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Résumé

C){() n approximate method is presented to solve the problem of steady free-surface flow of
an ideal fluid over u semi-infinite triangle in the bottom of un open channel. Schwartz-
Christoffel transformation is used to map the region of flow, in the complex potential-plane,
onto the upper half-plane. The Hilbert transformation as well as the perturbation technique
are used as a basis for the approximate solution of the problem for large Froude number
and small variation of triangle angle. General equations, in integral form, for any order

of approximation are obtained. Solution up to first-order approximation is discussed and
illustrated .

Keywords :free-surface  flow  problems, Schwartz-Christoffel  transformation,  Hil-

bert transformation, perturbation technique, nonlinear integral equations.

U méthode approximative est présentée pour résoudre le probléme de I’écoulement sta-

n tionnaire a surface libre d’un fluide idéal sur un triangle semi-infini au fond d’un canal
ouvert.La Transformation de Schwartz-Christoffel est utilisé pour transformer domaine d’écoule-
ment, dans le plan de potentiel complexe, sur le demi-plan supérieur. La transformation de
Hilbert ainsi que la technique de perturbation sont utilisées comme base pour la solution ap-
proximative du probléme pour un grand nombre de Froude et un petit variation I'angle de

la rampe. On obtient des équations générales, sous forme intégrale, pour tout ordre d’approxi-
mation. La solution jusqu’a 'approximation du premier ordre est discutée et illustrée.
Mots-Clés : problémes d’écoulement a surface libre, transformation de Schwartz-Christoffel,

transformation de Hilbert, technique de perturbation, équations intégrales non linéaires.
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Notations

the position vector of a given particle

SURI

0. initial position

~

time
X,Y,Z):  Cartesian coordinates

the speed vector

—~

s Uy, Uy speed field
speed potential
current function

S8 =

f(z) = ¢ (z,y) + 1 (x,y)....the complex potential function
2z = x + 1y. the complex variable associated with the function

p: fluid pressure

p: fluid density

g gravity

m(t):  the mass

S the surface

K6 the unit normal vector to a surface element of S
H: the Hilbert transformation

F: the Froude number

rot: Rotational

e
grad gradient

4 D
di> Dt

%derivative with respect to a x

material derivative

A la placien

w:  the logarithmic hodograph variable
f'(t):  the mapping function

L' ramp length

a : angle of inclination

B : angle of inclination
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General introduction

Free-surface flows of the over- an obstraction are present in many industrial and urban
reservoir applications. Given its practical importance, this type of flow is the subject of a large

number of theoretical, experimental and numerical studies.

In particular, we deal with plane flows in the incompressible and irrotational cases. To find a
numerical solution to the flow problem, where the effect of gravity is taken into account and
surface tensions are neglected, we use theSchwarz-ChristoffeltransformationHilberttransform

and perturbation technique to solve the problem approximatively.

This memory  is divided into three chapters. After this brief introduction, the first chapter
deals with fundamental notions of fluid-mechanical properties, such as motion, streamline

function and velocity potential.

In the second chapter, we treat the problem in the case of thesurface tension effetis negliceledadopt
a method of conformal transformations which reduces pro- blem only on the

free surface. We first use the Schwarz-Christoffel transformation technique, the perturbation

technique and the Hilbert method to obtain the shape of the free surface.

In the third chapter, we present the of the free surfaces in curvesshowingthe éffectof the angles
a and § , of height ¢ .

Finally, we present the general conclusion of our work.

vil



CHAPTER 1

Preliminaries of
POTENTIAL OUTFLOW

This chapter introduces the basic concepts of fluid mechanics: fluid properties, fundamental
equations of fluid motion for a potential flow,

two-dimensional and irrotational incompressible and non-viscous fluids



1.1. MOVEMENT DESCRIPTIONS 8

1.1 Movement descriptions

Fluid motion can be described using two distinct methods. We can choose to follow the fluid
particles as they move (Lagrange's method), or we can fix a point in space and observe the

velocity field of all the fluid particles at a given instant (Euler's method).

1.1.1 Lagrangian method (description by trajectories)

In the Lagrangian description, we describe the movement by the trajectories of
particles of determined identities.
_>
Let? (?0, t) be the current position vector of a given particle where Sy is the vector of the

initial position at initial time ¢, . In Cartesian coordinates : ? =21 +yjJ + zk which

is also written :

x = x (o, Yo, 20, 1) ,
y:y(x())yOaant)v (11)

£=z ($07 Yo, <0, t) .

where x¢, 1o, 29 are the coordinates of the initial position vector of the current espace pOSitiODvector?

%
at time ¢ of the particle. The velocity vector denoted by o (ts, uy, uy)in Spcan be calculated
by :

dx dy dz
() (), (3) =
Z0,Y0,20 Z0,Y0,20 Z0,Y0,20

The advantages of Lagrangian description are :
4 The trajectory of each fluid particle is known, and its history can be traced.

¢ Conservation of mass is satisfied.

1.1.2  Eulerian method (description by velocity field)

It consists of establishing at a given time t all the speeds associated with each point of the

domain occupied by the fluid. The mathematical representation of the Eulerian method

is written for speed 0 (?, t)where7 =Up T +Uy ] Fuk

Moreover, the components of the velocity field are expressed as :

Uy = Uy (2,9, 2, 1),
Uy = Uy ([E,y,Z,t), (13)

Uy = Uy (I7y7 Z,t)

Numerical study of incompressible dimensional flow problem



1.2. DEFINITIONS 9

1.2 Definitions

1.2.1 Incompressible fluid

A fluid is said to be incompressible if its volume does not vary as a function of external
pressure. Liquids can be considered as incompressible fluids (water, oil, etc.).

1.2.2 streamlines

These are the lines which, at each point of the flow, are tangent to the velocity vector at that

point. From this definition, we deduce the differential equation that models stream lines

d[[‘l . dl’g . d.l’g (1 4)
Uy ($17$2,$3,t) ug (21, 29, 3,1) us ($1;$27$3;t). .
where t is  a fixed time value..
1.3 Some flow properties
1.3.1 Definitions
A flow is said to be :
1) Irrotional if the rotational velocity vector is zero, i.e. rot® = 0 where u
represent flow velocity .
_>
2) Incompressible si 7 - @ = 0 ou div(W) = 0.
1.3.2 Speed potential
If atl ovelocity field is irrotational ,we can define a ¢ scalar function such
that
%
T =Yy
The symbol ¢ espace representsthe velocity potential. In the Cartesian reference frame
and considering a plane flow, we can therefore write that :
_ 9y
Uy = 3.5
o (1.5)
Uy = a_;j
If, moreover, the fluid is incompressible :
Ous Oy g 0% 0%y pp
oxr Oy oz Oy? v

Numerical study of incompressible dimensional flow problem



1.4. NOTIONS OF COMPLEX POTENTIAL AND COMPLEX VELOCITY 10

1.3.3 stream function

If the flow is in a plane domain, then the velocity vector is verified for any point in this

domain, at time t we have :

div(d) = 0,
uy | Oty
ox dy

This implies that the differential form wu,dz + u,dy is, t fixed,espace the total differential of a

certain function v :

I, d = uyde + uydy.

This means :

w20
v (1.6)
Uy = ~ B

where 1) is the current function

Moreover, the property of irrotational flow for a plane flow leads to :

0 o9 2 2
- 5 = 5= = 7= 0 0
e uy = —%, ox oy

= A1 =0, espace @ also verifies Laplace's equation.

1.4 Notions of complex potential and complex velocity

The function f(z) = ¢ (x,y) + @ (x,y) is called complex potentiel , where z = z + iy is
the complex variable associated with the complex potential function f(2)(¢ and 1 representthe
potential and current functions respectively).

The function f has the following properties:

1-f(2) is auniform function, i.e. one value of z corresponds to a single value of f

2-f(z)isanalytic, its derivative must be defined everywhere, i.e.

G o 000 0v
dz  0r Oz Oy Oy
(Fg
— r Y *

S

This system of equations constitutes the Cauchy-Riemann relations.

Numerical study of incompressible dimensional flow problem



1.4.  NOTIONS OF COMPLEX POTENTIAL AND COMPLEX VELOCITY 11

Streamlines

FIGURE 1.1 — Rotational movement of a volume of fluid without deformation

Numerical study ofi ncompressible dimensional flow problem



1.5. BERNOULLI EQUATION 12

For f(z) to be analytic, ¢ and ¢¥must verify the Cauchy-Riemann relations.
The function f(z)is called the complex velocity potential.
We have seen that for a flow to be described by a current function ¢» and a velocity

potential ¢, these two functions must satisfy the Laplace equation:

2 2
8_¢ + a_l/) — 0’
ox?  0y?
and 52 52
L A )
or?  Oy?

1.5 Bernoulli equation

Bernoulli's theorem is an application of the conservation of energy to the case of moving fluids.

In the case of an incompressible fluid, Bernoulli's equation is :

1
—q2 + b + yg = cont.
2 P

such as g = \/ u2 +wv 2 p fluid pressure, p fluid density,and g gravity.

1.6 Mass conservation equation

Let's consider a fuid occupying a volumev, of density p (z,t) and boundary a closed

surface s.The mass quantity mof fuid contained in this volume is equal to :

mwzﬁf@ww

The variation of the mass m contained in the volume vy is given by :

Wﬁﬂzéﬁp@wmaégwﬁw (1.7)

On the other hand, the variation in mass is equal to the mass flux passing through the surfaceS

— .
Let 77 be the unit normal vector to a surface element of S, V the velocity vector
then the mass flow is given by :

/pv.ﬁds. (1.8)

S

By identifying the two expressions[I1.7 anld 1.8 we obtain :

Numerical study of incompressible dimensional flow problem



1.7. HILBERT TRANSFORMATION 13

According to the divergence theorem ( Green-Ostogradsky ) :

/p?.ﬁds :/ div pvdv.

vo

dp ) _
/UO (§+dw p?) dv = 0.

dp .
pn + div p7 =0.

This equation is known"continuity equation".

The result is

1.7 Hilbert transformation

Definition 1.1. Let s be a function defined on R, The Hilbert transform is the function §
defined by :

() = H{s} (t) = op {(h#s) (1)} = vp {/_:o st — T)dT} - %vp {/_:O ;@TdT} |

where H the Hilbert transformation and where :

and :

op {/_:o S(h(t — T>} ~ limy {/_: s(h(t — 7)dr + /:o s(t)h(t — T)dT} |

vpbeing the abbreviation for Cauchy principal value, we can show that for any real p > 1,

His a bounded operator of the space LP (R)in itself..

1.8 Schawarz-Christoffel Tronsformation

The Schwarz-Christoffel tronsformation is a conformal tronsformation widely used to solve
flow problems. This tronsformation transforms the interior of a polygon in the complex plane
into the upper half-plane of the complex variable .

Let ay,as,...,a,be the points corresponding respectively to A, Ag, ..., A,of the real axis
of the planA. We define the schwarz-christoffel trosformtion, which represents the interior of

the upper half-plane polygon, by the formula :

Numerical study of incompressible dimensional flow problem



1.9. DIMENSIONAL ANALYSIS 14

where K and Mare complex constants , Aq, Ao, ...and\,are real numbers anday, as, ...

and «a,,the interior angles of the polygon .

1.9 Dimensional analysis

Before solving a problem, we need torewrite the equations governing the phenomenon in
non-dimensional variables. To do this, we introduce a some notions and theorems for moving
from a physical equation in dimensional variables to an equation whose va- riables are
physically dimensionless.We use Vaschy-Buckingham's 7 theorem,which shows how to make a
physical equation dimensionless. The use of non-dimensional variables reduces thenumber
of parameters that determine the solution of a problem. If a physical phenomenon depends on
n dimensional variables, we can make these variables dimensionless by reducing them n — k&,

with (k = 1,....4). The four variables universally arelength L ,themass m ,the temperature T
and time ¢.

Numerical study of incompressible dimensional flow problem



CHAPTER 2

Numerical Resolution
of the two dimensional flow problem

In this chapter, we focus on the numerical solution of the two-dimensional flow problem
underconsideration, by taking into account the forces of gravity, and neglecting the

surface tension, using Hilbert's method and the perturbation technique.

15




2.1.FORMULATION OF THE PROBLEM 16

m
T

FIGURE 2.1 — z-plane

2.1 Formulating the problem

In this study, we consider a problem of two-dimensional irrotational motion, i.e, the velocity
of this flow is derived from a potential ¢ (z,y) satisfying
Laplace's equation
Po Do

9z By

The fluid is considered non-viscous and incompressible, subject to the action of gravitational

0. (2.1)

force and with a free upper surface.

At the origin we consider the flow to be uniform with velocity U; . in the positive direction of
the apsidal axis x and depth h;the bottom of the flow consists of a horizontal wall AB,
triangle BC Dwith two angles of inclination « and [,and a horizontal wall DE. Where the
bottom extends from —oo (point A)a+oo (point ) .The domain is illustrated in figure 1.

For convenience, we choose point Bas the origin in the zplane, the z-axisis coincident with
wall AB and the y-axis is perponducular, passing through the pointB.The potential function
f(z) =¢(x,y) + i (x,y) is introduced as an analytical function of z in the flow region,

with complex velocity.

;Z—J; =u(z,y) —iv(z,y) = qe . (2.2)

If we take the unit of length hjand the unit of speed U;we can write the one-dimensional

variables : ;
/ z / q !
=" qd==f == 2.3
ol = f o (2.3)
Where
Y1 = uihy.

Numerical study of incompressible dimensional flow problem



2.1. FORMULATION OF THE PROBLEM 17

LThe condition on the free surface where the pressure is uniform is given by Bernoulli's

equation:
we have :
12_|_ —1u2+h
2q ?/9—2 g,
1, L,
== —h)= -
LragNe g9 1
=— |- = (yh—h)=—
2<u> +u2(y ) 2’
2 gh / .
then :
12 2 /
0t g —2) =1 24)
Such as :
Y
y_h,
/=7
U

q = \/u; +u; ..Fthe Froude number defined by :

Uy

F= . 2.5
= (2.5)
The height of the triangle noted by €, where :
I s
€= Zma = L'sina. (2.6)
1
Using the unitary variables (2.3) equation (2.2) in adimentional form gives t:
df’ —i0
£ = 2 = qde . (2.7)
We
have
w=In £=1n ¢ — . (2.8)
§=e",
as
df’ —if
5 = @ - qle )

Numerical study of incompressible dimensional flow problem



2.1. FORMULATION OF THE PROBLEM 18

A B C D E

FIGURE 2.2 — f-plane

then
1
dz = =df’,
§
1
r et
z _/efdf’
SO

2= /efdf/. (2.9)
Where wis called the logarithmic hodograph variable. Using the transformation of

Schwartz-Christoffel,we transform the flow region of the f’plane onto the upper half of a t auxilary

plane, so that the following points correspond.(see figures 2.2 and 2.3) |:]

[]

point f t

B 0 0

E. B oo 1

A As —00 +00
LThe transformatiuon used is given by
, 1
fft)=—In(1—-1t);0<arg(l—1t) <m. (2.10)

7

To express w as a function of the single variable t, we introduce Hilbert's method for a
mixed boundary value problem in the upper half-plane,
(Q)(t)is an analytical function defined in the upper half-plane of the t¢plane,and let's assume
that I'm (Q(t)) satisfies the Hoéldercondition in the limit, Im (t) = 0,0f the plane tplane.

Numerical study of incompressible dimensional flow problem



2.1. FORMULATION OF THE PROBLEM 19

Imit)
!
:! t!‘ '!D 1! Reft)
A B C D EE A

FIGURE 2.3 — t-plane

If Im (Q(t))is known on the boundary, Q(¢) is given by the Poisson integral formula:

1 [T Im(q(v)) 4
Q) = - /_OO ) gy jZOAjtﬂ. (2.11)
Where A; are constant realms, and f ddenotes a singular integral in Cauchy's serenity.Now we
try to relate the function w (¢)to the function @ (¢) . From (2.11),we find that Q(t)is expressed
in terms of its imaginary parts along the real axis, the limit of the t plane. |:|

Thus, we need to examine the value of w (t)along the t plane boundary,and we find that

we have w = In ¢’e"*then

Im(w(t)) = =0 (t), (2.12)
and
q'2+%(y’—1) —1,
=P =1 ),
;‘q':\/l—%(y’—l),
=g’ = 5In(1 = Z/(0)
So we find
Im(w (1)) = —0(t).
Re(w(t)) = sIn(l - %n’(t)) (2.13)

Numerical study of incompressible dimensional flow problem



2.1. FORMULATION OF THE PROBLEM 20

Where
( 0, t <0,
a, 0<t<t,,
0(t)=q -5 te <t <tp, (2.14)
0, tp <t <1,
And

n(t) =y(t) -1
This means that we know the Real or Imaginary part of w (¢) along the boundary of the
tplane.then we need to construct an auxilliary function H (¢)that makes known the Imaginary
part of the quotient @ (t) = w (t) /H(t) at the boundary of the tplane. the general form of

H(t)is :
Ht) { —vi-t, i<l (2.15)

) Sii—1 i1

chanson [20]has shown that the final solution is independent of the particular choice of
H(t).we have :

In g’ —i0
t<1
w(t) —/(1—=t)’ ’
)= 72 — V. 2.16
Q( ) (t) In ¢’ —i6 ’ t>1. ( )
—iy/ (t—1)
using (2.12) (2.1%) ,wle obtain :
o0 t<1
= ’
Im (Q(1)) = { m(1-Znv®) £ 1 (2.17)
2,/(t-1) ’

next ,we examine the condition rn upstream ,As we approach that is point A.gthatis

t — 400, H (t) = —ivt et w(t) ~Ing (t) = 0. Danc ,Q(t) ~ w(t) / (—iv/t) = 0,and from ,A4; =0
for 7=0,1,.....n.

Thus | )takes the form:

1 [t
Q(t):_/ Mdv. (2.18)
T ) o v—1
Using (2.6),wf optain :
~Ing(t) | . 6(t)
4 t <1,
o0-m-{ B [ 210
T—1 + t—1° _ '

Numerical study of incompressible dimensional flow problem



2.1.  FORMULATION OF THE PROBLEM 21

The form |(2.18) is equivalent to :

R(t) = ftfi ¢
Sty L Ty (2.20)

using (2.2 obtain a set of integral equations, and for our work we only need the

following equations:

VEL T el (T
o(t) = T\/—lds + - tan < PR )
_ ?tan_l <ﬁ) , t>1, (2.21)
_ F > Inq(s)) VIt ds
In(g;(t)) = T\/—lds —a— /0 G Ovizs
1—
gY /C - 1—3’ (2.22)

where

r—1- VI L.
m:\/l_tc_\/l_tD7
n=+/(1—tc)(1—tp),

and j =1,2,3,4, ¢1(t) defined for t < 0, qa(t) for 0 < t < t¢, qs(t) for tc <t < tp and
qa(t) fortp <t <1.
The coordinates (z’,y’) of a point on the free surface can be obtained using (2.8) and(2[9) |

llows:

we have

7 = / e Yduw',
such that

w=1Inqg —i6
then

N\
I
9
|
=3
Q\
+
I
Q

using (2.10),[we ¢btain :

1 i6(v) 1
2'(t) = —/ ‘ X dv + const.
qgwv) 1—w

Numerical study of incompressible dimensional flow problem



2.2.  APPROXIMATE EQUATIONS

22

So

2(t)

1 /t ei@(v) J ( )
Ll L N
T Joo ¢'(0) (1 =)

separating the real and imaginary parts :

1 [" cosd(v)
2 (t _x;0+—/ P, 2.93
=it T e @ 229
1 sin 6 (v
=14 /OO IOk (2.24)

from (2.24) fve chn find the length of BC':

™

1 [t 1
L = —/ ——du. (2.25)

) 3 (v)

consequently,the system of equations (2.4)[ (2.21)),(2]29),(2]29)and(2.24)(2.21),(2.22),(2.23)
and(2.24) fully describes our problem.

2.2 Approximate equations

For a higher Froud number Fand for a small value of the angle of inclination «, in which case

the change in 6 (¢)will be very small, we can approximate sin@ (t) by 6 (¢) and cos 6(t)

par 1. After that, we proceed to the prime number drop and the equation system takes

the form :

1
~—1/°O 14— n(w))d (2.27)
Vi1 ™ n(v) o+ 2% tan-! rvt—1
TF? )i (v—t)Vu—1 m t—r
2 -1
_ 2B (VLY t>1, (2.28)
m t—14+n
1 [/ 1 1
~ — = 1+ — 2.2
et | 1_v(+F2n(v))dv, " (2.20)

Numerical study of incompressible dimensional flow problem



2.3. DISRUPTION TECHNOLOGY 23

2.3 DISRUPTION TECHNOLOGY

Expand ¢(t),n(t),0 (t) and z(t)in terms of small parameters « and [,

q(t) = qo(t) + aga(t) + ?qap(t) + .. + Basa(t) + Bqpa(t) + ... (2.30)
n(t) = no(t) + anaa(t) + &?nas(t) + ... + Bnga(t) + B7nsa(t) + .. (2.31)
0(t) = 0o(t) + alo1(t) + a®0no(t) + ... + BOs1(t) + B2052(t) + .. (2.32)
x(t) = zo(t) +axaq(t) + Oézl'ayg(t) + ...+ Bxsq(t) + ﬁzxm( )+ .. (2.33)

using the expansions (2.30) —(2.33) in equations (2.22) —(2.26)and assimilating similar

power terms « and [, we obtain the :

2.3.1  zero order approximation

Q(t) = 1- %770(75)7 t>1, (2.34)
m(t) = — /t e (1 + %no(v)) v, (2.35)
bolt) = —\/E /1 ) v _:'S(%d”? > 1, (2.36)
zot) = oo — % /too ﬁ (1 + %no(m) v, t>1, (2.37)

This zero-order approximation corresponds to the flat-bottom flow case .solution

solution deorder zero approximation is: dimensionless variables =’ = %1 Yy = Ao =7

Qo(t) =1— ﬁﬁo(t):

such that

m(t) = —% /tool_v(w%ng(v)) dv,

= y, - 17
Y
= — -1
h
The flow is flat, so y = hy. So:
mo(t) = 0; = qo(t) = 1. (2.38)

And as :
mo(t) =0 (2.39)
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then
Oo(t) =0 (2.40)
and
xo(t):xoo—l/oo dv
), 1—wv
write
o — l/oo dv
mJo 1—wv
Therefore

o = —% In(t—1). (2.41)

2.3.2 first-order approximation

1a(t) = —%nl,a(t% 942
KON (2.42)
Q15(t) = —gms(t)).
00 01 (v
M.a(t) ~ —% . 911 U)dv (2.43)
ma(t)  —% [ B2
Ora(t) = — 7TF2 f1 vmta dv +2 - tan™ th;1> ’
0 5(t) ~ — f ma®) g gt —1 ( myi—1 (2.44)
LB 7TF2 1 (v—t)Vo—t v an t—1+n )’
and
“1alt) ¥~z ), e du 2.45
T t ~ f m ﬁ(v)d ( : )
175 ~ 7rF2 t 1—v v

2.4 Problem solution

Solution of first-order approximations: from (2.44), for the very large Froud number F ,we

can neglect the first term with respect to the second and obtain :

O1a(t)~ 2 ~tan ! <—\/T1> ;

t—r

(2.46)
015(t) = —2tan™! (T_—M) ,t>1,
Replacing (2.43)and completing the intergration,we find:
Ma(t) ~ 772\%? tan—! ( H) ,
~ 4m —1 1-n (247>
M.p(t) ~ T2 ion tan —1) ,t>1,
Consequently,relation (2.42)becomes of the form :
talt) =~ tan (/) (2.48)
Q5(t) = tan”! ( }5:_?> Jt>1,

Numerical study of incompressible dimensional flow problem
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and

JILa(t) ~ 82T s
{ wF Vi1 (2.49)
ql,ﬁ(t> ~ _7r3F3/1q ’ t >17

Consequently,the system solution (2.26) — (2.29)becomes by :

12

4r 1—r 4m 1—n
t l—a———tan ! — |+ f8—tan~ ! — | ,(2.50
att) m2F2\/1 —r ( t—l) 57T2F2\/1—TL < t—l) ( )

4r 1—7r 4r 1—17r
) ~ 1+a————tan ! — tan~! 2.51
y(t) +aﬁ2\/1—r al < t—l) ﬁ7‘(‘2\/1—7" a ( t—l)’ ( )
2 Vi—1 2 t—1
0(t) ~ 2% fan! (T )——ﬁtan_l (m—) (2.52)
s t—r s t—n
1 8r 1 8m
t) ~ ——In(t—1 _  + ——In(t -1 _— 2.
z(t) T n )+a7T3F2\/t——1+ T n )+ﬂ7T3F2\/t——1 (2:53)
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CHAPTER 3

Numerical Results

in this chapter, we give the results in curves showing the effect of angle « height ¢
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—-—¢ =0.03
e =005
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> X

-4 -3 -2 -1 0

FIGURE 3.1 — Effect of triangular hump height FEon the free surface profile for
a=p4,0=0,1187,F* = 10,0

Approximate solutions for flows with a large Froude number are found over a wide range of
triangular hump heights. Results showing free surface elevation over a range of triangular
hump heights €: 0,01 — 0,05, for(a = 8,6 = 0,1187, F2 = 10,0 and over a range of

inclination angle £3,0,1027 rad to 0,3 for a = 0,3, F'?> = 10 and eranges from 0,010, 02are
given in Figures 3.1 and 3.2. It is clear that for (a = f(,the free surfa@of almost
symmetrical with respect to point C,as expected. The effect of bottom shape on free surface
elevation for € = 0,005 andF? = 10fixed is given in Figure3.3.3.3. These results

demonstrate the monotonic rise in free ce elevation with increases in € andg.
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- s e o

. —> %

FIGURE 3.2 — Effect of bottom shape on free surface profile for a = 0,3rad, F'? = 10 and ¢
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FIGURE 3.3 — Effect of bottom shape on free surface profile for e = 0,005 and F? = 10
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Conclusion

Free-surface flow problems are very difficult and even impossible to solve explicitly, especially
if the effects of gravity are included. This is due to the non-linearity of the edge condition of
Bernoulli's equation, on a surface of unknown shape. In this thesis, we have studied a
two-dimensional incompressible and non-viscous fluid flow problem above the triangular

threshold using Hilbert's method and the perturbation technique.
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