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XY Banach spaces

(X, d) Metric space

R Set of n-tuples © = (x1, 29, ..., Ty)

A Integral operator

® Unknown function in the integral equation

K (z,y,0(y)) Kernel of the integral equation
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Introduction

Nonlinear equation appears in many scientific areas such as physics, fluid mechanics,
population models, chemical kinetics, economic systems, and medicine and can be modeled
by nonlinear integral equation. The difficulty lies in finding the exact solution for such
system. Alternatively, the approximte or numerical solutions can be sought. One of the well
known approximate method is Newton-Kantorovich method which reduces the nonlinear
into sequence of linear integral equations. The approximate solution is then obtained by
processing the convergent sequence. In 1939, Kantorovich presented an iterative method
for functional equation in Banach space and derived the convergence theorem for Newton

method. In 1948, Kantorovich proved a semilocal convergence theorem for Newton method.

An integral equation is defined as an equation in which the unknown function ¢ to be
detetermined appear under the integral sign. Many initial and boundary value problems
associated with ordinary differential equation (ODE) and partial differential equation (PDE)

can be transformed into problems of solving some approximate integral equations.

A general form of an integral equation in ¢ () is of the form

B(x)
@(fc)zf(xHA/() K (2.9, (4)) dy

where K (z,y) is called the kernel of this integral equation, « (z) and [ (x) are the limits
of integration. It is to be noted here that both the kernel K (z,y) and the function f (z) in

the integral equation are given functions, and A is a constant parameter.

The aim of this work is to solve numerically the nonlinear Fredholm integral equation by

Newton-Kantorovich and modified Simpson method.

The first chapter will present few basic concepts from general theoretical framework, such

as compactness in Banach space and different theory of fixed point.
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The second chapter contains some classification of linear and nonlinear integral equations,

and the existence and uniqueness theorem of the nonlinear Fredholm integral equation.

The last chapter present the aim of this work, which is studying nonlinear Fredholm inte-
gral equation, we well use what we had seen in the previous chapters, then we approximate
the solution using Newton-Kantorovich method, also we give some examples solving by this
method and modified Simpson method. For more details, see (([1]), ([3]), ([1]), ([5]), ([6]))

and others.



Chapter 1

Basic concepts

The purpose of this chapter is to present some notations that will be used througout this
work, and we state some difinitions and results from the literature that will be required later.
We recall some notions of compactness in Banach space, and we mention some fundamental

theorems such that the Arzela-Ascoli theorem and fixed point theorems.
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1.1 Compactness

Definition 1.1. (Compact operator).
Let X, Y be two banach space and let S be a subset of X. We say that T:S — Y 1s

compact, if it is continuous and for every bounded set B C S, the set T'(B) is compact in'Y .

Definition 1.2. (Completely Continuous Operator)
Let X be a Banach space. An operator T : X — X s called totally bounded if for every
bounded subset S of X, T (S) is compact. Moreover, T is said to be completely continuous

over X if it is continuous and totally bounded over X.

Definition 1.3. Let X and Y be a Banach space. An operator T € L(X,Y) is called
comact (or completely continous) if T takes bounded sets in X into precompact sets in Y.
equivalently T is compact if and only if for every bonded sequence (x,) C XT (x,) has a

subsequence convergent in Y .

Definition 1.4. (Nonlinear integral operator)

A nonlinear integral operator T is an operator that admits a formulation of the form

(Ty)x = / K (2.9, (4)) dy

The fonction K called the kernel of the operator.

Remark 1.5. if K is a continuous function of [a,b] X [a,b], the operator T is called an

integral operator with continuous kernel K.

Theorem 1.6. [//(Arzela-ascoli)
G C C () then G is relatively compact if G is bounded and G is equicontinous set

1. G bounded: Y € G, VYr € Q, IM > 0 such that | (z)| < M

2. G equicontinous: Ye > 0, Vo € G, Vr,y € Q, 40 > 0 such that

[z —yl <0 = |p(z) —py)| <e
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Theorem 1.7. [//The integral operator A defined from C (Q) into C (S2)

Ap(z) = / Key)el) dy  wyeQ

with continous kernel K (z,y) is a compact operator.

Proof. [1]Let G be a bounded set of C'(€2) then for each ¢ € G, there existe M > 0, such
that
el < M,

besides, for all z € Q and ¢ € G we get

Apa) = | [ Ea)e )iy
< max |K(z,y)| Mmes ()

it follows that A (G) is bounded

By assumption the kernel K (x,y) is continous over the compact Q x Q
Thus it is uniformly continous and there for

Ve>0,30>0,Ve,y, z€Q, [z —y| <d = |k(z,2) — k(y,2)| < Mm;(m.
Hence, for each ¢ € G and x, y € ), with |z —y| < ¢

[Ap () — Ap (y)| =

/Q (k (2,2) — K (y,2)) o (2) d

m]\/[mes (Q)=c¢

This relation expresses that A (G) is equicontinous. Hence A (G) is relatively compact,

so by Arzela-Ascoli theorem A is compact. ]

Theorem 1.8. [0/A compact linear operator is a bounded operator, the converse false.

Definition 1.9. [0/(Relatively compact)
Let X be a metric space, 2 C X is relatively compact in X, if Q is compact in X.

Theorem 1.10. [(/Any set bounded and finite dimension of a normed space is relatively

compact.
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1.2 Fixed point theorem

This section contains basic theory of fixed point we will recall some important and
different theorems such that Banach fixed point theorem, Brouwer, Schauder, Schaefer, and

Krasnoselskii theorems, these theorems are very useful.

Many nonlinear equations are naturally formulated as fixed-point problems

p="T(p) (L.1)

where T is fixed point operator, may be nonlinear. A solution ¢*of (1.1) is called a fixed

point of the map 7.

Theorem 1.11. [5/Let (X, d) be a complete metric space and let T : X — X be a contraction
with Lipschitzian constant L. Then T has a unique fized point ©* € X. Furthermore, for
any ¢ € X we have

lim T () = ¢7,

n—oo

with

Theorem 1.12. [I/0]Let F be a closed subset in a Banach space and let T : F — F a
contraction application, then

(a) The equation Tx = x, has an unique solution

(b) The unique solution x can be obtained by the limit of the sequence (x,,) of F' defined by
Tpr1 =Tx,, n=12 ..
where xo s an arbitary element of F

r = lim T"zq

n—oo

Theorem 1.13. [6/(Banach’s fized point theorem)

Let be A a contraction on a Banach space X. Then A has a unique fized point.
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Proof. Banach’s fixed point theorem implies that there exists a unique fixed point for AV.

Call this element ¢,. Now just note that

1A (po) —@oll = [|[AY (A(gp)) — AV ()|
< cl|A(p) = woll

implies that A (¢,) = ¢, since 0 < ¢ < 1. The uniqueness is clear since a fixed point for
A is also a fixed point for Ay. m

Theorem 1.14. [5/(Schauder’s fixed point theorem)

Let X be a Banach space and let S C X be bounded,closed,and convex. AssumetT : S — S
18 a completely continuous operator. Then T has at least one fixed point in the set S.

The finite-dimensional version of Schauder’s theorem, namely Brouwer’s fixed point the-

orem.

Theorem 1.15. [5/(Brouwer’s fixed point theorem)
Let S C R™ be a nonempty convex compact set and let T : S — S be a continuous

mapping. Then there existe at least one v € S with T (p) = .

Theorem 1.16. [7/(Schaefer’s Fized-point Theorem)
Let X be a Banach space and let T': X — X be a completely continuous operator. Then

either:
(1) The operator equation ¢ = AT has a solution for A = 1.
or

(ii) The sete ={p € X; o= ATy, X €]0,1[} is unbounded.

Theorem 1.17. [5](Krasnoselskii’s fixed point theorem )
Assume that S is a closed bounded convex subset of a Banach space X. Furthermore
assume that Ty and Ty are mappings from S into X such that
o T () + Ty (v) € S forall p, v e S,
e T} is a contraction,

e 15 is continuous and compact.



Chapter 2

Linear and nonlinear integral equation

In this chapter we present the theory of linear and nonlinear integral equations and we
illustrate different criterions of classification of theses equation, also we discuss existence of

solution of some kind of integral equations.
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2.1 Classification

Integral equations appear in many types. The types mainly on the limits of integration
and the kernel of the equation. In this section we will be concerned on the following types

of integral equations.

2.1.1 Linear integral equation

1) Fredholm integral equation

For Fredholm integral equation, the limits of integration are fixed. Moreover the unknown

function ¢ (z) may appear only inside integral equation in the form:

b
f (@) =/ K (2,9) ¢ (4) dy.

This is called Fredholm integral equation of the first kind. However, for Fredholm integral
equation of the second kind, the unknown function ¢ (z) appears inside and outside the

integral sign. The second kind is represented by the form:

b
p@) =1 @+ A [ K(e)e ) dy
2) Volterra integral Equation

In Volterra integral equations, at least one of the limits of integration is a variable. For
the first kind Volterra integral equations, the unknown function ¢ (z) appears only inside

integral sign in the form:
f@) = [ Koy
0

However, Volterra integral equations of the second kind, the unknown function ¢ (x)

appears inside and outside the integral sign. The second kind is represented by the form:

so(sc)=f<x>+A/jK<x,y>so<y>dy.

3) Volterra-Fredholm integral Equation

The Volterra-Fredholm integral equation arise from parabolic boundary value problems,
from the mathematical modelling of the spatio-temporal development of an epidemic, and
from various physical and biological models. The Volterra-Fredholm integral equation appear

in the literature in two forms, namely

T b
o(@)=F (@) + M / Ky (2,) ¢ (4) + A / Ky (2,9) ¢ (4) dy, (2.1)
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and

w@wZf@wH%[?LF@%&ﬂ¢®ﬂwwﬂ@wGQXmf] (2.2)

where f(z,y) and F (z,y,&,7,¢ (§, 7)) are analytic functions on D = Q x [0,7], and 2
is a closed subset of R", n = 1,2, 3. It is interesting to note that (2.1) contains Volterra dis-
joint and Fredholm integral equations, whereas (2.2) contains mixed Volterra and Fredholm
integral equations. Moreover, the unknown functions ¢ (x) and ¢ (x,y) appear inside and
outside the integral signs.

4) Sigular integral equations

Volterra integral equations of the first kind

h(zx)
ﬂsz/Uzq%wwwm%

or of the second kind

h(zx)

o ()= f(z)+ " K (z,y) ¢ (y) dy,

are called singular if one of the limits of integration ¢ (x), h(z) or both are infinite.
Moreover, the previous two equations are called singular if the kernel K (z,y) becomes
unbounded at one or more points in the interval of integration. In this section we will focus

our concern on equations of the form:

[(z) = /jﬁm) dy, 0{a(1.

or of the second kind:

<P(@—f($)+/jﬁg&(y)dy,0<a<1

The last two standard forms are called generalized Abel’s integral equation and weakly

singular integral equations respectively. For a = %, the equation:

fo)= [ —m=vt.

is called the Abel’s singular integral equation. It is to be noted that the kernel in each

equation become infinity at the upper limit y = z.

5) Fredholm integro-differential Equations
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Fredholm integro-differential equations appear when we convert differential equations
to integral equations. The Fredholm integro-differential contains the unknown function ¢ (z)
and one of its derivatives ™ (z),n > 1 inside and outside the integral sign respectively. The
limits of integration in this case are fixed as in the Fredholm integral equations. The equation
is labeled as integro-differential because it contains differential and integral operators in the
some equation. It is important to note that initial conditions shoud be given for Fredholm

integro-differential equation appears in the form:

o™ (2) = f () + A / K (2,9) ¢ (4) dy,

where (™ indicates the nth derivative of ¢ (2) . Other derivatives of less order may appear
with o™ at the left side.

2.1.2 Nonlinear integral equations

1) Fredholm integral equations

The nonlinear Fredholm integral equations of the second kind are characterized by

fixed limits of integration of the form

b
(@) = f(a) + A / K (2., (1)) dy, (2.3)

where the unknown function ¢ (x) occurs inside and outside the integral sign, A is a
parameter, and a and b are constants. For this type of equation the kernel K (z,y) and the

function f (x) are given real valued function.

The nonlinear Fredholm integral equation of the first kind is given by the form:

f () = / K (2.9, ¢ (4)) dy,

where the kernel K (x,y) and the function f (x) are given real valued functions.
2) Volterra integral equations

The nonlinear Volterra equation are characterized by at least one variable limit of integra-
tion. In the nonlinear Volterra integral equations of the second kind, the unknown function

¢ (x) appears inside and outside the integral sign, and it is represented by the form

so(m)=f<x>+/;f<<m,y,so<y>>dy.

However, the nonlinear Volterra integral equation of the first kind is expressed in the form



2. Linear and nonlinear integral equation 12

/zcxyw>m

For these two kinds, the kernel K (z,y) and the function f (z) are given real valued

functions.
3) Fredholm Integro-Differetial Equations

The nonlinear Fredholm integro-differential equation of the second kind is of the form

o™ (2) +A/1¥xy (v) dy.

where (™ (x) is the nth derivative of ¢ (x). The kernel K (x,y) and the function f ()

are given real-valued functions.

Definition 2.1. (Uryson and Hammerstein integral equation)

1. An equation of the form

wuw1éF@ww@»=hm»yeQ

1s called Uryson integral equation, F and h are arbitary functions.

2. An equation of the form

w@%iéﬂmwfwwﬁﬁ=h@%yeﬂ

1s called Hammerstein integral equation.

Remark 2.2. Hammerstein’s integral equation is a special case of Uryson’s integral equation.

2.2 Existence and unigness theorem

In this section we study nonlinear Fredholm integral equation in Banach space, we
well use all what we had seen in the previous chapter, such that fixed point theorems in

order to prove existence and uniqueness of solution of this kind of equations.



2. Linear and nonlinear integral equation 13

Theorem 2.3. [7/Suppose that K (x,y, ) is defined and continuous on the set [a, b] X [a, b] X
R and that it satisfies a Lipshits condition of the form

K (z,y,¢1) — K (2,y,05)] < Clo; — ¢

suppose further that f € C'[a,b]. Then the nonlinear Urysohn integral equation

b
¢<x>=A/ K (2.0 () dy + f (2)

1

has a unique solution on the interval [a,b] whenever |A| < ooy

Theorem 2.4. [1](existence theorem)

We first rewrite the nonlinear Fredholm integral equation of the second kind by

w(x)zf(x)JrA/ K (2.9, ¢ (4)) dy,

the specific conditions under which a solution exists for the nonlinear Fredholm integral

equation are:

(1) The function f(x) is bounded, |f (z)| < R, in a < x <b.

(ii) The function K (x,y, ¢ (y)) is integrable and bounded where

K (z,y,0 ()| <k

ma<x,y<b.

(iii) The function K (x,y, ¢ (y)) satisfies the Lipschitz condition

’K(‘Tayazl) - K(.T,y, ZZ)’ <M ’Zl - 22‘ :

Theorem 2.5. [9/(Existence and uniqueness of solution)

Suppose

I K @,y @) dy| < Mlle )11

hd |K<x7y721) - k'(&l,y72;2)| < N(xay) |’21 - ZZl fO?” all T, Y, 21, 22 € [CL, b] :
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. f;f:|N(:L’,y)]2d:L‘dy = K? < oo,

then the nonlinear Fredholm equation

b
o@)=a / K (2,90 () dy + f () (2.4)

has a unique solution in L* ([a,b]) provided |o| K < 1, K is continous and f € L* ([a, b])

Proof. consider the operator

Ty =aAp+ f,
where
b
(49 (@) = [ K (@o (),
then
[To1 =Tl = oK (z,y,¢1 () — K (z,y, 92 (v)) dyl|

N[

IN

a (/ (/K<y o1 () - K (5,9, 02 <y>>)2dx>
< ol (/:(/:Nmy)sol(y)w2<y>dy>2dx>%

< ol Klg; — oo,

clearly, if |o| K < 1, T' is contraction operator, so that it has a unique fixed point and

that fixed point is a solution of the non linear equation (77). O



Chapter 3

Numerical methods and examples

In this chapter, we will use numerical method based on the Newton-Kantorovich
method and modified Simpson method has been proposed to approximate the solution of

nonlinear Fredholm integral equation, then we given an examples to tested this method.

15
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3.1 Newton-Kantorovich method

The Newton-Kantorovich method is a well-known method for solving nonlinear integral
equation. This method attempts to solve a sequence of linear integral equations. we develop
a combination of the Newton-Kantorovich and modified Simpson method. This method

solves the nonlinear integral equations of the Urysohn form.

Definition 3.1. A proper functional F : U — V is said Fréchet differentiable(or strongly
differentiable) at a point ¢ € D, where D is an open set in U, if there is a linear operator
L :U — U* such that, for any ¢ +h € D,

Fp+h)=F(p)+(L(p),h)+w(ph)

and
)
Inli=o |l
The quantity (L (p),h) is called Fréchet differential(or strong differential) and L () =
F' (p) is called the Fréchet derivative(or strong derivative) of the functional F' at a point .

=0.

Now, we will consider Newton’s method for solving the equation
F(g)=0 (3.1)

where F' : U — V 1s Fréchet differentiable and U, V' be two Banach spaces. This method
provides a powerful tool for the theoretical as well as the numerical investigation of nonlinear
operator equations. In this section will present the theory of Newton’s method, together with
some of its application to important types of nonlinear equation. Kantorovich proposed to
solve a function equation (3.1) where F is defined and Fréchet differentiable on some open
convez set of a Banach space X, with a rang in a Banach space Y.

One way to approach this problem (3.1) would be to find a linear equation

Ly =¢ (3.2)

which approximates (3.1) in some sense, at least in a neighborhood of exact solution *. It
is easy to construct a linear equation (3.2) which approximates the nonlinear equation (3.1)
if the operator I is differentiable. By the first two terms of Taylor’s formula

l
T
&
e
+
=
3
2
5,
|
RS
S
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This appoximate solution is said to be obtained from (3.1) by the process of linearization

by differentiation, sometimes called quasilinearization or the tangent method. Thus,

0" = o, — [F' ()] F ()

This leads to the well-known Newton method for solving the equation (3.1):

Prt+1 = Pn — [F/ (gpnﬂ_l F (90n>

choose an initial guess @, € U; forn =0,1, ...

Theorem 3.2. [//(Kantorovich) Suppose that :

1) F: D(F)cU —V is differentiable on an open convex set D (F'), and the derivative is

Lipschitz continuous:

1F" (@) = F' ()] < L ¢ — vl Vo, ve D(F).

2) For some ¢, € D (F), [F' (p,)]" exists and is a continuous operator from V to U, and
such as h = abL < % for some a > ||[F’ ((po)]_lH and b > ||[F’ ()] F (g0 -

Denote

1 (120"
B al

3) ¢, is chosen so that B (p,,7) C D (F), where r = t* — b.

1+ (1 —2h)"?
al '

*

*k
7t -

Then the equation (3.1) has a solution ¢* € B (¢,,7) and the solution is unique inB (¢q, ™) C

D (F); the sequence {p,} converges to p*, and we have the error estimate

2n
1—(1—2n)"?
2na L

e, — ™| < n=01,..

Let us apply the Newton-Kantrovich method to solve a nonlinear Fredholm integral equa-

tions of the second kind (2.3). We obtain the following iteration process

0, (1) =, () +eni(z),n =12 .
en1 (2) =&y (@) + [1 2 (2,0, 001 (1) 00 s (v) dy (3.3)
Eur () = F (@) + [PK (2,9, 001 (1) dy — @y (2).
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we can to write (3.3) as

P (1) = Qo1 (1) +&na (2),n = 1,2,

{En—l (@) = f @)+ [ K (@0, 000 ) dy = 0y (@) + [ 25 (29,001 (1) aor (v) dy.
(3.4)

The last algorithmis (3.4) based on the solution of the linear integral equation for the
correction €, 1 (x) with the kernel and right-hand side that vary from step to step. This
process has a high rate of convergence, but it is rather complicated because we must solve a
new equation at each step of iteration. To simplify the problem, we can replace the second

equation of the algorithmis (3.4) by the equation

b b
e () = f (2)+ / K (2,9, 0n1 () dy—pny (2)+ / %—f (2., 60 (4)) ens () dy. (3.5)

or by the equation

b b
0K
€n—1 ('I) = f (.’L‘) + / K (LU, Y, P (y)) dy — Pn-1 (LC) + / % (l’, Y, Pm (y)) €n—1 (y> dy
' ’ (3.6)
Whose kernels do not vary. In the equation (3.5), ¢, is the initial solution, and in the

equation (3.6) m is fixed and satisfies the condition m < n — 1.

3.2 Modified Simpson method

In this section, we shall describe the modified Simpson method for the approximate so-
lution of nonlinear integral equations of the second kind with continuous kernels. The goal
of the modified Simpson method is to approximate the definite integral of f (z) over the

interval [a, b] by evaluating f (z) at a finite number of sample points

Modified Simpson rule’s

Consider G = [a,b], let t) = a < 21 < ... < T9j_1 < Ty < ... < Tgy, = b be an equidistant

subdivision of a step h = 341 — 95, for j =0, 1,2,...,n. Our objective, it’s to approximate
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the solution of the Fredholm integral equation to the nodes of even indice (at the point t5;),

then the modified Simpson have the form

/ ) de s T () 4 (ag0) - f ()]

Now, we approximate the two integrals on the right-hand side of the algorithme by mod-

ified Simpson method

5(372j) = f($2j) +/ K(fczjayaSD(y))dy - 90(562j) +/ aa—[; (ijayagpn—l (Z/)) e (y) dx

= f () —‘P(x2j)+jz_:/x

by the numerical integration formulas of modified Simpson method, so we get

T2i+2

<K (22,9, ¢ (y)) + g—}; (25,9, ¢ () € (y)> dx

24

n—1
h
€27 = Jfoj — poj t E 3 [K9j2i2i + 4K5j2i41,2i41 + Koj2it22i42] (3.7)
=0

n—1 h
+> - [K; +4K! + K! ]
3 24,2i,2iP2i 24,2i41,2i+1¥2i+1 24,2i+2,2i+2%P2i+2] »

where € (1y;) = €35, f(725) = faj, ¢ (x25) = P2 K (295, yai, ¢ (Y2i)) = Kajiz2i, and
oK
¥

S (T25, Y20, 0 (Y2i)) € (y2i) = K 9 9:€2i-
Since h sufficiently small, we approximate ¢,;,; by %, the equation (3.7) becomes

n—1
h
€ = Goj Poj T § 3 [K2j,2z',2i902i +4K2j,2i+1,2z’+1902i+1 +K2j,2i+2,2i+2621+2]
i=0

n—1

= Gaj — g + Zg {Kéj,m,zi%i + 4K 9519141 (%) + Kéj,2i+2,2i+262i+2:|
"

= Gaj — g + Zg [[Kéj,%,% + 2K§j,2i+1,2i+1} €2; + [2K§j,2i+1,2i+1 + Kéj,2i+2,2i+2} €2z‘+2]
Zho‘n—1 n—1

= Gaj — py; + 3 Z [Kéj,2i,2i + 2K§j,2i+1,2i+1] €2; + Z [2K§j,2i+1,2i+1 + Kéj,2i+2,2i+2] €2i+2
e

= Gy — Poj + 3 Z(; [Kéj,2i,2i + 2K§j,2i+1,2i+1] €2; + 21: [2Kéj,2i71,2i71 + Kéj,2i,2i} 521']

h h
= Gy — Poj T 3 [QKéj,2n—1,2n—1 + Kéj,Qn,Qn] €on + 3 [QKéj,o,o + Kéj,l,l] €o

n—1

2h

! ! !
+? E [KQj,%fl,Qifl + K2j,2i,2i + KQj,2z’+1,2i+1] €2i

i=1

|
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Finally
= @[21?(’ + K} ] +ﬁ[2K’ + K51 4) (3.8)
€25 = 3 2j,2n—1,2n—1 24,2n,2n] P2on 3 24,0,0 25,1,1] €0 .
2h n—1
+? Z [Kéjzifl,%fl + Kéj,Qi,Zi + Kéj,2i+1,2¢+1] €2i + G2j — o5
i=1
with

" h
Goj = foj + Z 3 [Koj2i2i + 4K5j2i11,2i41 + Kaj2i122i+2]
=1

The evaluation of (3.8) on the x4, gives a system of algebraic equation of the form

¢=2D
where the vectors ¢ and D respectively defined the coponeets of €;; and the right-hand

side of the equations (3.8), for j = 0,1, ..., n.
And the initial approximation Y =0, ¢ = F — Y and F defined the components of

f2j

Y t1) — yk) o k)
{ ¢ k=0,1,2, ..

¢(k+1) —D

and by recurrence, we can to calculate the vector of solution Y in all points xg; for

j=0,1,..,n.
3.3 Numerical examples

In this section, implementation of the methods mentioned in this paper will be done. This
implementation consists of computer programmes written in MATLAB, which approximates

solutions to some example nonlinear Fredholm integral equation of the second kind.

Example 3.3. [5/Consider the following nonlinear Fredholm integral equation

1

o (x) — 5/0 zy®sin (¢ (y)) dy = $3+%(COS(1) -1),

where the solution exact
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Example 3.4. [9/Consider the nonlinear Fredholm integral equation

71 Mt
px)=cx+5 [ wye” (y)dy,
8 2 /o
with exact solution
¢ (r) ==

Example 3.5. [/.7]Let the integral equation

T 1 1
= - — 2 1 — 2 d
¢ (z) = exp (v) 19 (exp (2) + )+48/0 zye” (y) dy
with exact solution

¢ (z) = exp (v)

Example 3.6. [//Let the integral equation

T 1

2
- d
2t ime J, ¥ W

¢ (x) = cos (z)

with exact solution

¢ () = cos (x)



3. Numerical methods arltlsekainples| A solution Error 22
0 0.0000e 4 00 | 0.0000e 4 00 | 0.0000e 4 00
0.1 1.0000e — 03 | 8.8119¢ — 03 | 7.8119¢ — 03
0.2 8.0000e — 03 | 2.3624e¢ — 02 | 1.5624¢e — 02
0.3 2.7000e — 02 | 5.0436e — 02 | 2.3436e — 02
0.4 6.4000e — 02 | 9.5245e¢ — 02 | 3.1245e — 02
0.5 1.2500e — 01 | 1.6404e — 01 | 3.9041e — 02
0.6 2.1600e — 01 | 2.6278¢ — 01 | 4.6784e — 02
0.7 3.4300e — 01 | 3.9738e — 01 | 5.4380e — 02
0.8 5.1200e — 01 | 5.7368¢ — 01 | 6.1678e — 02
0.9 7.2900e — 01 | 7.9755e — 01 | 6.8554e — 02
1 1.0000e + 00 | 1.0752e 4+ 00 | 7.5225e — 02

Table 3.1: Comparison of resultants, absolute error, for K=1 NFIE (examplel)
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Figure 3.1: Comparison of resultants, absolute error, for K=1 NFIE (examplel)



3. Numerical methods arltlsekainples| A solution Error 24
0 0.0000e 4 00 | 0.0000e 4 00 | 0.0000e 4 00
0.1 1.0000e — 03 | 8.5082¢ — 03 | 7.5082¢ — 03
0.2 8.0000e — 03 | 2.3016e — 02 | 1.5016e — 02
0.3 2.7000e — 02 | 4.9525e — 02 | 2.2525e¢ — 02
0.4 6.4000e — 02 | 9.4033e — 02 | 3.0033e — 02
0.5 1.2500e — 01 | 1.6254e — 01 | 3.7541e — 02
0.6 2.1600e — 01 | 2.6105e¢ — 01 | 4.5049¢e — 02
0.7 3.4300e — 01 | 3.9556e — 01 | 5.2557e — 02
0.8 5.1200e — 01 | 5.7207¢ — 01 | 6.0066e — 02
0.9 7.2900e — 01 | 7.9657e — 01 | 6.7574e — 02
1 1.0000e + 00 | 1.0751e 4+ 00 | 7.5082¢ — 02

Table 3.2: Comparison of resultants, absolute error, for K=4 NFIE (examplel)
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Figure 3.2: Comparison of resultants,absolute error, for K=4 NFIE (examplel)



3. Numerical methods arltlsekainples| A solution Error 26
0 0.0000e 4 00 | 0.0000e 4 00 | 0.0000e 4 00
0.1 1.0000e — 01 | 1.0710e — 01 | 7.0964¢ — 03
0.2 2.0000e — 01 | 2.1423e — 01 | 1.4228e — 02
0.3 3.0000e — 01 | 3.2153e — 01 | 2.1530e — 02
0.4 4.0000e — 01 | 4.2921e — 01 | 2.9208e — 02
0.5 5.0000e — 01 | 5.3748e — 01 | 3.7479¢ — 02
0.6 6.0000e — 01 | 6.4652¢ — 01 | 4.6517e — 02
0.7 7.0000e — 01 | 7.5640e — 01 | 5.6397e — 02
0.8 8.0000e — 01 | 8.6702¢ — 01 | 6.7022e — 02
0.9 9.0000e — 01 | 9.7805¢ — 01 | 7.8045e¢ — 02
1 1.0000e + 00 | 1.0888¢ + 00 | 8.8793e — 02

Table 3.3: Comparison of resultants, absolute error, for K=1 NFIE (example2)
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Figure 3.3: Comparison of resultants, absolute error, for K=1 NFIE (example2)



3. Numerical methods arltlsekainples| A solution Error 28
0 0.0000e 4 00 | 0.0000e 4 00 | 0.0000e 4 00
0.1 1.0000e — 01 | 1.0898e — 01 | 8.9809¢ — 03
0.2 2.0000e — 01 | 2.1796e — 01 | 1.7962¢e — 02
0.3 3.0000e — 01 | 3.2694e — 01 | 2.6943e — 02
0.4 4.0000e — 01 | 4.3592¢ — 01 | 3.5924¢e — 02
0.5 5.0000e — 01 | 5.4490e — 01 | 4.4904e — 02
0.6 6.0000e — 01 | 6.5389¢ — 01 | 5.3885e — 02
0.7 7.0000e — 01 | 7.6287¢ — 01 | 6.2866e — 02
0.8 8.0000e — 01 | 8.7185e¢ — 01 | 7.1847e — 02
0.9 9.0000e — 01 | 9.8083e¢ — 01 | 8.0828e — 02
1 1.0000e + 00 | 1.0898e + 00 | 8.9809¢ — 02

Table 3.4: Comparison of resultants, absolute error, for K=4 NFIE (example2)
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Figure 3.4: Comparison of resultants, absolute error, for K=4 NFIE (example2)



3. Numerical methodss arldsekainples| A solution Error 30
0 1.0000e + 00 | 1.0000e + 00 | 0.0000e + 00
0.1 1.1052e + 00 | 1.1007e 4 00 | 4.5065¢ — 03
0.2 1.2214e + 00 | 1.2124e 400 | 9.0131e — 03
0.3 1.3499¢ + 00 | 1.3363e + 00 | 1.3520e — 02
0.4 1.4918e + 00 | 1.4738¢ + 00 | 1.8026e — 02
0.5 1.6487e¢ + 00 | 1.6262¢ 4 00 | 2.2532¢ — 02
0.6 1.8221e + 00 | 1.7951e 4 00 | 2.7038e — 02
0.7 2.0138¢e 4 00 | 1.9822¢ + 00 | 3.1543e — 02
0.8 2.2255e 4+ 00 | 2.1895¢ + 00 | 3.6047e — 02
0.9 2.4596¢e 4+ 00 | 2.4191e 4+ 00 | 4.0550e — 02
1 2.7183e 4+ 00 | 2.6732¢ + 00 | 4.5048¢e — 02

Table 3.5: Comparison of resultants,absolute error, for K=1 NFIE (example3)
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Figure 3.5: Comparison of resultants,absolute error, for K=1 NFIE (example3)



3. Numerical methodss arldsekainples| A solution Error 32
0 1.0000e + 00 | 1.0000e + 00 | 0.0000e + 00
0.1 1.1052e + 00 | 1.1007e 4 00 | 4.5044e — 03
0.2 1.2214e + 00 | 1.2124e 4 00 | 9.0089¢ — 03
0.3 1.3499¢ + 00 | 1.3363e + 00 | 1.3513e — 02
0.4 1.4918e + 00 | 1.4738¢ + 00 | 1.8018e — 02
0.5 1.6487e¢ + 00 | 1.6262e 4 00 | 2.2522¢ — 02
0.6 1.8221e + 00 | 1.7951e 4+ 00 | 2.7027e — 02
0.7 2.0138¢ 4 00 | 1.9822¢ + 00 | 3.1531e — 02
0.8 2.2255e 4+ 00 | 2.1895¢ + 00 | 3.6035e — 02
0.9 2.4596¢e 4+ 00 | 2.4191e 4 00 | 4.0540e — 02
1 2.7183e 4+ 00 | 2.6732¢ + 00 | 4.5044¢e — 02

Table 3.6: Comparison of resultants,absolute error, for K=4 NFIE (example3)
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Figure 3.6: Comparison of resultants, absolute error, for K=4 NFIE (example3)



3. Numerical methods arltlsekainples| A solution Error 34
0 1.0000e + 00 | 9.8884e — 01 | 1.1162e — 02
0.1 9.9500e — 01 | 9.8384¢ — 01 | 1.1162e — 02
0.2 9.8007e — 01 | 9.6891e — 01 | 1.1160e — 02
0.3 9.5534e — 01 | 9.4418e¢ — 01 | 1.1158e — 02
0.4 9.2106e — 01 | 9.0991e — 01 | 1.1154e — 02
0.5 8.7758e — 01 | 8.6644e¢ — 01 | 1.1148e — 02
0.6 8.2534e — 01 | 8.1420e — 01 | 1.1139¢e — 02
0.7 7.6484e — 01 | 7.5372¢ — 01 | 1.1127e — 02
0.8 6.9671e — 01 | 6.8560e — 01 | 1.1112e — 02
0.9 6.2161e — 01 | 6.1052¢ — 01 | 1.1092e — 02
1 5.4030e — 01 | 5.2923e — 01 | 1.1068e — 02

Table 3.7: Comparison of resultants, absolute error, for K=1 NFIE (example4)
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Figure 3.7: Comparison of resultants, absolute error, for K=1 NFIE (example4)
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3. Numerical methods arltlsekainples| A solution Error 35
0 1.0000e + 00 | 9.8895¢ — 01 | 1.1054e — 02
0.1 9.9500e — 01 | 9.8395¢ — 01 | 1.1054e — 02
0.2 9.8007e — 01 | 9.6901e — 01 | 1.1054e — 02
0.3 9.5534e — 01 | 9.4428e — 01 | 1.1054e — 02
0.4 9.2106e — 01 | 9.1001e — 01 | 1.1054e — 02
0.5 8.7758e — 01 | 8.6653e — 01 | 1.1054e — 02
0.6 8.2534e — 01 | 8.1428e¢ — 01 | 1.1054e — 02
0.7 7.6484e — 01 | 7.5379¢ — 01 | 1.1054e — 02
0.8 6.9671e — 01 | 6.8565¢ — 01 | 1.1054¢e — 02
0.9 6.2161e — 01 | 6.1056e — 01 | 1.1054e — 02
1 5.4030e — 01 | 5.2925e¢ — 01 | 1.1054e — 02

Table 3.8: Comparison of resultants, absolute error, for K=4 NFIE (example4)
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Figure 3.8: Comparison of resultants, absolute error, for K=4 NFIE (example4)
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Conclusion

There are various numerical methods to solve nonlinear integral equations. In this our work,
we had present a one numerical method for solving nonlinear Fredholm integral equation,
based on Newton-Kantorovich and modified Simpson method. We have presented numerical
method as algorithm and applied these algorithm to both Fredholm integral equation using
Matlab Software. we tested this method by using some different examples. This method

was effective.
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Abstract

In this work, we apply the Newton-Kantorovich method to solve the nonlinear Fred-
holm integral equation, we look for an approximate solution for nonlinear Fredholm integral
equation of the second kind using a combination between Newton-Kantorovich method and
modified Simpson method, then we give numerical results of some exampls which are solving
by this combination.

Keywords: fixed point theorems, modified Simpson method, Newton-Kantorovich method,

Fredholm integral equation.

Résumé

Dans ce travail, nous appliquons la methode de Newton-Kantorovich pour résoudre 1’équation
intégrale non linéaire de Fredholm, nous cherchons une solution approchée pour ces équation
de seconde espéce en utilisant une combinaison entre la méthode de Newton-Kantorovich
et la méthode de Simpson modifiée, puis nous donnons des résultats d’exemples qui sont
résolus par ces combinaisons
Mots clés:Théoremes de point fixe, Méthode de Simpson modifiée, Méthode de Newton-

Kantorovich, Equation intégrale non linear de Fredholm.
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