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Abstract

It is said that if numbers measure the physical magnitudes of objects (lengths, volumes, masses,
... ), then groups measure the degrees of symmetry of geometric figures. Namely, to any figure F,
we associate a group called the symmetry group of this figure, i.e., the geometric transformations
f that leave the figure globally invariant, i.e., an isometry:

f(F) =F

and which preserves the distance d(f(p),f(q)) = d(p, q) for any pair of points (p, q) belonging to
the figure F. A figure is said to be asymmetric if its symmetry group is the trivial group {idg},
whereas, for example, the symmetry group of a regular polygon with n sides is the dihedral group
D3 (n rotations + n reflections), and the symmetry group of a circle is of infinite order (the
circle has an infinite number of rotations around its center that leave it globally invariant).

Another point of view of symmetry, called arithmetic symmetry, is the study of solvability by
radicals, i.e., the expressibility of the roots of the equation

anx"+---+aix+ay=0

where the coefficients a; are generally in the field of rational numbers Q, using the operators
(+,—, X, V+,1/*) plus the coefficients of the equation.

It is shown (Galois theory) that the equation in question is solvable by radicals if and only if the
permutation group of its roots is solvable in the sense of group theory.

There is a chain of subgroups from {e} up to G (the Galois group of the roots), each one normal
N; N,

G
in the next, {e} <N; <Ny <---< N, = G, and each quotient NN,

along the chain is

abelian.

In this Master’s thesis work in Algebra and Discrete Mathematics, we aim to clarify, through
examples, the meaning of solvability by radicals of an equation of degree n.

Keywords: Galois theory, solvability by radicals, symmetry group, polynomial equations, solvable
groups.




Résumé

On dit que si les nombres mesurent les grandeurs physiques des objets (longueurs, volumes, masses,
... ), alors les groupes mesurent les degrés de symétrie des figures géométriques, a savoir qu’a toute
figure F, on associe un groupe dit le groupe de symétrie de cette figure, c.-a-d. les transformations
géométriques f qui laissent la figure globalement invariante, c.-a-d. une isométrie :

f(F) =F

Qui préserve la distance d(f(p), f(q)) = d(p, q) pour tout couple de points (p, q) appartenant a
la figure F. Une figure est dite asymétrique si son groupe de symétrie est le groupe trivial {id¢},
alors que, par exemple, le groupe de symétrie d’un polygone régulier de n cotés est le groupe
diédral Dy, (n rotations 4+ n réflexions), le groupe de symétrie d'un cercle est d’ordre infini (le
cercle a une infinité de rotations autour de son centre qui le laissent invariant globalement).

Un autre point de vue de la symétrie, dite symétrie arithmétique, est I’étude de la résolubilité par
radicaux, c.-a-d. ’exprimabilité des racines de 1’équation

anx"+ - +aix+ay=0

ou les coefficients a; sont généralement dans le corps des rationnels QQ, par les opérateurs
(+, —, x, V+,1/*) plus les coefficients de I’équation.

On montre (théorie de Galois) que I’équation en question est résoluble par radicaux si et seulement
si le groupe des permutations de ses racines est résoluble au sens de la théorie des groupes.

There is a chain of subgroups from {e} up to G (the Galois group of the roots), each one normal
N; N

G
in the next, {e}<N; <Ny <--- <N, = G and each quotient NN

along the chain is

abelian.

Dans ce travail de mémoire de Master en Algebre et Mathématiques Discretes, on s’intéresse a
clarifier a travers des exemples le sens de résolubilité par radicaux d’une équation de degré n.

Mots clés : Théorie de Galois, résolubilité par radicaux, groupe de symétrie, équations polyno-
miales, groupes résolubles.
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Overview

Ymmetry is considered one of the most profound and fascinating concepts in human

BN thought. It is not merely a visual property that grants objects beauty and harmony,

DEANE
METS

=i 4| hut rather a cosmic principle that links art, nature, and the exact sciences. Manifested

in fine arts, fashion design, mineral crystals, architectural designs, and ornaments, symmetry
emerges as an organizing force that gives the universe its balance.

In the mathematical context, symmetry underwent a radical transformation, shifting from a purely
visual geometric idea based on reflection and rotation to a deep algebraic concept embodied in
abstract algebraic structures through "Group Theory." Symmetry was no longer just an attribute
of shapes; instead, the focus shifted to the study of transformation groups that preserve the
properties of the mathematical structure. This very concept manifested in its finest form in "Galois
Theory," which employed this algebraic symmetry to study and treat the roots of polynomial

equations. So, what is Galois Theory, and what is its relationship to solvability by radicals?

Indeed, the interest in studying symmetry through Galois Theory extends beyond solving classical
equations to being a fundamental pillar in exact and contemporary sciences. In physics and
chemistry, algebraic symmetry structures provide the paradigm tools for understanding quantum
mechanics and the molecular crystalline systems. Technologically, the scientific extension of this
symmetry is vividly demonstrated in cryptography and Coding Theory, where cyber security
and data protection algorithms fundamentally rely on fields and Galois algebraic structures.
This imparts a significant value to this research in linking abstract algebra to modern technical

applications.

In this dissertation, we study symmetry from two perspectives: the geometric perspective, focusing
on the symmetry of shapes, and the algebraic perspective, through Galois Theory and its relation
to solvability by radicals. Therefore, the dissertation is divided into three chapters: the first
presents basic concepts of group theory; the second examines geometric symmetry in Euclidean
space and in the vector spaces R? and R?; and the third explores Galois Theory and its connection

to solvability by radicals.




CHAPTER

Notions of Groups

1.1 Group

Definition 1.1

A group G is a set of objects {g, h, k, ...} (not necessarily countable) together with a binary
operation which associates with any ordered pair of elements g,h in G a third element gh.

The binary operation (called group multiplication) is subject to the following requirements:
1. There exists an element e in G called the identity element such that:

ge=eg=g forallgeG.

2. For every g € G there exists in G an inverse element g~' such that:

3. Associative law. The identity (gh)k = g(hk) is satisfied for all g,h,k € G.

Thus, any set together with a binary operation which satisfies conditions (1)—(3) is called a
group. If gh = hg we say that the elements g and h commute. If all elements of G commute
then G is a commutative or abelian group. If G has a finite number of elements it has finite

order n(G), where n(G) is the number of elements. Otherwise, G has infinite order.
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Example 1.1

The real numbers R with addition as the group Operation. The Operation of two elements

NGO <

T1,T2 is their sum 71 + 1. The identity is O and the inverse of an element is its negative. R

is an infinite abelian group.

Example 1.2

The group containing two elements {0, 1} with group multiplication given by 0 -0 = 0,
0-1=1-0=0,1-1=1. The identity element is 1. This is an abelian group of order two.

It has only two subgroups, {1} and {0, 1}.

Example 1.3

The group of integers modulo n, denoted by Z/nZ = Z,, ={0,1,...,n— 1},, is a group under

the addition operation defined by x ®y = x + y = z(n).

The set Zj¢ is a group under addition. In Z;o, we have 3 + 7 = 0. Thus, the additive inverse
of 3 is 7, and we write —3 = 7. Note how this is consistent with our computation on the Zg
clock. To find —3 on the Zqo clock, we first view —3 as 0 — 3. Then, we start at 0 on the

Z1o clock and move 3 units counterclockwise. We land on 7, so that —3 =7 in Z;,.

Theorem 1.1 (Uniqueness of the Identity)

In a group G, there is only one identity element.




CHAPTER 1. NOTIONS OF GROUPS 1.1. GROUP
= @/.5'%"6\9 <-
Proof. Suppose both e and e’ are identities of G. Then,

1. ae=a for all ain G, and

2. e’la=aforall ain G.

The choices of a =€ in (1) and a = e in (2) yield e’e = e’ and e’e = e. Thus, e and e’ are

both equal to e’e and so are equal to each other. O

Because of this theorem, we may unambiguously speak of “the identity” of a group and

denote it by e (because the German word for identity is Einheit).

Theorem 1.2 (Uniqueness of Inverses)

For each element a in a group G, there is a unique element b in G such that ab =ba =e.

Proof. Suppose b and c are both inverses of a. Then ab = e and ac = e, so that ab = ac.

Canceling the a on both sides gives b = ¢, as desired. m

Theorem 1.3

A nonempty subset H of a group G is a subgroup if and only if the following two conditions

hold:
(1) If h,k € H then hk € H.

(2) If h € H then h™' € H.

Example 1.4

Recall that Zg ={0, 1,2, 3,4,5,6,7}is a group under addition. Let H ={0, 2,4, 6} be a subset

of Zg. The addition table for H is shown below:

|~ | N|OC| O
S| |~ [N
N O | | &~ | B
S~ IO ||| O

4+
0
2
4
6
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We verify that H is also a group under addition:

(1) H is closed under addition, as every entry in the table (i.e., all possible sums) is an

element of H.

(2) Addition in H is associative. After all, H uses addition in Zg, which is known to be

associative.

(3) The element 0 € H is the additive identity of H, because 0 + h =h and h+0 = h for
all h € H.

(4) Each element h € H has an additive inverse, which is also in H. Note that 2 and 6 are

inverse pairs, while 0 and 4 are self-inverses.

Therefore, H is also a group, with the same operation as Zg.

In the example above, we say that H is a subgroup of Zg. Here’s the definition.

Theorem 1.4

S(Zy) is a subgroup of G(Z,).

Proof. We will show that S(Z,,) is closed under matrix multiplication. Assume «, B € S(Z,).

Then det « = 1 and det f = 1. Thus, det(x- ) =detox-detp =1-1=1. Hence, det(ax-p) =1

10

and so - B € S(Z,). Next, note that dete = det = 1 and thus ¢ € S(Z.,). Lastly,
01

suppose Y € S(Z,,). Then dety = 1. Note that det(y_1) = (dety)™' = 17" = 1. Thus

v 1 eS(Zm). ]

Theorem 1.5
a 0
Let H = € G(Z13) | a € Uz p. Then H is a subgroup of G(Z13).
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Proof. We will show that H is closed under matrix multiplication. Assume «,3 € H. Then

a O b 0 a-b 0
x = and B = , where a,b € U;3. Thus - 3 = , which is in H,
0 a 0 b 0 a-b
a O
since a-b € U;3. Next, note that ¢ = with a =1 € Uy3, and thus ¢ € H. Lastly, suppose
0 a
c O
Y = € H, where ¢ € U;3. To find vy~ ', let A = dety = ¢? so that A~ = ¢ =2, which
0 ¢

exists because ¢ € U;3. Then

where ¢! € Uy3. Thus, vy ' € H. O]

In the above proof, we used the fact that U;3 is a multiplicative group. We stated that

2

a-b € U3, because a,b € Uys (i.e., closure). We also claimed that ¢ 2 exists and ¢ ' € U3,

since ¢ € U3 (i.e., inverses).

Theorem 1.6

If G is a commutative group, then H={g € G | g* = ¢} is a subgroup of G.
Proof. We will first show that H is closed. Assume a,b € H. Then a® = ¢ and b? = ¢. Since G
is commutative, we have (ab)? = a’b? = ¢ - € = ¢. Hence, (ab)? = ¢ and so ab € H.

Next, note that € = ¢ and thus ¢ € H. Lastly, suppose ¢ € H. Then ¢? = ¢. Note that

(c "2 =(c?)T=¢"=¢ Thus (¢c")? =¢€sothat ¢ ' € H. O
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Proposition 1.1

Let G be a group and let Hi,Ha, ..., Hy be subgroups of G. Then Hi " Hy; N --- N H, s
a subgroup of G. More generally, if {Hy} is any collection of subgroups, then NeHy is a

subgroup.

Proof. For any group G and any subset S C G, there is a smallest subgroup of G that contains S,
which is called the subgroup generated by S and denoted (S). When S = {a} is a singleton, the
subgroup generated by S is denoted by (a). We say that G is generated by S or that S generates
G if G = (S).

A “constructive” view of (S) is that it consists of all possible prod- ucts g1gz - - - gn, where
gi € Sor g;' €S. Another view of (S), which is sometimes useful, is that it is the intersection of
the family of all sub- groups of G that contain S; this family is nonempty since G itself is such a

subgroup.

The family of subgroups of a group G are partially ordered by set inclusion.! In fact, the
family of subgroups forms what is called a lattice.” This means that, given two subgroups A and
B of G there is a unique smallest subgroup C such that C O A and C 2 B. In fact, the subgroup
C is (A U B). Furthermore, there is a unique largest subgroup D such that D C A and D C B; in

fact, D = A N B. O]

1.2 Cyclic Groups

Proposition 1.2

‘ Let a be an element of a group G. The subgroup (a) generated by a is {a* : k € Z}.

Proof. The formulas a*a' = a*™' and (a*)™' = a™* show that {a* : k € Z} is a subgroup of G
containing a = a'. Therefore, (a) C {a* : k € Z}. On the other hand, a subgroup is always is

closed under taking integer powers, so (a) D {a* : k € Z}. ]
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Definition 1.2

Let a be an element of a group G. The set (a) = {a* : k € Z} of powers of a is called the

NGO <

cyclic subgroup generated by a. If there is an element a € G such that (a) = G, we say that

G is a cyclic group. We say that a is a generator of the cyclic group.

Example 1.5

Take G = Z, with addition as the group operation, and take any element d € Z. Because

the group operation is addition, the set of powers of d with respect to this operation is the
set of integer multiples of d, in the ordinary sense. For example, the third power of d is
d+d+d=3d.

Thus, (d) = dZ ={nd : n € Z} is a cyclic subgroup of Z. Note that (d) = (—d).

Z itself is cyclic, (1) = (—1) = Z.

Example 1.6

Let C,, denote the set of n*™™ roots of unity in the complex numbers.

(a) Cp={e/":0<k<n—1%

(b) Cn is a cyclic group of order n with generator & = e*™/™

Proof. C,, is a subgroup of the multiplicative group of nonzero complex numbers, as the product

of two n'™ roots of unity is again an n'™ root of unity, and the inverse of an n'" root is also an

n'™ root or unity.

If z is an n'™ root of unity in C, then |z|™ = |z"| = 1; thus |z| is a positive n'™ root of 1, so

z| = 1. Therefore, z has the form z = e'®, where 8 € R. Then 1 = z™ = ¢'™?. Hence n0 is an

2mik/n

integer multiple of 27t, and z =e for some k € Z. These numbers are exactly the powers of

& = e?™/™ which has order n. =

(a) Fvery subgroup of Z is cyclic.

(b) Ewven better, every subgroup of a cyclic group is cyclic.
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Proof of (a). Let H be a subgroup of Z. If H ={0} then H is cyclic. If H # {0}, then H contains

a non-zero integer x, and since H is a subgroup it must also contain —x. So H contains a positive
integer. Let d be the smallest posi- tive integer in H. We claim that d generates H. If n € H,
divide n by d to give n = qd + m where q and m are integers and 0 < m < d. In other words
m =n(mod d). We know that n € H and d € H. As H is a subgroup qd € H, hence —qd € H,
and therefore

m=n—qd=n+(—qd)

belongs to H. This contradicts our choice of d unless m is zero. Consequently n = qd, showing

each element of H to be an integer multiple of d as required. O

Proof of (b). Let G be a cyclic group and K a subgroup of G which is not the trivial subgroup
{e}. If x is a generator for G, then every element of G, and hence every element of K, is a power of
x. Let H={n € Z | x™ € K}. One easily checks that H is a subgroup of Z. By (a) H is cyclic and,

if d generates H, then x% generates K. This completes the proof. O

1.3 Quotient Groups

1.3.1 Coset

Definition 1.3 (Coset of H in G)

Let G be a group and let H be a subset of G. For any a € G, the set {ah | h € H} is denoted
by aH. Analogously, Ha = {ha | h € H} and aHa ' = {aha ' | h € H}. When H is a
subgroup of G, the set aH is called the left coset of H in G containing a, whereas Ha is
called the right coset of H in G containing a. In this case, the element a is called the coset
representative of aH (or Ha). We use |aH| to denote the number of ele- ments in the set aH,

and |[Ha| to denote the number of elements in Ha.

Example 1.7

Let H=1{0, 3,6} in Zo under addition. In the case that the group operation is addition, we
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use the notation a + H instead of aH. Then the cosets of H in Zo are

0+H=1{0,3,6l=3+H=6+H,
1+H={1,4,7)=4+H=7+H,

24+H={2,58=5+H=8+H.

The three preceding examples illustrate a few facts about cosets that are worthy of our
attention. First, cosets are usually not subgroups. Second, aH may be the same as bH, even
though a is not the same as b. Third, since in Example 1.8 (12)H = {(12), (132)} whereas H(12) =
{(12),(123)}, aH need not be the same as Ha.

These examples and observations raise many questions. When does aH = bH? Do aH
and bH have any elements in common? When does aH = Ha? Which cosets are subgroups? Why
are cosets important? The next lemma and theorem answer these questions. (Analogous results

hold for right cosets.)

Lemma 1.1 (Properties of Cosets)

Ou un environnement personnalisé similaire Let H be a subgroup of G, and let a and b belong

to G. Then,
1. a€aH,
2. aH =H if and only if a € H,
3. aH =bH if and only if a € bH
4. aH=bH or aHNbH = g,
5. aH = bH if and only if a”'b € H,
6. |[aH| = |bH|,
7. aH = Ha if and only if H = aHa ™',

8. aH is a subgroup of G if and only if a € H.
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1.3.2 Normal Subgroups

Definition 1.4 (Normal Subgroup)

A subgroup H of a group G is called a normal subgroup of G if aH = Ha for all a in G. We

denote this by H< G.

Theorem 1.8 (Normal Subgroup Test)

A subgroup H of G is normal in G if and only if xHx ™" C H for all x in G.
Proof. If H is normal in G, then for any x € G and h € H there is an h’ in H such that xh = h'x.
Thus, xhx™' = h’, and therefore xHx~' C H.

Conversely, if xHx ™! C H for all x, then, letting x = a, we have aHa™' € H or aH C Ha.

On the other hand, letting x = a™', we have a '"H(a™")™' = a " '"Ha C H or Ha C aH. O

Example 1.8

Every subgroup of an Abelian group is normal. (In this case, ah = ha for a in the group

and h in the subgroup.)

The center Z(G) of a group is always normal. [Again, ah = ha for any a € G and any

he Z(G).]

Example 1.10

The alternating group A,, of even permutations is a normal subgroup of S,,. [Note, for example,

that for (12) € Sn and (123) € An, we have (12)(123) # (123)(12) but (12)(123) = (132)(12)

and (132) € A,,.]

The subgroup of rotations in Dy, is normal in D,,. (For any rotation r and any reflection f,

we have fr = r~'f, whereas for any rotations r and v/, we have rr’ = 1'r.)
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Theorem 1.9 (Factor Groups (O. Hélder, 1889))

Let G be a group and let H be a normal subgroup of G. The set G/H={aH | a € G} is a

group under the operation (aH)(bH) = abH.T

We point out that the converse of Theorem 1.9 is also true; that is, if the correspondence

aHbH = abH defines a group operation on the set of left cosets of H in G, then H is normal in G.

The next few examples illustrate the factor group concept.

Example 1.12

Let 4Z ={0,44,+£8,...}. To construct Z/4Z, we first must determine the left cosets of 4Z

in Z. Consider the following four cosets:

0+4Z =4Z ={0,+4,48, ...},

1442 ={1,5,9,...;—3,—7,—11,...},
24472 =1{2,6,10,...;—2,—6,—10,...},
3442 =1{3,7,11,...;—1,-5,-9,...}.

We claim that there are no others. For if k € Z, then k = 4q + r, where 0 < v < 4; and,
therefore, k +4Z =r+4q +4Z =r+4Z. Now that we know the elements of the factor

group, our next job is to determine the structure of Z/4Z. Its Cayley table is

0+ 47 1+ 47 2+ 47 3+ 4Z
0+ 47 0+4Z 1+47 2447 3+4Z
1+ 47 1+47 2447 3+4Z 0+47
2+ 4% 2+47 3+47Z 0+47Z 1+4Z
3+ 4Z 3+47Z 0+4zZ 1+47 2+47

Clearly, then, Z/4Z =~ Z,. More generally, if for any n > 0 we let nZ =

{0, 4+n, £2n, £3n,...}, then Z/nZ is isomorphic to Z,,.
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Example 1.13

Let G = Zyg and let H = (6) ={0,6,12}. Then G/H ={0+H,1+H,2+H,3+H,4+H,5+H}.

To illustrate how the group elements are combined, consider (5 + H) + (4 + H). This should
be one of the six elements listed in the set G/H. Well, (5+H)+ (4+H) =54+4+H =

94+ H=346+H =23+ H, since H absorbs all multiples of 6.

A few words of caution about notation are warranted here. When H is a normal subgroup of
G, the expression |aH| has two possible interpretations. One could be thinking of aH as a set of
elements and |aH| as the size of the set; or, as is more often the case, one could be thinking of aH
as a group element of the factor group G/H and |aH| as the order of the element aH in G/H. In
Example 8, for instance, the set 3 + H has size 3, since 3 + H = {3, 9, 15}. But the group element
3 + H has order 2, since (3+H)+ (3+H) =6+ H =0+ H. As is usually the case when one

notation has more than one meaning, the appropriate interpretation will be clear from the context.

Example 1.14

Let H = {Ry, Rys0}, and consider the factor group of the dihedral group D4 (see page 32 for

the multiplication table for Dy)
Dy/H = {H, RooH, HH, DI}

The multiplication table for D4 /X is given in Table 9.1. (Notice that even though ReoH = D’,

we have used DH in Table 9.1 for HRyoH because D'H = DXH.)

K RoKX HKX DX

K K RopX HX DX

RooK | Rpp KX K DX HX
HX | HK DX X  RgX

DX | DK HX RgpK K
Table 1.1. Table 9.1

D4/H provides a good opportunity to demonstrate how a factor group of G is related to G
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itself. Suppose we arrange the heading of the Cayley table for D4 in such a way that elements

from the same coset of H are in adjacent columns (Table 9.2). Then, the multiplication table

for D4 can be blocked off into boxes that are cosets of H, and the substitution that replaces

a box containing the element x with the coset xJH yields the Cayley table for D4 /3.

For example, when we pass from D4 to D4/H, the box

in Table 9.2 becomes the element HH in Table 9.1. Similarly, the box

becomes the element DI, and so on.

Ro Riso Reo Rao H \4 D D

Ro | Ro Rigo Roo Rayo H \4 D D’

Rigo | Riso Ro Rypo Rep V H D' D

Reo | Roo Rypo Rigg Ry D' D H \4

Ryzo | Rzzo Reo Ry Riggy D D'V H
H H Vv D D"  Ro Riso Roo Rup
Vv Vv H D’ D Rigg Ro  Rao R
D D D’ Vv H Ry70 R Ro  Riygo
D' | DO D H V. Reo Rao Rigo  Ro

Table 1.2. Table 9.2

In this way, one can see that the formation of a factor group G/H causes a systematic collapse

of the elements of G. In particular, all the elements in the coset of H containing a collapse to

the single group element aH in G/H.
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Example 1.15

Let G = U(32) = {1,3,5,7,9,11,13,15,17,19,21,23,25,27,29,31} and H = U;¢(32) =

{1,17}. Then G/H is an Abelian group of order 16/2 = 8. Which of the three Abelian groups
of order 8 is it—Zg, Z4 ® Z,, or Z, & Z; & Z,7 To answer this question, we need only

determine the elements of G/H and their orders. Observe that the eight cosets

H={1,17), 3H = {3,19}, 5H = {5, 21}, 7H = {7,23),

9H = {9, 25}, 1TH = {11,27}, 13H = {13,29}, 15H = {15,31}

are all distinct, so that they form the factor group G/H. Clearly, (3H)? = 9H # H, and
so 3H has order at least 4. Thus, G/H is not Z;, ® Z; ® Z;. On the other hand, direct
computations show that both 7H and 9H have order 2, so that G/H cannot be Zg either,
since a cyclic group of even order has exactly one element of order 2 (Theorem 4.4). This

proves that U(32)/U;6(32) &~ Z4 & Z,, which (not so incidentally!) is isomorphic to U(16).

Theorem 1.10 (The G/Z Theorem)

| Let G be a group and let Z(G) be the center of G. If G/Z(G) is cyclic, then G is Abelian.

1.4 Groups Homomorphisms

Definition 1.5 (Group Homomorphism)

A homomorphism ¢ from a group G to a group G is a mapping from G into G that preserves

the group operation; that is, ¢(ab) = ¢(a)d(b) for all a,b in G.

Before giving examples and stating numerous properties of homomorphisms, it is convenient

to introduce an important subgroup that is intimately related to the image of a homomorphism.

Definition 1.6 (Kernel of a Homomorphism)

The kernel of a homomorphism ¢ from a group G to a group with identity e is the set

{x € G| d(x) = e}. The kernel of ¢ is denoted by Ker ¢.
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Definition 1.7 (Normal Subgroup)

A subgroup H of a group G is called a normal subgroup of G if aH = Ha for all a in G. We
denote this by H< G.

Example 1.16

Let R* be the group of nonzero real numbers under multiplication. Then the determinant
mapping A — det A is a homomorphism from GL(2,R) to R*. The kernel of the determinant

mapping is SL(2,R).

The mapping ¢ from R* to R*, defined by ¢&(x) = |x|, is a homomorphism with Ker ¢ =
{1,—1}.

Example 1.18

Let R[x] denote the group of all polynomials with real coefficients under addition. For any f
in R[x], let f’ denote the derivative of f. Then the mapping f — f’ is a homomorphism from

RI[x] to itself. The kernel of the derivative mapping is the set of all constant polynomials.

Example 1.19

The mapping ¢ from Z to Z,,, defined by ¢(m) = m (mod n), is a homomorphism (see

Exercise 11 in Chapter 0). The kernel of this mapping is (n).

1.4.1 Properties of Homomorphisms

Theorem 1.11 (Properties of Elements Under Homomorphisms)

Let ¢ be a homomorphism from a group G to a group G and let g be an element of G. Then

1. ¢ carries the identity of G to the identity of G.
2. ¢(g") = (d(g))" for allm € Z.

3. If |g| is finite, then |$p(g)| divides |g|.

4. ker ¢ is a subgroup of G.

5. ®(a) = ¢(b) if and only if aker ¢ = bker ¢.
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‘ 6. 11 d(g) = ', then &' (¢') = {x € G | b(x) = g'} = gker .

Since homomorphisms preserve the group operation, it should not be a surprise that they

preserve many group properties.

Theorem 1.12 (Properties of Subgroups Under Homomorphisms)

Let ¢ be a homomorphism from a group G to a group G and let H be a subgroup of G. Then
1. $(H) ={d(h) | h € H} is a subgroup of G.
2. If H is cyclic, then ¢(H)iscyclic.
3. f H is Abelian, then ¢(H) is Abelian.
4. If H is normal in G, then ¢(H) is normal in ¢(G).
5. If |[Ker ¢| =n, then ¢ is an n-to-1 mapping from G onto ¢(G).
6. If [H| = n, then |¢(H)| divides n.
7. If K is a subgroup of G, then ¢~ ' (K) ={k € G| ¢(k) € K} is a subgroup of G.

8. If K is a normal subgroup of G, then ' (K) ={k € G | ¢(k) € K} is a normal subgroup
of G.

9. If ¢ is onto and Ker ¢ = {e}, then ¢ is an isomorphism from G to G.

1.5 group isomorphism

Definition 1.8 (Definition Group Isomorphism)

An isomorphism ¢ from a group G to a group G is a one-to-one mapping (or function) from

G onto G that preserves the group operation. That is,
é(ab) = ¢(a)p(b) for all a,b in G.

If there is an isomorphism from G onto G, we say that G and G are isomorphic and write
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G~ G.

definition can be visualized as shown in Figure 6.1. The pairs of dashed arrows represent the

group operations.

dla)d(b)

It is implicit in the definition of isomorphism that isomorphic groups have the same order.
It is also implicit in the definition of isomorphism that the operation on the left side of the equal
sign is that of G, whereas the operation on the right side is that of G. The four cases involving -

and + are shown in Table 6.1.

Table 6.1
G Operation G Operation Operation Preservation
d(a-b) =d(a)- d(b)
+ $(a-b) = d(a) + ¢(b)
+ : ¢(a+b)=d(a) d(b)
+ + $(a+b) =d(a)+ $(b)

There are four separate steps involved in proving that a group G is isomorphic to a group G.

Step 1 “Mapping.” Define a candidate for the isomorphism; that is, define a function ¢ from G

to G.

Step 2 “1-1 Prove that ¢ is one-to-one; that is, assume that ¢(a) = ¢(b) and prove that

a=m>o.

Step 3 “Onto.” Prove that ¢ is onto; that is, for any element g in G, find an element g in G such

that d(g) = 7.
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Step 4 “O.P” Prove that ¢ is operation-preserving; that is, show that ¢(ab) = d(a)d(b) for all

a and b in G.

Before going any further, let’s consider some examples.

Example 1.20

Let G be the real numbers under addition and let G be the positive real numbers under
multiplication. Then G and G are isomorphic under the mapping ¢(x) = 2*. Certainly,
¢ is a function from G to G. To prove that it is one-to-one, suppose that 2* = 2Y. Then
log, 2* = log, 2Y, and therefore x =y. For “onto,” we must find for any positive real number
y some real number x such that ¢(x) = y; that is, 2* =y. Well, solving for x gives log, y.

Finally,
dlx+y) =2V =229 = $(x)d(y)

for all x and y in G, so that ¢ is operation-preserving as well.

Example 1.21

3 is not an isomorphism.

The mapping from R under addition to itself given by ¢(x) = x
Although ¢ is one-to-one and onto, it is not operation-preserving, since it is not true that

(x +y)® =x> +y? for all x and y.

Example 1.22

U(10) =~ Z4 and U(5) ~ Z4. To verify this, one need only observe that both U(10)andU(5)

are cyclic of order 4.

Example 1.23
There is no isomorphism from Q, the group of rational numbers under addition, to Q*, the
group of nonzero rational numbers under multiplication. If ¢ were such a mapping, there

would be a rational number a such that ¢(a) = —1. But then

However, no rational number squared is —1.
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1.5.1 Properties of Isomorphisms

Theorem 1.13 (Properties of Isomorphisms Acting on Elements)

Suppose that ¢ is an isomorphism from a group G onto a group G. Then

1. ¢ carries the identity of G to the identity of G.

2. For every integer n and for every group element a in G, ¢(a™) = [d(a)]™.

3. For any elements a and b in G, a and b commute if and only if ¢(a) and ¢(b) commute.
4. G = (a) if and only if G = (¢p(a)).

5. la| = |d(a)| for all a in G (isomorphisms preserve orders).

6. For a fixed integer k and a fixed group element b in G, the equation x* = b has the

same number of solutions in G as does the equation x* = ¢(b) in G.

7. If G is finite, then G and G have exactly the same number of elements of every order.

1.6 Symmetric group

1.6.1 Permutation group

In general, the permutations of a set X form a group Sx. If X is a finite set, we can assume
X ={1,2,...,n}. In this case we write S,, instead of Sx. The following theorem says that S,, is a

group. We call this group the symmetric group on n letters.

Theorem 1.14

The symmetric group on n letters, S;,, is a group with n! elements, where the binary operation

is the composition of maps.

Proof. The identity of S,, is just the identity map that sends 1 to 1, 2 to 2, ..., n ton. If
f: S, — S, is a permutation, then f~' exists, since f is one-to-one and onto; hence, every
permutation has an inverse. Composition of maps is associative, which makes the group operation

associative. We leave the proof that [S,| =n!. a
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Example 1.24

Consider the subgroup G of S5 consisting of the identity permutation id and the permutations

12345
0o =

1235 4

12345
T =

32145

12345
u:

32154

The following table tells us how to multiply elements in the permutation group G.

olid o T M

id{id o T
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Though it is natural to multiply elements in a group from left to right, functions are composed
from right to left. Let o and T be permutations on a set X. To compose o and T as functions,
we calculate (00 T)(x) = o(t(x)). That is, we do T first, then o. There are several ways to
approach this inconsistency. We will adopt the convention of multiplying permutations right
to left. To compute o7, do T first and then o. That is, by oT(x) we mean o(t(x)). (Another
way of solving this problem would be to write functions on the right; that is, instead of
writing o(x), we could write (x)o. We could also multiply permutations left to right to agree
with the usual way of multiplying elements in a group. Certainly all of these methods have

been used.

Example 1.25

Permutation multiplication is not usually commutative. Let

1 2 3 4
0o =
4 1 2 3
1 2 3 4
T =
21 4 3
Then
1 2 3 4
0T = s
14 3 2
but
12 3 4
TO =
321 4
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1.6.2 Cycle Notation

A permutation o € Sx is a cycle of length k if there exist elements aj, az,...,ax € X
such that
olar) = az
o(az) =as
olax) = a4
and o(x) = x for all other elements x € X. We will write (aj, az,...,ax) to denote the cycle o.

Cycles are the building blocks of all permutations.

Example 1.26

The permutation

o= — (162354)

T= = (243)

is a cycle of length 3.

Not every permutation is a cycle. Consider the permutation

123456
— (1243)(56).

2413 65

This permutation actually contains a cycle of length 2 and a cycle of length 4.
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It is very easy to compute products of cycles. Suppose that
o= (1352)
T = (256).
We can think of o as
1—3
35
52
2—=1
and T as
25
56
62
Hence, ot = (1356). If u = (1634), then opn = (1652)(34).

Two cycles in Sx, 0 = (as, az,...,ax) and T = (by,b2,...,by), are disjoint if a; # b; for

all i and j.

Example 1.28

The cycles (135) and (27) are disjoint; however, the cycles (135) and (347) are not. Calculating

their products, we find that
(135)(27) = (135)(27)

(135)(347) = (13475).
The product of two two cycles that are not disjoint may reduce to something less complicated;

the product of disjoint cycles cannot be simplified.

Proposition 1.3

Let o and T be two disjoint cycles in Sx. Then ot = T0.
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Every permutation in S;; can be written as the product of disjoint cycles.

Example 1.29

Let
1 23 45 6

123 456

Using cycle notation, we can write

o= (1624)
T=(13)(456)
ot = (136)(245)

To = (143)(256).

Remark 1.3

From this point forward we will find it convenient to use cycle notation to represent

permutations. When using cycle notation, we often denote the identity permutation by (1).

1.6.3 Transpositions

The simplest permutation is a cycle of length 2. Such cycles are called transpositions.

Since

(ar,az,...,an) = (aran)(aran_1)--- (arasz)(araz),

any cycle can be written as the product of transpositions, leading to the following proposition.

Proposition 1.4

Any permutation of a finite set containing at least two elements can be written as the product

of transpositions.
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Example 1.30

Consider the permutation

(16)(253) = (16)(23)(25) = (16)(45)(23)(45)(25).

As we can see, there is no unique way to represent permutation as the product of transpositions.
For instance, we can write the identity permutation as (12)(12), as (13)(24)(13)(24), and in
many other ways. However, as it turns out, no permutation can be written as the product of
both an even number of transpositions and an odd number of transpositions. For instance,

we could represent the permutation (16) by
(23)(16)(23)

or by
(35)(16)(13)(16)(13)(35)(56),

but (16) will always be the product of an odd number of transpositions.

If the identity is written as the product of r transpositions,

id=1t112--Tr,

then r is an even number.

Proof. We will employ induction on r. A transposition cannot be the identity; hence, v > 1. If
r = 2, then we are done. Suppose that r > 2. In this case the product of the last two transpositions,

T,_1Tr, must be one of the following cases:

(ab)(ab) =1id
(be)(ab) = (ac)(bc)
(cd)(ab) = (ab)(cd)

(ac)(ab) = (ab)(bc),
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where a, b, ¢, and d are distinct.

The first equation simply says that a transposition is its own inverse. If this case occurs,

delete T,_17T, from the product to obtain
id = T1T2 - Tr—3Tr—2.

By induction r — 2 is even; hence, r must be even.

In each of the other three cases, we can replace T,_17T, with the right-hand side of the
corresponding equation to obtain a new product of r transpositions for the identity. In this new
product the last occurrence of a will be in the next-to-the-last transposition. We can continue
this process with T,_,T,_7 to obtain either a product of r — 2 transpositions or a new product of
T transpositions where the last occurrence of a is in T,_,. If the identity is the product of r — 2
transpositions, then again we are done, by our induction hypothesis; otherwise, we will repeat the

procedure with T, 37, 5.

At some point either we will have two adjacent, identical transpositions canceling each other
out or a will be shuffled so that it will appear only in the first transposition. However, the latter
case cannot occur, because the identity would not fix a in this instance. Therefore, the identity
permutation must be the product of r — 2 transpositions and, again by our induction hypothesis,

we are done. O

Theorem 1.16

If a permutation o can be expressed as the product of an even number of transpositions,
then any other product of transpositions equaling ¢ must also contain an even number
of transpositions. Similarly, if ¢ can be expressed as the product of an odd number of
transpositions, then any other product of transpositions equaling o must also contain an odd

number of transpositions.

Proof. Suppose that

0=0102"0m =T1T2" " Tn,
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where m is even. We must show that n is also an even number. The inverse of 6" is oy -« - 07.

Since

id=00m 01 =T1 - TnOm 07,

n must be even by Lemma 1.2. O

In light of Theorem 1.16, we define a permutation to be even if it can be expressed as an

even number of transpositions and odd if it can be expressed as an odd number of transpositions.

1.7 The Alternating Groups

One of the most important subgroups of S,, is the set of all even permutations, A,,. The

group A, is called the alternating group on n letters.
The set A,, is a subgroup of S,,.

Proof. Since the product of two even permutations must also be an even permutation, A,, is closed.

The identity is an even permutation and therefore is in A,,. If o is an even permutation, then
0=0102" -0y,
where o0; is a transposition and 1 is even. Since the inverse of any transposition is itself,
o = 0r0r—1---01

is also in A,,. O ]

Proposition 1.5

The number of even permutations in S,,, n > 2, is equal to the number of odd permutations;

hence, the order of A, is n!/2.

Proof. Let A, be the set of even permutations in S,;, and B, be the set of odd permutations. If
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we can show that there is a bijection between these sets, they must contain the same number of

elements. Fix a transposition o in S;;. Since n > 2, such a o exists. Define

Ao : A — Ba

Ao(T) = OT.

Suppose that As(T) = Ag(n). Then ot = o and so
T=0'ot=0 'op=.

Therefore, Ay is one-to-one. We will leave the proof that Ay is surjective to the reader. n

Example 1.31

The group A4 is the subgroup of S; consisting of even permutations. There are twelve

elements in Ay:

(1) (12)(34) (13)(24) (14)(23)
(123)  (132)  (124)  (142)

(134)  (143) (234) (243).

1.8 The Dihedral Groups

Fig. 1.1 . A regular n-gon
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Another special type of permutation group is the dihedral group. Recall the symmetry group

of an equilateral triangle. Such groups consist of the rigid motions of a regular n-sided polygon or
n-gon. For n = 3,4,..., we define the nth dihedral group to be the group of rigid motions of a
regular n-gon. We will denote this group by D,,. We can number the vertices of a regular n-gon
by 1,2,...,n (Figure 1.1). Notice that there are exactly n choices to replace the first vertex. If
we replace the first vertex by k, then the second vertex must be replaced either by vertex k4 1 or
by vertex k — 1; hence, there are 2n possible rigid motions of the n-gon. We summarize these

results in the following theorem.

Theorem 1.18

The dihedral group, D, is a subgroup of S,, of order 2n.

rotation

3—8

reflection

5

Fig. 1.2 . Rotations and reflections of a regular 8 -gon

Theorem 1.19

The group Dy, n > 3, consists of all products of the two elements r and s, satisfying the

relations
™ =1id
s?=1id
1
STS =71 .
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Proof. The possible motions of a regular n-gon are either reflections or rotations (Figure 1.2).

There are exactly n possible rotations:

i, 2% 5.3 o). 0
n n

n

OO
1 1

6 2 2 6

_—
5 3 3 5
| . | | . |

4 3 3 4

Fig. 1.3 . Types of reflections of a regular 5-gon

We will denote the rotation 360°/n by r. The rotation r generates all of the other rotations.

That is,

o, 360°
n

Label the n reflections sy, s3,..., Sy, where sy is the reflection that leaves vertex k fixed. There
are two cases of reflection, depending on whether n is even or odd. If there are an even number
of vertices, then 2 vertices are left fixed by a reflection. If there are an odd number of vertices,
then only a single vertex is left fixed by a reflection (Figure 77). In either case, the order of sy is
two. Let s = s;. Then s* = id and ™ = id. Since any rigid motion t of the n-gon replaces the
first vertex by the vertex k, the second vertex must be replaced by either k 4+ 1 or by k — 1. If
the second vertex is replaced by k+ 1, then t = r*~'. If it is replaced by k — 1, then t = r*s.
Hence, r and s generate D,,; that is, D,, consists of all finite products of r and s. We will leave

1

the proof that srs =1 ' as an exercise. O
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Example 1.32

The group of rigid motions of a square, D4, consists of eight elements. With the vertices

numbered 1,2,3,4 (Figure 1.4), the rotations

=3

Fig. 1.4 . The group D4

are
r=(1234)
2 = (13)(24)
3 = (1432)
r =1id
and the reflections are
S1 = (24)
Sy = (13)

The order of Dy is 8. The remaining two elements are

rs1 = (12)(34)

s, = (14)(23).

1.9 The Motion Group of a Cube

We can investigate the groups of rigid motions of geometric objects other than a regular
n-sided polygon to obtain interesting examples of permutation groups. Let us consider the group
of rigid motions of a cube. One of the first questions that we can ask about this group is “what is

its order?” A cube has 6 sides. If a particular side is facing upward, then there are four possible
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rotations of the cube that will preserve the upward-facing side. Hence, the order of the group is

6 -4 = 24. We have just proved the following proposition.

1 2
. =
N e
73 4
2 1

Fig. 1.5 . The motion group of a cube

Proposition 1.6

The group of rigid motions of a cube contains 24 elements.

Theorem 1.20

The group of rigid motions of a cube is Sy4.

\

AY
N
\

AY

\
\

\
WYy----m-==--\ O

\
Wy------=-f-\

\
\

2 1 1 2

Fig. 1.6 . Transpositions in the motion group of a cube

Proof. From Proposition 1.6, we already know that the motion group of the cube has 24 elements,
the same number of elements as there are in S4. There are exactly four diagonals in the cube.
If we label these diagonals 1, 2, 3, and 4, we must show that the motion group of the cube will
give us any permutation of the diagonals (Figure 1.5). If we can obtain all of these permutations,
then S4 and the group of rigid motions of the cube must be the same. To obtain a transposition
we can rotate the cube 180° about the axis joining the midpoints of opposite edges (Figure 1.6).
There are six such axes, giving all transpositions in S4. Since every element in S, is the product

of a finite number of transpositions, the motion group of a cube must be Sy4. m
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Geometric Symmetry

2.1 Isometries of a Euclidean Space

2.1.1 Orthogonal Matrices

Definition 2.1 (Orthogonal matrix)

| We say that a matrix A € .#,(R) is orthogonal if it satisfies the relation ATA = I,,.

Remark 2.1

1. The definition amounts to saying that the columns (or rows) of A form an orthonormal

basis of R™.

2. By definition, an orthogonal matrix A is invertible and we have A~! = AT,

Definition 2.2 (Orthogonal group of order n)

The orthogonal group of order n is the set of orthogonal matrices of ., (R). It is denoted
by On(R) or O(n).

Example 2.1

Here are some examples of orthogonal matrices

2 2 1
1 Vi V2 1
7 € 02(R), 31 —2 2 € O3(R)
V2 V2
2 -1 =2
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Theorem 2.1

The set O, (R) is a group, i.e.

(i) The matrix I, belongs to O, (R),
(ii) For all A € On(R), we have A~" € O, (R),

(iii) For all (A,B) € O, (R)?, we have AB € O, (R).

Proposition 2.1

Let # be an orthonormal basis of E. A basis ¥ of E is orthonormal if and only if the

change-of-basis matrix P% is orthogonal.

I.B - Positive and negative orthogonal matrices

Proposition 2.2

If A € O.(R), then det(A) = £1.

Definition 2.3 (Positive or negative orthogonal matrix)

An orthogonal matrix A € O,,(R) is said to be positive (or direct) if det(A) = 1. Otherwise,

it is said to be negative (or indirect).

Definition 2.4 (Special orthogonal group of order n)

The special orthogonal group of order n is the set of positive orthogonal matrices of .Z (R).

It is denoted by SO, (R) or SO(n).

Remark 2.2

Theorem 1 remains valid if we replace O, (R) with SO, (R).
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2.1.2 Orientation of the Euclidean space

Definition 2.5 (Oriented Euclidean space)

An oriented Euclidean space is a Euclidean space in which an orthonormal basis € of E has

-

been chosen.

Remark 2.3

In other words, to orient a Euclidean space, we choose an orthonormal basis of it. In the

plane, choosing an orientation amounts to choosing a positive direction of rotation of the

plane.

Sens positif Sens positif
de rotation el de rotation

In space, choosing an orientation amounts to choosing a positive direction of rotation around

the half-line directed by the first vector of an orthonormal basis.

t Sens positif A Sens positif
7 . .

de rotation Ay de rotation
e1 €]

S a—

e €3

It can be observed that there are only two possible orientations for a Euclidean space.

Definition 2.6 (Direct and indirect basis)

Let E be a Euclidean space oriented by an orthonormal basis 4. An orthonormal basis % of

E is said to be

1. direct if the change-of-basis matrix from % to Z has determinant 1.

2. indirect if the change-of-basis matrix from % to % has determinant —1.
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If the space R is oriented by the standard basis (i,j, k), then the bases (1,3, k), (j,k,1) and

(k,1,j) are direct, while the bases (i,k,j), (k,j,1) and (j, 1, k) are indirect.

2.2 Linear isometries

2.2.1 General properties

Definition 2.7 (Linear isometry)

An endomorphism ¢ € Z(E) is a linear isometry if ¢ preserves the norm of vectors, i.e.

vx e, (o) =x|.

The maps +Idg € Z(E) are linear isometries.

Definition 2.8 (Orthogonal group of a Euclidean space)

The orthogonal group of the Euclidean space E, denoted by O(E), is the set of linear isometries
of E.

Theorem 2.2

The set O(E) is a group, i.e.
(i) The endomorphism Idg belongs to O(E),
(ii) For all u € O(E), the endomorphism u is an isomorphism and u™' € O(E),

(iii) For all (u,v) € O(E)?, we have wov € O(E).

Theorem 2.3 (Characterization theorem of linear isometries)

Let @ € Z(E). The following assertions are equivalent.

(i) The map ¢ is a linear isometry.
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(ii) The map @ preserves the inner product, i.e.

Vix,y) € B2, (0(x) | e(y)) = (x]y).

(iii) The image of an orthonormal basis of E under ¢ is an orthonormal basis.

(iv) The image of any orthonormal basis of E under ¢ is an orthonormal basis.

Proposition 2.3

Let % be an orthonormal basis of E and u € Z(E). The endomorphism u is a linear isometry

if and only if the matrix Matg(u) is orthogonal.

Remark 2.4

Thus, once an orthonormal basis of E has been fixed, the elements of O(E) correspond

bijectively with the elements of O,,(R).

Proposition 2.4

If a vector subspace F of E is stable under a linear isometry u € Z(E), then F* is stable

under u.

2.2.2 Positive and negative linear isometries

Proposition 2.5

If u e O(E), then det(u) = £1.

o . . . .

Definition 2.9 (Positive or negative linear isometry)
A linear isometry u € O(E) is said to be positive (or direct) if det(u) = 1. Otherwise, it is

said to be negative (or indirect).

Definition 2.10 (Special orthogonal group of a Euclidean space)

The special orthogonal group of the Euclidean space E is the set of positive linear isometries

of E. It is denoted by SO(E).
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Remark 2.5
Theorem 2.2 remains valid if we replace O(E) with SO(E).

2.2.3 Orthogonal symmetries

Definition 2.11 (Orthogonal symmetry)

Let F be a vector subspace of E. The orthogonal symmetry with respect to F is the symmetry

sp : E — E with respect to F and parallel to F*.

Remark 2.6

We have SF =PFr — PrL = Zp]: — IdE

Illustration

We can represent the orthogonal symmetry of a vector with the diagram below.

A2 !
pre(v) N
] >
Pr(v) F
J‘p/b/ E
‘FJ_

Example 2.4

In the previous chapter, we saw that the orthogonal projection onto

H={(x,y,2) eR® | x+y+z=0}
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in R? is defined by

2xX—y—z x+2y—2z —x—y-+2z
pH(X)y)Z) - ( 3y y 3y ) 3y > .

From this we deduce that

x—2y—2z —2x+y—2z —2x—2y+z
SH(X)y»Z) - ( g ) 3y ) 3 Y >

Proposition 2.6

Orthogonal symmetries are linear isometries.

Definition 2.12 (Reflection)

| A reflection is an orthogonal symmetry with respect to a hyperplane.

2.3 Classification of linear isometries

2.3.1 Linear isometries of a Euclidean plane

In this part, we assume that E is a Euclidean plane oriented by an orthonormal basis

€ = (1)])

Proposition 2.7

Let u € SO(E) be a positive isometry. There exists a real number 6 € R such that for any

direct orthonormal basis £ of E, we have

cos(0) —sin(0)
Matgg(u) =

sin(0) cos(0)
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Illustration

If 4 = (ey,e2), we have by definition the relations

u(e;) =-cos(0)e; +sin(0)e,

u(ey) = —sin(0)eq + cos(0)es

From this we deduce that u is a rotation of angle 0.

€2
TR T u(e)
u(es) 0
o
': :l; €1
1 O :

Remark 2.7

In particular, we verify in the proof that

cos(0) —sin(0)
SOZ(R) = € %z(R) 0eR

sin(0)  cos(0)

Proposition 2.8

Let u € O(E)\ SO(E) be a negative isometry. For any direct orthonormal basis % of E, there

exists a real number 0 € R such that

cos(0)  sin(0)
Matgg(u) =
sin(0) —cos(0)
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Illustration

As in the previous case, denoting % = (e, e;), we can represent the situation on the graph
0
below. From this we deduce that u is a reflection whose axis D is rotated by 5 with respect to

the line Vect(eq).

In particular, we verify in the proof that

cos(0) sin(0)
O2(R)\ SO, (R) = e #(R)|0eR

sin(0) —cos(0)

If we change the orientation of the plan chosen at the beginning, the real number 0 is replaced
by its opposite in the two preceding propositions. (Changing the orientation amounts to

changing the chosen positive direction of rotation).

Conclusion

When E is a Euclidean plane, then

1. the elements of SO(E) are rotations;
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2. the elements of O(E) \ SO(E) are reflections.

2.3.2 Linear isometries in dimension 3

In this part, we assume that E is a Euclidean space of dimension 3 oriented by an orthonormal
basis ¢ = (i,]j, k).

Proposition 2.9

Let u € SO(E) be a positive isometry. There exists a real number 8 € R and a direct

orthonormal basis & of E such that

Matz(uw) = | o cos(0) —sin(0)

0 sin(0) cos(0)

lllustration

Denoting & = (e1, ez, e3), we deduce that u is the rotation of axis D directed by the vector

e and of angle 0.

ule1) = e
’,,#"__F H““\H[E?;;)

.r" i 83
. ’_,--“
! -
. 0 -

Y - I£{£)2]

€2




CHAPTER 2. GEOMETRIC SYMMETRY 2.3. CLASSIFICATION OF LINEAR ISOMETRIES

= m%c\g <

Proposition 2.10

Let uw € O(E) \ SO(E) be a negative isometry. There exists a real number 0 € R and a direct

orthonormal basis & of E such that

—1 0 0

Matz(u) = | o cos(0) —sin(0)

0 sin(0) cos(0)

Illustration

Denoting & = (e, ez, e3), we deduce that the isometry u is the commutative composition

between:

o the rotation of axis D directed by e; and of angle 0;

o the reflection with respect to the plane D+ = Vect(ea, e3).
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Remark 2.10

In the case where the angle 0 of the rotation is zero, the negative isometry u is simply the

reflection with respect to the plane D+ = Vect(e,, e3).

2.4 Reduction of real symmetric matrices

Proposition 2.11

The eigenspaces of a real symmetric matrix are pairwise orthogonal for the standard inner

product of R™.

Example 2.5

The eigenspaces of the real symmetric matrix

Eo = Vect and E,; = Vect

which are indeed orthogonal.

Theorem 2.4 (Spectral theorem)

Let A € #,(R) be a real symmetric matrix. There exist a diagonal matrix D € .#,,(R) and

an orthogonal matrix P € O,,(R) such that

A =PDP ! = PDP™.

Remark 2.11

In other words, a real symmetric matrix is diagonalizable, has real eigenvalues, and the

change-of-basis matrix can be chosen in O, (R).
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WARNING

If the matrix A is symmetric with non-real coefficients, then it is not necessarily diagonalizable.

For example, the matrix

is symmetric, but it is not diagonalizable.

2.5 Methods

2.5.1 Studying a linear isometry in dimension 3

In this part, we assume that E is a 3-dimensional Euclidean space oriented by an orthonormal
basis ¢ = (i, ], k). We wish to study an element u € O(E). We begin by determining whether u

is a positive or negative isometry by calculating its determinant.

2.5.1.1 Positive isometry

According to the course, we know that there exists a real number 8 € R and a direct

orthonormal basis & = (e, ez, e3) of E such that

Matz(u) = | o cos(0) —sin(0)

0 sin(0) cos(0)

The endomorphism u is the rotation of axis D directed by e; and of angle 8. The method below

allows us to determine its characteristics.

Method: Study of a positive isometry of space

We assume that u # Idg (otherwise u = Idg and there is no study to be done).
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1. We determine the axis D by using D = E;(u) = Ker(Idg —u). We fix a unit vector e; in D.

2. To determine the angle 8 € R of the rotation, we use the relation

Tr(u) —1

Tr(u) =1+ 2cos(0) < cos(0) = 5

We deduce 0 by using the fact that the sign of sin(0) is the same as that of the number
dgt(e1,x,u(x)) where x € E\ D is any vector.

3. To determine the vectors e, and e3, we choose a unit vector e, orthogonal to ey, and then

we set e3 = e7 A\ es.

Example 2.6

Let u € O(E) whose matrix in ¢ = (i,j, k) is

3 1 V6

A=711 3 Ve

—V6 V6 2

We will determine the characteristic elements of this isometry. We check that det(u) =

det(A) =1, so u is a positive isometry.

1. We obtain by calculation that D = Eq(u) = Ker(Idg —u) = Vect(i + j), so we set

T . .
e1 = —=({+j).

V2
2. If 8 € R is the angle of the rotation u, we have

Tr(u) =14 2cos(0) <= cos(0) = Tr(w) — 1 = 21 =
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Moreover, we know that the number sin(0) has the same sign as

oI

dety(er,j,ulj)) = —= = > 0,
ety (er,j,ul(j)) WALEE:

00 V6

e
therefore u is the rotation of axis D directed by 1+ j and of angle 3

3. If we wish to determine a direct orthonormal basis % adapted to the isometry u, we

can take e, = k which is orthogonal to e; and

63261/\62:

1T .
ﬁ(l—l)-

2.5.1.2 Negative isometry

According to the course, we know that there exists a real number 6 € R and a direct

orthonormal basis % = (e, ez, e3) of E such that

—1 0 0

Matz(u) = | o cos(0) —sin(0)

0 sin(0) cos(0)

The endomorphism u is the commutative composition between:

« the rotation of axis D directed by e; and of angle 0;

o the reflection with respect to the plane D+ = Vect (e, e3).

The method below allows us to determine its characteristics.
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Method: Study of a negative isometry of space

We assume that u # —Idg (otherwise u = —Idg and there is no study to be done).

1. We determine the axis D by using D = E_;(u) = Ker(—Idg —u). We fix a unit vector e;
in D.

2. To determine the angle 8 € R of the rotation, we use the relation

Tr(uw) +1

Tr(u) = —1+2cos(0) < cos(0) = 3

We deduce 0 by using the fact that the sign of sin(0) is the same as that of the number
dgt(e1,x,u(x)) where x € E\ D is any vector.

3. To determine the vectors e, and e, we choose a unit vector e, orthogonal to e;, and then

we set e3 = e /\es.

Example 2.7

Let u € O(E) whose matrix in ¢ = (i,j, k) is

A=-
5| —4 8 —1

4 1 =8

We check that det(u) = det(A) = —1, so u is a negative isometry.
1. We obtain by calculation that D = E_;(u) = Ker(—Idg —u) = Vect(i —4k), so we set

€1 = \/%(1—4]()

2. 1If 8 € R is the angle of the rotation, we have

Tr(w) +1  7/9+41 8

Tr(u) = —1+ 2cos(0) <= cos(0) = 5 > 5"
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Moreover, we know that the number sin(0) has the same sign as

1 1 7
dety (e iu(i))—L —1—6>0
¢\€1y Ly _9\/ﬁ 0 0—4_9\/ﬁ )
40 4

therefore u is the commutative composition between:

 the rotation of axis D directed by 1 — 4k and of angle Arccos(8/9);
o the reflection with respect to the plane D+ = Vect(j, 41 + k).

3. If we wish to determine a direct orthonormal basis #Z adapted to the isometry u, we

can take e; =j which is orthogonal to e; and

e3=e; Ney = 44+ k).

L
V17

2.5.2 Diagonalizing a real symmetric matrix

We consider a real symmetric matrix A € ., (R) that we wish to diagonalize such that the

change-of-basis matrix P is orthogonal.

2.5.2.1 Method: Determining the orthogonal change-of-basis matrix

1. We determine the eigenspaces of A.

2. We construct orthonormal bases for each of the eigenspaces (using, for example, the Gram-

Schmidt algorithm).

3. The matrix P is the matrix whose columns are the vectors of the found orthonormal bases.
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Example 2.8

matrix.

E3(A) = Vect

orthonormal basis of E3(A) is

The characteristic polynomial of A is

2.5. METHODS

~-

Xa(x) = (x+3)(x = 3)%.

The eigenspaces of the matrix A are

Sl -

Sl -

and E_3(A) = Vect

We will diagonalize the real symmetric matrix below with an orthogonal change-of-basis

By applying the Gram-Schmidt algorithm to the basis of E3(A) above, we deduce that an

By normalizing the vector in the basis of E_3(A) above, we obtain an orthonormal basis of
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E_3(A) with the vector

5l
w
—

We therefore have A = PDP~! with

30 0 V3 o1 V2

1
Dzoso»P=76—\/§1\/§

00 -3 0 -2 V2

Furthermore, by construction we have P € O3(RR), so

V3 —V3 0

Pl=Pl=—2l1 1 =22

V2 V2 V2

2.5.3 Studying a conic section

We place ourselves in a plane & equipped with an orthonormal coordinate system (O, 1,j).

Definition 2.13 (Conic section)

A conic section in & is the set of points M(x,y) satisfying an equation of the form
ax’ +bxy +ey? +dx+ey+f=0

where (a,b,c,d, e, f) € R® satisfies (a,b, ¢) # (0,0,0).
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Proposition 2.12
Let (a,b) € R? with a > 0 and b > 0.
2 2
(i) The conic section having the equation Pl + b = 1 is an ellipse whose center is the
origin.
2 2
(ii) The conic section having the equation 2 1 is a hyperbola whose center is the
origin.
Illustration

We can represent the two conic sections from the proposition.

b
=—x
AN y a .
\\\\ a : ,,/
AR . <> ,/
\:‘:
/ - \
a ,,/ \\\\
’ b
y=——x
Ellipse d'équation Hyperbole d'équation®

@)~ -

a b

Method: Studying a conic section

We consider a conic section of & whose equation is

ax® +bxy +cy> +dx+ey +f =0.
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1. We put the equation into matrix form

a b/2 X X
() (o Y[ ]oems

b/2 ¢ y y

2. Since the matrix A is real symmetric, we can determine an orthogonal matrix P € O;(R)

and a diagonal matrix D such that D = P~TAP.

3. We determine the equation of the conic section in the coordinate system (O, eq,e;) where
(e7,ez) is the orthonormal basis of eigenvectors that has just been calculated. To do this,

we perform the change of variable

X u
— — T
=P Trarjfosétion (X U) o <u V) P

in the initial equation. We thus obtain a simple equation in the new orthonormal coordinate

system (O, eq, e2) which allows us to identify the conic section.

Example 2.9

We wish to study the conic section %7 of & whose equation is
3x? —2xy 4+ 3y* —8x + 8y + 6 =0.

We begin by rewriting this equation in matrix form:

Since the matrix A is real symmetric, we can apply the diagonalization method seen in the

previous section. We find that the eigenvalues of A are 2 and 4 and that the respective
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associated eigenspaces are

E>(A) = Vect

Thus, we can write D = P~'AP with the matrices

We therefore define the vectors

1
€1 :—(l+]) and

V2

the change of variable

and E4(A) =

—1
Vect

1 (—i+4+7).

e = ——
V2

To obtain the equation of the conic section in the coordinate system (O, ey, ez), we perform
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in the equation of the conic section. We obtain:

X X
<x y)A +<_g 8) +6=0
Yy Yy
u u
— <u V) PTAP +<—8 8>P +6=0
v A%
u u
= <u v)D +<O 3\/§> +6=0
A% v

= 2+ +8V2v+6 =0

= ul+2v+V2)2 =1,

Thus the studied conic section is an ellipse. Its center Q has coordinates (0, —v/2) in the
coordinate system (O, e, e;), hence (1,—1) in the coordinate system (O, 1,j).

We can sketch the conic section %7 by using its equation in the coordinate system (O, ey, e;).

Fig. 2.1 . La conique ¥
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Example 2.10

We wish to study the conic section %> of & whose equation is

16x% — 24xy + 9y? + 25x — 50y = 0.

We begin by rewriting this equation in matrix form:

The eigenvalues of A are 0 and 25 and the respective associated eigenspaces are

3 —4
Eo(A) = Vect and Ezs5(A) = Vect

Thus, we can write D = P~'AP with the matrices

On we define the vectors
1 . ) 1 ) .
e 25(314-4]) and ezzg(—41+3J).

To obtain the equation of the conic section in the coordinate system (O, eq,e;), we perform

the change of variable
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in the equation of the conic section. We obtain:

6 )

y y
u u
= (u v> PIAP | | + (25 —50) Pl | =0
A% A%
u u
A (u v) D + (—25 —50) =0
A% Y%

= 25v? —25u—50v =0

= u=v>—2v.

Thus the studied conic section is a parabola. Its vertex S has coordinates (—1,1) in the
coordinate system (O, eq,ey), hence (—7/5,—1/5) in the coordinate system (O,1,]j).

We can sketch the conic section %> by using its equation in the coordinate system (O, ey, e>).

Fig. 2.2 . La conique ¥

Conclusion:

To finish, here is the exhaustive list of the types of conic sections.
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a) The empty set (example: x* +y% = —1),

b) A point (example: x* +y% =0),

¢) A line (example: x* = 0),

d) Two parallel lines (example: x* = 1),

e) Two intersecting lines (example: x* —y? = 0),
f) A parabola (example: x> —y = 0),

g) An ellipse (example: x* +2y? = 1),

h) A hyperbola (example: x* —2y? = 1).




CHAPTER

Symmetry and Galois Theory

3.1 Overview and some history

The quadratic formula is well-known. It gives us the two roots of a degree-2 polynomial

ax? +bx + ¢ = 0:

—b + vb2 —4ac
’ 2a )

There are formulas for cubic and quartic polynomials, but they are very complicated. For

years, people wondered if there was a quintic formula. Nobody could find one.

In the 1830s, 19-year-old political activist Evariste Galois, with no formal mathematical

training proved that no such formula existed.
He invented the concept of a group to solve this problem.

After being challenged to a dual at age 20 that he knew he would lose, Galois spent the last

few days of his life frantically writing down what he had discovered.

In a final letter Galois wrote, “Later there will be, I hope, some people who will find it to

their advantage to decipher all this mess.”

Hermann Weyl (1885-1955) described Galois’ final letter as: “if judged by the novelty and
profundity of ideas it contains, is perhaps the most substantial piece of writing in the whole

literature of mankind.” Thus was born the field of group theory!
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3.2 Arithmetic

Most people’s first exposure to mathematics comes in the form of counting.
At first, we only know about the natural numbers, N ={1,2,3,...}, and how to add them.

Soon after, we learn how to subtract, and we learn about negative numbers as well. At this

point, we have the integers, Z ={...,—2,—1,0,1,2,...}.

Then, we learn how to divide numbers, and are introduced to fractions. This brings us to

the rational numbers, Q = {% | a,b € Z, b+#0}

Though there are other numbers out there (irrational, complex, etc.), we don’t need these to

do basic arithmetic.

To do arithmetic, we need at least the rational numbers.

3.3 Fields

Definition 3.1

A set F with addition and multiplication operations is a field if the following three conditions

hold:
e Fis an abelian group under addition.
o F\ {0} is an abelian group under multiplication.

o The distributive law holds: a(b +¢) = ab + ac.

Example 3.1

+ The following sets are fields: Q, R, C, Z, (prime p).

o The following sets are not fields: N, Z, Z,, (composite 1n).
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Definition 3.2
If F and E are fields with F C E, we say that E is an extension of F.

For example, C is an extension of R, which is an extension of Q.

Q(1): Another extension field of QQ

Example 3.2 (Question)

What is the smallest extension field F of Q that contains i = v—17

This field must contain

i 2 6+1 i+ 3\’ !
q ’ 2) 7 16+i°
As before, we can write all of these as a+ bi, where a,b € Q. Thus, the field “Q adjoin 1” is

Q(i):{a+bi|a,be@}:{%+£i

P41, s € Z, q,s#O}-

Remark 3.2

« Q(i) is much smaller than C. For example, it does not contain v/2.
o Q(V2) is a subfield of R, but Q(i) is not.

« Q(v/2) contains all of the roots of f(x) = x* — 2. It is called the splitting field of f(x).

Similarly, Q(i) is the splitting field of g(x) = x* + 1.
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3.4 Q(V2,1): Another extension field of Q

Example 3.3 (Question)

What is the smallest extension field F of Q that contains V2 and i = v—1?

We can do this in two steps:

(i) Adjoin the roots of the polynomial x* — 2 to Q, yielding Q(V2);

(ii) Adjoin the roots of the polynomial x* + 1 to Q(V2), vielding Q(v2)(i);

An element in Q(\/Z,i) .= Q(v/2)(1) has the form

x+ Bi=(a+bv2)+ (c+dV2)i x, B e Q(V2)

= a+bV2+ci+dV2i a,b,c,d € Q

We say that {1, \/Z i, V/2i} is a basis for the extension Q(\/Z, 1) over Q. Thus,

Q(V2,i) ={a+bV2+ci+dV2i|a,b,c,d € Q)

In summary, Q(v/2,1) is constructed by starting with Q, and adjoining all roots of h(x) =

(x2 —2)(x* +1) =x* —x? — 2. It is the splitting field of h(x).

Q(v2,V3): Another extension field of Q

Example 3.4 (Question)

What is the smallest extension field F of Q that contains V2 and V/37?

This time, our field is Q(\/z, \/g), constructed by starting with Q, and adjoining all roots of

the polynomial h(x) = (x> —2)(x* —3) =x* —5x* + 6.
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It is not difficult to show that {1,v/2,v/3,V/6} is a basis for this field, i.e.,

Q(V2,vV3) ={a+bvV2+cV3+dV6|a,b,c,d e Ql.

Like with did with a group and its subgroups,

we can arrange the subfields of Q(\/Z \/g) in a Q(v2,v3)

lattice.
attice / 5 \‘
I've labeled each extension with the degree of ¥
the polynomial whose roots I need to adjoin.
2
Just for fun: What group has a subgroup lattice \ 1 /

that looks like this?

3.5 Field automorphisms

Recall that an automorphism of a group G was an isomorphism ¢ : G — G.

Definition 3.3

Let F be a field. A field automorphism of F is a bijection ¢ : F — F such that for all

a,beF,

¢la+b)=d(a)+¢(b) and  ¢d(ab) = dla)d(b).

In other words, & must preserve the structure of the field.

For example, let F = Q(v/2). Verify (HW) that the function
$:Q(vV2) — Q(V2), d:a+bvV2— a—bv2.

is an automorphism. That is, show that

e d((a+bV2) +(c+dV2)=--=d(a+bV2)+ d(c+dVv2)

o d((a+bV2)(c+dV2)=--=d(a+bV2)d(c+ dVv2).
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3.6 The (alois group of a field extension

The set of all automorphisms of a field form a group under composition.

Definition 3.4

Let F be an extension field of Q. The Galois group of F is the group of automorphisms

of F, denoted Gal(F).

Here are some examples (without proof):
« The Galois group of Q(v/2) is Cy:

Gal(Q(V2)) = (f) = Cy, where f: V2 — —V/2

« An automorphism of F = Q(v/2,1) is completely determined by where it sends v/2 and i.

There are four possibilities: the identity map e, and

Thus, the Galois group of F is Gal(Q(v/2,1)) = (h,v) = V.

3.7 Q((¢ v2): Another extension field of Q

Example 3.5 (Question)

What is the smallest extension field F of Q that contains all roots of g(x) = x> — 2?

1 V3

Let { = e’™/3 = ) + Ti. This is a 3rd root of unity; the roots of x> —1 =

(x =N (x*+x+1)are 1,, .

Note that the roots of g(x) are

Z1 = \3/2, Zy = C\VZ, Z3 = Cz\s/z
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3.8. SUBFIELDS OF Q(Z, V2)
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Thus, the field we seek is F = Q(z1, 22, 23).

27
1

C — e27‘[1’./3
I claim that F = Q({,v/2). Note that this
field contains zi, z,, and z3. Conversely, we
can construct ¢ and V2 from z1 and zy, using
arithmetic.
(2 = /3

A little algebra can show that

W

QL V2) ={a+bV2+cVa+dl+elV2 + L4 ] a,b,c,d, e, f € Q).

1

Since ( = —= + éi lies in Q(, v/2), so does 2({ + %) = V/3i = v/=3. Thus,

2 2

Q(g, V2) = Q(V=3,V2) = Q(V3i, V2).

3.8 Subfields of Q((, v/2)

What are the subfields of

Q(¢,V2) ={a+bV2+cVa+dl+elV2+ (V4] a,b,c,d, e f e Q)?

Note that (¢?)? = ¢* = ¢, and so Q(¢*) = Q(¢) ={a+b( | a,b € Q).

Similarly, (v4)? = 2v/2, and so Q(V4) = Q(V2) ={a +bV2+cV4| a,b,c € Q}.

There are two more subfields. As we did before, we can arrange them in a lattice.




CHAPTER 3. SYMMETRY AND GALOIS THEORY 3.9. SUMMARY SO FAR

= @/5%6\9 <
Q(<) Q(V2) QLV2)  Q(*V2) \§

. - ) Fig. 3.2 . Compare this to the subgroup
Fig. 3.1 . Look familiar? Lattice of subfields. lattice of Dj.

3.9 Summary so far

Roughly speaking, a field is a group under both addition and multiplication (if we exclude

0), with the distributive law connecting these two operations.

We are mostly interested in the field QQ, and certain extension fields: F O Q. Some of the

extension fields we’ve encountered:

Q(v2), Q@{), QW2,i), Q(W2,v3), Qg V2).

e An automorphism of a field F O Q is a structure-preserving map that fixes Q.

o The set of all automorphisms of F O Q forms a group, called the Galois group of F,
denoted Gal(F).

There is an intriguing but mysterious connection between subfields of F and subgroups of

Gal(F). This is at the heart of Galois theory!




CHAPTER 3. SYMMETRY AND GALOIS THEORY 3.10. POLYNOMIALS

= m%c\g <

3.10 Polynomials

Definition 3.5

Let x be an unknown variable. A polynomial is a function
f(x) = anX™ 4+ an X" 4+ -+ axx? + a1x + ao.

The highest non-zero power of n is called the degree of f.

We can assume that all of our coefficients a; lie in a field F.
For example, if each a; € Z (not a field), we could alternatively say that a; € Q.
Let F[x] denote the set of polynomials with coefficients in F.  We call this the set of

polynomials over F.

Even though Z is not a field, we can still write Z[x] to be the set of polynomials with integer

coefficients. Most polynomials we encounter have integer coefficients anyways.

3.11 Radicals

The roots of low-degree polynomials can be expressed using arithmetic and radicals.

For example, the roots of the polynomial f(x) = 5x* — 18x? — 27 are

6v6+9 9 6v6
xm:i\/T, X34 = £\ .

The operations of arithmetic, and radicals, are really the “only way” we have to write

down generic complex numbers.

Thus, if there is some number that cannot be expressed using radicals, we have no way to
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express it, unless we invent a special symbol for it (e.g., 7T or e).

Even weirder, since a computer program is just a string of Os and 1s, there are only countably

infinite many possible programs.

Since R is an uncountable set, there are numbers (in fact, “almost all” numbers) that can never

be expressed algorithmically by a computer program! Such numbers are called uncomputable.

Hasse diagrams

The relationship between the natural numbers N, and the fields Q, R, A, and C, is shown in

the following Hasse diagrams.

C complex numbers a + bi, for a,b € R
R real numbers
Q rational numbers, % for a,b € Z (b #£0)

Fig. 3.3 . Standard inclusion lattice of foundational number fields.

C

algebraic closure

A

solving polynomial equations

277 Q
. . operations of arithmetic
using radicals
N

Fig. 3.4 . Hasse diagram mapping algebraic properties and transitions between extensions.
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3.12 Some basic facts about the complex numbers

Definition 3.6

A field F is algebraically closed if for any polynomial f(x) € F[x], all of the roots of f(x) lie
in F.
Non-examples

« Q is not algebraically closed because f(x) = x> —2 € Q[x] has a root V2 ¢ Q.

« R is not algebraically closed because f(x) = x* + 1 € R[x] has a root vV—1 ¢ R.

Theorem 3.1 (Fundamental theorem of algebra)

The field C is algebraically closed.

Thus, every polynomial f(x) € Z[x] completely factors, or splits over C:

flx) =(x—r1)(x—712)...(x —Th), r; € C.

Conversely, if F is not algebraically closed, then there are polynomials f(x) € F[x] that do

not split into linear factors over F.

3.13 Complex conjugates

Remark 3.6

Recall that complex roots of f(x) € C[x] come in conjugate pairs: If r = a + bi is a root,

then so is T := a — bi.

Example 3.6

For example, here are the roots of some polynomials (degrees 2 through 5) plotted in the

complex plane. All of them exhibit symmetry across the x-axis.
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NTR

o

f(x) = 12x3 —44x? +35x+ 17

1 1
244

Roots: 3 2

W=

3.14 Irreducibility

Definition 3.7

F.
Example 3.7

f(x) =x*>—2x+2

Roots: 1T+1

f(x) =x*+1
V2 V2,

Roots: Il:T + 71

W Y

N
N
N
NS

ks

SIS
B

NS

5

e x2—x—6=(x+2)(x—3) is reducible over Q.

degree 1. But x®> — 2 has no roots in Q.

f(x) = 8x> — 28x* — 6x3 +

3
Roots: —2

83x* — 117x + 90

1
2,3, = i
727372 1

Ay

N =

N[ =

o X' 4+5x%+4 = (x* + 1)(x* +4) is reducible over Q, but it has no roots in Q.

~-

A polynomial f(x) € F[x] is reducible over F if we can factor it as f(x) = g(x)h(x) for some

g(x),h(x) € F[x] of strictly lower degree. If f(x) is not reducible, we say it is irreducible over

e x3 — 2 is irreducible over Q. If we could factor it, then one of the factors would have
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Remark 3.7

o If deg(f) > 1 and has a root in F, then it is reducible over F.
o Every polynomial in Z[x] is reducible over C.

o If f(x) € F[x] is a degree-2 or 3 polynomial, then f(x) is reducible over F if and only if

f(x) has a root in F.

3.15 Eisenstein’s criterion for irreducibility

Let f € Z[x] be irreducible. Then f is also irreducible over Q.

Equivalently, if f € Z[x] factors over Q, then it factors over Z.

Theorem 3.2 (Eisenstein’s criterion)

1

A polynomial f(x) = anx™ + an_1x"" " + -+ a1x + ap € Z[x] is irreducible if for some

prime p, the following all hold:
L. ptan;
2. plag fork=0,...,n—1T;

3. p% 1 ao.

For example, Eisenstein’s criterion tells us that x'® +4x” + 18x + 14 is irreducible.

Remark 3.8

If Eisenstein’s criterion fails for all primes p, that does not necessarily imply that f is reducible.

For example, f(x) = x? +x + 1 is irreducible over Q, but Eisenstein cannot detect this.

3.16 Extension fields as vector spaces

Recall that a vector space over Q is a set of vectors V such that
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o Ifu,veV, then u+v eV (closed under addition)

o IfveV, then cv eV forall c € Q (closed under scalar multiplication).

The field Q(\/z) is a 2-dimensional vector space over Q:

Q(V2) ={a+bv2:a,beQl.

This is why we say that {1, V2} is a basis for Q(v/2) over Q.

Notice that the other field extensions we’ve seen are also vector spaces over QQ:

Q(V2,i) ={a+bV2+ci+dVv2i:a,b,c,de Ql
Q(¢, V2) ={a+bV2+ cVa+dl+ elV2 + V4 : a,b,c,d, e, f € Q.

As Q-vector spaces, Q(v/2,1) has dimension 4, and Q({, v/2) has dimension 6.

Definition 3.8

If F C E are fields, then the degree of the extension, denoted [E : F], is the dimension of E as
a vector space over F.
Equivalently, this is the number of terms in the expression for a general element for E using

coefficients from F.

3.17 The Galois group of a polynomial

Definition 3.9

Let f € Z[x] be a polynomial, with roots r1,...,,. The splitting field of f is the field

Q(r1y..oyrn).

The splitting field F of f(x) has several equivalent characterizations:
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e the smallest field that contains all of the roots of f(x);

 the smallest field in which f(x) splits into linear factors:

Recall that the Galois group of an extension F O Q is the group of automorphisms of F,

denoted Gal(F).

Definition 3.10

The Galois group of a polynomial f(x) is the Galois group of its splitting field, denoted
Gal(f(x)).

3.17.1 A few examples of Galois groups

The polynomial x> — 2 splits in Q(v/2), so

Gal(x% —2) = Gal(Q(v2)) = C».

The polynomial x* + 1 splits in Q(i), so

Gal(x2 + 1) = Gal(Q(i)) = C..

The polynomial x* + x + 1 splits in Q((), where { = e*™/3, so

Gal(x* +x+ 1) = Gal(Q(Q)) = C,.

The polynomial x> —1 = (x — 1)(x? + x + 1) also splits in Q({), so

Gal(x®> — 1) = Gal(Q(Q)) = C,.
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« The polynomial x* —x% —2 = (x*> — 2)(x* + 1) splits in Q(v/2,1), so

Gal(x* —x? —2) = Gal(Q(V2,1)) = V.

o The polynomial x* —5x% + 6 = (x2 — 2)(x? — 3) splits in Q(v/2,V/3), so

Gal(x* — 5%% + 6) = Gal(Q(v2,V3)) = V,.

« The polynomial x> — 2 splits in Q((, \3/2), SO

Gal(x® —2) = Gal(Q(¢, v2)) = D5 777

3.18 The tower law of field extensions

Recall that if we had a chain of subgroups K < H < G, then the index satisfies a tower law:

[G:K] =[G :H]H:K].

Not surprisingly, the degree of field extensions obeys a similar tower law:

Theorem 3.3 (Tower law)

For any chain of field extensions F C E C K,
[K:F] =[K:E]E:F.

We have already observed this in our subfield lattices:

@(v2,v3):q] = [0 (v2v3) :0(v2)] [0(v2) :q] =2-2=4
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3.19 Primitive elements

Theorem 3.4 (Primitive element theorem)

If F is an extension of Q with [F: Q] < oo, then F has a primitive element: some & ¢ Q for

which F = Q(«).
How do we find a primitive element « of F = Q((, v2) = Q(iV/3, v2)?

Let’s try o = ivV3v2 eF. Clearly, [Q(«) : Q] < 6. Observe that

o« =—3V4, o =—61V3, ot =-18V2, o =18iV4V3, o =-108.

Thus, o is a root of x® 4+ 108. The following are equivalent (why?):

(i) o is a primitive element of F;

(iii) the minimal polynomial m(x) of « has degree 6;

(iv) x® 4+ 108 is irreducible (and hence must be m(x)).

In fact, [Q(e) : Q] = 6 holds because both 2 and 3 divide [Q(«) : Q]:

@(:Q=[e(: (3|0 (1?) ], @:e=ew:0(V2)][0 (V_Z) Q-

Example 3.8 (The Galois group of x* —5x + 6)

The polynomial f(x) = (x? — 2)(x? — 3) = x* — 5x? + 6 has splitting field Q(v/2,v/3).

We already know that its Galois group should be V4. Let’s compute it explicitly; this will

help us understand it better.
We need to determine all automorphisms ¢ of @(\/Z, V3). We know:
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« ¢ is determined by where it sends the basis elements {1, V2, v/3, V6}.
o ¢ must fix 1.

o If we know where ¢ sends two of {\/E, \/g, \/g}, then we know where it sends the third,

because

d(V6) = d(V2V3) = d(V2)b(V3).

In addition to the identity automorphism e, we have

$2(V2) = V2 d3(V2) = V2 da(V2) =—V2
d.(V3) = V3 d3(V3) =—V3 $4(V3) =—V3

There are 4 automorphisms of F = Q(\/Z \/g), the splitting field of x* — 5x% + 6:

e:a+bvV2+cvV3+dv6 — a+bvV2+cV3+dve
$dr:a+bvV2+eV3+dve — a—bvV2+cV3—dve
$3:a+bvV2+cV3+dvVe — a+bvV2—cV3—dve
b4 a+bV2+cV3+dvV6 — a—bvV2—cV3+dve

They form the Galois group of x* — 5x? 4+ 6. The multiplication table and Cayley diagram

are shown below.

Yy
) ® V33
.
412
(@) (@0 QJ
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3.19.1 The Galois group acts on the roots

If f € Z[x] is a polynomial with a root in a field extension F of QQ, then any automorphism of

F permutes the roots of f.

Said differently, we have a group action of Gal(f(x)) on the set S ={ry,..., 1} of roots of

f(x).

That is, we have a homomorphism

P: Gal(f(x)) — Perm({rq,...,Tn}).

If ¢ € Gal(f(x)), then P(d) is a permutation of the roots of f(x).

This permutation is what results by “pressing the ¢-button” — it permutes the roots of f(x)

via the automorphism ¢ of the splitting field of f(x).

If the degree of f € Z[x] is n, then the Galois group of f is a subgroup of S,,.

The next result says that “Q can’t tell apart the roots of an irreducible polynomial.”

Theorem 3.6 (The “One orbit theorem”)

Let r; and 1, be roots of an irreducible polynomial over Q. Then
(a) There is an isomorphism ¢ : Q(r7) — Q(r2) that fixes Q and with ¢(r7) =13.

(b) This remains true when Q is replaced with any extension field F, where Q C F C C.

If f(x) is irreducible over Q, then for any two roots r; and 1, of f(x), the Galois group

Gal(f(x)) contains an automorphism ¢ : 1y — 15.

In other words, if f(x) is irreducible, then the action of Gal(f(x)) on the set S = {ry,...,Tn}

of roots has only one orbit.
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3.20 Normal field extensions

Definition 3.11

| An extension field E of F is normal if it is the splitting field of some polynomial f(x).

If E is a normal extension over F, then every irreducible polynomial in F[x] that has a root

in E splits over F.

Thus, if you can find an irreducible polynomial that has one root, but not all of its roots in

E, then E is not a normal extension.

Theorem 3.7 (Normal extension theorem)

The degree of a normal extension is the order of its Galois group.

The order of the Galois group of a polynomial f(x) is the degree of the extension of its

splitting field over Q.

3.21 The Galois group of x> —2

We can now conclusively determine the Galois group of x* — 2.

By definition, the Galois group of a polynomial is the Galois group of its splitting field, so
Gal(x® —2) = Gal(Q(¢, v/2)).

By the normal extension theorem, the order of the Galois group of f(x) is the degree of the

extension of its splitting field:

Gal(Q(g, V2))| = [Q(¢, V2) : Q] = 6.

Since the Galois group acts on the roots of x> — 2, it must be a subgroup of Sz = Djs.

There is only one subgroup of Sz of order 6, so Gal(x®> —2) = S3. Here is the action diagram
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of Gal(x®> — 2) acting on the set S = {1,712, 13} of roots of x> — 2:

Y
V2 (V2 T2 T
T C T

f ‘ T

f:\3/§|—>\3/§ 1

£ 0 2 "

3.22 Paris, May 31, 1832

The night before a duel that Evariste Galois knew he would lose, the 20-year-old stayed up

late preparing his mathematical findings in a letter to Auguste Chevalier.

Hermann Weyl (1885-1955) said “ This letter, if judged by the novelty and profundity of ideas

it contains, is perhaps the most substantial piece of writing in the whole literature of mankind.”

Theorem 3.8 (Fundamental theorem of Galois theory)

Given f € Z[x], let F be the splitting field of f, and G the Galois group. Then the following
hold:

(a) The subgroup lattice of G is identical to the subfield lattice of F, but upside-down.

Moreover, H < G if and only if the corresponding subfield is a normal extension of Q.

(b) Given an intermediate field Q@ C K C F, the corresponding subgroup H < G contains

precisely those automorphisms that fix K.
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Example 3.9 (An example: the Galois correspondence for f(x) = x> — 2)

\

R AR
T N

Subfield lattice of Q(¢, V/2) Subgroup lattice of Gal(Q(¢, v2)) = Ds.

e The automorphisms that fix Q are precisely those in D3.

o The automorphisms that fix Q(() are precisely those in (r).

e The automorphisms that fix Q(V/2) are precisely those in (f).

« The automorphisms that fix Q((/2) are precisely those in (rf).

« The automorphisms that fix Q(¢?V/2) are precisely those in (r*f).

e The automorphisms that fix (¢, /2] are precisely those in (¢).

The normal field extensions of Q are: Q, Q((), and (¢, V2).

The normal subgroups of D3 are: D3, () and (¢).

3.23 Solvability

Definition 3.12

A group G is solvable if it has a chain of subgroups:
{e}:NoﬂN] <1N2<1"'<1Nk_1 <1Nk = G.

such that each quotient Nj/N;_; is abelian.

Remark 3.9

| Each subgroup N; need not be normal in G, just in Ny, .
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Example 3.10

o D4 = (r,f) is solvable. There are many possible chains:

(e) < (f) a (r*,f) a Dy, (e) < (r) <Dy, (e) a (r*) <« Dg.

o Any abelian group A is solvable: take Ng ={e} and N; = A.

e For n > 5, the group A,, is simple and non-abelian. Thus, the only chain of normal

subgroups is

No :{€}<1An:N1.

Since N7/No = A, is non-abelian, A,, is not solvable for n > 5.

3.24 The hunt for an unsolvable polynomial

The following lemma follows from the Correspondence Theorem. (Why?)

If N < G, then G is solvable if and only if both N and G/N are solvable.

Sy is not solvable for all n > 5. (Since A, <S,, is not solvable).

Theorem 3.9 (Galois’ theorem)

A field extension E D Q contains only elements expressible by radicals if and only if its Galois

group is solvable.

f(x) is solvable by radicals if and only if it has a solvable Galois group.
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3.25 An unsolvable quintic!

To find a polynomial not solvable by radicals, we’ll look for a polynomial f(x) with Gal(f(x)) =

We'll restrict our search to degree-5 polynomials, because Gal(f(x)) < Ss for any degree-5

polynomial f(x).

Recall that for any 5-cycle o and 2-cycle (=transposition) T,

S5 = (o, T).
Moreover, the only elements in Ss of order 5 are 5-cycles, e.g., 0 = (a b c d e).

Let f(x) = x” + 10x* — 2. It is irreducible by Eisenstein’s criterion (use p = 2). Let
F=Q(r1,...,7s5) be its splitting field.

Basic calculus tells us that f exactly has 3 real roots. Let 1,72 = a & bi be the complex

roots, and 13,14, and 15 be the real roots.

Since f has distinct complex conjugate roots, complex conjugation is an automorphism

T : F — F that transposes 17 with 12, and fixes the three real roots. We just found our

transposition T = (17 r2). All that’s left is to find an element (i.e., an automorphism) o of order 5.

Take any root r; of f(x). Since f(x) is irreducible, it is the minimal polynomial of ;. By the

Degree Theorem,

[Q(ry) : Q] = deg(minimum polynomial of r;) = deg f(x) = 5.

The splitting field of f(x) is F = Q(ry,...,15), and by the normal extension theorem, the
degree of this extension over Q is the order of the Galois group Gal(f(x)).




Applying the tower law to this yields

|Gal(f(x))| = [Q(r1,72,713,Ta,715) : Q] = [Q(71,712,73,74,75) : Q(11)] [Q(11) : Q]
5

Thus, |Gal(f(x))| is a multiple of 5, so Cauchy’s theorem guarantees that G has an element

o of order 5.
Since Gal(f(x)) has a 2-cycle T and a 5-cycle o, it must be all of Ss.

Gal(f(x)) is an unsolvable group, so f(x) = x” + 10x* — 2 is unsolvable by radicals!

3.26 Summary of Galois’ work

Let f(x) be a degree-n polynomial in Z[x] (or Q[x]). The roots of f(x) lie in some splitting

field F 2 Q.

The Galois group of f(x) is the automorphism group of F. Every such automorphism fixes Q

and permutes the roots of f(x).
This is a group action of Gal(f(x)) on the set of n roots! Thus, Gal(f(x)) < S,..
There is a 1-1 correspondence between subfields of F and subgroups of Gal(f(x)).
A polynomial is solvable by radicals iff its Galois group is a solvable group.
The symmetric group Ss is not a solvable group.

Since Ss = (1, 0) for a 2-cycle T and 5-cycle o, all we need to do is find a degree-5 polynomial

whose Galois group contains a 2-cycle and an element of order 5.



General Conclusion

N conclusion, this work demonstrates that symmetry is not merely a geometric property,

;) Fo%) but a structural tool for understanding algebraic frameworks through Galois Theory.
bk

=)
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Throughout our research, we traced the transition from geometric to algebraic symmetry,
where geometric transformations (such as rotations and reflections) are encoded by numbering
the vertices of a shape, thereby transforming its movements into permutations and elements
within the symmetric group S,,. Through this framework, we showed how this algebraic symmetry
is mirrored in the roots of polynomials within a field extension L/K, forming a distinct group
structure denoted as Gal(L/K). Ultimately, we proved that the structural properties of this Galois
group — specifically whether it is a solvable group — hold the definitive key to determining the
solvability of equations by radicals, highlighting the profound impact of symmetry on modern
algebra. Finally, we hope that this research opens new horizons for fellow students and researchers

in the coming years."
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