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List of Symbols

In what follows, we will use the following notations.

R™ Euclidean, n-dimensional space.
Z is the set of all integers.
C The set of complex numbers.
S(R™) Schwartz space.
S'(R™) Dual of S(R"), space of tempered distributions.
x Vecteur de R, © = (21, %2, ..., x,), z; E R, 1 <i < n.
P is the conjugate exponent of p where % iy % = L.
P Will denote n-tuples of the numbers in (0, 00] (n > 1), o= (p1, ..., Pn)-
rp Will denote n-tuples of the numbers in (0, 00] (n > 1), rp’'= (rp1, ..., TDn).
P = (p}, -, p,) Denotes the conjugate exponent of p, where p’; is the conjugate exponent of p;.
5 Will denote the vector (.-, ..., --).
dp or dz Lebesgue measure N-dimensional.
Q Denotes the open set in R" .
a.e. Almost everywhere.
(G Smooth functions.
Cg° Smooth functions with compact support.
XQ Denotes the characteristic function of a measurable set () C R" is defined by
1 if xe€qQ,

Xe = {o if ©¢Q.
supp f supp f = {z € R": f(z) # 0}.
L°(Q) The space of all measurable functions from 2 C R™ to R or C.
L, (R") Is the space of measurable functions on R", in tegrable on any compact of R".
LY (R™) denotes the set of measureable functions on R"integrable on any compact of R".
B(z,r) The ball with center x and radius r, defined by B(z,r) = {y € R" : |y — z| < r}.
f=F Denotes the Fourier transform.
fx*g Denotes the convolution of f and g .



Introduction

Classical Morrey spaces were introduced by Morrey [11], who considered an estimate of the
difference of functions in 1938 in order to investigate the local behavior of solutions to second
order elliptic partial differential equations, where his focus is on Morrey spaces M?(R") which
are generalizations of Lebesgue spaces MP(R") = LP(R").

In 1961, Benedek and Panzone [3] are introduit the mixed Lebesgue spaces L?(R™), with
p € (0,00]", this spaces as a natural generalization of the classical Lebesgue space L?(R")) via
replacing the constant exponent p by an exponent vector p.

Nogayama [13, 14] studied mixed Morrey spaces M. (R"), which encompass mixed
Lebesgue spaces L7 (R"). In his work, he established the boundedness of the maximal oper-
ator, the fractional integral operator, and singular integral operators.

In this memory, we based on the works of Benedek [3] and Nogayama [13], we will delve
into the fundamental concepts of Mixed Lebesgue spaces and Mixed Morrey spaces, exploring
their definitions, key properties, and applications in various areas of mathematics and its allied
tields.The memory is divided into three chapters.

The first chapter begins by defining some basic function spaces such as Lebesgue L?(R")
spaces and Morrey spaces ME(R") with the aim that we can accommodate as many function
spaces as possible, which we will cover in the next two chapters.

In chapter 2 we introduce the definitions and properties of mixed Lebesgue spaces.

Finally, we present the mixed Morrey spaces MZ(R") with ¢ € (0, 00]", p € (0, 00 and their
applications to the boundedness of operators. To this end, we first recall the notion and some
examples of mixed Morrey spaces , then we present some basic properties about these spaces

as well as the Hardy-Littlewood maximal operator.



CHAPTER 1

PRELIMINARIES

1.1 Some basic function spaces

In this chapter, we discuss some basic preliminary concepts that are directly related to the re-
search topic, including some functional spaces, Lebesgue spaces L?(R") and Morrey spaces

MP(R™),
1.1.1 The spaces of p- summing sequences
We recall in this subsection by the definition of p- summing sequences spaces.

Definition 1.1.1. Let 0 < p < oco. Let ¢?(N) be the space of real-valued or complex-valued sequences

{fj}jZO such thﬂt,
{fi}izoller ) = (Z |fj|p) <00, if0<p< oo
§=0
and
I{fj}izolle vy = sup | f;] < o0.
JEZ
Remark 1.1.2.

1. These spaces (*(N) are Banach spaces for p > 1.
2. If0 < p < q < oo, then we have (P — (1.

1.1.2 Lebesgue spaces

Definition 1.1.3. Let 0 < p < oo and 2 C R™. Let

LP(Q) = {f:Q — C, suchthatf € L°(Q)and || f|L(Q)] < oo}



With,
nﬂmmn:([]ﬂmmm), if 0<p<oo

and
supess|f(z)|, if p=oo.
€
If O = R", we pose LP(R") = LP. The spaces L*(§2) are Banach spaces for p > 1.
1.1.3 The locally integrable Lebesgue space

Definition 1.1.4. Let 0 < p < oo. The locally integrable Lebesgue space is defined by,

LP

loc

(R"™) = { fmeasurable : fxrx € LP(R™), for all compact subsets K C R"}.

1.1.4 The weighted Lebesgue space

Definition 1.1.5. We say that w is a weight function, if is a function locally intégrable function on R".

Definition 1.1.6. Let 0 < p < oo, 2 C R™ and w be a weight function, we pose
LP(R™,w) ={f: Q@ — C,such that fis measurable and || f|L*(Q,w)| < co}.

With,

S =

(ol f(@Pw(z)da)?, if 0<p< oo

SUpycq essw(@)|f(@)], if p=oo.

1l ey = [ fllpaw = {

If @ = R"™, we pose LP(R",w) = LP(w).

Remark 1.1.7. The spaces LP(S),w) are Banach spaces for 1 < p < oc.

1.1.5 The L9 spaces

Definition 1.1.8. If ) is a compact set of R", we write

L9 = {f € SR") : supp Ff €, ||f]l, < oo}



1.1.6 The /y(LP) vector-valued spaces

Definition 1.1.9. Let 0 < p < 00, 0 < ¢ < oo, then £,(LP) is the space of sequences { fr}r C S'(R™)

such that, 1
I fx S rllegzry = (Z kal!f,) < 0.
k=0

Proposition 1.1.10. (Hélder inequality)

Let f € LY(R™) and g € LY (R"), with 1 < q,q¢' < oo and % + 5 = 1. Then f - g € L'(R™) and

1f - gllr@ny < 1 flza@n) |9l Lo gn)-

Proposition 1.1.11. (Minkowski inequality)

Let f,g e LY(R™) and 1 < g < 0. Then f + g € LYR") and

If + gllza@ry < I fllza@ny + 19l Lomny-

Theorem 1.1.12. (Generalized Minkowski inequality)

Let0 < < B < ooand {f;}52, C then we have

loc’

2=

9] B % 1
<Z (/ Ifj(x)l”dy) dw) < / <Z|fy Iﬁdl“) dy
]:1 R7l

1.1.6.1 The Morrey spaces

Definition 1.1.13. (Morrey’s space LP*({2))
Let 1 < p < 00,0 < A < nand f bea real measurable function defined in 0 C R™. Morrey space is

denoted by LP*(Q) is the set of functions f € LP(S)) such that:

ey = swp o [ |y,
zeQ,r>0 QNB,(z)

If Q = R", we pose LP*(Q) = LP(R™).

Remark 1.1.14.

1. The spaces LP*(§)) becomes a Banach space.



2. If X =0and \ = n, then LP°(Q) = LP(Q) and LP"™(Q) = L>=(Q).

To describe various properties of functions in LP*(R"), it is sometimes convenient to use the

notation M#(R").

Definition 1.1.15. ([16] (M’(R")). Let 0 < q < p < oo. For an Ly, (R™)-function f, its (classical)

Morrey norm is defined by

3=

[fllag = sup | B(z,7)]

K (/ \f(y)lqdy> (1.1)
(w,T)ERi“—l B(z,r)

If 0 < g < p = oo, then the Lebesgue differentiation theorem shows that M{;(R”) = L>*(R"), so we

exclude this case.

By (1.1.13) and (1.1}, we have:

LPAR") = ME(R™),if A = n(1 — q/p) or equivalently p = nqn '

- A
Theorem 1.1.16. For 0 < p < oo, MF(R") = LP(R") with coincidence of norms.
Proof. Let f € L°(R"). We write down the definition of the norm || f|| vz,
11
Il = sup Bz, )l # | fllee@my = sup | flleeBar):
(x,r)ER1+1 (x,r)E]RiJrl
Then, we have
i
Il < ([ 1 @Pay)” =151 12)
B(z,r)
Meanwhile, by the monotone convergence theorem, for any x € R", we have
1711z = Jim sy < 500 | fllixcaiany = 1fllag 13)
Combining (1.2) and (1.3), we obtain the desired result. O
Example 1.1.17. Let 0 < ¢ < p < oo and B be an open ball. Then
Ixsllrme = [IxBl L (1.4)
In fact, it is easy to see that
Ixsllme < lIxsllce (1.5)

9



from Theorem |1.1.16| and Holder’s inequality. (See also Theorem [1.1.20|to follow) If we write out the

norm ||x gl smp in full, then

1

_1 q

ollg = s 1Bl ([ para)
(ss,'r’)GRi‘H B(a,r)

We can calculate and evaluate the integral precisely. The result is:

'ﬁ\'—‘

Ixsllavg = sup |B(x,r)[»"«|B(x,r) NV Bls > [Blr = [|xs]le (1.6)

+1
(z,r)ERY

Combining (1.5) and (1.6)), we obtain (1.4).

Proposition 1.1.18. Let 0 < g < p < oo.
(1) The Morrey space M?(IR™) does not have L (R™) as dense subspace.

(2) The Morrey space MP(IR™) is not separable.

Theorem 1.1.19. ([16]]) For all 0 < q < p < oo, we have a scaling law:
1F @) g =711 Fllagg
forall f € ME(R") and t > 0.

Proof. By the change of variables z = ty and as, t"|B(x,r)| = |B(tx, tr)| we have:

D=

1
Ly !
@y = s (Bl ( [ !f(ty)|"dy>
(x,r)€R1+1 B(z,r)
= sup t »|B(tz,tr)]

1
n q
3Bt tr)p (e |qt_"dz)
(x,r)eR’fjl (t n|B t$ tr |/ B(tz,tr)

= t 7| fllre@n)-

B =

Theorem 1.1.20. ([16]]) Forall f € L°(R") and 0 < q; < qo < p < 00,

1w, < ez, -

In particular,
ME(R™) — MP (R).

10



Proof. Using (1.1)), we write out the norms in full:

1
o, = suwp [Br)p s (/ |f(y>|‘“dy> 17
(:c,r)E]RTrl B(x,r)
1
1_ 1 q0
o, = sup  [Blaer)b s (/ If(y)|q°dy> 1.8)
($,7”)€R1+1 B(z,r)

By Holder’s inequality (for probability measures), we have

(IB (w,7) I/m Yl > <|B @) |/“ |q°dy)1 (1.9)

Thus, by inserting inequality into and (L.8), we obtain the desired result. O
1.1.7 A, Weights spaces
By a weight we mean a measurable function which satysfy 0 < w(z) < oo for almoste all z € R".

Definition 1.1.21. ([8]) Let 1 < p < oo and w be a weigh. Then, w is said to be an A, weight if

- o) iy [ 20" <

A weight w is said to be an A, weight if,

[w] 4, = sup (L/Qw(x)dx) asssupw(x)t < oo.

qeo \|Q)| 2€Q

1.1.8 Hardy-Litlewood maximal function

Let us begin with giving the definition of the Hardy-Litlewood maximal function, which plays

a very important role in harmonic analysis.

Definition 1.1.22. ([18], Hardy-Litlewood maximal function )

Let f € L%(R"). Then for any x € R™, the Hardy-Litlewood maximal function M f is defined by:

Mf(@) = sup X r@| / )y

Where Q denotes the set of all cubes in R™.

11



Definition 1.1.23. Let 0 < t < oco. We define the powered Hardy—Littlewood maximal operator M
by,

1
t

M. f(z) = (M[|f]](x))*.

Theorem 1.1.24. Let 0 < p < oo, then

IMFllp < 11 flp
for f € LP(R™).

Proof. See for example [17, p. 21] and [19, p. 55-57] or [21} p. 89]. ]

1.2 Interpolation spaces

Theorem 1.2.1. ([4], Riesz-Thorin theorem)
Let (X, ), (Y, v) be two measured spaces and po, p1, qo, ¢1 € [1, 00] with py # p1,qo # qi and a linear
map T is continuous from LP°(X, u) into L (Y, v) and from LP* (X, ) into L9 (Y, v) such that, for any
simple function f :

ITfllg; < Cill fllpe (2= 0,1),
then for 0 < 0 < 1 it is continuous from [LP°, LP'|g = LP into [L®, L%y = L9, where

1 e
= 9+£ and

1 16 0
p Po y4i q qo0 q1

Y

moreover

ITfllg < CaCLIL N

Theorem 1.2.2. ([10]) Let 1 < py < gy < ooand 1 < p; < ¢ < 00. Let 0 < 0 < 1, % = 1]);09 + piland

_ 100 .
% = 2—0 + - Then:

1) We have [MP(R™), MEH(R™)]y C ME(R™) (complex interpolation).

2) We have [MZ(R"), M (R")]g = ME(R") (with equivalence of norms) if and only if &2 = B

a1’

4) We have ME(R") C [ME(R"), M (R™)]o.c (continuous embedding) if and only if &2 = 2

a1’

(1)
(2)
(3) We have [M2s(R™), M2 (R™)]g,, C ME(R™) ((real interpolation).
(4)
(5)

5) [ME(R™), MPL(R")]p.cc C ME(R™) if and only if po = qo.

12



CHAPTER 2

SOME BASIC PROPERTIES OF MIXED
LEBESGUE SPACES AND APPLICATIONS

Mixed Lebesgue spaces are a generalization of LP(R") spaces that occur naturally when con-
sidering functions that depend on quantities with different properties, such as space and time.
We first present mixed Lebesgue versions of several classical results and other vector-valued

inequalities in mixed-Lebesgue spaces.

2.1 The mixed Lebesgue spaces and their properties

In this section, we discuss some properties and examples of mixed Lebesgue spaces, we recall

the definition of mixed Lebesgue spaces.

2.1.1 Definiton of mixed Lebesgue spaces

Definition 2.1.1. ( [3], Mixed Lebesgue space)
Let o= (p1, ..., pn) € (0,00]". The mixed Lebesgue space LP(R™) is defined to be the set of all measurable

functions f such that their quasi-norms

Ifls = (/R</R (/Rf(xl,...,a:n)mda)ﬁdx2>zg~~~d:cn)pn < 0,

with the standard modification when p; = oo, for some 1 < j < n.
Remark 2.1.2.

1. The quasi-norm ||-|| ;, is a norm when min(py, ..., p,) > 1 and turns (LP(R™), |I|5) into a Banach

space.

2. If = (p,...,p), then LP(R™) coincides with the classical Lebesgue space LP.

13



3. If = (p1,...,pn) € (0,00]", then the mixed Lebesgue space LP(R™) is complete.

4. For p € [1, 0o]™ we define the conjugate p’ := (p}, ..., p,) € [1, 00]" by requiring that
1/p; + 1/p; = 1 for every j € {1,...,n}. Note that L is the dual of L for every i € [1,00]");

(see, e.g.,[3]]).

.....

Next, we consider the examples of LP(R").

Example 2.1.3. Let Q = I, x ... x I, be a cube, where each I; is an intervale of equal length, for
0<p<oo,

iyl | NS
Ixolls = Q> Gt o),

Hence, xq(z) = [1}_, x1,(;), we have

Ixelly = H It llp, = H (
j=1

=

J

J

Notice that since Q) is a cube, |1;| = 1(Q) = Q| . This
L ' 4 1
Ixalls= [T 1517 = |QI~"5.
=1

2.1.2 Properties of mixed Lebesgue spaces

In this subsection we present some properties of mixed norm Lebesgue spaces. For additional

properties of L7, see for example [1}, 2} 3].

Proposition 2.1.4. ([13], Fatou’s property for LP(R"™)).
Let 0 < p'< oo, {f;}52, be a sequence of non-negative measurable functions on R".

Then,

| im s, < Jim il (2.1)

14



Theorem 2.1.5. ([12]) The following inclusions hold:
S — LP(R") — &'
Furthermore, they are dense and continuous for p’ € [1, 00)™.
Proof. see [12] theorem. 3]. ]

Proposition 2.1.6. ([13]) Let 0 < p’' < oo, the mixed Lebesgue norm has the dilation relation; for all

feLP(R) and t >0,
LF )5 = ¢ == 7 | £

Proof. see [13] pro. 2.5]. O

Proposition 2.1.7. ([9], The triangle inequality)
Let 5= (p1,...,pn) € [1,00]" and f, g € LP, then it holds,
1+ gllz < 1f 15+ llgllz (2.2)

forevery 0 < r < min(1, py, ..., pp)-

Proof. In fact [ |f + g|Pdu < [|f|Pdu+ [ |g|Pdp hold for arbitrary measures if 0 < p < 1, so
1f +gll, < (£ + HfH;ﬁ for all v €]0, min(1, p)]. Using this, it is easy to see that ||| - |||}, is sub

additive for » < min(1, p, ¢). For r €]0, min(1, py, ..., p,)] a repeated use of this yields (2.2).

The mixed Holder inequality is the following estimate.

Theorem 2.1.8. ([6], Holder Inequality)
Let f € L*(R")and g € LY(R"), with 1 < ji, § < oo and define 7'so that 5+ % = & then f-g € L"(R")

and:
If - gl ey < I fllzo@ny 19| Lawny-
Proof. By successive applications of Holder’s inequality we obtain the result. O
We will also need an adapted version of the Hausdorff-Young inequality.

15



Theorem 2.1.9. ([6]) The mixed Hausdorff-Young’s Theorem asserts that if s = (sq, ..., s,) with

1 <8, <81 < ... < s <2, then forevery f € L¥

1flls < 1f1s
Theorem 2.1.10. ([6]) The mixed convolution Young's inequality asserts that if p € [1,00]", f € L?,
and g € L', then f x g € L? and

1F* glly < llgll 1715
A mixed Nikol’skij’s inequality can be found in [9, Proposition 4].

Theorem 2.1.11. ([9]) Let 0 < p; < r; < oo for j = 1,...,n. There exists a constant ¢ > 0 such that for

every f € S (R™) N LP with spectrum in a compacte rectangle given by || < Ry, for k = 1,...,n, i.e.
Suppff - [_RluRl] R 220 2K [_RH7RTL]

it also holds that f € L" and
Ifll7 < e (H R} ”) £l
j=1
Theorem 2.1.12. ([12], Interpolation inequality)

If p, 4,7 € [1, 00]™ are such that \ € (0, 1) exists for which it holds that,

Il A 14
_'_

qi — Di r;

ie{l,..,n},
then, LP(R™) N L7(R") C LY(R™), and for any f € LP(R™) N L"(R™), we have the inequality

£l < WAIZIAI

Proof. The proof is obtained by induction on the dimension n, where the claim for n = 1 is the
classical interpolation inequality.

Suppose that the claim is valid for n — 1 and split = (z,z,) = (21, ..., ¥n—1; ), and similarly
for p, ¢, and 7.

By the induction hypothesis, we have

||f(7l'n)||q < Hf(axn)H;)‘;\“f(71771)”7(*1_>\) (ae x,).

16



Clearly, for p,, = r,, = ¢, = 00, we can take the supremum and obtain the result.

Next, we assume that p,, r, < oo. By hypothesis, we have

1l = / VG| de, < / LG a2 1) S de, 2.3)

We continue the estimate using Holder’s inequality with exponents )7\"7” and 75— to obtain:

(1=Ngn

I < ([ st ) ™ ([iseazan) " =1

In other cases, without loss of generality, we can assume that p,, < r, = oo . In this case,

Agn = pn and || f(z, )|z < ||f|l7 and the estimate (2.3) can be continued as follows:

I < IAE [ Gl dan = LI LIS
We only state the (complex) interpolation theorem [3| Theorem 2, page 316] , as follows. [

Theorem 2.1.13. ([3], Mixed Riesz-Thorin)
Let T be a linear operator defined on the space of simple functions on R™, which takes values in the space
of measurable functions on R", and take po, p1, 4o, @1 € [1, 00]". If for any fin the domain of T' we have

(for some My, M; > 0)

1T fll@ < Moll fllg
ITfllg < Ml fllg

then for any t € (0, 1), we also have the estimate,
ITflla < Mo~ Myl flz-

Where 1/p; = (1 —t)/po +t/piand 1/q = (1 —t)/¢o + t/qi. Furthermore, for p; € [1,00)", operator

T can be extended by continuity to a bounded operator from LP*(R™) to L% (R™) in a unique manner.

2.2 Boundedness of some operators in mixed Lebesgue spaces

In this section, we investigate the boundedness of some operators in L7(R").

17



2.2.1 Boundedness of the Hardy-Littlewood maximal operator

In this subsection, we investigate the boundedness of the iterated maximal operator in L7(R").

Definition 2.2.1. Let 1 < j < n. We define for f € L, .(R™),

loc

M, f(x) = sup 7 |/ |f(@1y ooy Yy ooy )|y, = (21, .. 2,) € RY,

Iel

where I is the set of all intervals I; in R, containing x;.

Definition 2.2.2. Let 1 < j < n. We will use extensively the following iterated maximal operator: for

feLl (R andt e (0,00)" we set,

Mzf(z) = (Mn ( MMy f|)E - ..)tn—l

The operator M ... 4y will be briefly denoted by M, for every t > 0.

.....

Theorem 2.2.3. ([20]) Let 0 < p < 0. If 0 < t < min(py, ..., pn), then

[IMefllz < 1115 (2.4)
for f € LP(R™).

In order to prove the Theorem we need to recall the following Lemma due to Bagby in

1975 (see [2]]).

Lemma 2.2.4. ([2]) Let 1 < ¢; < oo(i = 1,...,m) and 1 < p < co. Let (;, i1;)(¢ = 1,...m) be o-finite

measure spaces, and let Q = Qy x -+ x Q,,. For f € L°(R™ x Q),

HM f@ I,
Now, we show the proof of theorem[2.2.3]

Proof. Since

N\)—‘

[ Mefllg = (M-~ ML FD) e llg = | M- MLl

.....
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We have only to check fort =1and 1 < p'< cc.

Let ¢t = 1. Then the conclution can be written as

[Mifllg =My Mifllp S [ f s

We use induction on n. Let n = 1. Then, the result follows by the classical case of the bounded-
ness of the Hardy-Littlewood maximal operator.

Suppose that the result holds for n — 1, thatis, for h € L°(R* ') and 1 < (g1, ..., gn—1) < 00,
[My—1- - - Mihll(gy,...gn-1) S 1Pll(a1,.00-1)-
By Lemma2.2.4]
160 15 = 10 N ]y S Ny = 1505
This, by induction assumption, we obtain

HMnMnfl'”MIfHﬁ = HMTL[Mnfl"'le]”ﬁ
S [ Mp—1--- Mafllz

= ||||Mn_1"'M1f]||(p1 ~~~~~ pn—l)H

Pn
S ||Hf”(p1 ,,,,, p'nfl)Hpn
S Ifls

Remark 2.2.5.

1. Jessen, Marcinkiewicz and Zygmund showed the boundedness of the iterated maximal operator in

the classical LP spaces in 1935, (see [[7]]).

2. Bagby showed the boundedness of the Hardy-Littlewood maximal operator for the functions taking

values in mixed Lebesgue spaces in 1975, (see [2]]).
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Example 2.2.6. Let R be a set of all rectangles in R". By Mp, denote the strong maximal operator which

is generated by a rectangle R: for f € L°(R™),

Mis o) = sup S [ ()1

Then, the followings follow (see [71):

Mpf(x) < My, --- My f(x) = My f(z)
and
Mpf(r) < My M, f(x),

and so on. Thus, the iterated maximal operator cancontroll the strong maximal operator. On the other
hand, the relation between M, - - - M,, and M,, - - - M, is not comparable. To see this, we give the following

example. For the sake of simplicity, let n = 2. Let f(x,y) = xa(z,y), where

A=lz,y): 0 < <1 0<7< 8

First, we calculate M, f and M, f:

0 (y<0,1<y),
1 0<y<1ly<um),
le(x7y> = 1—y O< <1 <
- 0<y<lz<y),
1—
i (0<y<1,1<u)
and
0 (y<0,1<a),
_T T ) 07
sz(xa?/): n ( - )

(0<z<1,0<y<ua),
(0<z<1lx<y).

Next, we calculate MyM, f and My M, f. In particular, we consider two cases. For 0 < x <1, y>1,

we get

—x? —yt + 2y r+1

MM, f(x,y) = 2y(1 — 7) , MiMyf(z,y) = %

Forxz > 1,0 <y <1, we have

MyM, f(z,y) = (y + (@ —1)log =

< =



Thus, we obtain

MoMyf < MiMsf (0<z<1l,y>1),

while,

MoMyf = MiMaf (z>1,0<y<1).

Theorem 2.2.7. ([13], Dual inequality of stein type for LP )
Let f be a measurable function on R" and w;(j = 1, ...,n) be a non-negative measurable function on R.

Then, for 1 < < oo, if 0 <t < min(py, ..., p,) and wj € A,

n

f- H(Mjwj)%

J=1

3

HMtf JTew)®
j=1

—

p

Theorem 2.2.8. ([6], Maximal operators)
Maximal operators will be an essential tool in the proof of some of our results. If p = (p1,...,pn) €
(0,00)" and ¥ = (rq, ..., ) € (0, 00)™ with

r; < min(py, ..., p,) forevery j = 1,....n, then

M=z < ell £l

Theorem 2.2.9. Let 0 < p' < oo, then

1M fllz < N1 flls
for f € LP(R™).
Proof. Putting 7= (1, ...,1) in Theorem we find the result. O

2.2.2 Boundedness of the Feffferman-Stein vector-valued maximal inequal-
ity in mixed Lebesgue spaces

Definition 2.2.10. (spaces (,(LF))

Let 0 < p'< 00,0 < q < oo, then £,(LP) is the space of sequences { f}» C S'(R") such that,

q

Hhon = (3 1ANE) <o

We can also extend the Feffferman-Stein vector-valued maximal inequality for mixed spaces.
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Theorem 2.2.11. Let0<p<oo,1<u<oo,satzsfy <3

j 1 QJ
Then, for every sequence { f;}3>, C L°(R"™),

Theorem 2.2.12. ([13]) Let 0 < p'< 00,0 < u < oo and 0 < t < min(py, ..., pn, u). Then, for every

(Z[th”) (Z lfﬂ“) -

2.2.3 Boundedness of the singular integral operators

N

sequence { f;}52, C L°(R"),

=

Definition 2.2.13. ([13]]) Let T" be a singular integral operators with a kernel k(x,y) which satisfies the

following condition

(1) There existe a conctant C' > 0 such that |k(z,y)| < | o
z—y|"
(2) There existe ¢ > 0 and C' > 0 such that

|z — 2|
| |n+e

k(. y) = k(29 + [k(y, 2) = k(y,2)| < C

if lv —y| > 2|z — 2|, with x # y.

(3) If f € L°(R™), the set of all compactly supported L>-functions, then

Tf@) = [ Koy (z ¢ swp )

Keeping in mind that 7" extend to a bounded linear operator on LY(R"), we prove the follaw-

ing theorem.

Theorem 2.2.14. ([13]) Let 1 < § < oo if f € LI(R"), then:

1T fllg < [I.fll

Proof. Put § = 07, where § > 1 and 7 > 1. Then, using the L"(R") — L (R"™) duality argument,

I slle= sl = ( [ 1o st

for ge L” (R™), we have



Since g(z) < M[|g|7](z)" and M[|g|7]" € A; for n > 1 we get

=

o< ([ |Tf<as>|9M[|g|%Koswdo:)é < ([ 1r@patglyora)

By Holder’s inequality and the boundedness of the Hardy-Littlewood maximal operator.

= [ fllallgll,>

S o

I 115 1502 || (M11g157)”

L S Al
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CHAPTER 3

SOME BASIC PROPERTIES OF MIXED
MORREY SPACES AND APPLICATIONS

The aim of this chapter is to recall the definition of Morrey mixed spaces along with some of
their main characteristics these properties extend the classical ones. We investigate the bound-
edness in these spaces of the iterated maximal operator, the fractional integtral operator and

singular integral operator.

3.1 Mixed Morrey spaces

In this section, we discuss some properties and examples of mixed Morrey spaces.

3.1.1 Definiton of mixed Morrey spaces

We recall in this subsection by the definition of mixed Morrey spaces.

Definition 3.1.1. ([13]]) Let 0 < ¢ < 00,0 < p < oo satisfy Y " is the set of function

n
qu—p’

[ € L°(R™). Then define the mixed Morrey norm: ||-|| M) by

n

Hf”MpRn —SUP{|Q|p "< = 1qj>||fXQHq Q is a cube in R"} 0.

Let us give some examples.

Example 3.1.2. In the classical case, it is known that f(z) = |z| > € ME(R") if ¢ < p. Let

7= (q1, ..., qn). Using the above embedding, we have

MR =M
——

ntimes

R") C MY(R"),

Where ¢ = max(qi, ..., gn) this , if max(qq, ....,¢,) = q < p,
F(z) = |25 € MIR"
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Remark 3.1.3. In Example the condition
max(q1, ...,qn) =q<p (3.1)

. . . 'y . Iy - _n p n
is a sufficient condition but is not a necessary condition for f(z) = |z|"» € ME(R

In fact, let 5= (51,00, ...,00) and s; < L. Then, by Proposition |3.1.9
———

(n—1) times

11
1_1(sm
||f||M§(R”) = sup |Q($,T)|p < = 1qj>||fXQ(:rr)||
Q:Q(!L’,T)
(g, a
= SgIODIQ(O,T)I” < ’ qu>||fXQ(0,r)”§

¥ o

’ q)HfXQOI)H

= o+
-(=k

‘(/ |:C| PSld.fEl) X[,l’l]n—l

Since s1 < L[| f|| me@ny < o0 and f € ME(R™). But § does not satisfy (3.1).

(00, ..., 00)

(n—1) times

Example 3.1.4. Let 0 < ¢ < oo and assume that q; < p; if p; < oo and that q; < oo if p; = 00

(j=1,...,n). Let
iy n
> —=-. (3.2)
=P P
Then,
L
=[]z e ME®m™).

j=1

In fact , letting QQ = I x ... x I,,, we obtain

q

Il = | [ - /(/HII d)d - da,
ﬁ </1J |1Uj|’”d$j)

J=1

To estimate, this integrale, letting ((Q)) = r, we have

/|$J| ’dmy—/

T
j 3 _ 95 _9
1251 padxj—2/ oy 7 dy S
0

r
2
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Thus,

Since > " =2

lej p

o
r? T fxells S 1

Taking supremum over all the cubes, we obtain

[l mz@ny S 1.
That is,

R 1 BN
=[[l=I"" e MER™).

j=1
Remark 3.1.5. In Example the condition (3.2)) is a necessary and sufficient condition for,
f(x) =TI} |z| * tobe a member in ME(R™).
In fact, let f € MZ(R") and f # 0. Using the Proposition we have

1 @) ey = ¢ 211 Fll ey (> 0). (3.3)
On the other hand, since f(tz) =t i=1 Pijf(x) )
~ i1
1 aizgary = £ 515 [ ey (34)

By and (3.4), forall t > 0,

n .

This, we obtain (3.2).

Theorem 3.1.6. ([12]]) For 1 < p < oo, ¢ € [1,00)", if for some i € {1,...,n}, it holds that p < g;, then

— {0}

26



3.1.2 Some properties of mixed Morrey spaces

Firste, we give some properties of the mixed Morrey spaces.
Proposition 3.1.7. ([13]]) Let 1 < ¢ < oo and 0 < p < oo. The mixed Morrey space .Mf;(]R") is also a
Banach space.

Proof. Although the proof is easy, we give the proof for the sake of completeness. First , we

will check the triangle inquality . For f, g € ML(R"),

n 1

1_1fgn 1
1f + gllmren = SgPIQV’ i J_lq'7>||(f+g)XQH(7

S =

— L
< Sgp|Q| ( J>(HfXQHtT+HgXQH¢7)

< flrvee + lglrvegs-
The positivity and the homogeneity are both clear. This MZ(R") is anormed space. It remains

to check the completeness.

Let {fj};-";l C Mg(R”) and Zj‘;l ||fj||quz(Rn) < 00. Then,

J J 0o
Z £ E HfjHMg(Rn) < Z Hfj||Mg(Rn) < 00.
Jj=1 Mg(R") Jj=1 Jj=
By Proposition@
0o J
>_ il = | fim > 1
i=1 ME(R™) i=1 ME(R™)
J
N @ »
- Jh—1>noo Z |fj|
Jj=1 Mg(Rn)

J
< Jhinooz; ||fj||M{;(Rn)
]:

= Z HfjHM’qi(R") < 00.
j=1
Thus, for almoste everywhere z € R". >, |f;(z)| < oo There fore, there exists a function g

such that the limit:
J

o(a) = Jim 3" fi(a).
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exists for almoste everywhere x € R" .
If 3777, | fj(z)| = oo, then it will be understood that g(z) = 0. Again, by Proposition for
m > 1

= ij

MGR") g=m

m—1
9=/
j=1

ME(ER)

J

- Jh—>rnoo Z fj

g=m M mp@e)
J

>0

Jj=m Mlqi (Rn)

J
< lim Z 151 ey
j=m

< lim

J—>00

= > il meen)-
j=m
Letting m — oo, we obtain
g=> fi
j=1
in MZ(R™). O
Proposition 3.1.8. ([[13]) Let ¢ € (0;00|" and f € L°(R").
(i) If for each q; = q, then MZ(R") = MH(R")
(i) If p = n/(qi1 + ...+ qin), then MZ(R") = LI(R™).
Proof. (i) If for each ¢; = ¢, then by Remark[2.1.2]
@58 gl = 10D gl = 12l
This taking the supremum over the all cubes in R", we obtain:
1Al gy = 1L F Lt ey
and
ME(R™) = ME(R").
With coincidence of norme.
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(ii) In particular. Let

Then, since

1_1 n 1
Hf”Mii(Rn) = SUP{\QV’ "( J_lqj)HfXan’iQiS&CUbein R”}.

sup{||fxollz: @ is a cube in R"}

= | flla

we obtain M%(R") = L(R").

O
Proposition 3.1.9. ([[13]) Let 0 < § < ccand 0 < p < co. For f € L°(R™) and t > 0, then
1) aazgeny = €75 1Ly (3.5)
Proof. To see (3.5), using (2.1), we obtain
5-3(21 )
If(E)meny = sup [Q(z,7)] N FE)XQEn 7
Q:Q(.’L’,T)
pr\ =gy ) S
= sup |Q($,’I")| < J>t J ||fXQ(tx,tr)||tj'
Q:Q(ZL‘,T‘)
-1 (e
= sup |Q(tz,r)] ( J>t v || Fxqua il
Q:Q(I,T)
= t |l fllavemn).
O
Proposition 3.1.10. ([13]) Let 0 < ¢ < 7 < 00,0 < p < oo, and assume % + .. F i > . Then
p n p n
ME(R") C ME(R™).
Proof. To get this inclusion, it suffices to show that for all f € L°(R") and all cubes Q,
Tl P T, PR O
Q| (=5 J>foc2!|q*§ Q| (=5 J>||fXQ||F‘ (3.6)
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Once we can show (3.6), taking the supremum over the all cubes in R"”, we have

Hf”Mg(Rn) < ||f||Mf,i(R”)a
this implies that
ME(R") C ME(R™).

So, we shall show (3.6). Note that we can write Q = I; X ... x I,,, where each I; is an interval
of aqual length. Using Holder’s inequality, we have

a3

% E an
vl = ([ ([ ([ 1riman) dxz) v da,
In I I
. A8 Lh O\ ®
< / / ( yf(x)|q1«ndx1)l</dx1> | da da,
[n _[2 Il 11
5 .
92 __92 92
-/ (/ 1t ey (2, ) 1 d) dx) |
I I

Since |I1| = 4(Q),

a2 _ 92

I xellz

’xn)ng(Q) a1 ndx2> ..

(/ < 1 Xruxrn-1 gy (@, -
In I
a2
(/ (/ HthX]R”_lH(Tl)(an"'7xn>q2dx2>
In I

1 1

(Qyn =

dxn)

dz,

N——

Ilterating this procedure, we get

I xellz

<

“Q) (2=t 3)- (5=

-
Tj) ( I HfXIlX...XIn,1><R|’(T1 ..... Tn1)<xn>qndxn)

n 1

)~ (5) 1/ xallr

<

This, we obtain f € L°(R"™) and all cubes Q,

11

QI "

n 1

58 1 pxalle < 108 gl
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Example 3.1.11. Let Q be a cube and 0 < ¢’ < oc. Then,

1
HXQHMf;(Rn) = QI

To check this, put 37, % = q. First, using Example|2.1.3|we get

13 13 19, .3 1
||XQHM§(R7L):;1€12|R|" "lIxexrlz = Q[ " lIxelly = Q[ Q" = Q]

On the other hand, by Proposition|3.1.10

1
HXQHME(W) < HXQHM” (Rn) = Q7.
q an.)

max(qq,...,

Combining the above two inequalities, we obtain
Ixellmzen = 1@
3.2 Boundedness of some operators in mixed Morry spaces

In this section, we investigate the boundedness of the some operators in MZ(R").

3.2.1 Boundedness of the Hardy-Littlewood maximal operator

Now, we consider the boundedness of the maximal operator in both classical and mixed Morrey
spaces. The following Lemma is crucial for demonstrating the boundedness of the Hardy-

Littlewood maximal operator in these spaces.

Lemma 3.2.1 ([15], Lemma 4.2). For all measurable functions f and cubes (), we have

M{xemsof)() S sup ﬁ /R f@ldr (g€ Q).

QCReQ

First, we prove the boundedness of the Hardy-Littlewood maximal operator in mixed Morrey spaces.

Theorem 3.2.2. ([13]) Let 1 < § < coand 1 < p < oo satisfy & < >y i . Then,

IM fllpzeey S 11 Lz ceen

forall f € L°(R").
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Proof. It suffices to verify that, for any cube ) = Q(z,7),

IQI””< " qu>||(Mf)><cz||q S ey

Now, we decompose

LF W) = Xa@sn W]+ Xe@sn-WIf W] = fily) + f2(y)  (y €R).

Using the subadditivity of M, we obtain

Mf(y) < Mfi(y)+ Mfa(y) (y € R™).

n 1

i
ar il f-1%>||<Mf>XQ||q < g HER )

3 % %< 3 ql>uflr|q
>||fXQ(z5r 7

il
aj
1
= WO (x, 57)|* "< ‘ lq]>HfXQ(x75T)”¢T

< [ fllmzmny-

Second, by Proposition we get

MEW) = Miansell) S s [ f@lds (1€ Q)

QCReQ

Thus, we see that

\@ﬁ"i( 714>H<Mf2>muq~

< s e )L oldr <o

QCReQ

(3.7)

Thanks to Example we have

() 1
B7) = sup |Q < ”)—/\f(x)lcl:cXHXQHa
QCREQ |R‘

1

= s for —/\f o x gt 54

QCReQ |R‘

IN

sup |3 / f(@)lde.
ReQ R
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By Proposition 3.1.10} taking into account

MR < MYy (RY) = MY(R?)
——

n times

with embedding constant 1, we get

1_1 n L
o 10t vl < D < e

Thus, taking the supremum over all the cubes, we obtain

1M fell vy S 11 lLagngany-

Hence, the result holds.

Remark 3.2.3. The boundedness of the Hardy-Littlewood maximal operator in classical Morrey spaces

is showed by Chiarenza and Frasca in 1987 (see [5]]).

Theorem 3.2.4. ([13]) Let 0 < ¢ < oo and 0 < p < oo satisfy

n

1 n—1

SZ;, T p < max(qi, -, qn)-
j

n
p

If 0 <t <min(q, ..., qn, p), then

[IMefllaegny S I aezen
forall f € MLR").
As a corollary, we obtain this boundedness of M, in classical Morrey spaces.
Corollary 3.2.5. ([13]]) Let

n—1

0< Tp <q<p<o0.
If0 <t < q, then

IMefllageny S ez ey

forall f € ME(R™).
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3.2.2 Boundedness of the Feffferman-Stein vector-valued maximal inequal-
ity
Next, we show the boundedness of the Feffferman-Stein vector-valued maximal operator on

mixed Morrey spaces. To show this, we need auxiliary estimates.

Theorem 3.2.6. ([13]) Let 0 < ¢ < 0o, 1 <u < oo, and 1 < p < oo satisfy & < 377

(f} fj“>i

qu]

Then, for every sequence { f;}52, C L°(R"),

(Z[Mm“) u

M (B ME(R™)
Theorem 3.2.7. ([13]]) Let 0 < § < coand 1 < p < oo satisfy
2 Sii> (qla-"7qn>-
b/ 54

If0 <t <min(qy, ..., qn, u), then

1

)| <|(E)

ME(RR) ME(R)
for {fi}321 € ME(R™).
Corollary 3.2.8. Let
n—1
0<—p<qg<p<oo.
n
If0 <t < min(q,u), then
- 1 - 1
(Z M, fj] ) S (Z \ij“>
= M (R") =t ME(R™)

for {fi3520 € MER™).
3.2.3 Boundedness of the fractional integral operator

We now study the boundedness of the fractional integral operator /,. Adams proved that this

operator is bounded in classical Morry spaces.
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Definition 3.2.9. Let 0 < o < n. Define the fractional integral operator 1, of order « by,

Liw= [ LY

n |z =yl

for f € L}, .(R") as long as the right-hand side makes sence.

loc

Theorem 3.2.10. Let 0 < v < n, 1 < ¢, § < oo and 0 < p, r < co. Assume that % < > qi and
J

n n 1
2< i ot Also, assume that

S| =
|
3|Q
i=REST
%'Iml

D=

Then, for f € ME(R"),

Haf | vy S I f s n)-

Proof. See [13, Theorem 1.11]. O

3.2.4 Boundedness of the singular integral operators

Finally, we show that the singular integral operators are bounded in mixed Morry spaces. Their

boundedness in classical Morry spaces is proved by Chiarenza and Frasca (see [9]).

Theorem 3.2.11. ([13]) Let 0 < p'< coand 1 <p < oo, for f € ME(R") satysfy

n

n 1
iy —
p ; qj
Then,

1Tl pzn S Il wet e

for f € MIR™).
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Conclusion

We have reached the final letters of this memory, and in the course of this modest work we have
encountered new concepts and interesting ideas such as mixed Lebesgue’s spaces, mixed Mor-
rey’s spaces and the boundedness in these spaces of the Hardy-Litlewood maximal function, ...
The goal is to study the mixed Lebesgue’s spaces LY(R"), the mixed Morrey’s spaces MZ(R")
and their applications, which generalizes mixed Lebesgue spaces LI(R"), classical Lebesgue
spaces and Morrey M?(R") spaces, with some of the main properties of these spaces.

This work raises a number of questions that deserve further research, including, generalis-

ing these results to generalised mixed Morrey spaces.
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Abstract

In this memory, we present some properties and examples of mixed norm Lebesgue spaces and
Morrey spaces, which generalize classical Lebesgue and Morrey spaces. We utilized this family
of function spaces to study the boundedness of certain operators.

Key words :

Mixed Lebesgue spaces, mixed Morrey spaces, maximal function.

yd I d
Résumeé pans ce mémoire, nous présentons quelques propriétés et exemples d’espaces

des espaces de Lebesgue et des espaces de Morrey a normes mixtes, qui généralisent les
espaces de Lebesgue et de Morrey classiques. Nous avons utilisé cette famille d’espaces de
fonctions pour étudier la continuité de certains opérateurs.

Mot-clés :

Les spaces de Lebesgue mixte, les spaces de Morrey mixte , la fonction maximal.
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