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Introduction

In the classical set theory, the crisp set is defined in such a way as to dichotomize
the elements in some given universe of discourse into two groups: 1) Members,
which belong in the set; 2) Non-members, which do not belong in the set i,.e, An
element belongs to the set or does not belong to the set. Then distinction exists
between the members and non-members of the set. However, many classification
concepts that we commonly use and express in natural language describe sets
that do not have this property, e.g. the set of tall people or expensive cars.
In classical mathematics, problems could only be solved when Lotfi A. Zadeh
presented a vague approach to set theory in 1965 [52|. The fuzzy set theory
can be viewed as a generalization of the classical set theory. Because of this
generalization, broad applications of fuzzy set theory have been found in various
fields such as mathematics, computer science, artificial intelligence, medical
sciences, economics, statistics, neural networks, etc . ..

Shortly thereafter, a further generalization in J. Goguen [32], about the unit of
intervals [0, 1] by an abstract set L (where L is a Lattice). Several authors then
examined this new concept and its applications in many areas of modernity, see

for example [53, 54, [33], 27, 28] 29, [5, [38].



The study of sets of objects known as lattices is called lattice theory. This theory
was given a great boost by a series of papers and a subsequent textbook written
by Birkhoff [13] 12].

In the same way, Yuan and Wu [15] studied the relationship between fuzzy ideals
and fuzzy congruences on a distributive lattice and obtained that the lattice of
fuzzy ideals is isomorphic to the lattice of fuzzy congruence on a generalized
Boolean algebra. Ajmal and Thomas [2] defined and characterized a fuzzy sub-
lattice as a fuzzy algebra. After a few years, Thomas and Nair [47], 48] studied
intuitionistic fuzzy sublattice, intuitionistic fuzzy ideals, and intuitionistic fuzzy
filters on a lattice, for more details we refer to [30, [1, 37, [36], 42], 47, 48].

In 1983 Atanassov [6] introduced a new notion called an intuitionistic fuzzy
set as a generalization of fuzzy set [52]. In the fuzzy set theory, the degree of
non-membership of an element x can be viewed as v4(x) = 1 — pa(x). (Using
a strong standard negation for the real interval [0, 1]), which is fixed, In the
intuitionistic fuzzy environment, the degree of non-membership is a more or less
independent degree: the only condition is that v4(z) < 1 — pa(z). Certainly,
fuzzy sets are intuitionistic Atanassov fuzzy sets where vq(x) =1 — pa(x).

In principle, models based on intuitionistic fuzzy sets may be suitable in situa-
tions where we are confronted with human testimonies, opinions, etc. Answers
like yes or no do not apply. This concept is widespread and is discussed in a
vague and intuitive sense. This concept is frequently used and discussed by
various authors in fuzzy and fuzzy intuitionist environments [11} [41) 501 49| 55].
Burillo and Bustince [17, 18] introduced the concept of intuitionistic fuzzy rela-

tion, in particular, they introduced the intuitionistic fuzzy order (or intuitionistic
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fuzzy ordered set) as a natural generalization of fuzzy order relation previously
introduced by Zadeh [53]. Banerjee and Basnet in [10] studied the notion of
intuitionistic fuzzy ideals on a ring, Akram and Dudek [3] introduced and studied
the concept of intuitionistic fuzzy Lie ideals. Qin and Liu [40, 45] introduced
and investigated the properties of intuitionistic fuzzy filters on a residuated
lattice and Thomas and Nair [47], 48] considered intuitionistic fuzzy sublattices,
intuitionistic fuzzy ideals, and intuitionistic fuzzy filters on a lattice.

In [51], Xu introduced the notion of interval-valued intuitionistic (7, .S)-fuzzy
filter on a lattice implication algebra subsequently, some basic properties of it
were obtained. Because of the usefulness of these concepts in different structures,
the first goal of this work is the representation and construction of the fuzzy
preorder, and the weak orders are extended to the intuitionistic fuzzy case. Many
fundamental representation results extending those of [16] are presented. The
second goal is introducing the notion of a T-intuitionistic fuzzy sublattice by
associating the conditions mentioned in the definition of intuitionistic fuzzy
sublattice [47, 48]. So a new equivalent definition is obtained which reduces the
four conditions in only one. Thus, based on an intuitionistic fuzzy triangular
norm, the study of intuitionistic fuzzy sublattices becomes so simple. Moreover,
we extend the notion of an intuitionistic fuzzy ideal to a 7T -intuitionistic fuzzy
ideal with respect to the lattice operations and we investigate their various
characterizations and properties.

This thesis is structured as follows.

Chapter 1, provides generalities on triangular norms, triangular conorms lattices,

residuated lattices, fuzzy sets, fuzzy relations, intuitionistic fuzzy sets, intuition-



istic fuzzy Triangular norms and intuitionistic fuzzy triangular conorms, that we
need throughout this thesis. Chapter 2, is devoted to the representation and
construction of the intuitionistic fuzzy T-FE-order. Chapter 3, gives some new
results on intuitionistic fuzzy sublattices and their ideals.

Finally, general conclusions and future research are drawn.

Most parts of the results presented in this thesis have already been published.



Chapter 1

Preliminaries

In this chapter, we recall some useful notions, basic definitions and well-known

results on a lattice, residuated lattices, fuzzy sets, and fuzzy relations.

1.1 Triangular norms and conorms

Triangular norms (t-norms), triangular conorms (t-conorms), and (strong)
negations are classes of connectives for fuzzy logic analogous to the connectives
in classical two-valued logic. The t-norms are models for “and,” the t-conorms

are models for “or,” and negations are models for “not.”

Definition 1.1.1

A binary operations T: [0,1]* = [0,1] is a t-norm if it satisfies the following:
1. (Boundary condition) Vx €1[0,1]:T (1,z) =«

2. (Commutativity) Ve,y € [0,1]: T (z,y) =T (y, z)
3. (Associativity) Ve,y,z € 1[0,1] : T (x, T (y,2)) =T (T (x,y) , 2)
4. (Monotonicity) Vo, y,z,w € [0,1] :

Ifw<zandy <z then T (w,y) < T (x,z)
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Definition 1.1.2

A binary operations S: [0,1]> — [0,1] is a t-conorm if it satisfies the following:

1. (Boundary condition) Vx €[0,1]:S(0,z) ==z

2. (Commutativity) Ve,y € [0,1]: S (z,y) =5 (y, )
3. (Associativity) Va,y,z €[0,1] : S (z,S (y,2)) = S (S (z,y) , 2)
4. (Monotonicity) Va,y,z,w € [0,1] :

Ifw<zandy < z then S (w,y) < S (z,2)

The three basic t-norms (Prominent examples)

1. Minimum and Maximum
t-norm: T (z,y) = min(x,y)

t-conorm: S (x,y) = max(z,y)

(a) t-norm: T (z,y) = min(x,y) (b) t-conorm: S (z,y) = maz(x,y)

Figure 1.1: Minimum and Maximum.

2. Algebraic product

The algebraic product is the prototypes for all strict t-norms and strict
t-conorms, respectively.
t-norm: T (z,y) = zy

t-conorm: S (z,y) =z +y — zy
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(a) t-norm: T (z,y) = zy (b) t-conorm: S (z,y) =z +y —xy

Figure 1.2: Algebraic Product and Algebraic Sum

3. Lukaciewisz t-norm and t-conorm

t-norm: T (z,y) = max((z +y—1),0)

t-conorm: S (z,y) = min((z +y),1)

(a) t-norm: maz((x +y —1),0) (b) t-conorm: min((x +y),1)

Figure 1.3: Lukaciewisz t-norm and t-conorm
Definition 1.1.3 A t-norm T is continuous if for all convergent sequences

{xn}neN; {yn}’l’LEN we ha/Ue;

T(lim x,, limy,) = lim T(z,, y,)
(0.0] n—oo

n—oo n—

The structure of continuous t-norms is well known, see [39] for more details,

especially Section 3.3 on ordinal sums.

Remark 1.1.4
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Throughout this thesis, the term T denotes a t-norm that is at least left-

continuous.

1.2 Lattices

Let (L, <) be a partially ordered set (Poset), and A C L is be arbitrary subset.
An element u € L is said to be an upper bound of A if a < u for each
a € A. An upper bound u of A is said to be least upper bound, or join, or
supremum, if u < z for each upper bound x of A. A set need not have a least
upper bound, but it cannot have more than one. Dually, [ € L is said to be a
lower bound of A if [ < a for each a € A. A lower bound [ of A is said to be its
greatest lower bound, or meet, or infimum, if x <[ for each lower bound x of A.
A set may have many lower bounds, or none at all, but can have at most one
greatest lower bound.

A partially ordered set (L, <) is called a join-semilattice if each two-element
subset {x,y} C L has a join (i.e. least upper bound), and is called a meet-
semilattice if each two-element subset has a meet (i.e. greatest lower bound),
denoted by = V y and x A y respectively. (L, <) is called a lattice if it is both a
join- and a meet-semilattice. This definition makes V and A binary operations.
Both operations are monotone with respect to the order: ;1 < x5 and y; < 9
implies that x1 Vi1 <29 Vo and 21 A yp < 29 A yo.

Moreover, If \/ A and ) A exist for any A C L, then (L, <) is called a complete

lattice [21].
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1.2.1 Ideals and filters on a lattice

Ideals are of fundamental importance in algebra. Filters, the order duals of

lattice ideals, have a variety of applications in logic and topology.

Definition 1.2.1 [2])
A nonempty subset I on a lattice L is called an tdeal of L if, for any x,y € L,

the following conditions are satisfied:

1.ifyel andx <y, thenx € I,
2. ifx,y € I impliesx vV y € I.

The definition can be more compactly stated by declaring an ideal to be a

non-empty down-set closed under join.

A dual ideal is called a filter. Specifically, a non-empty subset of L determined

by the following definition.

Definition 1.2.2 [2]/
A nonempty subset F' on a lattice L is called a filter if, for any x,y € L, the

following conditions are satisfied:
I.ifye Fandy <z, thenx € F,
2. if v,y € F impliesxz Ny € F.

The set of all ideals (resp. filters) of L is denoted by I(L) (resp. F(L)).
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1.3 Residuated lattices

Residuated lattices are mostly found in algebraic structures associated with a

variety of logical systems.

Definition 1.3.1 [37, [35, [7/
A residuated lattice is an algebra L = (L, N\, V,*,—,0,1) of type (2,2,2,2,0,0)
such that:

1. (L,\,V,0,1) is a bounded lattice,

2. (L,*,1) is a commutative monoid, and

3. The operation *x and — form an adjoint pair, i.e.,

rxy<z ifandonlyif x<y—z foralxyzeL  (1.1)

1.4 Fuzzy sets

Definition 1.4.1

If X is a collection of objects denoted generically by x, then a fuzzy set A in
X is a set of ordered pairs A = {(z,pa(z)) | x € X}, where pa(zx) is called the
membership function (i.e., pa: X — [0,1]). A fuzzy set is represented solely
by stating its membership function [§3].

The set of all fuzzy subsets of X are called fuzzy power sets of X and denoted
by the symbol F (X).

Below we present some examples a variety of representable for a fuzzy sets
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Example 1.4.2 [58/

A realtor wants to classify the house he offers to his clients. One indicator
of the comfort of these houses is the number of bedrooms in it. Let X =
{1,2,3,4,...,10} be the set of available types of houses described by x =number
of bedrooms in a house. Then the fuzzy set "comfortable type of house for a

four-person family” may be described as

A={(1,0.2),(2,0.5), (3,0.8), (4, 1), (5,0.7), (6,0.3)}

Example 1.4.3 [58/

A ="real numbers considerably larger than 10"

A= {(z.palw)) | € X}

Where

i
k 1 + t t
-10 10 20 30 40 50

. -1‘0 1‘0 2‘0 3b 4‘0 5‘07
(a) A ="real numbers considerably larger than

10" (b) A ="real numbers close to 10".

Figure 1.4: Representation of fuzzy sets

Remark 1.4.4
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1. In Ezample we represented a fuzzy set by an ordered set of pairs, the
first element of which designates the element and the second is the degree

of belonging.

2. In Example fuzzy set is represented solely by stating its membership

function.

1.4.1 Operations on fuzzy sets

Let A, B € F(X). We have for all z € X,
1. A=(if and only if g () = 0.
2. A= B if and only if 4 () = pup (x).
3. AC Bif and only if pa () < up ().

4. Intersection (logical and): The membership function of the intersection

of two fuzzy sets A and B is defined as panp(X) = min(ua (z), up (x)).

5. Union (exclusive or): The membership function of the union is defined as:

taup(X) = max(pa (z) , up ().

6. Complement (negation): The membership function of the complement of

a normalized fuzzy set |A, pna(x) is defined by pya4 (z) =1 — pa ().

Example 1.4.5 [5§/

Let A be the fuzzy set "comfortable type of house for a four-person family"” from
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Ezxample and B be the fuzzy set "large type of house” defined as

B ={(3,0.2), (4,0.4), (5,0.6), (6,0.8), (7,1), (8,1)}

The intersection C = AN B is then

C ={(3,0.2), (4,0.4), (5,0.6), (6,0.3)}

The union D = AU B 1is

D ={(1,0.2),(2,0.5), (3,0.8), (4,1), (5,0.7), (6,0.8), (7, 1), (8,1)}

The complement | B, which might be interpreted as "not large type of house,” is

1B = {(1,1),(2,1), (3,0.8), (4,0.6), (5,0.4), (6,0.2), (9, 1), (10, 1)}

Remark 1.4.6
It has to be noted that in contrast to the classical set theory, the intersection
(resp. the union) of a fuzzy set and its complement does not result in the empty

set (resp. in the universe). need that

BN|B = {(3,0.2),(4,0.4),(5,0.4), (6,0.2)} 0.
BUIB = {(1,1),(2,1),(3,0.8),(4,0.6), (5,0.6), (6,0.8), (7,1), (8,1), (9, 1), (10, 1)},
£ X

Example 1.4.7

Let us assume that A = "v is considerable larger than 10," and B ="x is
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approzimately 11, " characterized by A = {(z, pa(x)) | © € X} Where

0, z <10
pa(x) = 2\ 1
(1—!—(33—10)_) x> 10

And, B = {(z,up(x)) | z € X}. Where, ug(z) = (1 + (x — 11)4)_1. Then,

0. r <10
pannl) = ((1 +(z— 10)‘2)_1, (1+@-1)) _1) ;2> 10

(x is considerably larger than 10 and approximately 11), and

paup () = max ((1 + (z — 10)_2> 71, (1 + (z — 11)4)1> ,x€X

Figure [1.5d and |1.50 depict the allow.

A

——— 0=

08T

0.6 T

04T

02T

(a) Intersection of Fuzzy set A and B. (b) Union of Fuzzy set A and B.

Figure 1.5: Intersection and union of Fuzzy sets.

1.5 Fuzzy relations

In this section, we introduce the definition of fuzzy relations [52] and their basic

properties [52, [32].
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Definition 1.5.1
Let X and Y be nonempty sets, a fuzzy relation R from X to Y, written

R: X =Y, is a function
R: X xY —10,1]

For (z,y) € X XY the value R(x,y) € [0,1] means the degree to which x and

y are related under R.

The set of all fuzzy relations from X to'Y will be denoted by FR(X,Y). A
fuzzy relation R is contained in a fuzzy relation S, written R C S, if R(x,y) <

S(z,y), for all (x,y) € X x Y.

Definition 1.5.2

A fuzzy relation R on a fized set X is a function,
R: X xX —[0,1]
The set of all fuzzy relations on a fived set X will be denoted by FR(X).

1.5.1 L-Relations

Let L = (L,<,A,V,0,1) be a fivxed complete distributive lattice.

Now recall some fundamentals on L-relations [32].

Definition 1.5.3

Let X and'Y be non-empty sets, an L-relation R from X toY is a function

R: X XY — L.
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The set of all L-relations from X into Y will be denoted by L — FR(X,Y).

Definition 1.5.
An L-relation R on a fized set X is a function R: X x X — L.

The set of all L-relations on a fized set X will be denoted by L — FR(X).

Proposition 1.5.5
Let R € FR(X), R is called:

1. Reflexive, if, for any x € X, it holds that R(z,x) = 1.
2. Symmetric, if, for any x,y € X, it holds that R(x,y) = R(y, z).

3. Antisymmetric, if, for any v,y € X,x # y it holds that R(x,y) >

0 then R(y,z) = 0.

4. Complete (strangle), if, for any x,y € X it holds that

R(xz,y) > 0orR(y,x) >0

5. Transitive, if, for any x,z € X it holds that

R(z, z) = max(min(£(z, y), £y, 2)))

Moreover, (Since R?> = Ro R if, R*(x,2) = m%?(R(:C,y),R(y,z))) then
ye

R is transitive if Ro R = R, (Ro R C R) and R?> C R means that

R*(z,y) < R(y, 2).

Example 1.5.6
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Let X = {x1, 29,23}, we defined R : X x X — [0,1] as follows,

I To I3
T 0.7 0.9 0.4
R= g, 0.1 0.3 0.5

T3 0.2 01 O

A transitive relation ¢ Solution

0.7 0.9 0.4 0.7 0.9 0.4 0.7 0.7 0.5
RoR=1| 0103 05 |o| 01 03 05 |=1| 02 03 03 | =R
0.2 0.1 0 02 0.1 0 0.2 0.2 0.2

Since R? (z;, ;) is not always less than or equal to R (z;,x;), hence R is

not transitive.

Example 1.5.7

Let X = {x1, 29}, we defined R : X x X — [0,1] as follows,

1 I9
1 0.4 0.2
R—
A transitive relation? Solution
04 0.2 0.4 0.2
RoR= o

0.7 0.3 0.7 0.3
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Using max-min composition

max(min(R(0.4,0.4), R(0.2,0.7))) max(min(R(0.4,0.2), R(0.2,0.3)))

2 _
"o max(min(R(0.7,0.4), R(0.3,0.7))) max(min(R(0.7,0.2), R(0.3,0.3)))
2 (max(0.4,0.2) max(0.2,0.2)
- Kmax(0.4,0.3) max(0.2,0.3)
2o /0.4 0.2
\0.4 0.3

Since R* (x;,x;) is less than or equal to Since R (z;,x;), so R is transitive.
6. T-Transitive, if, for any x,y,z € X it holds that T(R(z,y), R(y, z)) <
R(z, z) where T denotes a t-norm.

1.5.2 Order fuzzy relation and equivalence fuzzy relation

Definition 1.5.8

Let T denotes a t-norm and let R € FR(X), R is called:

(1) A preorder (pseudo-order) fuzzy relation, if it is reflexive and transi-

tive.
(i’) A T-preorder fuzzy relation, if it is reflexive and T-transitive.
(ii) An order fuzzy relation, if it is reflexive, antisymmetric, and transitive.

(11') A T-order fuzzy relation, if it is reflexive, antisymmetric, and T-

transitive.

(111) A total order fuzzy relation, if it is reflexive, antisymmetric, transitive,

and complete.
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(11i’) A total T-order fuzzy relation, if it is reflexive, antisymmetric, T-

transitive, and complete.
(iv) A equivalence fuzzy relation if it is reflexive, symmetric, and transitive.

(') A T-equivalence fuzzy relation if it is reflexive, symmetric, and T -

transitive.
For more details about the order, strict order and equivalence relations we

refer to [31].

1.5.3 Fuzzy sublattices and ideals

In this section, we recall some definitions and concepts needed in the sequel.
Definition 1.5.9 [}§]
A fuzzy subset u of L s called a fuzzy sublattice of L if,

(i) p(z Vy) > min(u(z), p(y)}

(1) p(x Ay) > min(p(z), u(y)}, for allz,y € L.
Definition 1.5.10 [}§]

A fuzzy subset  of L is called a fuzzy ideal of L if,
(i) p(x Vy) = min(u(z), u(y)}

(i) p(z ANy) > max(u(z), u(y)}, for allz,y € L.
Definition 1.5.11 [}§]

A fuzzy subset u of L is called a fuzzy filter of L if,
(1) p(z vV y) = max(u(z), u(y)}

(1) p(x Ay) = min(p(z), u(y)}, for allz,y € L.
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1.6 Intuitionistic fuzzy sets

Intuitionistic fuzzy sets (IFS) were introduced in 1983 by K. T. Atnassov [0]
as a generalization of fuzzy sets [52]. He introduced a new component degree of
nonmembership in addition to the degree of membership in the case of fuzzy sets
with the requirement that their sum is less than or equal to one. The complement
of the two degrees to one is regarded as a degree of uncertainty. Since then a great
number of theoretical and practical results appeared in the area of Intuitionistic

Fuzzy sets.

Definition 1.6.1 [0, 8, [7]

Let X be a nonempty set. An intuitionistic fuzzy set (IFS, for short) A on
X is an object of the form A = {{x,pa(x),va(x)) | © € X} characterized
by a membership function pa: X — [0,1] and a non-membership function

va: X — [0,1] which satisfy the condition:
0 < pa(x)+valr) <1 forany x € X.

For any v € X the number mg(x) = 1—pa(x) —va(x) is called the hesitation
degree or the intuitionistic index of x to A.
The class of intuitionistic fuzzy sets on X is denoted by [FS(X).

Certainly, fuzzy sets are intuitionistic fuzzy sets by setting va(x) = 1 —pa(z).

Definition 1.6.2
Let A, B € IFS(X), several operations are defined as follows (see, e.g., [49, [14),

0, 7,19/

(1) AC B if pa(x) < pg(x) and va(z) > vp(x), for any x € X;
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(i) A= B if pa(x) = pp(z) and va(x) = vg(x), for any z € X:
(iii) AN B = {(z, pa(x) A pp(x), va(e) Vvp(e)) |z € X};

(vi) AUB = {(z, pa(x) V pp(x),va(e) Avp(e)) | = € X};

(v) A= {{z,va(z), pa(x)) | v € X}

Definition 1.6.3

Let A € IFS (X) where A(x) = (pa(z),va(z)), for x € X, the sets
L (A (z) = (pa (), 1y (7)), where p (x) =1 = pa(2),
2. (A) (x) = (v (z),va (x)), where v§ (x) =1 —va(x).

Are called, respectively, necessity and possibility operators.

Definition 1.6.4
Let A be an intuitionistic fuzzy set on a set X. The support of A is the crisp

subset on X given by

Supp(A) ={x € X | 0 <p» A(z)}

Remark 1.6.5
Let A be an intuitionistic fuzzy set on a set X. According to Definition 1.0/,

the support of A is the crisp subset on X given by,

{reX|pua(x)>00r pa(x) =0 and v (x) < 1}

In the following, we give some elementary notions and definition on intu-
itionastic fuzzy sets operations, intuitionistic fuzzy t-norms and intuitionistic

fuzzy t-conorms.
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1.7 Intuitionistic fuzzy triangular norms and triangular

conorms

Berthold Schweizer and Abe Sklar in [46] gave an axiomatic approach to t-norms
as they are used today. Deschrijver, Cornelis, and Kerre have been extended
triangular norms to intuitionistic fuzzy triangular norms [22]. In [20] they have

shown that intuitionistic fuzzy sets can also be seen as L-fuzzy sets in the sense

of Goguen [33].

Lemma 1.7.1 [25, [20]
Consider the set L* = {(x1,72) | (z1,22) € [0,1]* and x1 + x5 < 1}, and the

operation <p- defined by, for all (x1,x2), (y1,y2) € L*:

(71, 22) <z+ (Y1, 92) & 21 <y and T3 > 1o (1.2)

The structure (L*,<p+) is a complete lattice.

The algebraic structure in Lemmal1.7. 1 will be fundamental for our subsequent
wnvestigations. Deschrijver, Cornelis and Kerre have extended the notion of
a triangular norm to the intuitionistic fuzzy case [2])]. We denote its units by
Oz = (0,1) and 11+ = (1,0), equivalently, this lattice can also be defined as
an algebraic structure (L*, A+, V+), where the meet operator Ap+ and the join

operator Vi« are defined as follows, for (x1,z3), (y1,y2) € L*,

(1, 22) A+ (y1,y2) = (min (z1,y1) , max (xe, y2))

(x1,22) Vi+ (y1,92) = (max (z1,y1) , min (z9, y2))
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Using this lattice, we easily see that with every intuitionistic fuzzy set A =
{(z, pa(x),va(x)) | © € X} corresponds to an L*-fuzzy set, i.e., a mapping
A: X — L*. In the sequel, we will use the same notation for an intuitionistic
fuzzy set and its associated L*-fuzzy set. So for the intuitionistic fuzzy set A we

will also use the notation

A(x) = (pa(x),va(z)) .

Definition 1.7.2 [23, 22/
An intuitionistic fuzzy t-norm T is a commutative, associative, and increasing

mapping T (L*)* — L* satisfying T (1-, ) = x, for all x € L*.

Definition 1.7.3 [23, 122/
An intuitionistic fuzzy t-conorm is a commutative, associative, and increasing

mapping S: (L*)* — L* satisfying S(0p+, ) = x, for all x € L*.

Definition 1.7.4 [23,122]

An intuitionistic fuzzy t-norm T (resp. t-conorm S) is called representable
intustionistic fuzzy t-norm if there exist a fuzzy t-norm T and a fuzzy t-conorm S
(resp. a fuzzy t-conorm S" and fuzzy t-norm T" ) on [0, 1] such that, for all x,y €
L*, T(x,y) = (T(x1, 1), S(2,52)) (resp. S(w,y) = (5 (w1,51) . T" (x2,92). T

and S (resp. S" and T") are called the representants of T (resp. S).

Also, in intuitionistic fuzzy set theory S-union and T -intersection can be

modeled by the newly defined intuitionistic fuzzy t-norms and t-conorms. We
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define, for all x € X and A, B intuitionistic fuzzy sets in X,

(ANB)(z) =T (A(z),B(z), (AUB)(z)=S(A(x),B(z)).

The following theorem gives the condition which makes an intuitionistic fuzzy
triangular norm a representable triangular norm.

Theorem 1.7.5 [23, [22]

Given a fuzzy t-norm T and a fuzzy t-conorm S (It’s the dully of T') satisfying,
foralla,b € [0,1],T (a,b) <1-=S(1 —a,1 —10), the mappings T and S defined

by T(:U7 y) - (T (3:17 yl) ) S (3327 y2>) and § (ZIS’, y) - (S (xla yl) 7T (3327 y2>) fO?”
x,y € L* are a representable intuitionistic fuzzy t-norm and a representable

intuitionistic fuzzy t-conorm respectively.

Remark 1.7.6
If T (resp. S) is a representable intuitionistic fuzzy t-norm (resp. representable
intuitionistic fuzzy t-conorm), we denoted by T = (T,S) (resp. S = (S, T) ),

where

For all(a,b) € [0,1] we have S (a,b) <1—-T(1—a,1—-0).

Now, we give some basic examples of representable intuitionistic fuzzy t-norm

and representable intuitionistic fuzzy t-conorm (see also [22]). For all x,y € L*,
(1) Tar (z,y) = (min (21, y1) , max (2, y2)),
(i7) Tr (x,y) = (max (0,21 + 1 — 1), min (1, zo + 1 — y1,y2 + 1 — x7)).

Consequently, we can consider of the minimum intuitionistic fuzzy t-norm

and the Lukasiewicz intuitionistic fuzzy t-norm, where theire duals are
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(i) Sy (z,y) = (max (z1,y1) , min (z2,42)),

(1) Sp (x,y) = (min (1,21 + 1 — yo,y1 + 1 — 29) ,max (0, z9 + yo — 1)).



Chapter 2

Representation and construction of

intuitionistic fuzzy T -preorders and

intuitionistic fuzzy T -orders

In this chapter, we consider the problem of representation and construction of
intuitionistic fuzzy preorders and weak orders, where many fundamental repre-
sentations result extending those of Ulrich Bodenhofer et al [16], are presented
to the intuitionistic fuzzy T-E-orders case where T is an intuitionistic fuzzy
T-norm and we start with some of the results we need in this thesis and we
give representation and construction of intuitionistic fuzzy T -preorders and
intuitionistic fuzzy T -orders.

Throughout this thesis, all intuitionistic fuzzy t-norms T ( respectively intu-
itionistic fuzzy t-conorms S ) are representable intuitionistic fuzzy t-norm (resp,
representable intuitionistic fuzzy t-conorm) and The structure (L*, <p+) is a

complete lattice.

26
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2.1 Basic properties

In the following we consider (L*, <p+) is a complete lattice and T is intuitionistic
fuzzy t-norm T.

The following lemma will be used to prove some properties.

Lemma 2.1.1 [57]

Let a € L*. Then, T (a,0r:) = 0.

Proof.
Let a € L*. We have T (a,0r+) <« T (11+,0r+) = Og«. Then, T (a,0r+) = 0.

Conclusion 2.1.2 [57]

Consider the lattice L*and Oy € L*, then T (0g«,0p+) = Op-.

Proposition 2.1.3 [57]

Let a,b € L*. Then,
1. If Op+ <p+ a and Op+ <p= b then Op <p« T (a,b),
2. 0p <g+ Ty (a,b) then (Op« <p+ a and Op« <g« b),
3. Tu (a,a) = a,
4. a <p- S(a,b),
5. T (a,b) <p+ a,

6. a =Ty (a,b) if and anly if a <p- b.
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Proof.

Let a,b € L*.

1. Using the fact that T is monotone and Conclusion [2.1.3.
2. Assume that Op« = a or Op = b, then, Ty (a,b) = Op-.

3. Using the definition of Tay = Ay

4. We have a = S (a,0r-) <p+ S (a,b). Then, a <« S(a,b).
5. Since T (a,b) <p- T (a,11+) = a, then, T (a,b) <r- a.

6. Trivially.

Definition 2.1.4 [57]
Let T1 and Ty be two representable intuitionistic fuzzy t-norms. T is said to

dominate another t-norm Ty (briefly, To < T1) if and only if, for any quadruple

(z = (z1,22),y = (Wi, 42),u = (u,u2),v = (vi,v2)) € (L"), the following
holds:
75 (71 ('CU7 U’) 773 (y; U)) <L* 7‘1 (75 ('I7 y) 775 (U’7 /U))

The following lemma will be used to prove the subsequent results.

Lemma 2.1.5 [57]

For any representable intuitionistic fuzzy t-norm T, we have T < Tar.

Proof.

Let x,y,u,v € L*,
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Ty (.I,y) <z x and Ty (u,v) < U,
Tar (z,y) <p-y and Tar (u,v) <p- v.

Then,
T(TM (xay) 7TM (U,U)) < T(az,u),

T (T (), Ta (u,0)) <p= T (y,0) -

Hence,

7'M' (T(TM (Slf,y) aTM (uav)) 7T(TM (x,y) 7TM (U;U))) <
Tar (T (x,u), T (y,v)).

So,
T (Tv (@,y), Tar (u,0)) <pe T (T (w,0) , T (y,0)).-

Lemma 2.1.6 [57]
Any representable intuitionistic fuzzy t-norm T dominates itself, i.e., for any

quadruple (x,y,u,v) € (L*)4, we have,
T (T (2,u), T (y,0) =T (T (z,9),T (u,v)).

Proof.
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Let a representable intuitionistic fuzzy t-norm T and (z,y,u,v) € (L*)4. Then,

T (u, T (y,v))
z, T(T (y,v),u)
T (y, T (v, u))
), T (v, u)
)

), T (u,v

T(T (z,u), T (y,v) = T(z, )

T ( )
= T (z, )
= T(T (z,y )
= T(T (z,y )
n

Remark 2.1.7 [57]

1. The greatest representable intuitionistic fuzzy t-norm with respect to <p» 1s

Tar, defined by Tog (,y) = A,. .

2. The smallest representable intuitionistic fuzzy t-conorm with respect to <p»
is Sn, defined by Syr (z,y) =x V,. y for all x,y € L*.
Moreover, Ty (x,y) <p- Sy (x,y) for all x,y € L*. Indeed, Let x,y € L*,
where x = (x1,x2) and y = (Y1, Yy2).
We have min (z1,y1) < max (z1,y1) and max (xa,y2) > min (x2, y9),
then (min (z1,y1), max (ra,y2)) <z (max (x1,y1), min (x2,y9)),

then T (I, y) <p Su (513, y)

Remark 2.1.8 [57]

It easy to see that T (z,y) <t~ Ta (z,y) and Sy (v,y) <p- S(z,y) for all
xr,y € L*. Indeed, let x,y € L*, then x = (x1,22) and y = (y1,y2). We
have T (x1,y1) < min (x1,11) and S (x9,y2) > max (x2,y2) then T (x,y) <p-
T (z,y) and Sy (x,y) <p- S (x,y).

Finaly, T (z,y) <t~ Tu (x,y) <p- Su (2,y) <1+ S (2,9).
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Remark 2.1.9 [57]
Note that it does not hold that for all x,y € L*, neither Ty (x,y) = x nor

T (z,y) =y. For example, Ty ((0.5,0.3),(0.2,0.1)) = (0.2,0.3).

2.1.1 The residuation principle

Definition 2.1.10 [23]
An intuitionistic fuzzy t-norm T is said to be satisfied the residuated principle

if and only if for all (a1, as), (b1, b2), (c1,c2) € L7,

(c1,¢9) <p+ Z7 ((a1,a9) , (b1, b)) if and only if T ((a1,az), (c1,c2)) <p+ (b1, b2)
(2.1)

Where 1 denotes the residual implicator generated by T, defined as

Ir ((a1,a2), (b1,b2)) = sup {(a1,a2) € L* / T ((a1,a2), (o1, a)) <p+ (b1, b2)}

Theorem 2.1.11 [23]

Let F' be any increasing L* — L*-mapping. If

supF'(z) = F(supz),

2€Z z€/

for all non-empty subsets Z of L*, then F called intuitionistic fuzzy left-

continuous mapping.

Theorem 2.1.12 [2]]
Let T be an intuitionistic fuzzy t-norm. If T satisfies the residuation principle,
then the partial mappings of T are intuitionistic fuzzy left-continuous. If T

15 a t-representable, then the partial mappings of T are intuitionistic fuzzy



2.1. Basic properties 32

left-continuous if and only if T satisfies the residuation principle.

Remark 2.1.13 [50, 25, 19/

If an intuitionistic fuzzy t-norm T satisfies the residuation principle, then T
15 tntuitionistic fuzzy left-continuous. In general, one can not derive an intu-
itionistic fuzzy t-norm that satisfies the residuation principle from intuitionistic

fuzzy left-continuity.
Neat, we recall the definition of the dominated of intuitionistic fuzzy t-norm.

Definition 2.1.14 [57]
An intuitionistic fuzzy t-norm Ty is said to dominate another intuitionistic fuzz

t-norm Tz if and only if for any quadruple ((z1,x2) , (y1,y2), (u1,uz2), (v1,v2)) €
(L*)*, the following holds:

To(Ti((z1, 22) , (ur,u2)), Ti((y1, y2) » (v1,v2)))

<z Ti(T2((w1, 2) , (Y1, v2)), Ta((u1, uz) , (v1,v2)))

We need the following lemma to prove the main results.

Lemma 2.1.15 [57]

Any intuitionistic fuzzy t-norm T dominates itself.

Proof.

For any quadruple ((xla x?) ) (y17 y?) ) (Ul, u?) ) (Ula U2>) S (L*>4 We ha’vei
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T(T (21, m2) , (u1,u2)), T((y1,92) , (v1,v2))) <+ (¥),

() <z T((@1,22) , T ((ur,u2) , T((y1,92) 5 (v1,12)))),
<ze T((@1,22) T (T ((wr,u2) , (g1, 92)) 5 (01, 02))
<ee T((@r,@2), T (T (Y1, 92) » (wr, u2)) , (v1,02))
<o T((xr,22) s T (Y1, y2) s T ((ur, ua) 4 (v1,v2)))

] <z T(T (@1, 22), (y1,92)) » T (w1, u2) , (01, 02))

In the following, we characterize the set L* on which this work is based.

Theorem 2.1.16 [20]

Consider the lattice (L*, <p+) defined in Lemma |1.7.1. The algebraic structure

(L, <p+, T,Z7,0p+, 11+) is a residuated lattice.
The following lemma will be used to prove some results.

Lemma 2.1.17 [57]

For any (21, 22) € L*, we have,

((a1,a2) <z (21, 22) & (b1, b2) <p- (21, 22)) implies, ((a,a2) = (b1, b2)).
Dually, we get for any (x1,x2) € L*, the equivalence,
((z1,22) <+ (a1, a2) & (21, 22) <pe (b1, b2)) implies, ((ar,a2) = (b1, b2)).

Proposition 2.1.18 [57]
The mapping Ly: L* — L*, (x1,x2) — L7 ((x1,22) , (€1, ¢2)) , where (¢1,¢2) 1S a

fized element in L*, changes all existing joints in the first argument 7 in L* to
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meets, i.e.,

Iy (sup (ai, bi) , (1, ¢2)) = infZy ((a, bi) , (c1, 2)) (2.2)

iel iel
For any (a;, b;), (c1,¢2) € L* and i € I.

Proof.
Let (a;,b;), (c1,¢0) € L* and i € 1. And let (a1,a9) € L*. The following
equivalences hold:

(ala a?) <L* IT(Sup (ai7 bZ) ) (Cla 02))'

el

Then, (Using Theoerm |2.1.11) we have, for any i € I we have,

T(s.u}o (ai, bi), (o1, 9)) <p+ (c1,02) & S'U-?T((ai;bi) (a1, 9)) <+ (c1,¢2),
1€ 1€

< T ((ai,bi), (o1, a2)) <z- (c1,¢2) ,

& (g, 02) <p- Ir (@i, b;) , (c1, ¢2))

g (alu O@) <L 122;1-7— ((ai7 bl) ) (Cla 02)) :

Hence,

infZr ((a;, b;) , (c1,¢2)) = Ir (sup (@i, i), (cq, 02)> :

Proposition 2.1.19 [57]
The mapping Zy: L* — L*, (y1,y2) — Z7 ((a1, a2) , (y1,y2)) preserves all exist-

ing meets of the second argument in L*, i.e.,

Ir((a1, az) , it (b;, by)) = infZy ((a1, az) , (bi; b))
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For any (a1, as2) , (b, b;) € L*.

Proof.

Stmilarly to the Proposition|2.1.15 m

Proposition 2.1.20 [57]
For any (a1, az2) , (b, b;) € L* we have

T(mf (a;, b;), mf (a;,0))) <p- mf’T((aZ, i), (a;, b)) .

el

Proof.

Let (a1,as),(b;,b;) € L*. We use the property of meet in L* and (2.1), we
obtain, for (z1,2) € L*,

inf7 ((ai, i) , (a3, b)) <z T (@i, 03) , (a3, b7)) , Vi € I, on put T ((ai, bi) , (a3, b7)) <

(z1,290),Vi € I, We get,

T ((a;,b;), (al,0) <p+ (21,22),Vi €l < (a;,b;) <p+ Iy ((a}, b)), (21, 29)) , Vi € I,

R

& inf (a;, b;) <pe infZ7 ((af, b)) , (21, 22)) -
iel iel

171

From the fact that,

infZr ((aw bz) ) (217 ZQ)) - IT(SUP (aw bz) ’ (Z17 22))

And Proposition we have,

inf (a;, b;) <p« infZr ((al, b)), (21, 22)) < inf (a;,b;) <p- Zy(sup (a}, b)), (21, 22)),

1€l 1€l 1€l iel

& T(lnf (a;, b;) ,sup (a;, b)) <p- (21, 22) .

el
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Hence,
inf 7" ((a27 ) (aza b;)) — T(lnf (ala bi ) ; Sup (aw b;))
i€l il iel
Note that,
T (inf (a;, b;) , mf (ai, b)) <gr- T(lnf (a;,b;) ,sup (ag, b,)).
el iel el
Hence,
T (inf (a;, b;) ,inf (a}, 0})) <p- infT ((as, b;) , (a, b)) .
1el 1el 1€l
|

Proposition 2.1.21 [57]

For any (a1,as) , (b1,be) € L*, we have,

(a1, a2) <p- (b1,b2) if and only if Ir((a1, az) , (b1, b2)) = (1,0) .

Proof.
Let (a1,as), (by,b) € L*. According to Theorem and

(a1, a2) <z+ (b1,b2) < T ((a1,a2),(1,0)) <z- (b1, b2)
<~ (17 0) <L IT((ah a2) ) (bla b2))7
-~ (1,0) :IT((al,ag),(bl,bg)).

Proposition 2.1.22 [57]

Let (a1, as), (by,b2), (c1,c2) € L*. We have,

T (Z7((b1,b2) , (c1,¢2)), Ir((a1, a2) , (b1, 02))) <p+ I ((a1,a2) , (c1,¢2)). (i.e.,

Zr is T -transitivite)
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Proof.
Let (ay, as) , (b1, b2) , (c1,c2) € L*. According to and proprieties of restudied

lattice, we get,

T (TZ7((b1,b2) , (c1,¢2)), Ir((a1, az) , (b, b2))]; (a1, a2)) <r-

<z T (Z7((b1,02) , (c1,¢2)), T [(Z1((a1, az) , (b1, 02))) , (a1, az)])

Which 1s true, since,

T [(Zr((a1, az) , (b1,02))) , (a1, a2)] <p- (b1, b2)
Then,

T (TZr((b1,b2) , (c1,2)), Ir((ar, az) , (b1, b2))], (a1, a2)) <p+ (*')
(*) <+ T (Z7r((b1,b2), (c1,¢2)), (b1, b2))

T (T1Z7r((b1,b2) , (c1, ¢2)), Zr((a1, az) , (b1, 02))], (a1, a2)) <r- (c1, c2)

So,

T (Zr((b1,b2) , (c1, e2)), Zr((a1, az) , (b1, 02))) <p- I7 ((a1, az) , (c1, ¢2)) -

In another sense It is T -transitivite. m
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2.2 Intuitionistic fuzzy equivalence and order with respect

to T

The special types of intuitionistic fuzzy equivalence relations and intuitionistic

fuzzy partially ordered relations have important applications in intuitionistic

fuzzy subsets theory.

Definition 2.2.1 [57]

An intuitionistic fuzzy relation p on X s called,

1.

Reflexive, if p(z,x) = (1,0) for all x € X, i.e., p,(xr,z) = 1 and

vy (x,2) =0 forallx € X.

Symmetric, if p(z,y) = p(y,x) for all v,y € X, i.e., p,(v,y) = p, (y, )

and v, (x,y) = v, (y,x) for all z,y € X.

T -transitive, if T (p(x,y),p(y,2)) <p- p(z,2) for al z,y,z € X, i.e.,

T x)y? y)'Z S :E,Z,
(kp (5 y) s o (Y5 2)) < pap ( )foralla:,y,zeX.

S Wy (2,9), v, (y,2)) 2 v, (7, 2)

. Separated, if p(x,y) = (1,0) implies v =y for all z,y € X.

Strongly, if p(z,y) Vi~ p(y,x) = (1,0), for all z,y € X.

i.e., max (p, (z,y), 1y (y,2)) = 1 and min (v, (z,y),v, (y,2)) = 0 for
all v,y € X.

If an intuitionistic fuzzy relation p on X satisfies only the conditions (1)

and (3) then it called an intuitionistic fuzzy preordering with respect to T,

(intuitionistic fuzzy T -preorder, for short).



2.2.  Intuitionistic fuzzy equivalence and order with respect to T 39

o If an intuitionistic fuzzy relation p on X satisfies the conditions (1), (2)
and (3), then it’s called an intuitionistic fuzzy equivalence with respect to

T, (intuitionistic fuzzy T -equivalence, for short).

o An intuitionistic fuzzy T -equivalence on X satisfies the condition (4) , is
called an intuitionistic fuzzy equality with respect to T, (intuitionistic fuzzy

T -equality, for short).

o An intuitionistic fuzzy relation p on X is called an intuitionistic fuzzy weak
order relation with respect to an intuitionistic fuzzy t-norm T (intuitionistic

fuzzy weak T -order, for short) on X if it satisfies the conditions (3) and
(5).
Remark 2.2.2 [57]

As in the crisp case, an intuitionistic fuzzy weak T -order is reflexive.

Conclusion 2.2.3 [57]
An intuitionistic fuzzy weak T -order is a special kind of intuitionistic fuzzy

T -preorder.

Example 2.2.4 [57]

Let X ={a,b,c}, T = (min, max) and the relation p = (u,,v,) given by

p,: X x X —[0;1]

o | a | b | c
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vy: X x X — [0;1]

v, | a b c

a| 0] 0 105

b| 0] 0 ]05

c 105105 0

It is not difficult to see that p is an intuitionistic fuzzy T -equivalence relation

on X.

On the basis of the above definitions of intuitionistic fuzzy relations, we define

a dominating class of x and the class dominated by x as follows.

Definition 2.2.5 [57]
Let p be an intuitionistic fuzzy T -preordering defined on a set X. Then, for any

element v € X, we assoctate the dominating class of x denoted by p,4 and s

defined as

Pzt = {<y,um(y),upﬂ(y)> ‘ ye X} )
Where .. (y) = pp(2,v), V. (y) = vp(x,y) for anyy € X.

Ezxzample 2.2.6 [57]
Let X = {a,b,c}, T = (min, max) and the intuitionistic relation p = (11,,V,)
given by

pp: X x X —0,1],
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Hp (7) a b c

a 1 10710

b 01110

c 051071

vy: X X X — [0;1]

vo(,) ] a | b | c

a 0 0 0.2

b 0.8 0 | O

c 0.3(02 0

It is easy to see that p is an intuitionistic fuzzy T -preordering. We define the

class of X dominated by a, b and c as follows

{ <MP(’Z?5€)7VP(Z7$)>)7$€X}7

(2,
{{a,1,0),(b,0.7,0), (c,0,0.2)},
<
<

pm_{aoo&<aLm4quL
= {(a,0.5,0.3), (b,0.7,0.2) , (¢, 1,0)} .

2.3 Intuitionistic fuzzy (resp. strongly) 7-FE-order

Definition 2.3.1 [57]
Let X be a nonempty set, let T be an intuitionistic fuzzy t-norm and assume

that E be an intuitionistic fuzzy T -equivalence on X .

1. An intuitionistic fuzzy relation p on X is called an intuitionistic fuzzy partial

ordering w.r.t the intuitionistic fuzzy t-norm T and the intuitionistic fuzzy
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T -equivalence (intuitionistic fuzzy T-E-order, for short) on X if it is

T -transitive and additionally has the following two properties
(a) for all x,y € X, E(x,y) <z- p(x,y), i.e.,

HE\T,Y S:u ,Y),
(.9) (:9) (E-reflexivity),

Vg (xay) Z Vp (CU,y),

(b) forallz,y € X, T(p(z,y),p(z,y)) <z E(x,y), iec.,

T (pp (2,9) s 1y (9, 7)) < poe (2,9) s
(p( ) p( )) E( ) (T_E_antz'symmet?“y),

S(Vp($,y),Vp(y,I)) > VE(xay)'

2. An intuitionistic fuzzy T-E-order on X satisfies the condition (5) in Def-
inition [2.2.1], is called an intuitionistic fuzzy strongly ordering w.r.t the
intuitionistic fuzzy t-norm T (intuitionistic fuzzy strongly T-E-order on

X, for short).

2.4 Representation and construction of intuitionistic fuzzy

T -preorders and intuitionistic fuzzy 7 -orders

2.4.1 Representation and construction of intuitionistic fuzzy 7 -preorders

The following lemma gives a great insight into the representation of intuitionistic
fuzzy T -preorders and we need this lemma in representation and construction

of an intuitionistic fuzzy T -orders

Lemma 2.4.1 [57]

Let X be a non-empty set and let T be an intuitionistic fuzzy t-representable
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t-norm. Every intuitionistic fuzzy T -preordering p = (p,,v,) on X fulfills the

following equality

pl@,y) = mETr ((kp(2, 2), (2, 2)), (p(2, ), vp(2,9))) » for any z,y € X.

Proof.

To prove the above equality, we use the T -transitivity of p and the commutativity
of T.

For all z,y € X, we have,

(z,y), forall z € X,

VAN
&
>

)
p(z, )
<z Tz (p(z,2),p(2,y)), foralze X,
(1o (z,2) v (2,%)) (1 (2,9) v (2,9))) 5 for all z € X,

o (2,2) v, (2,2)), (1p (2,9) , v (2,9))) -

V/A\
h
LE

3

Setting z = x in this inequality, we obtain:

Zlél)f;,]} ((Mp (za x) »Vp (Za x)) ) (MP (Za y) » Vp (Z’ y)))

<L ,TI((:“P (x,ZL‘) »Vp (SU,QZ)) ) (:LLP (:L‘,y) »Vp (337y))) )

or

Tz (1 (@, 2) v (2,2)) , (1 () , v (2,9)))
= (1p (2,9) ,vp (2,9)) = p(2,y) .
Then,

nf Tz ((ky (2,2) v (2:2)) 5 (1 (2,9) 5 v (2,9))) Sz p(2,9) -

Which completes the proof of this lemma. m
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2.4.2 Representation and construction of intuitionistic fuzzy 7 -orders

In the same way in the above Lemma|2.4.1, a new concept is given to representa-
tion and construction of intuitionistic fuzzy T -orders, intuitionistic fuzzy strong
T-E-ordering and we extend the results [16, Theorem 1.1] to the intuitionistic

fuzzy case.

Theorem 2.4.2 [57]

Let X be a non-empty set, let p be an intuitionistic fuzzy binary relation on
X, and let T be an intuitionistic fuzzy t-representable t-norm. Then, p is an
intuitionistic fuzzy weak T -order relation if and only if there exists a non-empty
domain Y, an intuitionistic fuzzy T -equivalence relation E, an intuitionistic
fuzzy strong T -E-ordering F' and a mapping p: X — Y such that the following

equality holds for all x,y € X :

p(z,y) = (pr ((p(x),p(y)), ve(p(z), p(y))) - (2.3)

Proof.

To prove sufficiency, let Y be a non-empty domain equipped with an intuitionistic
fuzzy T -equivalence relation E, let F be an intuitionistic fuzzy strong T -E-
ordering and let p be a mapping from X to'Y such that the representation in
Equation holds. As every strongly complete intuitionistic fuzzy T-E -order
15 an intuitionistic fuzzy weak T -order relation, p is trivially an intuitionistic
fuzzy weak T -order relation.

For the necessity, assume that p is an intuitionistic fuzzy weak T -order relation.

Define Y to be X and p to be the identity on X. Now we put F(z,y) = p(x,y)
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and E(x,y) =T (p(z,y), p(y, x)).

First, we prove that E s an intuitionistic fuzzy T -equivalence relation. To

prove the reflexivity we use the result of Remark[2.2.3. The symmetry of E is
stratghtforward.
Finally, we prove the T -transitivity of E i.e., T (E (x,y), E(y,2)) <z E(x,2).

Let x,y, z in X, using Lemma we have :

T(E,(z,y),E(y.2) = T(T(p(x,y),p(y,2), T (ply,2), p(z,9))),
<= T(T (p(@,y), p(y, 2)) . T (p(y, ), p(2.))) ,
<z T(T (p(2,9),p(y,2)), T (p(2,9), p(y, 2))) ,
<z T (p(x,2),p(z,2)) = E(x,2).

Using Remark [2.2.3, it easy to see that F' is a T -transitive, E-reflexive, T -
E-antisymmetry and strongly complete on X. i.e., F' is an intuitionistic fuzzy
strong T -E -ordering on X. Thus the proof is completed. m

Theorem |2.4.%2 is a natural generalization the results of U. Bodenhofer and
all [16, Theorem 1.1] and it is a factorization of the intuitionistic fuzzy weak
T -order between two relations, intuitionistic fuzzy strong T -E-ordering and

intuitionistic fuzzy T -equivalence relation.

:upaljp

X2 [0, 1]
P
UE, VF
Y2

Where,
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2.4.3 Intuitionistic fuzzy set generator and Zr-representable

Definition 2.4.3 [57]

Let X be a non-empty set and let T be an intuitionistic fuzzy t-representable
t-norm. Consider an intuitionistic fuzzy weak T -order p. p s said to be Ly
-representable if there exists an intuitionistic fuzzy subset A called intuitionistic

fuzzy set generator such that the equation

p(e,y) = Ir((pa(z), va(@)), (naly), vay))) (24)

holds.

Remark 2.4.4 [57]

Let X be a non-empty set and let T be an intuitionistic fuzzy t-representable
t-norm. If T = (min, max). Then, for any intuitionistic fuzzy subset A on X,
the intuitionistic fuzzy relation defined on X by Fquality [2.4] is not, in general,
an intuitionistic fuzzy weak T -order. Indeed let (ay,as), (b1, be) € L*, define Iy

([20]) as follows,

1r- if a1 <by and ay > bo,
(1 — bg,bg) Zf a; < by and as < bg,
Ir ((a1,a2), (b1,b2)) = <
(bl,O) Zf ap > by and ay > bQ,

(bl,bz) Zf a1 > by and as < bs.
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And consider A to be the intuitionistic fuzzy subset, A = {(x,0.1,0.2) , (y,0.3,0.5)} ,

Tl @), v @) (sl va))
p(z,y) Vi p(y,z) = :

Vi-Zr((pa(y), va(y)) , (pa(r), va(x)))

Z7((0.1,0.2), (0.3,0.5))

Y

K V1-Z7((0.3,0.5),(0.1,0.2))
= ((1-10.5),0.5) V- (0.1,0.0),
— (max (0.5,0.0) ,min (0.5,0.1)),

= (0.5,0.1) # (1,0).
Then p is not strongly, hence p is not an intuitionistic fuzzy weak T -order.

Conclusion 2.4.5 [57]
An intuitionistic fuzzy relation given by Fquality [2.4] is not in general an intu-

itionistic fuzzy weak T -order.

In other words, we can not give representation or construction of an intuitionistic
fuzzy weak T -order by Equality [2.4].
Moreover, the following theory provides another way to representation and

construction of intuitionistic fuzzy T -orders intuitionistic

Theorem 2.4.6 [57]
Let X be a non-empty set and let T be an intuitionistic fuzzy t-representable
t-norm. For an intuitionistic fuzzy subset A = (ua,va) on X, the intuitionistic

fuzzy relation p defined on X by Equality[2.4] is an intuitionistic fuzzy T -preorder.

Proof.

Straightforward, according to Proposition|2.1.22. =
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The following gives a representation theorem for intuitionistic fuzzy T -

preorder by a family of intuitionistic fuzzy subsets. The following theory provides

another way to representation and construction of intuitionistic fuzzy T -preorder.

Theorem 2.4.7 [57]
Let p be an intuitionistic fuzzy relation on X. Then the following two statements

are equivalent,
1. p is an intuitionistic fuzzy T -preordering.

2. There exists a non-empty family of intuitionistic fuzzy subsets (A;)ier on

X such that the following representation holds

pz.y) = fZr((pa, (@), va, (), (ra,(y), va,(y)). (2:5)

Proof.
For the sufficiency, assume that there exists a non-empty family of intuitionistic
fuzzy subsets (A;)ier on X such that the Equation holds and proof that p

is an intuitionistic fuzzy T -preordering relation.

Firstly, from Proposition |2.1.21,

p(a,x) = Ir((pa (), va, (@), (pa(2), va,(z))) = inf ((1,0)) = (1,0),

el

hence p is reflexive.

Secondly, using Propriety

T(Zr((pa(), va (@) s (na (), va, (), Zr((pay), va,(y))  (na(2), va, (2)))

<o Tr((a @) va @) , (4, (2), va(2)) . for any .y, 2 € X, and i € I.
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Then,

22;7- (IT((/LAl(I'), VAi(:E)) J (:qu(y)v VAi(y)) 7IT((MAi(y)> VAi(y)) ) (lqu(Z)7 VA;(Z)))
Spe T ((pay (), va,(2))  (1a,(2), v4,(2)) -

Put

T (nfZr ((pa;(2), va,(2)) s (ai(y), va, (y)) A Z7 (4, (y), vai () » (04, (2), va,(2))) = A,

By Proposition |2.1.20}, we have,

A <L 12;7’ (IT((MA1($)7 VAz‘(I)) ) (:qu(y)v VAi(y)) 7ZT(<:LLAi<y)7 I/Ai(y>) ) (ILLA'L(Z>7 I/A’L(Z))) .

Then, if we put

T(ierlIfIT((MAi(x)7 VA@‘(I.)) ) (/’LAi(y)7 VAi(y)) 712,2;1'7((“&(?”7 VAi(y)) ’ (MAi(Z)> VAL(Z))) = )‘/7

We obtain,

A < EZ7((a, (2), va () (14, (2), va,(2)) -

Thus,

T (p(z,y), p(y, 2)) <r- p(z, 2).

Consequently, the intuitionistic fuzzy relation defined in Equation s an
intuitionistic fuzzy T -preordering relation.

For the necessity, take I = X and A, = p,y the class dominated by z. Then
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representation Equation follows from Lemma [2.4.1]

pla.y) = WETE (. 2). vy, 2)) L (ol 9). (2. )))
= 0Tz (s (2). 05y (1)) - (s (), 7, (9))

= IfZr((pa.(2), va. (7)), (a. (), va.(v))-

Conclusion 2.4.8 [57]
Any intuitionistic fuzzy T-preordering relation is an intersection of representable

based on a family of intuitionistic fuzzy subsets.

2.4.4 Construction of intuitionistic fuzzy 7-FE-order
Theorem 2.4.9 [57]

Let p be an intuitionistic fuzzy T-E -order on X. Then,

1. The kernel relation 4, of p defined by x <, y if and only if p(x,y) =
(1,0), for all x,y € X, can be seen as a crisp preordering relation on
X. Furthermore, <, is a crisp partial ordering on X if and only if E is

separated.

2. If E is separated, then <, is a crisp linear ordering on X.

Proof.

o [or the first assertion. The reflexivity of <1, follows directly from the

E-reflexivity of p,
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p

Hp (33756) Z HE (.ZC,LC) = ]-a
y and

| v (@,2) Svp(z,x) =0

Hence,
(

/’[/p ('Trx) = 17
§ and

| (x,z) =0.

Then, p(x,x) = (1,0). Hence, v <, x.

In order to prove the transitivity of <,, consider the two equivalences,

r <,y if and only if p(z,y) = (1,0).

y <, z if and only if p(y,z) = (1,0).

And T -transitivity entails,

p

=T (po (x,y) 1t (y,2)) < pp (2, 2),,

y and
. 0 — S(Vp(ilf,y),l/p(y,Z)) Z Vp(xaz)'
r
/LP(SU,Z) = 17
Thus, § and

vy (x,2) =0.

\

Hence, x 4, z.

Assume that, E is separated. For a pair (z,y) € X? :
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z<dyyandy <,z = p(z,y) =(1,0) and p(y,x) = (1,0)
(
T (pp (z,y), pp (Y, ) < pp (z,y),

= S and

| S (z,y), v, (y, 7)) =2 ve (2,y).

pe (z,y) =1,
= 4 and

kI/E(gr:,y)zo.
= T =Y.

Conversely, suppose that E (z,y) = (1,0). Since p is E-reflexive.

,
pe (x,y) =1<p,(z,y),

We have < and

L VE(Z.ay) =02> Vp(xvy)'
Hence, p (z,y) = (1,0), wich implies v <, y...... (1).

Stmilarly, E (x,y) = (1,0) implies y <, z...... (2)

(1) and (2) gives x =y (<, is antisymmetric) .

e For the second assertion, assume that E is separated, we have for any

arbitrary v,y € X

( Sy ory I, x) if and only if (p(z,y)=(1,0) orp(y,x) = (1,0)).

Which completes the proof.

The results and characterize the intuitionistic fuzzy T -E-order

as intersections of representable intuitionistic fuzzy T -E-orders generated by an
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intuitionistic fuzzy subset that 1s monotonic with respect to the same crisp linear

order.

Corollary 2.4.10 [57]

Consider a binary intuitionistic fuzzy relation p: X? — [0,1] and an intuition-
istic fuzzy T -equality E on X. If p is an intuitionistic fuzzy T-E -order, then
there exists a crisp linear order and a non-empty family (A;)ier of intuitionistic

fuzzy subsets generators of p such that the representation (2.5 ) holds.

Proof.

Let p is an intuitionistic fuzzy T-E-order and let E be an intuitionistic fuzzy
T -equality on X. Lemma guarantees that the kernel relation <, is a
crisp linear ordering on X. Analogously to the proof of Theorem [2.4.7, take
I =X and A, = p.+ the class dominated by z. Lemma ensures that the
representation Equation holds. m

The following definition is inspired by [16].

Definition 2.4.11 [57]

Let X be a non-empty set, let p be an intuitionistic fuzzy T -E-order on X and
let B be an intuitionistic fuzzy subset of X. B s called increasing with respect
to <, if and only 1f,

r <,y = B(z) <p- B(y).

2.4.5 Construction of the intuitionistic fuzzy weak 7T -order

Theorem 2.4.12 [57]

Consider a binary intuitionistic fuzzy relation p : X? — [0,1]. If the crisp order
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<, is linear and there exists a non-empty family (A;)icr of intuitionistic fuzzy
subsets generators of p such that A; is increasing with respect to <, for all
1 € I and the representation ) holds, then p is an intuitionistic fuzzy weak

T -order.

Proof.

Theorem m states that p defined as in Equation is a T -preorder, it
remains to prove that p is strongly. Since <, is complete at least one of the
two inequalities x <, y and y <, x holds. If we assume that x <,y fulfills the

increasingness of all A;, this guarantees that A;(x) <p- Ai(y) holds for alli € I.
From Propriety|2.1.21, we can conclude that,

L ((pa, (@), va, (), (1a, (), va,(y))) = (1,0) for alli € I.

Therefore,

infTr((sa, (), v4,(2)) , (14, (9), v, () = (1,0).

Then, p(z,y) = (1,0) we obtain that,

Ly (x,y) =1 and v, (x,y) = 0.

Conversely, if we assume thaty <1, x, we obtain analogously that p(y, z) = (1,0).
Hence, ji, (y,x) =1 and v, (y,x) = 0. Thus, in any case, we have,

’

max (H’,D (.I', y) 7:up (y7 LU)) = 17
§ and

min (v, (z,y) , v, (y,2)) = 0.

\
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Thus, p is strongly, which completes the proof. ™



Chapter 3

Some new results on intuitionistic fuzzy

sublattices and their ideals

In this chapter, we study the concept of intuitionistic fuzzy sublattices and
intuitionistic fuzzy ideals with respect to an intuitionistic fuzzy t-norm on an ad-
equate lattice. Some characterizations and properties of these intuitionistic fuzzy

sublattices and ideals with respect to intuitionistic fuzzy t-norm are established.

3.1 Intuitionistic fuzzy lattices

In this section, we recall the basic definitions and properties of intuitionistic fuzzy
lattices and some related notions that will be needed throughout the next chapters.
The concept of an intuitionistic fuzzy lattice was introduced by Thomas and Nair
[48] as an intuitionistic fuzzy set on a crisp lattice stable by the supremum and

the infimum of the binary operations I and L.

Definition 3.1.1 [}§]
Let L be a lattice and A = {{x, pa(x),va(z)) | x € L} be an IFS on L. Then A

15 called an intuitionistic fuzzy lattice if for any x,y € L, the following conditions

56
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are satisfied:
(i) pa(z Uy) > pa(z) A pa(y);
(ii) pa(x My) > pa(x) A paly);
(iii) va(z Uy) < wva(x) Vva(y);
(iv) va(z My) < va(z) V va(y).

Ezxzample 3.1.2 []|]

Figure shows the Hasse diagram of a lattice L = {0,a,b,1}. The intu-
itionistic fuzzy set A on L given by A = {< 0,0.5,0.1 >, < a,04,0.5 >, <
b,0.4,0.3 >, < 1,0.7,0.3 >} is an intuitionistic fuzzy lattice.

1

0
Figure 3.1: Hasse diagram of a lattice (L, <,M,U) with L = {0, a, b, 1}.

For further details on intuitionistic fuzzy lattices, we refer to [42, 147, [4§].

3.2 Intuitionistic fuzzy ideals and filters on a lattice

The notion of intuitionistic fuzzy ideal (resp. filter) on a lattice was first intro-

duced by Thomas and Nair [48].

Definition 3.2.1 [}§]
Let L be a lattice and I = {(z, ur(z),vi(x)) | x € L} be an IFS on L. Then I
is called an intuitionistic fuzzy ideal on L (IF-ideal, for short) if for all x,y € L

the following conditions are satisfied:
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(i) pr(xUy) = pr(x) A pr(y);
(ii) pr(x My) = pr(z) vV pr(y);
(111) vi(z Uy) < vi(x)Vuv(y);
(iv) vi(z My) < vi(z) Avi(y).

Ezxample 3.2.2 [}
Let L be the lattice given by the Hasse diagram in Figure[3.1. The intuitionistic
fuzzy set I on L defined by I = {< 0,0.5,0.1 >,< a,0.4,0.3 >,< b,0.1,0.2 >

,<1,0.1,0.3 >} is an [F-ideal.

Definition 3.2.3 [4§]
Let L be a lattice and F = {{x, up(x),vp(x)) | x € L} be an IFS on L. Then
F is called an intuitionistic fuzzy filter on L (IF-filter, for short) if for any

x,y € L, the following conditions are satisfied:

(i) pr(zUy) > pp(r) vV pe(y);
(i) pr(x Ny) > pe() A pe(y);
(iti) ve(x Uy) < vp(z) Ave(y);
() ve(zxNy) <ve(x)Vvep(y).

Ezxzample 3.2.4 [j|
Let L be the lattice given by the Hasse diagram in Figure[3.1. The intuitionistic
fuzzy set F' on L defined by F = {< 0,0.1,0.6 >,< a,0.2,0.6 >, < 5,0.1,0.5 >

,<1,0.4,0.3 >} is an IF-filter.
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Remark 3.2.5 [j|]

Notice that every [F-ideal on L is an L-IF-lattice, but the converse is not true
in general. Indeed, let L be the lattice given by the Hasse diagram in Figure|3. 1
and A € IFS(L) defined by A = {< 0,0.3,0.1 >, < a,0.4,0.5 >,< b,0.4,0.3 >
,< 1,0.7,0.3 >}. Then A is an L-IF-lattice, but since pa(a) = pa(am 1) =
0.4 # max{0.4;0.7}, then it holds that A is not an IF-ideal on L. As well since
114(0) = pa(amb) = 0.3 2 min{0.4; 0.4}, then it holds that A is not an IF-filter

on L.
The following results will be needed throughout this chapter.

Proposition 3.2.6
Let L be a lattice, L be its order-dual lattice, and A € IFS(L). Then it holds

that A is an IF-ideal on L if and only if A is an IF-filter on L% and conversely.

Proposition 3.2.7 [}§]
Let L be a lattice, A and B are two intuitionistic fuzzy sets on L. Then it

holds that
(1) if A and B are two [F-ideals on L, then AN B is an [F-ideal on L;

(ii) if A and B are two IF-filters on L, then AN B is an IF-filter on L.

3.3 7T -Intuitionistic fuzzy sublattices

In this section, we introduce and study the notion of an intuitionistic fuzzy sub-
lattice w.r.t a representable intuitionistic fuzzy t-norm, intuitionistic fuzzy ideal
w.r.t a representable intuitionistic fuzzy t-norm. Also, their characterizations

w.r.t a representable intuitionistic fuzzy t-norm.
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Definition 3.3.1 []|

Let T be a representable intuitionistic fuzzy t-norm, L a crisp lattice, and A an
intuitionistic fuzzy set. A is called an intuitionistic fuzzy sublattice on lattice
L w.r.t the representable intuitionistic fuzzy t-norm T if and only if the following

inequality holds

T (A(x),A(y)) <z Az Vy) A A(z Ay) (3.1)

Notation 3.3.2
The sets of all the intuitionistic fuzzy lattice on lattice L w.r.t representable

intuitionistic fuzzy t-norm T will be denoted by T-1FL(L).

Remark 3.3.3 [}

If A€ Ty-IFL(L), then A is an intuitionistic fuzzy lattice on lattice L, within
the meaning of K. V. Thomas and L. S. Nair in [{§]. So intuitionistic fuzzy
lattice w.r.t the representable intuitionistic fuzzy t-norm T is a generalization

of the intuitionistic fuzzy lattice.

Ezxzample 3.3.4 [j|
Consider the lattice L = {1,2,3,6} the of all divisors of 6. Let A be the
intuitionistic fuzzy set given by A(1) = (0.1,0), A(2) = (04,0.3), A(3) =

(0.5,0.5), A(6) = (0.2,0.3).

Then, A is a Tp-IFL (L). Indeed, it suffices to prove that if for x,y € L we

get that
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1
Figure 3.2: The Hasse diagram of D(6)

zly| Al) Aly) |zhy | AlzAy) |zVy | AlzVy)
1[1](01,02)](0.1,02) | 1 |[(0.1,02)] 1 | (0.1,0.2)
1[2](01,02)](04,03) 1 |[(0.1,02)] 2 |(04,03)
1[3](01,02)](05,05) | 1 |(0.1,02)] 3 |(0.5,05)
1[6](01,02)](02,03) 1 [(01,02)] 6 |(02,0.3)
2 1[(04,03)](01,02)| 1 [(0.1,02)| 2 |(04,0.3)
221(04,03)](04,03)| 2 [(04,03)| 2 |(04,03)
21371(04,03)](05,05) | 1 |(0.1,02)| 6 |(0.2,0.3)
216 (04,03) (02,03 | 2 [(0403)| 6 |(0.20.3)
311](05,05)[(0.1,02)| 1 |(0.1,02)| 3 |(05,0.5)
3127((05,05) | (04,03) | 1 |(0.1,02)] 6 |(0.4,0.3)
31371(05,05) | (05,05) | 3 | (0505 | 3 |(05,05)
316 (05,05) | (02,03) | 3 | (0505 | 6 |(0.20.3)
611](02,03) (01,02 1 |(0.1,02)] 6 |(020.3)
612](02,03)](04,03) | 2 |(0403)| 6 |(0.20.3)
6]3[(0203)](0505) | 3 |(0505) | 6 |(020.3)
6]6](0203)](0203) | 6 |(0203)] 6 |(020.3)

Table 3.1: Verification table of the fact that A is a T,-IFL (L).

TL(A(z),(A(y)) | A(z Ay) A A(z Vy) | The inequality [3.1]
(0,0.4) (0.1,0.2) True
(0,0.5) (0.1,0.3) True
(0,0.7) (0.1,0.5) True
(0,0.5) (0.1,0.3) True
(0,0.5) (0.1,0.3) True
(0,0.6) (0.4,0.3) True
(0,0.8) (0.1,0.3) True
(0,0.6) (0.2,0.3) True
(0,0.7) (0.1,0.5) True
(0,0.8) (0.5,0.5) True

(0,1) (0.2,0.5) True
(0,0.8) (0.1,0.3) True
(0,0.5) (0.2,0.3) True
(0,0.6) (0.2,0.5) True
(0,0.8) (0.2,0.3) True
(0,0.6) (0.1,0.5) True

Table 3.2: Verification table of the fact that A is a T-IFL(L).
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The following lemma is immediate and shows the generality of our work.

Lemma 3.3.5 [}

If A€ Ty-IFL(L) then A € T-IFL (L), the converse is not true.

Proof.

Assume that A € Ty-IFL(L). Then,

Tu (A(x), A(y)) <z Az Vy) Ap- A(z Ay)

Using the Remark[2.1.8. Then,

T (A(2),A(y)) <z Az Vy) AL Al Ay)

So, Ac¢ T-IFL(L). m

Remark 3.3.6 Conversely is note true. Indeed, let L be the lattice in Example
and let A given by,

A(1)=1(0.1,0.2), A(2) = (0.4,0.3), A(3) =(0.5,0.5), A(6) = (0.2,0.3).
Then, A is an Tp-1FL (L) but A is note an Ty-IFL (L).

But, Ta(A(2), (A(3)) = (0.4,0.5) £+ (0.1,0.3) = A2 A 3) Az A2V 3) =
A(1) Ap- A(6).

Then, A is note an Ty-IFL (L).

The following theorems about the intersection of two T -intuitionistic fuzzy

lattices on lattice L.

Theorem 3.3.7 [}
The T -intersection of two T -intuitionistic fuzzy sublattices on a lattice L is a

T -intuitionistic fuzzy sublattice on the lattice L.
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Proof.
Let A/ B € T-IFL(L), i.e.,

e

T(A(z),Ay)) <p- A(x ANy) Ap- A(x V y)
§ and

T (B (), B(y)) <z B(x ANy) A= B(z Vy)

We have for x € L: (AN B) (x) =T (A(x), B(z)). Using the Lemma[2.1.5 and

2.1.4.
We have,
- T (A(x), A(y)), < T Az Ny) Ap- Az V y),
T (B(z),B(y)) B(x Ny) Ar- B(z V)
Hence,

T (A(z), B (z)),
T <z T (Alx Ay), Bz Ay)AL-T (A(x Vy), Bz Vy))

T (A(y),B(y))

Thus,

T((ANnB)(x),(ANB)(y)) <+ (ANB)(x Ay) Ap- (AN B) (zVy)

Then, ANB € T-IFL(L). =

Corollary 3.3.8 [}
Let L be a lattice. If A€ T-IFL(L) and B € Ty-IFL (L), then ANB € T -

IFL(L).

Proof.
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Obviously according to Lemma[3.53.5. =
The following theorem characterizes the intersection of two T -intuitionistic
fuzzy sublattices on lattice L, where the intersection of intuitionistic fuzzy sets

is given w.r.t another representable intuitionistic fuzzy t-norm T .

Theorem 3.3.9 [}
Let L be a lattice, A, B € T-IFL(L) and let T' a representable intuitionistic
fuzzy t-norm dominates T. Then, the T '-intersection of A and B is a T'-

IFL(L).

Proof.

Suppose that T is dominated by T .
Let A and B be in T-IFL (L) i.c.,
T(A(x),A(y)) <p- A(z ANy) Ap- Az V y) and
T (B(x),B(y)) <t B(x ANy) Ap- B(x Vy) for any z,y € L.

Then

/ / Az Ny) Ap- Az V y),
T(T (A(z),A(y)), T (B(z),B(y)) <= T
B(z ANy) Ap- B(z V y)

From T < T', Lemma and the transitivity of <+ follow that
Az Ny), B(x ANy)) N+
T (A B@). T (4. BG) < 7 [ LA
T (A(z Vy), Bz Vy))
As (AN B) (z) =T (A(x), B(x)) for any x € L, then,
T((ANB)(z),(ANB)(y)) <z (ANB)(xzAy) A (ANB) (xVy)

So, ANB € T'-IFL(L). =

Remark 3.3.10 [j]
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The union of two T -1F Ls need not be a T-IFL. Indeed, consider the lattice

gwen in Example|53.5.4) and define A, B by

A(1)=(0.7,0.2), A(2)=(0.4,0.5), A(3) = (0.1,0.5), A(6) = (0.2,0.4)

And

B(1)=(0.6,0.1), B(2)=(0.1,0.5), B(3)=(0.3,0.3), B(6)=(0.2,0.3)

It is easy to see that A and B are T-1FLs of L. If we put,

(AUB) (z) = Sy (A(z), B(z)) for all x € L.

(AUB)(1) = (0.7,0.1), (AUB)(2) = (0.4,0.5),

(AUB)(3) = (0.3,0.3), (AUB)(6) = (0.2,0.3).

But, Ty (AU B) (3), (AU B) (2)) = (0.3,0.5) &£~
T((AUB)(3A2),(AUB)(3V2) =T ((AUB)(1),(AUB)(6))
= (0.2,0.3).
So AUB is not a T-IFL.

Now we show some properties of T -Intuitionistic fuzzy sublattices.

Proposition 3.3.11 [Jj]
Let L be a lattice. For any representable intuitionistic fuzzy t-norm 7T, if A is
aT-IFL(L) then [A] and (A) are T-I1FLs of L. Where [A] and (A) are the

Necessity and the possibility of A respectively that we knew in Definition [1.6.5.
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Proof.
Let L be a lattice and assume that A is a T-IFL (L).
We have [A] = {(z, [A](2)) | [A](z) € L*}, where
[Al(z) = (pa (z) , p%y () and pa (x) + p (x) = 1. Then for any z,y € L,
A€ T-IFL(L) this implies T (A (z), A (y)) <t~ Az Vy) A Alz Ay)
min (pa (z Vy), pa(z Ay)), )

max (V4 (r Vy),va(x Ay))

= (T (pa(x), pa(y)), S (vale),va(y)) <r-

min (pa (x Vy),pa(xAy))

4

{ T (1 (@) s () <

S (va (1), va (y) > max (va (2 V) va (w A y))

T (pa (), pa(y)) <min(pa(zVy), pa(zAy)),

1 =T (pa(x),pa(y)) > 1—min(ua(zVy),palzAy)),

S —pa(x),1—paly)) =2max(l—pa(xVy),1—palzny)),

S (ps (), 15 (y) > max (u (x Vy), uGy (v Ay)).

o T A [

([A] (z),[Al (v) = T ((pa(z),ps (@), (ay),us @),
= (T (pa(z),pa(y)),S s (), 15 (y)),
min (s (zVy),pa(rAy)),
<L :
( max (1% (v Vy), uG (z Ay)) )
(na(xzVy),ph(zVy))

Hence [A] is a T-IFL of L.

Concerning the set (A) , we have for any x,y € L,
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T((A)(2), (A () = T((a(x),va(@)),wy(y),va(y))),
= (T'(vi(@),vi(y)),Swalz),va(y))),
min (v (# Vy), vy (x Ay)),
max (v (z V'y),va(z Ay))
= ((a(@Vy) valeVy)) A (Valx Ay),va(z Ay))),

= (A (@Vy) A (A) (z A y).
Hence, (A) is a T-IFL of L. =

Proposition 3.3.12 [j|]
Let L be a lattice. For any representable intuitionistic fuzzy t-norm T, if A is a
T-IFL (L) then supp (A) is a crisp sublattice of L. Where supp (A) that we

knew in Definition |1.6./).

Proof.

Let x,y € supp (A). Using Propriety [2.1.5 Then Or- <« A(z) and O <g-
Ay). Since T (A(x),A(y)) <p+ A(xVy) Ap- A(x Ay) it follows that Op« <p-
Az V y) Ap- A(x Ay). So Op <p A(x V y) and O« <p- A(x ANy). Hence
xVy € supp(A) and x ANy € supp (A). Thus supp (A) is a crisp sublattice of
L. =

Remark 3.3.13 [}

The converse of the above Proposition does not holds in general. In-
deed, let L be the lattice in Example and A € IFL(L) given by A(1) =
(0.4,0.3), A(2) = (0.7,0.2), A(3) = (0.2,0.2), A(6) = (0.4,0.1). Obviously
suppA ={1,2,3,6} = L is a crisp lattice. Since Ty (A(2),A(3)) = (0.2,0.2)
and £+ A2V 3) Ap- A(2 A 3) = A(6) Ar- A(1) = (0.4,0.3), it follows that A

18 not an intuitionistic fuzzy lattice of L.
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3.4 7T-Intuitionistic fuzzy ideal
The notion of an intuitionistic fuzzy ideal on a lattice was first introduced by
Thomas and Nair [48]. In this section, we give a new characterization of the

intuitionistic fuzzy ideal on a lattice w.r.t a given intuitionistic fuzzy t-norm.

Definition 3.4.1 [}

Let L be a lattice, T a representable intuitionistic fuzzy t-norm, S the intuition-
istic triangular conorm associated with T and let I be an intuitionistic fuzzy set.
I s called an intuitionistic fuzzy ideal on the lattice L w.r.t T if the following

conditions are satisfied:
1T (I(x),I(y) < I(zVy),

2.8 (x),1(y) <p- I(xAy).

Notation 3.4.2
The set of all the intuitionistic fuzzy ideals on lattice L w.r.t an intuitionistic

fuzzy t-norm T will be denoted by T-1FI(L).

Example 3.4.3 [j|]
Consider the lattice L of “all integer divisors of 18 7. That is L = {1,2,3,6,9, 18}.
Let A be given by A (1) = (0.7,0.2), A(2) = (0.5,0.5), A(3) = (0.6,0.3), A (6)

(0.4,0.5), A(9) = (0.5,0.5), A(18) = (0.4,0.5). It easy to see that A is a T -
[FI(L).

Remark 3.4.4 [4]

In general, a Ty-IFI (L) is not a T - IFI(L). Indeed, let L be the lattice



3.4. T -Intuitionistic fuzzy ideal 69

Figure 3.3: The Hasse diagram of D(18)

in Ezample and A € IFS(L) given by A(1) = (04,0.2), A(2) =
(0.4,0.3), A(3) = (0.1,0.3), A(6) = (0.1,0.3). Obviously A € Ta-IFI(L).
Since Sy (A(2),A(3)) = (0.8,0) £1- A(2A3) = A(1) = (0.4,0.2), it follows
that A is not Tp-IFI (L).

Remark 3.4.5 [48, 4]
Every Ta-1FI (L) is a Ty-IFL(L). Indeed, if I is Tp-IF1 (L), then

Tar (1), I (y)) <z- 1 ((z Vy)

Su (@) T (y) < 1 ((xAy)
According with Remark[2.1.7, it is not difficult to see that,
Tar (I(z),I(y)) <p- I(xVy) Ap-I(xAy), then I is a Ty-IFL(L).
The converse is not true as seen in the following example. Consider the lat-
tice L given in Ezample [3.53.4 Define A to be A(1) = (0.3,0.2), A(2) =
(0.2,0.4), A(3) =(0.2,0.6), A(6) = (0.5,0.4). Hence A is a Tyy-IFL (L), but
not a Ty -1F1 (L), because

Sy (I(3),1(6)) = (0.5,0.4) - I (3A6) =1(3)=(0.2,0.6).

Lemma 3.4.6 [}

IfI € T-IFI(L) then I € Tay-IFL(L).
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Proof.

Let L be a lattice and let I is T-IFI (L) then T (I (z),I(y)) <z I(z V y)
and S (I (z),1 (y)) <p- I(x ANy). According to the Lemma and Propriety
we obtain the result. m

Remark 3.4.7 [J]

The converse of the Lemma does not hold in general. Indeed, Let L be
the lattice of all integers divisors of 6 (see. Fig[3.9) and A an IFS (L) defined
by A(1) = (0.1,0), A(2) = (0.4,0.3), A(3) = (0.1,0.2), A(6) = (0.1,0.3).
Trivially, that A is a Tay-IFL (L). But, since

Su(A(1),A(2) =8m((0.1,0),(0.4,0.3)) = (0.4,0) £+ A(1V2)=A(6) =
(0.1,0.3) . It holds that A is not a T-1FI (L).

Theorem 3.4.8 [}
For any I € T-IFI (L), then I € T-IFL(L).

Proof.

Using Lemma and Lemma the theorem holds. m
Conclusion 3.4.9 []]
Every Ty-IFI (L) is a T-IFL(L).

In this subsection, we characterize the notion of T-1FI (L). We start with
the key results.

As a corollary, we obtain the following interesting theorem of T-IF1I (L).

Lemma 3.4.10 [}

Let L be a lattice and I € T-IFI(L). Then for any x,y € L, if x <y, then
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Proof.
Direct from [42, Corollary 3.1]. =

In the following theorem, we provide a basic characterization of Ta-IF1 (L).

Theorem 3.4.11 [j]
Let L be a lattice. Then it holds that I is a Ty-IF1 (L) if and only if the

following condition is satisfied:

IzVy)=Tul(2),1(y)). (3:2)

Proof.
Suppose that I is a Ty -IF1(L). Then Ty (I (), 1 (y)) <p- I(z V).

Since,

r<xVy,
y<zVuy.
We obtain from the Lemma that,

Iz Vy) <z I (),

I(zVy) <p I (y).

Then,
Tv (I(xVy), I(xVy)) <e- Tu (I (x),1(y))
Hence,
Iz Vy) <p- T (I (x), 1 (y))
So,

I(xVy) =Ty (x),I(y))
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Conversely, suppose that I (x V' y) =Ty (I (x),I(y)), for any x,y € L. Then
it is easy to see that Ty (I (x),1(y)) <z I(x Vy), for any x,y € L*. Neat,
we will show that Sy (I (z),1I(y)) <p- I(x ANy), for any z,y € L. Let
r,y € L, sincexV (x Ny) = x and yV (x ANy) = y. Then it holds that
I(xVv(zAy)=1(z)andI(yV (zAy))=1(y). From hypothes is it fol-
lows that I (x) = Ta (L (), I (x ANy)) and I (y) = Ta (L (y), I (x ANy)). Hence,
I(z)<p-I(xAy)andI(y) <p- I (zAvy). Thus, Sy (I (x), 1 (y)) <z- I(xAy),
for any x,y € L*. Therefore, I is Ty-IFI1(L). =

The following proposition provides a basic characterization of the intuitionistic

fuzzy ideal on a lattice.

Proposition 3.4.12 [j|]

Let L be a lattice. If A is a T-1FI (L), then [A] and (A) are T-IF1s of L.

Proof.

Assume that A is a T-IF1 (L). Then for any x,y € L,

T (A(z), Ay) <1+ Az Vy)

Then,
(T (pa (), 1a(y), S (va(x),va(y)) = (na(zVy),va(zVy))
Hence,
T (pa (), pa(y) < palzVy),
Swa(z),valy)) Zva(zVy).
So,

T(pa(z),pa(y) <pa(zVy)



3.4. T -Intuitionistic fuzzy ideal 73

This implies,

1 =T (pa(z),pa(y) > 1= pa(zVy)

Since,

S —pa(x),1—pa(y) >1—pa(zVy)

Finally,

S (G (@), 15 (y) > py (zVy)

T (Al (@), [Al(y) = T ((pa(@),pwh (@), (pay), wi @),
= (T(pa(z),pa(y), S (s (@), 15 (9))),

<o (pa(zVy),py(@Vvy)),
= [A](zVy)

Then

Now, for any x,y € L,
S(A(x), A(y)) <c- Alz Ay)

Then,

(S (pa (), pa(y)), T (va(x),va(y))) = (na(x Ay),va(x Ay))

Hence,

T (va(x),va(y)) = va(z Ay)

{ S(pa(w),pa(y)) < pa(zAy)

So,

S (pa (@), pa(y)) < pa(zAy)

This implies,

1 =S5 (pa(x),pa(y) 21— pa(zAy)
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Since,
T(1—pa(x),1—pa(y) >1—pa(zAy)
Finally,
T (py (), 1% (y)) 2wy (A y)
Then,
S([Al (), [A](y) = S(pa(2),p s (@), (1a(y). 15 ¥)))

= (S (pax),pay)), T (s (@), 15 (),
<ee (pa(zAy),pwh (zAy)),
= [Al(zAy).
Hence [A] is a T-1FI of L. A similar proof for (A) is a T-IFI. =
The following proposition shows that the support of a T-IF1I (L) is an ideal

wmn this lattice.

Proposition 3.4.13 [j|]
Let L be a lattice. The following holds

If I is a T-IF1 (L), then Supp(I) is an ideal in L.

Proof.

Let L be a lattice. Suppose that I is a T-1FI1 (L) and show that Supp(I) is a
crisp ideal in L.

Let x € Supp(I) and y < x, then it hold that x V y = x and Op <p+ I (z) =
I(xVy). Thus 0 <p« T (I(x),I(y)) . Using Propriety[2.1.5

We obtain, O« <p- I (y) hence y € Supp(I).

Forz,y € Supp(I), 0 <p- I(x) and Op« <p« I(y). ThenOp <p« T (I (z),1 (v)).
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Using Propriety[2.1.3, then it follows from Theorem[3.4.11] that Op+ <p- I(xV y)

hence x vV y € Supp(I). Thus, Supp(I) is an ideal on L. =

Remark 3.4.14 [4]

The converse of the Lemma does not holds in general. Indeed, con-
sider the lattice L given in Example and I € TFS(L) given by I (1) =
(0.6,0), 1(2) =(0.5,0.4), I(3)=1(0.5,0.2), I(6)=(0.8,0.1). It is easy to

verify that Supp(l) = L is an ideal on L, but I is not a T-1FI (L).

Theorem 3.4.15 []]
The T -intersection of two T -intuitionistic fuzzy ideals on a lattice L is a T

-intutttonistic fuzzy ideal on the lattice L.

Proof.

Let I, I, € T-IFI(L). Then,

T (I (x), I (y)) <z Li(x Vy)

T (L2 (2), I (y)) <r- Io(z Vy)
Hence,

T (T (Ii(x), [1(y)), T (Ix(x), I2(y))) <= T (ILi(z Vy), L(x Vy)).

Using Lemma |2.1.0, we get,

TAT (I(z), Is(x)), T (IL(y), L2(y)) <e= T (L(z Vy), Lz Vy)),

T((Lin)(z),(LiN)(y) <z (1N 1) (xVy).

Then I1y N1y is an T-IFI of L. =

Remark 3.4.16 []]

The union of two T-1F1s need not be a T-1F1.
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Now, we give the definition a filter.

Definition 3.4.17 [}
Let an intuitionistic fuzzy t-norm T and S it’s your dully and let L be a lattice
and F = {(z, F(x)) | F(x) € L*} be an I[FS of L. F is called an intuitionistic

fuzzy filter with respect Intuitionistic fuzzy t-norm T iff the followings conditions

hold
1.T(F(x),F(y) <t F(x Ny),
2. S(F(x), F(y) <p- F(xVy).

The following immediate proposition shows that all result on ideals is true on

filters.

Proposition 3.4.18
Let (L, <) be a lattice, (L?,>) its dual lattice and A € IFS(L). Then it holds

that A € T-IFI (L) if and only if A € T-IFF (L?) and conversely.



(General conclusions and future research

In this thesis, the representation and construction for fuzzy preorder and weak
orders are extended to the intuitionistic fuzzy case. Many fundamental rep-
resentation results extending those of [16] are presented. Moreover, we have
introduced the notion of a T -intuitionistic fuzzy sublattice by associating the
conditions mentioned in the definition of intuitionistic fuzzy sublattice [47, [48].
So a new equivalent definition is obtained which reduces the four conditions
i only one. Thus, based on an intuitionistic fuzzy triangular norm, the study
of intuitionistic fuzzy sublattices becomes so simple. Moreover, we extend the
notion of an intuitionistic fuzzy ideal to a T -intuitionistic fuzzy ideal w. r. t
the lattice operations and we investigate their various characterizations and
properties. Future work is anticipated in multiple directions. We think it makes
sense to study the notions of intuitionistic fuzzy prime ideals and intuitionistic
fuzzy filters for other types of lattices based on the intuitionistic fuzzy setting.

As open question

1. What will happen for this study if the intuitionistic fuzzy t-norm 1is not

t-representable?

2. It is possible to do such representation for an L-fuzzy weak order, where L

is a complete lattice?
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Abstract:

In this thesis, we consider the problem of representation and construction of intuition-
istic fuzzy preorders and weak orders, where many fundamental representations result
extending those of Ulrich Bodenhofer et al are presented. Moreover, we study the
concept of intuitionistic fuzzy sublattices and intuitionistic fuzzy ideals with respect
to an intuitionistic fuzzy t-norm on an adequate lattice. Some characterizations
and properties of these intuitionistic fuzzy sublattices and ideals with respect to an
intuttionistic fuzzy t-norm are established.

Keywords:

Intuitionistic fuzzy set, intuitionistic fuzzy ordering relation, intuitionistic fuzzy equivalence relation,

intuitionistic fuzzy weak order, intuitionistic fuzzy t-norm, residuated lattice.

Résumé:

Dans cette thése, nous considérons le probléeme de représentation et construction
de préordre flous intuitionnistes et d’ordres faibles, ot de nombreuz résultats de
représentation fondamentale étendant ceux d’Ulrich Bodenhofer et al sont présentés.
De plus, nous étudions le concept de treillis flous intuitionnistes et idéaux flous intu-
ittonnistes par rapport a une t-norme floue intuitionniste sur un treillis. Quelques
caractérisations et propriétés de ces treillis flous intuitionnistes et les idéaux par
rapport a une t-norme floue intuitionniste sont établis.

Mots clés:

Ensemble flou intuitionniste, relation d’ordre flou intuitionniste, relation d’équivalence
floue intuitionniste, ordre faible flou intuitionniste, t-norme floue intuitionniste,

treillis résiduel.



