field .' ____________ b

generated by the two charges

Solution:

& The total electric potential at the point C.

_ _ @ _
Vyee (C) = ZVL- ©) = Z Kimer =T (©+Va©)

First, we choose a coordinate system to determine the coordinates of the positions of

charges A and B as well as the position of point C. as in the following figure.

A
Yo
.}]C.r 7777777777777 N C
. VAN
1 VRN
AN
I l/ ! \
: /// i \\l
| ’ : \\
’ ‘ \
S A s |
J 1 '
X
Qa t Cl Qb

Therefore, the positions are as follows:

A(0;0) B(;0) Clxc;ye)

The coordinates of point C are calculated as follows:
A triangle is equilateral, so all of its angles are identical and equal to g

_ T

xc—lcos§—§ I W3

=>C|lz;—

_l_n_l\/§ 27 2
Ye=lsinz = —

—_— - - l—)
Acz(xc—xA)l'i‘()’c_)’A)J:E t+

NE
w

7 sl - j(é)z NCEN
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2
Y - N l_) l\/g_, — 12 l\/§
BC = (xc —xp)i+ (e —yp) = =5 T+ —— ] ;||BC||=j(——) +<—> =1

Q4 Q4
V() =k —=2-+C=kZ2+¢C

Qp Qs
V(€)= k —— +Cy= k 24C

k
Vyer (C) = T(QA + Q) +(C4 + Cp)

We assume C4 + Cg = C

k
Vet (C) = T(QA +Qp) +C

To determine the constant ¢, we use the condition:
Vet (I 2 0)=0=2C=0 = Vy, (C)=0

9% 10°%x5x10°° _ 45 x 103
l N l

& Calculate/Deduce the expression of the electric field generated by the two charges

k
V(C) = T(QA +Qp) =

Bnee (©) = ) B(©) = ) K—13 BC =B, (€) + F5 (©)
i = Rl

e Qa o Qafl, W3\ Qa(1, V3,
EA(C)‘"‘”A—dns“—"z—a(z”Tf ERRCAVARE
e @ o Qe L. W3\ Q1. VB
STk BC"‘F(‘E”T] “kE Tttt/

Eyer (C) = B4 (C) + E5 (C) = k%<%7+\/§j>+k@<_%f+\/§j>

_k KQA—QB . (Qa+0QpV3 )l
“E\T 2 T 2 J

Numerical application of the equation

. 9% 10°[/3 . 5V3 . 103[/27 . 45V3 .
ENet (C) = 2 [(E l+7]> X 10_GI = — < l+—]>l
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Exercise 14:
Consider three point charges positioned at the vertices of
an equilateral triangle, the Length of the triangle's side is 21 CQ
as shown in the figure, where Q4 = Qz = Qc=0= +2 uC.
Let G represent the centroid of the triangle.

1. Determine the electric potential created by each charge

at the centroid G.

2. Deduce the overall electric potential at the centroid G.
3. Compute the total electric field value at the centroid G.

If the charge 1€ ¢ = -3 uCis positioned at the centroid G, calculate the resultant force

acting upon it.

Solution:

Determine the electric potential created by each charge at the centroid G.

_ _ @ _
Vyer (G) = Z Vi (6) = Z Kimeg =@+ @+e@

To obtain the positions of charges A, B, and C as well as the position of the centroid of
triangle G, an appropriate coordinate system should be chosen to facilitate the

determination of these positions, as shown in the accompanying Figure.

v

. N\
Therefore, the positions are as follows:
A(=1;0) B(+L;0) C(0;yc) and G(0;yg)

The coordinates of y¢ and y¢ of the points C and G respectively are calculated as follows:
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yC=2lSing=l‘/§ l\/§
—ltanz—f :C(O;l@)andG@;T)
Yo = NG = 73
2
— N - - l'\/§_) A l\/§ Zl\/g
AG = (xg = x)T+ (vo —ya)] = LT+—- ] ;[|4c| = lz+<3> E
- ) : W3 . l\/§2 21/3
BG = (xg —xp)l+ (vo —yg)] = =11+ ——] ;[|BG|| = |1 <3> E
2
— N - = l\/§_’ cC l\/§ 21\/§
€6 = (xg —xc)l+ (g —ye)] =0T —2——] ;licall = (‘2 3) B
Qa 30
=k =2 4+C, =k ——+
O kRO o
Qs 3Q
Vg (G) =k —37 + (g =k —=+C
{Vp(G) “BG” B 2IV3 g
Qc 30
Ve(G) =k —=+Cc=k —=+C
[ lcall ¢ " 23
9Q
VNet(G)= kﬁ‘l‘(CA"‘C‘B +CC)
We assume C4 + Cg +C, =C
2Q
Vet (G) = kZl\/§+C

To determine the constant ¢, we use the condition:
VNet(l_>oo) = 0 :C= 0 = VNet(G)=O

30v3
V() =k ——

o Compute the total electric field value at the centroid G.

Eyer (6) —ZE ©) —Z K

PG EA @)+ EB @) + +EC (@)
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A

X )_k||AQG|| Ezkcfgf(” §]>
3

Es(G) =k U =BG =k ——— ( *+£7>
|56 < ) 3

l\/§9

P )_k||BQG|| e k(zN‘) ( Tf)
Enet (6) = E4 (G) + E5 (G) + E¢ ()

Enet (G) = k ¢ +£]—ll §7—2§71=6

—= Iz
(%) l 3
3

If the charge uC Q = -3 uC'is positioned at the centroid G, calculate the resultant

force acting upon it.

-

Fyetjc = QgEne: (G) =0

Exercise 15:

Consider a charge q uniformly distributed, with a linear

AT

density 4, on a circumference centered at O and with a radius A M (0,09

R as shown in the opposite figure

I-

Write the expression for the elemental charge dq carried
along the elemental length dl.

Write the expression of the elemental electric field

dTgenerated by the elemental charge dq at the point M
Calculate the net electric field E generated by the charge q at the point M

Calculate/deduce the net electric potential at the point M
Calculate both electric field and electric potential at the point (0,0,0)

Solution:

Write the expression for the elemental charge dq carried along the elemental length dl.

/‘1=% T dqg= dl=ARd6 ;wheredl=Rdo

dl
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& Write the expression of the elemental electric field
- 9-\ <
dE generated by the elemental charge dq at the point M ‘“\ % M (0,0,7)
Kd Kd Kd =
dE(M) =——=5 PM =— 71U, = — U, \
1Pm]] " ’ SN v
Wheremzfzru_r’;r=||P_ﬁ|| ?

. KARdO —_. KARdO __
dE(M) = ——= PM =—— &,
[PM]||

Coordinates of point P; The analytical expression for vector PM and its magnitude is written

as follows.
P(xp;yp; 0)  M(0;0;2)
Xp =Rcos@ ; yp= Rsinf

PM = (e —xp)T+ (Y — yp)J + (zM—zP)E= —Rcos@?—Rsin0f+zig

||W|| = (R cos0)2 + (—Rsin 0)2) + z2 = y/R? + z2

. KARdO —, . KAR do R L S
dE(M) = ”_)”3 PM = dE(M) =———— (—Rcos6T—Rsin0j+zk)
PM

(R? + 22)2

& Calculate the net electric field E generated by the charge q at the point M

. . KAR d6 =
EM) = de(M) = f— (—Rcos@T—RsinO]+zk)
(R? + z2)2

m( R?KAcos@ dO\, (*"(—R%*KAsin6df\, (**( KARdOz \-

LT )5, [ (Kmen )

(R? +z%)2 0 (R? +z%)2 0 \(R?+z2)2

2n ( R2KAcos@dO\.  —R?KA (27 . —RKA

f — [ = f cosf8dfT = ———[sinfB]"T =01
0 0

3 3
(R?%2 + z2)2 (R?%2 + z2)2 (R?% + z2)2

EM) = J

0

2t R2KAsin6do) —R*KA (" ., —R?K2 e s
J - ]=—3.f 51n9d9]=—3[—C059]0" =0y
0 0

3
(R? 4+ z2)2 (R? + z2)2 (R? + z2)2
v KARdfz \»  RKAz (*" .  RKAz oo 2TMRKAz -
f — k=—3f df k = ——— 015"k = ——
0 \(R%+z2)2 (R? +z2)z70 (R? +z2)2 (R? +z2)2

'
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o 2nTRKAz &
EM)=—k

3
(R%2 + z2)2
& Calculate/deduce the net electric potential at the point M

I’ method
Kdq 2T KR d6 KAR® 1"  2mKAR
V(M) =de(M) - | =L = - ] _
|PM|| Jo VRZ+2z2 WRZ+2z2l;  VRZ+ 22

2" method

by - B0y [ es-
2nRKA z
L AV, = —————""_ dz 2mRKA z
dV, = —E, dz z ) 2% jdVZ=J_—3dZ
(R? + z?) (R? + 22)2
I/Z=de =—27TRK/1f—3dZ
z (R? + z2)2

To calculate the integral [ dz , we perform the variable conversion process as

(R2+ 2)3/2
follows:
t?+= R?’+ 22 22tdt=2zdz> dt=zdz

1 1
f (RZ + 22)3/2 f (t2)3/2 = ft_z dt = — T
We replace t = \/R? + z?

z 1
_  dg= -
.[(R2+zz)3/2 z VRZ + 22
Thus, we find:
2 TRKA
v, =—27TRKAJ—dz =" 4,
(R? + 22)2 VR? + 72
VM) = VA +Y, = A e by 40 = R ¢
Yo \/R2+Z2 Y JRT ¥ 22

Where Cy, Cy, andC, are constants
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To determine the constant C, we use the condition:
Vet (Z>0)=0=C=0=>VM)=0
2 mRKA
V(M) = ——
R? + 22
& Calculate both electric field and electric potential at the point (0,0,0)

At the origin point (0,0,0) we set the value to zero.

> 2nRKAz -
z=0=>EM)=———k=0

(R? + (0)%)2

2 mRKA
z=0 2V(M) = —==271KA
VR?% + (0)2
Exercise 16:
We consider a positive charge q uniformly distributed over the AZ

surface of a disk (o) with infinitesimal thickness as shown in

the opposite figure

1- Write the expression for the elemental charge dq carried

along the elemental length ds.

2- Write the expression of the elemental electric field
dTgenerated by the elemental charge dq at the point M
3- Calculate the net electric field E generated by the charge q at the point M
4- Calculate/deduce the net electric potential at the point M
5- If the disk becomes an infinitely dimensional plane, find expressions for the electric

field of this infinite plane.

Solution:

&% Write the expression for the elemental charge dq carried along the elemental length ds.

dq
U—E—%:dq—adS— ordrdf swhereds = r dr d@
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& Write the expression of the elemental electric field d_E)generated by the elemental charge

dq at the point M
- Kdg —
dE(M) = — PM
[P
- Kordrdf —.
dE(M) = ———— PM

Coordinates of point P; The analytical expression for vector PM and its magnitude is

— 3
1PM|

written as follows.

P(xp;yp;0) M(0;0;2z)

Xp =71rcosf ; yp= rsinf

PM = (xp — xp)T+ (Y — yp)J + (2 — zp)k = —rcOs 0T —rsin@j+zk

||W|| = J((=rcos0)2 + (—rsin6)2) + z2 = Jr2 + 22

- Kordrdd —. Kordrdf R . -
dE(M) = ——— PM = —— (—rcos@t—rsmHJ +zk)

— 3
|PM|| (r? + z2)2

& Calculate the net electric field E generated by the charge q at the point M

Kordrdf . L o
———— = (—rcosf@i—rsinf +Zk)

EM) =de(M) =f

(r2 + z2%)2

N R —T'ZKO' 21 . R —T'ZKO' 27T . .
E(M)=f —3drf cos @ d91+f —3drf sinf df
2 0 0 (r2 + z2)2 0

R —T'ZKO' 21 ' R _,’,.ZKO. )
Izzf —3drf sinf dd = | ————dr x [cosO]g" =0
0 0 0 (2 + 22)2

R yKoz om R yKoz o R r
=f —3drf de =f ———dr [6]" = ZnKazf —
5 Jo 0 0 (r2 4+ z2)2

(r2 + z2?)2

dr

[ )
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To achieve this integral |, . ——dr, we perform a change of variable as follows:
(r2+z2)2

t?=1r?24+2%2 22tdt=2rdr= dt=rdr

1 1
f 2 + 22)3/2 f (t2)3/2 = j-t_z dt = Tt
We replace t = \/r?+ z2

fR o ‘ 1 R 1 1
—_—dr = |— — —_
0 (2 _|_Z2)% Vrz +2z2l,  Vz?2 VR%+ z?
E(M) = 2rnK (1 ! )E 2K (Z z )E
=2nKo z|- — ——=|k = 2nKo | — — ——
Z +R2+ z2 |z|  VRZ + 22
R z -
Forz>0=|z|l=2z = EM =2nKa<1——)k
(M) VR? + z2
N z -
Forz<0 =>|z|=—2 = FEM =2nKa<—1——)k
12 (M) —

& Calculate/deduce the net electric potential at the point M

Kdq R Kor

2T
V(M)=de(M)= m Wdrf do = f\/r 2 4 72

dr 613"

V(M) = nKaj mdr =nKo fORZ r(r?+ 22)—% dr
As a reminder:
[reor L2 ax = ——(rep
By matching the integral we want to calculate with the integral given in the reminder, we find
(r? + z2)"Y2 represents (f (r))™ wheren = 1 (f(r)l)”“ = (1”12 + 2417
=
2r dr represents dj;gr) dr n+l —% +1 -

R
f 27 (r? +zz)_% dr =2 (r? +zz)1/2|§ =2 (JRZ T 22 _\/;)
0
V(M) = 2nKo (\/RZ + 22 — |z|)
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Forz>0=|z|=z = V(M) = ZnKa(\/RZ + z2 —z)

Forz<0 =|z|=-z = V(M)=271’KO’( R2+Z2+Z)

&% [fthe disk becomes an infinitely dimensional plane, find expressions for the electric field
of this infinite plane.
)_) Forz>0=>|z|=2z = E)(M)ZZTL'KO'E
k=

E(z » ») = 2nKa (—
Forz<0 =|z|=—-z = E(M) = -2nKo k

_ 1
 4me,

N Forz>0 = E(M)=%E
E(M) = B} s
Forz<0 = EM) = —2—50
Exercise 16:
As outlined in the second exercise, the electric field expression for an infinite plane with a

g

— ifz>0
o . . = 2
positive surface charge density o is given as follows: E = j;’ ]
— ifz<0
280
Consider two infinite parallel planes, denoted as P4 . A
and P,, each carrying surface charge distributions o, R3

and o,, respectively. These planes are positioned at a
. . . . P2(c2,
separation distance A, as depicted in the / (@2

/$
|
|
accompanying figure. !
R2 |
1- Caculate the electric filed generated by each plane ‘i‘
at the regions R1, R2 and R3 / / X
Pl(cl) —>
2- Calculate the electric potential V at each region /
3-  Discuss the following cases of charge distribution /
y RI1

(6l = 02= o), (cl= —02= 0)

Solution:

& Caculate the electric filed generated by each plane at the regions R1, R2 and R3
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The electric field vector at the points located above the plane is unform with constant

magnitude and directed upward (in the same direction as the unit vector 75), while at the

points located below the plane , the electric field vector is unform with constant magnitude

and directed downward (opposite to the unit vector E).

Region R1: z < 0 1‘ z
R3 I G
. .. .. Ep, EP1
According to the principle of superposition of 2
electric fields $/ : P2(52) /
|
— —01 > 1 —
Ep, = f k A Ep,
E=Ep +Ep, where { 002_) ! R2 Ep,
E‘p2 — k !

E= k

Region R2: 0 <z < A

E =Ep + Ep, where - = E = k
Ep, =5k 20
P27 26,
Region R3: A< z
— 1Oy
E=Ep + Ep, where 0 L E=1L2
? +O_2E 280
P2 2¢,

& Calculate the electric potential V at each region

- -

E=EJ+E, J+E,

b

V=de=j—E.d? where
dr =dxT+dy j+dz k

av = dVy +dV, +dV, = —E, dx — E, dy — E, dz
dV, = —E, dx Vx=Jde=—jExdx

dVy=—Eydy=>Vy=dey=—nydy

dv, = —E, dz VZ:jdVZ=—JEZdz
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Region R1: z < 0

E = k
2¢
.
V,=— f 0dx =C,
3 v, =- f 0dy =¢C,
—0,—0y o,+0,
L7 f 2¢0 z 2¢g 2t
o1+0o, 01+0,
V=V+V+V,= P z+C+ C, + C, = P z+ Cy (Where C; = C + C), + C;)
0 0
Region R2: 0 <z < A
E = k
2¢&g
.
Ve =— j 0dx =C,
3 Vy =— j 0dy=¢,
010 0,01
= — = C
\Z ,I- 2&, 2&, 2tCs
0-2_0-1 0-2_0-1
V=V+V+V = e z+C+C, + C, = e z+ C, (where C, = C, + C,, + ()
0 0
Region R3: A< z
- 01103 -
E=—"tk
2¢
.
V,=— f 0dx =C,
{ vy, =- f 0dy =C,
0,10, 0,+0;
\? f 2¢, z 2&, ey
0,+0; o,+0;
V=V+V+V= z+C+C, + C, = — z + C3 (Where C3
2¢, 2¢,
=Cx+C,+Cy)
& Discuss the following cases of charge distribution (61 = o2 = o), (61 = — 02 = 0)
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- —01—03 o,+0;
(F=—1"2% z<0 (v =2 2z+C1 z<0
2&g 2¢
=_01702- 0,—0
{E= L 2% 0<z<A {V = 2 1z+C2 0 <z<A
2¢, 2¢g
E=—2% A<z V=-—= 1z+C3 A<z
\ 2&g \ 2&g
Caseof:0,= 0, =0
— _O-—)
(Ez— z2<0 [V=—2+C1 z2<0
& &
{E=0k 0<z<A {V—CZ 0<z<A
- O
LE=— A<z lV=——+Cg A<z
€o €o
Caseof:01 = —o02 =
(F=—1 "2 z<0 (v =212, Cy z<0
2&g 2¢
=_01702- 0,—0
<E=1 2% 0<z<A4 <V_2 Lz C, 0 <z<A
2¢& 2¢&g
- 0110y 0,t0
E=—k A<z V=—-= 1Z+C3 A<z
\ 2&g \ 2&g
Exercise 17:
A charge is uniformly distributed on the surface of a
Al
ring of inner radius “a’’ and outer radius “b”.
> M (0,0,2)
1- Write the expression for the differential
charge in the magnitude of a differential .4 \
surface. Then write the expressions for the Ty i

resulting electric field and electric potential

at point M(0; 0, z)

2- Derive the expressions for the electric field at the point M(0; 0; z) when a — 0 and b — oo.

Solution:
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& Write the expression for the differential
z
charge in the magnitude of a differential 1
N

surface. Then write the expressions for the

resulting electric field and electric potential E‘\
<~_4a
Y & 2 it g WV

at point M0, 0;z)  E------"

b u, s
azgzd—qzd = ods P “
s s x
= ordrdf ;whereds =rdrdf
The differential electric field
qu N

dEM) =

PM =—ru, +zk =>||W||=\/r2+22

o Kordrdé Kor?drdd _, Kordrdf —
dE(M) = —— (-ru, +2zk)= - U +———52zk
(r2 +z2)2 (r2+2z2%)2 (r2 +z2)2

The expression for the resulting electric field

Kor? u, —
EM) = f dE(M) = ff _ dr df + ﬂ ~drdok = I, + Lk
(rz + 22)2 (rz + 22)2

A highly important note: The unit vector k can be taken out of the integral since it is a
constant vector, whereas the unit vector u,. cannot be taken out because it is not constant

and varies with the variable .

b
Kor? u, Kor?dr [*™__
e [ g [ R
270

(r2 + z2)2 (r? + z2)2

To calculate this integral, we write the unit vector analytical expression in Cartesian
coordinates, as previously discussed in the Physics 1 lessons.
U, = cosf T +sinf J

2

zn 2n 2T 21 —
f Wdezf cosBdGi+f sind dfj = [sin0] Oi+[—c050] 07= 0
0 0 0

Thus
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b
Kor? u, Koridr (?™__ -
Irzﬂ—drdﬁ—f—3f i do =0
(r2 +z2%)2 (rz +2z%)z°0

Ko rz b rKoz 2m b rKoz 21
= [ o= [ [ g [T
0

(r2 + z2)2 (r? + z2)2 (r2 + 22)2 0
b r
I, = 27TKO'Zf —dr
a (r2 + 72)z

To complete this integral [ b s dr, we carry out a change of variable as follows:

(r2+z2)2

t?=1r24+22 =22tdt=2rdr= dt=rdr

1 1
j(rz +ZZ)3/2 j( 2)3/2 = jt_z dt = Tt
We replace t = \/r?+ z2

o SO L | 1
f N T_|_\/r2+zz T Vartz2 Vbt 22
a (r2+4z2)2 a

5 1 1 >
EM =2TL’K0’Z( — )k
0 Va2 + 22 Vb? + 22

The differential electric potential

Method 01

Kdgq Kordrd6
||W1’||  VrZ 22

van ] v (M) ﬂ Ko rdr de b Kgr d Z”de
= = T
V12 + z2 a Vr2 + z2

dv(M) =

von = [ K27 g o)
= ——dr
a VT2+ZZ
V(M) = K T2,
=nKo | ——dr
a VT2+ZZ
As a reminder:
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1
[ereor L2 ax= —— ooy

By matching the integral we want to calculate with the integral given in the reminder, we find

(r? + z2)72 represents (f(r))" wheren = — = FEN™t = @* + 212

2 1 1
=
af(r) =
n+1 1
a —g+1

=2

2r dr represents

b 1
J. 2r (r?+z2) 2 dr =2 (r2+22)1/2|2=2 (\/b2+zz—\/a2+zz)
a

V(M) = 2nKo (\/b2 +22 —+Ja? + Zz)
Method 02

R E=E.u +Eyug +E, k
dV = dV, + dVy + dV, = —E.d7 where
dr =dru, +rdb ug +dz k

AV = dV. + dVy + dV, = —E, dr — Egrdf — E, dz
V, = —E,dr
{ =—E9Td0
L V,=-E,dz
E(M) = 21K ( ! ! )E
= 2nKo z -
Va2 4+ z2 b2+ z2

dV, = —E,.dr = -0dr =V, =C,

dV9=—E9rd9=—0dr :>V9:C9

1 1
dV, = —E dz=—27rKaz( — )dz
§ ? Va2 4+ z2 b2+ z2
” - f( 2z 2z )d K (f 2Z 4 f 2Z d)
= —nKo - z=—nKo ———dz— | ——dz
§ Va2 4+z2 b2+ z2 Va? + z2 Vb2 + 72

—2Ja2 + 52 [p2 1 ,2
—a2+22 dz =2\a*+z J—b2+zz =2yb%*+z

V(M) = 2nKo (\/bz + 22 —a? + 22)

& Derive the expressions for the electric field at the point M(0; 0, z) when a — 0 and b — .
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- 1 1 -
E(M)=271’KO’Z( — )k
Va2 +z%2 b%+ z2

Fora— 0and b — o

E(M) = 2nKo (i) P (é) k

\z2 41,
R o -
Forz>0 > E(M)=—1%
S 2¢,
EM) = 5 o -
Forz<0 = EM)=—-——%
2¢,

Exercise 18:

The given figure depicts a circular arc with radius R extending in the plane (oxy)
between two boundary angles (0;)and (0 f) with respect to (oy) axis. Along this arc, a positive

electric charge is distributed evenly with a linear charge density A.

ZA

M (0,0,2) o

a/

&% Represent at point M (0; 0; z) on the figure above the vector of the differential electric

field dE resulting from the differential charge dq dustributed along the differential

length dl, then express its analytical expression in the Cartesian coordinates.

& Determine the expression for the electric field E at the point M, then derive the
expression for the electric potential V at this point .

& Discuss the expressions of the electric field and the electric potential at the point M (0;

0; 0) For the following cases of angles: (Oi =—0f = E) ;and (9,- =—0f = 11')

Solution

% Representing the differential electric field dE at point M (0; 0; 2)
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ZA
B
ng 7
<M (0,0,2) -
/’/
"’ Phag
./ ."‘
— ’ Phie
k4 >, ’/‘/ .
=76, x

a/

- Kdq —.
EM) = —=
1P|
_4_4dq — dl= —
A—Z_E:dq— dl=ARd6  ;wheredl=Rd0

Coordinates of point P; The analytical expression for vector PM and its magnitude is written

as follows.
P(xp;yp; 0)  M(0;0;2)
Xp =Rcos@ ; yp= Rsin@

PM = (xyy — xp)T+ (Vg — vp)J + (ZM—ZP)E= —Rcos@?—Rsin0f+ziz

||W|| = (R cos 0)2 + (—Rsin 0)2) + z2 = y/R? + z2

. KARdO —, . KAR d6 R L S
dE(M) = = PM = dE(M) =——— (—RcosOT—Rsin0j+zk)

[PM]| (R? + 22)2

& Calculate the net electric field E generated at the point M

. . % KAR do -
E(M)=de(M)=J ———— (—Rcos@i—Rsinf]+zk)
0; (RZ + ZZ)E
" % ( R?KAcos® dO\, (O (—R?KAsin6@dd\, (% ( KARd6z \-
E(M) =j - 3 L+f = |J +f — |k
0i (R? + z2)2 0i (R? + z?)2 0i \(R? + z2)2
% ([ R?*KAcos@db\ . —R%KA  [Or . —R*KA g,
f — 3 l=—3f cos@d91=—3[sm0]9il
0i (R? +z2)2 (R? 4+ z2)276: (R?2 +z2)2
( |
L %)
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—R%2KA . .. R%KA B
= ———[sinf; —sin§;]{ = ———[sin6; —sin 6| i
(R2 +2z2)2 (R% + z2)2
% ( R?KAsin0do) —R2%2KA (9 . —R%*K2 o,
f - ]=—3f 51n9d9]=—3[—c059]9i]
0 (R% + z2)2 (R? + z2)270i (R? 4+ z2)2
—R2K2 . R2K2 |
= —3[— cos 6 + cos Hi]] =—7 [cos 0 — cos Hi]]
(R? 4+ z2)2 (R? + z2)2
t( KARd6z \»  RKAz (% .  RKAz _ ¢~ RKAz -
f = |k = f dbk = ——— [0,k =—— (6, - 6k
i \(R%? 4+ z2)2 (R? 4 z2)z70: (R? +z2)2 (R? +z%)2
. R2KA . R’k )
EM)=—— [sm 0; — sin Gf] l+—— [cos 0 — cos Qi]]
(R% + z?)2 (R% + z?)2
RKA z -
3 (6, —6:) k
(R? + z2)2
o RKA . ) 5 > T
EM) = —3(R[sm 0; — sin Hf] [+ R[cos 8 — cos Hi]] +z (Bf — Hl-) k)
(R? + z2)2

& Derive the expression for the electric potential V at the point M

o _de(M) _( kdg (% KARd® [ KAR® ]ef_KAR (6 —6))
||W|| o; VR? +z2 WWR? 4221y VR? + 72

& Discuss the expressions of the electric field and the electric potential at the point M (0;

0; 0) For the following cases of angles: (Oi =—0f = g) ;and (0,- =—0f = n')

For 6; = —6¢
R 2RK 2 L .
E(M) =—3(—Rsm0f 1+2z 0f k)
(R? + z?)2
VM) = 2KAR 6
VR 22
At thee point at the point M (0; 0, 0) =z = 0 and 65 = _%
EM) = V2K2
T
V(M) =—KA >
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At thee point at the point M (0; 0; 0) =z =0and 0y = —T

E(M) =0
V(M) =-2KAn

Exercise 19:
A semicircle with an inner radius of a and an outer radius of b carries a uniform

surface charge with a surface density of @. Calculate:

& FElectric field and electric potential at point P, which lies on the central axis of the
ring at a distance of o from its center.

& The electric field and the electric potential at point O (center of the ring).

\ <

> P (0) 0,Z)

- =
-
~

Solution:
& The electric potential at point P, which lies on the central axis of the ring at a

distance of o from its center.

P (0,0,z)
% ;

2

_ Kdq
IPM]|

Coordinates of point P; The analytical expression for vector PM and its magnitude in the

Cartesian coordinates system is written as follows.
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P(xp;yp;0) M(0;0;2)
Xp =71cosf ; yp= rsinf
PM = (xp — xp)T + (v — yp)j + (2 — zp)k = —rcOsOT—rsin@j+zk
- 1
|PM|| = (% + z2)2

d
a=%=%=>dq=ads= ordrdf ;whereds = r dr d@

b b
Kdgq Kordrdf 7TKcrrdrdB Ko rdr r
= e _Kordrds [, [[Kerdrdd [ Kordr f,
IPMI| 2 4 52z o "

b 7 b b
Kordr Kordr T rdr
= [Kordr [ag [Kordr jm_ ey [T
a (r2+2z2)z; a (
rdr

This integral f: T can be calculated by following the rule:

(r2+z2)2

d 1
[reorm L2 ax= —— ooy

b 1
f r(r?+z3)72dr=|(r? +ZZ)1/2|Z = (\/b2 + 22 —Ja? +Zz)
a

Vana(\/b2+zz—\/a2+zz)

The electric field at point P

(E _ V(x,y,z)
X 0x
E 7 - T v(x,y,z)
E=E,U+E, ] + E, k where <Ey=_T
aV(x,y,z)
N P
( 0 (711(0(\/b2 +2z2 —Va? + zz))
E, = — _
x ox 0
d (Tl’KO'(\/bZ + 72 — \/(12 + Zz))
X E, = - o
dy
o FTE )
E,=- = —T[KO'( — )
L 0z Vb2 +22 Va? + z2
E K ( z z ) .
= —nKo —
Vb2 +z2  Va?+2z?2
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& The electric field and the electric potential at point O (center of the ring) : In this case,

we replace the value of z with zero, and thus we will obtain:

|4 =T[K0'(\/b2 + 22 — /a2 +22) =nKo(b —a)
E=0
Exercise 20:

Using Gauss's theorem, find the electric field and electric potential inside and outside

a sphere of radius R in the following two cases:

1- The charge is distributed on its surface with a surface charge distribution density of a. Plot

the curves E=f(r) and V=g(r)

2 - The charge is distributed on the volume with a charge distribution density of p. Plot the
curves E=f(r) and V=g(r)

Solution:
& The charge is distributed on its surface with a surface charge distribution density of o

a) Calculate the electric field

Gauss’s sphere

Real sphere

I region: inside the sphere (0 <1 < R)

To calculate the electric field by applying Gauss's theorem inside the sphere, we impose an

imaginary spherical surface of variable radius r inside the real sphere called a Gaussian

surface (0 <r < R)

cbngﬁ.ﬁ:ZQm

€o
fﬁ.?s’z E.S=E 4mr?

Since charge is distributed over the real surface of the sphere, the total charge sums to zero

inside the spherical Gaussian surface (3. Qi = 0).
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E4nr?=0 =2E=0

2" region: outside the sphere (R<1)

2 Qin

€o

(I’g:fﬁ.ﬁZ

fE.Is’z E.S = E 4mr?

Since charge is distributed over the surface of the real sphere, the sum of the total charges

inside the spherical Gaussian surface is equal to the total electric charge on the surface of the

real sphere and is calculated as:

a=%:>Q= 0.S=04mR?

Therefore, the electric field expression is written as

£ a2 o4 mR? g o R?
nmri=——— S E=

& g 12

b) Calculate the electric potential

I region: inside the sphere (0<r<R
E= —gradV =V = — fE.dr

)=V = —JE.dr =—J0dr= Cy

2"d yegion: outside the sphere (R<1)

E= —gradV =V = —JE.dr

o R? o R?
Vz(r):V(r):—fE.drz—f dr = + C,

& 12 & T

The values of C1 and C: constants are determined by the initial or continuity condition

between regions

Viro>0)=0=0=0+C, =C, =0

o R?

Vo(r) =V (r) = -
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Applying the condition of continuity of the electrical potential function, we find:

ocR* oR
Vi(R)=V,(R) = C, = = —
(B = Va(R) = € = =
o R
% = —
1(r) &
% Plot the curves E=f{r) and V=g(r)
_ o R?
E(T‘) =0 ( E(T‘) — >
T
forr <R forr >R
LV(r) == vy =2 R7
€o & T

VA

\ 4

R

s The charge is distributed on the volume with a charge distribution density of p
I region: inside the sphere (0 <1 < R)

The electric field can be calculated by applying Gauss's theorem inside the sphere, therefore
we assume an imaginary spherical surface of variable radius r inside the real sphere called a

Gaussian surface (0 <r < R)
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‘Pg _ fﬁ.ﬁ):ZQm
€o

fE.Is’z E.S = E 4mr?

The electric charge is distributed over the real surface of the sphere, and the total charge

inside the spherical Gaussian surface is calculated as follows:

4
p=2=>Q=p.V=p—nr3

%4 3
Ea4nr?=p 1 s E=-" 7
0 3 &
2" region: outside the sphere (R<1)
by = jgﬁ das = 2 Qin
o

fﬁﬁ.%’z E.S =E 4mr?

Since charge is distributed over the surface of the real sphere, the sum of the total charges
inside the spherical Gaussian surface is equal to the total electric charge on the surface of the

real sphere and is calculated as:
Q 4
= —= = . V = — R3
P=y Q=p p3 T

Therefore, the electric field expression is written as

4 R3
E4nr?=p— n R3 —F="
3 & 3ey 1?
¢) Calculate the electric potential
I region: inside the sphere (0<r<R)
E= —gradV =V = — fE.dr

_ - _ | —___P
Vi(r)=V(r) = J3€0 r.dr = 6£0T + C;

2" region: outside the sphere (R<1)
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E= —gradV =V = —fE.dr

p R p R®
Vz(r)=V(r)=—fE.dr=_ L La=£"2u

The values of C1 and C: constants are determined by the initial or continuity condition
between regions

Vir—-0)=0=20=0+C, >C, =0
3

R
V) =V =5

Applying the condition of continuity of the electrical potential function, we find:

p p R
Vi(R)=V,(R) > ——— R?>+ C; = —
(R =V(R) = = =3 R
p p p
C=<— —>R2=>C=—R2
1 3£0+6£O 1 2&
p p
V. — _ 2 RZ
() 6 & r +280

7
A X4

Plot the curves E=f(r) and V=g(r)

p p R3
Er)=5—r E(r) =— —
3 & () 3 gy 12
forr <R forr >R
p p p R3
V(r)=——— r?+-— R? = —
) e | T2a Vi) =37
VA
p R?
2 ¢
PR
3 g

A 4
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Ep

\4

R

Exercise 21:

Two cylinders of equal height (H) are considered: the first (C1) is a solid cylinder of
radius R with uniformly volume charge distribution density p; the second (C;) is hollow

cylinder of radius 2R , carrying a uniform surface charge density @.

% Using Gauss's theorem, write the expression for the electric field and the electric
potential inside and outside the cylinder.
s If'we insert coaxially cylinder (C1) into (Cy), do the electric field and electric potential

change inside and outside each cylinder?

Solution:

R/

% Using Gauss's theorem, write the expression for the electric field and the electric potential

inside and outside the cylinder.

- -
~
-

- /\ ~
Gaussian surface GS; :s - o T T T N _ A
=R I\ 4 A ksl 1
1 - R — .
1 | ! ! Gaussian surface GS;
1
1 1 1
! 1 R 1 > 1
1 | | 1
1 1 I
: \I r I 1
! : —> |
1
: | 1 1
1 ! r ! 1
1 : ! >!
\ ! !
)

-

- Inside the Cylinder (C;)
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For a point M located inside cylinder(C), we suppose there is a Gaussian surface (GS;) in the

form of a cylinder with height h and variable radius v where 0 < r < R. the electric field flux

is as follows:

@ngE.ES)ZZQm
€o

fﬁ.if:E.S:EZmH

The electric charge is distributed over the entire cylinder (C1), and the total charge inside

the spherical Gaussian surface GS; is calculated as follows:
Q 2
p:V:>Q:p.V:pH7tr

Hmr?
E27trH=p— $E=L T
&o 2 &

The electric potential can be calculate as:

E= —gradV =V = —fE.dr

p p
V1(T'):V(T'): _fE.dT Z—fz—go T'dT'=4—go T'2+Cl

- Qutside the Cylinder (C,)

In this case, we assume the presence of a Gaussian surface (GS) in the form of a cylinder

with height h and variable radius v where R < 1. Therefore, the electric field flux is written

follows:

Z Qin

€o

>=ES=E2nrH

Dy = fﬁ.ﬁ =
The total charge inside the Gaussian surface GS: is calculated as follows:

p=%=>Q=p.V=pH7TR2
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H 1 R? R?
E2nrH=p— =>F = p
&o 2& 7T

The electric potential can be calculate as:

E= —gradV =V = —fE.dr

Vy(r) = fEd = przd VL,
2\ = A= 28T r_Zeo ny T

The constants C1 and C: are determined according to initial conditions and also by

adopting the condition of continuity of the potential function.
% The 2" Cylinder

- Inside the Cylinder (C;)
We perform the same previous steps, where for point M inside the cylinder we have:

The electric field flux is as follows:

by =

fE:ES: — ZQin
€o

551?.3:3: E.S=E2nrH
For the hollow cylinder (C,) there are no charges inside the Gaussian surface GSj, so:
ZQinzO = E2nrH=0=>E=0
The electric potential can be calculate as:
E= —gradV =V =— fE.dr
) =vr) = - fE.dr =—f0dr= C;

- Qutside the Cylinder (C,)
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For calculating the field outside the cylinder (C,), we assume the presence of a Gaussian
surface (GS) in the form of a cylinder with height h and variable radius r where R < r.

Therefore, the electric field flux is written follows:

2 Qin

€o

>=FE.S=E2nrH

@ngE.ESTZ

The total charge inside the Gaussian surface GS: is calculated as follows:

Q

a=§=>Q=0.S=aH27T(2R)
ocH2nmR 20 R

E2nrH=—— = F =
& T

The electric potential can be calculate as:

E=—gradV =V = —JE.dr
20 R 20 R 1
Vz(r)z—fE.drz—f dr = In-+C,
&T o r

The constants C1 and C: are determined according to initial conditions and also by

adopting the condition of continuity of the potential function.

& Case of inserting coaxially cylinder (C) into (C,), do the electric field and electric
potential change inside and outside each cylinder
In this case, we divide the space into three regions:
- Region (R1): Inside the first cylinder v < R
- Region (R2): Between the two cylinders R <r < 2R
- Region (R3): Outside the second cylinder r > 2R

Ci o C,
R1
\ /
R3 R
2R
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- Region (R1): Inside the first cylinder v < R

The electric field expression inside this region is written as follows.

cb,;:ygﬁ.'d_s’:% :>7(E.2Z9’=E.S=E2nrH
0

Where

D On=0=pV=pHur

H 1 r?
EZTterp— :>E=L T
o 2 &

The electric potential can be calculate as:

E= —gradV =V = —JE.dr

_ - _ —_ [P P 2
V)=V = jE.dr 20 rdr Zeg r*+ C;

- Region (R2): Between the two cylinders R <r < 2R

The electric field expression inside this region is written as follows:

Z Qin

=)

cpﬁzjgﬁ.ﬁ: =>=ES=E2nrH

The total charge inside the Gaussian surface is calculated as follows:

Y n=0=pV=pHuR

p Hm R? p R?
— = E=
&o 2¢&T

The electric potential can be calculate as:

E= —gradV =V = —JE.dr

p R? pR? 1
Vz(r):—fE.drz—fzgrdrzzg ln;+CZ
0 0

- Region (R3): Outside the second cylinder r > 2R
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Z Qin

&o

<p§=jEE’.d_§= =>=ES=E2nrH

The total charge enclosed within the Gaussian surface is the sum of the charges

contained in both cylinders- the first and the second.
ZQin: Q1+Q,=p.V+0.S=pHrnR>*+cH2n (2R) =HRm (pR + 40)

HRm (pR + 40) L Eo R (pR + 40)
&o B 2&T

E2nrH=

The electric potential can be calculate as:
E= —gradV =V = — fE.dr

R (pR + 40) R(pR+40) 1
|4 =—|Edr=—|—F——dr= ———In—-+¢C
3(r) f r f 2¢&T r 2¢g nr+ 3
The constants C1, Cz2 and Cs are determined according to initial conditions and also by

adopting the condition of continuity of the potential function.

Exercise 22:
The following figure represents two uniformly charged spheres,

the first with a radius of A and a volume density distribution p , and

the second with a radius of B and a surface density distribution o.

- Calculate the electric field and potential inside and outside the

spheres (given V(r - o) = 0)
- Plot the curves V(r) and E(r)

Exercise 22:

The space inside and outside the spheres is divided into three regions:

Region (R1): Inside the first sphere v < A
- Region (R2): Between the two spheres A <r <B
- Region (R3): Outside the second spherer > B
Region (R1): Inside the first cylinder v < A
The electric field expression inside this region is written as follows.

Z Qin

€o

cpﬁzfﬁ.d_s’: =>3§E.$=E.S=E4nr2
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Where

4 3
ZQin=Q=p-V=P§7Tr

é7tr3
E4mr? 23t

p
>F=——
& 3£0r

The electric potential can be calculate as:
E= —gradV =V = — fE.dr

- - __ | _ P
V)=V = jE.dr f3£0 rdr 650 r*+ C;

- Region (R2): Between the two cylinders A <r < B

The electric field expression inside this region is written as follows:

Z Qin

&o

=>=FE.S=E4nr?

Oy = fﬁ E.dS =

The total charge inside the Gaussian surface is calculated as follows:
4 3
Y On=0=pV=psma

4
P§7TA3 A

E 4mr? = = >
o 3eyT

The electric potential can be calculate as:

E= —gradV =V = —fE.dr

Vo(r) = jEd = pr3 ar= P21
2\ = 6= 3 &y 12 r_3£0r z

- Region (R3): Outside the second cylinder r > B

Z Qin

&o

=>=F.S= E4nr?

cb,;:jgﬁ.d?=

The total charge enclosed within the Gaussian surface is the sum of the charges

contained in both the first and the second spheres.
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4
ZQin:Q1+Q2:P-V+0-5=p§ T A3 + o4 B?

p%nA3+a47th §A3+GB2
E47I1‘2= ﬁE:—z
£ g T

The electric potential can be calculate as:

E= —gradV =V = —jE.dr

& A +0B? & A +0B
B ERCLIN. EbLLi
&T & T

Vi(r) = — fE.dr =

The constants C1, C2 and Cz are determined according to initial conditions and also by

adopting the condition of continuity of the potential function.

First condition:

V3(T_)OO):O :>0+ C3:0 :>C3:0
2 4% +0B2

&T

w

V3(r) =
Second condition:

p A>+30B> pA®

V;(B) =V,(B) = = C
2(B) = Va(B) = = =5+ Gy
p A3+30B% pA3 o B
- :C2:>C2:_
3¢ B 3¢&B o
V()_pA31 oB
2\" T 3e T g
Third condition
pA? pA* oB
VA =V,A4) >— +C,=——+—
(@) =) S5 +G=
A? pA*? OB A> 0B
L LN L
&0 & & 6 & o
( )|
L %)
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- Plot the curves V(r) and E(r)

P
VI(T) = E TZ +
0

( p pA®> OB
V) =— r2+ 4 ——
() 6 & 4 +6£0 &o
A®1 o8B
) =5+ 2=
3T &
B 43 45 B2
Vr)=>—
\ & T
VA

oB

€o

p A?
6 &

—
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EE(r)y=—1r for r<A
1 3¢
A3
<Ez(r)=3pg " for A<r<B
0
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Chapter 2: Conductors

1. Introduction

In this section, we will rely on the concepts reached from the study of the electric field, the
electric potential, as well as the applications of Gauss's theory in understanding and
simplifying electrical conductors, as well as the gradual understanding of electrical capacitors

in their various forms and their role in storing electricity.

2. Conductor definition

A conductor is defined as any material that possesses relatively free-moving charge
carriers (weakly attached to the nuclei of the atoms forming the material). Charge carriers
move in a conductive material when subjected to an electric force resulting from an external
electric field. This field generates a potential difference across the material, causing the charge
carriers (such as free valence electrons in metals) to accelerate and begin moving within the

material’s crystal structure, causing an electric current to flow.

We say that a conductor is electrically balanced if the charge carriers are stationary,
meaning they are not subjected to any electric force. An electrically balanced conductor is

characterized by the following:

& The electric field inside the balanced conductor is zero (%) = 6), which can
be explained by the fact that the charge carriers (electrons) are stationary and
therefore not subjected to any forces (or the net forces are zero).

?zqﬁ =>F =0 thenE =0
& The electric charge inside a balanced conductor is zero. This is explained by

applying Gauss's theorem.

R q
# Einsige -dS = == s Ensige = O'thenz Qinsigze = 0

€o

& The hollow balanced conductor has the same properties as the non-hollow
balanced conductor.
& The electric potential is constant across all points of the conductor, and thus the

balanced conductor forms an equipotential volume.

V= —Jﬁzgj:—fBE::Constant




Chapter 2: Conductors

&% Free charges (electrons) are located on the surface

of a balanced conductor, (due to the repulsive forces ds
between them, the charges move away to the

tm

maximum distance, which is the surface of the
conductive material), and the direction of the
electric field is perpendicular to the surface vector.

& When an electric conductor is charged, the added charge rapidly distributes
throughout the material due to the mobility of free charge carriers. Subsequently,
the charges rearrange themselves and settle on the outer surface of the conductor,
bringing the system back to electrostatic equilibrium—characterized by a zero
electric field inside the conductor and a uniform electric potential throughout its

volume.

3. The electric pressure on the outer surface of the conductor

As a result of the repulsive forces between the charges located on the surface of the

balanced conductor, an outward electric pressure is generated on its surface.

The electric pressure P, generated by the elemental charge dq on the elemental surface dS

can be expressed in terms of the surface charge density o and the surface electric field Es as

follow:

dF

Pe:%

Where dF = dq Esandq = o dS =dF = o dS Es

o dS E
p=—2

e ds $P6=O'ES

Es : can be calculated by Gauss's theorem

4. Electric field next to a conductor

To calculate the electric field at points very close to the conductor's outer surface but not
belonging to it, we use Gauss' theorem, which involves selecting an imaginary Gaussian
surface in the shape of a cylinder whose axis perpendicular to the conductor's surface, its inner
base inside the conductor By, , and its outer base outside the conductor B, as illustrated in

the figure.
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Bout

Ssurf ace

Conductor surface

ds

The electric field flux through the imaginary Gaussian surface represented by the cylinder
(as shown in the picture) is equal to the sum of the field fluxes through the lateral surface, the

inner base and the outer base and is written as follows:

cI)cylinder = cI)lateral + cDinner base + cI)outer base

o Through the lateral surface: The electric field flux through the lateral surface is zero

because the electric field vector is perpendicular to the surface vector. (Ey L dSigterar ),

then:

Diaterar = # Ey .dSiterar =0

o Through the inner base: The electric field flux through the inner base is zero because the

electric field vector is zero inside the balanced conductor ( E, 500 = F), then:

Dinner = # Ensigze -ASimner =0

o Through the outer base: The electric field flow through the outer base is non-zero because

the electric field vector is parallel to the surface vector and is written as follows

(EN ” dSouter)r then:
Douter = # Ey .dSouter = EnSouter

Z Qinside

€o

q)cylinder = En Souter =

Qinside = surface 0 = Souter T

Souter
En Souter = > Ey =—
€o €o
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Ey = i is the expression for the electric field near the surface. The expression for the electric

field directly at the surface is given as:

o
~+0
_ En + Einsidge _ & 0
s 2 2 2 &
E o
(2
Es = o Ey =—
280 €o
\
RN i
I \ I
_ 1 1
Einside =0 i X
— :
I I
Inside l Conductor I Next to
conductor I surface I conductor
| |
€ — = > -

5. The influence of an external electric field on a balanced conductor

In this section, we explain how a charged object affects a balanced conductor, as shown in the
below figure. When a positively charged object is brought close to a balanced conductor, the

free negative charges within the conductor begin to move in the opposite direction of the

external electric field fext generated by the charged object. The negative charges accumulate
at the end nearest to the object, while positive charges appear at the far end of the conductor as
a result of the migration of negative charges from that end. This causes the conductor to become

electrically polarized. As a result of this inhomogeneous charge distribution, an induced

electric field Eind is generated within the conductor whose direction is opposite to the direction

of the external field which leads to canceling out the total field within the conductor, making

the electric field inside it zero (finside = fext + find = 6). In this case, the effect of the
charged object on the conductor is only partial, because the electric field lines emanating from
it do not all reach the conductor; rather, they are partially propagated into the surrounding
space. This means that the external field is not completely canceled outside the conductor,

although it is canceled inside it. Thus the conductor becomes electrically balanced again.
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Balanced Conductor

T -
Charged 0bject++ E
& 4 -

6. Total and partial effect between conductors

The influence between conductors can be either complete (total) or partial. The influence is
said to be complete (see figure below) when all electric field lines originating from one
conductor reach the other conductor. In contrast, the influence is considered partial when only

a portion of the electric field lines reaches the other conductor.

0
1

/ k4
/ 7
A
o= -
-

Electric field lines \

Total effect

If conductor A carries a positive charge +Q, then the inner surface of conductor B will carry
a negative charge -Q, while the outer surface of the conductor will carry a positive charge +Q.

The total charge of conductor B remains conserved and equals +Q - O = 0.
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7. Geometric Shape of a Conductor influence on its Surface Charge Density

The distribution of electric charge depends strongly on the degree of curvature of the
conductor's surface. Charges tend to accumulate more densely at the sharper, and the highly
curved parts of the conductor's surface, meanwhile, charges are distributed with lower density
on flatter parts of the surface. To justify this phenomena, a sharply curved part of a conductor's
surface can be modeled by the surface of a sphere conductor with a very small radius r, while
we the nearly flat part of a conductor's surface can be modeled by a sphere conductor with a

large radius R as shown in the following figure:

Flat part Sharp part

\ 1 ]
\ R 1 \
\ h / \'r/
\‘/ X -
AR

Applying Gauss's theorem, we can find the expression for the potential at the surface of

each sphere:

q1 qz
Vi=k— , V, =k—
1 T 2 R

When the two conductors are connected with a thin conductor wire, the charges move from
one conductor to the other until equilibrium occurs, i.e. the potential difference between the

conductors becomes zero.

a1 4z r
1 2 - R a1

qu

Sincer<R,lhen£<1 = q, < q;
g, =0,4nr?and q, = 0, 4 ™ R?

r , T ) R
Ch:ECIZ = o14nr ZEGZ 4mtR° >0;,7r=Ro, =>01=702

. R
Sincer <R, then—>1 = 01> 03

Consequently, the surface charge density on the surface of sphere S is greater than that on

the surface of the larger sphere S:.
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8. Conductor capacitance and its internal energy

The capacitance of a balanced conductor is an intrinsic property that measures the
conductor’s ability to store electric charge, it defined as the ratio of the magnitude charge it
carries (Q ) to the potential (V) on its surface. Capacitance is denoted by C, and its unit is the
farad (F).

<

The capacity of a conductor and its ability to store charges depends mainly on its geometric
shape and size, in addition to the nature of the surrounding medium, such as the presence of

other conductors or its presence within an external electric potential or field.

The internal energy U of a balanced conductor represents the work required to charge it with
a charge Q until it reaches a potential V. The internal energy expression can be formulated in

terms of potential (V), capacitance (C) and charge (Q) as follows:

1 1 1 Q?
_ = - 2 _
U—ZQV 2CV 5 C

9. Parallel Plate, spherical, and cylindrical capacitors

A capacitor is a very important electrical component in many electronic systems. Its role is to
store electrical charges. A capacitor consists of two conductors in a state of total influence
between them, separated by a dielectric medium with a permittivity e (air or any other

insulator). In an electrical circuit, this is represented by the symbol -I |—

When a potential difference is applied between the conductors, a charge of +Q appears on the

surface of one of them, and a charge of -Q appears on the surface of the other conductor.

The capacitance C of a capacitor is equal to the ratio of the magnitude of the electric charge

O stored on either conductor to the potential difference AV between the conductors.

Q

C=-—
AV

The capacitance of a capacitor depends on its geometric shape and size. Based on this

principle, there are three types:

it Parallel Plate Capacitors:
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A parallel-plate capacitor, as shown in the figure, consists of two parallel conducting plates,
each with an area of S, separated by an insulating medium where the distance between them

being d.

To calculate the capacitance C, we calculate the electric field E between the two plates and then
calculate the potential difference AV generated between the plates as follows:

The total electric field between the plates is equal to the sum of the electric fields generated by
each plate ET = EA + ﬁB

As, we demonstrated previously, the electric field of an infinite plane is given by the following

relation:
o -
(+2_eok forz >0
ESA:<
iy <0
" 22, forz
o -
r_Z_sOk forz >d
ESB:<
o -
+—k forz <d

\ 2¢&,
The region between (0 < z < d) the two plates corresponds to z > 0 for the plate S, and
z < d for the plate Sg, thus :

_— o
(ESA:+2_£0k B o
=>FE=—
Ey = +—F o
B 2&g

Calculate the electric potential V
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A larger plate area (S) and a smaller separation distance (d) between the plates

result in a greater capacitance for a parallel-plate capacitor.

t  Cylindrical capacitors

A cylindrical capacitor, as shown in the figure below, consists of two hollow

cylindrical conductors, one with a radius of R; carrying a positive charge on its

surface (inner cylinder) and the other with a radius of R: carrying a negative

charge on its surface (outer cylinder). The two cylinders are separated by an

insulating medium (air). Calculating the flow of the electric field in the space

between the two cylinders through the side surface of the cylinder using Gauss's

Bon w3

theorem paves the way for presenting the difference in electric potential between

the two cylinders.

The electric field expression the two cylinders is written as follows:

E.S=E2nrH

_ fﬁzs? _ Z Qin N
€o
The total charge inside the Gaussian surface is calculated as follows:

E

0

E2nrH
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The electric potential can be calculate as:

Ez—gradV :Vz—fE.drz—f%dr
0
oo Q Q
AV=V+—V‘=—f —  _gr=——"|nr|®
r & 2mrH r g 2m H InTlg,
2
o ()
AV = ——— [In—
V= 2rm Mg,
C—i— Q _2Hmeg
WSO R (ke
% ZnH(lan) (lan)

Spherical capacitors:

The spherical capacitor consists of two spherical conductors

with the same center, separated by an insulating medium. The

surface of the inner spherical conductor (with radius R,) carries
a positive charge +Q, while the surface of the outer spherical

conductor (with radius R,) carries a negative charge —Q.

We calculate the electric field and then the electric potential

difference between the two ends of the spherical conductors using Gauss's theorem as follows:

The electric field expression between the two conducting spheres are written as follows:

2 Qin

=)

=>=F.S=E4nr?

cpﬁzjgﬁ.ﬁ:

The total charge inside the Gaussian surface is calculated as follows:

The electric potential can be calculate as:

E= —gradV =V = —JE.dr

R1 Q Ry
AV=V+—V‘=—f ——— dr =
R, €04mrT

Q

dnr

R;
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e () ()

&4m \R;y R, gdm R; R,
Q Q ( R2R1)
C=—= = godmw|———
AV Q (Rz—Rl) 0 R, — R,
804’7'[ Rle
R; R4
c- vt (7220%)
& T RZ—RI

10. Capacitors combination

Capacitors in electrical circuits can be arranged in series, in parallel, or in mixed

combination.

1- Series combination of Capacitors

Capacitors are installed in series combination when each pair of successive capacitors
shares a single connection point (a common terminal), and the same amount of charge flows

through all capacitors, while the potential difference across each one may vary.

Cl CZ Cg C4 Ceq
Q

Va V3 Vy Vrot
The equivalent capacitor Cq for the capacitors C; connected in series shown in the figure

above carries the same amount of electric charge Qro¢

, however the total potential difference Vo across its terminals is equal to the sum of the
individual potential difference V; across each capacitor. The capacitance value of the

equivalent capacitor can be calculated as follows:

1 _VTot_ZiVi_ZVi 1

( ]
lllOJ
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2- Parallel Combination of Capacitors

Capacitors are installed a parallel combination, all capacitors are connected to the
same two terminals, so the potential difference across each capacitor is the same, while the

total charge is distributed among them according to their individual capacitances.

Q3 Cs
c.
Oroe |0, _ %M|L—
0 v
1 V :

In the parallel capacitors combination method, the potential difference Vo across the
equivalent capacitor Ceq is equal to the potential difference V;across each individual
capacitor C;, while the total charge Qr,: stored in the equivalent capacitor is equal to the sum
of the of the charge Q; stored in the individual capacitors. The capacitance of the equivalent

capacitor is calculated as follows:

.
Qroc = ) O
QTot i
C,, = 3 Qi
eq VTOt Ci = Vl
L
\ Ve = Vi

c =Qrot=ZiQi= Q; =Z%=ZC'
“d VTot VTot = VTot ; Vi ; '

L

3- Mixed Combination of Capacitors

A mixed combination involves connecting some capacitors in series and others in
parallel within the same circuit. In the mixed arrangement of capacitors, the electrical circuit
is simplified step by step, and each time the equivalent capacitor for the capacitors connected

in series or parallel is calculated until the final equivalent capacitor is obtained.
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11. Solved exercises

Exercise 01:
Two conductive spheres, with radii R; and R>, carry an electric charge of Q1 and a charge
of O respectively. Each sphere is initially placed far from the other to neglect any mutual

influence.

1- Find the expression for the electric potential at any point on the surface of the

conducting sphere.
For the following two cases:

a) Ri=R>and 0>=2 0y
b) R2=2R;and 01 = 0>

2-  Calculate the electric potential at the surface of each sphere

2- Determine the direction of charge flow if the two conducting spheres are connected by
a thin conducting wire. Then, calculate the final electric charge on each sphere once

electrostatic equilibrium is reached.

Solution:
The electric potential of each sphere in the following two cases:

We can calculate the electric potential at the surface of a spherical conductor using Gauss's

theorem.

¢g=5£§.a§=zfin S>ES=E4nr?
0

The total charge inside the Gaussian surface is calculated as follows:

Eanri=2 op=— "2
& godmr?

Inside the conducting sphere

D Q=0 =E,=0

The electric potential can be calculate as:

E= —gradV =V = —fE.dr
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Vin= = [0.dr = Gy
Outside the conducting sphere
ZQin =Q=0S=04mR?

c4mR?> o R?

2 2
gdmr & T

Eour =

E dV =V faRz d
= — = = — .
gra - r
RZ
Vout=$+ Cout
o R?
Vout(r_)oo) =0 =2 Court =0 2 Vour = r
0
o R o R
Vour =R) =Viyr=R) = Cp=—""=>Vy = —
€o €o
Q s
41 R?
Q
y ez f__ Qe _ .0
i £ 41 gy R R
Q

VSurface = KE
Calculating the electric potential at the surface of each sphere
a) Ri=Rzand Q2=2 Qi

Q1 Q: 204
VSl = K_Rl lVSZ = K_RZ = K_Rl = 2V51
b) R:=2R;and O; = 0:
Q4 Q; 0, 1
Ve =K—- Vg =K—= K=t =2V,
S1 R1 S2 R2 2R1 2 S1

Determine the direction of charge flow if the two conducting spheres are connected by

a thin conducting wire.

a) Ri=R>and Q:=2Q;
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Vsa =2 Vg
In this case, the electric charges (positive) move from the high potential to the low
potential, and thus from the conducting sphere S to the conducting sphere S
b) R:=2R;and O; = O:

1
Vs, = E Vs1

According to the previous explanation, the electric charges (positive) are moved from
spherical conductor S; to spherical conductor S-.

Calculating the final electric charge on each sphere once electrostatic equilibrium is
reached.

The charge continues to transfer until equilibrium is reached, where the
potential of the first conducting sphere S1 will equal the potential of the second
conducting sphere Sz. At equilibrium, the conducting sphere S1will carry a new electric
charge of Q’1 and a new electric potential of V"1, also, the conducting sphere S2 will
carry a new electric charge of Q’: and a potential of V’2. During this process, the total

charge remains conserved.

Q:+Q,=Q'1+Q;

Q'y Q'
V,=K—, Vi,=K—
1 R, ’ 2 R,
At the equilibrium state V'y = V', = K& = g2z Qv =R gz
Rl Rz R2
Q 2 /
Q1 =R —— Q;

R, =Q:+Q:=R,—+0Q,
Q:+Q,=Q'1+Q";,

Q1+Qz—(};—2+1>Qz—<m>le

Q' = <R1R+ R2> (Q1+Q2)

Q' _(
R, R+ R,

Q0 =Ry )(Q1+Q2)

Q' = (R1 n R2> (Q1+Q2)

= (R1 n R2> (@1 +Q2)

( ]
l114J
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For Ry =R>and 0> =20,

0= i
7 \R,+R,

3
)@ +200 =30

. R, 5 _3
Q1= (R1+R1>(Ql+ Ql)—EQI

ForR;=2R;and O; = 0>

. 2R, _4
Q.= (m>(01+01)—§Q1

. R, _2
Q1= (m>(01+01)—§Q1

Exercise 02:

Find the equivalent capacitance of the following combinations:

C3
CZ CZ
| | C, =2 uF
C,=2uF [ 1
C -
Cs = 3 uF c (3 =3nF
C, =6uF + C4 _+ ’
s =06pu 1 11
1| |
E E
C;
K .
| | Cs 2
II H C,=2puF
C,=5uF C, C, C; =4 pF
C, = 10 uF C; =3 uF
2 ' C. = 6uF G+ G
C, =20 uF =6u -
3 "" _+ 4 4||
11 '
1| v
E
Solution:

The equivalent capacitance

C; and Cy inparallel = Cj3= C;+ C3=2+3=5uF

C,and Cyinparallel = Cyy = Co+ C, =4+ 6 =10 uF

( ]
lllSJ
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C3
’’ el
.I 2 ST R
1 ! CZ ~~~~~~~~~ C13 C24
\ 1 Rl "'~.*
A 2 NN B | | | |
C,=2pF RRERE b [ [ 1
C. [ ! —»
C, =4pF o .' = (- -
X - _ . 1= -
C; = 3 uF e
+ G
C,=6puF - +
= =
E
1 1 1 C13Cp  5x10 10

Cis and Cy, in series = — = — +— = C,, = _ _9F
13 and Cagtnseries = o = e T e 9T Gyt Gy 1045 3 H

C;
| | N
| | C,=2puF
Cq C, =3 uF
C3:3Il.F
+ G
—
E

C, and Cs inparallel = Cy3= C,+ C3=3+3 =6uF

C and e imseries o Lo L 1. _ GG _2x6_3
LANE bas M SeTtes = o Tl € T G4+ Gy 246 2

Cs
| |
I
| | | |
I I
C, =10 uF
1
'
E
C. and C. i . 1 1+1 c C:C, 5x10 10 F
> — = — —_— = = = —
1 and C, in series W GG 2T TE 10 3 U
. 10 70
Cy2 and Cs inparallel = Coq = Cy3 + C3 =?+20 =?MF
( !
l 116 J
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C,=4ufF
C, =8uF
C3; =2puF
Cy,=2uF

C3 CZ
C,=2puF
C, =4 uF
C; =3 uF
’ C; 4 C
C,=6uF -
4 n T
'
E
. . C1C, 2X6 3
C, and Cy in series = Cyy = G +C, =516 -3 uF
} ) C,C5 4x3 12
C, and C3 in series = (Cy3 = G 10 = 173 == uF
, 3 12 45
Cy4 and Cyz inparallel = Cpq = Ciy+ Cp3=5+—75=—uf
2 7 14
Exercise 03:
Calculate the equivalent capacitance of the following combinations:
Cl CZ C1 CZ
N7 N,
I\ TGS
C, = 8 uF y |1 \(
64&)\ C; C3; =2 uF C4/Q\ Cs
C,=2uF
_t _+
[ Cs =10 uF 1l
| I | I
E E
FHHAE
a
Ci=5pF C, Cs C,
C, = 10 uF
1|
'
E
Solution:
( )|
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C,=4puF

C,=8uF 64/«)\ c

3

Cs =2 uF
Cy =2 uF -+
4 =& 4||
|
E
. . C,C 4x8 8
C, and C, in series =>C12=c1+2 =ﬁ=§ﬂF
1 2
. . C4C 2x2
C, and C5 in series = Cg4 = C“+Z = % =1uF
4 3

Cyz and Cs4 inparallel = Cpq = Cip+ C34 = §+ 1= % uF

Cy C,
Cs
Cy =4 uF )\ N /Q
C, =8 uF y I I \(
Cs = 2 uF AN Cs
C4=2HF
_+
|
E
C, and C, in series $612=Cclfé =%=§ﬂF
1 2
C, and C5 in series $C34=Cc‘fz =%=1#F
4 3

8 41
Cs,Cyz and Cyy inparallel = Cpq =Cs + Ci3+ (34, =10+ 5+ 1=— uF

3 3
A HeE
a
C, = 10 uF
1|
'
E

Cs,Cy and Csinparallel = Cpq =C; + C;+ C3=5+10+20=35uF
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Exercise 04:
1- Calculate the capacitance of the equivalent capacitor
2- Calculate the electrical charge that passes through each capacitor and the difference

in electrical potential between the two ends of each capacitor

C;
C, =2 uF
C, Ca
C, =2 uF
C; = 4uF
Cq
C,=2uF
-+
[ |
s
E =5V
Solution:

The capacitance of the equivalent capacitor
CIJCZ and C3 inpaTallel = C123 = C1 + Cz + C3 =24+2+4= 8H.F

. ) 1 1 1 C123Cy 8x2 8
Cip3 and C4 in series = o = = =z uF

=—+F+—>=>C,, = =
eq Cizz (4 U Cips+Cy 8+2
The electrical charge that passes through each capacitor and the difference in

electrical potential between the two ends of each capacitor

E = V4_ + V123
Cy= % ,Ci23 = 3123 where Q123 = Q4 Because the two capacitors are connected in series
4 123
c
Qs -3
C, Cy
Q123 Q: Q4 ¥
c
c i ’
1 1 1
Q1 A
!
Vi3 !
Qs Q123 1 1 1 8
E=—+ = (—+—>= —_— =C,,E==Xx5%x10"°=8x10"°C =8uC
G O U\ G T Tl T T e TS ‘




Chapter 2: Conductors

Q, 8x107°
~C, 2x10%

Q; 8x107
kV123 - 6123 - 8x10-° -

v, %
Q4 = Q123 =8uC =

1v

Viazs = Vy =V, = V3 = 1V since the three capacitors Cy , C, and C5 are connected in parallel.

Cl=%$Q1= C1XV1=2X1X1O_6C:2HC
1
Q, .
C2=V_:>Q2:CZXV2:2X1X10 C:2‘UC
2
Q3 i
C3:V—=>Q3= C3XV3:4X1X10 C:4‘UC
3
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Chapter 3: Electric Circuits (Electrokinetics)
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5.1) Series cOMbBINALION Of RESISTOTS ..........ccccueeeiiieeiiieeiiii et ettt 125
5. 2) Parallel Combination Of FESISTOTS ........c..cccueeeiueieiiiieeeieeesieeeeiee e svee e 126
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0.1) JURCLION FULE: ...ttt ettt e e e e 127
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7)  Current and Voltage DivISION LAW .............ccccccooveeiiieiiiieiieeeee et 129
7.1) Current DIVISION LAW...........c..ccccoioiiiiiiiiiiieie ettt 129
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Chapter 3: Electric Circuits (Electrokinetics)

1) Electric current

Electric current is defined as the instantaneously collective and orderly movement of electric
charges within a conductor, occurring when the conductor is subjected to an electric field created
by a potential difference between its ends. This flow of charges constitutes an electric current,
whose intensity is measured as the amount of charge passing through a given cross-sectional area
per unit time. The direction of the conventional current is taken to be the direction positive charges
would move, even though in most conductors the actual charge carriers are electrons moving in

the opposite direction.

S‘—»‘—L
e &7

—_—
Current I direction

Electric current intensity (1) is defined as the amount of electric charge (Q) that passes through
the surface of a conductor during a unit of time (t). Its unit in the SI unit is ampere (A) and its

expression is given as :

,_Q_do

t  dt
2) Electric Current Density

Electric Current Density is a vector quantity that expresses the magnitude and direction of the
electric current passing through a unit area perpendicular to the direction of the current at a given

point within the conductor. It shows how the current is distributed within the conductor.

The relationship between electric current and current density is written as follows:

i(t) = jj.d_s’
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The current density can be written in terms of the average velocity v, of the electric charges.
Suppose that n charges are inside a cylinder of elemental volume (length dx and area dS) and an
electric current di flows inside it, the volume density of the charge inside it p. On this basis, the
number n. of charges inside the cylinder of elemental volume dV that will pass through the surface

element dS, covering a distance dx, is expressed as follows:

dx = v, dt
dV =dS X dx where = dq = pv,dtdS
dq=pdV

dg= pb,dtdS =idt

—

i=J.dS =pv,dS =]=p7,
If the number of free charges in a unit volume is n, then it is possible to write:

J=nqv,
p=nq =

i=nqv,S
3) Ohm’s Law

Ohm's law states that the ratio of the potential difference between the two ends of a conductor

to the electric current passing through it is a constant ratio. It is symbolized by R and its unit is

the Q.

I R
| -------=---- —>|
AV
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This ratio is called electrical resistance R and represents the electrical obstruction that a

conductor shows to the movement of charges when an electric current passes through it.

. av [ E.dr
T

The simplified formula of Ohm’s law is reached by finding the relationship that links the
electric field applied to these moving charges and their speed. This is done by applying the basic
principle of motion, where the charges during their movement are subject to two forces, the first
of which is an electric driving force, given by expression (1), and the second is a frictional force,
where its direction is opposite to the direction of the charge movement, and its intensity is

proportional to the speed of the charges, given by expression (2).

— —

Fo=q €y
FF=-k® (2)

_— N d’l_]) —_— P — - N dﬁ
ZFext=ma=mE: P;+Ff=qE—kv=mE
Eoki=m®
q v=m—

If the current intensity is constant, the speed of charge movement will also reach a constant

value, which is the entrained velocity, and therefore:

di

—=0= Ezk_):)_): E: E
dt 1 vy H

Bl e

Multiplying both sides of this equation by (n q) we get
nqb=nquE=]=0Ewhereoc= nqu

o is called conductivity of matter.

In the case of a cylindrical conveyor with a cross-sectional area of S and a length of L
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L
O S >
Va Vs
kY
Sa Ss

The electric field is uniform, so the electric potential difference between terminals A and B

becomes:

B
AV = VB—VAzf Edr=EL

A

The electric current intensity is written as _follows:

I = faE.Is’z GES
S

B L L B 1
B _O'S_pS werep—a

P Represents the specific resistivity of the material.
4) Electric circuits

An electric circuit is an arrangement of interconnected electrical components that allows
electric current to flow through them. These components may include sources of electromotive
force (such as batteries or voltage supplies), resistors, inductors, capacitors, and semiconductor

devices such as diodes and transistors.
5) Resistors combination

Resistors in electrical circuits can be arranged in series, in parallel, or in mixed

combination.

6) 5.1) Series combination of Resistors
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Resistors are installed in series combination when each pair of successive capacitors
shares one connection point (one common terminal), and the same electric intensity passes

through all resistors, while the potential difference across each one may vary.

I R, R, R; I R
|
1 — — H— o LT
i ! ! ! ! !
i Vl ! VZ ! V3 ! | VTOt !

The electric current intensity passing through the equivalent resistor R.q is equal to the
electric current intensity passing through the individual resistors R; , meanwhile, the total
potential difference Vg, between the equivalent resistor ends is equal to the sum of the individual
potential difference V; between each resistor ends. The resistance value of the equivalent resistor

can be calculated as follows:

( ITot - Il

I v,

R VTot Ri =—

ed ITot :

lkVTot = Z Vi
i

R =VTot=ZiVi=ZE= ZR
U Iro ; — [; '

7) 5. 2) Parallel Combination of resistors

Resistors are connected in a parallel combination, all resistors are connected to the same
two terminals, so the potential difference across each resistor is the same, while the total electric

current is distributed among them according to their individual resistance value.
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I3 R;
=
R
ITOt 12 RZ ITOt “

|

In the parallel capacitors combination method, the potential difference Vo across the

equivalent resistor Req is equal to the potential difference V; across each individual resistor R;,

while the total electric current Iy, passes in the equivalent resistor is equal to the sum of the of

the electric currents I; passing through the individual resistors. The resistance of the equivalent

(ITot = 211'
i
V:
Ri = ]_l
l
Vior = Vi

e Ve =Zi1i=Z£=Zl
U Irer  Xili Req Vi l. Vi i R;

8) Kirchhoff’s laws

resistor is calculated as follows:

_ VTot

R =
e ITot

To facilitate the study of electrical circuits and to know the current intensity passing
through each branch of the electrical circuit, or the electrical voltage between the two ends of

each element, we rely on Kirchhoff's laws.

9) 6.1) Junction rule:

At any junction in a circuit, the sum of the ingoing currents must equal the sum

of the outgoing currents. That is:
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Z Iin = Z Loyt

— = Lot =Ty +12 413

10) 6.2) Loop rule:

For any closed loop in a circuit, the sum of the potential differences across all

elements must be zero. That is:

VI - O
closed loop
B C D
 —1
R4 R,
s
| | \
1 | v
4 E

To study this circuit, we note the following:

L The conventional direction of current is from the positive pole (+) to the negative pole (-) .

L When an electric current I passes through a resistor R, a potential difference V is generated
between its two ends, the direction of which is opposite to the direction of the current.

L According to Ohm's law, this potential difference is equal to V.= R X I

il The potential difference between the same point is zero Vg = O

L We mark the two ends of each electrical component with letters, as shown in the figure.

L We apply Kirchhoff’s loop law to the circuit as follows:
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V]Z():)VAAZO

closed loop

Vaa =Vasp +Vpse +Veop + Ve

We choose the following conventional direction A - D — C — B — A as the positive directio:

Vasp =E; Vpse = =Ry X1; Vesp =—Ry X1 Vpoy =—Rz XI
VAA:() :>E _RZ XI _Rl XI —R3 XI :0
E=Ry, XxI+Ry XI+Ry XI

11) Current and Voltage Division Law
12) 7.1) Current Division Law

In a circuit that includes a group of resistors in parallel, the total electric current is divided
according to the values of the resistors, where the resistor with the larger value has a smaller

electric current passing through it.

It0t211+12+13+1i

V; 4
Il':R—i and Vl:V :>Il:R—l
I rernLy V(1+1+1+1> 14 frot
=4 —4+—4+—= 4+ = =
“""Ri R, Ry R Ri R, Ry R (L+L+L+L)
Ri "R, R3 R;
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v Iy,
== XT3 7 1 1
N mtRtETR)
11
Il':R_Xtoi
i Zi_

13) 7.2) Voltage Division Law

In a circuit that includes a group of resistors in series, the total electrical voltage is divided
according to the values of the resistors, where the resistor with the higher value has the greater

voltage between its two ends.

I R4 R, R; R;
e T B T ey U
! . | 1 1
v, v, vy Ve
i VTot .
VtOt

V,= R, X1, wherel, =1,,,=1=
! il where fi = ot R, + Ry + R3 + R;
R;

V; =
" Ri+Ri+R;++R;

X Viot

l

[
"OYiR

X Viot

14) Thevenin’s and Norton’s theorems
Thevenin and Norton methods are two of the most important methods for analyzing linear
electrical circuits.
15) 8.1) Thévenin's theorem
Thévenin's theorem states that every linear circuit between two terminals A and B can be

simplified into a simple circuit called a Thévenin circuit, which includes a Thévenin's generator

Ern and a Thévenin's resistor Rrn connected in series.
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A
A
. I =
Electric EQ o
. . I
circulit
B <+
R B

To convert any electrical network to its equivalent Thévenin circuit and to calculate the value
of the Thévenin resistance and the electromotive force of the Thévenin generator, we perform the

following steps:

Isolate the resistor to be measured.
Short-circuit all voltage generators.

Calculate the equivalent resistance.

2D B B

Calculate the potential difference between the two terminals of the branch.

16) 8.2) Norton’s theorems

The basis of Norton's theory is to convert an electrical circuit into a circuit consisting of a

current generator (Norton generator) connected in parallel with a resistance (Norton resistor).

A

Ry

Electric E 5 (T) U
circuit _

The steps followed in the Norton method are almost similar to the Thévenin method, where the
Norton resistor is calculated in the same way as the Thévenin method, while the Norton current is

calculated by shorting the target resistor in the calculation.
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17) Solved exercise

Exercise 01

Find the equivalent resistor of the following combinations:

R;
RZ Rl
R =20 Ll . T T Fr=208
R; =30 R; =30
R, =60 + Ra + R
] 1
1 1
E=6V E =12V
R;
I | R3 RZ
1 1 R, =20 —
| S| | I
R, =50 R, R, R, =40
R, =100 Ry =60
: ’ R, 4 R
Jll H
| E=5V
E=10V
Solution
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R
R,
R,=20 1]
R, =40 R,
R; =30
R,=60 + Ra
—
E=6V
Ry XR; 6
R13eq0fR1and R3 :>R13 =m=§=1.2ﬂ
1 3
R, XR, 24
Ryseqof Ryand Ry = Ry, =R2+R =1—0=2.4[2
4

Req eq Of R13 and R24 = Req = R13 + R24 =1.2 + 24 =361

R,
1 Ry =20
R S— |
R, R, =40
Ry =30
+ R
1]
'l
E =12V
R,XR, 8 4
Rizeqof Ryand R, = Ry, =R1+R2:€=§Q
Req €qof Ryand Ry, = Req = Ri;+ R3 = 1.333+3 =43330

'
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R3
1
| S |
[+
Rl=5'Q Rl R2
R, =100
R; =100 _+
1|
'
E=10V

Rlzerleand Rz :>R12 = R1+ R2:10+5:15!2

R Ry, and Ry = R Bz xR _ 60
= ==
eq eq Of 12 an 3 eq R12 +R3
R3 RZ
Ri=20 —
R2=4’.Q
1
R; =60
Ri , R
R4_=6.Q -
1|
|
E =5V

R14erfR1and R4 $R14 = R1+ R4=8.{2
R23 eq 0fR2 and R3 :Rzg == R2+ R3 = 10.(2

_ Riy X Ry3
Req eq Of R14 and R23 = Req —m
14 23

=444 ()
Exercise 02

Calculate the equivalent resistor of the following combinations:
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1L
]

Req

<
R,=20
Ry, =40 +
1|
'
E
Solution
b c
- e
R, =50
! a Rl R3 RZ
R, =100
R, =200 +
)
'
E
R R{,R d R ! 1+1+1 1+1+1 1.75 1
=5 — = — —_— _—= —_ —= 1.
eq €4 0f Ry, Ry an 3 Req R, R, R 5%
1
Req=1—75=057.(2
R, =20
R, =40
R, =60
R,=60
R, =10
Rlzerleand RZ $R12 == R1+ R2=6.Q
R34_eq0fR4and R3 $R34 == R4_+ R3=12.Q
1 1 1 1 1 1
Req €q0fR12,R34_ and R5 $—=R—12+R—34+R—5=8+E+1=1.25Q

( ]
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1
Req = m =0.810
Exercise 03

1- Calculate the equivalent resistor

2- Calculate the electric current that passes through each resistor and the difference in

electrical potential between the two ends of each resistor

R;
—
R, =10
R, R,
R, =20
] :_
R, =40
R4
L R,=20
-+
|
]
E=9V
Solution:
The resistance of the equivalent resistor
, 1 1 1 1 1 1
Ry, R, and Rz in parallel =>R—eq =R_1+R_2+R_3= 1 +E+Z= 1.750
R., = 4.(2
eq — 7
_ _ 4 18
Ryz3 and Ry inseries = R,y = Ryp3+ Ry =2 +7 = - 0

The electric current that passes through each resistor and the difference in electrical

potential between the two ends of each capacitor

E 9
E=V4+ Vizz3 =(Rizz+ Ry)X I 2 l=-—F——F-<=-5=354
4 123 = (Rq23 ) (Ri23+ Ry) g

V,=R, X [ =2%X35=7V

4
V123 = R123 X 1 =;X35=2V
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V123:V1:V2:V3:2V

I —2—2A
VTR, 1T

L= 24y
27 R, 2

L =—=-=054

Exercise 04

Using Thevenin's method, calculate the current and voltage across the two ends of resistor Rs.

R4
1
| I |
E L
Solution
Il_." — 1
P —>
I
I B B
1 _1+1 =R _ R xR,
Req R, Ry 4" R, +R,
B _ Ry xR,
Rrn = Req = R, +R,
VAB=V2=R2X1
E= (R1+R2)XI $I=R1+R2
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E
Vig=V,=R, X
AB 2 2 R1+R2

i Applying Kirchhoff’s Loop law

Ern= (Rep+R3) X1 oL
R x—E R; XR, XE
Ve Ruxl= Ra_tmh  _p 2TRitRy _ R, + R,
3 3 3RTh+R3 3R1XR2+R R1XR2+R3(R1+R2)
R,+R, " 3 R, +R,
R; xR, XE

V, =
37 R, xR, + R3(R; + Ry)

Exercise 05

Using Norton method, calculate the current and voltage across the two ends of resistor R3.

el

Solution

'
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I

R4 A
—___ ]
B
11 Ry X R,
Req R, Ry “" R +R,
Ry X R,
Rv=R. =
N7 7€ T R+ R,
R4 A
|
| S|
1
E =1
—+
I
B
E
Ry
A
=
P
=
IZ 13
B
V3:R3XI3:VN=RNXIZ $12=R3X—3
Ry
I Ry + Rs Iy X Ry
I=I+I=R><—+I:I( ):> _ N X RN
N 2 3 3 RN 3 3 N 3 RN+R3

E R xR, E . R xR,

_R1 R1+R2_ R1 R1+R2 _ ER2
R1XR2+R R1XR2+R3(R1+R2) R1XR2+R3(R1+R2)
R1+R2 3 R1+R2

ER,R
V3= 23

Ry X Ry + R3(R; + R))
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1. Introduction

Magneto-statics is a branch of electromagnetism that studies time-invariant magnetic fields—
. . . di .
fields produced by constant electric currents (that do not change with time > = 0) Itis

considered a magnetic counterpart to electrostatics, which studies electric fields produced by

Stationary charges.

A static electric charge produces an electric field, while a moving electric charge produces, in
addition to the electric field, a magnetic field related to the direction and speed of the charge’s

movement.
2. Electromagnetic force (Lorentz's law)

This law states that every charge (q) moving at a velocity ¥ within an electromagnetic field
will be subject to the influence of the magnetic field as well as the electric field. The expression

for this force is written as follows:

_ —

F= Felec + Enag ~ Where

3. Properties of magnetic force:

& Magnetic force is nonexistent if the charge is stationary.

{t  Magnetic force is directed perpendicular to both the velocity and magnetic field.

{t  The magnetic force is zero if the charge's velocity vector is parallel to the magnetic
field vector.

& The magnetic force reaches its maximum value when the charge's velocity vector is
perpendicular to the magnetic field vector.

{t  The magnetic field does not change the velocity of the moving charge, but rather

changes its direction.
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Kinetic energy is conserved : the change in kinetic energy of a charged particle moving
within a magnetic field is equal to zero

B
Aﬂ@eBﬁﬂWAamzf

B
Fmag.drzf (g% xB).dr
A A

—fB b x B Ei—)dt—fB( *xﬁ)d—r)dt
—A(qv ).rdt—Aqv T

B
f(qﬁxﬁ)ﬁdt=o
A

4. The effect of a magnetic field on an electric current

Considering that the electric current flows through a group of charges.
Each element length dl of wire passes through a current I and N electrons pass through it.
N=ndV=nSdl
Where S is Cross-sectional area of wire, and n is the concentration of charges in the volume of

the element dv. The expression for the magnetic force acting on the longitudinal element dl through

which a current I passes is given by:

_

Fnag =q v x B

So,
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5. Torque on a Current Loop

The following figure represents a conducting wire structured as a rectangular loop with sides
ABCD (the side’s length of each A and B are labeled as L, and the sides C and D are labeled as
K). A constant electric current flows through this loop. The loop is free to move and can rotate
about an axis passing through the middle of sides D and C. The loop is placed under the influence

of a constant magnetic field in the x-direction, parallel to sides C and D.

™l

Rotation axis

| i >

The magnetic field exerts a magnetic force on the electric current passing through each side.

By representing the forces, it is clear that the two forces f. and f; have zero torque of force.

The two magnetic forces applied to sides A and B form a double torque. The value of each force
is given as follows:

150 =fll=2L x1xB

fo -

/ﬁ
™|

=l

fa
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Mo = 0(fa) + 710(fs)
- K . K : -
172 | =—L X1 XxBsing +5 L x1IxBsing =KL x1IXxBsin0
This idea is the working principle of electromagnetic motors.

6. QOersted's experiment:

In 1820, Oersted observed a magnetic needle deflect when placed next to a wire carrying an
electric current. It then returned to its normal position when the electric current was cut off. This

experiment was the first step in generating a magnetic field through induction.

e

It was also shown through the same experiment that the direction of deflection of the magnetized

needle is related to the direction of the electric current.

7. Magnetic field created by a current (The Biot—Savart Law)

This law states that a magnetic field is generated at a point P in the space surrounding a
conducting wire (Any electric charge moving at a speed of v ) as a result of an electric current

passing through it. This phenomenon is called "magnetic induction”.
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The expression for the elemental magnetic field formed by the passage of an electric current I

through an element of length dl at any point P in space is as follows:

ol —
.dl X
4mr? u

dB =

For an electric charge moving at a velocity of v

Rl 5 xii=
4mre’ 4mrd’

Hoq ,
vV Xr

B =

Lo denotes a constant called the permeability of fiee space’, its value equal to 4 10~ T.m/A

8. Solved exercises

Exercise 01

A point charge of ¢ = 1 u C moves in a straight path parallel to the x-axis at a constant speed
of 200 m/s.

Find the value of the field generated by this moving charge at the following points in space when

it is at position (I m, 0, 0)
Point N1 (0, 0, 0)
Point N2 (0, 1, 0)
Point N3 (;1 1,1)

Solution

The magnetic field generated by a moving charge is calculated using the following relationship:

Hoq ,
U XT
473

E::
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Z A
N3
*
N ~ >
N2 -
r q

U =2007 po=4m10""T.m/A

{ At the Point N1 (0, 0, 0)

. 4w10-7) (1106 .
ool 5o a2 ) ( ) (2007 x —7) = §
473 47

At the Point N2 (0, 1, 0)

=147 =r=|Ffl=V2

- 4710°7)(1 x107°
=tod 2 2 ) ( ).(zooix(—?+j))
473 41

—2x 1011k

i At the Point N1 (0, 0, 0)

F=7+k =>r=|[fl=v2

- ftoq , ., (4m1077)(11079) P
B:4nr3'v Xr = e .(ZOle(] +k))

=2x 1071 k-7)

Exercise 02

A constant electric current passes through a conducting circle of radius R.

Find the expression for the magnetic field resulting from this current at point M (0, 0, Z).
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Deduce the value of the magnetic field at point 0.

Solution

A

K
dB |

1
9

?Q\W o

M, 0,2)

y
= ol —
= . X
dB g dl Xr
Ho I
dB = dl
4mr?

Due to symmetry, the components on the x and y-axes cancel.

_ Ho !
4172

Mo I .
Bz=f4nr2 dlsinf

dB, dlsinf

. Mol
sinf | dl=——sinf2nR
4172

Mo !
4112

Z

Ho !
2712

B =B,k = sin@ Rk

o R R
sinf = — = ———
r  \R%Z+4 72
- IR?>
L
2 (R? + z2)2
At the point O =z =10

- IR?
B —_Hto k=
2(R?+0)2

ol -
k
2R

\ 4
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Exercise 03

Two straight parallel wires, each with an electric current passing through it.

A 7

I,

o Calculate the value of the magnetic field at point M located between the two wires.

e Discuss thecasex =d/2and I} =1

Solution

The magnetic field at point M, which is the median point between the two straight wires

carrying an electric current, is the vector summation of the field resulting from the first and second

wires.

The magnetic fields 1 and 2 resulting from the electric current passing through each wire are

opposite in direction at point M according to the right-hand rule.
By = By — B

Where in the case of an infinitely long wire, the expression for the magnetic field at a point x away

from it is given as follows:

Ho I
B =
2wh
Ho 11
B. =
1 2TX
Uo I
B, = ————
27 271 (d—x)
Mo 1 Uo I,

Bu = 2mx 21w (d—x)
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o Discuss thecasex =d/2 and I1 = 1>

0

Mol Ko I
BM— -
2T X 2w (d—x)

In this case, the magnetic field will be zero for points located at the same distance from the two

wires.
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