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Notations

LX)

The algebra of all bounded linear operators from X into itself

The null space of A
The range space of A
The ideal of all compact operators on X
The set of all closed densly defined
An arbitrary non zero two sided ideal of £ (X)
Essential spectrum of Weyl
Essential spectrum of Wolf
The set of Fredholm operators
The nullity of A is defined as the dimension of N(A)
The deficiency of A is defined as the codimension of R(A)
The set of fredholm perturbation
Fredholm operators
Riesz operator
Operator of identity
The norm convergence of A, to A
The collectively compact convergence of A, to A

The v-convergence of A, to A



Introduction

This work is devoted to study of the spectral continuity of the essential spectrum by
using a new mode of convergence which was provided by M.Ahus and A.Largillier in 1994,
this work is section of the spectral analysis widely used in mathematical and physical. It is
composed of three chaptre:

The first chapter, we recall the basic properities of the spectral theory of bounded

linear operators which is an important part of function analysis. We begin by presenting
generalies about linear operators and some classical quantities such as the closed and closable
of an operators. In addition, special attention will be paid to the study of the compact
operators and the basic notation necessary to study linear adjoint operators and self-adjiont
for Norm and Hilbert space. We recall some fundamontal results and notation relating to
the theory Fredholm and Fredholm perturbation. In the final section of this chapiter, we
finish by the definition of the spectrum and after that we studies two classes of the spectrum
essential and present also a characterization of essential spectra.

The second chapter, we study the convergence and approximation of operators, it

consists of two section. In first section, introdusing the notion of the spectral approximation
of the operators and the existence theorem, we defined some mode of convergence in order
of as follows (the norm convergence 7;, > T, pointwise convergence T}, 2T, collectivly
compact convergence 1), = T). In the last section, we will be paid to the study of a new
mode of convergence it is called v—convergence, and we recall some properties and gives
the links that may exist between v—convergence and anothre mode of convergence.

The third chapter, witch gives an extension to the previous chapter, is devotes to the

study of the spectral continuity of some types of operators under v—convergence. First, we
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define the continuity of the spectrum and pertubation. Then, we expose the properties of
the essentiel spectra using the v—convergence, we recall in it the convergence of the essential
spectra of Wolf, Weyl and essential approximation point specrum under v—convergence and
define the continuity of the essential spectrum (o, 0, 0cqp). In the last, we recall the

v—continuity of wolf and weyl essential spectra using the v—convergence.



Chaptre 1

Basic properties

In this chapter we recall the basic properties of a linear operators in a Banach spaces. Let

us start by introducing the basic notions necessary to study linear operators.

1.1 (Generalities about linear operators

Definition 1.1.1 Let X andY be two vectors space over a field K. We say that the operator

A is called linear operator from X toY if,
Alx +y) = A(z) + A(y), A(Az) = MA(z) for all z, y € X and X € K.

Definition 1.1.2 Let A a linear operator from X toY and we have xq € X the operator

A is continuous at xq if and only if ,

lim A(x) = A(zo)

T—T0

If for evry € > 0 there exists a 6 > 0 such that

|lx — xo|| <6 =||Axr — Ayl < €



1.1. Generalities about linear operators

We say the operator A between normed spaces is continuous.

eThe null spaces of a linear operator A is N(A) = {x € X : Az = 0}, it is also called
the kernel of A and denoted by ker(A).

eThe image of a linear operator A is R(A) = {y €Y :y= A(x)}, it is also called the
range of A and denoted by Ran (A).

A linear operator on a normed space X to a normed space Y is continuous at every point

x, if it is continuous at a single point in x.

Definition 1.1.3 Let X and Y be a normed vector spaces and that the linear operator

A: X —Y is bounded, then
sup || Az|| < oo

This number is called the norm of the operator A and it is denoted by || A|| then

[Az] < Al ]
And ||A]| is the smallest canstant C, such that
|Az|| < C'||x| for any = € X.

Proposition 1.1.1 Let X and Y be normed linear spaces and let A be a linear operator

with domain X and range in Y. The following statements are equivalent:

(a) A is continuous at a point.
(b) A is uniformly continuous on X.

(c) A is bounded. i.e, there exists a canstant C, such that for all x € X

[Az]| < C'[x]]



1.2. Closed linear operators

1.1.1 Properties of the space of bounded linear operators

The space of all bounded linear operators from X to Y is denoted by £(X,Y) and is a
normed space.
e If Y is Banach, then so is £(X,Y"), from which it follows that dual spaces are Banach.
e For any A in £(X,Y), the kernel of A is a closed linear subspace of X.

Example 1.1.1 Many integral transforms are bounded linear operators, for instance if K :
[a,b] X [c,d] — R is a continuous function then the operaor L defined on the space of
continuous functions on |a,b] endowed with the uniform norm and with values in the space
with given by the formula

b

(LF) = [k(z,y)f(z)dx is bounded.

a

Proposition 1.1.2 A linear operators between normed spaces X and Y is bounded if and

only if, it is a continuous linear operators.

1.2 Closed linear operators

Definition 1.2.1 An unbounded linear operator from X intoY is a linear map A : D (A) C
X =Y, defined on a linear subspace D (A), the set D (A) is called the domain of A.

Definition 1.2.2 Let X XY is defined as the normed linear space of all ordered pairs (x,y),

x € X, y €Y with the usual definitions of addition and scalar multiplicaton and with norm

gwen by ||(z,y)|| = max {{|z[, [lyl]} -

- The graph G(A) of a linear operator A is the set {(z, Az) | x € D(T)}. The graph
G(A) is a subspace of X x Y.
If the graph of A is closed in X x Y, then A is said to be closed in X. When there is no

ambiguity concerning the space X, we say that A is closed.
Lemma 1.2.1 A subspace G of X XY is a graph if and only if, {0,y} € G implies y = 0.

Definition 1.2.3 The linear operator A with domain D(A) C X and range R(A) C Y, it
said to be closed whenever G(A) it a closed to subspace of X x Y.



1.2. Closed linear operators

€ D(A) for
n=1,2, ..., such that =, — x € X and Az, — y € Y it follows that x € D(A) and Az = y.

Equivalently, A is closed operator if and only if, for any sequence (z,),

Remark 1.2.1 Let A: X — Y be a linear operator with the domain D (A).

1- If A is closed then the null space N(A) is closed, however R (A) need not be closed.

2-The linear operator A; with domain D(A;) C X and range R(A;) C Y is called an
extention of A if D(A) C D(A;) and Az = Az for all x € D(A). If in addition A, is a
closed linear operator, then A; is called a closed linear extension of A.

3- We denote by C (X,Y) the set of all closed densely defined linear operators from X
intoY. If X =Y then C (X, X)=C(X).

4- The continuity of A does not necessarily imply that A is closed. Conversely, A closed

does not necessarily imply that A is continuous.
Proposition 1.2.1 we have:

(a) A is closed if and only if, the sequence {z,} in D(A) such that z, — x, Az, — vy,
imply = € D(A) and Az = y.
(c¢) If D(A) is closed and A is continuous, then A is closed.

Example 1.2.1 Let X =Y = C([0,1]) and let C1[(0,1)] be the subspace of X consisting

of the functions with continuous first derivatives.

Define the linear differential operator A mapping C7([0,1]) into Y by (Ax)(t) = z/(t),
t €[0,1]. Ais closed, for if x, — x and Az, — vy, then

{x,} converges uniformly to x and {z/,} converges uniformly to y on [0,1]. Tt follows
from taking antiderivatives of x/,, and y that x is in

C1(]0,1]) and that Az = 2/ =y on [0, 1]. Thus A is closed.

However, A is unbounded, since the sequence {z,, (t)} = {t"} has the properties || Ax,| =

n and [|z,| = 1.



1.3. Compact operators

1.2.1 Closable Operators

Definition 1.2.4 Let A and B are operators from X toY and D(B) C D(A) with Bx = Ax
for x € D(B), we say that A is an extension of B and B is a restriction of A and we write

B C A.Equivley B C A if and only if,

1%, case. If A is bounded
We can simply take the operator A with graph m, here m is a graph since
T, — 0 in X imlies Ax,, — 0 .
274 case. If A is unbounded
We can not be certain that it has a closed extainsion. But if A has a closed extension
Ay, then G(A;) is a closed subspaces of X x Y containing G(A), in that case G(A) is a
graph, it is in fact the graph of the smallest closed extention of A, we call it the closure of

A and denote it A.

Definition 1.2.5 An operator A is called closable if it has a closed extension, the smallest
closed extenion of A whose graph equals G(A) is denoted by A and called the closure of A,

every closable operator has a closure.
Proposition 1.2.2 Let A: X — Y be an operator, the following conditions are equivalent:

(a) A is closable.

(b) The graph G(A) is a graph of an operator.

(b) If (0,) € G(A) then y =0 ..

(d) If for any sequence (), C D(A) such that 2, — 0 € X and Az, — y € Y implies

y = 0.

1.3 Compact operators

Definition 1.3.1 Let X and Y be Banach spaces then A : X — Y s called a compact

linear operator or completely continuous linear operator if for every bounded subset of X the

range A(G) is relatively compact in Y. In other words, the closure A(G) is compact.



1.3. Compact operators

By other hand, then A is compact if and only if, for all bounded sequence (), in X,

the sequence (Ax,), has a subsequence converges in Y.

Theorem 1.3.1 Let be A, A, € L(X,Y) and B € L(Y,Z) with X, Y and Z is Banach

Spaces:

(a) The sequence A,, of compact operators defined from a normed space X into a Banach

space Y converges uniformly to an operator A, say
lim|A, — Al =0

Then the limit operator A is compact.

(b) the product AB is compact if the operator A or B is compact.

Proof. (a) Let (z,,)m in B(0,1). for all n there existe a subsequence (x%(m)> such
that (A:c%m(m))m is convergente because A,, is compact HAJJWL(”) — AZpm(m) H < ||A —mAnH +
1A — Al + | Anzontn) = Anomm|moe = O

(b) Let x,, be a bounded sequence in X, then if we consider B as a bounded operator, the
sequence Bz, () is bounded and from the compactness of the operator A gives a convergent
subsequence A (Bx,y (v)) of A(Bx,(z)). Hence, the operator AB is compact. On the other
hand, if we consider B as a compact, one can extract from Bz, (x) a convergent subsequence

Bzx,(x) and from the boundedness of the operator A gives the convergence of the sequence

A(Bz,(z)). Hence, the operator AB is compact. m

Theorem 1.3.2 A linear operator A defiened from a normed space X into a normed space
Y s called a linear compact operator or completely continuous linear operator if and only
if, for every bounded sequence x,, in X the sequence Ax, in'Y has a convergent subsequence

T -

Proof. Let x, be a bounded sequence in X, since the operator A is compact, then
the set {Ax,} is relatively compact in Y. Where this property shows that Az, contains
a convergent subsequence. Conversely, let us consider any bounded subset €2 in X and
let y,, be any sequence in A(f2), then there exists a bounded sequence z,, in X, such that

Yn = Ax,. By assumption, Ax,, = y, contains a convergent subsequence ¥, in F. Thus



1.3. Compact operators

A(Q) is relatively compact because for any bounded sequence y in A(f2), there exits a
convergent subsequence y,x in Y. In other words, for all bounded set X the set A(Q) is

relatively compact in F'. Hence A is compact. m

Theorem 1.3.3 The linear combination A = oAy + A of compact operators Ay and As

18 a compact operator, for every scalars o and [3.

1.3.1 Relatively Boundedness and Relatively Compactness

Definition 1.3.2 Let X,Y and Z be Banach spaces and let A and S be two linear operators
from X into Y and from X into Z, respectively.

(a) S is called relatively bounded with respect to A, or A-bounded, if D(A) C D(S),

there exist two constants a;, > 0 and by > 0, such that

[S5z]| < as [|z]] + bs [ Az]|, = € D(A) ((1.3))

The infimum ¢ of all b, that holds for some a, > 0 is called relative bound of S with
respect to A (or A-bounded of S).

(b) S is called relatively compact with respect to A (or A-compact), if D(A) C D(S) and
for every bounded sequence (x,,), € D(A) such that (Az,), C Y is bounded, the sequence

(Sxp,)n C Z contains a convergent subsequence.
Remark 1.3.1 The inequality (1.3) is equivalent to

1SX||* < a? ||z||> + b? || Az||® for all z € D(A), where a = /a2 + a,b, and b= /b2 + a,b,

Lemma 1.3.1 If S is A—bounded with an A—bound § < 1, then S is (A+ S)-bounded with

an A-bound < 1%5'

Proof. First of all, it should be mentioned that A + S is well defined as
D(A+S)=D(S)ND(A) = D(A) C D(S).



1.4. Adjoint operators

The fact that S is A-bounded, there exist a;, > 0 and § < b, < 1 such that, for all
[Sz| < as ||z + b | Az]]
x € D(A), we have = a; ||z|| + bs || Az + Sz — Sz

= ag ||z|| + bs || Az + Sx|| + bs || Sz||
Since b, < 1, it follows that

Qs by
<
ISz < 24 Il + 1225 (A + S)al) 2 € D

Proposition 1.3.1 If A is closed and B is closable, then D(A) C D(B) implies that B is
A-bounded.

Definition 1.3.3 We say that an operator J is A-closed, if x, — x, Az, — vy, Jx, — z for
(xn)n € D(A) implies that x € D(J) and Jx = z. An operator J will be called A-closable,

if t, — 0, Az, — 0, Jx,, — z implies z = 0.

1- If J is bounded, then J is A-bounded.

2- If J is closed, then J is A-closed.

3- If J is closable, then J is A-closable.

4- If J is closed, then J is A-closed if and only if, J is A-closable if and only if, J is
A-bounded.

1.4 Adjoint operators

Recall that when X a Banach space, the dual space X*: = L (X; C) consists of the bounded

linear functionals z* on X, it is a Banach space with the norm

[2]lpe = inf{[z* ()] : 2 € X, [lz]] = 1}

When A : X — Y is densely defned, we can define the adjoint operator A* : Y* — X*
as follows:

The domain D(A*) consists of the y € Y*, for which the linear functional z — y*(Ax),
x € D(A)

is continuous, this means that there is a canstant C' such that |y* (Az)| < C'||z|| for

all v € D(A).



1.4. Adjoint operators

Since, D(A) is dense in X the mapping extends by continuity to X, so there is a uniquely
determined z* € X so that

y* (Az) = 2" (x), for all x € D(A)

When z* is determined from y *, we can define the operator A* from Y* to X*by

A*y* = z*, for all y* € D(A™)

Theorem 1.4.1 Let A be a bounded operator defined from a Hilbert space Hy in a Hilbert
space Hy. then, there exists an adjoint operator of A denoted by A*defined from Ho into Hy
such that

(Az,y)y, = (v, A'y)y, , forall x € Hy and y € Hs.

Besides, we have

[A[F = 1[A%]

Theorem 1.4.2 Let A be a compact operator defined from a Hilbert space Hy into a Hilbert

space Hs. then, the adjoint operator A* defined from Hy into H; is also a compact operator.

Theorem 1.4.3 Let A € C(X,Y), then there is an adjoint operator A* : Y* — X*. More-
over, A*is closed, if A is a bounded operator then A* is also a bounded operator from Y™*
into X* and moreover,||A|| = ||A*||, for nonempty sets M C X and N C X*. We define the

annihilators:

Mt ={feX*: f(x)=0foralze M}.
Nt={zeX:f(x)=0foral z€ N}.

Even if M and N are not subspaces and M+ and N are closed subspaces of X* and X

respectively, we have M+ = X*(resp- N+ = X) if and only if, M = {0} (resp- N = {0}).

Theorem 1.4.4 Let A be a closed linear operator with domain D(A) dense in X and range
R(A) C Y. Then D(A*) it dense in Y*.

Hence, A**exists and we have A = A.



1.5. Fredholm operators

1.4.1 self-adjoint operators

Definition 1.4.1 Let A be a linear operator from a Hilbert space H to itself.

o If A is an extenson of A, that is A C A*, then A is called a symmetric operator.

o If A = A* then a bounded operator A is called a self-adjoint operator.

o If A = A*, then A is called essentially self-adjoint.

e If A is a symmetric operator, then for any z,y € D(A) ,(Az,y) = (z, Ay)

o If A is a symmetric bounded operator, then A is self-adjoint.

o If A is a symmetric operator, then D(A) C D(A*), so A* is densely defined and A is
closable and A = A** C A*. Thus, if A is essentially self-adjoint, then A = A** C A*.

e Let A be a self-adjoint operator and B be a symmetric operator such that A C B,
then A = B, this is because A C B C B* C A* = A, we see that a symmetric operator can

have diferent self-adjoint extension.
Proposition 1.4.1 Let A be a densely defined operator on a Hilbert space H. Then

A is essentially self-adjoint <= A has a unique self-adjoint extension.

1.5 Fredholm operators

Definition 1.5.1 Let X and Y be Banach spaces and let A : X — Y be a bounded linear
operator, A € L(X,Y) we say that:

1. Fredholm operators denoted by ® (X,Y) or ® (X) when X =Y if the following
three condition satisfied:
«a(A) = dim(N(A)) < oo.
-R(A) is closed.
B(A) = codim(R(A)) < oo
2.Let @, (X) denoted the set of semi-Fredholm operators, then we have

Oy (X) =® (X)Ud_(X), when X =Y.

3.Let @, (X) denoted the set of upper semi-Fredholm operators,then we have

10



1.5. Fredholm operators

P, (A) ={A € C(X) such that a (A) < oo and R(A) is closed in X}, when X =Y.
4.Let ®_(X) denoted the set of lower semi-Fredholm operators, then we have
®_(X)={A € C(X) such that 5(A) < co and R(A) is closed in X'}, when X =Y.
5.Let ®°(X) denoted the set of bounded Fredholm operators, then we have
P (X) =&, (X)NL(X) when X =Y.
6.9) (X,Y) = {\ € C such that A — U €®},(X,Y) denoted by ®}, (X), when X =Y}.
Remark 1.5.1 Like the image of an operator is closed if it is of finite codimension then

(i) B(X,Y) = &, (X,Y)ND_(X,Y).
(17) ®(X) is a non-empty set as it contains the identity. On the other hand, ®(X,Y)

may be empty when X # Y.

Definition 1.5.2 For all operator A € L(X,Y), we denoted a(A) = dim(N(A)) and
B(A) = codim(R(A)), the number i(A) = a(A) — B(A) is called the index of A.

Remark 1.5.2 We have i (A) € Z U {£oo}, such that

o If Ac ®(X) theni(A) < oco.
elf Acd, (X)\®(X) theni(A) = —oc.

( )
oIf Ac &_(X)\®(X) then i (A) = +oo.

Theorem 1.5.1 Let A € L(X,Y) a closed range operator

a) A is upper semi-Fredholm if and only if, A* is lower semi-Fredholm.

(a)
(b) Ais lower semi-Fredholm if and only if, A* is upper semi-Fredholm.

(c) A is semi-Fredholm if and only if, A* is semi-Fredholm.

(d) A is Fredholm if and only if, A* is Fredholm.

And we have with all cas i(A*) = —i(A).

Proof. For R(A) so R(A*) is closed, such that R(A) = N(A*)* and R(A*) = N(A)*+
then, a(A*) = dim N(A*) = codim R(A) = 5(A) and B(A*) = codim R(A*) = dim N(A)
a(A). For dim N(A*) and codim R(A*) < oo, then A* is Fredholm and i(A*) = a(A*) —

BA7) = B(A) — a(4) = —i(A). =

11



1.5. Fredholm operators

Theorem 1.5.2 Let A € L(X;Y) and S € L(X,Y) such that

() IfAecd (X,Y)and S € P, (Y,Z),s0 SAc P, (X,2).
(b)IfAecd (X,Y)and Se ®_(Y,Z),s0 SAec ®_(X,Z).
(c)fAe d(X,Y)and S € &(Y,Z),s0 SA € &(X, 7).

Lemma 1.5.1 If A, B € ®(X) then we have BA € ®(X) suth that
i(BA) =i(A)+i(B)

Theorem 1.5.3 (Alternative de Fredholm) Let A be a compact operator A € L(X) for all
mc ("

(a) N(AI — A) <oo.
(b) R(M — A) is closed.
(c) NAML —A)={0} & R(\[— A) =X.

1.5.1 Fredholm perturbations

Definition 1.5.3 Let X and Y be two Banach spaces and let A € L(X) .

e A is called a Fredholm perturbation if A+ U € ®, whenever U € & (X,Y).

e Ais called a upper semi-Fredholm perturbation(resp. a lower semi-Fredhlom perturbation)if

A+U e d (X,Y) (resp. ®_) forall U € &, (X,Y)(resp. _(X)).

-The set of Fredholm perturbations, upper semi-Fredholm perturbation (resp. a lower semi-Fredholm pe

denoted by F (X,Y) ,F+ (X,Y),F — (X,Y).

Proposition 1.5.1 Let X, Y and Z be three Banach spaces. If at least of the set ®° (X,Y)
and ®° (Y, Z) is not empty, then

(i) Fe F(X,Y),Ae L(Y,Z) imply AF € F(X, Z).
(i) Fe F°(Y,Z), A€ L(X) imply FA € F(X, Z).

Proposition 1.5.2 Let X be a complexr Banach space of infinite dimension and let F' €
F(X)

12



1.6. Spectrum

i(A+F)=1i(A) forall Ae L(X).
Lemma 1.5.2 Let A€ C(X) and U € L(X), then

(i) If A€ @(X) and U € F*(X), then A+ U € ®*(X) and i(A + U) = i(A).
(i) If A € @4 (X) and U € F* + (X), then A+ U € ®%(X) and i(A+ U) = i(A).
(iii) If Ac @* (X)and U € F* — (X), then A+ U € ®* (X) and i(A + U) = i(A).

Definition 1.5.4 (Riesz operators) Let X be a Banach space and A € L(X), A is said to
be a Riesz operator ( and we note A € R (X)) if A€ C\ {0} is Fredholm.

(i) The family of Riesz operators is not an ideal of £ (X).
(i7) It is proved that F (X) is the largest ideal of £(X) contained in the family of Riesz

operators.

1.6 Spectrum

Definition 1.6.1 Let A be a closable linear operator in a Banach space X. The resolvent

set and the spectrum of A are, respectively, defined as

p(A) = {\ € C such that A — X is injective and (A — 4)~" € L(X)}.
We recall o(A) = C\ p(A) the specctrum of A and the point spectrum, continuous and

the residual spectrum are defined as:
0,(A) = {X € C such that A is not injective}
o.(A) = {)\ € C such that A is injective R(A — A) = X, R(A — A) = X}
o.(A) = {)\ € C such that A is injective, R(\ — A) # X}

Note that, if p(A) # 0 then A is closed. In fact, if A\ € p(A) then (A — A)™" is closed,
which is also valid for A — A. Then, according to the closed graph we deduce that

p(A) = {\ € C such that A is bijective}

And hence,



1.6. Spectrum

Let (A, D(A)) be a closed, densely defined and linear operator with a nonempty resolvent

set p(A) .For each Ay € p(A) we have

o ((ho—A))=Mo—0o(4)"

1.6.1 Essential Spectrum

Let X be a Banach space and let A : X — X be a closed linear operator, the essential

spectre denoted by o :

0.(A) = {X € C; A\ — A is not Fredholm (A) indice 0}

There are sevral definitions of the essential spectrum, which are not equivalent:

with

oea(A) ={AeCAN-A€ P (X))} =C\Piy
(A ={AeC:A-—Acd_(X)} =C\d_4
oe3(A) ={A € C;AP_A € &, (X)} =C\Dyy
Oet(A)={MeC:A\—Acd(X)} =C\dy
ois(A)= [\ o(A+K)

Kek(X)

oes(4) = C\ps(4)
cald)= () owlA+K)

KeK(X)

ois(A)= [ os(A+K)

KeK(X)
0pa(A) = {A € C\ A — A is not closed image}

Gap(A) = {\ € C\ inf ||\ — Al =0}

ll=l<1

o5(A) = {\ € C\\ — A not surjective }

pe(A) = {A € ps (A)\ all A in p(A)}
ps(A) = {A € @4\ i(A — A) = 0}

14



1.6. Spectrum

Proposition 1.6.1 We have o.1(A) and o.5(A), its is essential spectrum of Gustafson
and Weidmann , o.3(A) is essential spectrum of Kato, o.4(A) is essential spectrum of Wolf,
oes5(A) is essential spectrum of Schechter or essential spectrum of Weyl, o.6(A) is essen-
tial spectrum of Browder, o.7(A) is essential spectrum of Rakovcévic, o.5(A) is essential

spectrum introduced by Schmoeger.

Proposition 1.6.2 Let \ € o.5(A) if and only if, there existe a bounded sequence ( f,), no
compact such that (A — X)f, — 0. Let A\ € C, for the sequence, we apply

e G=N(A-).
.Al :A|GL.

Proposition 1.6.3 we have:

® Ucss1(A) NOess2(A) = 0ess3(A C Oessa(A) C Oess5(A) C Tess6(A).
® 0css5(A) = Oess7(A) U 0esss(A).

® 0.551(A) C 0ess7(A).

00 .552(A) C 0esss(A).

1.6.2 Essential spectrum of wolf and weyl

Definition 1.6.2 In Banach space X, the Wolf essential spectrum of the operator A € C(X)
1s defined by
o;(A)=C\{AeC: N-Aecd(X)}

Definition 1.6.3 The Weyl essential spectrum of the operator A € C (X) is defined by

ow (A) = ﬂ o(A+k)

keK(X)

Where K(X) stands for the ideal of all compact opaerator on X.

Proposition 1.6.4 Let A € L(X).Then N\ ¢ o, (A) if and only if, N — A € ®(X) and
i(A—A)=0.

15



1.6. Spectrum

Remark 1.6.1 (i) The relation ship between the Weyl essential spectrum and the Wolf
essential spectrum of A defined by

0w (A) =0 (A)ULA €T i (A — A) £ 0}

(i7)We recall that for © € {0, (A),0¢(A)}, A€ R(X) if and only if, © = {0} .

16



Chaptre 2

Convergence and approximation of

operators

A and A,, denote bounded linear operators on a complex Banach space X, that is A, A,, €
L(X) unless otherwise mentiond the convergence is as n — oo .

If (A,) converges to A in some sense, the following questions arise naturally:

1. If A, € 0(A,) and N\, — A, does A € 0(A)?

2. If A € 0(A), does there exist A\, € o(A,) for each large n such that A, — A7

eWe shall say that under a given mode of convergence:

-Property U holds if, whenever A,, — A, A\, belongs to o(A4,,) and (\,) converges to A,
we have X € o(A).

‘Property L holds if, whenever A,, — A and A\ € o(A), there exists some \,, belonging
to o(A,) for each large enough n such that (\,) converges to \.

Let us consider the following property:
Whenever A,, — A,sup {dist(u;0(A)) :p € o(A,)} — 0

It is known as the upper semicontinuity of the spectrum under the given mode of conver-
gence and Property U is a consequence of it. Property L is known as the lower semicontinuity

of the spectrum under the given mode of convergence. It can also be stated as follows

Whenever A, — A and \ € o(A), dist(\;0(A,)) — 0

17



2.1. Spectral approximation of the operators

The upper semicontinuity of the spectrum and the lower semicontinuity of the spectrum,

taken togother give the continuity of the spectrum in the sense of Kuratowski.

2.1 Spectral approximation of the operators

Several problemes related to differentiel equations and partial derivativesthis axis is the
following:

Give a bounded operator A and pertubation denoted by E, what will be the spectrum
of A and the spectrum of E + A relative.

But no respose can be except in special cases, this is caused by the absence of lower
semi-continous properties of the spectrum of any operator A, the favorable fromwork was
to consider compact pertubation, follous extend its studies to the case of the pertubation
not compact.

For a linear operator bounded A on a Banach complex spaces, an approximate solition

to the problem

AP = AP for & € X\ {0}

Is obtained by slove the problem approximates following:

A, @, =\, @, for &, € X\ {0}

Several modes of convergence have been introduced for the approximation of the spectral
elements of operator A, the collectively compact convergence, compact convergence, regular

convergence and strongly stable convergence. . .

2.1.1 Strongly stable approximation

Let us consider there three well-know modes of convergence, let X be a Banach space:

Definition 2.1.1 Let (A,) be a sequence of operators in L(X,Y) and lim ||A, — A|| =0
for some A € L(X;Y), then we say that A, converges uniformly to A or operator norm,

topology on L(X;Y),denoted by A, > A,

18



2.1. Spectral approximation of the operators

|A, — A|l = 0asn — oo

Definition 2.1.2 We can write a sequence A, € L(X,Y), and there is an operator A :
X — Y such that. The pointwise convergence, denoted by A, % A

|A,x — Az|| — 0 for every x € X

Definition 2.1.3 Let {A,}be a sequence of operators in normed linear space converging to
A by collectively compact convergence A, — A if and only if, A, 2> A and for some positive
mnteger ng

U {(4n— Az 2z e X5z <1}

n>ncg

Is a relatively compact subset of X. Every compact set of compact linear operators is
collectively compact, then the latter condition is equivalent to the condition that for some
positive integer ng, the set

K= J{Aw: z e X; ||z < 1}
n>no

Is a relatively compact subset of X.

While pointwise convergence and norm convergence are classical concepts.

e As a partial converse, every collectively compact set of self adjoint or normal operators

on a Hilbert space is totally bounded.

Remark 2.1.1 Let X be a Banach space, the collectively compact convergence or the norm

resuts the pointwise convergence.
If A, 5 Aor A, = A, then clearly A, L, A. But the converse is not true.

Example 2.1.1 In this ezample, A, 2> T but A, - T and A,, 5 T.Consider X := (P,1 <

o0

p<oo Forn=12,... and x := Y x(k)ey in X. Let A,z := ) z(k)ey
k=1 k=1

Then each A,, is a bounded finite rank operators on X and A, 2, 7. but A,, - T since

|A, — Z|| =1 for each n and since A, % T given any positive integer ny,

e € {(ZT-A))x:xeX,|z| <1} fork=mno+1,ng+2,...

19



2.1. Spectral approximation of the operators

But the sequence (e;) has no convergent subsequence.

Remark 2.1.2 If X is an infinite dimensional Banach space, then neither norm conver-

gence nor collectively compact convergence is stronger than the other. For example

If A:=7 and A, := ¢,Z, where ¢, — 1 in C but, A,, - A unless ¢, := 1 for all large
n. On the other hand, by a result of Josefson and Nissenzweig [8, (Chapter XII)| there is
a sequence (f,) in X* such that|/f,|| = 1 for each n and (x; f,,) — 0 for each x € X\ {0}.
For a fixed non zero xy € X, let A,z := (z; f,) 79, + € X and T := 0. Then A, = A, but
A, 4 A.

Under additional hypothesis, norm convergence may imply collectively compact conver-

gence or collectively compact convergence may imply norm convergence.

Definition 2.1.4 Let A be a compact linear operator and let X be a complexs an infinite

dimensional Banach space and the sequence (A,), is a bounded linear operator in X

((A,,) is not required compact) such that:

(a)Vr e X limT,x =Tux.

(8) lim |(T;, — T)T, | = 0.

So, (Ay)n is Strongly stable approximation of A in the neighborhood of each non-zero

eigenvalue.

Remark 2.1.3 The conditions (a) and (b)is satisfied by uniform discretization and collec-
tively compact but it is satisfied by norm perturbations of a compact approximation A it
means A, = K, + B, such that B, converges uniformly to 0 and K, is approximation

collectively compact of A.

Theorem 2.1.1 Let X be a complex Banach space and let A € L(X), A denoted either a

nonzero isolated eigenvalue of A.

A sequence(A,,), of bounded linear operators in X if:
(a) A is compact operator.

(b) (T — T,,)x|| — 0 for allx € X.

() (T = T)T,l| — 0.

Then, (A,), is strongly stable approximation of A.
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2.2. v-convergence

Theorem 2.1.2 Let X be a complex Banach space and let A € L (X), A denoted either a

nonzero isolated eigenvalue of A. such that A is not compact.

A sequence(A,,),, of bounded linear operators in X if
(a) A is algebraic multiplicity.

(0) (A = Ap)|| — 0.

() (A= A,)z|| — 0 for all x € X.

Then, (A,),, is strongly stable approximation of A.

2.2 v-convergence

The concept of v—convergence emerged as a new mode of convergence introducedby M.Ahus.

It is way to approximate the noncompact operators resorting to finite rank operators.

Definition 2.2.1 A sequence (A,) of bounded linear operaors mapping from X into X is

said to be v—convergent to A, dentoed by A, — A, if

- (IA,]]) is bounded.
- |I(A, — A) A — 0.

Remark 2.2.1 The v -convergence is ‘pseudo-convergence’ in the sense that it is possible
to have A, = A and A, = U, where U # A. However, if A, = A and A, = U, then
o(U) =0o(T) and Ux = Az. Whenever x belongs to a spectral subspace of U corresponding

to a spectral set not containing 0.

Remark 2.2.2 (i) Not that v—convergence is a ‘pseudo-convergence’.In fact, it suffices to

cosider the following examples:

Let X be a Banach, C € L(X),U,,V, € L(X) and U, be a sequence of operators
defined on X ® X by
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2.2. v-convergence

U, O 0 C
A, = and let B =

0 V, 0 0

00
If U, — 0and V,, — 0 then ||A,| = max {||U,]|,||Va]|} — 0.S0, 4, — A = .This
00

implies that A, = A.

(77) Let X be a Banach space, A, be a sequence of operator defined on X ® X by

0
A, = " for all n € N\ {0} ,and Ay =
0 0

It is clear that ||(A, — Ao) Ao|]| — 0 and |[(A, — Ao) Avnl| — 0.Except that A, is not
bounded.

(4ii) If A,, = A, this does not genaerally imply that A, — A. in fact, take X = I(N) =
{(:cj)j21 such that z; € C and ;;OT |z;]* < oo} with cononical Hilbert basis ey, ey, ...,for
n=12,..

Let A, be defined by A,z := z (v +1)e, forn = 1,2,.. and x = > [z (k)e, € X
then A, = 0 but 4,, - 0.

2.2.1 Link with the modes of convergence

We will give the links that can exist between v— convergence and the modes of convergence

mentioned above.
Lemma 2.2.1 Let A, be a bounded linear operators and A € C (X)

(a) If A, = A, then A, = A. Conversely, if 0 ¢ o(A) and A4, = A, then A4, - A.

(b) Let A, % Aand U, = U. Then A, + U, > A+ U if and only if (4, — A)U — 0.
In particular,

() if A, — A and U,, — 0, then A, + U, — A.

(ii) if A, — 0, U, > U and A,U =% 0, then A, + U, — U.

(c) If A, & A and A is a compact operator, then A, = A.

(d) Let A, ,U, € L(X), A, & A, A be a compact operator, U, ~ 0 and 21 = A, +U,.
Then z/i\ln Z A. In addition, if A, - A, then an - A and if U, % 0, then z/é\ln % A.
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2.2. v-convergence

Remark 2.2.3 - Part (a) shows that norm convergence implies v-convergence and A, — A

is equivalent to A, > A if 0 ¢ o (A).

- v-convergence is stable under norm perturbations.

- Collectively compact convergence to a compact operator implies v—convergence. On
the other hand, if we let X = (2, A =0, Ao := 216, forn=1,2,..., 0= x1e, € (%
then A, 5 A, A, > Abut A, - A, A, % A. In this example, each A, is of finite rank.

-v-convergence can be available even in the absence of norm convergence and collectively
compact convergence.

We note that if A, > A, or 4, < A and each A, is a compact operators, then A is
necessarily compact. On the other hand, when A, = A and

each A, is a compact operator (or even a bounded nite rank operator), the operator A

need not be compact.
Example 2.2.1 In this example, A, — A, rank (A,) < 1, but A is not compact:

Consider 1 < p < oco. For 2 := > x (2k) e), € (P, let
k=1

Az = > (2k) egp 1.
k=1
And for each positive integer n,
Anl' = ZQL‘ (2%) €2k—1 -
k=1
Clearly, A, A,, € L(¢?), ||A,]| = 1 and rank(A,,) = n. Since for all z € (P>
(A, — Az =— > x(2k)ex_1,

k=n+1

We see that (4, — A)A =0 = (4, — A)A,.
This follows since for the bounded sequence (es;,) in P, the sequence (Aegr) = (eax_1)

does not have a convergent subsequence. As a result, we have A, - A and A, %5 A.

Remark 2.2.4 (a) IfA, > A, then A, = A. Conversely, if 0 ¢ o,(A)(surjective spectrum)
and A, = A, then A, = A.
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2.2. v-convergence

(b) If (A, — A)A|| — 0 and ||(A, — U)U| — 0, then for every z € R(A) N R(U),
Az =Ux.

Really, let = € R(A) N R(U). Then there exist y, z € X such that x = Ay = Uz and

0<||Ux — Az|| = ||U%z — A%y|| = |U?2— A, Uz + A, Ay — A?%y||

< (4w = D)) + (Au = A) Ayl = 0

(c) If A, & A, A, 5 U, A,A = AA, and A,U = UA, then A?> = U2 In fact, let
r € X, then

0 < ||A%z — U?z| = ||A%x — A, Az + A Ax — A2x + A2x — AUz + AUz — U?z||

< [[(An = A Az| +[[(An = A)Apz|| +[[(An = U) Anz]| + [[(An = U)Uz]| = 0

(d) If A, = A and A, = U, then 0(A) = o(U). This property solves the problem of

pseudo-convergence and spectrum of v—limit of operators.

Example 2.2.2 Let A,,n € N U{0}, be operators defined on C & C as

0 0 0 1
Ay = and A, =
0 0 0 0
Then ||A,] < % for all n > 1, thus A4,, — Ag and hence 4, = A,.
On the other hand, [(4, — A1)A;|| = 0= [|(A, — A1)A,||, therefore A4, = A;.
Observe that A; = Ap.

These operators clearly satisfy A,A; = A1 A, and A,Aq = A¢A,.

3

necN

Lemma 2.2.2 (i) If A, = A and A, = A then o (A) =0 (U).

(i) If A, — A then A, 5 A. conversely, if 0 € p(A) and A, = A, then A, — A.
(i3i) Let A, = A and U, — U. Then A, + U, = A+ U if and only if (4, — A)U — 0.
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Chaptre 3

Spectral continuity

3.1 Continuity of the spectrum

Let S be the collection of all non-empty compact subsets of C. It is well known that the
convergence of a sequence in S with respect to the Hausdorff metric can be characterized
through the concepts of limit inferior and superior.

Let {E,} be a sequence of arbitrary subsets of C and define the limits inferior and
superior of {F,}, denoted respectively by liminf E,, and limsup E,,, as follows:

liminf £, = {\ € C: for every € > 0, there exists N € N such that B(\,e) N E,, # ()
for alln > N }.

limsup E, = {\ € C: for every ¢ > 0, there exists J C N infinite such that B(\, e)NE,, #
() for all n € J}.

If liminf F,, = limsup E,, then lim £, is said to exist and is equal to this common limit.

Remark 3.1.1 Let {E,} be a sequence of non-empty subsets of C. The following properties

of limit inferior and superior are known:

(a) liminf E, and limsup E, are closed subsets of C.

(b) A € limsup E, if and only if, there exists an increasing sequence of natural numbers
nl <n2 <n3d <--- and points \,x € E,, for all £ € N, such that lim \,;, = \.

limsup E, := {\ € C : there are A\, € E,, with \,,;, — A}
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3.1. Continuity of the spectrum

(c) A € liminf E, if and only if, there exists a sequence {\,} such that A\, € E, for all
n € N, and lim A\, = A.

liminf E, := {\ € C: there are )\, € E,, with A\, — A}

(d) Suppose E, E, € S for all n € N and there exists K € S such that E, C K, for
all n € N. Then E,, — F in the Hausdorff metric if and only if, limsup £,, C E and
F Climinf F,,.

Definition 3.1.1 An operator T € L(X) is said to have the single-valued extension property
(SVEP for short) at A € C, if for every open neighborhood Uyof A\, the only analytic function
f Uy — X which satisfies the equation (u — T)f(u) = 0 for all i € U, is the function
f=0.

Theorem 3.1.1 If T € L(X) and {T,,} is a sequence in L(X) such that T, = T, then
limsupo(7},) C o(T).

Theorem 3.1.2 Let T € L(X) such that T*has SVEP at every ¢ oeap(T). If {1} is a
sequence in L(X) such that T, = T, then limsup 0,,(Ty) C 04,y (T).

Proof. Let A € limsupo,,(T,). Since 04,,(7,) C o(1,) for all n € N, then \ €
limsup o(7},) and hence, A € o(T). If A ¢ 0,,(T") then A — T is injective and R(A — T) has
closed range. This implies that A — 7" € &, (X) and i(A —T) <0, hence A ¢ B.,(T") and so
T*has SVEP at A\. Consequently, i(A—T) > 0,ie.,0—B(A=T) =i(A—T) = 0. Therefore

A — T is invertible, a contradiction. =

Proposition 3.1.1 Let R € L(X) be a Riesz operator. If {T,} is a sequence in L(X) such
that T,, = R, then o(T},) — o(R).

The class of nilpotent, quasinilpotent and compact operators. It is well known that if
T, = T and each T), is a compact operators, then T is necessarily compact, however if
T, % T and each T, is a compact operators (or even a finite rank operator), then the

operator T' need not be compact.

Example 3.1.1 Let {e,},, € N be an orthonormal basis for (*(N) and let T be the operator
defined on (*(N) as:
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3.2. Spectral continuity and perturbations

T(x1,$2,.1'3,334, te ) = (1'2,0,1’4,0,1’6,0, T )

This operator is not compact, because for the bounded sequence {ea, }nen in £2(N), the
sequence {T'es, }nen does not have a convergent subsequence. On the other hand, 7% = 0,
therefore T is nilpotent and so 7' is a Riesz operator. Now, for each n € N define

T(xy,x9, 23,24 +) = (22,0,24,0,26,0, - ,29,,0,0---)

Clearly rank(T,) = n, ||T,|| = 1 and (T,, — T)T = 0 = (T,, — T)T,,, so T,, = T. Then,
o(T,) — o(T).

In this example, it is possible to approximate the spectrum of a non-compact operator

through the spectrum of finite rank operators.

3.2 Spectral continuity and perturbations

In this section, we investigate the stability of points of spectral continuity as follows:
Given a sequence { K, } of compact operators and R a Riesz operator for which K,, = R,

then o(K, + S) converges to o(R + 5), when S € L(X) satisfies some conditions.

Theorem 3.2.1 Let {K,} be a sequence of compact operators, R be a Riesz operator and

S be a not Weyl operator. If

(a) S satisfies Browder’s theorem
b) K, >R, K,S, — RS, and
(¢c) RS = SR,

Then o(K,, +5) — c(R +95).

Example 3.2.1 Let R, S and F, be operators defined on (*> (N) & ¢? (N) as

00 U 0 0 L=vut

n

— ) - yEn

00 0 U~ 0 0
Where U is the unilateral shift on ¢2 (N). Then R is a Riesz operator, F,,,n € N, are

one-dimensional operators and F, + S = R + S, but o(F, + S) - (R + S). Indeed, each
F, + S is similar to F; + S and Fj + S is an unitary operator, so for every n, o(F, + 5) =
o(Fi+S)={ eC||A\=1},ando(R+S)={AeC ||\ <1}
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3.3. Properties of spectra essential in the v-convergence

The sequence{ F,, }in example above satisfies F,, = R, but o(F, + ) -+ (R + S). This
same sequence also satisfies F}, — F| and F} # R, but in this case o(F, + S) — o(F} + S).
A natural question is under what conditions it holds o(7}, + S) — o(T + S) when T, = T.

Theorem 3.2.2 Let {K,},n € N be a sequence of compact operators, R be a Riesz operator

and S € L(X) such that S ¢ ®(X) ori(S) > 0. If

(a) S* has SVEP at every A ¢ 0.4,(5),
b) K, >R, K,S % RS, and

(¢c) RS = SR,

Then 04,(K,, +5) — 04,(R +S5).

3.3 Properties of spectra essential in the r-convergence

3.3.1 Preliminary theories of wolf and weyl essentiel spectrum

Theorem 3.3.1 Let A € ®°(X) and B € L (X), there exists n > 0 such that if ||A — B|| <
n then B € ® (X) and i(A) = i(B).

Lemma 3.3.1 Let U,V € L(X). If there exists ng € N\ {0} such that U™ = V™0,

E=R(U™Y)NR(V™)isclosed and U |g =V |g, then o; (U) = 0; (V) fori = f,w.

Proof. Let A ¢ 0,, (U), we shall divide the proof into two cases:

15t case. If )\ # 0, we have A\ — U € ®°(X) and i(\ — U) = 0. Since U™ = V"o,
it follows that U(E) C E,V (E) C E,U™(X) C F and V™ (X) C E. We have A — U
is a Fredholm operator if and only if, A\ — U|g is a Fredholm operator and i (A —U) = ¢
(A=Ul|g) =0. Thus A — V|g is a Fredholm operator and i (A — V|g) =0. So, A\ =V is a
Fredholm operator and i (A — V') =i (A — V|g) = 0. consequently A ¢ o, (V).

2" case. If )\ = 0, then U is a Fredholm operator and i (U) = 0. This implies
that U™ is a Fredholm operator and i (U™) = ngi (U) = 0. Hence V™is a Fredholm
operator and i (V") = 0 which implies that V' is a Fredholm and i (V) = % = 0. So,
0 ¢ o, (V) .Therefore o, (V) C o, (U) .The opposite inclusion is anslogous. By following

the same reasning, we obtain the following equality o (U) =o; (V). m
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3.3. Properties of spectra essential in the v-convergence

Theorem 3.3.2 Let U,V € L (X) be two operators such that R(U) N R (V) is closed and

let (Uy,) be a sequence of bounded operators commuting with both U and V.

IfU, % U and U, — V then

o, (U)=0i(V), fori= f,w

3.3.2 Contnuity of the wolf and weyl essential spectra

The goal of this section is to discuss the wolf and weyl essential spectra of a sequence of
linear operatore v-convergence on Banach space X.

The concept of r—convergence emerged as a new mode of convergence introduced by
M. Ahues.

We should notice that if U € £(X),{U,} C L(X),0 € &, and U, — U then not
necessarily oy (U,) C oy (U) .In fact, it suffices to consider the following examples:

Let R : 1y (N) — I (N) be the right shift operator defined by

R(Qfl,l'Q,ZCg, - ) = (O,l’l,xg,xg, - )
For each n € N, Let U, = (1 — 2)R and U = R.
Then U,U, € L£(X),0 € @) and U, = U, but o4(U,) = {A € C: |A| = =1} and
o(U)={X € C: |\ =1}. Therefor o (U,) € o (U) for all n € N.

However, we have the following result.

Theorem 3.3.3 Let U € L(X) and (U,) be a sequence in L (X) such that 0 € ®% . If
U, = U and O is an open set of C with 0 € O, then there exists ng € N suth that for all

n > ng

o (U,) Co; (U)+ O, fori = f,w.
Proof. For i = w, assum that the assertion fails. Then by passing to a subsequence, it
may be assumed that, for each n € N, there exists A\, € o, (U,,) such that \,, ¢ o, (U)+ O.
Since (A,,) is bounded, we may assume that lim,,_, ., A, = A.This implies that A ¢ o, (U)+
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O.Using the fact that 0 € O, we have A\ ¢ o, (U) and therefore, A\ — U € ®°(X) and
i(A=U)=0. Let
V=N —NU+(U-U,)U. (2.3.1)

It followes from Eq. (2.3.1), that the operator (A, — U,) U can be expressed in the form
A —U)U=A=-U)U+V,

Using the fact that V,, — 0 and (A —U)U € ®° (X), there exists ng € N such that for all
n > ng we have (A, — U,) U € ® (X) and i [(\, — U,) U] = i [(A — U) U]. Moreover 3 (U) <
oo,then we have (A, —U,) € ®"(X) with i(\, —U,) = i (A —U).We get (\, —U,) €
P*(X)and i (N, —U,) =i(A—=U) = 0. So \, & o, (Uy,), which is a contradiction. This
enables us to conclude that, 0., (U,) C 0, (U) + O, for alln > ng. m

As a direct consequence, we have the following corollary.

Corollary 3.3.1 Let U € L(X) and (U,) be a sequence of linear operators in L (X) such
that 0 € ®% and U, = U. If O C C is an open set with 0 € O,V € L(X) and VU €
F(X) (or UV € F*(X) ), then there exists no € N such that for alln > ng ,

0'1<Un+V)gO'z(U+V)+O, fori:f,w.

Proof. There exists ng € N such that o; (U,) C o; (U) + O, fori = f,w. Now, we
prove that o; (U, +V) C 0;(U,), for i = f,w. Since U is a Fredholm linear operator,
then there exists Uy € L£(X) such that UUy = [ — K where K € K(X). In fact, that
VUUy=V({I—-K) =V -VK € F°(X) and VK € F*(X), we see that V € F*(X).
Hence, o; (U, + V) C 0, (U,), for i = f,w.

For UV € F*(X), the proof can be cheked in the same way. m

The aim of the following theorem is to extend this theorem to a sequence of closed linear

operators.

Theorem 3.3.4 LetV be a closed linear operator and let (V,,) be a sequence of closed linear
operators on X and O C C be an open set with 0 € O. If for some \g € p(V,,) N p(V), we
have (Ao — V,,)) ™" % (Mg — V) 7', then there exists ng € N such that for all n > ny,
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o, (Vp) Coi (V) + O, fori= f w.

Proof. For i = w, take v,, € oy, (V,,) such that v, ¢ o, (V) + O. From ¢ is v—upper
semi continuous at (V — \g)~", there exists k > 0 such that k! < |y, — Ao| ™", s0 (7,,) is
bounded. Therefore it can be assumed that v,, — 7. Then v ¢ o0, (V) 4+ O and hence
v ¢ 0y (V). This implies that v — Ao ¢ 0, (V — o) and so (7 — A) ™" ¢ oy, (V- )\0)71) :

We set Ay = (7, =) A = (Y=X) 5 Un = (Vo=X) hand U = (V= X) ',
then there exists ny € N such that for all n > ng. A, € oy (Uy), ie., (7, — o) " ¢
ow (Ve = /\0)71) which implies (v,, — Ao) ¢ 0w (V. — \o) and so, v, ¢ 0, (V,)is a con-
tradiction. The proof of the inclusion o/ (U,) C o (U) + O, follows the same reasoning.

3.3.3 Contnuity of the essential approximate point spectrum

Definition 3.3.1 Let 0., (U) denote the approximate point spectrum of U € L(X), i.e.,

0ap(U)={A € C:inf ||\ -U)x| =0}

The essential approximate point spectrum o.,, (U) of U was introduced by V. Rakocevié

in as follows:

Oean(U) =[] 0up(U+K)
KeK(X)
Lemma 3.3.2 Let U € &, (X).Then the following statements are equivalent:
(a) i (U) <0.
(b) U can be expressed in the form U = V 4+ K where K € £ (X) and V € C(X) an
operator whith closed range and « (V') = 0.

Proposition 3.3.1 .Let U € C(X).
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L Gy (U) £ 0.

2- X ¢ 0eqp (U) if and only if, A\ = U € &, (X) and i (A —U) <0.

3: Oeap (U) is compact, 0eqp (U) C o (U).

Proof. (1) and (3) see[16], m

(2)-Let A — U € @, such that i (A — U) < 0.Then A — U can be expressed in the form
A—U =V + K where K € K(X) and V € C(X) an operator whith closed range and
a(V)=0.

Hence there exists a constant ¢ > 0 such that |Vz|| > c||z|, for all x € D (X).Thus
A ¢ 04y (U + K) and therefore A ¢ 0.4, (U) .Conversely, if A ¢ 0.4, (U), then there exists
K € K (X) such that

inf (A= U - K)az|| > 0.
|z||=1,2€D(A)

The use of leads to A —U — K € &, (X) and a (A — U — K) = 0, hence if followes that
A—AU € &, (X)and i(AN—U) <0.

Lemma 3.3.3 Let U,V € L(X) satisfying T" = U™ for some positive integer n, then
0 € a4 (U) if and only if 0 € 04y, (V). Moreover, if U and V' have closed range a (R) < o0

and U'R(U'nfl)mR(anl) = ‘/‘R(Unfl)mR(anl), then Oap (U) = Oap (V)

Proof. Let 0 € o,,(U), then by spectral mapping theorem we have 0 € o, (U")
=0€ 0, (V") and again 0 € 0,, (V). =

Now, suppose that Ujpm-1)agyn-ty = Viggn-tyagen-1y. We set B = R(U™YH N
R(V™1), clearly E is a closed subspace of X and since U" = V" we have U(E) C E,
V(FE) C B, U,(X) C E and V*(X) C E. Therefore by [19, Theorem6 (3)], for A = 0, it

follows that
A — U is bounded below <= A — Upy is bounded below

<= A — Vjw is bounded below

<= A\ — V is bounded below
Thus

7ap(U)\ {0} = 04p(V)\ {0} .
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Theorem 3.3.5 Let U,V € L(X) be operators with closed range and let {U,} be a sequence
of bounded operators commuting with both U and V. If U, = U and U, = V, then
Tap (U) = Tap (V)

Proof. It’s a consequence of[19, (Remarkl)] and [4, (Lemma 2.1)]. =

Theorem 3.3.6 Let U € L(X) and (U,) be a sequence in L (X) such that 0 € ®% . If
U, = U and O is an open et of C with 0 € O, then there exists ng € N such that for all

n > nyg
oi (U,) Co; (U)+ O for i = eap

Proof. For ¢ = eap, assume that the assertion fails. Then by passing to a subsequence,
it may be assumed that, for each n € N, there exists A\, € 0.4 (U,) such that A\, ¢
Teap (U) + O. Since (A,) is bounded, we may assume that lim,_, . A, = A.This implies
that A & 0.4y (U) + O. Using the fact that 0 € O, we have A ¢ 0.4, (U) and therefore,
A=U€® (X)and i(A\—U) <0, since ® (X) =0 (X)NL(X)and \, — U, = A =U
whene (n — 00), there exists ng € N such that for all n > ny we have \,, —U,, € CIDZ (X) and
i (An — U,) < 0 then by proposition(1), we get A, ¢ 0eap (Uy), which is a contradiction.

Corollary 3.3.2 Let U € L(X) and (U,) be a sequence of linear operators in L (X) such
that 0 € ®% and U, — U.If O C C is an open set with 0 € O,V € L(X) and VU €
Fo(X)(or UV € F2(X) ), then there exists ng € N such that for alln > nq ,

0, (Up+V)Co; (U+V)+ O, for i = eap.

3.4 v-continuity of Wolf and Weyl essential spectra
Inspired by the notion of v-convergence, we examine the following definition.

Definition 3.4.1 A mapping 7 on L (X) whose values are compact subset of C is said to

be v—upper semi continuous at U when
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U, % U = limsup7 (U,) C 7(U),
And to be v—lower semi continuous at U when
U, = U =71 (U) C liminf 7 (U,)

If 7 is both v—upper and r—lower semi continuous, then it is said to be v—continuous.

Remark 3.4.1 (a) If 7 is v—Ilower semi continuous at U, then T is lower semi continuous

at U :

(b) If 7 is v—upper semi continuous at U, then 7 is upper semi continuous at U.
(¢) If 7 is bounded on v—convergent sequence and 7 is v—continuous at U, then 7 is
continuous in the Hausdorff metric at U.
(d) Genarally, the converse of (a), (b) and (c) is not true. But if 0 € p (U) we have:
(dy) 7 is v—lower semi continuous at U if and only if, 7 is lower semi continuous
at U.
(ds) 7 is v—upper semi continuous at U if and only if,7 is upper semi continuous
at U.
(d3) If 7 is bounded on v—convergent sequence then, 7 is v—continuous at U if
and only if,7 is continuous in the Hausdorff metric at U.

(e) It is worth noticing that o is not v—continuous in general.

Theorem 3.4.1 Let U € L (X) such that 0 € ®%;, then o, is v—upper semi continuous at
U fori= f,w.

Furthermore, o, is continuous at U in each one of the following cases:

(a) oy is v—continuous at U.

(b) If there exists ng € N such that for all n > ng, we have o; (U) C 0y, (U,) -

Proof. Let A € limsup (0; (U)) for i = f,w.Then we may suppose that there exists
a sequence (\,) such that A\, € o;(U,) for all n € N and A\, — \. For each p € N\ {0},
there exists n, € N such that o; (U,) C 0;(U) + B (0, i) for i = f,w and for all n > n,,.
This implies that for each p > 1, there exists 3 € o; (U) and v, € B <0, i) such that
Anp = B, +7,- Therefore, lim 3, = lim A, —lim~, = A.Since o; (U) is a closed set, it follows

that A € o; (U) for i = w, f. We conclude that limsup (¢; (Uy,)) C o, (U) fori= f, w.
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(a) Now, we prove that o,, (U) C liminf (o; (U,)). Suppose that A\ ¢ liminf (o, (U,))
then there is a neighbourhood V of A which does not intersect infinitely many o, (U,) .
Since oy (U,,) C 04 (U,), then V does not intersect infinitely with many o (U,,) . Hence \ ¢
liminf (o (U,)) . Now using o is v—continuous at U, then liminf (o (U,)) = o7 (U) .This
implies that A ¢ o (U) .This shows that

A—U € d(X) (3.2)

Now, we prove that ¢ (A — U) = 0.Since A ¢ liminf (o, (U,,)) there exists an increasing
sequence of natural numbers n; < ny < --- such that A ¢ o, (Unj) for all j € N.Then
A=U,, € b (X) and i ()\ — Unj) = 0.There exists jo € N such that i ()\ — Unj) =i(A=U)
for all j > jo.Therefore m

iA—U)=0 (3.3)

It follows from egs (3.2) , (3.3), that A ¢ o, (U) .So we get that o, (U) C liminf (o, (U,)) .

(b) Assume that the assertion does not hold. Then there exists A\ € o, (U) such that
A ¢ liminf (o, (U,)). We discuss two cases.

1st case. If X\ € 0, (U)\os(U) then by using a simlilar reasoning of (a) we have
iA=U)=0

which is a contradiction .

2nd case. If \ € o4 (U) ,since A ¢ liminf (o, (U,,)). Arguing as above, there exists an
increasing sequence of natural numbers n; < ny < --- ;and € > 0 such that for all j € N we
have B(\,e) Noy (Uy,) = 0.

Then B (A, ) Noy (U) = 0 which is a contradiction.

Remark 3.4.2 It was known byK. K. Oberai [15], 0., is upper semi continuous. Moreover,

if 0€ ®% we have o, is v—upper semi continuous at U.

Corollary 3.4.1 Let U € L (X) such that 0 € Y, and U,, = U.If ®F, is connected then
limoy (U,) =0y (U) if and only if, limo,, (U,) = 04, (U) .
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Proof. First, we have that lim o (U,,) = o (U) implies lim o, (U,,) = o, (U) .Conversely,
o is v—upper semi continuous at U. It is sufficient to show that o, is v—lower semi con-
tinuous at U. We suppose that A ¢ liminf (o;(U,)) so that there is a neighbourhood V
of A which does not intersect infinitely many o (U,) .Note that,®}, is connected. Then ,
o (U,) = 0, (U,) .Hence, V does not intersect infinitely whith many o, (U,) .Hence , A ¢
liminf (¢, (U,)) = 04, (U) .This implies that A ¢ o, (U) Hence, A ¢ o (U) .So,0;(U) C
liminf (o7 (U,)). m

36



1]

Bibliographie

M. Ahues, A Class of strongly stable operator approximations, Aust. Math. Soc. Ser B
28, 435-442(1987).

M. Ahues, A. Largillier and B.V. Limaye, Spectral computations for bounded opera-
tors, Applied Mathematics (Boca Raton), 18. Chapman Hall/CRC, Boca Raton, FL.,
xviii+382 pp. ISBN: 1-58488-196-8 (2001).

R. Alam, On spectral approximation of linear operators, J. Math. Anal. App., 226,
229-244 (1998).

A. Ammar, Some properties of the Wolf and Weyl essential spectra of a sequence of

linear operators v-convergent, Indag. Math. (N.S.) 27, no. 1, 282-295 (2016).

P.M.Anselone,R.Ansorage, Compactness principles in nonlinear operators approxima-

tion theoy,Num.Fune.Anal.Optimiz.1.589-618(1979).

F. Chatelin, Spectral approzimation of linear operators, Academic press, New York

(1983).

J. B. Conway, Bernard B. Morrel, Operators that are points of spectral continuity,

Integral Equations Operator Theory 2(2), 174-198 (1979).
J.Diestel . (1984): Sequences and Series in Banach Spaces, Springer-Verlag, New York.

A Jeribi and N. Moalla, A characterization of some subsets of Schecher’s essential spec-
trum and application to singular transport equation, J. Math. Ana. Appl. 358, 434-
444(2009).

37



BIBLIOGRAPHIE

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

A Jeribi, Spectral theory and application of linear operators and blocks operator Ma-

trices, University of Sfax, Sfax, Tunisia, ISBN 978-3-319-17566-9(ebook)(2016).
T.Kato, Perturbation theory for linear operators, Springer(1980), 2nd Edition.

B. Limaye, Spectral perturbation and approzimation with Numerical Experiments, Pro-
ceedings of the centre for mathematical analysis, Vol. 13, Austral. Nat. Univ., Canberra

(1987).
M.Nadir,Coure analyse fonctionnelle,Msila.univ.2004.

L. I. Nicolaescu. On the space of Fredholm operatos, An. Stiint. Univ. Ai. I. Cuza asi.
Mat. 53. 209-227(2007).

K. K. Oberai, On the Weyl spectrum, Illinois J. Math. 18 (1974), 208-212.

V.Rakocevic,On one subset of M.Schechter’s essntial spectrum,Mat.Vesnik 5, 389-
391(1981).

C.Schmoeger, The spectral mapping theorem for the essential approximate point

specrum, clloq. Math. 12(1959).

S. Sanchez-Perales, S. V. Djordjevic, Spectral continuity using v-convergence, J. Math.

Anal. Appl. 433, 405-415 (2016).).

M.Shechter, Principal of functional analysis, academic press, New York, 1971.

38



	6f342aa6c4c902f27640356fcc2e7b643ab56b3b82e0416dd1244584d92a5f77.pdf
	daf0eefa55bb1d88cfd639cd43da756005617a8da742b2de3ee1e2a62acfc36f.pdf

