
PEOPLE�S DEMOCRATIC REPUBLIC OF ALGERIA

MINISTRY OF HIGHER EDUCATION AND SCIENTIFIC RESEARCH

UNIVERSITY OF MOHAMED BOUDIAF / M�SILA

FACULTY OF MATHEMATICS AND COMPUTER SCIENCES

DEPARTMENT OF MATHEMATICS

N� d�ordre: ..............

THESIS
To obtain a doctorate (third cycle) degree in Mathematics

Option:

Functional Analysis

By:

Seyf eddine Ghenimi

Titled:

� � � � � � � � � � � � � � � � � �

Some Results on the Wave Equation
in Time-Dependent Domains

� � � � � � � � � � � � � � � � � �

Thesis defended publicly on : 06 / 07 / 2023, before a jury composed of:

N. Benhamidouche, Prof., Univ. of M�sila, Chair

A. Sengouga, Dr., Univ. of M�sila, Supervisor

B. Benabderrahmane, Prof., ENSM. of Alger, Examiner

B. Bougherara, Dr., Univ. of M�sila, Examiner

D. Drihem, Prof., Univ. of M�sila, Examiner

University year: 2022=2023



ii

 



A C K N O W L E D G E M E N T S

All praise is due to Allah the Almighty. I praise him for the opportunity and ability that he

bestowed on me to complete this humble work.

First and foremost, I would like to express my sincere gratitude to my supervisor, Dr. Abdel-

mouhcene Sengouga, for his continuous support and guidance throughout my Ph.D studies. His

patience, motivation, and immense knowledge have inspired me to complete this work. I am

honored to be one of his Ph.D students. He has made my experience productive and stimulat-

ing by sharing his time, ideas, and mentorship. I am confident that I will be well-prepared for

my future career as a result of his guidance.

I also express my thanks to Professors N. Benhamidouche, B. Benabderrahmane, D. Drihem and B.

Bougherara for kindly agreeing to serve on my thesis committee. I am grateful for their valuable

feedback and insights, which helped me to improve my thesis.

Furthermore, I am grateful to the Laboratory of Functional Analysis and Geometry of Spaces

(LFAGS), especially its director D. Achour, for providing me with the resources and facilities

that I needed to complete my thesis.

Last but not least, I thank all my family, especially my parents, for their spiritual support and

encouragement throughout my Ph.D. study and my life in general. I would also like to thank

all my Ph.D. colleagues and friends for their support and love.

Seyf Eddine Ghenimi



iv

—————————————–

Author: Seyf Eddine Ghenimi

Title : Some Results on the Wave Equation in Time-Dependent Domains

Speciality: Mathematics

Option: Functional Analysis

Supervisor: Dr. Abdelmouhcene Sengouga

—————————————–

Address : Department of Mathematics

Faculty of Mathematics and Computer Sciences

University of Mohamed Boudiaf / M’sila

BP:166, 28000

M’sila, Algeria

E-mail : seyfeddine.ghenimi@univ-msila.dz

sf.ghenimi@gmail.com



L I S T O F P U B L I C AT I O N S A N D P R E S E N TAT I O N S

scientific papers

• S. E. Ghenimi and A. Sengouga. Free vibrations of axially moving strings: Energy esti-

mates and boundary observability. Math. Meth. Appl. Sci, 0(0):1–15, 2023. doi: 10.1002/

mma.9285.

• S. E. Ghenimi and A. Sengouga. Exponential stability estimates for an axially travelling

string damped at one end. Appl Anal, 0(0):1–20, 2023. doi: 10.1080/00036811.2023.2194307.

• S. E. Ghenimi and A. Sengouga. Boundary stabilization of a vibrating string with variable

length. Submitted, 14 pages. URL: https://doi.org/10.48550/arXiv.2301.09086.

international communications

• On the boundary controllability of the wave equation in some domains with two moving

ends. International Conference on Advance Trends in Computational Mathematics, Statistics and

Operations Research (ICCMSO-2022), The NorthCap University. Gurugram, Haryana. April,

2-3, 2022. India.

• Exact observability of the 1-d wave equation in some intervals with moving ends. In-

ternational Conference on Computational Methods in Sciences and Engineering (CMSE-2022),

BITS-Pilani, Hyderabad Campus. April, 22-24, 2022. India.

• Energy estimates and boundary observability for the wave equation in some time-varying

domains. International Conference Recent Development in Ordinary and Partial Differential

Equations, Abderrahmane Mira University, Bejaia. May, 22-26, 2022. Algeria.

• On the boundary observability and controllability of the wave equation in some non-

cylindrical domains. 1st International Symposium on Current Developments in Fundamental

and Applied Mathematics Sciences (ISCDFAMS 2022). Atatürk University, Erzurum Technical
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I N T R O D U C T I O N

The wave equation is a partial differential equation that describes how waves propagate in

physical systems. It was first derived by D’Alembert in 1746 and has many applications in

physics and engineering where mechanical vibrations are the oscillating responses of elastic

bodies to disturbances. Various factors, including mechanical or physical sources, can cause

such vibrations. The one-dimensional wave equation is a particular case of the wave equation

that describes the motion of vibrating strings, sound waves, and water waves.

This thesis is dedicated to studying the vibrations of strings that are axially moving or have

a variable length. Both phenomena can be modeled by a wave equation in a time-dependent

interval, meaning that the endpoints of the interval can move with time. We investigate whether

the solution of the wave equation has analogous properties when the length of the string varies

in time. Such situations, where the spatial domain is time-dependent, arise in many different

areas of physics, such as optics, electromagnetism, fluid dynamics, and quantum mechanics.

For example, see [13, 31, 34, 53] and the survey paper [22].

After the present Introduction, we divided this thesis into four chapters. In Chapter 1, we

introduce some preliminaries on the wave equation in time-independent interval and discuss

some of its basic properties.

In Chapter 2, we study the small free vibrations of axially moving strings described by a wave

equation in an interval with two endpoints moving in the same direction with a constant speed

v and its length L > 0. The model is given by the following wave equation
φtt − φxx = 0, for x ∈ (vt, L + vt) and t ∈ (0, T) ,

φ (vt, t) = φ (L + vt, t) = 0, for t ∈ (0, T) ,

φ(x, 0) = φ0 (x) , φt (x, 0) = φ1 (x) , for x ∈ (0, L) ,

(WP1)

where the subscripts t and x stand for the derivatives in time and space variables respectively,

φ0 is the initial shape of the string and φ1 is its initial transverse speed. We assume that the

speed v is strictly less then the speed of propagation of the wave (here normalized to c = 1), i.e.

0 ≤ v < 1. (1)

The wave equation formulated above is a simple model to represent several mechanical sys-

tems such as plastic films, magnetic tapes, elevator cables, textile and fibre winding, see for
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example [3, 9, 21]. This model can be dated back to Skutch [45], its simplicity is only appar-

ent and we should mention that the method of separation of variables cannot be applied to

this Problem. Miranker’s work [32] is one of the early influencing papers on the topic of axi-

ally moving media. He proposed two approaches to solve Problem (WP1). The first one is to

”freeze” the space interval by formulating the Problem in the interval (0, L). Thus, introducing

the variables η = x− vt and τ = t, the first equation in (WP1) becomes

φττ − 2vφητ −
(
1− v2) φηη = 0, for η ∈ (0, L) , τ > 0. (2)

The obtained Problem is more familiar and the vast majority of the literature on travelling

strings follows this approach. Some important results in this direction are given by Wickert

and Mote [55] where the authors write (2) as a first-order differential equation with matrix

differential operators (a state space formulation) and obtained a closed form representation of

the solution for arbitrary initial conditions.

The other approach is to solve (WP1), i.e. keep the space interval depending on time. Us-

ing D’Alembert’s method, Miranker writes the solution as the sum of two waves travelling in

opposite directions

φ(x, t) = f (t + x) + g (t− x) ,

then obtained a closed form of the solution by a series formulas (See page 39 in [32]). After few

rearrangements, his formulas can be rewritten as

φ(x, t) = ∑
n∈ Z∗

cn

(
enπi(1−v)(t+x)/L − enπi(1+v)(t−x)/L

)
, for x ∈ (vt, L + vt) and t ∈ (0, T) . (3)

Despite the utility of such a formula for numerical and asymptotic approaches, it remained

underexploited in the literature related to axially moving strings.

Since Miranker was not explicit on how to compute the coefficients cn, we give in this chapter

at hands a method to compute each cn in function of the initial data φ0 and φ1, (see [15]).

The idea is inspired from [44] where the second author obtained the exact solution of strings

with two linearly moving endpoints at different speeds. Similar techniques where also used in

[2, 42, 43] for a string with one moving endpoint. Then, we show that the series formulas (3)

can be manipulated to establish the following results:

• A conserved quantity. The functional

Ev (t) =
1
2

∫ L+vt

vt
(φt + vφx)

2 +
(
1− v2) φ2

xdx, for t ≥ 0, (4)

depending on L, t, v and the solution of (WP1), is conserved in time. We give two different

proofs for this fact. Note that φt + vφx = d
dt (φ (x + vt, t)) is the total (called also the
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material) derivative. Under the assumption (1), this functional is positive-definite and we

will call it the ”energy” of the solution φ. Although there are many expressions of energy

for axially moving strings, see for instance [41, 54].

• Exact boundary observability and controllability.

– The wave equation (WP1) is exactly observable at any endpoint x = xb + vt, where

xb = 0 or xb = L. Due to the finite speed of propagation, the time of observability

is expected to be positive and depends on the initial length L and the speed v. We

show that this time is exactly

Tv :=
2L

1− v2 .

– If we observe both endpoints, i.e. for x = vt and x = L + vt, the time of observability

is reduced to

T̃v :=
L

1− v
.

– Using the Hilbert uniqueness method (HUM), due to J-.L. Lions [26], the above ob-

servability results implies controllability result at one and both endpoints.

Let us also note that letting v → 0 in the above results, we recover some known facts for the

wave equation in non-travelling intervals [24, 26, 57]. In particular, E0 (t) = 1
2

∫ L
0 φ2

t + φ2
xdx is

known to be conserved and we get T0 = 2L, T̃0 = L as sharp times for boundary observability.

The results of this part have appeared in [15].

All mechanical systems in real life have nonconservative forces, like damping, which lead to

the system’s energy dissipating. The energy exchange then proceeds until dampening during

vibration dissipates all of the energy. More precisely, by looking at the reflected wave profile and

the energetics of the model under consideration, one can make a conclusion about the efficiency

of a placed boundary support as a vibration suppressor.

In Chapter 3, we study the small vibrations of a uniform string that travels at a constant speed

v between two pulleys that are kept at a fixed distance L. The inlet is fixed, while the outlet is

allowed to move transversely and is attached to a damping factor η.

uττ + 2vusτ −
(
1− v2) uss = 0, for s ∈ (0, L) and τ > 0,

u (0, τ) = 0, for τ > 0,(
1− v2) us (L, τ) + (η − v) uτ (L, τ) = 0, for τ > 0,

u(s, 0) = u0 (s) , uτ (s, 0) = u1 (s) , for s ∈ (0, L) ,

(5)
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The functions u0 and u1 represents the initial shape and the initial transverse speed of the string,

respectively. The existing approaches in the literature describe the above Problem in fixed

space coordinates, see for instance [6–9, 25, 29, 48]. Gaiko and van Horssen [14] considered a

simplified mathematical model describing the small vibration of the string with a mass-spring-

dashpot damping at the outlet. Under the restriction that the speed v and the damping factor

are small, i.e. 0 < v � 1 and η � 1, the authors in [14] obtained an asymptotic approximation

of the solution by using a multiple scale approach.

We assume that η ≥ 0 and 0 ≤ v < 1. We introduce the variables s = L− x + vt and τ = t.

Rewriting Problem (5) in the new coordinates, we obtain the following (pure) wave equation

with a damping at the moving boundary x = vt

φtt − φxx = 0, for x ∈ (vt, L + vt) and t > 0,

(1− ηv) φx (vt, t)− (η − v) φt (vt, t) = 0, for t > 0,

φ (L + vt, t) = 0, for t > 0,

φ(x, 0) = φ0 (x) , φt (x, 0) = φ1 (x) , for x ∈ (0, L) ,

(DWP1)

where φ0 = u0 and φ1 = u1 − vφ0
x. After given the exact solution by the series formulas, we

demonstrate how this series formulas can be used to achieve the following results:

• For the undamped case, i.e. η = 0, we show that the functional

Ev (t) =
1
2

∫ L+vt

vt
(φt + vφx)

2 +
(
1− v2) φ2

xdx, for t ≥ 0,

depending on L, t, v and the solution φ of (DWP1), is conserved in time.

• For the damped case η > 0 with η 6= 1, the (usual) energy

Ev (t) =
1
2

∫ L+vt

vt
φ2

t (x, t) + φ2
x (x, t) dx, for t ≥ 0, (6)

depending on L, t, v and the solution, satisfies

1
γ2

ηγv
Ev (0) e−

1−v2
L ln|γη|t ≤ Ev (t) ≤ γ2

ηγvEv (0) e−
1−v2

L ln|γη|t, for t ≥ 0. (7)

where γη , γv will be further stipulated in the next. In particular, it follows that the energy

does not vanish in finite time. The results of this part have appeared in [16].

Next, in Chapter 4, we study small transversal vibrations of a uniform string with a time

dependent length `(t). One end of the string is fixed to a rigid wall, while the other end passes

between two pulleys that can move horizontally and transversely. A dash-pot with a damping

factor η is attached to the pulleys to stabilize the string, i.e., reduce or suppress its vibrations.
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Denoting the displacement function by u, depending on the position x along the string and

the time t, the equation model can be stated as follows

utt − uxx = 0, for 0 < x < `(t) and t > 0,

(1 + η`′ (t)) ux (` (t) , t) + (η + `′ (t)) ut (` (t) , t) = 0, for t > 0,

u (0, t) = 0, for t > 0,

u(x, 0) = u0 (x) and ut (x, 0) = u1 (x) , for 0 < x < L,

(DWP2)

where the subscripts t and x stand for the derivatives in time and space variables respectively.

The functions u0 and u1 represent the initial shape and the initial transverse speed of the string,

respectively. The initial length of the string is denoted by L = `(0).

We assume that ` ∈ C1 ([0,+∞[) and that

∣∣`′ (t)∣∣ < 1, for t ≥ 0, (8)

we are mainly interested in the asymptotic behavior in time of the energy of the solution,

defined as

E` (t) :=
1
2

∫ `(t)

0
u2

t (x, t) + u2
x (x, t) dx, for t ≥ 0. (9)

For the time-independent interval, i.e. when ` (t) = L for t ≥ 0, it is well known that:

• If η = 0, then the energy is constant, i.e. EL (t) = EL (0) , for t ≥ 0.

• If η > 0 with η 6= 1, then the energy decays exponentially

EL (t) ≤ CEL (0) e−
1
L ln|γη|t, where γη :=

1 + η

1− η

and C is a positive constant, see [10, 12, 39, 49]. In [16], the present authors showed that

1
γ2

η

EL (0) e−
1
L ln|γη|t ≤ EL (t) ≤ γ2

ηEL (0) e−
1
L ln|γη|t, for t ≥ 0. (10)

The latter estimate turns out to be sharp as we will see.

The question of E` (t) behavior in time is more delicate if the interval depends on time. For

instance, in the case of Dirichlet’s boundary conditions, which corresponds to a rigid damper

with η = +∞ in (DWP2), it is known that the energy is nonincreasing if the interval is expanding

and nondecreasing if the interval is shrinking, see [4]. See also [42, 43, 47] when the variation

of the length is uniform in time. Regarding the case with a velocity feedback at the moving

endpoint x = ` (t). Gugat [18] considered the case ux (` (t) , t) + cut (` (t) , t) = 0 where c is

a constant. See also [28] for the particular case `(t) = 1 + vt where v is a constant satisfying
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0 < v < 1. Ammari et al. [1] considered the case ux (` (t) , t) + f (t) ut (` (t) , t) = 0, where f ∈

L∞ (0,+∞) and ` (t) is periodic. See also [19] where ` (t) is not necessarily periodic. Mokhtari

[33] considered the case with two moving endpoints.

For the special case η = 1, the boundary condition at x = ` (t) reads

ux (` (t) , t) + ut (` (t) , t) = 0.

This is a transparent condition, i.e. there is no reflections of waves from the moving endpoint

and consequently all the initial disturbances leave the interval (0, ` (t)) at most after a time

T` := β−1 (L) ,

where β (t) := t − ` (t). Hence, whether the interval is expanding or shrinking, the linear

velocity feedback −ut (`′ (t) , t) steers the solution to the zero state in the finite time T`. See for

instance [18, 19], and for the particular case ` (t) = L, see [12, 49].

After given the exact solution by the series formulas, we demonstrate how this series formulas

can be used to achieve the following results:

• For the undamped case, i.e. η = 0, the energy of the solution satisfies

m (t)
M (t0)

E` (t0) ≤ E` (t) ≤
M (t)
m (t0)

E` (t0) , for 0 ≤ t0 < t,

where

m (t) := min
x∈[0,`(t)]

{
ϕ′(t− x), ϕ′(t + x)

}
and M (t) := max

x∈[0,`(t)]

{
ϕ′(t− x), ϕ′(t + x)

}
.

• For the damped case η > 0, with η 6= 1, the energy E` (t) satisfies

eln|γη|ϕ(t0−`(t0))

M (t0)
m (t) e− ln|γη|ϕ(t+`(t))E` (t0) ≤ E` (t)

≤ eln|γη|ϕ(t0+`(t0))

m (t0)
M (t) e− ln|γη|ϕ(t−`(t))E` (t0) ,

for 0 ≤ t0 < t. The results of this part have appeared in [17].

Finally, an Appendix and a full list of References are included at the end of the manuscript.



1
P R E L I M I N A R I E S

In this chapter, we recall some results on the wave equation in time-independent interval.

Then, we expose some notions about controllability and observability. The proofs can be found

in [11, 24, 26, 57]

1.1 wave equation in time-independent intervals

1.1.1 Problem setting

The wave equation is a simple mathematical model describing the transverse small vibrations

of a homogeneous string under tension and constrained to move in a plane. Let T > 0. When

the string endpoints are clamped and its length L > 0 is invariant with time, this model can be

stated as
wtt − wxx = 0, for (x, t) ∈ (0, L)× (0, T) ,

w (0, t) = w (L, t) = 0, for t ∈ (0, T) ,

w(x, 0) = w0 (x) , wt (x, 0) = w1 (x) , for x ∈ (0, L) .

(WP0)

The function x → w(x, t), x ∈ (0, L), describes the shape of the string at time t. It is well known

that for initial data satisfying w0 ∈ H1
0(0, L) and w1 ∈ L2(0, L), the above Problem has a unique

solution satisfying

w ∈ C
(
[0, T] ; H1

0(0, L)
)

and wt ∈ C
(
[0, T] ; L2(0, L)

)
.

It is interesting to observe that the wave operator can be factored as follows ∂2

∂t2 − ∂2

∂x2 =(
∂
∂t −

∂
∂x

) (
∂
∂t +

∂
∂x

)
. All solutions to the wave equation are superpositions of ”left-traveling”

and ”right-traveling” waves, w (x, t) = f (t + x) + g(t− x). These are called left-traveling and

right-traveling because while the overall shape of the wave remains constant, the wave translates

to the left or right in time.
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The wave equation is time-reversible because the wave operator ∂2

∂t2 − ∂2

∂x2 is symmetric. This

means that if we replace the time variable t with T− t in (WP0), we get the same equation. The

above regularity result holds in both directions.

In particular, this solution enjoys the following proprieties (see [23, 26, 46, 57]):

• Let w ∈ C
(
[0, T] ; H1

0(0, L)
)
, we define the total energy at time t by

E0 (t) =
1
2

∫ L

0
w2

x(x, t) + w2
t (x, t) dx, t ∈ (0, T) , (1.1)

where the first term corresponds to kinetic energy, the second to potential energy. As we know

that the ”total energy” is a conserved quantity in time, i.e. E0 (t) = Constant, ∀t ≥ 0.

• Due to the finite speed of propagation, taken here equal to 1, the boundary observability at

one endpoint (resp. at the two endpoints) holds iff the length of the time interval satisfies

T ≥ 2L (resp. T ≥ L).

• Using a control function acting at one of the endpoints, the wave equation is controllable iff

T ≥ 2L. If we use two controls, i.e. a control function at each endpoint, the controllability

holds iff T ≥ L.

1.1.2 Deriving the 1-d wave equarion

The vibrations of the string are transversal and small (compared to its length). This implies in

particular that the slop us is also small. The string is uniform with a mass density ρ. The string

is perfectly flexible and the effects due to gravity are neglected. This means that the tension T is

constant. The string fixed, hence we have the boundary conditions w (0, t) = 0 and w (L, t) = 0,

for t ≥ 0. We apply the extended Hamilton’s principle, over the finite time interval t1 ≤ t ≤ t2,

in the following form

δ
∫ t2

t1

Ldt = 0, (1.2)

(see [30] and [5, Chapters 4 and 5]). Here δ denotes the variation in a given function, L is the

Lagrangian andW is the virtual work performed by nonconservative forces. The Lagrangian is

L =Ek − Ep,

where Ek is the kinetic energy and Ep is the potential energy of the string. The first one is given

by

Ek =
1
2

∫ L

0
ρ

(
dw
dt

)2

ds.
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The potential energy Ep is equal to the work done to deform the string from its rest position.

Hence, the potential energy per unit length of a differential element is given by

dEp = T · elongation = T
(√

(ds)2 + (dw)2 − ds
)

.

Since the slope of the string ws is small, then

dEp = T
(√

1 + (ws)
2 − 1

)
ds ≈ T

2
w2

s ds,

hence, the potential energy of the string is given by

Ep =
T
2

∫ L

0
w2

s ds

and therefore

L =
ρ

2

∫ L

0
w2

t ds− T
2

∫ L

0
w2

s ds.

Now, we are led to search the critical points of the functional,

I (w) :=
1
2

∫ t2

t1

∫ L

0
ρw2

t − Tw2
s dsdt, (1.3)

when w is a critical point, we should have

lim
θ→0

I (w + θv)− I (w)

θ
= 0, (1.4)

where v is a smooth function such that

v (·, t1) = v (·, t2) = 0 and v (0, ·) = v (L, ·) = 0. (1.5)

The function w + θv is a small perturbation of w that does not affect the values of (the path) w

at t = t1 and t = t2, as well as at s = 0. The limit (1.4) equals∫ t2

t1

∫ L

0
ρwtvt − Twsvsdsdt = 0.

Integrating by parts, we infer that∫ t2

t1

∫ L

0
{ρwtt − Twss} vdsdt +

∫ t2

t1

Tws (L, t) v (L, t) dt = 0.

The other boundary terms vanishes due to (1.5). Since v can be chosen arbitrary, and in partic-

ular its value at s = L, the first integral implies that

wtt −
T
ρ

wss = 0, for s ∈ (0, L) and t1 ≤ t ≤ t2,

where the velocity c =
√

T/ρ varies for changing density.
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1.2 some observability and controllability results

A linear control system’s controllability is identical to the surjectivity of a specific linear map

F from one Hilbert space H1 to another Hilbert space H2. The surjectivity of F is identical to

the existence of c > 0 such that

‖F ∗ (x)‖H1
≥ c ‖x‖H2

, for all x ∈ H2, (1.6)

where F ∗ is the adjoint of F . So, one first computes F ∗ and then proves (1.6). The inequality

(1.6) is called the observability inequality. This method is now the most widely used to demon-

strate the controllability of a linear partial differential equation. The most difficult aspect of this

method is demonstrating the observability inequality. There are many methods to prove such

an inequality.

We consider the following boundary controllability Problem


ytt − yxx = 0, for (x, t) ∈ (0, L)× (0, T) ,

y (0, t) = 0, y (L, t) = f (t) , for t ∈ (0, T) ,

y(x, 0) = y0 (x) , yt (x, 0) = y1 (x) , for x ∈ (0, L) ,

(CWP0)

where y is the state variable, f is the control variable, and any given initial value is represented

by
(
y0, y1) ∈ L2 (0, L)× H−1 (0, L). Equation (CWP0) may describe the motion of a string with

fixed endpoints.

Definition 1.1 Equation (CWP0) is called exactly controllable at time T, if for any initial value
(
y0, y1) ∈

L2 (0, L)× H−1 (0, L) and any target
(
y0

T, y1
T
)
∈ L2 (0, L)× H−1 (0, L) , there exists a control function

f ∈ L2 (0, T) , acting at one of the ends, say x = L, such that the corresponding solution y of (CWP0) in

the sense of a transposition satisfies final conditions

y(x, T) = y0
T (x) , yt (x, T) = y1

T (x) , f or x ∈ (0, L) .

Problem (CWP0) can be reduced to a null-controllability one1, as argued in [23, page 54-55],

i.e., we can always assume that

y (T) = yt (T) = 0, for x ∈ (0, L) .

1 Clearly, null-controllability is a particular case of exact controllability.
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Let t ∈ [0, T]. Multiplying the first equation in (CWP0) by w solution of (WP0), and integrating

by parts on (0, L) and (0, T) we obtain, at least formally, the following identity:

∫ L

0
y (t)wt (t) dx− 〈yt (t) , w (t)〉H1

0 (0,L) −
∫ L

0
y (0)w1dx +

〈
yt (0) , w0〉

H1
0 (0,L)

=
∫ T

0
f (s)wx (L, s) ds, (1.7)

where 〈·, ·〉H1
0 (0,L) denotes the duality product between H−1 (0, L) and H1

0 (0, L). We adopt iden-

tity (1.7) as the definition of solutions of (CWP0), in the sense of transposition. Thanks to (1.6)

this definition can be justified by arguing as in [27]. Moreover, Problem (CWP0) admits a unique

solution y ∈ C([0, T]; L2 (0, L)) ∩ C1([0, T]; H−1 (0, L)) in the above sense.

Let w be the solution of Problem (WP0). We seek a control in the special form f (t) = wx (L, t) ,

for a suitable choice of w0, w1. First, we consider the backward Problem
ζtt − ζxx = 0, for x ∈ (0, L) and t ∈ (0, T) ,

ζ (0, t) = 0, ζ (L, t) = wx (L, t) , for t ∈ (0, T) ,

ζ (x, T) = 0, ζt (x, T) = 0. for x ∈ (0, L) .

(1.8)

We obtain a linear map, that relates (w0, w1) to the initial data (ζt (0) ,−ζ (0)),

Λ : H1
0 (0, L)× L2 (0, L) −→ H−1 (0, L)× L2 (0, L)

(w0, w1) 7−→ (ζt (0) ,−ζ (0)).

The space H1
0 (0, L)× L2 (0, L) is equipped with the energy norm (w0, w1) 7−→ (E0 (t))

1/2. To

show that (w0, w1) can be chosen such that (ζt (0) ,−ζ (0)) = (y1,−y0), we argue as in [23].

Indeed, since the solution of (1.8) is taken in the transposition sense, it comes that

0 =
∫ T

0
〈(ζtt − ζxx) , w〉H1

0 (0,L) dt = −
〈
ζt (0) , w0〉

H1
0 (0,L) +

∫ L

0
ζ (0)w1dx

+
∫ T

0
ζ (L, t)wx (L, t) dt. (1.9)

We can rewrite (1.9) as

〈Λ(w0, w1), (w0, w1)〉H1
0 (0,L)×L2(0,L) =

∫ T

0
w2

x (L, t) dt.

Thanks 1.6, we deduce that

CE0 (t) ≤ 〈Λ(w0, w1), (w0, w1)〉H1
0 (0,L)×L2(0,L),

This means that Λ is an isomorphism and that (w0, w1) can be chosen so that the control f =

wx (L, t) drives the solution of (CWP0) from the initial data y0, y1 to the rest, i.e. y (T) = yt (T) =

0.





2
F R E E V I B R AT I O N S O F A X I A L LY M O V I N G S T R I N G S

In this chapter, we study the small vibrations of axially moving strings described by a wave

equation in an interval with two endpoints moving in the same direction with a constant speed.

The solution is expressed by a series formula where the coefficients are explicitly computed in

function of initial data. We also define an energy expression for the solution that is conserved

in time. Moreover, using the Hilbert uniqueness method, we establish boundary observability

and controllability results in a sharp time.

2.1 problem setting

We consider a small transverse vibrations of an infinite string moving axially with a constant

speed. Two fixed supports, distanced by L as represented in Figure 2.1, prevent transversal

displacements of the string at the supporting points while the axial motion remains unaffected.

L
v

 

 

 

 

 

 

 

Figure 2.1: A string travelling to the left with a speed v.

We introduce a coordinate system (x, t), attached to the travelling string, where x coincides

with the rest state axis of the string and t denotes the time. We denote transverse displacement

of the string by φ(x, t), and we choose the position of the left support to coincide with x = 0.

Assuming that the string travels to the left with a scalar speed v, the positions of the left and
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right supports are x = vt and x = L + vt for t ≥ 0, respectively. If we assume that the string

travels to the right then it suffices to change v by −v in the remainder of this chapter.

For T > 0, we denote the interval

It := (vt, L + vt) , for t ∈ (0, T) .

A simplified model describing the free small transverse vibrations of this string is the following

wave equation:
φtt − φxx = 0, for x ∈ It and t ∈ (0, T) ,

φ (vt, t) = φ (L + vt, t) = 0, for t ∈ (0, T) ,

φ(x, 0) = φ0 (x) , φt (x, 0) = φ1 (x) , for x ∈ I0,

(WP)

where the subscripts t and x stand for the derivatives in time and space variables respectively,

φ0 is the initial shape of the string and φ1 is its initial transverse speed. We assume that the

speed v is strictly less than the speed of propagation of the wave (here normalized to c = 1).

0 < v < 1 (2.1)

If v ≥ 1, then the Problem is ill-posed, see for instance [40].

2.2 exact solution

To simplify some formulas, we introduce the notation

γv :=
1 + v
1− v

, L1 :=
1− v
1 + v

L and L2 :=
2

1− v
L

since these constants will appear frequently in the sequel. Note that

1 < γv < +∞ and 0 < L1 < L < L2/2, for 0 < v < 1.

For every initial data

φ0 ∈ H1
0 (I0) , φ1 ∈ L2 (I0) , (2.2)

we already know that if (2.1) holds the solution of Problem (WP) exists and satisfies

φ ∈ C
(
[0, T]; H1

0 (It)
)

and φt ∈ C
(
[0, T]; L2 (It)

)
, (2.3)

see for instance, previous studies [4, 38].
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2.2.1 Coefficients expressions

Theorem 2.1 Under the Assumptions (2.1) and (2.2), the solution of Problem (WP) is given by the

series

φ(x, t) = ∑
n∈ Z∗

cn

(
enπi(1−v)(t+x)/L − enπi(1+v)(t−x)/L

)
, for x ∈ It and t ∈ (0, T) . (2.4)

where the coefficients cn ∈ C are given by any of the two following formulas

cn =
1

4nπi

L2∫
0

(
φ̃

0
x + φ̃

1
)

e−nπi(1−v)x/Ldx, (2.5)

=
1

4nπi

L∫
−L1

(
φ̃

0
x − φ̃

1
)

enπi(1+v)x/Ldx, for n ∈ Z∗, (2.6)

where φ̃
0
x and φ̃

1 are extensions of the initial data φ0and φ1 on the interval (−L1, L2) given below by

(2.8) and (2.9), respectively.

Before proceeding to the proof, let us describe how to extend the function φ, defined only on

It = (vt, L + vt) , to the intervals (−L1 + vt, vt) and (L + vt, L2 + vt). On one hand, we set

φ̃(x, t) =


−φ (γv (vt− x) + vt, t) , x ∈ (−L1 + vt, vt) ,

φ (x, t) , x ∈ (vt, L + vt) ,

−φ
(

1
γv

(vt− x) + 2L
1+v + vt, t

)
, x ∈ (L + vt, L2 + vt) .

(2.7)

The obtained function is well defined since the first variable of φ remains in the interval

(vt, L + vt). In particular, φ̃(vt, t) = φ̃(L + vt, t) = 0, hence the homogeneous boundary condi-

tions at x = vt and x = L + vt remain satisfied, for every t ≥ 0 see Figure 2.2.

t

L1

L
1v

L
1v

L2

x

L0

x



vt

x



L



vt

L2L

L1

0

 

 0

Figure 2.2: Extension of an initial data φ0 .

Taking the derivative of (2.7) with respect to x, we obtain

φ̃x(x, t) =


γvφx (γv (vt− x) + vt, t) , x ∈ (−L1 + vt, vt) ,

φx (x, t) , x ∈ (vt, L + vt) ,

1
γv

φx

(
1

γv
(vt− x) + 2L

1+v + vt, t
)

, x ∈ (L + vt, L2 + vt) .

(2.8)
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On the other hand, φ̃t(x, t) is extended as follows:

φ̃t(x, t) =


−γvφt (γv (vt− x) + vt, t) , x ∈ (−L1 + vt, vt) ,

φt (x, t) , x ∈ (vt, L + vt) ,

−1
γv

φt

(
1

γv
(vt− x) + 2L

1+v + vt, t
)

, x ∈ (L + vt, L2 + vt) .

(2.9)

The extension φ̃x (resp. φ̃t) satisfies some even-like (resp. odd-like) symmetry in the variable x

with respect to the point x = vt on the interval (−L1 + vt, L + vt) and with respect to the point

x = L + vt on the interval (vt, L2 + vt).

Remark 2.1 If v = 0, then L1 = L and L2 = 2L. In this case, the functions φ̃ and φ̃t are odd on the

intervals (−L, L) and (0, 2L) with respect to the middle of each interval. The extension φ̃x is an even

function on these intervals.

Remark 2.2 i) As shown in Figure 2.3, the forward characteristic line starting from the endpoint x = 0

(resp. x = L), hits the boundary x = L + vt (resp. x = vt) at time t = L
1−v (resp. t = L

1+v ). ii)

Consider (x1, t1) as the intersection of these two characteristic lines after one reflection on the boundary.

We can check that, the two backward characteristic lines from this point intersect the x−axis precisely at

x = −L1 and x = L2.

t
L

1 v

L

1 v

L2

x

L0

x

v
t

x

L

v
t

L1

Figure 2.3: Relation between L1, L2 and the forward characteristics from endpoints.

Now we are ready to show the coefficients formulas.
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Proof of Theorem 4.1. Thanks to (2.3), we can derive term-by-term the series (2.4), it comes

that

φx(x, t) =
πi
L ∑

n∈ Z∗
ncn

(
(1− v) enπi(1−v)(t+x)/L + (1 + v) enπi(1+v)(t−x)/L

)
, (2.10)

φt(x, t) =
πi
L ∑

n∈ Z∗
ncn

(
(1− v) enπi(1−v)(t+x)/L − (1 + v) enπi(1+v)(t−x)/L

)
, (2.11)

where t ≥ 0, x ∈ (vt, L + vt). Combining this, with (2.8) and (2.9), the extensions φ̃x and φ̃t are

given by

φ̃x(x, t) =



γvπi
L ∑

n∈ Z∗
n
(
(1− v) cne

nπi(1−v)
L ((1+v)t+γv(vt−x))

+ (1 + v) cne
nπi(1+v)

L ((1−v)t−γv(vt−x))
)

, if x ∈ (−L1 + vt, vt) ,

πi
L ∑

n∈ Z∗
n
(
(1− v) cnenπi(1−v)(t+x)/L

+ (1 + v) cnenπi(1+v)(t−x)/L
)

, if x ∈ (vt, L + vt) ,

πi
γv L ∑

n∈ Z∗
n
(
(1− v) cne

nπi(1−v)
L

(
(1+v)t+ vt−x

γv
+ 2L

1+v

)

+ (1 + v) e
nπi(1+v)

L

(
(1−v)t− vt−x

γv
− 2L

1+v

))
, if x ∈ (L + vt, L2 + vt) ,

(2.12)

φ̃t(x, t) =



−γvπi
L ∑

n∈ Z∗
n
(
(1− v) cne

nπi(1−v)
L ((1+v)t+γv(vt−x))

− (1 + v) cne
nπi(1+v)

L ((1−v)t−γv(vt−x))
)

, if x ∈ (−L1 + vt, vt) ,

πi
L ∑

n∈ Z∗
n
(
(1− v) cnenπi(1−v)(t+x)/L

− (1 + v) cnenπi(1+v)(t−x)/L
)

, if x ∈ (vt, L + vt) ,

− πi
γv L ∑

n∈ Z∗
n
(
(1− v) cne

nπi(1−v)
L

(
(1+v)t+ vt−x

γv
+ 2L

1+v

)

− (1 + v) e
nπi(1+v)

L

(
(1−v)t− vt−x

γv
− 2L

1+v

))
, if x ∈ (L + vt, L2 + vt) .

(2.13)

On one hand, taking the sum of (2.12) and (2.13) on the interval (vt, L2 + vt), we get

φ̃x + φ̃t =


2πi

L (1− v) ∑
n∈ Z∗

ncnenπi(1−v)(t+x)/L, x ∈ (vt, L + vt) ,

2πi
γv L (1 + v) ∑

n∈ Z∗
ncne

nπi(1+v)
L

(
(1−v)t− vt−x

γv
− 2L

1+v

)
, x ∈ (L + vt, L2 + vt) .

Since e
nπi(1+v)

L

(
(1−v)t− vt−x

γv
− 2L

1+v

)
= enπi(1−v)(t+x)/L, we get the same expression on the two sub-

intervals, i.e.

φ̃x + φ̃t =
2πi

L
(1− v) ∑

n∈ Z∗
ncnenπi(1−v)(t+x)/L, for x ∈ (vt, L2 + vt) . (2.14)
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Taking into account that
{√

1−v
2L enπi(1−v)(t+x)/L

}
n∈ Z

is an orthonormal basis for L2 (vt, L2 + vt),

for every t ≥ 0 (see Appendix A), we rewrite (2.14) as

1
4πi

√
2L

1− v
(φ̃x + φ̃t) = ∑

n∈ Z∗
ncn

√
1− v

2L
enπi(1−v)(t+x)/L, (2.15)

for x ∈ (vt, L2 + vt). This means that ncn is the nth coefficient of the function

1
4πi

√
2L

1− v
(φ̃x + φ̃t) ∈ L2 (vt, L2 + vt) . (2.16)

By consequence,

ncn =
1

4πi

L2+vt∫
vt

(φ̃x + φ̃t) e−nπi(1−v)(t+x)/Ldx, for n ∈ Z∗, (2.17)

and (2.5) holds as claimed for t = 0.

On the other hand, taking the difference of (2.12) and (2.13) on the interval (−L1 + vt, L + vt)

yields in particular

φ̃x − φ̃t =


2πi

L γv (1− v) ∑
n∈ Z∗

ncnenπi(1−v)((1+v)t+γv(vt−x))/L, x ∈ (−L1 + vt, vt) ,

2πi
L (1 + v) ∑

n∈Z∗
ncnenπi(1+v)(t−x)/L, x ∈ (vt, L + vt) .

After few rearrangement, we find

φ̃x − φ̃t =
2πi

L
(1 + v) ∑

n∈ Z∗
ncnenπi(1+v)(t−x)/L, for x ∈ (−L1 + vt, L + vt) . (2.18)

Since
{√

1+v
2L enπi(1+v)(t−x)/L

}
n∈ Z

is an orthonormal basis for L2 (−L1 + vt, L + vt) (see Ap-

pendix A), we deduce that

ncn =
1

4πi

L+vt∫
−L1+vt

(φ̃x − φ̃t) e−nπi(1+v)(t−x)/Ldx, for n ∈ Z∗. (2.19)

For t = 0, we obtain (2.6) and the theorem follows.

Remark 2.3 An easy computation shows that the solution φ given by (2.4) satisfies the periodicity

relation

φ(x + vTv, t + Tv) = φ(x, t), (2.20)

i.e., after a time Tv = 2L/
(
1− v2) the string travels a distance vTv and return to its original form at

time t.
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Remark 2.4 Since we can take t = T in (2.17) and in (2.19), then we can solve Problem (WP) if the

initial data are replaced by the (final) data

φ (x, T) = φ0
T ∈ H1

0 (IT) , φt (x, T) = φ1
T ∈ L2 (IT) .

Corollary 2.1 Under the Assumptions (2.1) and (2.2), the sum ∑n∈Z∗ |ncn|2 is finite and is given by

any of the two formulas, for t ≥ 0,

∑
n∈Z∗
|ncn|2 =

L
8π2 (1− v)

L2+vt∫
vt

(φ̃x + φ̃t)
2 dx (2.21)

=
L

8π2 (1 + v)

L+vt∫
−L1+vt

(φ̃x − φ̃t)
2 dx. (2.22)

Proof. Parseval’s equality applied to the function given in (2.15) yields

∑
n∈ Z∗

|ncn|2 =

∣∣∣∣∣ 1
4πi

√
2L

1− v

∣∣∣∣∣
2 L2+vt∫

vt

(φ̃x + φ̃t)
2 dx, for t ≥ 0.

Thus (2.21) holds as claimed. The identity (2.22) follows from (2.19) in a similar manner.

2.2.2 A numerical example

To illustrate the above results, we compute the solution of (WP) for

L = π, φ0 (x) = sin (x) /10, φ1 (x) = 0

and use (2.21) for the first 40 frequencies in (2.4), i.e.

φ(x, t) '
40

∑
n=−40,

n 6=0

cn

(
eni(1−v)(t+x) − eni(1+v)(t−x)

)
, for x ∈ (vt, π + vt) and t ∈ (0, Tv) , (2.23)

with two values of speed v = 0.3 and v = 0.7.

2.3 energy expressions and estimates

In this section, we show that the energy Ev (t) , such that

Ev (t) =
1
2

∫
It

(φt + vφx)
2 +

(
1− v2) φ2

xdx (2.24)

depending on L, t, v of the solution of (WP), is conserved in time.
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Figure 2.4: The solution φ for v = 0.3 in the interval (vt, π + vt) over one period Tv ' 6.91.
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Figure 2.5: The solution φ for v = 0.7 in the interval (vt, π + vt) over one period Tv ' 12.32.
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Theorem 2.2 Under the Assumptions (2.1) and (2.2), the solution of Problem (WP) satisfies

Ev (t) =
2π2 (1− v2)

L ∑
n∈Z∗
|ncn|2 , for t ≥ 0. (2.25)

(the left-hand side is independent of t).

Proof. The two identities (2.21) and (2.22) implies that

1
1 + v

L+vt∫
−L1+vt

(φ̃x − φ̃t)
2 dx =

1
1− v

L2+vt∫
vt

(φ̃x + φ̃t)
2 dx =

8π2

L ∑
n∈ Z∗

|ncn|2 . (2.26)

Using the extensions (2.8), (2.9) and considering the change of variable x = 1
γv

(vt− ξ) + vt, in

(−L1 + vt, vt) , we obtain

1
1 + v

vt∫
−L1+vt

(φ̃x (x, t)− φ̃t (x, t))2 dx = − 1
1 + v

vt∫
L+vt

γv (φx (ξ, t) + φt (ξ, t))2 dξ

=
1

1− v

∫ L+vt

vt
(φx (ξ, t) + φt (ξ, t))2 dξ.

Taking x = γv (vt− ξ) + 2L
v−1 + vt, in (L + vt, L2 + vt) , we obtain

1
1− v

L2+vt∫
L+vt

(φ̃x (x, t) + φ̃t (x, t))2 dx =
1

1 + v

∫ L+vt

vt
(φx (ξ, t)− φt (ξ, t))2 dξ.

Then, taking (2.26) into account, it comes that

1
1− v

L+vt∫
−L1+vt

(φ̃t + φ̃x)
2 dx +

1
1 + v

L2+vt∫
vt

(φ̃x − φ̃t)
2 dx

=
2

1 + v

∫ L+vt

vt
(φx − φt)

2 dx +
2

1− v

∫ L+vt

vt
(φt + φx)

2 dx =
16π2

L ∑
n∈ Z∗

|ncn|2 .

Expanding (φx ± φt)
2 and collecting similar terms, we get

1
1− v2

(
2
∫ L+vt

vt
φ2

x + φ2
t + 4vφxφt dx

)
=

8π2

L ∑
n∈ Z∗

|ncn|2 , for t ≥ 0. (2.27)

Recalling that Ev (t) is given by (2.24), this identity can be rewritten as in (2.25). This end the

proof.

The fact that Ev (t) is constant in time can be established by using only the identities φtt = φxx

and φ (vt, t) = φ (L + vt, t) = 0 from (WP).

A second proof for the conservation of Ev (t). It suffices to show that d
dtEv (t) = 0.

First, the boundary conditions φ (vt, t) = φ (L + vt, t) = 0 means that d
dt φ (vt, t) = d

dt φ (L + vt, t) =

0, hence

φt (vt, t) + vφx (vt, t) = φt (L + vt, t) + vφx (L + vt, t) = 0. (2.28)
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Since the limits of the integral in the expression of Ev (t) are time-dependent, then Leibnitz’s

rule implies that

d
dt
Ev (t) = v

(
1− v2) (φ2

x (L + vt, t)− φ2
x (vt, t)

)
+
∫ L+vt

vt

∂

∂t
(φt + vφx)

2 dx +
(
1− v2) ∂

∂t
(
φ2

x
)

dx. (2.29)

The remaining integral equals, after using φtt = φxx then integrating by parts,∫ L+vt

vt
(φt + vφx) φxx + (vφt + φx) φxtdx =

∫ L+vt

vt
− (φxt + vφxx) φx + (vφt + φx) φxtdx

= v
∫ L+vt

vt
−φxxφx + φtφxtdx,

which is nothing but

v
∫ L+vt

vt

∂

∂x
(
φ2

t − φ2
x
)

dx = −v
(
1− v2) (φ2

x (L + vt, t)− φ2
x (vt, t)

)
due to (2.28). Going back to (2.29), we infer that d

dtEv (t) = 0 as claimed.

Let us now compare Ev (t) to the usual expression of energy for the wave equation

Ev (t) :=
1
2

∫ L+vt

vt
φ2

t + φ2
xdx, for t ≥ 0.

In contrast with Ev (t) , the expression Ev (t) is not conserved in general. Due to the periodicity

relation (2.20), we know that Ev is Tv−periodic in time. Moreover we have

Corollary 2.2 Under the Assumptions (2.1) and (2.2), the energy Ev (t) of the solution of Problem (WP)

satisfies

Ev (t)
1 + v

≤ Ev (t) ≤
Ev (t)
1− v

, for t ≥ 0 (2.30)

and

1
γv

Ev (0) ≤ Ev (t) ≤ γvEv (0) , for t ≥ 0. (2.31)

Proof. We can write (2.27) as

Ev (t) + v
∫ L+vt

vt
φxφt dx = Ev (t) , for t ≥ 0. (2.32)

Thanks to the algebraic inequality ±ab ≤
(
a2 + b2) /2 we know that

±
∫ L+vt

vt
φxφt dx ≤ Ev (t) , for t ≥ 0.

Then, it comes that

Ev (t) ≤ (1 + v) Ev (t) and (1− v) Ev (t) ≤ Ev (t) , for t ≥ 0. (2.33)
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This implies (2.30). Since (2.33) holds also for t = 0, then (2.31) follows by combining the two

inequalities

(1− v) Ev (t) ≤ Ev (t) = Ev (0) ≤ (1 + v) Ev (0) ,

(1− v) Ev (0) ≤ Ev (0) = Ev (t) ≤ (1 + v) Ev (t) ,

for t ≥ 0.

Remark 2.5 The equality in estimation (2.30) may hold for some t ≥ 0. This is the case whenever

φt (x, t) = ±φx (x, t), for x ∈ It and some t ≥ 0. For instance, if the initial data satisfy φ1 = ±φ0
x we

obtain from (2.32) that

(1± v) Ev (0) = Ev (0) + v
∫ L

0
φ0

xφ1 dx = Ev (0) ,

i.e. Ev (0) = Ev (0) / (1± v). By periodicity, we have also Ev (nTv) = Ev (0) / (1± v) , for n ∈ Z.

The + and – signs are used respectively.

Remark 2.6 As v→ 1−, we have Ev (0)→
∥∥φ1 + φ0

x

∥∥
L2(0,L) /2. If the initial data satisfies φ1 + φ0

x 6=

0, it follows from (2.30) that

Ev (t) ≤
Ev (t)
1− v

=
Ev (0)
1− v

→ +∞, as v→ 1−.

Taking the precedent remark into account, we may have large value for Ev (t), as v becomes close to the

speed of propagation c = 1, even for small initial value Ev (0). To see what happens to the string in this

case, let us take v = 0.9 in the precedent numerical example, see Figure 2.6. We observe a layer effect (i.e.

a region in It where φx becomes very large) that travels from the left endpoint to the right one over one

period Tv. This phenomenon becomes more marked as v is closer to 1.

2.4 observability and controllability at an endpoint

In many applications, it is preferred that the sensors/controllers do not interfere with the

vibrations of the string, so they are placed at the extremities. In addition, interior pointwise

sensors/controllers are difficult to design and the system may become unobservable/uncontrol-

lable depending on the sensors/controllers location. This fact was shown by Yang and Mote in

[56] where they cast (2) in a state space form and use semi-group theory.

In this section, we show the observability of (WP) at each endpoint xb + vt where

xb = 0 or xb = L.

Then, by applying HUM we derive the exact boundary controllability at each endpoint.
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Figure 2.6: The solution φ for v = 0.9 in the interval (vt, π + vt) over one period Tv ' 33.07.

2.4.1 Observability at an endpoint

This Problem of observability considered here can be stated as follows: To give sufficient

conditions on the length T of the time interval such that there exists a constant C(T) > 0 for

which the observability inequality1

Ev (0) ≤ C(T)
T∫

0

φ2
x(xb + vt, t)dt, (2.34)

holds for all the solutions of (WP). This inequality is also called inverse inequality.

The next theorem shows that the minimal time of observability is Tv = 2L/
(
1− v2).

Theorem 2.3 Under the Assumptions (2.1) and (2.2), we have

MTv∫
0

φ2
x(xb + vt, t)dt =

4M

(1− v2)2 Ev (0) . (2.35)

1 One can replace Ev (0) by Ev (0) in the left-hand side, but this does not matter since (2.30) holds under the assump-

tion (2.1).
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By consequence, the solution of (WP) satisfies the direct inequality

T∫
0

φ2
x(xb + vt, t)dt ≤ K1(v, T)Ev (0) , for every T ≥ 0, (2.36)

with a constant K1(v, T) depending only on v and T.

If T ≥ Tv, Problem (WP) is observable at ξ (t) = xb + vt and it holds that:

Ev (0) ≤
(
1− v2)2

4

T∫
0

φ2
x(xb + vt, t)dt. (2.37)

Proof. Thanks to (2.10), we can evaluate φx at the endpoint x = xb + vt . We obtain

φx(xb + vt, t) =
πi
L ∑

n∈ Z∗
ncn

(
(1− v) e

nπi(1−v)
L ((1+v)t+xb) + (1 + v) e

nπi(1+v)
L ((1−v)t−xb)

)
=

πi
L ∑

n∈ Z∗
ncn

(
(1− v) e

nπi(1−v)
L xb + (1 + v) e−

nπi(1+v)
L xb

)
enπi(1−v2)t/L,

which can be rewritten as

φx(xb + vt, t) =


2πi

L ∑
n∈ Z∗

ncne2nπit/Tv , if xb = 0,

2πi
L ∑

n∈ Z∗
ncne−nπi(1+v)e2nπit/Tv , if xb = L.

. (2.38)

Let M ∈N∗. Since the set of functions
{

e2nπit/Tv /
√

Tv
}

n∈ Z
is complete and orthonormal in the

space L2(mTv, (m + 1) Tv) for m = 0, ..., M− 1, then Parseval’s equality applied to the functions

φx(xb + vt, t) ∈ L2(mTv, (m + 1) Tv), for m = 0, ..., M− 1,

yields, after summing up the integrals for all the subintervals of (0, MTv) ,

1
Tv

MTv∫
0

φ2
x(xb + vt, t)dt =

4Mπ2

L2 ∑
n∈ Z∗

|ncn|2 ,

and (2.35) follows.

For every T ≥ 0, we can take the integer M large enough to satisfy MTv = M 2L
1−v2 ≥ T. Then,

the identity (2.35) yields

T∫
0

φ2
x(xb + vt, t)dt ≤

MTv∫
0

φ2
x(xb + vt, t)dt =

4M

(1− v2)2 Ev (0)

i.e., (2.36) holds for K1(v, T) := 4M/
(
1− v2)2. The inequality (2.37) follows from (2.35) with

M = 1.
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Remark 2.7 Taking (2.28) into account, we have

φ2
t (xb + vt, t) = v2φ2

x(xb + vt, t), for xb = 0 or xb = L, ∀t ≥ 0.

Then, the results of Theorem 2.3 hold if we replace φx(xb + vt, t) by φt(xb + vt, t)/v2 with the same

constants in the inequalities.

Remark 2.8 The time of boundary observability Tv can be predicted by a simple argument, see Figure

2.7. An initial disturbances concentrated near x = L + vt may propagate to the left as t increases. It

reaches the left boundary, when t is close to L
1+v . Then travels back to reach the right boundary when t is

close to 2L
1−v2 = Tv, see Figure 2.7 (left). Figure 2.7 (right) shows that we need the same time Tv for an

initial disturbance concentrated near x = vt.
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Figure 2.7: Propagation of small disturbances with support near an endpoint.

2.4.2 Controllability at an endpoint

We consider the following boundary controllability Problem: Given

(u0, u1) ∈ L2 (I0)× H−1 (I0) , (2.39)

(u0
T, u1

T) ∈ L2 (IT)× H−1 (IT) ,
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find a control function f ∈ L2 (0, T) , acting at one of the endpoints, say x = L + vt, such that

the solution of the Problem
utt − uxx = 0, for x ∈ It, t ∈ (0, T) ,

u (vt, t) = 0, u (L + vt, t) = f (t) , for t ∈ (0, T) ,

u(x, 0) = u0 (x) , ut (x, 0) = u1 (x) , for x ∈ I0,

(CWP)

satisfies also

u(x, T) = u0
T (x) , ut (x, T) = u1

T (x) , for x ∈ IT.

Arguing as in [4, page 135], Problem (CWP) can be reduced to a null-controllability one, i.e., we

can always assume that

u (T) = ut (T) = 0 on IT. (2.40)

Let t ∈ [0, T]. Multiplying the first equation in (CWP) by φ, solution of (WP), and integrating

by parts on It and (0, t) we obtain, at least formally, the following identity:

∫ L+vt

vt
u (t) φt (t) dx− 〈ut (t) , φ (t)〉H1

0 (It)

=
∫ L

0
u (0) φ1dx−

〈
ut (0) , φ0〉

H1
0 (I0)

+
∫ t

0
f (s) φx (L + vs, s) ds, (2.41)

where 〈·, ·〉H1
0 (It)

denotes the duality product between H−1 (It) and H1
0 (It). We adopt identity

(2.41) as the definition of solutions of (CWP), in the sense of transposition. Thanks to Corollary

2.2 and to (2.36) this definition can be justified by arguing as in [27]. Moreover, Problem (CWP)

admits a unique solution

u ∈ C([0, T]; L2 (It)) ∩ C1([0, T]; H−1 (It))

in the above sense.

Theorem 2.4 Under the Assumptions (2.1) and (2.39), Problem (CWP) is exactly controllable at the

endpoint x = L + vt for T ≥ Tv. Moreover, we can choose a control f satisfying∫ T

0
f 2 (t) dt ≤ Kb (v, T) Ev (0) , (2.42)

where Kb (v, T) is a constant depending on v and T.

Proof. Let φ be the solution of Problem (WP). We seek a control f in the special form

f = φx (L + vt, t) ∈ L2(0, T),
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for a suitable choice of φ0 and φ1. First, we consider the backward Problem
ψtt − ψxx = 0, for x ∈ It, t ∈ (0, T) ,

ψ (vt, t) = 0, ψ (L + vt, t) = φx (L + vt, t) , for t ∈ (0, T) ,

ψ (x, T) = 0, ψt (x, T) = 0. for x ∈ IT.

(2.43)

We obtain a linear map, that relates (φ0, φ1) to the initial data (ψt (0) ,−ψ (0)),

Λ1 : H1
0 (I0)× L2 (I0) −→ H−1 (I0)× L2 (I0)

(φ0, φ1) 7−→ (ψt (0) ,−ψ (0)).

The space H1
0 (I0)× L2 (I0) is equipped with the energy norm (φ0, φ1) 7−→ (Ev (0))

1/2. To show

that (φ0, φ1) can be chosen such that (ψt (0) ,−ψ (0)) = (u1,−u0), we argue as in [23].

Indeed, since the solution of (2.43) is taken in the transposition sense, it comes that

0 =
∫ T

0
〈(ψtt − ψxx) , φ〉H1

0 (I0)
dt = −

〈
ψt (0) , φ0〉

H1
0 (I0)

+
∫ L

0
ψ (0) φ1dx

+
∫ T

0
ψ (L + vt, t) φx (L + vt, t)− vψ (L + vt, t) φt (L + vt, t) dt. (2.44)

Using (2.28), we can rewrite (2.44) as

〈Λ1(φ
0, φ1), (φ0, φ1)〉H1

0 (I0)×L2(I0)
=
(
1 + v2) ∫ T

0
φ2

x (L + vt, t) dt

Thanks to Theorem 2.5, we deduce that

4
(
1 + v2)

(1− v2)2 Ev (0) ≤ 〈Λ1(φ
0, φ1), (φ0, φ1)〉H1

0 (I0)×L2(I0)
≤
(
1 + v2)K1 (v, T) Ev (0) ,

for T ≥ Tv. This means that Λ1 is an isomorphism for T ≥ Tv and therefore (φ0, φ1) can be

determined such that the control f = φx (L + vt, t) drive the solution of (CWP) from the initial

data u0, u1 to the rest, i.e. u (T) = ut (T) = 0.

Remark 2.9 A similar argument shows that the controllability also holds if the control f acts at the

endpoint vt (i.e. xb = 0). It suffices to choose f = −φx (vt, t) in the application of HUM.

Remark 2.10 Arguing as in [23, 26, 57], we can show that the non observability of (WP) at one endpoint,

for 0 < T < Tv implies the non controllability of (CWP) for 0 < T < Tv. Moreover, the f constructed

by HUM is the unique control which minimize
∫ T

0 f 2 (t) dt among all the controls driving the solution

of (CWP) to the rest.

2.5 observability and controllability at both endpoints

If we place two sensors (resp. actuators) at both endpoints x = vt and x = L + vt of the

interval It, one expects a shorter time of observability (resp. controllability).
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2.5.1 Observability at both endpoints

The next theorem shows that the observability, in this case, holds for T ≥ T̃v = L/ (1− v).

Theorem 2.5 Under the assumption (2.1) and (2.2), we have:

∫ L
1+v

0
φ2

x(vt, t)dt +
∫ L

1−v

0
φ2

x(L + vt, t)dt =
4

(1− v2)2 Ev (0) . (2.45)

By consequence, the solution of (WP) satisfies the direct inequality

∫ T

0
φ2

x(vt, t) + φ2
x(L + vt, t)dt ≤ K2(v, T)Ev (0) , for every T ≥ 0, (2.46)

with a constant K2(v, T) depending only on v and T.

If T ≥ T̃v, Problem (WP) is observable at both endpoints x = vt, x = L + vt and it holds that

Ev (0) ≤
(
1− v2)2

4

∫ T

0
φ2

x(vt, t) + φ2
x(L + vt, t)dt. (2.47)

Proof. First, we establish (2.45) for smooth initial data. Assume that φ0
x and φ1 are continu-

ous functions. This ensures in particular that their generalized Fourier series are absolutely

converging. More precisely, the coefficients cn, given by (2.5), satisfy

∑
n∈ Z∗

|ncn| < +∞. (2.48)

Let m ∈ Z∗. On one hand, taking xb = 0 in (2.38), multiplying by imcme2mπit/Tv then integrat-

ing on (0, L/ (1 + v)) , we obtain

∫ L
1+v

0
φx(vt, t) imcme2mπit/Tv dt =

2π

L
mc̄m

∫ L
1+v

0

(
∑

n∈ Z∗
ncne2(n−m)πit/Tv

)
dt.

Since
∣∣∣ncne(n−m)πi(1−v2)t/L

∣∣∣ = |ncn| , then due to (2.48) the series in the right hand side is ab-

solutely converging. Applying Lebesgue’s dominated convergence theorem and integrating

term-by-term, we obtain

∫ L
1+v

0
φx(vt, t) imcme2mπit/Tv dt =

2π

L ∑
n∈ Z∗

nmcn c̄m

∫ L
1+v

0
e2(n−m)πit/Tv dt = ∑

n∈ Z∗
Anm, (2.49)

where

Anm =


2π

1 + v
|mcm|2 if n = m,

2nmcn c̄m

i (n−m) (1− v2)

(
eπi(n−m)(1−v) − 1

)
if n 6= m.
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On the other hand, taking xb = L in (2.38), multiplying by imcme−mπi(1+v)e2mπit/Tv then inte-

grating term-by-term on (0, L/ (1− v)), we end up with

∫ L
1−v

0
φx(L + vt, t) imcme−mπi(1+v)e2mπit/Tv dt = ∑

n∈ Z∗
Bnm, (2.50)

where

Bnm =


2π

1− v
|mcm|2 if n = m,

2nmcn c̄m

i (n−m) (1− v2)

(
1− e−(n−m)πi(1+v)

)
if n 6= m.

Computing Anm + Bnm we obtain:

i) If n = m, then

Amm + Bmm = 2π |mcm|2
(

1
1 + v

+
1

1− v

)
=

4π

1− v2 |mcm|2 , m ∈ Z∗.

ii) If n 6= m, then

Anm + Bnm =
2nmcn c̄m

i (n−m) (1− v2)

(
eπi(n−m)(1−v) − e−(n−m)πi(1+v)

)
=

2nmcn c̄m

i (n−m) (1− v2)
e−πi(n−m)(1−v)

(
e(n−m)πi(1−v+1+v) − 1

)
,

i.e.

Anm + Bnm = 0 if n 6= m, n, m ∈ Z∗.

By consequence, the sum of (2.49) and (2.50) is simply given by

∫ L
1+v

0
φx(vt, t)imcme2mπit/Tv dt

+
∫ L

1−v

0
φx(L + vt, t) imcme−mπi(1+v)e2mπit/Tv dt =

4π

1− v2 |mcm|2 ,

for every m ∈ Z∗. Taking the sum for m ∈ Z∗, and applying Lebesgue’s theorem to interchange

summation and integration, it comes that

∫ L
1+v

0
φx(vt, t)

(
+∞

∑
m=−∞

imcme2mπit/Tv

)
dt

+
∫ L

1−v

0
φx(L + vt, t)

(
+∞

∑
m=−∞

imcme−mπi(1+v)e2mπit/Tv

)
dt =

4π

1− v2

+∞

∑
m=−∞

|mcm|2 .

Thanks to (2.38), we obtain

L
2π

(∫ L
1+v

0
φ2

x(vt, t)dt +
∫ L

1−v

0
φ2

x(L + vt, t)dt

)
=

4π

1− v2

+∞

∑
m=−∞

|mcm|2 .
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This shows (2.45) when φ0
x and φ1 are continuous functions.

In the general case, i.e. φ0 ∈ H1
0 (0, L) and φ1 ∈ L2 (0, L) , we use an argument of density.

Consider two sequences

φ0
j ∈ C1 ([0, L]) and φ1

j ∈ C ([0, L]) , j ∈ N,

such that(
φ0

j

)
x
→ φ0

x and φ1
j → φ1 in L2 (0, L) , as j→ +∞.

Then, denote by φj and Ej the solution and the energy associated with each data φ0
j , φ1

j . Taking

into account (2.25) for t = 0, and using the precedent step of the proof, we have

∫ L
1+v

0

(
φj

)2

x
(vt, t)dt +

∫ L
1−v

0

(
φj

)2

x
(L + vt, t)dt =

4

(1− v2)2 Ej (0) .

Thanks to (2.36), the above inequality holds as j→ +∞ and (2.45) follows as claimed.

Inequality (2.46) is a consequence of Theorem 2.3, it suffices to choose xb = vt then xb =

L + vt in the direct inequality (2.36) and take the sum. The inequality (2.47) holds for T =

max
{ L

1−v , L
1+v

}
= T̃v and therefore for every T ≥ T̃v as well.

Remark 2.11 On the time interval
( L

1+v , L
1−v

)
we may only observe a fraction of the initial energy of

the wave. To see this, consider a wave composed of two disturbances with small initial supports near the

two endpoints x = vt, x = L + vt. Then, one disturbance reaches the left boundary at a time close to
L

1+v , and the other one reaches the right boundary only at a time close to L
1−v , see Figure 2.8 .
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Figure 2.8: Propagation of small disturbances with supports near one or two ends.
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2.5.2 Controllability at both endpoints

As in Section 2.4.2, it suffices to consider the null controllability Problem at both endpoints.

That is to say, for any

(y0, y1) ∈ L2 (I0)× H−1 (I0) , (2.51)

find two control functions f1, f2 ∈ L2 (0, T) , for T large enough, such that the solution of
ytt − yxx = 0, for x ∈ It, t ∈ (0, T) ,

y (vt, t) = f1 (t) , y (L + vt, t) = f2 (t) , for t ∈ (0, T) ,

y(x, 0) = y0 (x) , yt (x, 0) = y1 (x) , for x ∈ I0,

(CWP2)

satisfies the final conditions

y(x, T) = 0, yt (x, T) = 0, for x ∈ IT.

The next theorem shows that the controllability of (CWP2) holds if T ≥ T̃v.

Theorem 2.6 Under the Assumptions (2.1) and (2.51), Problem (CWP2) is exactly controllable at the

two endpoints x = vt, x = L + vt for T ≥ T̃v. Moreover, we can choose two controls f1, f2 satisfying∫ T

0
f 2
1 (t) dt,

∫ T

0
f 2
2 (t) dt ≤ K2 (v, T) Ev (0) , (2.52)

where K2 (v, T) is a constant depending on v and T.

Proof. We argue as in the proof of Theorem 2.4. Let η be the solution of the backward Problem
ηtt − ηxx = 0, in QT,

η (vt, t) = −φx (vt, t) , η (L + vt, t) = φx (L + vt, t) , for t ∈ (0, T) ,

η (x, T) = 0, ηt (x, T) = 0. for x ∈ IT.

(2.53)

We obtain then a linear map

Λ2 : H1
0 (I0)× L2 (I0) −→ H−1 (I0)× L2 (I0)

(φ0, φ1) 7−→ (ηt (0) ,−η (0)).

The solution of (2.53), in the transposition sense, satisfies

−
〈
ηt (0) , φ0〉

H1
0 (I0)

+
∫ L

0
η (0) φ1dx + v

∫ T

0
η (vt, t) φt (vt, t) dt

− v
∫ T

0
η (L + vt, t) φt (L + vt, t) dt−

∫ T

0
η (vt, t) φx (vt, t) dt

+
∫ T

0
η (L + vt, t) φx (L + vt, t) dt = 0.
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Taking into account (2.28), we can rewrite (2.53) as

0 = −
〈
ηt (0) , φ0〉

H1
0 (I0)

+
∫ L

0
η (0) φ1dx +

(
1 + v2) ∫ T

0
φ2

x (vt, t) dt

+
(
1 + v2) ∫ T

0
φ2

x (L + vt, t) dt,

i.e.,

〈Λ2(φ
0, φ1), (φ0, φ1)〉 =

〈
ηt (0) , φ0〉

H1
0 (I0)
−
∫ L

0
η (0) φ1dx

=
(
1 + v2) ∫ T

0
φ2

x (vt, t) + φ2
x (L + vt, t) dt.

Thanks to Theorem 2.5, we have

4
1 + v2

(1− v2)2 Ev (0) ≤ 〈Λ2(φ
0, φ1), (φ0, φ1)〉 ≤

(
1 + v2)K2 (v, T) Ev (0) ,

for T ≥ T̃v and some constant K2 (v, T). This means that Λ2 is an isomorphism for T ≥ T̃v and

thus (φ0, φ1) can be determined such that the control f1 = −φx (vt, t) and f2 = φx (L + vt, t)

drive the solution of (CWP2) from the initial data y0, y1 to y (T) = yt (T) = 0.

Remark 2.12 If one considers the Problem of boundary controllability to zero of the wave equation as a

stabilization Problem, then the sharp values Tv and T̃v for stabilization were mentioned in [25] but not

achieved by the different control strategies proposed in that paper.





3
V I B R AT I O N S O F A X I A L LY T R AV E L L I N G S T R I N G S D A M P E D AT O N E

E N D

In this chapter, we study the small vibrations of an axially travelling string with a dashpot

damping at one end. The string is modelled by a wave equation in a time-dependent interval

with two endpoints moving at a constant speed v. For the undamped case, we obtain a con-

served functional equivalent to the energy of the solution. We derive precise upper and lower

exponentially decaying estimates for the energy with explicit constants. These estimates do not

seem to be reported in the literature even for the non-travelling case v = 0. Moreover, some

numerical examples are given to illustrate the effectiveness of this damper.

3.1 problem setting

We consider small transversal vibrations of a uniform string travelling with a constant speed

v between to two pulleys (inlet and outlet) kept at a fixed distance L. The mechanical setting is

sketched in Figure 3.1 where the inlet is fixed while the outlet is allowed to move transversely

and attached to a damping device (a dashpoint with a damping factor η).
 

 

 

 

 

  

 

 

v

L



Figure 3.1: An axially travelling string with dash-point at the outlet pulley.
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Many mechanical devices with axially moving continua, such as power transmission chains

and belts, magnetic tapes, band saws and fibre winders, see for instance [9, 21, 29, 32, 35], are

limited in their efficiency and utility due to unwanted vibrations. As a result, stabilization of

axially moving systems is necessary to reduce or eliminate these vibrations and improve the

overall performance and productivity of these mechanical systems.

Denoting the displacement function by u, depending on the position s along the string and

the time τ, with only a dashpoint damping at the outlet, the model can be stated as follows

uττ + 2vusτ −
(
1− v2) uss = 0, for s ∈ (0, L) , τ > 0,

u (0, τ) = 0, for τ > 0,(
1− v2) us (L, τ) + (η − v) uτ (L, τ) = 0, for τ > 0,

u(s, 0) = u0 (s) , uτ (s, 0) = u1 (s) , for s ∈ (0, L) ,

(3.1)

where the subscripts τ and s stand for the derivatives in time and space variables respectively.

The functions u0 and u1 represent the initial shape and the initial transverse speed of the string,

respectively.

Here, we do not consider the magnitudes of v and η as small ones. We only assume that η ≥ 0

and that speed v is strictly less than the speed of propagation of the wave (here normalised to

c = 1), i.e.

0 ≤ v < 1. (3.2)

If the speed v approaches the critical speed c = 1, an instability will occur, as shown by [25, 35].

Another key difference with most of the existing works is that we consider the model in a

moving space coordinates.

3.1.1 Derivation of the model

For the sake of completeness, we now derive the mathematical model (3.1) for the vibration

of a travelling string subject to a boundary damping, as described in the Introduction. We refer

to [14] for a model that considers more general boundary conditions.

We make the following assumptions:

• The vibrations of the string are transversal and small (compared to its length). This implies

in particular that the slope us is also small.

• The string is uniform with a mass density ρ.
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• The string travels with a constant speed v between to two massless pulleys (inlet and

outlet) kept at a fixed distance L.

• The string is perfectly flexible and the effects due to gravity are neglected. This means

that the tension T is constant.

• The inlet is not allowed to move transversely, hence we have the boundary condition

u (0, τ) = 0, for τ ≥ 0.

We apply the extended Hamilton’s principle, over the finite time interval τ1 ≤ τ ≤ τ2, in the

following form

δ
∫ τ2

τ1

Ldτ +
∫ τ2

τ1

δWdτ = 0, (3.3)

(see [30] and [5, Chapters 4 and 5]). Here δ denotes the variation in a given function, L is the

Lagrangian and W is the virtual work performed by nonconservative forces, i.e. the boundary

damping force in the present case. The Lagrangian is

L =Ek − Ep,

where Ek is the kinetic energy and Ep is the potential energy of the string. The first one is given

by

Ek =
1
2

∫ L

0
ρ

(
du
dτ

)2

ds

where du
dτ (s, τ) = uτ (s, τ) +vus (s, τ) is the material velocity (also called the total derivative of

u). The potential energy Ep is equal to the work done to deform the string from its rest position.

Hence, the potential energy per unit length of a differential element is given by

dEp = T · elongation = T
(√

(ds)2 + (du)2 − ds
)

.

Since the slope of the string us is small, then

dEp = T
(√

1 + (us)
2 − 1

)
ds ≈ T

2
u2

s ds,

hence the potential energy of the string is given by

Ep =
T
2

∫ L

0
u2

s ds

and therefore

L =
ρ

2

∫ L

0
(uτ + vus)

2 ds− T
2

∫ L

0
u2

s ds.
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The damping force Fη of the dashpot at s = L is contrary to the sense of movement and thus

the work done by the dashpot is

W = −Fη · displacement = −Fη u (L, τ) .

Now, we are led to search the critical points of the functional

I (u) :=
1
2

∫ τ2

τ1

∫ L

0
ρ (uτ + vus)

2 − Tu2
s dsdτ −

∫ τ2

τ1

Fηu (L, τ) dτ. (3.4)

When u is a critical point, we should have

lim
θ→0

I (u + θv)− I (u)
θ

= 0, (3.5)

where v is a smooth function such that

v (·, τ1) = v (·, τ2) = 0 and v (0, ·) = 0. (3.6)

The function u + θv is a small perturbation of u that does not affect the values of (the path) u at

τ = τ1 and τ = τ2, as well as at s = 0. The limit (3.5) equals∫ τ2

τ1

∫ L

0
ρ
(
v2usvs + vuτvs + vusvτ + uτvτ

)
− Tusvsdsdτ −

∫ τ2

τ1

Fηv (L, τ) dτ = 0.

Integrating by parts, we infer that

−
∫ τ2

τ1

∫ L

0

{
ρ
(
uττ + 2vusτ + v2uss

)
− Tuss

}
vdsdτ

+
∫ τ2

τ1

{
ρvuτ (L, τ) +

(
ρv2 − T

)
us (L, τ)− Fη

}
v (L, τ) dτ = 0.

The other boundary terms vanishes due to (3.6). Since v can be chosen arbitrary, and in partic-

ular its value at s = L, the first integral implies that

uττ + 2vusτ +

(
v2 − T

ρ

)
uss = 0, for s ∈ (0, L) and τ1 ≤ τ ≤ τ2.

The quantity c =
√

T/ρ is the wave speed in the string.

The second integral implies that

ρvuτ (L, τ) +
(
T− ρv2) us (L, τ)− Fη = 0, for τ1 ≤ τ ≤ τ2.

Assuming that the damping force Fη depends linearly on the velocity uτ, i.e. Fη = ηuτ, we

obtain the boundary condition

(η − ρv) uτ (L, τ) +
(
T− ρv2) us (L, τ) = 0, for τ1 ≤ τ ≤ τ2.

Rescaling the variables τ,v and η as follows

τ 7→ τ

√
T
ρ

, v 7→ v
√

ρ

T
and η 7→ η√

ρT
,

we obtain the model (3.1) with a normalised speed c = 1.
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3.1.2 Governing equation in a time-dependent interval

We introduce the variables

s = L− x + vt and τ = t,

hence

x ∈ It := (vt, L + vt) , for t ≥ 0,

which is an interval travelling in the positive sense of the real axis (as in [15, 32]). It follows that

∂s = −∂x and ∂τ = v∂x + ∂t.

Rewriting Problem (3.1) in the new coordinates, we obtain the following (pure) wave equation

with a damping at the moving boundary x = vt,

φtt − φxx = 0, for x ∈ It, t > 0,

(1− ηv) φx (vt, t)− (η − v) φt (vt, t) = 0, for t > 0,

φ (L + vt, t) = 0, for t > 0,

φ(x, 0) = φ0 (x) , φt (x, 0) = φ1 (x) , for x ∈ I0,

(DWP1)

where φ0 = u0 and φ1 = u1 − vφ0
x.

Let us denote

γv :=
1 + v
1− v

, γη :=
1 + η

1− η
and ωn :=


(2n + 1)

2
iπ − 1

2
ln γη , if 0 ≤ η < 1,

niπ − 1
2

ln
∣∣∣γη

∣∣∣ , if η > 1.

Note that

• γv ≥ 1 for 0 ≤ v < 1,

•
∣∣∣γη

∣∣∣ ≥ 1 and hence the real part of ωn remains negative, for η > 0 with η 6= 1.

3.2 exact solution

As a first result, we derive a closed form for the solution of (DWP1) given by the series

formulas

φ(x, t) = ∑
n∈Z

an

(
γηe

1−v
L ωn(t+x) + e

1+v
L ωn(t−x)

)
, for x ∈ It and t ≥ 0, (3.7)
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1

­1

0

1

Figure 3.2: Variation of γη = 1+η
1−η in function of η ≥ 0.

which is a sum of two waves travelling in opposite directions. The coefficients an are explicitly

given in function of the initial data φ0 and φ1. To this end, we need to know the functions φ0

and φ1 on an interval larger than I0 = (0, L). As in [15, 44], we introduce

L2 :=
2L

1− v

and extend φ to the interval (L + vt, L2 + vt) by setting

φ̃(x, t) =


φ (x, t) , x ∈ (vt, L + vt) ,

−φ
(

1
γv

(vt− x) + 2L
1+v + vt, t

)
, x ∈ (L + vt, L2 + vt) .

(3.8)

The obtained function is well defined since the first variable of φ remains in the interval

(vt, L + vt). In particular, the homogeneous boundary condition φ (L + vt, t) = 0 remains satis-

fied, for every t ≥ 0.

Remark 3.1 Clearly, 0 < L ≤ L2/2 for 0 ≤ v < 1. If v = 0, then L2 = 2L and the function φ̃ on

(L, 2L) is an odd function on (0, 2L), with respect to x = L. If 0 < v < 1, then φ is extended as an odd

function with an extra dilatation on the added interval (L + vt, L2 + vt), see Figure 3.3.

 

0 L L2

x
�0

Figure 3.3: Example of the extension of an initial data φ0 when 0 < v < 1.
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Taking the derivative of (3.8) with respect to x, we obtain

φ̃x(x, t) =


φx (x, t) , x ∈ (vt, L + vt) ,

1
γv

φx

(
1

γv
(vt− x) + 2L

1+v + vt, t
)

, x ∈ (L + vt, L2 + vt) .
(3.9)

On the other hand, the time derivative is extended as follows

φ̃t(x, t) =


φt (x, t) , x ∈ (vt, L + vt) ,

−1
γv

φt

(
1

γv
(vt− x) + 2L

1+v + vt, t
)

, x ∈ (L + vt, L2 + vt) .
(3.10)

Let us introduce the following family of Hilbert spaces

HL+vt (It) :=
{

w ∈ H1 (It) , w (L + vt) = 0
}

, for t ≥ 0,

where H1 (It) is the Sobolev space defined on It. We assume that the initial data satisfies

φ0 ∈ HL (I0) , φ1 ∈ L2 (I0) . (3.11)

Now, we are ready to state the following existence and uniqueness result for Problem (DWP1).

Theorem 3.1 Let T > 0. Under the assumptions (3.2) and (3.11), the solution of Problem (DWP1)

φ ∈ C ([0, T];HL+vt (It)) ∩ C1 ([0, T]; L2 (It)
)

, (3.12)

is given by the series (3.7) where the coefficients an ∈ C are computed by the following formula

an =
1

4γηωn

L2∫
0

(
φ̃

0
x + φ̃

1
)

e−
1−v

L ωnxdx, for n ∈ Z. (3.13)

Moreover, we have

∑
n∈Z

|ωnan|2 =
L

8 (1− v) γ2
η

L2+vt∫
vt

e
1−v

L ln|γη|(t+x) (φ̃x + φ̃t)
2 dx < +∞, (3.14)

where φ̃
0
x and φ̃

1 are extensions of the initial data φ0and φ1 on the interval (0, L2) given above by (3.9)

and (3.10) respectively.

Proof. The general solution of (DWP1) is given by D’Alembert’s formula

φ(x, t) = f (t + x) + g (t− x) ,

where f and g are arbitrary continuous functions. Let us check the boundary conditions. On

one hand, at the left endpoint we have

(1− ηv) f ′((1 + v) t)− g′ ((1− v) t) = (η − v)
(

f ′((1 + v) t) + g′ ((1− v) t)
)

.
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Setting z = (1− v) t, we obtain

(1− ηv− η + v) f ′ (γvz) = (1− ηv + η − v) g′ (z) . (3.15)

On the other hand, at the right endpoint, we infer that

f ((1 + v) t + L) + g ((1− v) t− L) = 0.

Denoting y = z− L, we obtain

f (γvy +
2L

1− v
) = −g (y) . (3.16)

Then, taking the derivative with respect to y, we get

γv f ′(γvy +
2L

1− v
) = −g′ (y) . (3.17)

Thanks to (3.15), (3.17) and taking ξ = γvy, we deduce that f ′ satisfies

(1− ηv + η − v) γv f ′
(

ξ +
2L

1− v

)
= − (1− ηv− η + v) f ′ (ξ) . (3.18)

After few simplifications, this can be written as

f ′
(

ξ +
2L

1− v

)
= − f ′ (ξ)

γη

. (3.19)

This formula suggests that f ′(ξ) = eβξ , for some parameter β to be determined later. Substi-

tuting the form eβξ in (3.19), we infer that

eβ(ξ+ 2L
1−v ) = −eβξ/γη .

Then, it follows that:

• If 0 ≤ η < 1, then γη ≥ 1 and we get

eβ(ξ+ 2L
1−v ) = −e− ln γη eβξ .

Solving this equation for β, we obtain a sequence of values βn = (1− v)ωn/L, n ∈ Z, where

ωn =
1
2
(2n + 1) iπ − 1

2
ln γη .

• If η > 1, we have γη < −1 and we obtain another sequence of values βn = (1− v)ωn/L, n ∈

Z, where this time

ωn = niπ − 1
2

ln
∣∣∣γη

∣∣∣ .

Note that in both cases we have ln
∣∣∣γη

∣∣∣ ≥ 1 and the real part of ωn is negative.
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Due to the superposition principle, it follows that f ′ can be written as

f ′ (ξ) = ∑
n∈Z

cne
1− v

L ωnξ , cn ∈ C,

where cn are complex coefficients to be determined later. After integration, the function f can

be written as

f (ξ) = c + ∑
n∈Z

Lcn

(1− v)ωn
e

1−v
L ωnξ ,

for some constant c. Using (3.16), we deduce that

g (ξ) = −c + ∑
n∈Z

Lcn

(1− v) γηωn
e

1+v
L ωnξ , (3.20)

where we have used the fact that e2ωn = −1/γη whether 0 ≤ η < 1 or η > 1.

Thanks to D’Alembert’s formula, the solution of Problem (DWP1) is given by the series

φ(x, t) = ∑
n∈Z

L
(1− v) γηωn

cn

(
γηe

1−v
L ωn(t+x) + e

1+v
L ωn(t−x)

)
. (3.21)

To obtain (3.7), we set

an :=
L

(1− v) γηωn
cn. (3.22)

The coefficient cn are determined as follows. Going back to (3.21), we infer that

φx(x, t) = ∑
n∈Z

cn

(
e

1−v
L ωn(t+x) − γv

γη

e
1+v

L ωn(t−x)

)
, (3.23)

φt(x, t) = ∑
n∈Z

cn

(
e

1−v
L ωn(t+x) +

γv
γη

e
1+v

L ωn (t−x)

)
, (3.24)

for x ∈ (vt, L + vt) and t ≥ 0. It follows from (3.9) and (3.10) that the extensions φ̃x and φ̃t are

given by

φ̃x(x, t) =



∑
n∈Z

cn

(
e

1−v
L ωn(t+x) − γv

γη

e
1+v

L ωn(t−x)

)
, if x ∈ (vt, L + vt) ,

1
γv ∑

n∈Z

cn

(
e

1−v
L ωn((1+v)t+ vt−x

γv
+ 2L

1+v )

− γv
γη

e
1+v

L ωn((1−v)t− vt−x
γv
− 2L

1+v )
)

, if x ∈ (L + vt, L2 + vt) ,

(3.25)

φ̃t(x, t) =



∑
n∈Z

cn

(
e

1−v
L ωn(t+x) +

γv
γη

e
1+v

L ωn(t−x)

)
, if x ∈ (vt, L + vt) ,

−1
γv ∑

n∈Z

cn

(
e

1−v
L ωn((1+v)t+ vt−x

γv
+ 2L

1+v )

+
γv
γη

e
1+v

L ωn((1−v)t− vt−x
γv
− 2L

1+v )
)

, if x ∈ (L + vt, L2 + vt) .

(3.26)
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Taking the sum of (3.25) and (3.26), we get

φ̃x + φ̃t =


2 ∑

n∈Z

cne
1−v

L ωn(t+x), x ∈ (vt, L + vt) ,

−2
γv ∑

n∈Z

cn
γv
γη

e−2ωn e
1−v

L ωn(t+x), x ∈ (L + vt, L2 + vt) .

Since e−2ωn = −γη , then we have the unified expression

φ̃x + φ̃t = 2 ∑
n∈Z

cne
1−v

L ωn(t+x), for x ∈ (vt, L2 + vt) and t ≥ 0. (3.27)

Using the definition of ωn, we get

φ̃x + φ̃t =


2e

1−v
2L (iπ−ln γη)(t+x) ∑

n∈Z

cne
1−v

L niπ(t+x), if 0 ≤ η < 1,

2e−
1−v
2L ln|γη|(t+x) ∑

n∈Z

cne
1−v

L niπ(t+x), if η > 1.
(3.28)

Taking into account that
{

e
nπi(1−v)

L (t+x)/
√

L2

}
n∈ Z

is an orthonormal basis for L2 (vt, L2 + vt),

for every t ≥ 0 (see Appendix A), we rewrite (3.27) as

∑
n∈Z

cn
e

1−v
L niπ(t+x)
√

L2
=


1

2
√

L2
e−

1−v
2L (iπ−ln γη)(t+x) (φ̃x + φ̃t) , if 0 ≤ η < 1,

1
2
√

L2
e

1−v
2L ln|γη|(t+x) (φ̃x + φ̃t) , if η > 1.

(3.29)

By consequence,

cn =



1
2L2

L2+vt∫
vt

e−
1−v
2L (iπ−ln γη)(t+x) (φ̃x + φ̃t) e−

nπi(1−v)
L (t+x)dx, if 0 ≤ η < 1,

1
2L2

L2+vt∫
vt

e
1−v
2L ln|γη|(t+x) (φ̃x + φ̃t) e−

nπi(1−v)
L (t+x)dx, if η > 1,

for n ∈ Z. Whether 0 ≤ η < 1 or η > 1, in both cases, we have

cn =
1

2L2

L2+vt∫
vt

(φ̃x + φ̃t) e−
(1−v)

L ωn(t+x)dx, for n ∈ Z.

For t = 0, and tacking (3.22) into account, we obtain (3.13) as claimed.

Moreover, as a consequence of Parseval’s equality, it comes that

∑
n∈Z

|cn|2 =



1
4L2

L2+vt∫
vt

∣∣∣e− 1−v
2L (iπ−ln γη)(t+x)

∣∣∣2 (φ̃x + φ̃t)
2 dx, if 0 ≤ η < 1,

1
4L2

L2+vt∫
vt

∣∣∣e 1−v
2L ln|γη|(t+x)

∣∣∣2 (φ̃x + φ̃t)
2 dx, if η > 1.
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Whether 0 ≤ η < 1 or η > 1, it follows that

∑
n∈Z

|ωnan|2 =
L2

γ2
η (1− v)2 ∑

n∈Z

|cn|2 =
L

8γ2
η (1− v)

L2+vt∫
vt

e
1−v

L ln|γη|(t+x) (φ̃x + φ̃t)
2 dx.

Thanks to (3.11), φ0 and φ1 belongs to L2 (0, L2). Thus the integral at the right-hand side for

t = 0 is finite and

∑
n∈Z

|ωnan|2 < +∞.

Recalling that |ωn|2 = O
(
n2), for large values of n, then

∑
n∈Z

|nan|2 < +∞. (3.30)

Let T > 0 and t ∈ [0, T] . Due to the continuity of the exponential function, we get∣∣∣an

(
γηe

1−v
L ωn(t+x) + e

1+v
L ωn(t−x)

)∣∣∣ ≤ CT |an| ,

where CT is a constant depending only on v, η, L and T.

Going back to (3.23), (3.24) and due to (3.22), we can check that∣∣∣∣∣cn

(
e

1−v
L ωn(t+x) ± γv

γη

e
1+v

L ωn(t−x)

)∣∣∣∣∣ ≤ C′T |nan| ,

for some constant C′T.

Taking (3.30) into account, we infer that φ(x, t), φx(x, t) and φt(x, t) belong to L2 (It), for t ≥ 0.

In particular, φ(x, t) ∈ HL+vt (It), for t ≥ 0. The continuity in time of φ and φt as functions of

t with values in HL+vt (It) and L2 (It), respectively, follows as they are the sums of uniformly

converging series of continuous functions. This shows (3.12).

Next, we demonstrate how the series formulas (3.7) can be used to achieve the following

results:

• For the undamped case, i.e. η = 0, we show that the functional1

Ev (t) =
1
2

L+vt∫
vt

(φt + vφx)
2 +

(
1− v2) φ2

xdx, for t ≥ 0, (3.31)

depending on L, t, v and the solution φ of (DWP1), is conserved in time. See Theorem 3.2.

Note that under the assumption ( 3.2), the functional Ev is positive-definite and we will

call it the ”energy” of the solution φ.

1 Here and in the sequel, the subscript v is used to emphasize the dependence on the speed v.
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• For the damped case η > 0 with η 6= 1, the (usual) energy

Ev (t) =
1
2

L+vt∫
vt

φ2
t (x, t) + φ2

x (x, t) dx, for t ≥ 0, (3.32)

depending on L, t, v and the solution of (DWP1), satisfies

1
γ2

ηγv
Ev (0) e−

1−v2
L ln|γη|t ≤ Ev (t) ≤ γ2

ηγvEv (0) e−
1−v2

L ln|γη|t, for t ≥ 0. (3.33)

3.3 a conserved quantity for the string with no damper

For the undamped case, i.e. η = 0 in Problem (DWP1), we show that the energy Ev given by

(3.31) is conserved in time.

Theorem 3.2 Under Assumptions (3.2) and (3.11), the solution of Problem (DWP1) satisfies

Ev (t) =
π2 (1− v2)

2L ∑
n∈ Z

|(2n + 1) an|2 , for t ≥ 0, (3.34)

where the left-hand side is independent of t.

Proof. If η = 0, then ωn = (2n + 1) iπ/2 and the identity (3.14) becomes

1
1− v

L2+vt∫
vt

(φ̃x + φ̃t)
2 dx =

2π2

L ∑
n∈ Z

|(2n + 1) an|2 . (3.35)

Using the extensions (3.9), (3.10) and considering the change of variable

x = γv (vt− ξ) +
2L

1− v
+ vt,

in (L + vt, L2 + vt) , then we have

1
1− v

L2+vt∫
L+vt

(φ̃x (x, t) + φ̃t (x, t))2 dx =
1

1 + v

L+vt∫
vt

(φx (ξ, t)− φt (ξ, t))2 dξ.

Taking (3.35) into account, it comes that

1
1− v

L2+vt∫
vt

(φ̃x + φ̃t)
2 dx =

1
1− v

L+vt∫
vt

(φt + φx)
2 dx +

1
1 + v

L+vt∫
vt

(φx − φt)
2 dx

=
2π2

L ∑
n∈ Z

|(2n + 1) an|2 .

Expanding (φx ± φt)
2 and collecting similar terms, we get

1
1− v2

 L+vt∫
vt

φ2
x + φ2

t + 2vφxφtdx

 =
π2

L ∑
n∈ Z

|(2n + 1) an|2 , for t ≥ 0. (3.36)
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The left-hand side is equal to 2Ev (t) /
(
1− v2) and (3.34) follows.

Let us check that d
dtEv (t) = 0 by using only the identities φtt = φxx, φx (vt, t) + vφt (vt, t) = 0

and φ (L + vt, t) = 0 from (DWP1).

A second proof for the conservation of Ev (t). First, when η = 0 the boundary condition at

x = vt reads

φx (vt, t) + vφt (vt, t) = 0. (3.37)

At the other boundary, we have φ (L + vt, t) = 0 for t ≥ 0. This means that

d
dt

φ (L + vt, t) = vφx (L + vt, t) + φt (L + vt, t) = 0. (3.38)

It follows in particular that

φ2
x (vt, t) = v2φ2

t (vt, t) and v2φ2
x (L + vt, t) = φ2

t (L + vt, t) .

Expanding (φt + vφx)
2 in the Ev (t) expression, we get

Ev (t) = Ev (t) + v
L+vt∫
vt

φtφxdx. (3.39)

Let us differentiate each term separately. On one hand, the identities (3.37), (3.38) and Leibnitz’s

rule imply that

d
dt

Ev (t) =
v
2
(
1 + v2) (φ2

x (L + vt, t)− φ2
t (vt, t)

)
+

L+vt∫
vt

(φxφtx + φttφt) dx. (3.40)

Taking into account that φtt = φxx, the last integral equals

L+vt∫
vt

(φxφtx + φxxφt) dx =

L+vt∫
vt

(φxφt)x dx = −v
(
φ2

x (L + vt, t)− φ2
t (vt, t)

)
,

hence

d
dt

Ev (t) = −
v
2
(
1− v2) (φ2

x (L + vt, t)− φ2
t (vt, t)

)
. (3.41)

On the other hand

d
dt

L+vt∫
vt

φxφtdx = −v2 (φ2
x (L + vt, t)− φ2

t (vt, t)
)
+

L+vt∫
vt

φtxφt + φxφttdx.

Again, using φtt = φxx and integrating by parts, the remaining integral equals

L+vt∫
vt

φtxφt + φxφxxdx =
1
2

L+vt∫
vt

(
φ2

t + φ2
x
)

x dx =
1
2
(
1 + v2) (φ2

x (L + vt, t)− φ2
t (vt, t)

)
,
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hence

d
dt

L+vt∫
vt

φxφtdx =
1
2
(
1− v2) (φ2

x (L + vt, t)− φ2
t (vt, t)

)
. (3.42)

Due to (3.39),(3.41) and (3.42), we infer that d
dtEv (t) = 0 as claimed.

Remark 3.2 The energy expression Ev (t) is also shown to be conserved in time for the Dirichlet bound-

ary conditions at both ends, see [15].

Let us now compare Ev (t) to the usual expression of energy Ev (t) for the wave equation.

Corollary 3.1 Under Assumptions (3.2) and (3.11), the energy Ev (t) of the solution of the undamped

Problem (DWP1) satisfies

Ev (0)
1 + v

≤ E v (t) ≤
Ev (0)
1− v

, f or t ≥ 0 (3.43)

and

1
γv

Ev (0) ≤ Ev (t) ≤ γvEv (0) , for t ≥ 0. (3.44)

Proof. It suffices to argue as in the proof of Corollary 2 in [15].

Remark 3.3 The solution φ given by (3.7), with η = 0, satisfies the periodicity relation

φ(x + vTv, t + Tv) = −φ(x, t), t ≥ 0, (3.45)

the previous relation can be rewritten as

φ(x + nvTv, t + nTv) = (−1)n φ(x, t), t ≥ 0.

It follows in particular that the energy Ev is a Tv−periodic function in time.

Remark 3.4 The equality in (3.43) holds at least if φt (x, t0) = ±φx (x, t0), for x ∈ It0 and some t0 ≥ 0.

Indeed, we have

Ev (t0) = Ev (t0)± v
∫ L+vt0

vt0

φx (x, t0) φt (x, t0) dx = (1± v) Ev (t0) ,

i.e. Ev (t0) = Ev (t0) / (1± v). The + and – signs are used respectively.

Remark 3.5 Let 0 < v < 1 and η = 0. Evaluating φx given by (3.23) at x = vt and x = L + vt, we

obtain

φx(vt, t) =
−2v
1− v ∑

n∈Z

cn e
1−v2

2L (2n+1)iπt,

φx(L + vt, t) =
2

1− v ∑
n∈Z

(
cne

1−v
2 (2n+1)iπ

)
e

1−v2
2L (2n+1)iπt,
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for t ≥ 0. Then, by Parseval’s identity and (3.34), we obtain

1
v2

Tv∫
0

φ2
x(vt, t)dt =

Tv∫
0

φ2
x(L + vt, t)dt =

Ev (0)

(1− v2)2 .

Using (3.43) for t = 0, we get in particular

v2Ev (0)
(1 + v) (1− v2)

≤
Tv∫

0

φ2
x(vt, t)dt and

Ev (0)
(1 + v) (1− v2)

≤
Tv∫

0

φ2
x(L + vt, t)dt.

Each of these inequalities is called a boundary observability inequality. They ensure that if there is an

initial disturbance of the string, i.e. Ev (0) > 0, it will be detected by a sensor placed at an endpoint

at most after a time T ≥ Tv = 2L/
(
1− v2). See [15, Section 4.1] and [44, Section 4.1] where the

boundary observability of the Dirichlet case of the Problem is well developed.

3.4 exponential stability for the string with a boundary damper

In this section, we keep 0 ≤ v < 1 and assume that η > 0 with η 6= 1.

Theorem 3.3 Under Assumptions (3.2) and (3.11), the solution of Problem (DWP1) satisfies

1
1 + v

L+vt∫
vt

e
1+v

L ln|γη|(t−x) (φx − φt)
2 dx

+
1

γ2
η (1− v)

L+vt∫
vt

e
1−v

L ln|γη|(t+x) (φt + φx)
2 dx =

8
L ∑

n∈Z

|ωnan|2 , (3.46)

where the left-hand side is finite and independent of t. Moreover, it holds that

M1e−
1−v2

L ln|γη|t ≤ Ev (t) ≤ M2e−
1−v2

L ln|γη|t, for t ≥ 0, (3.47)

where

M1 :=
2 (1− v)

L
min

{
γv,

∣∣∣γη

∣∣∣(1+v)
}

∑
n∈ Z

|ωnan|2 ,

M2 :=
2 (1− v)

L
max

{∣∣∣γη

∣∣∣(1+v)
γv, γ2

η

}
∑

n∈ Z

|ωnan|2 .

Proof. Let us split the integral in the identity (3.14) to the integrals

L2+vt∫
vt

=

L+vt∫
vt

+

L2+vt∫
L+vt

, (3.48)
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then considering the change of variable x = γv (vt− ξ) + 2L
1−v + vt in (L + vt, L2 + vt), we

obtain

1
(1− v) γ2

η

L2+vt∫
L+vt

e
1−v

L ln|γη|(t+x) (φ̃x (x, t) + φ̃t (x, t))2 dx

= − 1
(1− v) γ2

η

vt∫
L+vt

γv
γ2

v
e

1−v
L ln|γη|(t+γv(vt−ξ)+vt)e2 ln|γη| (φ̃x (ξ, t)− φ̃t (ξ, t))2 dξ

=
1

1 + v

L+vt∫
vt

e
1+v

L ln|γη|(t−ξ) (φx (ξ, t)− φt (ξ, t))2 dξ. (3.49)

We used the definition of the extensions (3.9), (3.10) and the fact that e2 ln|γη| = γ2
η . Then,

combining (3.48) and (3.49), we obtain (3.46).

Expanding (φx ± φt)
2 and collecting similar terms, we get

L+vt∫
vt

(
1

1 + v
e

1+v
L ln|γη|(t−x) +

1
γ2

η (1− v)
e

1−v
L ln|γη|(t+x)

) (
φ2

t + φ2
x
)

dx

− 2
L+vt∫
vt

(
1

1 + v
e

1+v
L ln|γη|(t−x) − 1

γ2
η (1− v)

e
1−v

L ln|γη|(t+x)

)
φtφxdx

=
8
L ∑

n∈Z

|ωnan|2 . (3.50)

For vt ≤ x ≤ L + vt and t ≥ 0, let us denote

A (x, t) =
1

1 + v
e

1+v
L ln|γη|(t−x) and B (x, t) =

1
γ2

η (1− v)
e

1−v
L ln|γη|(t+x).

Then, we can rewrite (3.50) as

L+vt∫
vt

(A + B)
(
φ2

t + φ2
x
)

dx− 2
L+vt∫
vt

(A− B) φtφxdx =
8
L ∑

n∈ Z

|ωnan|2 .

Using the algebraic inequality

− |A− B|
(
φ2

t + φ2
x
)
≤ ±2 (A− B) φtφx ≤ |A− B|

(
φ2

t + φ2
x
)

,

we get

L+vt∫
vt

((A + B)− |A− B|)
(
φ2

t + φ2
x
)

dx ≤ 2
L ∑

n∈ Z

|2ωnan|2

≤
L+vt∫
vt

((A + B) + |A− B|)
(
φ2

t + φ2
x
)

dx.
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Knowing that

(a + b)− |a− b| = 2 min {a, b} and (a + b) + |a− b| = 2 max {a, b} ,

for a, b ∈ R, then the precedent estimation reads

L+vt∫
vt

min {A, B}
(
φ2

t + φ2
x
)

dx ≤ 4
L ∑

n∈ Z

|ωnan|2 ≤
L+vt∫
vt

max {A, B}
(
φ2

t + φ2
x
)

dx.

Since ln
∣∣∣γη

∣∣∣ ≥ 0 and vt ≤ x ≤ L + vt, we have

1
1 + v

e
1+v

L ln|γη|(t−L−vt) ≤ A (x, t) ≤ 1
1 + v

e
1+v

L ln|γη|(t−vt),

i.e.,

e−(1+v) ln|γη|
1 + v

e
1−v2

L ln|γη|t ≤ A (x, t) ≤ 1
1 + v

e
1−v2

L ln|γη|t.

Similarly, we obtain

1
γ2

η (1− v)
e

1−v2
L ln|γη|t ≤ B (x, t) ≤ e−(1+v) ln|γη|

1− v
e

1−v2
L ln|γη|t.

It follows that

min

 1∣∣∣γη

∣∣∣(1+v)
(1 + v)

,
1

γ2
η (1− v)

 Ev (t) ≤
2e−

1−v2
L ln|γη|t

L ∑
n∈ Z

|ωnan|2

≤ max

 1
1 + v

,
1∣∣∣γη

∣∣∣(1+v)
(1− v)

 Ev (t) ,

hence(
2
L ∑

n∈ Z

|ωnan|2
)

min
{

1 + v,
∣∣∣γη

∣∣∣(1+v)
(1− v)

}
e−

1−v2
L ln|γη|t ≤ Ev (t)

≤
(

2
L ∑

n∈ Z

|ωnan|2
)

max
{∣∣∣γη

∣∣∣(1+v)
(1 + v) , γ2

η (1− v)
}

e−
1−v2

L ln|γη|t.

This shows (3.47) and the theorem follows.

Remark 3.6 If v = 0 in (3.47), then we get the estimate(
2
L ∑

n∈ Z

|ωnan|2
)

e−
1
L ln|γη|t ≤ E0 (t) ≤ γ2

η

(
2
L ∑

n∈ Z

|ωnan|2
)

e−
1
L ln|γη|t,

which is sharper then the estimate (10), stated in the introduction.
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Remark 3.7 The solution φ given by (3.7), with η 6= 1, satisfies the periodicity relation

φ(x + vTv, t + Tv) = −φ(x, t)/γη ,

hence

Ev (t + Tv) = Ev (t) /γ2
η , for t ≥ 0.

Remark 3.8 The constants in estimation (3.47) are (at least) asymptotically sharp in the sense that if

η → 0, we recover the estimation (3.43) with its sharp constants, see Remark 3.4.

The next corollary compares Ev (t) to the initial energy Ev (0) .

Corollary 3.2 Under Assumptions (3.2) and (3.11), the energy of the solution of Problem (DWP1)

satisfies

min
{

γv,
∣∣∣γη

∣∣∣(1+v)
}

max
{

γv

∣∣∣γη

∣∣∣(1+v)
, γ2

η

}Ev (0) e−
1−v2

L ln|γη|t ≤ Ev (t)

≤
max

{
γv

∣∣∣γη

∣∣∣(1+v)
, γ2

η

}
min

{
γv,
∣∣∣γη

∣∣∣(1+v)
} Ev (0) e−

1−v2
L ln|γη|t, for t ≥ 0. (3.51)

Proof. Since (3.47) holds also for t = 0, then (3.51) follows by combining the two inequalities

e
1−v2

L ln|γη|t

max
{∣∣∣γη

∣∣∣(1+v)
(1 + v) , γ2

η (1− v)
}Ev (t) ≤

2
L ∑

n∈ Z

|ωnan|2

≤ 1

min
{

1 + v,
∣∣∣γη

∣∣∣(1+v)
(1− v)

}Ev (0)

and

1

max
{∣∣∣γη

∣∣∣(1+v)
(1 + v) , γ2

η (1− v)
}Ev (0) ≤

2
L ∑

n∈ Z

|ωnan|2

≤ e
1−v2

L ln|γη|t

min
{

1 + v,
∣∣∣γη

∣∣∣(1+v)
(1− v)

}Ev (t) ,

for t ≥ 0.

The next corollary gives more simple estimates, but less sharper than (3.47) and (3.51), for the

energy Ev.
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Corollary 3.3 Under Assumptions (3.2) and (3.11), the energy of the solution of Problem (DWP1)

satisfies

(1− v)

(
2
L ∑

n∈ Z

|ωnan|2
)

e−
1−v2

L ln|γη|t ≤ Ev (t)

≤ γ2
η (1 + v)

(
2
L ∑

n∈ Z

|ωnan|2
)

e−
1−v2

L ln|γη|t, for t ≥ 0 (3.52)

and

1
γ2

ηγv
Ev (0) e−

1−v2
L ln|γη|t ≤ Ev (t) ≤ γ2

ηγvEv (0) e−
1−v2

L ln|γη|t, for t ≥ 0. (3.53)

Proof. Since 0 ≤ v < 1, then it suffices to simplify the constants in ( 3.47) and (3.51) using the

fact that 1 ≤
∣∣∣γη

∣∣∣ ≤ ∣∣∣γη

∣∣∣(1+v)
< γ2

η .

3.5 some numerical examples

In this section, we will compute an approximate solution of Problem (DWP1), given by its

series formula (3.7) for the first 20 frequencies, i.e.

φ(x, t) '
n=20

∑
n=−20

an

(
γηe

1−v
L ωn(t+x) + e

1+v
L ωn(t−x)

)
, for x ∈ (vt, π + vt) ,

where the coefficient an are computed for the initial conditions

φ0(x) = (1 + cos x) /10 and φ1(x) = 0,

hence Ev(0) ' 0.0079. The values of v and η will be chosen to emphasise how the solution and

its energy depend on these parameters.

3.5.1 The undamped case η = 0

We plot the solution for t = 0, Tv
4 , Tv

2 , 3Tv
4 , . . . , 2Tv and two different values of v. The energy

Ev(t) is plotted over two periods.

3.5.2 The underdamped case 0 < η < 1

We plot the solution for t = 0, Tv
4 , Tv

2 , 3Tv
4 , . . . , 3Tv, where v = 0.5, Tv ' 8.38 and two different

values of η. The energy Ev(t) is plotted for t ∈ [0, 3Tv]. The graphs show that the energy behave

as predicted by estimations (3.47) and (3.53). In this case, the solution changes sign.
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Figure 3.4: A string travelling at a speed v = 0.3, and its energy Ev(t) plotted for t ∈ [0, 2Tv],

where Tv ' 6.90.
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Figure 3.5: A string travelling at a speed v = 0.7, and its energy Ev(t) plotted over two periods,

where Tv ' 12.32.

3.5.3 The overdamped case η > 1

We retain the speed value v = 0.5 and take two values of η > 1. The solution do not change

sign this time.

Remark 3.9 Observe that γ(1/η) = −γη . Thus ∑n∈Z |ωnan|2 remains unchanged if we replace η by

1/η since the left-hand side of (3.14) remains unchanged. By consequence, the identity (3.46), M1, M2

and the constants in the energy estimates of Section 3.4 remain the same for η and 1/η. For instance,

taking v = 0.5, the upper and lower estimates for Ev (t) with η = 0.1 are identical to those of Figure 3.9

for η = 10.
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Figure 3.6: A string travelling at a speed v = 0.5, and it energy Ev(t), for a damping factor

η = 0.2.
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Figure 3.7: A string travelling at a speed v = 0.5, and its energy Ev(t), for a damping factor

η = 0.7.

Remark 3.10 The case with a dashpot damping at the inlet pulley can be easily investigated by replacing

v by −v in the above sections. In Corollary 3.1 we have to change v by |v| , i.e.

Ev (0)
1 + |v| ≤ Ev (t) ≤

Ev (0)
1− |v| and

Ev (0)
γ|v|

≤ Ev (t) ≤ γ|v|Ev (0) , for t ≥ 0.

More importantly, we still have the same exponential e−
1−v2

L ln|γη|t in the estimates of Section 3.4 when

η > 0. The analogue of estimations (3.52) is

2 (1− |v|)
L ∑

n∈ Z

|ωnan|2 e−
1−v2

L ln|γη|t ≤ Ev (t)

≤
2γ2

η (1 + |v|)
L ∑

n∈ Z

|ωnan|2 e−
1−v2

L ln|γη|t, for t ≥ 0

and γv is replaced by γ|v| in (3.53).
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Figure 3.8: A string travelling at a speed v = 0.5, and its energy Ev(t), for a damping factor

η = 2.
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Figure 3.9: A string travelling at a speed v = 0.5, and its energy Ev(t), for damping factor

η = 10.



4
V I B R AT I O N S O F S T R I N G S W I T H VA R I A B L E L E N G T H D A M P E D AT O N E

E N D

In this chapter, we study small vibrations of a string with a length `(t) varying in time at a

speed less than the speed of propagation of vibrations. We establish lower and upper estimates

for the energy of the string when a dash-pot of constant damping factor η is placed at the

moving boundary. The estimates depend explicitly on `(t), η and a function ϕ that solves the

functional equation ϕ (t + ` (t))− ϕ (t− ` (t)) = 2.

4.1 problem setting

We consider small transversal vibrations of a uniform string with a time dependent length

`(t). One end of the string is fixed to a rigid wall, while the other end passes between two

pulleys that can move horizontally and transversely. A dash-pot with a damping factor η is

attached to the pulleys to stabilize the string, i.e., reduce or suppress its vibrations.

Denoting the displacement function by u, depending on the position x along the string and

the time t, the equation model can be stated as follows

utt − uxx = 0, for 0 < x < `(t) and t > 0,

(1 + η`′ (t)) ux (` (t) , t) + (η + `′ (t)) ut (` (t) , t) = 0, for t > 0,

u (0, t) = 0, for t > 0,

u(x, 0) = u0 (x) and ut (x, 0) = u1 (x) , for 0 < x < L,

(DWP2)

where the subscripts t and x stand for the derivatives in time and space variables respectively.

The functions u0 and u1 represent the initial shape and the initial transverse speed of the string,

respectively. The initial length of the string is denoted by L = `(0).

The above model is a special case from a model given in [51, Page 88] where we considered

the damping at both ends. We were not able to find a derivation of the above model in the
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literature. Hence, we will derive the equation (DWP2) using the extended Hamilton principal,

see the appendix.

We assume that ` ∈ C1 ([0,+∞[) and that

∣∣`′ (t)∣∣ < 1, for t ≥ 0, (4.1)

which means that the length variation speed of the string is strictly less than the speed of

propagation of the wave (here simplified to c = 1).

4.2 derivation of the model

We make the following assumptions:

• The vibrations of the string are transversal and small. This implies in particular that the

slop ux is also small.

• The string is uniform with a constant mass density ρ. The effects due to gravity are

neglected and the string is perfectly flexible meaning that the tension T is constant.

• The string is fixed to a rigid wall at x = 0, which gives the boundary condition

u (0, t) = 0, for t ≥ 0.

• The other end of the string passes through two pulleys moving horizontally with time.

Hence, the part of the string between the wall and the pulleys has a variable length ` (t) .

• The pulleys are supposed mass-less and allowed to move also transversely while attached

to a dash-pot of constant damping factor η. The vibration are reflected from the pulleys

and do not pass through them.

We apply the extended Hamilton’s principle (see [30] and [5, Chapters 4 and 5]), over the

finite time interval t1 ≤ t ≤ t2, in the following form

δ
∫ t2

t1

Ldt +
∫ t2

t1

δWdt = 0, (4.2)

Here δ denotes the variation in a given function, L is the Lagrangian andW is the virtual work

performed by non-conservative forces. The Lagrangian is defined by

L =Ek − Ep,
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where Ek and Ep are respectively the kinetic and potential energy of the string, defined by

Ek =
1
2

∫ `(t)

0
ρu2

t dx and Ep =
1
2

∫ `(t)

0
Tu2

xdx.

The damping force Fη of the dash-pot at x = ` (t) is contrary to the sense of movement and

thus the work done by the dash-pot is

W = −Fη · displacement = −Fη u (` (t) , t) .

Hamilton’s principal states that u, describing the string vibrations, must be a critical (or a

stationary) point for the functional

I (u) :=
1
2

∫ t2

t1

∫ `(t)

0
ρu2

t − Tu2
x dxdt−

∫ t2

t1

Fηu (` (t) , t) dt. (4.3)

That is to say

lim
ε→0

I (u + εv)− I (u)
ε

= 0. (4.4)

The function u + εv is a small perturbation of u that does not affect the values of (the path) u at

t = t1 and t = t2. Thus, we take v to be a smooth function satisfying

v (·, t1) = v (·, t2) = 0 and v (0, ·) = 0. (4.5)

After few computations, the limit (4.4) implies∫ t2

t1

∫ `(t)

0
ρutvt − Tuxvxdxdt−

∫ t2

t1

Fηv (` (t) , t) dt = 0. (4.6)

We need to apply Green’s formula on the double integral. Denoting by Qt1,t2 the noncylindrical

domain

Qt1,t2 =
{
(x, t) ∈ R2| t1 < t < t2 and 0 < x < ` (t)

}
,

it comes that

∫
Qt1,t2

ρutvt − Tuxvxdxdt =∫
∂Qt1,t2

(−Tuxnx + ρutnt) vdσ−
∫

Qt1,t2

(ρutt − Tuxx) vdxdt, (4.7)

where dσ is Lebesgue’s measure on ∂Qt1,t2 and n = (nx, nt) is the the unit outward normal

vector at (x, t) on ∂Qt1,t2 . Due to (4.5), all the boundary integrals vanish accept the one on the

lateral boundary

Σt1,t2 =
{
(x, t) ∈ R2| t1 < t < t2 and x = ` (t)

}
.
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Since (dx/dt, 1) = (`′(t), 1) is tangent to Σt1,t2 at (`(t), t), then

n =

 1√
1 + (`′(t))2

,
−`′(t)√

1 + (`′(t))2

 .

Taking into account that dσ =
√

1 + (`′(t))2dt, the boundary integral in (4.7) equals∫ t2

t1

(
−Tux (` (t) , t)− ρ`′(t)ut (` (t) , t)

)
v (` (t) , t) dt.

Substituting this in (4.7), we can rewrite (4.6) as∫ t2

t1

∫ `(t)

0
(ρutt − Tuxx) vdxdt

+
∫ t2

t1

(
ρ`′ (t) ut (` (t) , t) + Tux (` (t) , t) + Fη

)
v (` (t) , t) dt = 0. (4.8)

Since v can be chosen arbitrary, the first integral implies that

utt −
T
ρ

uxx = 0, for x ∈ (0, ` (t)) and t1 ≤ t ≤ t2.

The quantity c =
√

T/ρ is the wave speed in the string.

Since the value of v(`(t), t) can also be chosen arbitrary, the last integral in (4.8) yields

ρ`′ (t) ut (` (t) , t) + Tux (` (t) , t) + Fη = 0, for t1 ≤ t ≤ t2.

We assume that the damping force Fη depends linearly on the total derivative of u(`(t), t), i.e.

Fη = η
du
dt

,

where d
dt u = `′ (t) ux + ut (also called the material derivative). We end up with the boundary

condition(
ρ`′ (t) ut + Tux

)
(` (t) , t) + η

(
ut + `′ (t) ux

)
(` (t) , t) = 0, for t1 ≤ t ≤ t2.

Rescaling the variables t, `′ (t) and η as follows

η 7→ η√
ρT

and x 7→ x
√

ρ

T
,

we obtain the model (DWP2) with a normalized speed c = 1.

4.3 exact solution

In this section, we derive the exact solution of (DWP2), that is given by the series

u(x, t) = ∑
n∈Z

cn

(
eωn ϕ(t+x) − eωn ϕ(t−x)

)
, for 0 < x < `(t) and t ≥ 0, (4.9)
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where the coefficients cn can be explicitly computed in function of the initial data u0, u1. We

denoted by ωn the sequence of complex numbers

ωn := −1
2

ln
∣∣∣γη

∣∣∣+


2n + 1
2

iπ, if 0 ≤ η < 1,

niπ, if η > 1.
(4.10)

Observe that since
∣∣∣γη

∣∣∣ ≥ 1 for every η ≥ 0, the real part of ωn is nonpositive.

By ϕ, we denoted a real function satisfying the functional equation

ϕ (t + ` (t))− ϕ (t− ` (t)) = 2. (4.11)

Although this equation was already known in [20, 36], it is often called Moor’s equation follow-

ing his paper [34]. We will assume that ϕ is differentiable and increasing. More precisely,

ϕ ∈ C1 ([−L,+∞[) and ϕ′ > 0, for t ≥ −L. (4.12)

The assumption ϕ′ > 0 is needed in the sequel since ϕ′ will serve as a weight for an L2 space.

Besides, a decreasing ϕ can not satisfy (4.11) since ` (t) > 0. We will also see from the exam-

ples given in the last section that Assumption (4.12) is a reasonable one. See [19] for further

discussions on the regularity of the solutions of (4.11).

Let us introduce the following family of Hilbert spaces

V0 (0, `(t)) :=
{

w ∈ H1 (0, `(t)) , w (0) = 0
}

, for t ≥ 0,

where H1 (0, `(t)) is the Sobolev space defined on (0, `(t)). We assume that the initial data

satisfies

u0 ∈ V0 (0, L) and u1 ∈ L2 (0, L) . (4.13)

Let T > 0. Then, we have the following existence result for Problem (DWP2).

Theorem 4.1 Under the assumptions (4.1), (4.12) and (4.13), Problem (DWP2) has a unique solution

satisfying

u ∈ C ([0, T]; V0 (0, `(t))) ∩ C1 ([0, T]; L2 (0, `(t))
)

, (4.14)

given by the series (4.9) where the coefficients cn ∈ C are computed as follows

cn =
1

4ωn

∫ L

−L

(
ũ0

x + ũ1
)

e−ωn ϕ(x)dx, for n ∈ Z, (4.15)

where ũ0
x is an even (resp. ũ1 is an odd) extension of the initial data u0 (resp. u1) defined on the interval

(−L, L). Moreover,

∑
n∈Z

|ωncn|2 =
1
8

∫ L

−L

(
ũ0

x + ũ1
)2

eln|γη|ϕ(x) dx
ϕ′(x)

< +∞. (4.16)
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Proof. We will split the proof to several steps.

• The exact solution: This part of the proof is slightly different from the approach in [50] where

the author considered 1/η instead of η in the boundary condition at x = `(t). We include it

here for the sake clarity. The general solution of (DWP2) is given by D’Alembert’s formula

u(x, t) = f (t + x) + g (t− x) , (4.17)

where f and g are arbitrary continuous functions. The boundary conditions at x = 0 yields

f (t) = −g (t) .

The condition at x = ` (t) implies that

(
1 + η`′ (t)

) [
f ′(t + ` (t))− g′ (t− ` (t))

]
= −

(
η + `′ (t)

) [
f ′(t + ` (t)) + g′ (t− ` (t))

]
,

hence

[
1 + η`′ (t) + η + `′ (t)

]
f ′ (α (t)) = −

[
1 + η`′ (t)− η − `′ (t)

]
f ′ (β (t)) , (4.18)

where β is still defined by β (t) = t− ` (t) and α (t) := t + ` (t). Then, observing that

1 + η`′ (t)− η − `′ (t)
1 + η`′ (t) + η + `′ (t)

=
1

γη

β′ (t)
α′ (t)

, (4.19)

we can rewrite (4.18) as

α′ (t) f ′ (α (t)) = − 1
γη

β′ (t) f ′ (β (t)) . (4.20)

By integration, it follows that

f (α (t)) = − 1
γη

f (β (t)) + C. (4.21)

Let us assume for the moment that C = 0. Then, it is convenient to search for f in the form

f (ξ) = eωϕ(ξ), for some constant ω and function ϕ. Substituting eωϕ(ξ) in (4.21), we get

eω[ϕ(α(t))−ϕ(β(t))] = −1/γη .

Assuming that ϕ satisfies (4.11), we are led to the following cases:

- If 0 ≤ η < 1, then γη ≥ 1 and we get e2ω = e(2n+1)iπ−ln γη . Solving this equation for ω, we

obtain a sequence of values ωn, n ∈ Z, where

ωn =
2n + 1

2
iπ − 1

2
ln γη .
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- If η > 1, we have γη < −1 and we obtain this time

ωn = niπ − 1
2

ln
∣∣∣γη

∣∣∣ , n ∈ Z.

Thus, if η ≥ 0 and η 6= 1, we always have ln
∣∣∣γη

∣∣∣ ≥ 0 and ωn given by (4.10).

Due to the superposition principal, it follows that f can be written as

f (ξ) = ∑
n∈Z

cneωn ϕ(ξ), cn ∈ C,

where cn are complex coefficients to be determined later. Since f (ξ) = −g (ξ) , then D’Alembert’s

formula for the solution gives the series

u(x, t) = ∑
n∈Z

cn

(
eωn ϕ(t+x) − eωn ϕ(t−x)

)
, for 0 < x < `(t) and t ≥ 0. (4.22)

If C 6= 0 in (4.21), then we can check that

f (ξ) =
Cγη

1 + γη

+ ∑
n∈Z

cneωn ϕ(ξ),

solves (4.21). However, this will not affect the solution of (DWP2) since f (ξ) = −g (ξ) and thus

the constant parts of f and g will be canceled in the expression (4.22).

• Computing the coefficients cn: We extend u(·, t) to an odd function ũ(·, t) on the interval

(−` (t) , ` (t)) . This ensures in particular that the boundary condition at x = 0 is satisfied for

t ≥ 0. It follows also that ũt(·, t) and ũx(·, t) are respectively an odd and an even function. Going

back to (4.22), we infer that

ũx + ũt = 2ϕ′(t + x) ∑
n∈Z

ωncneωn ϕ(t+x), for x ∈ (−` (t) , ` (t)) and t ≥ 0.

Using the definition of ωn, we get

ũx + ũt =


2e

1
2 (iπ−ln γη)ϕ(t+x)ϕ′(t + x) ∑

n∈Z

ωncneniπϕ(t+x), if 0 ≤ η < 1,

2e−
1
2 ln|γη|ϕ(t+x)ϕ′(t + x) ∑

n∈Z

ωncneniπϕ(t+x), if 1 < η < +∞,
(4.23)

which implies that

∑
n∈Z

ωncneniπϕ(t+x) =


1

2ϕ′(t+x) e
1
2 (−iπ+ln γη)ϕ(t+x) (ũx + ũt) , if 0 ≤ η < 1,

1
2ϕ′(t+x) e

1
2 ln|γη|ϕ(t+x) (ũx + ũt) , if 1 < η < +∞.

(4.24)

Taking into account that
{

eniπϕ(t+x)/
√

2
}

n∈Z
is an orthonormal basis of the weighted space

L2 (−` (t) , ` (t) , ϕ′ (t + x) dx) (see Appendix A), we deduce that

ωncn =


1
4

∫ `(t)

−`(t)
e−

1
2 (iπ−ln γη)ϕ(t+x) (ũx + ũt) e−niπϕ(t+x)dx, if 0 ≤ η < 1,

1
4

∫ `(t)

−`(t)
e

1
2 ln|γη|ϕ(t+x) (ũx + ũt) e−niπϕ(t+x)dx, if 1 < η < +∞,
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for n ∈ Z. Whether 0 ≤ η < 1 or 1 < η < +∞, we have always

cn =
1

4ωn

∫ `(t)

−`(t)
(ũx + ũt) e−ωn ϕ(t+x)dx, for n ∈ Z. (4.25)

Taking t = 0, we obtain (4.15) as claimed.

• Regularity of the solution: As a consequence of Parseval’s equality, we get

∑
n∈Z

|ωncn|2 =


1
8

∫ `(t)

−`(t)

∣∣∣e− 1
2 (iπ−ln γη)ϕ(t+x)

∣∣∣2 (ũx + ũt)
2 dx

ϕ′(t + x)
, if 0 ≤ η < 1

1
8

∫ `(t)

−`(t)

∣∣∣e 1
2 ln|γη|ϕ(t+x)

∣∣∣2 (ũx + ũt)
2 dx

ϕ′(t + x)
, if 1 < η < +∞.

The two identities can be unified in one formula written as

∑
n∈Z

|ωncn|2 =
1
8

∫ `(t)

−`(t)
(ũx + ũt)

2 eln|γη|ϕ(t+x) dx
ϕ′(t + x)

, for η > 0, η 6= 1. (4.26)

Due to (4.12) and (4.13), we have for t = 0

1√
ϕ′(x)

e
1
2 ln|γη|ϕ(t+x)

(
ũ0

x + ũ1
)
∈ L2 (−L, L) .

This means that (4.16) holds as claimed.

Due to the continuity and differentiability of ϕ (t + x) and the exponential function, and since

|ωn| = O (n) for large values of n, the regularity result (4.14) follows from the convergences of

the series of the solution (4.22) and its derivatives.

In the following, we are mainly interested in the asymptotic behavior in time of the energy of

the solution, defined as

E` (t) :=
1
2

∫ `(t)

0
u2

t (x, t) + u2
x (x, t) dx, for t ≥ 0. (4.27)

4.4 the undamped case

In this section, we show some results for the undamped case, i.e. when η = 0 in Problem

(DWP2). One way to know whether the energy is increasing or decreasing, is to compute E′` (t) .

Thus, using Leibniz’s rule for differentiation under the integral sign, we get

E′` (t) =
1
2
`′(t)

[
u2

x (`(t), t) + u2
t (`(t), t)

]
+
∫ `(t)

0
ututt + uxutxdx.

Since utt = uxx , then ututt + uxutx = (utux)x and it comes that

E′` (t) =
1
2
`′(t)

[
u2

x (`(t), t) + u2
t (`(t), t)

]
+ utux (`(t), t) (4.28)

(Recall that ut (0, t) = 0). Then, we have the following result.
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Lemma 4.1 Under the assumptions (4.1) and (4.13), the energy of solution of Problem (DWP2), with

η = 0, is nondecreasing if the interval is shrinking and nonincreasing if the interval is expanding.

Proof. The boundary condition at x = ` (t) , with η = 0, reads ux (` (t) , t) = −ut (` (t) , t), for

t > 0. Substituting this in (4.28), we get

E′` (t) = −
`′(t)

2

(
1−

∣∣`′ (t)∣∣2) u2
t (` (t) , t) , for t > 0. (4.29)

The lemma follows since 1− |`′(t)|2 > 0.

The next theorem show that the asymptotic behavior of E` (t) is dictated by ϕ′.

Theorem 4.2 Under the assumptions (4.1), (4.12) and (4.13), the solution of Problem (DWP2) satisfies

∫ `(t)

0

(
1

ϕ′(t + x)
+

1
ϕ′(t− x)

) (
u2

x + u2
t
)

+ 2
(

1
ϕ′(t + x)

− 1
ϕ′(t− x)

)
uxut dx = 4S0, for t ≥ 0, (4.30)

where S0 := π2

2 ∑n∈Z |(2n + 1) cn|2. Moreover, it holds that

S0m (t) ≤ E` (t) ≤ S0M (t) , for t ≥ 0, (4.31)

where

m (t) := min
x∈[0,`(t)]

{
ϕ′(t− x), ϕ′(t + x)

}
and M (t) := max

x∈[0,`(t)]

{
ϕ′(t− x), ϕ′(t + x)

}
. (4.32)

Proof. If η = 0, then γη = 1 and ωn = (2n + 1) iπ/2. The identity (4.26) becomes

1
8

∫ `(t)

−`(t)
(ũx + ũt)

2 dx
ϕ′(t + x)

=
π2

4 ∑
n∈Z

|(2n + 1) cn|2 =
1
2
S0, for t ≥ 0. (4.33)

Since ũx is an even function of x and that ũt is an odd one, then changing x by −x in the last

formula, we also obtain

1
8

∫ `(t)

−`(t)
(ũx − ũt)

2 dx
ϕ′(t− x)

=
1
2
S0, for t ≥ 0. (4.34)

Taking the sum of (4.33) and (4.34), it comes that∫ `(t)

−`(t)
(ũx + ũt)

2 dx
ϕ′(t + x)

+
∫ `(t)

−`(t)
(ũx − ũt)

2 dx
ϕ′(t− x)

= 8S0.

Expanding (ux ± ut)
2 and collecting similar terms, we get

∫ `(t)

−`(t)

(
1

ϕ′(t + x)
+

1
ϕ′(t− x)

) (
ũ2

x + ũ2
t
)

+ 2
(

1
ϕ′(t + x)

− 1
ϕ′(t− x)

)
ũxũt dx = 8S0, for t ≥ 0. (4.35)
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As the function under the integral sign is even, then (4.30) follows.

Next, we use the algebraic inequality ±2uxut ≤ u2
t + u2

x to obtain

∫ `(t)

0

(
1

ϕ′(t + x)
+

1
ϕ′(t− x)

−
∣∣∣∣ 1

ϕ′(t + x)
− 1

ϕ′(t− x)

∣∣∣∣) (u2
x + u2

t
)

dx ≤ 4S0

≤
∫ `(t)

0

(
1

ϕ′(t + x)
+

1
ϕ′(t− x)

+

∣∣∣∣ 1
ϕ′(t + x)

− 1
ϕ′(t− x)

∣∣∣∣) (u2
x + u2

t
)

dx,

for t ≥ 0. Recalling that

(a + b)− |a− b| = 2 min {a, b} and (a + b) + |a− b| = 2 max {a, b} , (4.36)

for a, b ∈ R, then

∫ `(t)

0
min

{
1

ϕ′(t + x)
,

1
ϕ′(t− x)

} (
u2

x + u2
t
)

dx ≤ 2S0

≤
∫ `(t)

0
max

{
1

ϕ′(t + x)
,

1
ϕ′(t− x)

} (
u2

x + u2
t
)

dx,

for t ≥ 0. Recalling that E` (t) is defined by (4.27), we deduce that

min
x∈[0,`(t)]

{
1

ϕ′(t + x)
,

1
ϕ′(t− x)

}
E` (t) ≤ S0 ≤ max

x∈[0,`(t)]

{
1

ϕ′(t + x)
,

1
ϕ′(t− x)

}
E` (t) ,

hence

min
x∈[0,`(t)]

{
ϕ′(t + x), ϕ′(t− x)

}
S0 ≤ E` (t) ≤ max

x∈[0,`(t)]

{
ϕ′(t + x), ϕ′(t− x)

}
S0,

which is (4.31).

A second proof for (4.31). First, we denote

Ã = 2 ∑
n∈Z

cnωn ϕ′(t + x)e2ωn ϕ(t+x),

B̃ = 2 ∑
n∈Z

cnωn ϕ′(t− x)e2ωn ϕ(t−x),

a =
1

ϕ′(t + x)
, b =

1
ϕ′(t− x)

.

From (4.30), we take∫ `(t)

0

(
1

ϕ′(t + x)
+

1
ϕ′(t− x)

) (
u2

x + u2
t
)

dx︸ ︷︷ ︸
I1

+2
∫ `(t)

0

(
1

ϕ′(t + x)
− 1

ϕ′(t− x)

)
uxutdx︸ ︷︷ ︸

I2

. (4.37)

On one hand, by using parallelogram identitie, we obtain

I1 =
∫ `(t)

0

(
1

ϕ′(t + x)
+

1
ϕ′(t− x)

) (
u2

x + u2
t
)

dx,

=
∫ `(t)

0
(a + b)

{(
Ã + B̃

)2
+
(

Ã− B̃
)2
}

,

= 2
∫ `(t)

0
(a + b)

{
Ã2 + B̃2} . (4.38)
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On the other hand, we have

I2 =
∫ `(t)

0
2
(

1
ϕ′(t + x)

− 1
ϕ′(t− x)

)
uxut dx =

∫ `(t)

0
2 (a− b)

{
Ã2 − B2} . (4.39)

Taking the sum of (4.38) and (4.39), it comes that

I1 + I2 = 2
∫ `(t)

0
(a + b)

{
Ã2 + B̃2}+ 2

∫ `(t)

0
(a− b)

{
Ã2 − B̃2} ,

= 4
∫ `(t)

0

(
aÃ2 + bB̃2) ,

i.e.,

S0 =
∫ `(t)

0

1
ϕ′(t + x)

(
2 ∑

n∈Z

cnωn ϕ′(t + x)e2ωn ϕ(t+x)

)2

+
1

ϕ′(t− x)

(
2 ∑

n∈Z

cnωn ϕ′(t− x)e2ωn ϕ(t−x)

)2

dx.

Considering the change of variable t± x = z and by combining the two integrals, it comes that

S0 =
∫ t+`(t)

t−`(t)

1
ϕ′(z)

(
2 ∑

n∈Z

cnωn ϕ′(z)e2ωn ϕ(z)

)2

dz. (4.40)

Next, recalling that E` (t) is defined by (4.27), using parallelogram identitie and change of

variable, we obtain

E` (t) =
∫ `(t)

0

(
2 ∑

n∈Z

cnωn ϕ′(t + x)e2ωn ϕ(t+x)

)2

+

(
2 ∑

n∈Z

cnωn ϕ′(t− x)e2ωn ϕ(t−x)

)2

dx,

=
∫ t+`(t)

t−`(t)

(
2 ∑

n∈Z

cnωn ϕ′(z)e2ωn ϕ(z)

)2

dz. (4.41)

Comparing (4.40), (4.41) and using the definition (4.32), we can easily have (4.31).

Remark 4.1 An estimation analogue to (4.31) was obtained in [19] for the case of homogeneous Dirichlet

boundary conditions at both ends.

If ϕ′ is monotone, then we can tie the asymptotic behavior of E` (t) directly with `′ (t) and

refine the result of Lemma 4.1.

Corollary 4.1 Under the assumption of Theorem 4.2, assume that

ϕ′ is monotone for t ∈ [t0, t1], 0 ≤ t0 < t1. (4.42)

• If −1 < `′ (t) ≤ 0 on [t0, t1], then ϕ′and E` (t) are nondecreasing and

S0ϕ′(t− ` (t)) ≤ E` (t) ≤ S0ϕ′(t + ` (t)), for t ∈ [t0, t1]. (4.43)
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• If 0 ≤ `′ (t) < 1 on [t0, t1], then ϕ′and E` (t) are nonincreasing and

S0 ϕ′(t + ` (t)) ≤ E` (t) ≤ S0ϕ′ (t− ` (t)) , for t ∈ [t0, t1]. (4.44)

Proof. Taking the derivative of the identity (4.11) we get

1 + `′ (t)
1− `′ (t)

ϕ′(t + ` (t)) = ϕ′(t− ` (t)). (4.45)

Considering the variation of the function s 7→ (1 + s) / (1− s) on the interval (−1, 1), it follows

that

0 <
1 + `′ (t)
1− `′ (t)

≤ 1 if − 1 < `′ (t) ≤ 0 and 1 ≤ 1 + `′ (t)
1− `′ (t)

if 0 ≤ `′ (t) < 1.

Hence

if − 1 < `′ (t) ≤ 0, then ϕ′(t− ` (t)) ≤ ϕ′(t + ` (t)), (4.46)

if 0 ≤ `′ (t) < 1, then ϕ′(t− ` (t)) ≥ ϕ′(t + ` (t)). (4.47)

Of course, if ϕ′ is monotone and −1 < `′ (t) ≤ 0 then (4.46) means that ϕ′ is necessarily

nondecreasing. Then ϕ′(t± ` (t)) is also nondecreasing since t± ` (t) is an increasing function

due to (4.1). By consequence m (t) = ϕ′(t− ` (t)), M (t) = ϕ′(t + ` (t)) and (4.44) follows from

(4.31).

A similar argument can be made when 0 ≤ `′ (t) < 1 and the corollary is proved.

Remark 4.2 The assumption (4.42) is satisfied in all the examples of the last section.

Recall that S0, defined in Theorem 4.2, can also be computed using by setting t = 0 in the left

hand side of (4.30). If one needs to compare E` (t) with E` (t0) for 0 ≤ t0 < t, then we have the

next result.

Corollary 4.2 Under the assumption of Theorem 4.2, we have

m (t)
M (t0)

E` (t0) ≤ E` (t) ≤
M (t)
m (t0)

E` (t0) , for 0 ≤ t0 < t. (4.48)

Moreover, if ϕ satisfies (4.42), then:

• If −1 < `′ (t) ≤ 0 on [t0, t1], then ϕ′and E` (t) are nondecreasing and

ϕ′ (t− ` (t))
ϕ′ (t0 + ` (t0))

E` (t0) ≤ E` (t) ≤
ϕ′ (t + ` (t))

ϕ′ (t0 − ` (t0))
E` (t0) , for t ∈ [t0, t1]. (4.49)

• If 0 ≤ `′ (t) < 1 on [t0, t1], then ϕ′and E` (t) are nonincreasing and

ϕ′ (t + ` (t))
ϕ′ (t0 − ` (t0))

E` (t0) ≤ E` (t) ≤
ϕ′ (t− ` (t))

ϕ′ (t0 + ` (t0))
E` (t0) , for t ∈ [t0, t1]. (4.50)

Proof. Since (4.31) holds also for t = t0, then the corollary follows from the inequalities

E` (t)
M (t)

≤ S0 ≤
E` (t0)

m (t0)
and

E` (t0)

M (t0)
≤ S0 ≤

E` (t)
m (t)

.
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4.5 the damped case

In this section, we investigate the case with boundary damping, i.e.

η > 0 with η 6= 1

in Problem (DWP2). Recall that we still have (4.28), i.e.

E′` (t) =
1
2
`′(t)

[
u2

x (`(t), t) + u2
t (`(t), t)

]
+ utux (`(t), t) , for t ≥ 0.

and the boundary condition at x = ` (t) is given by

(
1 + η`′ (t)

)
ux (` (t) , t) +

(
η + `′ (t)

)
ut (` (t) , t) = 0, for t ≥ 0

Lemma 4.2 Under the assumptions (4.1) and (4.13), the energy of the solution of Problem (DWP2),

with η > 0 and η 6= 1, satisfies:

• If the interval is shrinking, i.e. −1 < `′ (t) < 0 on [t1, t2] where 0 ≤ t1 < t2, then

◦ E` (t) is nonincreasing if the damping factor η satisfies

η1(t) < η < η2(t), for t ∈ [t1, t2] ,

where

η1(t) :=
1−

√
1− |`′ (t)|2

|`′ (t) | and η2(t) :=
1 +

√
1− |`′ (t)|2

|`′ (t) | . (4.51)

(Note that 0 < η1(t) < 1 < η2(t)).

◦ E` (t) is constant if `′ (t) = −2η/
(
η2 + 1

)
on [t1, t2].

◦ E` (t) is nondecreasing if η ∈ ]0, η1(t)[ ∪ ]η2(t),+∞[ on [t1, t2].

• If the interval is expanding or time-independent, i.e. 0 ≤ `′(t) < 1 on [t1, t2], then E` (t) is

nonincreasing for every η > 0.

Proof. Let us discuss the sign of E′` (t) for different values of `′ (t) .

• If the interval is shrinking −1 < `′ (t) < 0 on [t1, t2], then we have the following cases:

- If `′ (t) = −1/η, then the boundary condition at x = ` (t) reads ut (`(t), t) = 0 and thus

E′` (t) = −
1

2η
u2

x (`(t), t) ≤ 0, for t ∈ [t1, t2] .
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- Assume that `′ (t) 6= −1/η, then after some computation we can rewrite (4.28) as

E′` (t) = −
1
2
(
`′ (t) η2 + 2η + `′ (t)

) 1− |`′ (t)|2

(1 + η`′ (t))2 u2
t (` (t) , t) , for t ∈ [t1, t2] . (4.52)

The sign of E′` (t) is opposite to the sign of the polynomial

P` (η) = `′ (t) η2 + 2η + `′ (t) .

Due to (4.1), the polynomial P` (η) has a discriminant ∆ = 4(1− |`′ (t)|2) > 0. Thus P` (η)

has two real positive roots given by (4.51), see Figure 4.1.

Figure 4.1: Variation of η1 and η2 in function of `′ when −1 < `′ < 0.

It follows from (4.52) that:

- If η1(t) < η < η2(t) on [t1, t2] , then P` (η) > 0 and by consequence E′` (t) ≤ 0.

- If η = η1(t) or η = η2(t) on [t1, t2] , then P` (η) = E′` (t) = 0, i.e. the energy is constant.

Observe that

−1±
√

1− |`′ (t)|2

`′ (t)
= η implies that `′ (t) =

−2η

η2 + 1
.

- If η ∈ ]0, η1(t)[ ∪ ]η2(t),+∞[ on [t1, t2] , then P` (η) < 0 and we have E′` (t) ≥ 0.

• If the interval is independent of time, i.e. `′ (t) = 0 on [t1, t2] , then ux (` (t) , t) =

−ηut (` (t) , t) and thus

E′` (t) = −ηu2
t (` (t) , t) ≤ 0, for t ∈ [t1, t2] .

• If the interval is expanding, i.e. 0 < `′ (t) < 1 on [t1, t2] , then P` (η) > 0 for every η > 0,

hence E′` (t) ≤ 0 for t ∈ [t1, t2] .
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Remark 4.3 If we do not exclude the case `′ (t)→ 1 as t→ +∞, then a boundary damping may fail to

improve the decay of the energy even in expanding domains, see the last example in Section 4.6.

Let us now estimate E` (t) using ϕ′ and exp
(
− ln

∣∣∣γη

∣∣∣ ϕ
)

.

Theorem 4.3 Under the assumptions (4.1), (4.12) and (4.13), the solution of Problem (DWP2) satisfies

∫ `(t)

0

(
eln|γη|ϕ(t+x)

ϕ′(t + x)
+

eln|γη|ϕ(t−x)

ϕ′(t− x)

) (
u2

x + u2
t
)

+ 2

(
eln|γη|ϕ(t+x)

ϕ′(t + x)
− eln|γη|ϕ(t−x)

ϕ′(t− x)

)
uxutdx = 4Sη , (4.53)

for t ≥ 0, where Sη := 2 ∑n∈Z |ωncn|2. Moreover, it holds that

Sηm̃ (t) ≤ E` (t) ≤ Sη M̃ (t) , for t ≥ 0, (4.54)

where

m̃ (t) : = min
x∈[0,`(t)]

{
ϕ′(t− x)e− ln|γη|ϕ(t−x), ϕ′(t + x)e− ln|γη|ϕ(t+x)

}
,

M̃ (t) : = max
x∈[0,`(t)]

{
ϕ′(t− x)e− ln|γη|ϕ(t−x), ϕ′(t + x)e− ln|γη|ϕ(t+x)

}
.

Proof. We argue as in the proof of Theorem 4.2. First, since ũx is an even function of x and that

ũt is an odd one, then the identity (4.26) yields∫ `(t)

−`(t)
eln|γη|ϕ(t±x) (ũx ± ũt)

2 dx
ϕ′(t± x)

= 4Sη , for t ≥ 0. (4.55)

Summing up, we get∫ `(t)

−`(t)
eln|γη|ϕ(t+x) (ũx + ũt)

2 dx
ϕ′(t + x)

+
∫ `(t)

−`(t)
eln|γη|ϕ(t−x) (ũx − ũt)

2 dx
ϕ′(t− x)

= 8Sη .

Expanding squares, we obtain

∫ `(t)

−`(t)

(
eln|γη|ϕ(t+x)

ϕ′(t + x)
+

eln|γη|ϕ(t−x)

ϕ′(t− x)

) (
ũ2

x + ũ2
t
)

+ 2

(
eln|γη|ϕ(t+x)

ϕ′(t + x)
− eln|γη|ϕ(t−x)

ϕ′(t− x)

)
ũxũt dx = 8Sη , for t ≥ 0. (4.56)

As the function under the integral sign is even, then (4.53) follows.

For 0 ≤ x ≤ ` (t) and t ≥ 0, let us denote

A (x, t) =
eln|γη|ϕ(t−x)

ϕ′(t− x)
and B (x, t) =

eln|γη|ϕ(t+x)

ϕ′(t + x)
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and rewrite (4.53) as∫ `(t)

0
(A + B)

(
u2

t + u2
x
)

dx + 2 (A− B) utuxdx = 4Sη .

Using the algebraic inequality

− |A− B|
(
u2

t + u2
x
)
≤ 2 (A− B) utux ≤ |A− B|

(
u2

t + u2
x
)

,

we get∫ `(t)

0
(A + B− |A− B|)

(
u2

t + u2
x
)

dx ≤ 4Sη ≤
∫ `(t)

0
(A + B + |A− B|)

(
u2

t + u2
x
)

dx.

Thanks to (4.36), the precedent estimation yields

∫ `(t)

0
min

{
eln|γη|ϕ(t−x)

ϕ′(t− x)
,

eln|γη|ϕ(t+x)

ϕ′(t + x)

} (
u2

t + u2
x
)

dx ≤ 2Sη

≤
∫ `(t)

0
max

{
eln|γη|ϕ(t−x)

ϕ′(t− x)
,

eln|γη|ϕ(t+x)

ϕ′(t + x)

} (
u2

t + u2
x
)

dx,

for t ≥ 0. By consequence

min
x∈[0,`(t)]

{
eln|γη|ϕ(t−x)

ϕ′(t− x)
,

eln|γη|ϕ(t+x)

ϕ′(t + x)

}
E` (t) ≤ Sη

≤ max
x∈[0,`(t)]

{
eln|γη|ϕ(t−x)

ϕ′(t− x)
,

eln|γη|ϕ(t+x)

ϕ′(t + x)

}
E` (t)

and (4.54) follows as claimed.

Since ln
∣∣∣γη

∣∣∣ ≥ 0 for η ≥ 0, and ϕ is an increasing function, then we have the following

immediate corollary.

Corollary 4.3 Under the assumptions of Theorem 4.3, it holds that

Sηm (t) e− ln|γη|ϕ(t+`(t)) ≤ E` (t) ≤ Sη M (t) e− ln|γη|ϕ(t−`(t)), for t ≥ 0, (4.57)

where m (t) and M (t) are given by (4.32).

If ϕ′ is monotone on [t0, t1], then (4.57) can be replaced by more explicit estimation.

Corollary 4.4 Under the assumptions of Theorem 4.3, assume that ϕ satisfies (4.42) on [t0, t1], then:

• If −1 < `′ (t) ≤ 0 on [t0, t1], then ϕ′ is nondecreasing and E` (t) satisfies

Sη ϕ′(t− ` (t))e− ln|γη|ϕ(t+`(t)) ≤ E` (t)

≤ Sη ϕ′ (t + ` (t)) e− ln|γη|ϕ(t−`(t)), for t ∈ [t0, t1]. (4.58)
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• If 0 < `′ (t) < 1 on [t0, t1], then ϕ′and E` (t) are nonincreasing and

Sη ϕ′(t + ` (t))e− ln|γη|ϕ(t+`(t)) ≤ E` (t)

≤ Sη ϕ′ (t− ` (t)) e− ln|γη|ϕ(t−`(t)), for t ∈ [t0, t1]. (4.59)

Proof. It suffices to argue as in the proof of Corollary 4.1.

Remark 4.4 If the interval is shrinking, there is competition between the nondecreasing ϕ′ and e− ln|γη|ϕ

in Estimation (4.58). The behavior of E` (t) depends on how close the value of the damping η to 1, as

stated in Lemma 4.2.

To compare E` (t) with the energy E` (t0) for 0 ≤ t0 < t, we have the following result.

Corollary 4.5 Under the assumptions of Theorem 4.3, we have

m (t) e− ln|γη|ϕ(t+`(t))

M (t0) e− ln|γη|ϕ(t0−`(t0))
E` (t0) ≤ E` (t)

≤ M (t) e− ln|γη|ϕ(t−`(t))

m (t0) e− ln|γη|ϕ(t0+`(t0))
E` (t0) , for 0 ≤ t0 < t. (4.60)

Moreover, if ϕ′ is monotone on [t0, t1], then:

• If −1 < `′ (t) ≤ 0 on [t0, t1], then ϕ′ is nondecreasing and E` (t) satisfies

ϕ′ (t− ` (t)) e− ln|γη|ϕ(t+`(t))

ϕ′ (t0 + ` (t0)) e− ln|γη|ϕ(t0−`(t0))
E` (t0) ≤ E` (t)

≤ ϕ′ (t + ` (t)) e− ln|γη|ϕ(t−`(t))

ϕ′ (t0 − ` (t0)) e− ln|γη|ϕ(t0+`(t0))
E` (t0) , for t ∈ [t0, t1]. (4.61)

• If 0 < `′ (t) < 1 on [t0, t1], then ϕ′and E` (t) are nonincreasing and

ϕ′ (t + ` (t)) e− ln|γη|ϕ(t+`(t))

ϕ′ (t0 − ` (t0)) e− ln|γη|ϕ(t0−`(t0))
E` (t0) ≤ E` (t)

≤ ϕ′ (t− ` (t)) e− ln|γη|ϕ(t−`(t))

ϕ′ (t0 + ` (t0)) e− ln|γη|ϕ(t0+`(t0))
E` (t0) , for t ∈ [t0, t1]. (4.62)

Proof. Since (4.54) holds also for t = t0, then the corollary follows by combining the inequalities

eln|γη|ϕ(t−`(t))

M (t)
E` (t) ≤ Sη ≤

eln|γη|ϕ(t0+`(t0))

m (t0)
E` (t0)

and

eln|γη|ϕ(t0−`(t0))

M (t0)
E` (t0) ≤ Sη ≤

eln|γη|ϕ(t+`(t))

m (t)
E` (t) .



74 Chapter 4. Vibrations of strings with variable length damped at one end

Remark 4.5 For the special case η = 1, the boundary condition at x = ` (t) reads

ux (` (t) , t) + ut (` (t) , t) = 0.

This is a transparent condition, i.e. there is no reflections of waves from the moving endpoint and

consequently all the initial disturbances leave the interval (0, ` (t)) at most after a time1

T` := β−1 (L) ,

where β (t) := t− ` (t) , see Figure 4.2. Hence, whether the interval is expanding or shrinking, the linear

velocity feedback −ut (`′ (t) , t) steers the solution to the zero state in the finite time T`. See for instance

[18, 19], and for the particular case ` (t) = L see [12, 49]. In the remaining of this paper, we will assume

that η ≥ 0 and η 6= 1.

 

x




t

x

t

1L

L0

Figure 4.2: An initial disturbance will leave the interval (0, `(t)) at most after time T`.

4.6 energy behavior for some examples of length variation laws

The functional equation (4.11) is difficult to solve in a direct way, i.e., for a given ` (t), we

search for a function ϕ satisfying (4.11). However, the inverse Problem is much easier to solve,

i.e. for a given ϕ we solve (4.11) to obtain ` (t). A family of solutions obtained by the latter

approach can be found in [52].

1 For the uniform variation of length, i.e. ` (t) = L + vt, then TL+vt = 2L/ (1− v), see for instance [18, 19],
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In the following, we give some examples of ` (t) and ϕ(t) with the estimations (4.61) and (4.62)

written for each case. The obtained results shows that the variation of the length of the string

has an important impact on the asymptotic behaviors of E` (t).

4.6.1 Strings with constant length

For ` (t) = L > 0, we have ϕ (t) = a + t/L, for t ≥ 0 where a ∈ R. We can always assume that

a = 0 since it will give a common factor ewna in (4.9) that can be absorbed by the coefficient cn.

• If η = 0, then m(t) = M(t) = 1/L and by (4.48) the energy EL (t) is constant, i.e.

EL (t) = EL (0) , for t ≥ 0.

• If η > 0 with η 6= 1, then due to (4.61) the energy EL (t) is decaying and satisfies

1
γ2

η

EL (0) e−
1
L ln|γη|t ≤ EL (t) ≤ γ2

ηEL (0) e−
1
L ln|γη|t. (4.63)

The constants in this estimate are sharp. To see this, first observe that the solution given by

the series formulas (4.9) satisfies u (x, t + 2L) = −u (x, t) /γη . Hence, the energy satisfies

EL (t + 2L) = EL (t) /γ2
η , for t ≥ 0. (4.64)

Then, consider an initial disturbance of the string supported on a small interval of length δ > 0.

Let T1 be the time of the first reflection from the boundary x = L. Necessarily, T1 < 2L, see

Figure 4.3 (Right).

On one hand, assume that the initial disturbance travels to the right, see Figure 4.3 (left). Then,

we have

EL (t) = EL (0) , for 0 ≤ t < T1,

EL (t) = EL (2L) = EL (0) /γ2
η , for T1 + δ

√
2 < t < T1 + 2L.

The last assertion is a consequence of (4.64) and the fact that the energy remains constant if

there is no reflection from the boundary x = L where the dash-pot is placed. In particular, we

have

1
γ2

η

EL (0) e−
1
L ln|γη|t ≤ EL (t) =

1
γ2

η

EL (0) , for T1 + δ
√

2 < t < T1 + 2L, (4.65)

since e−
1
L ln|γη|t < 1. As δ → 0, T1 → 0 and then t → 0, the left hand side of (4.65) tends to

EL (0) /γ2
η . This show that 1/γ2

η is the best constant for the lower bound in (4.63).
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On the other hand, when the initial disturbance travels to the left, see Figure 4.3 (Right), we

have

EL (0) = EL (t) ≤ γ2
ηEL (0) e−

1
L ln|γη|t, for 0 ≤ t < T1 < 2L,

since γ2
ηe−

1
L ln|γη|t =

∣∣∣γη

∣∣∣2− t
L
> 1, for t < 2L. As δ → 0, T1 → 2L and then t → 2L, the right

hand side tends to EL (0) . This show the sharpness of the constant γ2
η for the upper bound in

(4.63).

 

 

  

 

 

 

  

 

  

   

L0

2L

2L

ELt  EL0

L0 
ELt  EL0

ELt 
EL0

2

T1

T1

T1  2L



Figure 4.3: Energy and propagation of an initial disturbance with a small support.

4.6.2 Strings with uniform variation of length

For ` (t) = L + vt, where L > 0 and 0 < |v| < 1, we have ϕ (t) = 2 ln (L + vt) / ln γv. Here we

take the time

0 ≤ t < L/ |v| , if− 1 < v < 0, i.e. when the interval is shrinking.

t ≥ 0, if 0 < v < 1, i.e. when the interval is expanding.

• For the undamped case, the energy is nondecreasing if −1 < v < 0, and

γvL
L + vt

E` (0) ≤ E` (t) ≤
L

γv (L + vt)
E` (0) , for 0 ≤ t < L/ |v| . (4.66)

If 0 < v < 1, the energy is nonincreasing and

L
γv (L + vt)

E` (0) ≤ E` (t) ≤
γvL

L + vt
E` (0) , for t ≥ 0. (4.67)
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The latter result is known in [43, 47] for the Dirichlet boundary conditions case (which is

equivalent to tacking η = +∞ in the boundary condition at x = ` (t)). Observe that if

v→ 0, hence γv → 1, we get E` (t) = E` (0) as in the time-independent case.

• For the damped case, η > 0 with η 6= 1, the energy E` (t) is still nondecreasing if−1 < v < 0,

and

γv
γ2

η

(
L

L + vt

)1+2
ln|γη|
ln γv

E` (0) ≤ E` (t)

≤
γ2

η

γv

(
L

L + vt

)1+2
ln|γη|
ln γv

E` (0) , for 0 ≤ t <
L
|v| . (4.68)

If 0 ≤ v < 1, the energy is nonincreasing and

1
γvγ2

η

(
L

L + vt

)1+2
ln|γη|
ln γv

E` (0) ≤ E` (t)

≤ γvγ2
η

(
L

L + vt

)1+2
ln|γη|
ln γv

E` (0) , for t ≥ 0. (4.69)

4.6.3 Strings with nonlinear variation of length I

For ` (t) = 1/ (1 + at) , a > 0, we have ϕ (t) = t (at + 2) /2. The assumption (4.1) is satisfied

for 0 < a < 1 and the interval is shrinking with

−1 < `′ (t) =
−a

(1 + at)2 < 0, for t ≥ 0.

• For the undamped case, the energy is nondecreasing and

(1 + at)2 − a
(1 + a) (1 + at)

E` (0) ≤ E` (t) ≤
(1 + at)2 + a

(1− a) (1 + at)
E` (0) , for t ≥ 0. (4.70)

• For the damped case, η > 0 with η 6= 1, the energy E` (t) satisfies

C1
(1 + at)2 − a

(1 + at)
e− ln|γη|ϕ(t+`(t))E` (0) ≤ E` (t)

≤ C2
(1 + at)2 + a

(1 + at)
e− ln|γη|ϕ(t−`(t))E` (0) , (4.71)

for t ≥ 0, where C1 :=
∣∣∣γη

∣∣∣1− a
2

/ (1 + a) , C2 :=
∣∣∣γη

∣∣∣1+ a
2

/ (1− a) and

ϕ (t± ` (t)) =
(1 + at)2 + 1 + at± a

2 (1 + at)2

(
at2 + t± 1

)
.
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Since ϕ (t− ` (t)) > 0, for t > 1, the right hand side of (4.71) decays exponentially for

large value of t and we have

E` (t) = O
(

t e−
a
2 ln|γη|t2

)
, as t→ +∞.

Observe that (4.71) does not mean necessarily that E` (t) is (monotone) nonincreasing.

However, since `′ (t) → 0 as t → ∞, then η1(t) → 0 and η2(t) → +∞, (see Figure 4.1).

By consequence, for every η > 0, we have η1(t) < η < η2(t) for t ≥ t1, where t1 is large

enough and thus the energy is nonincreasing for t ≥ t1.

4.6.4 Strings with nonlinear variation of length II

For ` (t) =
√

1 + at, a > 0, we have ϕ (t) =
√

4at + a2 + 4/a. The interval is expanding and

the assumption (4.1) is satisfied for 0 < a < 2 and

0 < `′ (t) =
a

2
√

1 + at
< 1, for t ≥ 0.

• For the undamped case, the energy is nonincreasing and

2− a√
4a
(
t +
√

1 + at
)
+ a2 + 4

E` (0) ≤ E` (t)

≤ 2 + a√
4a
(
t−
√

1 + at
)
+ a2 + 4

E` (0) , for t ≥ 0.

• For the damped case, the energy is decaying

C3

exp
(
− ln|γη|

a

√
4a
(
t +
√

1 + at
)
+ a2 + 4

)
√

4a
(
t +
√

1 + at
)
+ a2 + 4

E` (0) ≤ E` (t)

≤ C4

exp
(
− ln|γη|

a

√
4a
(
t−
√

1 + at
)
+ a2 + 4

)
√

4a
(
t−
√

1 + at
)
+ a2 + 4

E` (0) , for t ≥ 0,

where C3 = (2− a)
∣∣∣γη

∣∣∣−1+2/a
and C4 = (2 + a)

∣∣∣γη

∣∣∣1+2/a
. Here also, the energy is decay-

ing exponentially,

E` (t) = O
(

1√
t
e−

2√
a ln|γη|

√
t
)

, as t→ +∞.
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4.6.5 Strings with nonlinear variation of length III

If ϕ (t) = eat+b with a > 0, b ∈ R, then ` (t) = arcsinh
(
e−at−b) /a. The interval is shrinking

and Assumption (4.1) is satisfied since

−1 < `′ (t) =
−1√

1 + e2(at+b)
< 0, for t ≥ 0.

• For the undamped case, the energy of the solution satisfies

exp
(
at− arcsinh

(
e−at−b))

exp (arcsinh (e−b))
E` (0) ≤ E` (t) ≤

exp
(
at + arcsinh

(
e−at−b))

exp (− arcsinh (e−b))
E` (0) ,

for t ≥ 0. Since arcsinh
(
e−at−b)→ 0, as t→ +∞, the energy is nondecreasing and satisfies

E` (t) = O
(
eat) , as t→ +∞.

• For the damped case, the energy E` (t) satisfies

C5 exp
(

at− arcsinh
(

e−at−b
)
− ln

∣∣∣γη

∣∣∣ e(at+b+arcsinh(e−at−b))
)

E` (0) ≤ E` (t)

≤ C6 exp
(

at + arcsinh
(

e−at−b
)
− ln

∣∣∣γη

∣∣∣ e(at+b−arcsinh(e−at−b))
)

E` (0) ,

for t ≥ 0, where

C5 = exp
(
− arcsinh

(
e−b
))

exp
(

ln
∣∣∣γη

∣∣∣ e− arcsinh(e−b)+b
)

,

C6 = exp
(

arcsinh
(

e−b
))

exp
(

ln
∣∣∣γη

∣∣∣ earcsinh(e−b)+b
)

.

Since arcsinh
(
e−at−b)→ 0, as t→ +∞, then

at± arcsinh
(

e−at−b
)
− ln

∣∣∣γη

∣∣∣ e(at+b+arcsinh(e−at−b)) = O
(

at− ln
∣∣∣γη

∣∣∣ eat+b
)

and the energy is nondecreasing and satisfies

E` (t) = O
(

exp
(

at− ln
∣∣∣γη

∣∣∣ eat+b
))

, as t→ +∞.

The damping is very effective in this case.

4.6.6 Strings with nonlinear variation of length IV

If ϕ (t) = 1/ (1 + at) and a > 0, then ` (t) =
(

1 +
√

1 + (1 + at)2
)

/a. The interval is expand-

ing since

1√
2
≤ `′ (t) =

1 + at√
1 + (1 + at)2

< 1, for t ≥ 0.

However, the assumption (4.1) is not (strictly) satisfied since `′ (t)→ 1, as t→ +∞.
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• For the undamped case, the energy of the solution is nonincreasing and

2(√
1 + (1 + at)2 + at + 2

)2 E` (0) ≤ E` (t)

≤

 √
2 + 2√

1 + (1 + at)2 − at

2

E` (0) , for t ≥ 0.

One can check that

0 <
1√

1 + (1 + at)2 + at + 2
≤ 1√

1 + (1 + at)2 − at
≤ 1, for t ≥ 0. (4.72)

By consequence,

K1

t2 E` (0) ≤ E` (t) ≤ K2E` (0) , as t→ +∞,

for some positive constants K1 and K2.

• For the damped case, the energy E` (t) is nonincreasing and

C7

exp
(
−2 ln

∣∣∣γη

∣∣∣ /
(√

1 + (1 + at)2 + at + 2
))

(√
1 + (1 + at)2 + at + 2

)2 E` (0) ≤ E` (t)

≤ C8

exp
(

2 ln
∣∣∣γη

∣∣∣ /
(√

1 + (1 + at)2 − at
))

(√
1 + (1 + at)2 − at

)2 E` (0) , for t ≥ 0, (4.73)

where C7 = 2e− ln|γη|
√

2 and C8 =
(√

2 + 2
)2

e2 ln|γη|/(2+
√

2).

Due to (4.72), the functions inside the exponentials in (4.73) are bounded. It follows that

we still have

K3

t2 E` (0) ≤ E` (t) ≤ K4E` (0) , as t→ +∞,

for some positive constants K3 and K4.

In this example, the boundary damping failed to improve the energy estimates obtained in

the undamped case. This can be explained by Figure 4.4 which shows that every initial

disturbance of the string may have one reflection from the moving boundary, where the

damper is placed, but it fails to catch up again with this boundary. See also [2] where the

similar case ` (t) =
√

1 + t2, with Dirichlet boundary conditions, was investigated.
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x

t


x


t 
2

a

0 x

t

1 2
a

 

Figure 4.4: Propagation of initial disturbances of a string when ` (t) = 1
a

(
1 +

√
1 + (1 + at)2

)
.

Observe that x = t + 2/a is an asymptote for `(t).





A
A P P E N D I C E S

The appendix of the thesis contains definitions, equalities, inequalities, and notation. Text-

books on functional analysis and partial differential equations (PDEs) provide proofs and more

complex results, as shown in the standard literature. [37, 46].

a.1 notation

We will define some terms and concepts before we begin to make the thesis easier to un-

derstand. We will start by introducing the general concepts, and then provide more detailed

definitions of the specific terms. This will help readers follow our argument and understand

the key concepts we are discussing.

• := equal by definition.

• γv := 1+v
1−v .

• L1 := 1−v
1+v L, L2 := 2

1−v L.

• Tv := 2L
1−v2 , T̃v := L

1−v .

• It := (vt, L + vt) , for t ∈ (0, T) .

• α (t) := t + ` (t) , β (t) := t− ` (t) .

• E′ := dual of space E.

• ‖.‖E := norm of space E, 〈., .〉E := duality product of a space E, E
′
.

• x.y := ∑n
i=1 xiyi, for x, y ∈ Rn, |x| :=

(
∑n

i=1 x2
i
) 1

2 , for x ∈ Rn.

• f (x) = O(g(x)) when x → x0 (x0 ∈ R), if there exists a constant C > 0 such that f (x) ≤

Cg(x) for all x in a neighborhood of x0 .
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a.2 function spaces

We will end this section by introducing some function spaces and the symbols used to repre-

sent them

• Ck (It) := {w : It → R| w is k times continuously differentiable} , k ∈N,

• L2 (It) :=
{

w : It → R| w is measurable and
∫

It
|w|2 ρds < ∞

}
.

• H1
0 (It) := the closure of D (It) in H1 (It) .

• Ck ([0, T] ; E) := space of k times continuously differentiable functions from an interval [0, T] .

• H−1 (It) := the dual space of H1 (It) .

• L2 (a, b, ρds) :=
{

w : (a, b)→ R| w is measurable and
∫ b

a |w|
2 ρds < ∞

}
.

• HL+vt (It) :=
{

w ∈ H1 (It) , w (L + vt) = 0
}

, for t ≥ 0.

• V0 (0, `(t)) :=
{

w ∈ H1 (0, `(t)) , w (0) = 0
}

, for t ≥ 0.

a.3 some useful identities and inequalities

The following inequalities are often used to derive estimates in Analysis

Parallelogram law

For any two elements u and v of an inner product space, we have

‖v + w‖2 + ‖v− w‖2 = 2
(
‖v‖2 + ‖w‖2

)
.

Algebraic equality

Let |a| = max {a,−a}, then

max {a, b} = a + b + |a− b|
2

, min {a, b} = a + b− |a− b|
2

.

Hölder’s inequality

Let p, q ∈ [1, ∞) with 1
p +

1
q = 1, then

‖ f g‖1 ≤ ‖ f ‖p ‖g‖q .
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Cauchy-Schwartz inequality

|〈 f , g〉| ≤ | f | |g| , ∀ f , g ∈ Rn.

Integration by parts formula

Let Ω be a réguiler set of class C1. Let u, v two functions of C1 (Ω) . Then, we have∫
Ω

u (x)
∂v
∂xi

(x) dx =
∫
∂Ω

w (x) v (x) .ni (x) ds−
∫
Ω

v (x)
∂u
∂xi

(x) dx,

where ni is the i-th component of the unit exterior normal of Ω.

Leibnitz’s formula

Let a(t) and b(t) be twice differentiable functions in some interval and let f (s, t) be both

integrable with respect to x over the interval a(t) ≤ x ≤ b(t) and differentiable with respect to

t. Then

d
dt

∫ b(t)

a(t)
f (s, t)ds =

(
db
dt

)
f (b(t), t)−

(
da
dt

)
f (a(t), t) +

∫ a(t)

b(t)

∂ f
∂t

(s, t)ds.

a.4 generalized fourier series in weighted hilbert spaces

Let a, b ∈ R, b > a, and consider a positive (weight) function ρ : (a, b) → R. We denote

by L2 (a, b, ρds) the weighted Hilbert space of measurable complex-valued functions on R, en-

dowed by the scalar product

b∫
a

h (s) g (s)ρ (s) ds

and its associated norm. As usual, we drop ρds in the L2 space notation if ρ is identically one.

Definition A.1 Let the set of functions {ϕn}n∈Z
from an orthonormal set over [a, b] , so that

∫ b

a
ϕn (s) ϕm (s) ρ(s)ds =

 1, for m = n,

0, for m 6= n.

If the set of functions {ϕn}n∈Z
is a complete orthonormal basis of the space L2 (a, b, ρds) , then

the generalized Fourier series representation of an integrable function h ∈ L2 (a, b, ρds) can be

written as

h (s) = ∑
n∈Z

cn ϕn (s) ,



86 bibliography

where the generalized Fourier coefficients of h (s) are given by

cn =
∫ b

a
h (s) ϕn (s)ρ(s)ds.

In particular, the following Parseval equality for generalized Fourier serie holds1

∫ b

a
|h(s)|2 ρ(s)ds = ∑

n∈Z

|cn|2 ,

where cn are generalized Fourier coefficients of h (s) , see for instance [37].

Example A.1 A well-known result of analysis is that the set of functions
{

eiπnt/
√

2
}

n∈Z
is a complete

orthonormal set in the space L2 (−1, 1) .

Example A.2 Under the assumption 0 < v < 1, then, the set of functions
{√

1−v
2L enπi(1−v)(t+x)/L

}
n∈ Z

is a complete and orthonormal basis of the space L2 (vt, L2 + vt).

Example A.3 Under the assumption 0 < v < 1, then, the set of functions
{√

1+v
2L enπi(1+v)(t−x)/L

}
n∈ Z

is a complete and orthonormal basis of the space L2 (−L1 + vt, L + vt).

Example A.4 Under the assumption |`′ (t)| < 1, then, the set of functions
{

eiπnϕ(t±x)/
√

2
}

n∈Z
is a

complete and orthonormal basis of the weighted space L2 (−` (t) , ` (t) , ϕ′ (t± x) dx), the proof can be

found in [19].

1 {ϕn}n∈Z
is a complete orthonormal basis that is important for Parseval’s theorem. if the set {ϕn}n∈Z

is not a

complete orthonormal basis, then satisfy Bessel’s inequality ∑n∈Z |cn|2 ≤
∫ b

a |h(s)|
2 ρ(s)ds.
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بعض النتائج حول معادلة الموجة في مجال مرتبط بالزمن العنوان:  

 في هذه الرسالة، ندرس الاهتزازات الصغيرة لخيط، حيث يتم وصف هذه الاهتزازات بواسطة معادلة موجية ذات بعد الملخص: 

التعبير الحالة الأولى، نتعامل مع نقطتي نهاية تتحركان في نفس الاتجاه بسرعة ثابتة. يتم  . فيمع أطراف متحركة مع الزمن واحد

لطاقة الحل.  ةمكافئ ةمحفوظ كمية المعطيات الأولية. نحصل على بدلالةالحل بواسطة صيغة سلسلة حيث يتم حساب المعاملات  نع

د طرفيه. نشتق تقديرات في أحا ، أضفنا مثبطفي الحالة الثانية ق.في وقت دقي ة الملاحظة عند أطراف الخيطيقابل ذلك، نثبتبعد 

علاوة على ذلك، تم إعطاء بعض الأمثلة العددية لتوضيح فعالية هذا  .وسفلية متناقصة أسيا للطاقة مع ثوابت محددة يهدقيقة علو

الخيط عند وضع  وعلوية لطاقةسفلية يرات تقد تحصلنا على. الآخر متحركو، نحن مهتمون بمجال أحد طرفيه ثابت أخيرا .المثبط

  .الطرف المتحرك مثبط في

عند  لملاحظةا قابليةمعادلة الموجة، المجالات المرتبطة بالزمن، سلسلة فورييه المعممة، تقديرات الطاقة،  المفتاحية:الكلمات 

  .الحدودعند ستقرار الا قابلية ، التناقص الأسي،الأطراف

 

Title: Some results on the wave equation in time-dependent domains 

 Abstract: In this thesis, we study the small vibrations of a string, where the vibrations are described 

by a 1−d wave equation in a time-dependent interval. First, we deal with two endpoints moving in 

the same direction at a constant speed. The solution is expressed by a series formula where the 

coefficients are explicitly computed in the function of the initial data. We obtain a conserved 

functional equivalent to the energy of the solution. Then, we establish the boundary observability in 

a sharp time. Then, we added a dashpot damper at one end. We derive precise upper and lower 

exponentially decaying estimates for the energy with explicit constants. Finally, we are interested in 

domain one of its sides is fixed while the other one is moving. We establish lower and upper 

estimates for the energy of the string when a damper is placed at the moving end.  

Keywords: Wave equation, time-dependent domains, generalized Fourier series, energy estimates, 

boundary observability, exponential decay, boundary stabilization. 

 

Titre : Quelques résultats sur l’équation d’onde dans les domaines dépendant du temps 

Résumé : Dans cette thèse, nous étudions les petites vibrations d’une corde, où les vibrations sont 

décrites par une équation d’onde 1−d dans un intervalle dépendant du temps. Dans un premier 

temps, nous avons affaire à deux extrémités se déplaçant dans la même direction à vitesse 

constante. La solution est exprimée par une formule de série où les coefficients sont explicitement 

calculés en fonction des données initiales. On obtient une fonctionnel conservé équivalent à 

l'énergie de la solution. Ensuite, on étudie l'observabilité à la frontière de la corde. Dans un 

deuxième temps, nous avons ajouté un amortisseur à une extrémité. Nous dérivons des estimations 

supérieures et inférieures précises de décroissance exponentielle pour l’énergie avec des constantes 

explicites. Finalement, nous nous intéressons au domaine dont l’un de ses côtés est fixe tandis que 

l’autre est en mouvement. Nous établissons des estimations inférieures et supérieures pour 

l’énergie de la corde lorsqu’un amortisseur est placé à l’extrémité mobile.  

Mots-clés : Équation d’onde, domaines dépendant du temps, Fourier généralisé séries, estimations 

d’énergie, observabilité frontière, décroissance exponentielle, stabilisation frontière. 
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