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Abstract. In this paper, we consider a system modelling an axially moving vis-
coelastic string subject to an unknown boundary disturbance. It is controlled by a
hydraulic touch-roll actuator at the right boundary which is capable of suppressing
the transverse vibrations that occur during the movement of the string. The mul-
tiplier method is employed to design a robust boundary control law to ensure the
reduction of the transvesre vibrations of the string.

Keywords: axially moving string, dynamic actuator, viscoelasticity, boundary control.

AMS Subject Classification: 35L20; 65N30; 74G25; 74G30; 93D15; 93D20.

1 Introduction

We consider an axially moving viscoelastic string subject to vibrations and
an unknown boundary disturbance. The string is moving in the direction of
its axis with a constant speed c. The left boundary is assumed fixed in the
sense that there is no vertical movement but it allows the string to move in the
horizontal direction. A controller mechanism (dynamic actuator) is attached
at the right boundary. The problem is modeled as a system composed of a
partial integro-differential equation describing the movement of the string and
an integro-ordinary differential equation describing the actuator dynamics. The
system may be written as

t

Pyt + 2pcyer + (p = Ts) Yoo + / h(t —s) (a(x)yx(S)) ds =0,
0 x

e (0,0), t>0, y(0,8)=0,t>0,

F(t) = :nytt(lv t) 4 (nm — pc) ye(1, 1) + (Ts — pc?)yz (1, 1)

—a(l)/o h(t — s)yz(l,s)ds + d(t), t >0,
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where y(z,t) is the transversal displacement of the string at the position « and
at time ¢; y(I,t) indicates the position actuator, where [ is the length of the
controlled part of the string; p > 0 denotes the mass per unit length; m and 7,
denote the mass and the damping coefficient of the actuator, respectively; F.(t)
is a control force applied by the dynamic actuator to suppress the transverse
vibrations; d(t) denotes the unknown disturbance force exerted on the actuator
due to the transverse vibration of the string; T is a constant axial tension of
the string.

The convolution term, also called viscoelastic damping term, in the equation
(1.1), describes the relationship between the stress and the history of the strain
in the string, according to Boltzmann theory. The function h represents the
kernel of the memory term or the relaxation function. For more details about
the physical meaning, see [6,7,10]. Because the string travels at constant speed
¢, the total derivative operator with respect to time is defined by

d 0 0

- == —. 1.2

dt Ot te ox (12)
The system (1.1), without viscoelastic term, can be derived using the general-
ized Hamilton’s principle (see [33]). In case the string is made of a viscoelastic
material, we recall the equation of linear viscoelasticity in one dimensional
space (see [8,9])
d d t

0 T

which is derived from the constitutive relationship between the stress and the
strain

o(t) = Be(t) — E/O h(t — s)e(s)ds

withe(x,t) = y(x,t), where o and € are respectively, the stress and the strain
and E is Young’s modulus (see [26] for more details). Note, we consider here
the case where p, C are constants and H(x,t) = a(x)h(t), z € [0,1], t > 0. The
first term in (1.3) is evaluated using (1.2) as follows

d2
pay(x,t) =p (ytt(:c,t) + 2¢ype(, t) + czym(:p,t)) . (1.4)

Considering (1.4) in (1.3) and taking into account the previous considerations,
the Equation (1.3) takes the form of the main equation in (1.1). Note that the
right boundary condition in (1.1) is an ODE that describes the motion of the
hydraulic actuator in compliance with the transversal force at z =1 .

During the last decades, the interest for axially moving systems has in-
creased considerably. In fact many problems in engineering consist of axially
moving structures such as magnetic tapes, steel strips, band saws, chains, power
transmission chains and belts (see [1], [25]). An axially moving system may be
a string, a beam or a belt equation. An important issue in industry is how
to control the unwanted vibrations. These vibrations are the result of several
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factors, most notably: material non-uniformity, environmental disturbances,
high speed and the manufacturing process.

Several means have been discussed in order to reduce or to put an end to
these vibrations. Boundary control is one of the efficient ways adopted so far.
Many papers have been published in this regard. We cite here only few of
them. In the case of moving strings: one may consult [5,11,21,29]). In the case
of moving beams we refer the reader to [17,18,33] and in the case of moving
belts, we mention the work in [23]. The stabilization using boundary control
of viscoelastic type was also investigated in [15,16,19]. The authors obtained
an uniform decay result under some conditions on the relaxation function.

In particular, the authors in [12] considered a system describing an axi-
ally moving string and a mass-damper-spring (MDS) controller applied at the
right hand side boundary of the string. The governing equation and boundary
conditions are obtained by using Hamilton’s principle

pytt + QPnyt + (P02 - Ts)ymx + Cy (yt + ny) = 07 HAS (0, Z)7 t > 07
y(0,2) =0, £ >0, (1.5)
Fo=myg(l,t) + (dm — pe) ye (I, 1) + kmy(l,t) + (T — PCQ)ya:(L t),

where m, d,,, and k,,, denote the lump mass, the viscous damper coefficient and
the stiffness coefficient of the spring, respectively. The authors proved that
the system is exponentially stable by using the Cy semigroup theory under the
following feedback control law

fC(t) = 7ayt(l7t)a o> 07 t>0.

The authors in [33], considered a system describing an axially moving string
under a spatiotemporally varying tension. The system is divided into two parts:
a controlled span and an uncontrolled span. A hydraulic touch roll actuator is
placed in the middle of the string. The governing equation and the boundary
conditions are obtained by using Hamilton’s principle

Pyt + 2pCYzt + PCYrw — (Ts(l'v t)yz) + ¢y (e + cye) = 0,
z € (0,0), t >0, y(0,t)=0,1t>0, (1.6)

Fult) = myun(1,8) + (1 = p)e(1,8) + (L1, 8) = p? )y (1, ),

where ¢, denotes the damping coefficient in the string. The authors proved the
asymptotic stability of the closed loop system under the robust boundary con-
trol scheme by using the semigroup theory provided that the lower bound of the
tension T (z,t) is sufficiently bigger than the derivatives of tension (TS (z, t))t
and (Ts(z,t)),.

Our goal throughout this work is to achieve the stability of the problem
(1.1) under an appropriate boundary controller. We shall rely on the damping
property enjoyed by viscoelastic materials rather than the frictional damping
used in (1.5) and (1.6). Viscoelastic materials are present in many fields of
engineering. They provide an efficient mechanism of dissipation of mechanical

Math. Model. Anal., 22(6):763-784, 2017.
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vibrations into heat. Consequently, they are capable of reducing vibrations and
hence improving the lifespan of the structures.

In this work, unlike most of the published articles in viscoelasticity where
the relaxation functions were assumed to be strictly decreasing and with a cer-
tain rate, see for example [2,27], we consider relaxation functions that may have
null derivatives on some subsets of (0, 00), this kind of kernels was investigated
in ( [30]- [32]) and [27].

The situation here is different from the ones in these papers and many
others where the structures were not moving. Indeed, the new feature here is
the treatment of a string which is moving (in addition to vibrating). Unlike
the situations where the strings are motionless, in our case here, the spatial
variable x varies with time. This will affect the derivative of the energy and
gives rise to new boundary terms whose handling is often challenging.

The rest of this paper is organized as follows: in the next section, we prepare
some material needed in the proof of our result, like some lemmas (Poincaré’s
inequality, Young’s inequality) and some useful notation. We introduce the
different functionals by which we modify the classical energy to get an equiv-
alent useful one. We also determine the control force F,(t) that will act on
the right endpoint of the string. In section 3, we start by introducing some
further notation which will be used repeatedly in the proof and formulating
the assumptions on the relaxation function, then we provide the proof of our
result which relies on the multiplier method.

2 Preliminaries

In this section, we introduce the following mathematical preliminaries: some
definitions and notation, useful technical lemmas which will be widely used
throughout this paper. For every measurable set A C R,, we define for all
t>0
h(A) = 1 / h(s)ds,
kJa

where k = [ h(s)ds and A; = AN [0,t]. The flatness set and the the flatness
rate of h are defined by

Fn={s€Ry:h(s)>0and I'(s) =0}, Rp=h(Fn), (2.1)
respectively. We also define
Fp={seR,:0<s<t, h(t—s)>0and h'(t —s) = 0}.

For the function a(z) and for the relaxation function h(t), we formulate the
following assumptions

(A1) h(t) >0 for all t > 0 and A/(t) < 0 for almost all ¢ > 0.
(A2) a:[0,l]] — R4 is a nonnegative bounded function and a(z) > ag > 0

on [0,!] with

T, — pc* — ||a||oo/ h(s)ds =: Ts — pc* — ||a|| ., k > 0.
0
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(A3) There exists A > 0 such that / h(s)eMds < oo.
0

(A4) The disturbance function d(t) is uniformly bounded, i.e., |d(t)| < pq,
where g is an unknown positive constant.

t.
Let t. > 0 be a number such that / h(s)ds = h, > 0. For simplicity,

0
we consider kernels continuous everywhere and continuously differentiable a.e.
Throughout this paper, we denote by o the operator, defined by

(how) (z,t) = /0 h(t — s)a(x)|v(z,t) — v(z, s)}st, v(z,.) € L*(0,00), t >0

and by ||.|| the L?-norm.
Ezample 1. Let h(t) a non-increasing kernel defined by

e %, 0<t<a,
h(t)=< C=e, a3 <t<ay,
e_éalt/a27 t Z az,

with
0<a; <1, 5>1/(1—CL1), 0<a1<a2§5a1/(1+(5a1), fh:[al,ag].

A simple computation shows that h(t) satisfies the hypotheses (A1)—(A2)
and satisfy the hypothesis (A3) for \ < da;/as.

In the sequel, we give some lemmas which will be useful in the proof of our
result.

Lemma 1. (See [13]) Let ®(z,t) € C (Ry; H'(0,1)) satisfying the boundary
condition
@(0,t) =0,Vt € [0,00),

then the following inequalities hold

B?(z,t) < 1||®,]1>, Vt €[0,00), Yz € [0,1],
9] < 12 @))%, vt € [0,00).

Lemma 2. (Young’s inequality) Let f € LP(R) and g € LY(R) with 1 < p,q <
00 and%:%Jr%. Then fx g€ L"(R) and

I1f * gl
Lemma 3. (See [32]) We have for g € C(0,00) and v € C ((0,00);L?(0,1))

/0 afa)olt) /0 gt — s)ols)dsds = 1 < /0 " 4(6) ds) |va@
" ;/Otg(t5> [Valw)u(s)

Math. Model. Anal., 22(6):763-784, 2017.

< || fllzellgllza-

2 1 [t
dsff/(gov)dx, t>0.
0
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Lemma 4. ( [31]) Suppose that g is a nonnegative function such that e\ g(t) €
LY(0,00) for some A > 0. Then, for any € > 0, there exists 0 < o < X such that

t oo
/ g(s)e*7%ds < (1 + e)/ g(s)ds, t > 0.
0 0

The following inequality will be used repeatedly throughout this paper.
Lemma 5. (Cauchy inequality, see [13]) For a, b € R, the following inequality

holds
2

b
b<da®+—, 6 >0.
a_a+46, >0

In order to state the existence result of the system (1.1). Let we consider the
usual Hilbert space L?(0,1) with the inner product (.,.) and the inner product
induced norm ||.||. We also define

V= {v e H(0,1), v(0) = 0},

equipped with norm of H(0,1).

Theorem 1. Let (yo, y1) € (V N H?(0, l)) x V and let T > 0, then there exists
a unique global solution to problem (1.1) such that

y € L® ([O,T)7 VﬂHQ(O,Z)), ye € L°°([07T), V), = L2<[07T), L2(0,1)>.
Moreover, we havey € C’([O,T)7 V), Yy € C’([O,T)7 LQ(O,Z)).

Proof. The proof is based on the Galerkin approximation method. For this,
we refer the reader to [3,4,14]. O

3 Control design and asymptotic behavior

In this section, we state and prove our main result. We first modify the classical
energy of the system (1.1) as follows

B = Sl + 5 (0= ) Inal? — 5 ([ pis1is) [Vaoue

2

1 [t m 1 5
- — — >
+2/0 (hoyy)dx + 5 (yt(l) Jrcyr(l)) + 2’}’de7 t>0,

2

where v4 > 0, fig = fiq — g and f[ig is the adaptive estimate of pg which will
be specified in the sequel. Therefore,

d “da 1d Y
ﬁE(t) =/, aE(m,t)da: toy [m(yt(l) + cyw(l)) + %ud} (3.1)
L7o 1d 1,
- /0 (atE(m,t) + caE(x,t)> ot 5 g (@) + o))+ i
Lo ~ Io1d 2 1,
= /0 aE(w,t)dm + cE(x,t)’O + Sd [m(yt(l) + cym(l)) + %Md}, t>0,
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where

Ble.t) = 2y(et) + (Ts ~ e —alo) [ h(s)ds) P(et) 4 1 (hows) (2.1

for x € [0,1] and ¢t > 0. That is, the rate of change (of mass) is equal to the
sum of the rate of the accumulation of mass and the net rate of flow across
the surface (here boundary) (see [20,28]). Back to (3.1), the total derivative of
E(t) is equal to

%E@) = P/l yeyudz + (Ts — pe )/Ol veords
- (/()th(s)d‘s)/o a(2) Yz Yarde — %h(t) Hmyac 2

+% /Ol (B oyy)dr + /Ol Yat /Ot h(t —s) (yI(t) — yw(s))dsdac

d
—fig, t>0.
dtlud, =

(3.2)

- ! 1 _
+ cE(;mt)‘O +m (Y + cye) (1) (Yee + cyae) (1) + %“d

In view of the definition of E(x,t) and taking into account the boundary con-
ditions in (1.1), we see that for ¢ > 0

Bwo|, < 50+ (70— a) [ he)as) 200+ 5 o) )
< B0+ 5 (1= pe) 20— ) [ (e = 5)uel0,)ds
+@ th(t—s)yi(l,s)ds (3.3)

0

Substituting vy and y4 (1) from Equation(1.1) into Equation(3.2), taking into
account the relation (3.3) and integrating by parts we find

c l
GEO < =530 = 500) |[Va@iw | +5 [ 00w da
—g(Ts—ch)yiuwc“?(” | e = 20 9ds o +-enn) D[P0
= (= p) (D) + (D) = (O] + i 12 0. (3.4

Now, the robust control law for the right boundary control force Fi(t) is then
proposed as follows

Fe(t) = (mm = pe) 41 (1) — meye (1) + Fa(t), ¢ = 0. (3.5)

The extra term Fy(t) is considered as a new input signal determined as based
on robust control strategy (see [34]) and is given by

-2
Fut) = —m)“;((f))my(w, (3.6)

Math. Model. Anal., 22(6):763-784, 2017.
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where 4 > 0 and 7 is a function that will be determined later. The adaptation
law fig is proposed as

4 falt) = ~daa(t) + 2 l5D], 30> 0. (3.7)

Remark 1. The measurement of the velocity ¢, slope y, and slope rate ¢
at the endpoint x = [ are required to implement the boundary force control
law (3.5). By using an encoder (or photodiode) on the actuator and two laser
sensors, the actuator displacement y(I) and the slope y.(I) can be measured,
respectively (see [22]). Then, the velocity y:(l) and the slope rate y.:(l) can
be implemented by backward differentiation of signals that measures y(l) and
¥z (1), respectively.

Considering the expression (3.5), (3.4) turns into

1

GEO < =30 = 5h0 [Valiu | + 5 [ 0o

5 )2+ G [hie - dsds 6
o) () (Falt) = () + ——Fa .

Next, we define the functionals
1
@)= p [ s+ myOon + o)D), 20,
0
l t
@a(t) ==p [ we [ bt~ 5)(y(t) - y())dsda
0 0
t
— s+ pa) D) [ (e = 5)(y(t.t) - y(t.5))ds, =0,
0
The modified functional we will utilize is
2
L(t) = E(t) + Y_ Ni®i(t), t >0,
i=1

for some \; > 0, i = 1,2 to be determined. The first result shows that L(t)
and E(t) are equivalent.

Proposition 1. We have for each t > 0 and small A\; >0, i=1,2

%E(t) < L(t) < 2E(1).

Proof. Using Lemma 5 and Lemma 1, we have

m 2
() < 5 (hll+ 1007) + 5 2 @+ (so+s) )]
14 2 l 2 m 2
< P L m > 0.
< Ll + 5ot m) el + 5 (v + ew) (0, 120
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Similarly, we get

p 9 ki ! m 2
Po(t) < 5 lyell” + 2a (pl—l—m)/o (hoy,)dr + 5 (yt () + cyz (l)) ,t>0

Therefore

L{t) <

l\ﬂb

(14 A1+ o) [lyel® + [(TS — pc?) +)\1l(pl+m)} a2
_ % (/O h(s)ds) H\/@yx ! {H )\gkl( Hm)] /Ol I

2
+%(1+/\1+)\2)<yt+0ya¢> (), t>0.

On the other hand for ¢ > 0

2B(1) = L(t) > £ =M = 2o) el
43— o) =l k= Nl + )] e
l m 2
el ] [ oenar e o (s an) 0

If we choose A\ < min{l, [(TS —pc?) — Ha||ook}/[l(pl + m)}} and Ay <
min{l {f—(l) (pl + m)} ,1— )\1}, then 2E(t) — L(t) > 0, ¢ > 0. Similar compu-
tations and same arguments yield L(t) — E(t) > 0,¢ > 0. O

Theorem 2. Assume that the hypotheses (A1)—(A4) hold. If Ry is small

enough, then there exist positive constants C, v and sufficiently small € such
that

E(t)<Ce M +e t>0.

In case where the disturbance function d(t) = 0, then there exist positive con-
stants K and 7 such that

E{t)< Ke ™ t>0.

Proof. The total derivative of @(t) is given by (note here again that we are
taking into account the axial motion of the string)

%@() _ /Ol %al(x,t)dwrm%[y(l)(yt+cyx)(l)] (3.9)
= [ (2860)dr s citen] +mk ot v ) o0
where

D1 (2,1) = py(, t)ye(x, 1), = € (0,1, t >0.

Math. Model. Anal., 22(6):763-784, 2017.
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This definition together with the boundary condition in (1.1) gives

— !
Buw. )|, = pyOui), ¢ 0. (3.10)
Using (1.1) together with (3.9) and (3.10), we entail

d l
521 =p llyel® — /O Y [2pcyer + (0% = T) Yuo| da

= [ [ 109 (0we6)) s 4 v 0 ~ (0 p )

— (T — pc*)y=(1)] + y(l)[ (1)/0 h(t — )y (1, s)ds + meyq (1) — d(t)
+mye (1) (ye + cyz) (1) + pey(Dye(1), t > 0. (3.11)

Next, taking into account the boundary conditions in (1.1) and the expression
(3.5), the identity (3.11) becomes

1
GO0 = ol = (7= o) ol + 200 [ e
/ yz/ (t — s)a(x)y.(s)dsdx (3.12)
1) (Fa(t) — d(t)) — pey(D)ye (1) + mys(ye + cyz)(1), t > 0.

The third term in the right hand side of (3.12) is estimated as follows

l
C
2pc / wpede < 5 [l + Bpellysl”. B> 0020, (313)
0

The application of Lemma 5 and Lemma 1 to the last two terms in (3.12), leads
to

= peyOy(D) < upel ys > + {970, 61> 0, 120, (3.14)
1
mye(D) (g1 + ey) () Sm (14 gp(0) + 20 620 (3.5)

4

Making use of the estimates (3.13)—(3.15) in (3.12) and applying Lemma 3, we
obtain

G010 < (L4 )l = [ = pe? = 5 el = 8o~ dupel] ]
+;/ t—sHFyx H ds—f/ hoyz)dw+7yz(1)

+ [0+ L]0 + 90 (Falt) —d(t) ¢ > 0. (3.16)

For @5(t), we have

t

/ 9,1 jt[m(yt—kcym)(l) /0 (=) ((0.1) — o0, )) ds].
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or

l

ZPa(t) = /Ol (i@(aa,t)) dx + c?é;(x,t)‘o
_ %[m(yt + ey (1) /Ot ht =) (y(L,t) = y(l,5) ) ds] (3.17)

where

@(x,t) = —py(z,t) /Ot h(t —s) (y(x,t) —y(z, s))ds, t>0.

In view of the boundary conditions in (1.1), we see that

t

Zp;(x,t)‘; - —pyt(l)/ h(t — s) (y(l,t) —y(l, s))ds, t>0. (3.18)

0

The relation (3.17), together with (3.18), implies
7@2 - —p/ ytt/ (t — ) y(s))dsdz
p/ol [/ Wit - 5) (ult) - <>)ds+(/0th<s>ds> y} da

_ m(ytt + Cy:ct> (1) /Ot h(t — s) (y(l, t) —y(l, s))ds

t t
—m(yteys ) (1 /h’t—s y(l,t) —y(l,s ds—l—/hsdsyl
(vrteva) O] [ 1(=9) (u006) = wt.9) ) dst ([ h)ds )l
t
—pcyt(l)/ (e — ) (u(1.0) — y(0.5))ds. £ > 0. (3.19)
0
Substituting y: and (1) from Equation(1.1) into Equation (3.19), integrating

by parts and taking into account the boundary conditions and the expression
(3.5), it results that

Gt = | (2 - ¢ - al) / h(5)ds) g / () (1) (5)) ds

o[ o] et i)l o

_ (p/lo'h(st)ds) e * —2pc/0 yt/o h(t—s)(%(t) _yi(s))dsdm
_p/Ot yt/o W (= s)(y(t) = y(s) ) dsda _tm(yt b))

x [ | =) (.0 = uit.5))as+ ( / h(s>d8> ytm]

t

+ (pey (1) — Fy(t) +d(t)) /0 h(t—s) (y(l,t)fy(l, s))ds, t>0. (3.20)

Math. Model. Anal., 22(6):763-784, 2017.
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For all measurable sets A and F such that A =R, \F, we have

l t
/ny/O h(t — 5) (y2(t) — ya(s))dsdz

= /Olyx[/Ath(tS)(yz(t)ym(S))dSJr /}_th(ts)(yr(t)yr(s))ds} dx

. /Ol " /Ath(ts)(ym(t) yz(s))dsdaﬂr(/}_ h(t—g)ds) ||y$||2

t

l
,/0 " /F h(t — 8)ya(s)dsda. (3.21)

The first and the last term in the right hand side of (3.21) may be evaluated
as follows

l
/ Yo [ 0t —5)(Ya(s) = yu(t))dsda
0 Ay

k l
<ol + o [ 1= [ al@)(0s0) = () s, 52> 0

and for t >0

/0 e f/ Bt — )ya(s)dsdz < ;( f[h(t—sws) Iyl + 5 F/ B(t—3) llya(s)] ds.

Therefore, (3.21) becomes for t > 0

/Ol Ya /Ot h(t — s) <yz(s) - ym@))dex

<orlnll+ g [ bt [ ) (0) - 1016)) "t

+ 2(/}} h(t — s)ds) HymH2 + % /]:t h(t — s) ||yg[l,(s)||2 ds. (3.22)

The second term in the right hand side of (3.20) can be handled similarly.
Indeed for d3 > 0, we see that for ¢ > 0

/ )| [ h— ) (st) - yI(s))ds 2

<1+53> //A (t - s)a yx() ym(s))stdx (3.23)
+(1+53)k(/ft tsds)//}_t (t—s)a ym()fyz(s)>2dsdx.

dx
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For the fourth term, we can write for 64 > 0 and for t > 0

_ 2pc/0l i /Ot h(t—s) (yw(t) - yw(s))dsdx

< dape |lyell” + g—z /Ol ‘/Ot h(t — 5)(yw(t) - yz(5)>d5

2
dx,

or

—2pc / " / it —s) (42() = pa(s) ) dsda

l
< Sapelml® + %k/ [ bt o) (w(0) - yo(s))2dsdz  (3.24)

2pc 2
64(10 / ht—sds / ftht—s )( (1) — (s)) dsdx.
In the same manner, we have
1 t
= [ [ wie= s y(t)—y(s))dsdw
0 0
!
<l + g ([ WIds) [ 810ue)a
0

h(O)l2
4(550,0

2
< 05 [lyell” —

/ (B oyz)dz, 65 >0, t>0. (3.25)
0

The remaining terms may be treated for ¢ > 0, with the help of Lemma 5 and
Lemma 1, as follows

—m(+ )0 [ -9 (u(0.0) ~ ol )

< 2ot ) - 2 ([ wnas) @ e
< 2+ )0 - 56”2’; o ma (3.26)

o ( / t h(s)ds> (e + cua) Dwe(D)
<

- ( / t h(s)ds) )+ % ( [ noyas) G+ e2) 0

IN
D‘
*
<
o
/\
=
S~—
+
=
@
80
—
=
=
~
V
~
*

(3.27)

and

t l
pentt) [ Ht=)(u(t.0)=p(1.)ds < Gt + TR [ noyoar (329

Math. Model. Anal., 22(6):763-784, 2017.
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for all t > 0. Collecting the previous estimates (3.22)—(3.28) and inserting them
n (3.20), we obtain for t > t,

d R(0) [ pl b,
_ < _ [ S
7 P2(8) < p(J5 + dac — ) || yll? o <45 + )/O(h oy, )dx

(1= e = aohs) [52+ 5 [ hie=5)as)] o

2pc
daag

1
Ell+ =+ —— (Ts — pc® — aohs
+ {+53+ 62%( pc® — aghy) +

/ / (t — s)a(z)(y=(t) — ym(s))QdeI + % (Ts - Pcz - aoh*)
Ay

o-pclk 2
(t — 5) lya(s)|2 ds 1 2PE /(hoygc)dw(um pc)
0

X /ﬂh Saao

x (/F (t - 5)d )/ /f (t — 5)a(2) (4 (£) — yo(s))*dsda

— (Fa(t) — d()) / "t —s) (y(at) —yl, s))ds. (3.29)
In view of the estimates (3.8), (3.16) and (3.29), we infer that for t > ¢,

b <1402 2 )} [t

+{)\2(T5—p02—a0h)(52+2 )

k
N[ g = 5 lall = e = bupet] el
+p {1 (1+¢/B) + X2 (05 + 6ac — ha)} [yl
2) N l
+ {/\2 (1 + 05+ 5"0) kh(F) + A—57pclk - A;} / (h oy, )da
0

440
+A21/Oth(t—8)H\/OTx)ym(8)H ds
+ 2/\720 (T — pc* — agh.) / h(t - s) H\/@yz(S)HQdS
Fi

1 1 2pc
Aok (14 — + —— (Ts — pc® — aphy) + ——
e ( i J3 ’ 462a0 ( pe @ ) - 54%)

/ /At (t—s) (t)yz(s))2d5dx+;/0th(tS)yg(l,s)ds
{)\2 <k+ 56) + Al% - % (T,(1) — pc2)}y§(1)
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+ {AQT; ( he +1 +25) N [m(1+c)+£ﬂ - ’;C}yf(l)
+ [+ e 0+ ) = [ (e = ) (u(11) ~ y(0.9))ds] (Fa() — 1)

1 d

= 3.30
+ Md it ( )

Now, we estimate the last two terms in (3.30). For this, we set

y(l) = (e + cys) (1) + Ay(l) — A2 /0 h(t —s) (y(l, t) —y(l, 8))d8

and consider the expressions (3.6) and (3.7), we get

30) (Falt) = d(0) + a0

<~ g0 + a0 ~ 2 iaatt) + 7 lg)

< 0 BOP + 30 50 + o) [5O] _ b

= at) [5(0)] + 24 2"

2
Y OV P S a_
( %/ﬁd w,ud) % Hd
<eq— %ﬂz + %/Ld =49(t), t > 0. (3.31)

Next, we multiply both sides (3.30) by €27¢, 0 < o < A\/2, take into account
(3.31) and integrate from ¢, to t to get

27U L(1) — L(t.) — 20 /tt €27 [ (5)ds < {; - AQZ(() L <4’:;5 46 )}

t l
X / 6205 / (h,/ @) yz)(s)dl‘ds + {AQ (Ts_pCZ_aOh*) (62 + Zkil(]:))
[ 0

k K c
_ _ 2_ N _ _ 20s 2 c
A1 [TS pe’ =5 lal] Bpc 51pcl}}/t*e lya |l d$+p{)\1 (1+ 5)

t
+ Ao (65+64c—h*)}/ €27 ||y ||* ds

*

¢ l
+ { (1+(53—|— ) kh(F) + éémclk - )\1} / 62”/ (hoy,)(s)dxds
d4a0 ag 2 ) Ji, 0

Al/tem/ hs—2) | ‘\/ch)gh(z)HdedS
+2)‘72( — pc? faoh / / s—2z) ‘\/7%

Math. Model. Anal., 22(6):763-784, 2017.
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1 1 2pc
Mok (14— + —— (T, — pc® — aghy) + —
+ X ( +53+452a0( pc’ — ao )+54a0)

X /tt e2os /Ol/h(ts)(ym(s)yr(z))dedzds
. i

A2 1 mc ¢ 9 P
+{2 <k:+56>+>\14 E(Ts(l) pc)}/t*e ya(l,8)ds

h 1 pc pc pC /t 205 2
o T, 1 [y B
{/\2m |: 2 266 457m:| /\1 l: ( C) 451:| 2 } t. (l S)d

¢ ¢
+§/ 62”/ h(sfz)yg(l,z)dzder/ e2759(s)ds, t > t,. (3.32)
t. 0 b
For 8 < #(T pc? — £ all ). we choose 8y = 4C, 65 = = and A\ =
(5+C )\2 We need (
1 Xh(0) [ pl 1
S S A L > -
2 a0 (455 tm)zy

This is possible if we select

We use Lemma 2 and Lemma 4 to get

/ /0 (s — =) | Vat@us ()| dzas
- / /OS hs = 2)e*7 e || Vale)ya (2)

g/ h(s)e 2‘75ds/t H
(I+¢) k;/ H

< (1+e)kllal, / 205 |1y (=) |2 ds, ¢ > t, (3.33)

ts

and
+ s t s
/6205/ h(s—Z)yg(LZ)dZdSZ/ / h(s_z)€20(s_z)ezazyg(l,Z)dZdS
t. 0 tu

t
< /h(s)e%sds/ 20542(1,8)ds < (1+¢€) k‘/ 208021 5)ds, t > t,. (3.34)
t t

Next, in view of Proposition 1, we find
t t
20’/ e*?*L(s)ds < 40/ e*?*F(s)ds
ta ta

t
<20 [ {plul® + [T. - pe* — aoh. + 242+ €)] |} s
t
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t
+dom | €*° (yi() + Ayi(l)) ds, t>t.. (3.35)
t

From (3.32) and with the help of the relations (3.33), (3.34) and (3.35), we
infer that

2(’tL( < 4/ / h' o y.)(s)dxds

+ X2 (Ts — pc® — agh..) (52 + 2kh(]~"))
- A1 {Ts — pc? — (1 + %) kllall . — Bpc— 51pcl}

t
+20 [T, = pe? — aoh. +2k(2 +9)] } [ ol s
t

t
+ (20— 2 ) / 2 |y ds
t.
>\2 )\1 t20’s l
+ 1A 1—|—63—|— kh(F)+=267pclk — =4 e (hoy,)(s)dxzds
54 ap ap 2 ta 0

1 1 2pc
Ak 1 N e Tsmax* 27}1* N
+2{+53+462(<, pc )+64}

« | e / l [ 1t = 9)0a(5) = wi2) Pz
Sk

2
{)\ch <k+ 51 ) +/\1% - g [Ta() = pc* = (1 + ) K] +40mc2}
6

t he 1 pc
20’5 2 l d Y o - )
x/t* Yz (l,8)ds + Ao 5 T +457m (3.36)

pc pc K Yoo
+A | m(l4+e)+-—|——=p X / 20502(] 5)ds +/ e27%9(s)ds, t > t,.
46, 2 t ‘.

As in [31], we introduce
A, ={s€Ry :nh'(s)+h(s) <0}, neN,
Ay ={s€RL:0<s<t, nh'(t—s)+h(t—s) <0}, neN.

Observe thatlJ,, A, = Ry\{Fr UNy}, where N}, is the set where b’ is not
defined and Fj, is defined in (2.1), if we denote F,, = R;\ A, then

nlgrolo h(Fn) = h(Fn)
because Fpy1 C Fp, for all n and F, = Fn UN,. We take A, := A, ,
n
F, = F,; in (3.36) . We get
I — L(t,) < {/\2( — pc® — aghy) (52 +2kﬁ(]—‘n))

=\ [T = pe? = (14 ) kllall . = Bpe — dupel]

Math. Model. Anal., 22(6):763-784, 2017.
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t
+20 [T, = pe — aghs +2k(2 +2)]} x [ 27 [y ds
[

I ¢
+ (20—)\2p4 >/ e27s ||yt||2ds
t.

+ {)\2 (1 + 53 + 2> kh(‘/_'. ) &57p6”€ — >\1}
6 ap 2

440

/ / (hoyy)(s)dzds

{Agk{1++ L (7, — pe —h)+290}_1}

(53 5 (54 4n

x / e / / Rl = 5)(e(5) ~ 95 ()) s

2
+ {)\277120 (k+1)+ )\1% - g [Ts(1) — pc® — (1+¢) k] +4am62}
t h 1 pc pc

20’5 2 - 1 PC

x/t* v (1, s)ds+{)\2m{ +2§6+457 ]4—)\1{ ( +C)+461]
pc !
-5 +4am}/ 2osy2(], s)ds+/ 259 (s)ds, t>t,. (3.37)
t. t.

aof
16(B4£)c)pclk hs.

For g < i (Ts — pc* — k|lal| ), we choose

For simplicity, we take do = d3 and d7 =

5y = i (7= pe? = (14 5) K llall — Boe] .

Now, we start selecting the different parameters in such a way that all the
coefficients in the right-hand side of (3.37) are negative. For this, we set
ky = (T pc2 — aph.) (52 + 2Kkh(F,))
ko = — Mo <0,
ks = (1 + 0y + 2 ) kh(Fn) — 55y
2pc

k4=)\2k[l-i-g—l-ﬁ(Ts—ch—h*)—i-%] —ﬁ,

2
ks =X (k+ 1) + A€ — £ [T(1) — pc® — (1+¢) k],
Bo = dam [~5 + b+ 2 0 [m (1) + £2] - &

For ki and k3, we select iz(fn) small in such that

2(T, — pc® — agh.) kh(Fp) < 555 (Ts — pc =k |lal|, — Bpe)
<1+ QPC)kﬁ(]fn) < h.

d4ag

B
16(4+<)

Once this is fixed, and in order to make k; and k3 negative, we can choose do
and € small enough. For k;, i =4, ..., 6, it suffices to take Ay small enough such
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that the relation in Proposition 1 remains valid and

AQk[H%ﬁﬁ(Ts—ch—h*) %’ﬂ<ﬁv
2
Mo (k+1) + Do 5 < 5 [To(1) = pe — (1+2) ]

. he ‘
Aam {—% + g5 + 4§fm} + do s [m(lJrc) + 4”73} < £

To conclude, we choose
o< min{—Xak1/ {20 [TS—pCQ—aoh*+2k‘(2 + 5)] } , —ko, —ks/4mc?, —ke/4m},

which makes negative all the coefficients in (3.37). This leads to

L(t) < e 2" (L(t*) + /tt eZUSﬁ(s)ds> .

Note that ¢ is bounded (|9(¢)| < ¥4, t > t.) because of the assumption that
q is bounded (see [34]). This allows us to get

Vg
L(t) < L(to)e 27" + =, t > t.
() < Lit)e ™ + 22, 1>
Proposition 1 permits to get
—20t Uq
E(t) <2L(ty)e + —, t >t (3.38)
o

The result holds trivially between 0 and ¢,. J(¢) can be pushed in an arbitrarily
small boundedness region by making sufficiently small ¢4, d4 and sufficiently
large vq4.(see [33] and [34]). Thus, (3.38) becomes

Et)<Cie " 46, t>0

with small €; and positive constants C'; and -y, which implies by applying the
Cauchy-Schwarz inequality

2AE(t)
(Ts = pc® = [lall . k)

(e, 0)] < Vi el < ( ) O 120

with small € and positive constant C. In the case where there is no disturbance,
that is d(t) = 0, t > 0, we get the following exponential decay result. Indeed,
there exist positive constants K and 7 such that

E(t) < Ke™ ™, t>0.

0

Remark 2. Some recent literatures have investigated the boundary control of
axially moving systems with axial variable speed c(t) > 0, (see [24]). Under
this assumption, the main equation becomes

p (a4 26(0)1 + A0+ 0(02) ~Totier+ [ h(t=)(ala)uns)) s =

Math. Model. Anal., 22(6):763-784, 2017.
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where a,(t) > 0 is the acceleration. The constant speed is a special case
of variable speed (a,(t) = 0) and its derivation will be zero. In order to
accommodate the terms resulted from the effect of a variable speed, the authors
in ( [24]) considered a frictional damping term (K (y: + vy.), K > 0). This is
not the case in our work as the dissipation produced by the viscoelastic term
is weaker than the one produced by the frictional damping and the new terms
could not be easily controlled. In other hand, the aim in this work is to study
the effect of viscoelastic materials on the theory of moving structures and its
role in the reducing of the undesirable vibrations.

Remark 3. Note that if the inequality in (A2) is strict (which is the case in
many existing papers in viscoelasticity), then there will be no restriction on
the size of Ry, . In case of power-type decay of the kernel A we can obtain
power-type decay of the solution (see [30]). In most of the existing works a
rate of decay is imposed to the kernel through the condition A/(t) < —Ch(t)
for some positive constant C'. This constant can be replaced by a function
1 (t) and the function h(t) can be replaced by a function of h(t) (that is h'(t) <
—(t)p(h(t))). Tt is clear that this condition in its simplest form h/(t) < —Ch(t)
imply the assumption in (A3). But, the assumption (A3) does not imply this
condition.
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