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( Abstract )

In this work , we dealt with one of the most important topics of functional analysis, which
is the approximation properties related to the ideals of Lipschitz and linear operators.. We
have tried, as much as possible , with a very modest effort to become familiar with the most
important definitions, theorems and properties of all chapters of this memory . In the first
chapter, we recall briefly the space of Lipschitz functions, Arens—Eells and Lipschitz operator
ideals. Chapter two devoted to study the approximation property for Banach spaces. The
third chapter devoted to study the approximation property for Lipschitz operator ideals.

Keywords : Arens—Eells space,Finite rank operator, Lipschitz mapping, Lipschitz operator

ideal, the approximation property for Lipshitz operator ideals. .




Résumé

Dans ce travail, nous avons abordé I'un des sujets les plus importants de ’analyse fonc-
tionnelle, c¢’est les propriétés d’approximation en termes des idéaux linéairs et Lipschitziens.
Nous avons essayé, autant que possible, avec un effort tres modeste, de nous familiariser avec
les définitions les plus importantes, les théorémes et les propriétés de tous les chapitres de
ce mémoire. Dans le premier chapitre, nous rappelons les concepts dz 'espace des fonctions
Lipschitziennes. Le deuxieme chapitre traite une propriété d’approximation d’un espace
de Banach. Enfin, le troisieme chapitre, est le coeur de notre sujet, il aborde la propriété
d’approximation pour ideaux lipschitziens.

Mots-clés: Espace de Arens-Eells, operateur lipschitzien, idéal d’opérateur lipschitzien,

Les opérateurs lipschitziens p-sommants, propriété d’approximation.. .
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Notaions

Lipox
Lipow
Lipy

X#

The field of real or complex numbers.

The field of non negative real numbers.

The conjugate of the number p (1 < p < 00), that is % + z% =1
The topological dual of F.

The closed unit ball of £

The set of all linear operators.

The sets of all continuous linear operators.

The ideal of all linear operator.

The set of all weakly compact linear operators.
The set of all finite rank linear operators.

The set of all Lipschitz compact operators.

The set of all Lipschitz weakly compact operators.
The set of all Lipschitz operators that vanish at 0.
The Lipschitz dual of the pointed metric space X.

The linear space of all molecules on the metric space X.
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The molecule defined by M, = X {23 — X{ar} for z,2" € X, where
The Arens-Eells space of X.

The Lipschitz free space of X.

The adjoint operator of T

The Lipschitz adjoint operator of 7.

The linearization of the operator 7.
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Introduction

In 1953, Alexander Grothendieck [15] introduced the concept of the approximation property re-
lated to Banach space. A Banach space F has the approximation property (AP) if for every
compact subset K of E and every € > 0 ,there exists a finite rank operator S on E such that
sup,es ISz — || < e, briefly ,idg € F(E, E) . Then he put a characterization which states that
FE has the AP if and only if for every Banach space F' every linear operator T' € K(F, E) can
be approximated uniformly on bounded sets by finite rank operators . Roughly speaking, three
are the main ingredients that play an important role in the approximation property: the approx-
imating operators (the finite rank operators), the approximated operators (the linear or compact

operators) and the bornology where the convergence is considered (compact or bounded sets).

Since K = (K, ||.|| ) is a Banach operators ideals. Oja in 2012 (see [22]) introduced the natural
version of the AP related to an arbitrary Banach operator ideal Z. a Banach space E has the

= iz

Z-approximation property if, for every Banach space F', F(F,E) =~ =Z(F,F).

To replace compact sets by another class of sets with some kind of compactness related to

Z. The new class of sets is formed by Z-compact sets. This notion was introduced by Carl and
Stephani [5] and the related approximation property has been studied in e.g. [11, 20, 21].

In this work we will consider Lipschitz ideals Zp;, that are composition ideals, that is,

Zrip = I o Lip, for some linear operator ideal Z.



The aim of this memory is to study the Z-Lipschitz approximation property, basing on the article
of D. Achour, P. Rueda, E.A. Sdnchez-Pérez and R. Yahi (see [1]) So our memory is organized into
three chapters ,

The first chapter is a preliminaries which contains some basic concepts related to weak topology,
the space of Lipschitz functions, Arens-Eells space, Lipschitz operators ideals,..etc which we need
it on the sequel of this memory. In the second chapter we discussed the linear approximation

property , The third chapter is devoted to study the Z—Lipschitz approximation property .



CHAPTER 1 |

Preliminaries

1.1 The weak topology o(F, E¥)

Let E be a banach space and let f € E*. we denote by ¢ : E — R the linear functional p; = (f, x)
. As f runs through E* we obtian a collection (¢f)sep+ of maps from E into R. We now ignore

the usual topology on E (associated to ||||) and define a new topology on the set E as follow:

Definition 1.1. The weak topology o (E, E*) on E is the coarset topology associated to the collection

(90f>feE*~

Note that every map s is ¢ ontinuous for the usual topology and therefore the weak topology is

weaker the usual topology.
Proposition 1.1. . The weak topology o(E, E*) is Hausdorf

Proposition 1.2. When E is finite-dimensional, the weak topology o(E, E*) and the usual topology

are the same.In particular, a sequence (x,) converges weakly if and only if it converges strongly.

Theorem 1.1. Let C be a convex subset of E.Then C' is closed in the weak topology o(E, E*) if

and only if is closed in the strong topology.

Corollary 1.1. (Mazur).Assume (x,) converges weakly to x .Then there exists a sequence (y,)

made up of convex combinations of x, s that converges strongly to x.

Corollary 1.2. Assume that ¢ — (—00, 00| is convex and l.s.c in the strong topology . Then ¢ is

[.s.c in the weak topology o(E, E*).



Theorem 1.2. Let E and I be tow banach spaces and let T be a linear opertor from E into F
Assume that T is continuous in the strong topology . Then T is continuous from E weak o(E, E*)

into F' weak o(F, F*) and conversely.

Some consequences of Hahn-Banach Theorem. Let f be a continuous linear functional on a
subspace G of a normed space E. Then there is * € E* such that || f|| = ||2*| and f(z) = (z, 2*)
for all x € G.
Let E be a normed space and x € E,x # 0. Then there exists * € E* such that ||z*|| = 1 and
(2, 27) = ||

In particular, for every x € E we have

[zl = sup [(z,27)]
J?*EBE*

1.2 The weak™ Topology o(E*, F)

Definition 1.2. The weak*topology,o(E*, E), is the coarsest topology on E* associated to the
collection(py) e+ -

Since E C E** it is clear that the topology o(E*, E) is coarser than the topology o(E*, E**); i.e.,
the topology o(E*, E) has fewer open sets (resp.closed sets) than the topology o(E*, E**), which in

turn has fewer open sets (resp. closed sets) than the strong topology.
Proposition 1.3. The weak™ topology is Hausdorff.

Proposition 1.4. Let ¢ : E* — R be a linear functional that is continous for the weak™ topology.

Then there exists some xy € E such that :

o(f) = (f,z0) Vfe€E".
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Theorem 1.3. (Banach-Alaoglu-Bourbaki) The closed unit ball

Bp- ={f € E%|[/fl<1}.

is compact in the weak* topology o(E*, F).

1.3 Reflexive Spaces

Definition 1.3. Let E be a Banach space and let J : E — E** be the canonical injection from
E into E**, The space E is said to be reflexive if J is surjective, i,e.. J(E) = E**, When E is

reflexive, E** is usually identified with E.

Theorem 1.4. (Kakutani)Let E be a Banach space. Then E is reflexive if and only if

Bp = {o € B o< 1}.

is compact in the weak topology o(E, E*).

Lemma 1.1. (Goldstine)Let E be any Banach space Then J(Bg) is dense in Bg« with respect

to the topology o(E**, E*) ,and consequently J(E) is dense in E** in the topology o(E**, E*).

1.4 Linear operator ideals

Recall that a linear operator 7' € L(FE, F') is said to have finite rank if T'(F) is a finite dimensional

subspace of F'. The class of all finite rank linear operators between Banach spaces is denoted by



L¢(E, F). An operator has rank one if and only it has the form
TRy :r— (r,2%)y

ie. if u e Ly(E, F) we have
u = ij ® Yis
i=1
where (zf), C E* and (y;)!., C F (see [23, Page 25]).

Definition 1.4. An operator ideal T is a subclass of the class L of all continuous linear operators
between Banach spaces such that for all Banach spaces E and F its components T(E,F) =
L(E,F)NT satisfy:

(i) Z(E, F) is a linear subspace of L(E, F) which contains the finite rank operators.

(ii) The ideal property: if v € L(G,E), w € Z(E,F) and w € L(F, H), then the composition
wovou isin Z(G, H).

If ||.|l7 : Z — R satisfies:

(7)) (Z(E,F),||.|l7) s a normed (Banach) space for all Banach spaces E and F,
(ii’) |lidx ||z = 1,

(iii’) If v e L(G,E), u € Z(E, F) and w € L(F, H),
lwowoully < flwll{v]lg [lu],

then (Z,||.||z) is called a normed (Banach) operator ideal.

The operator ideal Z is said to be closed if each Z(FE, F') is a closed subspace of L(FE, F') for the

sup norm.



Definition 1.5. (injective operator ideal)
A normed operator ideal (Z, ||.||7) is said to be injective if for every metric injection i : F' — G

and every u € L(E, F) it follows from iowu € Z(E,G) that u € Z(E, F'). Moreover

lioully = llullz,

The ideal Ly of finite rank linear operators is the smallest operator ideal and £ the largest one

[23, Theorem 1.2.2].

1.4.1 Ideal of compact and weakly compact linear operators.

We say that a bounded linear operator 7' : £ — F' is compact (weakly compact) if T(Bg) is
relatively compact (respectively, relatively weakly compact)in F. By K(FE,F) and W(E, F) we
denote the sets of compact linear operators and weakly compact linear operators from F to F',
respectively.

Schauder theorem about the compactness of the adjoint of a compact linear operator between two

Banach spaces is well known. We will remind it as we need in the sequel of this thesis.
Theorem 1.5. Let T € L(E, F). Then T is compact if and only if T* is compact.

The weakly version is due to Gantmacher:
Theorem 1.6. Let T € L(E,F). Then T is weakly compact if and only if T* is weakly compact.

Proposition 1.5. ([27]) The classes IC, W consitute closed injective Banach operator ideals, where

the ideal norm is the operator norm.



1.5 Arens-Eells space
Definition 1.6. Let X be a metric space. A molecule on X is a scalar valued function m on

X with finite support that satisfies >, m(z) = 0. We denote by M(X) the linear space of all
zeX

molecules on X .

For z, 2’ € X the molecule m,, is defined by m,, = X{z} — X{a'}, Where x4 is the characteristic

function of the set A. For m € M(X) we can write

n
m = g )\jmsz;.
=1

for some suitable scalars \;, and we write

||m||M(X) = inf{z A d(xj,:E;), m= ZAjm%%} ’
j=1 J=1

where the infimum is taken over all representations of the molecule m. Denote by & (X,) the
completion of the normed space (M(X), ||.|| v (x)). This space was first introduced by Arens and
Eells [2] in 1956. The terminology Arens-Eells space £(X) is due to Weaver [25]. A different

notation was used in [13] by Godefroy and Kalton. It is the Lipschitz-free space denoted by F (X)

1. The map dx : X — A (X) defined by
dx(z) = myo

is an isometric embedding of X into A(X) (see [25, Theorem 2.2.4]).



2. The map Qx : X# — B (X)" defined by

Qx(f) = fu, where fr(m) =" f(z)m(z),

zeX

establish an isometric isomorphic between X# and AE(X)*. On bounded subsets of X7 its

weak * topology agrees with the topology of pointwise convergence (see [25, Theorem 2.2.2]).

The Banach space A (X) has some remarkable properties. We mention the following ones.

Theorem 1.7. ([25, Theorem 2.2.4 ])
Let X be a pointed metric space and E be a Banach space and let T : X — FE be a Lipschitz map
which preserves the base point; that is T'(0) = 0. Then there is a unique bounded linear map Ty, :

A(X) — E such that T = Tro dx that is, the diagram

commutes. Furthermore ||T|| = Lip(T)

The operator T7, is referred to as the linearization of T'. The correspondence

T<+— T}

establishes an isomorphism between the vector spaces Lipy(X, E) and L(0left(X, E).

Theorem 1.8. ([18, Lemma 3.1])
Let XY two pointed metric spaces and let T : X — Y be a Lipschitz map which preserves the

9



base point. Then there is a unique bounded linear map T :E(X) — H(Y) such that Téx = 6yT

that is, the diagram

x—7 1/
AX) L AY)

commutes. Furthermore

TH — Lip(T).

Sawashima [21] defined the Lipschitz adjoint (or dual) of T" € Lipy(X,Y’) as the continuous

linear operator

T#: Y# — X#
g +— T#(g)=goT
If Y = F is a Banach space, the restriction of 77 to E* is called the Lipschitz transpose map of

T and is denoted here by T%. The correspondence
T +— T

establishes an isomorphism between the vector spaces Lipy(X, F) and L((E*,w*), (X#, w*)), where

w* denote the weak* topology (see [17, Theorem 3.1]).

1.6 Lipschitz operator ideal

Following [17] a mapping T" € Lipy(X, FE) has Lipschitz finite dimensional rank if the linear hull

of the set {%,x,m’ e X,z #a } is a finite dimensional subspace of E. We denote by

Lipor(X, E) the set of all Lipschitz finite rank mappings from X to F.

Definition 1.7. [I] A Lipschitz operator ideal Iy, is a subclass of Lipy such that for every pointed

10



metric space X and every Banach space E the components

ILip<X7 E) = LZpU(X, E) ﬁILZ-p

satisfy:
(1) Irip(X, E) is a linear subspace of Lipy(X, E).
(ii) vg € Zripy(X, E) forv € E and g € X¥.
(111) The ideal property: if S € Lipo(Y,X), T € Ip1;,(X, E) andw € L(E, F), then the composition
wT'S is in Ly, (Y, F).

A Lipschitz operator ideal I, is a normed (Banach) Lipschitz operator ideal if there is
I-llz,.,  Zeip — [0, +o0[ that satisfies
(i’) For every pointed metric space X and every Banach space E, the pair (Zp;,(X, E), H'“Iup) is
a normed (Banach) space and Lip(T) < ||T||z,,, for all T € Try,(X, E).
(ii’) | 1dg : K — K, Idg(A) = All,, = 1.

(iii’) If S € Lipo(Y, X), T € Lp;,(X, E) and w € L(E, F), then

[wTSg,,, < Lip(S) [Tz,

jw|[

1.7 Composition ideal of Lipschitz mappings

Definition 1.8. [/] (Composition Ideals) Given an operator ideal T, a Lipschitz mapping T €
Lipo(X, E) belongs to the composition Lipschitz operator ideal ZoLipy, denoted T' € ZoLipy(X, E),
if there are a Banach space F, a Lipschitz operator S € Lipy(X, F) and an operator u € Z(F, E)

such that T'=wo S. If (Z,||.|lz) is a normed operator ideal we write ||T'||z,,,, = inf||ull; Lip(S),

11



where the infimum is taken over all u,S as above.

Proposition 1.6. [/] Let T be an operator ideal. The following are equivalent for T € Lipy(X, E):
(1) T € ToLipy(X, E).
(2) T, € Z(A(X), E).

If (Z,|I.ll7) s a normed operator ideal, then

||T||I0Lip0 = ||TLHZ

Proof. (1) = (2) Assume that T" € ZoLipy(X, E). Then there is a Banach space F', a Lipschitz
operator S € Lipo(X, F') and an operator u € Z(F, E) such that T'=uo S. Since T, = uo Sy, the

ideal property ensures that Tj, € Z(E(X), E). If (Z,].||;) is normed then,

ITellz = llwe Sclly < lullz [[1Scll = [lully Lip(S).

Taking the infimum over all such factorizations we obtain || 1|, < |7l Lipy-
(2) = (1) Consider the factorization of T' given by 7" = T}, o dx. Since dx is Lipschitz and

T, € Z(E(X), E) then T' € ZoLipy(X, E) and, if (Z, ||.||;) is normed we have

||T||I0Lip0 = [T O(SXHIOLZ'])O < || Tillz Lip(ox) = [Tz -

12



1.8 Lipschitz compact and weakly compact operators

Following [17] a Lipschitz map T € Lipo(X, E) is Lipschitz compact (Lipschitz weakly compact) if

the set

{%,x,f € X x ;éx’}

is relatively compact (respectively, relatively weakly compact) in E. Denote by Lipgc(X, E) and
Lipow (X, E) the sets of Lipschitz compact operators and Lipschitz weakly compact operators from
X to E, respectively. In [17], the relationship between the compactness (weakly compactness) of
a Lipschitz operator T' € Lipy(X, E) and the compactness (respectively, weakly compactness) of

its linearization Ty, € L(&(X), F) has been established:

Proposition 1.7. [17, Proposition 2.4] Let T' € Lipo(X, E). The following statements are equiv-
alent:
(1) T is compact Lipschitz.

(2) Ty, is compact from A(X) to E.

The Lipschitz versions of Schauder’s theorem (respectively, Gantmacher’s theorem) on the
compactness (respectively, weak compactness) of the adjoint of a compact (respectively, weakly
compact) linear operators are also studied in terms of the Lipschitz transpose map of a Lipschitz

operator [17].

Proposition 1.8. [17, Proposition 3.4](Gantmacher’s theorem) Let T € Lipy(X, E). The follow-
ing statements are equivalent:

(1) T is weakly compact Lipschitz.

(2) T* is weakly compact from E* to X¥.

13



Proposition 1.9. [17, Proposition 3.5](Schauder’s theorem) Let T' € Lipy(X, E). The following

statements are equivalent:

(1) T is Lipschitz compact .

(2) Tt is compact from E* to X¥.

Proposition 1.10. [/] Let X be a pointed metric space and E be a Banach space. We have

1. Lipox(X, E) = K o Lipy(X, E) isometrically.

2. Lipow (X, E) =W o Lipy(X, E) isometrically.

14



CHAPTER 2

The approximation property of Banach

spaces

The approximation property of Banach spaces was introduced by Alexander Grothendieck [15] in

the fifties.

Definition 2.1 ([15]). a Banach space E is said to have the approximation property (AP) if for
every compact subset K of E and every € > 0 ,there exists a finite rank operator S on E such that
sup,ep 1S — z|| < e, briefly yidp € F(E,E) °, where idg is the identity map on E and 7. is the

topology of uniform convergence on compact subsets of E.

Proposition 2.1. E has the AP if and only if for every Banach space F every linear operator

T € K(F,E) can be approximated uniformly on bounded sets by finite rank operators.

Proposition 2.2. A Banach space E has the AP if and only if for every Banach space F and

every operator T € L(F, E), on has T € {ST : S € F(E,E)}".

Definition 2.2. Let 1 < \ < o0, a Banach space E is said to have the \-bounded approrimation
property (A — BAP) if for every compact subset K of E and every € > 0 ,there exists a finite rank

operator S on E with ||S|| < X such that sup,cp ||S: — x| < e.

Since K = (I, ||.||) is a Banach operators ideals. Oja in 2012 [22] introduced the following

natural version of the AP related to an arbitrary Banach operator ideal Z.

15



Definition 2.3. (Oja 2012 [22]) A Banach space E has the Z-approzimation property ( Z-AP) if,
for every Banach space F', F(F, E)”'IIZ =ZI(F,E).
Remark 2.1. Clearly that the IC-AP is precisely the AP

Given an operator ideal Z, Delgado and Pifieiro in [12] introduce the notion of approximation

property depending on the operator ideal Z by replacing the operator ideal £ by Z.

Definition 2.4. A Banach space E is said to have the approximation property with respect to the

operator ideal I (for short, APz ) if fo every Banach space F and every operator T' € Z(F, E), one

has T € {ST:S € F(E,E)}".

———7¢(T)

Proposition 2.3 ([12]). A Banach space E has the APy if and only if idxy € F(FE,E) where

7.(Z) is the topology of uniform convergence on Z-compact subsets of E.

2.1 Z-uniform approximation property of Banach spaces

The situation of replacing the norm || - ||z by the operator norm || - || in £ is considered by S.

Lassalle and P. Turco
Definition 2.5. Definition (S. Lassalle and P. Turco(2013) [20]) A Banach space E has the
Z-uniform approzimation property if, for every Banach space F', F(F, E)'Hlﬁ =ZI(F,E)

Note that, whenever the ideal of compact operators K is considered, the K-(uniform) approxi-

mation property is just the approximation property.

2.2 Kz-uniform approximation property

Recently new extensions of the approximation property for Banach spaces related to operator ideals
have been introduced. For example, when we replace compact sets by another class of sets with

16



some kind of compactness related to Z. The new class of sets is formed by Z-compact sets.This

notion was introduced by Carl and Stephani [7]

Definition 2.6. e A subset B of a Banach space E is relatively T -compact if there is a Banach
space G and an operator S € Z(G, E) such that B C S(M), where M is a compact subset of

G.

e A linear operator T' between Banach spaces E and F is called Z-compact if T(Bg) is a

relatively Z-compact subset of F.

e The operator ideal formed by all linear Z-compact operators is denoted by Kz .

The related approximation property for these sets has been studied by S. Lassalle and P. Turco

in 2013.

Definition 2.7. [20, S. Lassalle and P. Turco(2013)] A Banach space E has the Kz-uniform
approximation property if for every Banach space F, every I-compact operator from F' into E can

be uniformly approximated by finite rank operators.

S. Lassalle and P. Turco proved that

Proposition 2.4. [20, S. Lassalle and P. Turco(2013)] The identity Idg : E — E can be approz-
imated uniformly on relatively Z-compact sets by finite rank operators if, and only if, for every
Banach space F, every Z-compact operator from F into E can be uniformly approximated by finite

rank operators.

17



CHAPTER 3

The approximation property for

Lipschitz operator ideals

This chapter based on the article of D. Achour, P. Rueda, E.A. Sanchez-Pérez and R. Yahi [!]

Definition 3.1. Let X andY be pointed metric spaces, and Iy, = Lo Lipy a composition Lipschitz
operator ideal. A set K C X 1is relatively Z-Lipschitz compact if there is a pointed metric space Y
and a Lipschitz operator S Y — A(X) in Ly, such that 0x(K) C S(M), where M is a compact

subset of Y.

Definition 3.2. LetY and X be pointed metric spaces. We say that a Lipschitz operator ¢ : Y — X

is Z-Lipschitz compact if $(By) = ¢({x € Y : d(x,0) < 1}) is relatively Z-Lipschitz compact.

Remark 3.1. Note that, if E is a Banach space then, a Lipschitz operator T : X — FE is -
Lipschitz compact if T({x € X : d(z,0) < 1}) is a relatively Z-Lipschitz compact subset of E. We
denote by KX(X, E) the class of all Z-Lipschitz compact operators from X to E, considered as a

topological subspace of the Lipschitz operators

Taking into account that the Lipschitz image of a relatively Z-Lipschitz compact set is again

relatively Z-Lipschitz compact, we obtain the following fact:

Proposition 3.1. Let T : X — Y is Z-Lipschitz compact and R € Lipy(Y, Z), then RoT : X — Z

1s also L-Lipschitz compact.
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Proposition 3.2. Let X be a pointed metric space and let A C X. Then A is relatively Z-Lipschitz
compact if, and only if, dx(A) is relatively Z-compact. Moreover, if E is a Banach space, every

relatively L-Lipschitz compact subset of E is relatively Z-compact.

Proof. Assume that A is relatively Z-Lipschitz compact. There is a pointed metric space Y, M C Y
compact and S € Zpr;,(Y, (X)) such that dx(A) C S(M). Since we can write S = Sp, o §y with
S e Z((Y), (X)), and dy (M) is compact, we conclude that dx(A) is a relatively Z-compact set.

Now assume that dx (A) is relatively Z-compact. Let Z be a Banach space, K a compact subset
of Z and T € Z(Z, (X)) such that dx(A) C T'(K). This implies that T" € Z;,(Z, (X)), which now
does give the result.

Finally, assume that X is a Banach space E. Let us see that every relatively Z-Lipschitz
compact subset of F is relatively Z-compact. Take a relatively Z-Lipschitz compact subset K of
E. This means that there is a Lipschitz map S : Y — A(F) in Zy;, from a pointed metric space
Y and a compact subset M C Y such that dg(K) C S(M). We have the canonical factorization
for S given by S, o dy, and since Zp;, is a composition Lipschitz ideal, we have that S belongs
to the linear ideal Z. Then the compact subset M; := dy (M) of (V) satisfies that there is a linear
operator St in Z such that dg(K) C Sp(M;). Consider (Idg)r : (E) — E. Then we have that
K = (Idg)(0g(K)) C (Idg) o Sp(My), where (Idg) o Sy, is a linear map in Z, and so K is a

relatively Z-compact subset of F.

From Proposition 3.2, we obtain the next

Corollary 3.1. A linear map T : F' — E between Banach spaces is I-Lipschitz compact if, and

only if, it is linear Z-compact.

In what follows we will show more concrete information about the relation between the linear
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and the Lipschitz Z-compactness for operators. We start with a lemma that is already known.
The linearization Sg : £(E) — E of the identity map in E is known as the barycentric map, and
it is in fact a quotient map (see for example [?, p.25] and [I3, Lemma 2.4], where this map is
denoted by ). This gives a proof of the lemma; however, we write a direct proof for the aim of

completeness.

Lemma 3.1. Let E be a Banach space and let fg : A(E) — E be the linearization of the identity

map Id¥ : E — E. Then, Bp(Byr)) = Be.

Proof. Since Bpodg(x) = Id¥(z) = x and dg(Bg) C Ba(p), the inclusion Bg C SBp(B(p)) is trivial.
Let us prove the other inclusion. It is enough to prove that Sgp(Bar)) = Be. Assume that there
is m € Bg) such that Br(m) does not belong to Br. The Hahn-Banach theorem gives a linear
functional ¢ € E* of norm ||¢|| = 1 such that |¢(Bg(m))| > 1. Write f := ¢ o g € M(E)*
and take a real number a so that 1 < a < |f(m)|. Let ¢ > 0. Consider a representation of m,

m =) i AiMa, xS0 that Y0 (N[ — 2j]| < 1+ e Then,

a < |f(m \—|ZAI¢6E5E<%)—6E |—|¢ZA D <1+te
Letting € — 0, we get a contradiction. [
The map (6 oT') appearing in (iii) of the next result is already known (see [13, Lemma 2.2]):

it is the unique linear map 7 : B(F) — E(E) such that T o dp = 0o T.

Proposition 3.3. Let F' and E be Banach spaces, and Lr;, = 1 o Lipy a composition Lipschitz

operator ideal. Consider a Lipschitz map T : FF — FE.

(i) If T is linear and Z-Lipschitz compact, then Ty, : A(F) — E is (linear) Z-compact.
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(i) If op o Ty, : A(F) — A(FE) sends the unit ball to a relatively T-compact set, then T is

I-Lipschitz compact.
(iii) If (0poT)y : B(F) — H(E) is (linear) Z-compact, then T is I-Lipschitz compact.

(iv) If T is linear, then T is I-Lipschitz compact if, and only if, Ty, : A(F) — E is (linear)

Z-compact.

Proof. (i) Assume that T is linear and Z-Lipschitz compact. By definition, T'(BF) is relatively
Lipschitz Z-compact. By Proposition 3.2, T'(Bp) is relatively Z-compact. Note that since T is

linear so is T o g : B(F) — E (where [f is the barycentric map defined above), and

(Tofr)odp=To(frodr)=T.

But 77, is by definition the unique linear map A(F) — E such that T'= T}, 0 0, so we obtain that

Ty, =T o Br. Now, using Lemma 3.1,

TL(B/E(F)) =To ﬁF(BE(F)) = T(BF),

so (B ( F)) is a relatively Z-compact set and thus 77, is linear Z-compact.

(ii) This is an immediate consequence of Proposition 3.2. By hypothesis we have that Jg o
T1(Bmry) is relatively Z-compact. By Proposition 3.2, we have that T7,(Bgr)) is a relatively Z-
Lipschitz compact set. Since ép(Br) C By and T = Ty, o 0p, it follows that T'(Bp) is relatively
Z-Lipschitz compact and thus T is Z-Lipschitz compact.

(iii) If (6 o T')r is Z-compact, then (6g o T')r(Bg(r)) is relatively Z-compact. Since (0g o
T)(Br) = ((0g o T)L) 0 0r)(Br) C (0g o T)r(Bm(r)) it follows that (65 o T')(Bp) is relatively
Z-compact and thus by Proposition 3.2 we conclude that T'(Bp) is relatively Z-Lipschitz compact.
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(iv) We only need to prove (<=), since (i) gives the other implication.
Suppose that T}, is Z-compact. Then T, (B ( F)) is relatively Z-compact and thus it is relatively

Z-Lipschitz compact by Proposition 3.2. Since 0r(Br) C Bgr),

T(BF) = (TL o 5F)(BF) C TL(B[E(F));

so T'(Bp) is relatively Z-Lipschitz compact, and thus 7" is Z-Lipschitz compact.

]

Proposition 3.3 gives that for linear operators, being (Lipschitz) compact and being £-Lipschitz

compact coincide. The first three statements of the following result have been proved in |

Y

Proposition 2.1].

Corollary 3.2. Let F' and E be Banach spaces and consider a linear operator T : F' — E. The

following assertions are equivalent.
(i) T is compact.
(ii) Ty, : £(F) — E is compact.
(iii) T is Lipschitz compact as a Lipschitz map.

(iv) T is L-Lipschitz compact as a Lipschitz map.

3.1 The Z-approximation property for Lipschitz operators.

Consider a linear operator ideal Z and let Z;, = Z o Lip, be the associated composition Lipschitz

operator ideal. On Lipy(X, E), we define the topology Lipschitz-t7 of uniform convergence on Z-
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Lipschitz compact sets in the space of operators Lipy(X, E) as the one generated by the seminorms

qx(T) :==sup |T(z)[| = sup |[[To(m)|k,
zeK medy (K)

where K is a relatively Z-Lipschitz compact set of X.
Note that this topology induces on the space L(F,FE), of linear operators between Banach

spaces I and F, the topology 77 of uniform convergence on Z-compact sets.

Definition 3.3. Let X be a pointed metric space. Consider a class of operators O(X, £(X)) C
Lipo(X, (X)) with the operations inherited from this linear space. We say that X has the Z-
Lipschitz approximation property with respect to O(X, £(X)) if ox : X — A(X) belongs to the

Lipschitz-tr-closure of O(X, £(X)).

Of course, when looking for a genuine version of the approximation property for metric spaces,
the elements of O must have some sort of finite-range-type property. In fact, the case O = Lipyr
provides the main classical characterization of an approximation type property, as we will show in
what follows. There are also two more interesting cases of sets of operators O that will be analyzed
in the next section.

The first result is a natural extension of Proposition 3.6 of [21] for the Lipschitz case that can

be obtained as a consequence of the factorization of the Lipschitz operators through A(X).

Proposition 3.4. Let X be a pointed metric space. The following assertions are equivalent.
(i) X has the Z-Lipschitz approximation property with respect to Lipor(X, A(X)).
(ii) For every Banach space E, Lipor(X, F) is Lipschitz-rr dense in Lipy(X, E).

Proof. (i) = (ii). Consider a Banach space E and ¢ € Lipy(X, E). Take ¢ > 0 and an Z-Lipschitz
compact subset K of X. Let g. € Lipo(X, A(X)) satisfying that sup,cx [|0x(x) — g=(2) || mx) < €.
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Since there is a factorization for ¢ given by ¢ = ¢, o dx, for each x € K we get that

lo(x) = ¢r 0 ge(@)]| < [|oLl[[0x(2) = g=()[| m(x) < € Lip(¢)-

This gives the proof. (ii) = (i) is obvious.

]

The second main property related to the approximation property concerns the approximation
of compact operators by finite rank ones. Let us show the Lipschitz version. If A is a subset of a

Banach space E then ¢o(A) denotes the closed convex hull of A.

Proposition 3.5. Let X be a pointed metric space and Z be an operator ideal. If X has the
Lipschitz T-approximation property with respect to Lipor(X, £(X)) then, for any pointed metric
space Z and any Z-Lipschitz compact mapping ¢ : Z — X, the mapping dx o ¢ can be approximated

by finite rank operators of Lipor(Z, £X)) uniformly on By.

Proof. Assume that ¢ is Lipschitz Z-compact. There is a relatively Z-Lipschitz compact subset K
of X such that ¢(Bz) C K. Fix n € N. Then by the approximation property of X there is a finite

rank Lipschitz map g,, such that sup,cx ||0x(2) — gn(2)[/(x) < 1/n. Consequently,

1
sup [[6x 0 #(2) — gn © ¢(2)||lmx) < sup |0x(7) — gn(2)||BC0) < =
z€By rzeK n

This gives a sequence (g, o ¢),, of finite rank Lipschitz maps converging to dx o ¢ uniformly on By,

and the result follows.
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3.2 The relation between Lipschitz and linear approxima-

tion properties.

The purpose of this section is to show that the new concepts and results we have stated for the
Lipschitz setting fit with the definitions and properties of the Kz-uniform approximation property.
To establish the connection, we consider the Z-Lipschitz approximation property with respect to
the sets O (E, £(F)) = 0 o Lipor(E, E) and Oy(X, B(X)) = Lipor(HE(X), E(X)) o dx. We will
show that the choice of Oy or O, depends on which version of the two canonical cases we want to
get: either when X is a Banach space and has the approximation property or when A (X) has the
approximation property.

Our first aim now is to prove that the Z-Lipschitz approximation property is weaker than the
Kz-uniform approximation property when they can be compared, that is, if a Banach space E
has the Kz-uniform approximation property, then it has the Z-Lipschitz approximation property
with respect to the set dp o Lipor(E, F) too. This clearly provides a lot of examples of our new

approximation property for pointed metric spaces.

Proposition 3.6. Let Z be an operator ideal. Let E be a Banach space with the Kz-uniform
approximation property. Then it has the Z-Lipschitz approximation property as a metric space

with respect to the set 0p o Lipyr(E, E).

Proof. Suppose that E has the Kz-uniform approximation property. Then there is a sequence
of finite rank operators (T,), that converges to Idg in the 77 topology. Let us show that the
sequence (T},), of Lipschitz maps defined as Tj,(z) = dp(T,(x)) € BE(E), x € E, converges to 0

in the Lipschitz-77 topology. For a fixed relatively Z-Lipschitz compact subset K of E, consider
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the seminorm

gk (R) :==sup |R(2)|| mm), R € Lipo(E, E(E)).

zeK

Recall that, by Proposition 3.2, every relatively Z-Lipschitz compact subset of E' is relatively
Z-compact. Thus, K is also a relatively Z-compact subset of E/, and then this formula defines also

a seminorm of the topology 77. We get

ax(0p —T,) = sup 1m0 — 0p(Th (@)l 2
re

= sup Hmm,O - an(:v),OHEE(E) < sup ||l’ - Tn($)||E
rzeK reK

This proves the result. O

Some results are known about the standard approximation property for the free spaces A (X)
(see [, 9, 14] and the references therein). In this direction, we can also show that under the
hypothesis that A(X) has the Kz-uniform approximation property, we have that X has the Z-
Lipschitz approximation property too with respect to a finite-range-type class of operators, showing
that our definition can also be applied in these cases. Recall that F(E, F) denotes the space of all

finite rank operators on the Banach space F.

Proposition 3.7. Let I be an operator ideal and consider the associated composition Lipschitz
operator ideal Iy, = L o Lipy. Let X be a pointed metric space. If A(X) has the Kz-uniform
approximation property, then X has the Z-Lipschitz approximation property with respect to the
class F(A(X), A(X)) o dx.

Proof. Suppose that (X) has the Kz-uniform approximation property as a Banach space. Fix a
relatively Z-Lipschitz compact subset K of X. By Proposition 3.2 dx(K) is a relatively Z-compact
set.
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By [20, Proposition 3.2], there is a sequence of linear finite rank operators 7,, : £(X) — £(X)
such that T, converges to Idgx) uniformly on §x (/). Consider the finite rank Lipschitz maps

T, =T, o dx, that define Lipschitz operators from X to A(X). It follows that

sup [|6x () — T (2))|| sy = sup ||0x (x) — Ty, 0 x ()| m(x)
xeK rxeK

= sup |Jw—Th(w)|zx)
’wG(Sx(K)

and this finishes the proof. O
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