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Introduction

Let V be a finite demensional vector space of dimension n over a commutative field K.
The classification of trivectors is the study of the action of the general linear group GL(V)
on the vector space A3V. Since A3V* = (A3V)*, we refer interchangeablyto alternating
trilinear forms or trivectors.

To classifiy trivectors, one often uses invariants,such as the outomorphism groups of
a trivector (w) denoted as w, Aut(w), two trivectors w; and wsy are equivalent if and only
their automorphism groups Autw; and Autw, are equivalent. Several authors have stu-
died alternating trilinear froms.

Forn < 7, the classification is completely determind by several authors, such as A.M.

Cohen and A.G. Hilminck.

For n = 8, this classification is determind in cases where K = R, C, K (algebraically
closed )F, of characteristics different from 2 and 3 and F,,.

In the first chapter, we present generalities on the notions of exterior product, split-
tability, invariants, automorphism group, commutant, and radical polynomial .

In the second chapter, we review the essential results already known abut the classi-
fication of trivestors (alternating triliniear forms) in a space of dimension < 8.

In the last chapter we present a known result that gives the automorphism group of
certain rank 8 trivectors.



CHAPITRE 1

PRELIMINARIES

I got the following chapter from : refrences number 5 and 6

1.1 Tensor product

Definition 1.1 : Let F be a vector space over a commutative field k.
There exist a vector space over k, denoted E ® E, read as F tensor E and a bilinear
form

p:EXE—FEQFE

(u,v) — v1(u,v)

Such that, for any bilinear form
e EXE—FEQF
(u,v) — @2(u,v)
There exists a unique linear map ¢ : F ® ' — K such that

P2 = POPr

ExE K

dpa L M3

E®FE

The set of bilinear maps from F x E to K, is identified with the set of linear maps from

F®FE tok.
o(E, B, K)= (E® E;K)

P2 —> @

In addition, this property characterizes F ® E we define T3(E) = E® E® F = @3E.

3



1.2. EXTERIOR PRODUCT 4

1.2 Exterior product

Definition 1.2 We denote A3E as the quotient of T3(E) by the vector subspace generated
by elements x1 ® Ty ® x3 where x; = x; for 2 indices i # j. we call N’E the 3rd

exterior power of E.

We denote x1 A xa A x3 = 1 ® T2 @ x3 which is rad as x1 exterior Ty exterior rs.

1. The outer power A*E can be defined similarly the tensor product .

Ywl

w:EXEXE—k
(1,9, x3) —> w(x1, T2, T3)
wad
A3w
W =wouw
w(wy, xe,23) = 21 A g A\ X3

w(zy A xg A x3)

(x+y)AN(x+y)=0
=rxNrx+yANy+xAy+yAz

TANYy=—-yAc.

Page : 4



1.2. EXTERIOR PRODUCT

1.2.1 Support and rank
The support of w denoted S, is the smallest subspace F' of

such that w € A*F; the dimension of S, is called the rank of w denoted rk(w).

1.2.2 Radical

Let w € A3E* be a trilinear form, the radical of w is the set :
Rad (w) ={z € F/w(z,y,2) =0,Vy,z € E}
If Rad w = {0}, we say that w is not-degenerate or of maximum rank.
1.2.3 Decomposable vector
A non-zero trivector w is called decomposable if there exist x,y,z in E such that
w =z Ay A z(exterior product).
A trivector is the sum of decomposable trivectors, and minimal number of

trivector needed is an interesting invariant, known as the length.

Notation 1.3 : often written as x1, o, x3 or instead of x1 N x9 A x3.

1.2.4 Divisible vector

Let w be a non-zero trivector, w is a divisible trivector if there existed an

r € E—{0g} and u € A’E; such that F = Kz @ Ey and w = x A .
1.2.5 Group The action on a set
Definition 1.4 :The action of the linear group GL(E) on the set of alternating trilinear
forms Alts3(E), is done as follows :
for f € GL(E) and w : E x E X E — K an alternating trilinear
form, we have f.w(x,y,z) = w(f(x), f(y), f(2)) satisfying the following conditions :
for all fifs € GL(E) an alternating trilinear form
L(fro f2) = f1.(fo-w)

2.1dp.w = w.

Page :



1.2. EXTERIOR PRODUCT

Definition 1.5 :The action of the linear group GL(E) on the vector space N3E, is defined
follows :for all f € GL(E),w € N3E, f.w = (A3 f)(w) where A*f is an endomorphism

of N3E, defined by :N3f(x Ay Az) = f(x)A fy) A f(2).

According to isomorphism N3E* = (A3E)*, both definitions are employed.

1.2.6 Alternating trilinear forms

The vector space A*E can be defined in another way using alternating trilinear forms
for any vector space E over a commutative field K, the set Alt;(FE) of alternating trilinear
forms

h:Ex ExFE — K is itself a K vector space for the usual term-wese operations

Definition 1.6 :A trilinear form

w:EXEXE— K
(z,y,2) —w(z,y,2)
Is termed alternating if w(x,y, z) = 0 whenver x; = x; ;
for a pair of indices i # j for each linear application
f: E —F
Nf: WE—WwE WE
T Axg Ay — A3 f(21 Ao A T3)
= flz1) A fz2) A flzs)

1.2.7 Stable parts

Lemma 1.7 : Let E be a vector space over the field K and consider the alternate bilinear
form definde by :

w(y, z) = w(x,y, z) (w an alternating trilinear form).

Then,the set R; = {x € E/rkw® = 2;} (0 < 2; < n)is stable under Aut(w), meaning
f(Ri(w)) C Ri(w).

The set R;(w) = x € E/w(x) of type w; is a stable subset for Aut(w).

Proof. :We use stable parts to determine automorphisms . [

Page :



1.2. EXTERIOR PRODUCT

Lemma 1.8 : Let E be a vector space over field K, of finite dimension, let Vi and V5
be two subspaces of E such that dim Vi =dim V5.

If f is an endomorphism of E that leaves the union of Vi and Vy stable, that is
F(ViUVy) C V4 U Vs, then either [f(V1) C Vi and f(Va) C Va] or

[f(Vi) € Va and f(V2) C V4.
Proof. Since f(V; U V,) C Vi U V,, we obtain :

fM)n(iue) =fvy), 1 f)ninte) = f(V1),
FV2)N (ViU Vz) = f(Va). fVa)n(VinVz) = f(Va).

(fV)nwu(fvi)nve) = f(V1) 1
(f(V) W)U (f(Vo) N Va) = f(Va) 1T

Now, the union of two vector subspaces is a vector subspaces if and only if one is

included in the other, as follows :

(f(V)nVi) C (f(Vi) N (Va)or((f(V1) N V2) C (f(VA) N VA)),
and

(f(V2) 0 V1) € (f(V2) 0 (Va)or((f(V2) N V2) € (F(V2) N1A)).
Remplcing in I and II, we obtain :

(Vi) n Vi) = (f(V))or((f (V1) N Va) = F(W1)),

and

(f(V2) n V) (f(Va)or((f(V2) NV2) = f(V2)).
This implies that :

(f(Vi) € Vi)or(f(V1) C Va),

and
(f(Va) C V) (f(Va)or(f(Va) C Va).

We have four cases depicted :

(f(V1) € Vi) and f(Vi) C Va)or(f(V1)Va) and f(Va) C Vi)
and

(f() W) and f(V2) € Wi)or(f(V1) C V) and f(V2) C V2)

The last two cases are impossible because, for example :
If f(Vi1) c Vy and f(Va) C Vi since dim f(V}) = dimV; and dim f(V,) = dimVs.
Thus f(V4) =V and f(V,) = Vi = Va(since f is injective), which is absurd because :

Ul%‘/g. U

Page :



1.2. EXTERIOR PRODUCT

1.2.8 Scindable elements
Let E, and F5 be two supplementary subspaces of E, A3F is identifies as :

REZIAVE, @ NFE).

An element w € A3E is said to be scindable, if there exists a decomposition

E = E, @& E5 such that :

w € B} ® A’E, concidered as a direct factor of A2E.

If dimFE; = r, we say that w is r-splittable. Splittabilty is a generalization of
divisibility. Indeed w is divisible if and only if w is 1-splittable, a property that does

not depend on the base field because it is equivalent to saying that the mapping :

E — AE
is not injective
T — TW
Let w a be an r-scindable element and {e;........ e, tbe a basis of Ey, Y., e;u;
whereu; € A2E,. The u; are uniquely determined by the basis e, ...... e, of Fy.

Then w is determined by the vector subspace F of A2E, generated by the u;,

indeed if we change the base in F;, and if the new basis f; is given by :
€ = Z;;l aij fj,
w= e = 0y [T aui) =375 fiug,

the v; are obtained from the w; by the countragradient change of base from the one
that goes fromthe basis f, to the base e; this can also be seen using natural
isomorphism between E; ® A?2E, and Hom(E}, A2Ey) if ¢ is the element of

Hom(E}, A*F,) canonically associated with w F is nothing other than ¢(Ej). the same
trivector can be scindable for several values of the integer r as shown by the example :
Wwr3 = €1+ eg + e3 + e3 + e4 + e5 + eseger which is 2 and 3-scindable :

CU7’3 = 63(6162 —I— 6465) + (6566)67 = €1 (6263) —f- 64(6563) —f- 6566)67.

Page :



1.2. EXTERIOR PRODUCT 9

1.2.9 Exact sequence

Definition 1.9 : Let &' 5 G % G"be a sequence of group homomorphism.

We say that this sequence is exact if
Im f=Ker g.
Example 1.10 If H is a distinguished subgroup of G, the sequennce
HLG5G/H
Is exact (7 being the injection and ¢ is the canonical projection)
Notation 1.11 Stating that, the sequel
1 —oLeshe —1
Is exact, means that f is injective, Imf = Kerg and g is surjective.
1.2.10 Invariant and trivectors :theAut(w) invariant
The group of automorphisms of w, Aut(w) is the stabilizer of w in the action of GL(E)
that is, the subgroup of GL(E) consisting of the automorphism of E that leave w
invariant Aut(w) = {f/f € GL(E)and N\? f(w) =w} ={f/f € GL(E)andf.w = w}.
The orbit of w GL(E) is then in bijection with the set of left classes GL(E)Aut/(w).
1.2.11 Commutant

The second invariant was itntroduced by B.Kahn. if w € A*V*, the commutant

of w denoted by C(w), is defined as the set of endomorphisms f : V' — V such that :

w(f(v1),v2,v3) = w(v1, f(v2),v3) = w(vy,ve, f(v3)), for all vy, vy, v3 € V.

Example 1.12 .
1) Let V be a K-vector space of dimension 5,{e;, e, €3, €4, €5} a basis of V, and let w € N3V

with ws = e1eg€3 + €1€4€5

C(w5) = {f V— V7w<f<ei)7€j7ek) = w(€i7f<€j>7ek) = w(ei7€j7f<€k>>7 1< i;j; k < 5};

Page : 9



1.2. EXTERIOR PRODUCT 10
si [ € C(ws) then the matriz associated with f is of the form :
e1)f(e2)f(es)f(es)f(es)
ar B Ao €1
ay Bo 2 Az o €2
as [ Y3 A3 3 €3
ay By Y4 A g €4
as Bs v As s es
We have
W(f(el), €2, 63) = w(€1, f(€2)> 63) = W(ela €2, f(€3))
and
W(f(el); €4; 65) = w<€17 f(€4)7 65) = W(eh €4, f(€5)>‘
As
w(€17€2,€3) = W(€1,€4,€5) =1
and
w(e;, ej,ex) = 0.
Then
w(oger + agey + azes + aueq + ases, ea, e3) = w(eq, frer + Paes + Pses + [aes + Pses, €3)
= w(eq, €2, 711 + Y2€2 + Y3€3 + Yaes + V5€5)
Let’s Calculate
sw(ayer + e +ages+age,+ases, ea, e3) = aqw(er, ea, e3) +asw(es, €2, €3) +asw(es,a, €3)
+ agw(ey, €2, €3) + asw(es, ez, €3)
—a;+04+0+0
*w(e1 P +eafB2 +esfs+esfBa+esfs, e2,e3) = Brw(er, ez, e3) + faw(ea, €2, €3) + Baw(es,z , e3)
+ Baw(ey, €2, e3) + Psw(es, e, €3)
=0+8+0+0+0
Page : 10



1.2. EXTERIOR PRODUCT

11

*w (Y161 + Yo€2 + Y3€3 + Va4 + V55, €2, €3) = Y1w(eq, €z, €3) + Yaw(e€g, €2, €3) + Y3w(es,2 , €3)
+ 74w(e4, €s, 63) + ’y5w(65, €2, 63)

= o=y =13

of
w(f(e1), es,e5) = wler, fes),e5) = wle, eq, f(es)),

that is

w(aier + agey + ages + agey + ases, ey, e5) = wler, Ae; + Agea + Ages + Ageq + Ases, e5)

= w(ey, €4, pey + paes + pses + paey + pises)

S0

w(arer + azey + azes + ayeq + ases, eq, 65) = aqw(er, eq, e5) =
W(Gl, )\161 + )\262 + )\363 -+ )\464 + )\565, 65) = )\4&)(61, €4, 65) = )\4

w(er, e, 1e1 + poes + pzes + pueq + pses) = psw(er, eq, e5) = fis
0412522)\32/\42/%-

Similarly

fi=nm=M=n=m=L==l=0=FRB===0u=30=7=

pa = a5 = P5 =7 = A5 = 0.
Finally, the matriz associated with f will take the forme :

ap 0 0 0 O
0 o0 0O 0 O
MB(f)=1 0 0 a 0 0 = ay/;
0 0 0 a O
0 0 0 0 o

2)Let weg o the trivector ejesey + eseses + ereses, let’s calculate Clwgz) -

Page :
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1.2. EXTERIOR PRODUCT
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We have

{w(€1, ez, e4) = w(ez, e3,65) = wler, es,66) = 1

UJ(ei? €5, ek) =

]ff S C(wb”g) then

(

w(f(er), ez, eq) = (el; f(€2);e4) = wler, eq, f(es))

and

q w(f(ez),es,e5) = wley, fles), e5) = wley, es, f(es))

and

(w(f(e1),es,e6) = w(er, fles), e6) = w(e, €3, fles))-

The matriz associated with f in the basis B = {ey, ea, €3, €4, €5,€5} s of the forme :

ar B MoA M O
ay Pa Y2 Aa p1 09
as B3 73 A3 p1 03
MB =
(7) ay By o4 A 1 04
as Bs V5 As g1 03

as Bs Y% Ae 1 O
by direct calculation , we find :

w(f(el)a €2, 64) = W(eh f(62)7 64) = W(€1, €2, f(64)) =a; =M\ = o
w(f(ez2),e3,65) = w(ea, flesz), e5) = w(ea, €3, fles)) = B2 = 73 = s

w(f(e1), es,e6) = wler, fes), e6) = wler, es, f(es)) = a1 =3 = g6
and

ap=Ps=ym3=M=pus=0=A\\€E K.

We also have :

w(f(er), e, e3) =wler, flez),e3) = wler, e, 2, fes))

=a;=—fs=nu=p00€K

w(f(ei)7€jaek) = W(ei7f<€j)7€k> = W(ehejaf(ek)) =0

Page : 12
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Sm=as=u=as=0=0=0=0F=n1="%=7%="

I
kg
I
>

no
I
>
w
I
>
ot
I
>
(@}
I

M1 = Mo = 3 = g = He = 01 = 02

0 0
Therefor, the matrize MB(f) —( él, (l)) ) where A = M3z, D =Xz withC=| B 0
0

where o, f € K,
let’s denot by € : V. — V' linear application defined by €(e1) = e5, €(e2) = —eg,

e(es) = eq ele;) = 0, if i € {4;5;6}, thus f = Nd, + Be, e = € o e = 0 which proves
that C(we2) = K [€],wher €* = 0.

1.2.12 Radical Polynomial
The third invariant was introducted by Hora , the radical polinomial of w.

Let V be an n-dimensional vector space over a finite field F, and w be an alternating
trininear form .

We fix v € V, and define the radical Rad,(v) of v as :

Rad,(v) = {u € V,w(v,u,z) = 0,VzwV'}.

The rank of v and the codimoension of Rad,,(v) in V ,
that is r,(v) = n — dimRad,,(v).

we define

pw) = Py 2@

p(w) is a homogeneous polynomial of degree n; and it can be written as :

p(w) =35y 'y
where> """ o = ¢"

Example 1.13 . Let V be a 5-dimensional vector space de over Fy, for wb = ej(eses +
6465) = e1€9€3 + €164€5.

Let’s Calculate p(ws) = Z?:o a; 'y~ with Z?:o a; = 2° = 32.

Page :
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1.2. EXTERIOR PRODUCT 14

dimRad,.(0) =5, so 1, (0) =0,09 = 1,
Ther exist 15 vectors :
€2, €3, €4, 65,62 + €3,62 + €4,€2 + €5,€3 + €4,€63 + €5,€4 + €5,€2 + €3+ €4,62 + €3+ €5,€2 +
estes, e3+eq+e5, ea+e3+ey+es where the radical is dimension 3 so 1, (v) = 2, ag = 15,
there exist 16 vectors :
€1,e1+€2,e1+€3, e1+€4,€1+€5, 61+€2+€3, €1 +€3+€4, €1+€21+E5, €1 +€3+€4, €1+€3+€5, €1+
€4+€5, 61+€2—|—€3+€4, 61+€2+€3+€5, €1+62+€4—|—€5, €1+€3+€4+€5, €1 +€2+63+€4+€5

where the radical is dimension 1 so r, (v) =4, a4 = 16.

Hence, the radical polynomail of ws s :

p(ws) = y° + 152%° + 162y, with 1+ 154 16 = 32 = 2°.

Page : 14



CHAPITRE 2

CLASSIFICATION OF TRIVECTORS AND
AUTOMORPHISMS GROUPS

I got the following chapter from : refrence number 7

2.1 Classification of trivectors

Let K be an algebraically closed field,and E a K-vector space.

2.1.1 Classification of trivectors in dimensions below 6

1. For dimE = 3, there is only one orbit of non-zero trivectors :if w € A3E, there
exists a base eq, es, e3 of E such that w = eq, s, €3.

2. For dimFE = 4, all non-zero trivectors are decomposable,so A*E has two orbits,in
a base (¢;),1 <i <5

a representative of each orbit is given by :

0

€1€2€3

3. For dim = b5, the isomorphism A3E = A2E* shows that there are three orbits in
NE

Indeed, if a trivector is non-zero and non-decomposable, it is necessarily of maximal
rank, thus

divisible by a vector e; : w = eju where u is a bivector of rank4; we can choose any
supplement

S, of Kep in E and there exists a base (e1),1 < i < 5, of F such that a representa-
tive of each

orbit is given by :

15



2.1. CLASSIFICATION OF TRIVECTORS 16

€1€2€3

e1(ezes + eqes).

2.1.2 Classification of trivectors in dimensions 6

Let E be a vector space of dimE = 6 and let w € A3E a trivector of maximum rank

rk(w) = dimE = 6.

There exist a basis (e;),1 < i <6, of E such that w can be written as :

We,1 = €1€2€3 + 646566
We,2 = €1€2€3 + €9€3€x + €1€3€¢5.

That is there are 2 orbit of maximal ranke.

2.1.3 Classification of trivectors in dimensions 7

There are five orbits of rank 7, two orbits orbits of rank 6, one orbits of rank 5, one
orbits of rank 3, and one orbits orbites O :

w3 = ereze3, rk(ws) = 3

ws = e1(ezes + eqes), rk(ws) =5

We,1 = €1€2€3 + e4es5eq

Weo = €1€2€4 + €ge3es + ereseq, rk(wsy = rk(we 2 = 6

Wr1 = 61(6263 + €4€5 + 6667)

Wro = Wr1 + €2€4€4

Wr.3 = €1€2€3 + €3€4€5 + €5€6€E7

Page : 16



2.2. AUTOMORPHISMS GROUPS OF TRIVECTORS 17
CU774 = 61(6263 + 6465) + €9€4€¢5 + €3€5€E7
Wr5 = Wr 2 + €3€5€7
rk(wr;) =7,i=1,5.
2.1.4 Classification of trivectors in dimensions 8
There are 13 equivalence classes of trivectors of rank 8. In a base (e;) of £ ,1 <i < 13,
a representative of each class is given by wg;,1 <4 < 13 from table 1.
wa,i Expression of of an orbital representative
ws 1 e1(ezes + eqes) + egeres
W&Q 61(6263 + €4€5 + 6667) —+ €5€6€8
w8,3 61(6364 + 6566) -+ 62(6365 -+ 6768)
Ws.4 61(6263 + 6465) + 66(6267 + 6468)
w875 61(6263 + 6465) -+ 66(6263 -+ 6768)
Ws.6 e1(eses + eges + eger) + eg(eges + eseq)
ws,7 e1(ezes + eqeq + exer) + ea(eseq + eres)
ws 8 e1(eses + e3eq + eser) + egeres + eseqes
w&g €1 [62(63 + 64) + 6566] —+ €3€5€7 + €4€6€8
Wsg.10 €1 (6268 + 6667) + e2eded + €3€4€6 + e4€5€7
w&n €1 (6367 + €564 -+ 6862) -+ €8<€4€3 -+ 6667) —+ €9€4€¢
ws 2 | €1 [(es —er)(es — es) + eseq] + ea(ezes + eseq) + eseres
Ws.13 e1 es(es — e7) + eseq] + ea(esey + esep) + egeres
2.2 Automorphisms groups of trivectors
2.2.1 automorphism group of Trivector below 6
Property 2.1 The group of automorphisms Aut(ws),ws = ejeses is the special group
SL;(E).
AUt(Wg) = SL3<E)
Proof. We have Aut(ws) = {f/f € GL(F) and f.ws = ws.
Let B = {e1, €2, e3}be a basis of E. Since ws(eq, €3, e3) = 1, ws(e;, €5, €;) = 0 otherwise.
f € Aut(wz) = f.ws = ws.
f.ereges = f(€1€2€3)
— €1€2€3
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Let Mp(f) be the matrix of f :

1 Y2 Zz3
MB(f) = T2 Y2 22

T3 Ys Zz3
We have,
€1€6263 = f(el)f(62>f<€3)
e1ezes = (T1e1 + Taes + T3e3) (Y161 + Y2e2 + Yses) (yre1 + yaea + yses) (2161 + 2262 + 23€3)
e1eses = T1Y2z3(e1e2e3) + T1ys2a(ereses) + Toyr z3(€2e1e3) + waysz1 + (e2e3€1)
+ x3y122(€3€1€2) + T3y221(e3€2€1).

1 Y2 =3
€1€2€3 = | T2 Y2 <2 |€1€2€3
T3 Ys <=3
This yields :
det(Mys(f)) = 1 Aut(w) = {f € GL(E), det(Mg(f)) = 1}.
So :Aut(w) = SL3(E). O
Property 2.2 The Automorphism Group A = Aut(ws), ws = e1(eses + eges) is given by
the following exact sequences :
1l — A —A—Fk —1
1 — K — A — spy(k) — 1
Proof. Let’s Consider the set Fy = {z € E/zws = 0}; So x = Z?:l oe; € By,
x = woze; and E; = Vect{e;}.
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So,
rAws =0= (1e1 + ages + ... + azes) A (ereges + ejeqe; = 0
vV:A— K*
fw(f) = NS
for « € K*, we consider the linear mapping f : £ — F
defined by f(e1) = a1, f(es) = a tey, f(ezit1) = €aiq1, for i = 1,2. Let f € A = Ker,
as f.ws,e; A? f(eges + eqes) = e1(eae3 + eqes5), in other words A% f(eqes + eqe5) = egez +
eqes + wep with € Ey = Vect {ey, e3, €5, €5}
Let’s consider g : By — E, Mpg(g) = B, the linear application whose matrix is
B : N%g(eges + ege5) = eses + eqes the homomorphism ¢ @ A — Spy(K)
defined by :p(f) = B is surjective and has a carnel isomorphic to K*, hence the re-
sult. OJ
2.2.2 automorphisms group of rank 6 trivector
Property 2.3 The automorphisms group A = Aut(we1) is determined by the following
exact sequence :
1 — SL3(K) x SL3(K) — Aut(we1) — Z/2Z — 1
Proof. ws 1 = ejezes + esese4
We have R; = vect {ey, eq,e3} Uvect {ey, e5,e6} = V1 U Vs is a stable subset for f,
soif f € Aut(we1, f(R1) C Ry. Let V =V, UV, where Vivect {ey, €2, e3} and
Vo = vect{ey, es,e6}. f(V1 U V) C (V4 U V).
Then,
f(Vi) € Viand f(Va) C Vaor f(Vi) C Vz and f(V) C V4.
This allows defining a group homomorphism form A = Aut(ws 1) into Z/27Z by :
v: A— Z)27
f—e(f)
where :
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(f)_ 1iff(V1)CV1andf(V2)CVQ
AT S1if F() € Vaand (V) € W

Let’s calculate Ker ¢ = {f/f(v1) C V1 and f(V2) C V.

Let fi = f/Vi and fo = f/Va.
Therefore, the matrix of f is in the form :

MB(f) — ( 641 ?472' ), A= MB(fl) and As = MB<f2)

Since f € A = Aut(ws;)that is fws; = we ;1 thus,
e169€3 + eses566 = detAj.ejeqes + det Ay.eqes6.
This proves that detA; = 1 and detA; =1

that is Ay, As € SL3(K)

Hence Kerg = SL3(K) * SL3(K)

© is surjective because :

o(idg) = 1 and ¢(fo = —1), fo is defined as :

Henc, the exactness of the sequence

1 — SL3(K) SL3(K) — A — Z/2Z — 1

O

Property 2.4 The automorphism group A = Aut(ws2) is determined by the following

exact sequence :

Page :
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2.2. AUTOMORPHISMS GROUPS OF TRIVECTORS 21
1 — K® — Aut(wgs) — GLi(K) — 1.
Proof. We have :
We2 = €1€2€4 + ege3es + €636
Let Vi = vectey, eo, €3, V] is a stable subset.
Thus, f(V1) C Vi, allowing us to define a group homomorphism from Ay = Aut(we2)
to GL3(K) as follows :
© : A2 — GLg(K)
f—0(f)=f/W
Therefore, Ker ¢ = f/f(V1) = id.
For f € Kere.
1 00 rr Y1 =1
010 T2 Yo 29
o 0 0 1 T3 Ys Z3
Mp(f) = 000 24 ys 24
0 00 s Ys <5
0 0O Te Ys <6
Of fw=w
= f(e1)f(e2)f(ea) + flea)f(e3)f(es) + f(e1)f(e3)F (es) = ereaeq + eaezes + ereses.
By identification,we find
eregey Ty =1, 25 =24 =0
ezezes 1Yy = 1,ys = 26 = 0
€1€3€g . 24 — 1,24 = Z5 = 0
er1ese3: 3+ Yy — 20 =0— 20 = 23+ ;.
So :
1 11 1T Y1 21
I 1T 1 2 9y w3+
. 1 01 T3 Ys Z3
Ms=109001 1 1
0001 1 1
0001 1 1
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2.2. AUTOMORPHISMS GROUPS OF TRIVECTORS 22
The kernel ker w is a subgroup of GLg(K) formed by triangular matrices
Mg(f) = < é?’ ? > where A € M3(K) satisfies the condition zo = x3+ yy, thus it is
3 13
the additive group K.
Hence Ker ¢ = K3
Let’s demontrate that is surjective :
aq bl C1
Let A= az by c¢3 | bean element of GL3(K),and let’s determine f € Aut(we2)
az bz c3
such that f/V} = A.
Then, M(f) is of the form :
ap by ¢ mm oy =
az by co Ty Yo
. a3 bs c3 w3 ys 3
M(f) = a b ¢ w4 ys
0 0 0 Ts5 Ys Z5
0 0 0 Te Ys <6
Since f.w = w, then,
f(e1)f(e2) f(es) + flea) f(es) fes) + fler) f(e3)F(es) = ereseq + eaezes + ereses.
Thus,
€1€2€4 . (Cllbl — ale)m + (bQCg — b3€2)3/4 + (a103 — a301)24 =1
egeses : (azbs — asby)xs + (bacs — bsca)ys + (agcs — asca)zs = 1
ereses : (a1bs — asby)xe + (bics — bser)ys + (arcs — azcr)zg = 1
€1€3€4 . (albg — a3b1>l’4 + (6103 — bgcl)y4 -+ (CL1C3 — CL301)Z4 =0
€9€3€4 . (a2b3 — CL3b2)ZL’4 + (6203 - bgCQ)y4 + (CLQCg - 6L302)Z4 = 0.
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2.2. AUTOMORPHISMS GROUPS OF TRIVECTORS 23
Let’s set :
&1[)3 — Clgbl b1C3 — b3C1 a1C3 — azCy
MB = CL1b3 — Clgbl b103 — bgCl a1C3 — asCy
agbg - a3b2 b203 — bgCQ a9C3 — A3C2
Then,
Ty 1
B=1|wy |=|0
Z4 0
T4 0
B={wy |=|1
Z4 0
T4 0
B = Ya = O
Z4 1
a; b bi a; G
as by by co az C3
As det B = @ by bia @A
az b3 by c3 as Cg
as by by ¢ Qg Co
as bg bg C3 as Cs
Let’s define :
U1 = aie; + agzez + ases
Ug = b1€1 + b262 + b3€3
Uz = c1e1 + Coeo + C3€3
If V = vectuy, us, us, then ujusg, ujus, usus is a base of A?V.
So det ujug, uyusz, usus # 0 that is detB # 0.
Hence the existence of x4, yu, 24, Ts, Y5, 25, T, Yo, 26 and T1, To, T3, Y1, Y2, Y3, 21, 22, 23
satisfying the relation :
.I'l((lzbg — a3b2) — %2(&1()3 — agbl) + .%'3((12[)3 — ngg) + Y1 (bQCg — bgCQ) — y2<b1C3 — bgcl) +
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y3(b1bcg — bacy) + z1(ages — azes) — zo(ajcs — azey) + z3(aicy — asey) = 0.
Thus it is surjective .
(we can take 7] = 19 = T3 =y = Yo = Y3 = 21 = 20 = 23 = 0).

Hence the result. O
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CHAPITRE 3

(GROUP OF OUTOMORPHISMS OF THE
ALTERNATING TRILINEAR FORM OF RANK
8

I got the following chapter from : refrence number 3

3.1 The Group of outomorphisms of w where the inva-
riant d; = 3

Property 3.1 The automrphism group A; = Aut(ws,) is determined by the following
exact sequences :

1 — SL3(K) — A1 — Aut(ws) — 1
1 — Ay — Aut(ws) — K* — 1
1 — Ky — Ay — Spy(K) — 1
1 — SL3y(K) — A} — Aut(ws) — 1
where wy = eq(exe3 + eqe5)

Proof. : B B B
Let w = ef(esel + ejel) + eferel, we determent R<y(w) = Ry(w) |J R1(w).

Let us therfore assume :
- 8
fa : fa(x’ y) = (.U(CI,,QL'7 y) Wlth a = Ei:l aiei
then w® = ajese; — agejes + aseijes + ajejer + asejel + aseje; +
ageses — areges + ageges therefore :
a __ * * * * * k * * *
w® = (ar1€5 — agey)el + (are] — aqel)er + (ages — azel)es +

ei(ases — asey) + ageges. Let’s calculate iy (w®) = %with ~Yo(w®) we find :
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3.1. THE GROUP OF OUTOMORPHISMS OF w WHERE THE INVARIANT d; =3 26
asag = 0 asag = 0 asag =0 asag = 0
a =0 and asa; =0 and asa; =0 and { asa; =0 and asa; =0
ao08 — 0 asag = 0 aqag = 0 asag = 0
(IQV =0
Qg
a3V =0 .
av_owhereV: a7 | if V #£ 0 then ay = ag = a4 = a5 = 0 so we have the s.v
WV =
asV =0 s
< €g, €7, €8 >,
if V' =0 then ag = a7y = ag = 0 so we have the s.v < eg, e3, €4, €5 >,
ﬁnally Rﬁl(w) =< e, €3,€4,€5 > U < €g, 7,8 >= ‘/1 U‘/Q
We remark that Vi (Vo = {0}, so if fi = Aut(w) we have :
f(R<i(w)) C Rey(w) from where {f(Vi) C Vi and f(V1) C Va} or
{f(Vi) C Vo and f(Va) C Vi}.
this case {f(V1) C Vo and f(V2) C Vi} is impossible because that case
fler), f(e2), fles), f(ea), fes) €< es,e7,e8,> and f(es), f(er), f(es) €< ea, €3, 4,65 >
and f € Ay
that is to say A3f(w) = w il suffices to consider the cofficient of ejeqe3, 1 = 0,
we fined 1 = 0,where
{f(Vi) Vi and f(V1) C Vao} and the matrix associated with f takes the following from :
(05} 1 1
€%)
as
My(f) = ay A Ogx3
Qs
Qg
ar O3xq4 B
asg
Let f € Ay, A3f(w), entrains :
N3 f le1(eses + eqes)] + A3 f(egeres) = eq(eses + eqes) + (egeres)
so A3 f [e1(eaes + eqes)] + Aegeres) = e(eaes + eqes) + (egeres)
then egrs : A = lwith A = detB so :B € SL3(K)
subsequently A3 f [e;(ezes + eqes)] = e1(eaes + eqes) that is to say
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fle1) A3 f(eges + eqes) = eq(eges + e4e5),50 :

f(er)er(eses+eqes) = 0 subsequently (ageq+...4+ageg)ereses+(age;+...+ageg)ereses = 0
they give ap = a3 = ... = ag =0,

from wher f(e;)aje; with A3 f [er(ezes + eqes5)] = e1(eses + eqes),

it is deduced that f|< ey, eq, €3, €4, €5, >€ Aut(ws) this allows defining a group

homomorphism ¥ :
A S Aut(ws)

f —> \I](f) = f |< €1, ...,65 >

¥ it is obviously surjective , because all you have to do it is takeB = Id3 other side :
Ker(W) ={f/fi and oy =1, A= Ids},
or A} f(w) = w entrains Ker (¥)3(K),

the exactness of the following sequence, hence :

1— SLy(K) 3 A; — Aut(ws) — 1(3.1)

and as Autws checks the exact sequences :

1 — Ay — Aut(ws) — K — 1 (3.2)

1— K* — Ay — Spy(K) — 1(3.3)
so Ay = Aut(ws ) is defined as 3.1,3.2and3.1.

[1-2-1.group AsAut(wsz) O
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Property 3.2 :
The automorphism group Ay = Aut(wss2) is determined by the following exact sequences :

1l — A, — Ay — K — 1
1— A — A, — SLy(K) — 1
11— AY — Al — K* — 1
1— K% — A — SL(K) — 1
Proof. :
Let’s first determine the stable part scientifically R3(w) = {x € E/w(x) is of rank3} ,w =
ws 2, we remarck that e; € R3(w).
Let z = 2?21 age; so if a; # 0, we have e; A\ + Aoes + ... \geg
then :w(x) A1 4+ Agea + ... + Ages)(eae3 + eqes + eger) + eseges,
subsequently 1w (x) = Aaéa€s€5w(T) = Aa€a€s€7 + A3€3€4€5 + A3€3€667\1€4€62€3
A1€4E7€6 + A5€562€3 + A5€5€5€7 + Ag€6€2€3 + AgE6E4ES

+ Ar€ré€ae3 + A\r€r€4€5 + 56663

[rank(w(x))] < [@(x)is decomposable]
Let the relationships be :

Zieij €ig. oG- {iyrugy = 0.(%)
whrer €,y = F1

the (*) relations are called the grassmann relations :
thus they are necessary and sufficient conditions for w(z) to be decomposable.([1] [2])

Let’s us assume J = {2,4,5,6}; H = {2,7} soJ — H = {4,5,6} .Subsequently(*)they
give :

€4Q2560247 + €502460257 + €6A2450267 = 0,
0 €4(0) + €5(0) + €6(A2)(A2) = 0 from where A3 = 0 that is to say Ay = 0.

Let’s us assume J = {3,4,5,6};H = {3,7} so J — H = {4,5, 6}subsequently(*)they
give :

€403560347 + €503460357 + €6a345a367 = 0,
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3.1. THE GROUP OF OUTOMORPHISMS OF w WHERE THE INVARIANT d; =3 29
then €4(0) 4 €5(0) + €6(A3)(A3) = 0 from where A3 =0
let’s us assume J = {2,3,4,6}; H = {4,7} so J — H = {2, 3, 6}subsequently(*)they
give :
€203460247 T €30246A347 T €6A2340467 = 0,
then €6(0) + (Ay)(Ag) = 0, from where); = 0,
let’s us assume J = {2,3,5,6}; H = {5,7} soJ — H = {2, 3,6} subsequently(*)
€203560257 T €302560357 1 €6A2350567 = 0,
then €6(0) + €5(0) + €5 = 0,from where A5 = 0,
let’s us assume :J = {2,3,4,6}; H = {5,6} so ,J — H = {2, 3,4} subsequently(*)
€203460256 + €302460356 + €4a236a456 = 0, then : €4(Ag)(Ng) = Ofrom where :A\g = 0,
let’s assume : J ={2,3,4,7}; H ={5,7} so J — H = {2,3,4}
then eyasygaosy + €3a947a357 + €4a9370457 = 0,from where
let’s us assume :J = {2,3,4,8}; H = {5,8} so J — H ={2,3,4},then :
€2(0)assgasss + €3(0)agssasss + €4(0)azsgayss = 0 from where Ag = 0
let’s us assume J = {2,3,4,8}; H = {5,8} so J — H = {2,3,5} then :
€2(0)assgasss + €3(0)agsagss + €4(0)agsgasss = 0 from where Ag = 0
it is deduced thet Ay = A3 = ... = A\g = 0, that is to say e; = \jx where : z = aje;
we obain :
R3(w) =< e; >

Permutation

! €1 €2 €3 €4 €5 €Cg€7 €3
€1 €5 €5 €g €3 €37 €4
wg.2 becomes w = 61(6566 + egeoq + 6367) + eqe3ey.
As R3(w) =< e; > is a stable part so we can define a group homomorphism 7 :
Ay 5 K*
fr—7(f) =X where f(e;) = Aey.
7 is surjective indeed for A € K*; there exists fy € Ay defined by :
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foler) = Aew, fo(e2) = A ey, foles) = es, folea) = Aeu,

foles) = es, foles) = A eg, foler) = A ler, foles) = es

Hence the accuracy of the sequence 1 —s Al — Ay > K* — 1

whereAl, = Kerm. Let f € A} so w = ej(eseg + eseq + €3€7) + eae3e4 S0 1w = e1e9€3ey
subsequently AYf(e;w) = f(e1) A3 f(w) = eqw = At f(ejesesey), that is to say :

A f(ereseses) = eresesey form where < ejegesey > is stable by f.In this case, the matrix
of f is the form :

ay by @ x oy 21 b
az by ¢ wy ys 23 1o
az by c3 w3 y3 23 I3
My(f) = a4 by ¢4 Ty Yy 2z Uy
Ts Ys 25 s
Te Tg 26 Lo
O4x4 T7 T7 Zr tq
Ty Ys 28 lg

o O O

the equality A® f(w) = w they give [(z1€1 + .....zg€8)(z1€1 + .....w8€8) + (t1€1 + ....tg€8)(arer + azes +

(a161 + ..+ (l464)(b1€1 + ...+ b464)(6161 + ...+ 0464) — e1eg€g + €1€8€9 + €1€3€E7 + 26364

Ts Ys
SO Ci56 - =1
156 T6 Y
from where ( 5 s ) € SLy(K)
T Yo
: — =0
C157 - T5Y7 — T7Ys5 They give x7 =y; =0
Ci67 : TeY7 — T7ye = 0
and

Ciss : Tsys — wgys = 0
Cie8 : TeYs — Taye = 0

they give g = yg =0
this allows us to define the homomorphism ¢t :

Ay — SLy(K)

Fen= (o)

Qg
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t is surjective for ( ;5 55 > € SLy(K),there exists fi € A defined by :
6 Yo

filer) = e1, fi(e2) = €2, fi(e3) = es, fi(es) = eu,

fies) = wses + weeq, fi(es) = yses + yses, fi(er) = er, fies) = es,

from this, it is deduced that the following sequence is exact :

1 — A — A, 5 SLy(K) — 1

where A} = Ker(t),

set f € A”s0x5 =ys = 1 and 76 = y5 = 0 and as A?f(w) = w we obtain

€1 [(xlel + Zoeg + Tze3 + Ty€yq + 65(3/161 —+ Yo€2 —+ Ys€s —+ Ya€4 + 66) + (t161 4+ ...+ tgeg)(a161 +

so we have
T2 Y2 C3 Cig2 : tgag — byzg =1 Ci37 : tgaz — bzzy =1
Co34 | 3 Y3z C3 | = 1 and([) C183 - thLg - bgzg =0 CLTLd([I) Ci1o7 - tgag - b227 =0
Ty Ya C3 Cig4 : tgay — byzg =0 Cia7 : tgay — byzr =0
System (I) yields T2 02 0 as well as system (II), yields 32 “2 =0
4

one obtains(III)

a2b4 — b2a4 =0
a3b4 - b3a4 =0

if .| @2 by = 0 then
as b3
C234 a b C4 az by c3 + a3 by c2 = 1 that is to say =1 (absurd),Hence
3 b3 4 by a, by
T2 Y2
0
T3 Ys 7
The system (III) yields ay = by = 0 and cy34 deviates ? 32 .c4 = 1. This allows
3 Y3

defining a homomorphism 7 :
Ay S K
f—0(f) =

n is surjective, indeed, the linear map f, defined by : fa(e1) = e1, fa(ez) = ea, fo(es) =
02163, fa(es) = cqeq, fa(es) = es, fa(es) = eg,

faler) = caer, fa(es) = esis the predecessor of ¢y

R a4€;
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hence the accuracy of the follwing sequence :
1 — AY — Af 2 K*—1 or AY = Ker(n),

as by
az bs

T2 Y2

let f € AY socy =1 or cog4 they give
T3 Y3

’ = 1 that is to say (

This allows us to define the homomorphism P :

Al L SLy(K)
fs P(f) = (%2 B2
-\ az b
P is surjective indeed for :

( 22 22 >E SLy(K) there exists f3 € AY defined by : fs3(e1) = e, fa(es) = age; +
3 b3

azes,
f3(€3) = byey + bzes, f3(€4) = €4, f3(€5) = €5, f3(€6) = €, f3(€7) = age7 + ages,
fg(@g) = b2€7 + 5368.

Let f € Ker(P) soay =03 =1and ag = by =0 as A*f(w) = w then :

e1 [(xlel + Zoeg + T3z + Tyeyq + €5>(y1€1 + Y262 + Yysesz + yseyq + 66) + (t1€1 =+ ..... + LE8€8—|—>X

X (CL1€1 + 62) + (b1€1 + 63)(9161 —|— + 9868) + (CL1€1 —|— 62)(b161 —f- 63)(0161 —f- Co€9 + C3€3 —|— 64)

= e165€6 + €182 + €1€367 + €364 SO C137 1 27 = 1,C197 1 b7 = 0,¢182 1 tg = 1,¢183 1 23 = 0,

Cl45 * Yg = 070146 LTy = 0,0142 : t4+bl = 0 then t4 = —b1,0134 P24t ar = 0 so
zg = —a; =0 then 2y = —ay
cia5 1 Y2 — ts = 0 then t5 = —ys5,c126 : w2 — 6 = 0 then &5 = x9,c135 : —ys + 25 = 0
then
Z5 = Y3, C136 - T3+ Zg =0 so 26 — —I3
X X
C193 - 2 %2 —t3—22+01—b103—(1102:0S0 t3: 2 b2 —22+Cl—b103—a1€2
T3 Y3 T3 Y3

.(*) finally,

the matrix associated with f takes the form :
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1 ag by a4 x1 1 21 4

0 1 0 Co To9 Y2 Z3 tz

0 0 1 C3 T3 Ys Z3 t3

0 0 0 1 0 0 —Qaq —bg
Ms()=1 060 0 0 1 0 T

00 0 0 0 1 —x3 =2

00 0 0 0 0 1 0

00 0 0 0 0 O 1

or t3 is given by (**), one obtains KerP ~ K6 hence the accuracy of the following
sequence :

1— K — A B SL,(K) — 1 O
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Conclusion

the classification of trivectors over a finite field plays in important role in solving
certain problems in coding theory and in CCEGand BMC.The spectrum of codes is
closely related to the weights of cod and and the cardinalities of orbits of trivectors.
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Abstract

The study presented in this thesis focuses on the determination of the
automorphisms group of some trivectors (or alternating trilinear forms) in
dimension < 8. To classify the trivectors, we use algebraic invariants which make
it possible to better understand the classification of these forms. For example,
we can use the automorphisms group of the trivector w, Aut(w), because two
trivectors w1 and w2 are equivalent if and only if their automorphisms group
Aut(w1) and Aut(wz) are the same. In this thesis, we recall the main part of the
known results on the classi cation of trivectors, and we determine the group of
automorphisms of some trivectors.

Résumé

L’étude présentée dans cette thése se concentre sur la détermination du groupe
des automorphismes de certains trivecteurs (ou formes trilinéaires alternées) de
dimension < 8. Pour classer les trivecteurs, nous utilisons des invariants
algébriques qui permettent de mieux comprendre la classification de ces formes.
Par exemple, nous pouvons utiliser le groupe des automorphismes du trivecteur
w, Aut(w), car deux trivecteurs w1 et w2 sont équivalents si et seulement si leurs
groupes d’automorphismes Aut(w1) et Aut(wz) sont les mémes. Dans cette thése,
nous rappelons la partie principale des résultats connus sur la classification des
trivecteurs, et nous déterminons le groupe des automorphismes de certains

trivecteurs.
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