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Notation

We introduce the necessary notations and definition which are used in the sequel.

Q open subset of RY.
RY Euclidean space of dimension N, where NN is a nonzero natural number.
00 =T boundary of €.

X' topological dual of X.
x vector in RY, z = (z1, 29, ...,2n), 7, ER, 1 <i < N .
dx Lebesgue measure in N-dimensional space.

B(zg,7) open ball of radius r centered at z0.

|.] Hilbert norm.

H Hilbert space.
(.,.) duality bracket between X and its dual space.
(.,.) scalar product.

Jo f(x) dx integral of f in Q with respect to the Lebesgue measure.

supp u Support of the function w.

div u divergence of the vector u, divu = d% + %2 + ...+ d%;v'

Au =N, 24 Laplacian of u.

LP(Q) Lebzesgue space.

LP(2) = {u :  — R measurable and (fQ |u(x)\7’dx) P +o00o such that 1 < p < co}.
L>(Q)  ={u:Q — Rmeasurable,IM > 0| |u(z)| < M a.e.}.

q Hélderconjugateofp:q:p%lifp>1andq:ooifp:1.
Li(Q) C LP(Q), V1<p<g<oc.

iy = [folu@)Pde] " = Jul.

|| w|| Lo = inf{C : |u(z)| < C a.e. on Q}.

WirQ) =lue Q)| Vue (LP(Q))N}.

Wer©Q) =luew'r(@), with u=0 on 89}.

W2(Q) = HY(Q).
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Wy (Q) = Hy(9).

C.(92) space of continuous functions with compact.
D(Q) space of infinitely differentiable functions on 2 with compact support in §2.
a.e. almost everywhere.



Introduction

This thesis focuses on the existence of weak solutions for a class of linear elliptic boundary
value problems involving lower-order terms and right-hand sides in L'(2). The general

form of the problem is:

P! div(M(z)Vu) + a(z)u = f(z) in
u=>0 on 0f),
where Q C RY is a bounded open domain, M(z) is a bounded elliptic matrix,
a(z) € L'(Q) is a non-negative function, and f € L'(Q) is the source term.

We first illustrate the main difficulties that may arise when studying of the problem
(P).

o The irregularity of the problem (P) in the case where f € L'(Q) i.e. the second

member of (P) does not belong to space H1(Q).

To solve this issue, we are going to approximate the problem (P), next, we will prove some
uniform estimates on the sequence of approximate solutions, and we shall finally pass to
the limit in the approximate problems to establish the existence of a weak solution for the

problem (P).

In [1], David Arcoya et al. studied the existence of solutions for the problem (P) where
f € LY(Q). In this work, we follow the same ideas and method used in [1] to study a
similar elliptic problem. We use the same approach to prove the existence of a solution

w e HY(Q) N L=(Q).



CONTENTS

We are going to prove the existence of the weak solution of the problem (P). To do this,
we approximate the problem (P) by a sequence of approximate problems (P,) given in
L>(£2) whose existence of the solution approximate is guaranteed (See [6]). Then we will
prove some estimates uniform on the sequence of solutions of these problems (P, ) and their
partial derivatives. Using the linearity of the operator with respect to the gradient and the
boundedness and continuity of the map u — Vu, we can pass to the limit and obtain a

solution.

Thesis Plan

o The first chapter is dedicated to giving some basic definitions and results with
functional analysis tools essential to the achievement of the objectives for the study

of the (P) problem. For example we recall functional spaces (Lebesgue, Sobolev) .

o In the second chapter we recall some definitions on the operators (Bounded, hime-
continuous, Monotone and coercive). We also present the method of monotonic
(pseudo-monotonic) operators in the general framework to prove the existence of

a solution for the equation :
Au = —div(M(x)Vu) + a(z)u = f.
Prove the existence and the regularity of the solution we use the Theorem 2.1.

e In the third chapter, we will study existence of solutions for the problem

—div(M (z)Vu) +a(z)u = f
(P) { u = 0 09,

with M (z) such that (3.1) holds, and the functions a(z) in L'(Q) and f(z) in L'(Q)

are such that there exists () > 0 such that

/(@) < Qa(x)

For this equation we will prove existence of a solution u € Hg(2) N L>(Q).



CHAPTER 1

Preliminaries

In this chapter, we will introduce the basic concepts and analytical tools from Sobolev
space. We will also clarify the main symbols used in it, which will contribute to a better

understanding of the topic. For more information on these concepts, we refer to

([41,12,[71)

1.1 Reminders and some definitions

The symbol Q will always stand for an bounded open subset of RY. Its boundary will be
denoted by I' or 9 and its closure by € .

The space RY is endowed with the Lebesgue measure dx, and all integrals are to be con-
sidered in the sense of Lebesgue.

If u: © — R is differentiable, the gradient of u at © = (x4, ..., xy) is the vector :

Vu(z) = (gZ(x),..., gjv(x))

Definition 1.1 (Dual Space). Whenever X is a Banach space, we denote by X' its dual,
namely the space of continuous linear functionals from X to R. We recall that X' is a

Banach space endowed with the norm.:

Ay = s [A@l= swp [A@|= swp 2

weX, ull=1 weX, ul<t wexX 2o [lull
Remark 1.1. We denote by W~ (Q) the dual space of Wy () (with 1 < p < 00). And
By H=Y(Q)the dual space of H} () we identify L?(Q) and its dual, we have the diagram:
Hi(Q) c L*(Q) c H ()

9



1.2. FUNCTIONAL SPACES

Definition 1.2 ( Separable Spaces ). . We say that a Banach space E is Separable if

there exists a countable and dense subset D C E

Definition 1.3 ( Reflexive Spaces ). . Let E be a Banach space and let i be the canonical
injection i :E—E” is surjective ,We say that E is reflexive if i(FE) = E".
Proposition 1.1. From/[j]. Let E a separable metric spaces and let F' a subset of E. Then

F' is separable

Corollary 1.1. Let E be a Banach space, and E' is dual,

then ( E is reflexive and separable )< ( E' is reflexive and separable )

1.2 Functional spaces

o CH(Q), for k =1,2,..., is the space of functions u :  — R that are k times differentiable
in 2 and whose k-th derivatives are continuous in 2.

o () is the space of functions u : Q@ — R that are infinitely many times differentiable
in €2.

o C5°(Q) is the subspace of C*°(Q2) consisting of functions with compact support in €2; the
support of a (continuous) function u : Q2 — R, denoted by sptu, is the closure (in RY) of

the set
{z € Q| u(x) #0}.

Likewise, C¥(€) is the subset of C*(2) containing only functions with compact support.
1.2.1 Lebesgue spaces

Definition 1.4. Let Q be an open bounded set of RN and let p € R with1 < p < oo , we set

LP(Q) = {u : Q= R is measurable and /Q | u(z) |P< oo}
with the norm
sy = lull, = ([ lu(@)P)". p=1.
0

1



1.2. FUNCTIONAL SPACES

if p=2:
Jallzze = lfulle = (] Ju(a) )’

The space L*(Q) is a Hilbert space with the inner product
= dz.
(u,v)20 /qu x
Definition 1.5. we set
L>(Q) = {u: Q@ = R measurable, 3C > 0, | |u(z)] < C a.e. on Q},
with the norm

|ul L) = Julle = inf {C >0:]u(x)|<C ae in Q}.

Proposition 1.2. (Density [7]) Let Q) be an open subset of R™ and let p be a real number

such that 1 < p < +oo. Then, D(2) is dense in LP(S2).

1.2.2 Some Inequalities

Remark 1.2. Let 1 < p < 0o ,be denoted by p' the conjugate exponent of p :

Theorem 1.1 ( Holder’s inequality [4]). Let 1 < p < oo and p’ the conjugate exponent

of p. Assume that u € LP(S2), and v € LPI(Q) , then u-v € LY(Q) and:

u-v ooy <l e lle@ll o ll g, -

Remark 1.3. The case p=2 is known as the Cauchy-Schwarz inequality

/qudas = (/Q |u(:zc)|2al:1:);</Q |21(9c)|2al$)é

11



1.2. FUNCTIONAL SPACES

Theorem 1.2 (Young’s inequality[4]). Let 1 < p < oo, then we have:

1 1
ab< —a” + =V, Va>0, Vb>0 (1.1)
p p

Theorem 1.3 ( Green’s formulas[2]). Let @ C RY be open, bounded and smooth. Let

u € C*(Q) and v € CH(Q) Then,

/Q(va dxzég((;zv dU—/QVu-VU da

Where V =V (x) is the outward normal to 092 at z, %4(x) = Vu(z) - V(z) and o is the

surface measure on OS)

1.2.3 Convergence theorems

Theorem 1.4 (Lebesgue’s Dominated Convergence Theorem [2]). Let Q2 C RY be open

and (u,) be a sequence of functions in L*() such that :
e uy(z) = u(x) a.ein Q as n — oo .
o there exists g € L' such that for all n :

lun(z)| < g(x) a.ein Q

Then u € L'and u,, — w in L*(Q)) norm, that is :
|t — u||Lr@) = 0 as n — oo.

Theorem 1.5 (Lebesgue’s Dominated Convergence Inverse Theorem [2]). Let Q C RY be
open and (u,) be a sequence of functions in LP(Q) and p € [1,00) such that u, — u in

LP(Q2) as n — oo. Then there exist a subsequence uyy, and a function h € LP(§) such that
o u(z) > u(r) aeinQask— o

o forallk , |unk(z) < h(x) aein

12



1.3. SOBOLEYV SPACES

Theorem 1.6 (Fatou’s Lemma [4]). Let (u,) be a sequence of function on of L'(Q2) such

that

e (1) for evryn ,u,(z) >0

e (2) s%p/gun(x) < 0

for every x € Q we put u(z) = lim inf un(z)dz. then f € LY(Q) and

dr < lim inf n(z)dz.
/Qu(x) z < liminf | u (x)dx

Theorem 1.7. [3] Let 1 < p < 400, and let {u,} be a bounded sequence in Wy (Q). Then,

there exists a subsequence u,, and a function u € Wy (Q) such that:
Vu,, — Vu weakly in LP(Q).

Definition 1.6 (Strong Convergence). In a Banach space X with dual X'.
We write u,, — u when the sequence (uy)nen converges strongly to u, that is, in the strong

topology of X, which means that:
|, —ullx =0 as n— oo

Definition 1.7 ( Weak Convergence ). In a Banach space X with dual X', and (.,.) the
duality bracket X X'.
We write u, — w if (u,) converges weakly to u, i.e. in the weak topology of X, which means

that:

(fyun) — (f,u), as n— 400 VfeX'

1.3 Sobolev Spaces

In this section, we will study Sobolev spaces, which are normed vector spaces well suited
for solving many problems involving partial differential equations.

Let pe Rwith1 <p<oo.

13



1.3. SOBOLEYV SPACES

Definition 1.8. The Sobolev space WP (Q) | is defined by:
Wir(Q) = {u € LP(Q), Vu € LP(Q)}.

We denote

HY(Q) = W3(Q)
Remark 1.4. The space W'P(Q) is equipped with the norm
[ u llwre@= llullze + [[Vul| 2o (1.2)
The space H' is a Hilbert space equipped with the scalar product
(w, ) @) = (u,v)r2(0) + (Vu, V)2
that is

(u, v) g1 () :/u(x) ~v(x) dx—i—/ Vu(z) - Vu(z) dz ;
Q Q
the associated norm:
lull iy = (lullfao) + IVullza@)

is a norm equivalent to that of W2(Q) .
Remark 1.5. It is clear that if u € CY(Q) N LP(Q) and if Vu € LY (Q) (here Vu is the
usual derivative of u), then w € WIP(Q). Moreover, the usual derivative of u coincides
with the derivative of u in the sense of WYP(Q). In particular, if Q0 is bounded, then
CHQ) Cc WIP(Q) for all1 < p < o
Proposition 1.3. From [4].
1. WHP(Q) is a Banach space forl < p < oo

2. WhHP(Q) is reflezive for 1 < p < oo

3. WhP(Q) is separable for 1 < p < oo .

In particular HY(Q) is a separable Hillbert space .

14



1.3. SOBOLEYV SPACES

Definition 1.9. Let 1 < p < oo; Wy?(Q) designates the closure of C}(Q) in W'?(Q) we
denote :

Hy () = Wy ()

The space Wy (Q) equipped with the norm induced by W'P(Q) is a separable Banach space;

it is reflezive if 1 < p < oo. H}(Q) is a Hilbert space for the scalar product of H'(S).

Definition 1.10. Let 1 < p < co, W, ?(Q) denoted the closure of D(Q) in W'?(Q) and
Wy (Q) = {u e WhP(Q), with u=0 on 89}.

With the norm:
[y
if p=2 the norm :

Il [y )= V|22

Lemma 1.1. From[/]. Let u € W'P(Q) and 1 < p < oo With compact support of u

included in Q then u € Wy ()

Proposition 1.4 (Poincare’s inequality([4]). Assume that Q) is a bounded open set. Then

there exists a constant C' (depending on Q and p) such that:

| u @< C || Vu ||, Yu€WgP(Q), (1<p< o). (1.3)

Corollary 1.2. In particular, the expression || Vu ||rr) is a norm on WoP(Q) that is
equivalent to the norm || u |wie); on Hy(Q) the expression || Vu ||12(q) that is equivalent

to the norm || u || g (q)-

1.3.1 Sobolev embeddings

Theorem 1.8 (Continuous embedding). [// Assume that 2 is bounded open subset of

RN with N >1 and 1 < p < oo.

15



1.3. SOBOLEYV SPACES

e WyP(Q) — LUQ) Vg e [1,p*[ if p< N. Where p* = NN—Q
« WoP(Q) = L9(Q) ¥g € [1,00[ if p=N.
e WyP(Q) — L®(Q). ,if p> N.

Theorem 1.9 (Compact embedding (Rellich-Kondrachon)[4]). Assume that € is

bounded domain of class C' we have :

e WyP(Q) =, LY(Q) VYge[l,p*| if p< N. Where p* = NN—i
e WyP(Q) . LY(Q) Vg€ [1,00 if p=N.
e WyP(Q) Cc CQ) ,ifp> N.

Remark 1.6.

1. If Q is not bounded,the embedding W'P(Q) C LP(Q) is not compact in general.

2. The injection WP(Q) C LP"(Q)is never compact even if 2 is bounded and regular

16



CHAPTER 2

Elliptic equations with regular data

In this chapter, we study the existence of weak solutions for linear elliptic boundary value
problems with regular data. The focus is on establishing existence results under classical
assumptions, where the source term f and the coefficients of the equation are sufficiently
regular, typically belonging to L?(2) or L*°(€2). To this end, we introduce several classes
of operators such as bounded, monotone, hemicontinuous, coercive, and pseudo-monotone
operators. These properties are fundamental in the framework of functional analysis and

play a crucial role in proving the existence of solutions via monotonicity methods.

2.1 Properties of Operators

2.1.1 The p-Laplacian
The p-Laplacian is the second-order nonlinear differential operator defined as
Ayu = div (|Vu|p_2Vu) :
Here, p > 1, and of course, when p = 2, the p-Laplacian reduces to the usual Laplacian.
Apu = Au
2.1.2 Monotone Operators

Definition 2.1. Let X is a reflexive and separable Banach space, and A is an application

from X — X' (generally non-linear). We say that:

(i) A is monotone :

Vu,v e X, (Au— Av,u—v) > 0.

17



2.1. PROPERTIES OF OPERATORS

(it) A is strictly monotone if moreover :
Vu,v € X, (Au— Av,u—v) >0, u#v

Example 2.1. We define Au= —Au. The operator A maps H () into its dual H=(£2).
It is monotone :

for all u,v € H}(Q) we have:

(Au— Av,u —v) = /QV(U—’U).V(U—’U)

2
= flu— UHH&(Q)

v

0.

2.1.3 Hemicontnuous Operators

Definition 2.2. Let X is a reflexive and separable Banach space, and A is an application
from X — X'. We say that:
A is hemicontinuous if for all u,v € X, the application t — (A(u + tv),v) is continuous

from R to R

Example 2.2. The operator A : H}(Q) — H1(Q) defined by
Au = —Au is hemicontinuous. Indeed, let u,v € H}(Q) andt € R :
(A(u + tv),v) = /Q V(u+ tv).Vo
= /Vu.Vv—l—t/ VoV
Q Q
= a-+0bt.

This shows that t — (A(u + tv),v) is continuous.

2.1.4 Coercive Operator

Definition 2.3. An operator A: X — X', we say that A is coercive if

(Av, v) _

1m
ollx—+oo  ||v]|x

18



2.1. PROPERTIES OF OPERATORS

Example 2.3. The operator A : H}(Q) — H1(Q) defined by :
Av = —div(Vv) = —Aw.

(Av,v) _ JolVol?

Wl vl

— 400 as |Jv|lg — +o0

2.1.5 Bounded Operator

Definition 2.4. Let V and W be two Banach spaces and let A : V' — W be an operator.

We say that A is bounded if it maps every bounded set in V' to a bounded set in W; i.e

Vp>0, 3C,>0: A(By(0,p)) C Bw(0,C,).

where By (0, p) designates the open ball in 'V with center 0 and radius p > 0 and Bw (0, C),)

designates the open ball in W with center 0 radius C, > 0 .

Example 2.4. The operator Au = —/\,, is bounded from W, *(Q) in W17 (Q)
From the expression of the norm in a dual space, let p > 0, for u € By(0,p), we can

write:

| Au = sup [(Au, )| = sup | [ [Vup=2Vu.vg)
peV peV Q
lell<1 lell<1

So,

’/Q|Vu|p_2Vu.Vg0’ < [ IvuPtvyl

< p\? p\?
< (Lrvar)”( [1ver)
= Nul e v

pp—l

IN

Hence || Au ||,y < pP~L. this shows that A(By(0,p)) C By (0, pP~t)
2.1.6 Pseudo-monotone Operators

Definition 2.5. Let X be a separable and reflexive Banach space. An operator A : X — X'

is pseudo-monotone if:

19



2.1. PROPERTIES OF OPERATORS

(1) A is bounded.

(it) whenever u, — w in X weak and if limsup,_,, (A(un), u, —v) <0 then

lirilinﬂA(un), U —v) > (A(u),u —v), YveX. (2.1)

where (.) refers to the duality product between X' and X.

Proposition 2.1. If A : X — X' is bounded, hemicontinuous and monotonic, then A is

pseudo-monotone.

Proof. a) Let {u,} a sequence weakly converging to u in X. Suppose that
71113010 sup(Aup, u, —u) <0
If A is monotone, we have
Jim (Aup,up —u)y — 0 (2.2)
Indeed, the monotonicity of A and the weak convergence of {u,} towards u implies that
(Aup, up, —u) > (Au,u, —u) = 0 pour n — oo
And so
0 > lim sup(Aup, u, —u) > lim inf(Au,, u, —u) > lim sup(Au,u, —u) =0

n—o0 n—oo n—oo

Hence (2.2)

b) forve X and t €]0, 1], let w = (1 —t)u + tv. We have (Au,, — Aw, u,, — w) so that:
t(Auy, u —v) > —(Aup, u, — u) + (Aw, u, — u) — t{Aw, v — u).
From which, thanks to a (2.2):

t lim inf(Au,,u — vy > —t(Aw,v — u),

20



2.2. APPLICATION

from which, dividing by t and taking into account (2.2):
Jim. inf(Aup, u, —v) > (Aw,u—v) (2.3)
w=(1—-tu+tv Vtel0,1]
By making ¢ tend towards 0 in (2.3), and using hemicontinuity, we deduce
7lli_>r£10inf<Aun,un —v) > (Au,u —v), Yve X

Which means that A is pseudo-monotonic. O

2.2 Application

We consider the following problem :

(Py) { —div (M (2)Vu) + a(z)u = f(z), inQ,

u=0, on 0f.

Where 2 be a bounded open set in R, where M is a bounded elliptic matrix which satisfies,

for some positive constants «, (3, for every £ € R

M(z)s€ > algl’,  [M(z)] < 5. (2.4)

and 0 < a(z) € L>® and f € L*(Q).

We define the following operator:
A(u) = —div(M(z)Vu) + a(z)u, (2.5)

2.3 Monotonic operator theorems

2.3.1 General result

Let X be a reflexive and separable Banach space, and A : X — X' be an operator.

Theorem 2.1 (Existence theorem). Suppose that A : X — X' is an operator :

21



2.3. MONOTONIC OPERATOR THEOREMS

e bounded

e hemicontinuous

e coercive

e monotone
Let f € X'. Then, there exists a function uw € X and only one such that:

Au=f

For the proof this theorem, we refer the reader to the book [6]

Corollary 2.1. If A is a coercive pseudomonotone operator, then
Vie X', JueX suchthat Au=f.

Lemma 2.1. The operator A is pseudo-monotone from Hy () into H=(Q). Moreover, A

is coercive in the following sense.

(Au, u)

— 00 as ||ul|lgiq) — o©
||U||H5(Q) o)

Proof. .
(1) Proof of Coercivity:

We compute the inner product of the operator A with u in the space H}(£2):
(A(u),u) = /QA(u)u dx = /QM(:C)VM -Vudzr + /Q a(x)u® dx.
Since M (x) satisfies the ellipticity condition (2.4),
M(x)Vu-Vu > a|Vul?, Vr €.
Thus, we obtain the following estimate:

2 2 2 5 _ 2
/QA(u)udx > oz/Q\Vu| dx+/9a(x)u dr > oz/Q|Vu| dx = alul|j q)-

22



2.3. MONOTONIC OPERATOR THEOREMS

which implies
(Au, u)

— +00.
el e =0 [[ull 73 0

as ||ull g3 () — +oo since a > 0.
(2) Proof of Pseudo-Monotonicity:
(i) A is bounded. Indeed, let u be a bounded function in H} () that is : let p > 0,

for u € Bpa(q)(0, p), and for all v € Hy(€2), we have

H Au ||H3(Q): sup \<AU,U>|-
uEHé(Q)
[lvll<1

then, we have

(Au,v) = /QM(I’)VU.VUdl‘ + /Q a(x)u.vdz
So,
(Au, )| < / M (2)|[Vul | Vol de +/ 2)|ul.Jo|dz
The fact that a € L*°(2), we have
(Au, v)| < B/Q Vul.|Voldz + esssup, . a(x)/ﬂ|u|.|v|dm
Using the cauchy Schwarz inequality, we obtain
[(Au, v)] < Bllullmyen v 3o + Cllllz@llvllzz), - ¢ = supalz).

Since ||ullr2() < |lullg @) and [[v]| g1y < 1, we have

|[(Au, v)| < (8 + O)|lull g0l 5y @) < (B +C)p.
Hence || Au [|g1(q)< (8 + C)p. This shows that

A(BH(}(Q) (0,p)) C BH(}(Q)(Ov (B+C)p).
(ii) If u, — u weakly in HJ (), as n — +oo, and for any v € H}(2)

0 > limsup{Au,,u, —v)

n—-+o0o

= limsup (/ M (z)Vu,V(u, —v) dm—i—/ —v)dm).

n—-+o0o
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2.3. MONOTONIC OPERATOR THEOREMS

The compact embedding (see Theorem 1.8), yields that u,, — w in L*(Q) for a subsequence

still denoted as (u,,). Moreover, we assume that u, — w a.e. in €2, and using the fact that

Vu, — Vu weakly in L?(Q2), we get
M(z)Vu, — M(z)Vu weakly in  L*(Q),

and

a(x)u.(u, —u)dr — 0 as n — 400

and we have that
/Q (M(z)Vu, — M(z)Vu) V(u, —u)de — 0 as n — +00
Now, let us prove that

lim inf ( Au,,, u, — v) > (Au,u —v), Yo € H3(Q).

n—-+o0o

Because that

M(x)Vu, — M(x)Vu weakly in  L*(Q),

we have

lim / M (x)Vu,Vvdr = / M (x)VuVvdz, Vv € Hy(Q).
Q 0

n——+o0o

By virtue of Fatou’s lemma, we get

lim inf QM(x)VunVundzvz /QM(x)VuVud:v

n—-+o0o

Finally, combining (2.8) and (2.9), we obtain

lim inf(Au,, u, —v) = liminf [ M(z)Vu,V(u, —v)dx
Q

n—-+oo n—-+oo

> /QM(:B)VuV(u —v)dr = (Au,u — v).

(2.8)

This completes the proof that A is pseudo-monotone. Then, according to the corollary 2.1,

there exists at least one solution u in Hj(2) to Problem (7).
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CHAPTER 3

Weak Solutions for elliptic equations
with L! data

In this chapter, we study the existence of weak solutions for a class of elliptic boundary
value problems involving an elliptic operator with minimal assumptions on the coefficients.
Specifically, we consider a lower-order term and a right-hand side belonging to L' (£2), which

does not necessarily lie in the dual space of the solution space.

3.1 Application to the problem (P)

We are interested in problems of the type

P {;(iiVO(M(x)Vu)+a(x)u: f(=), :; %Q |

where 2 is a bounded open set of RY, where M is a bounded elliptic matrix which satisfies,

for some positive constants «, (3, for every £ € R
M(x)¢€ > alé]?,  [M(z)| < B, (3.1)
and 0 < a(x) € L'. Even if f(x) only belongs to L'(f2), the assumption

f(z),a(x) € L*(Q) (3.2)

there exists @ >0 such that |f(z)] < Q.a(x). (3.3)

implies the existence of a weak solution u belonging to H}(Q2) and to L>().
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3.1. APPLICATION TO THE PROBLEM (P)

3.1.1 Weak solutions

Definition 3.1. We say that v € Hj(2) N L>®() is a weak solution of problem (p) if and

only if:

/QM(.CIZ)VU -Vudzx + /Q a(x)uvdr = /Qf(:v)v dr Vv € Hy(2) N L®(Q). (3.4)

Now, The result proved in this chapter is the following theorem

Theorem 3.1. Assume (3.1), (3.2)) and (3.3). Then there exists a unique solution

u € HY}(Q) N L>®(Q) of problem (P) in the sense of Definition 3.1.

The proof of the Theorem 3.1 needs several steps: First, we approximate the problem
(P) with sequence of problems (P,) having smooth solutions (u,). Then, after deriving

uniform estimates on u,, , we pass to the limit

3.1.2  Approximation of (P)

Consider the following approximated problem

(P {;di;f (OM(x)Vun) + (@)U, = fal), ;r; %Q |

i.e., satisfying

/QM(x)Vun-Vvdx—l—/ﬂan(x)un.vdx:/an(x)vdx (3.5)

for every v € H}(Q2) N L>(2), with f,, a, be a sequence of bounded functions defined in

defined by
a(z) f(z)
an (1) = 1+ @i fulz) = 1+ G (3.6)

Note that the definition of a,, and f, in (3.6) and since (s) = s(1+4 )" is increasing and

satisfies ¢ (s) < s for all s > 0., we obtain:

(1) L'-norm estimates: Since

|/ ()]
()] = T e D(If@)]) < [f(2)], Ve e

n
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3.1. APPLICATION TO THE PROBLEM (P)

And also we have:

lan ()| < |a(x)|, VzeQ.

We get
allorey = [ 1a@) o < [ 1£@)]dz = 1l
And also,

lanllzr@) < llallie)-

(2) Pointwise bounds: Using the expression:

we observe that:
ns
n—+s

<n forall s>0.

Therefore,

[fu(@)] = O f(2)]) <n, Ve

And also we have:

|an(2)] <n, VreQ.

(3) Estimate: |f,(z)| < Qay,(z):

S

From assumption (3.3), and the function ¢(s) = being increasing in s > 0, we

1+2
obtain:
f(z) Qa()
|fn(x)| = 1t |f§f)‘ < 1+ QaT(x) = Qan(x) (37)

We Conclude:

I fallor) < I fllzveys  lanllzie) < llallziq,
|fol <y an| <

and

[fn(2)] < Qan(x).
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3.2. UNIFORM ESTIMATES OF APPROXIMATE SOLUTIONS

The operator A, : H}(Q) — H'(Q) defined by
(Apu,v) = / M(z)Vu, - Vvdz +/ an(2)upvdr, Yo € Hy(Q) N L>(5).
Q Q

is coercive due to the fact (3.1) and is pseudo-monotone on H}(2) Thus, the existence of

the approximate solution w,, is proved in Lemma 2.1 (see chapter 2) .

3.2 Uniform Estimates of Approximate solutions
Lemma 3.1 (Stampacchia). Let T : R — R be a globally lipschitz function,i.e.
3C >0 such that |T(s)—T(t)| < Cls—t|, Vs, teR,
such that T(0) = 0. then, Yv € W, *(Q) with 1 < p < 0o we have :
T(v) € Wo?(Q) and VT(w)=T'(v)Vv in D'(Q) and ae. in

Example 3.1. Let k > 0. The truncation at levels —k and k is defined by the function Ty

of R from R given by

k, ifs>k,
Ti(s) =14 s, if|s| <k,
—k, if s < —k.

It can be verified that the function T}, is a globally Lipschitz function, The graph of Ty is:

Te(s)

kb — =

- - =
£
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3.2. UNIFORM ESTIMATES OF APPROXIMATE SOLUTIONS

We can verify that the function Ty is a globally Lipschitz function satisfying |Ti(s)| < k

and |Ti(s)] < |s|.

Example 3.2. Let k > 0. We will use the following function defined for s € R by

r—k, ifr>k,
Gi(r) =7 —Ti(r) =1 0, if [r] <k,
r+k, ifr<-—k.
s0,
Graph of Gg(r) with k=1
2.0 — Gun i i
] i ahR §
1.0+ i i
g |
%: 0.0 ; ;
-0.5F ! :
-1.0f i |
-15}F i |
-3 ) -1 1 2 3
r
Figure 3.1: Graph of the function Gi(r) =r — Ti(r) for k = 1.
Up — k, if u, >k,
Gr(uy) = uy, — T (u,) = ¢ 0, if Jun| <k,
up + k, if u, < —k.
and

| Vug, if |u,| > E,

Lemma 3.2. Let u,, be the solutions to problems (P,). Then, there exists a positive constant

C' such that

[unllzo@) < O unllma) <€, YneN.

Proof. We choose Gg(u,,) as test function in (P,) , we get

/Q M(2)Vun V(Go(un))dz + /Q ()G () dz = /Q Ful2) G (uy)de. (3.8)
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3.2. UNIFORM ESTIMATES OF APPROXIMATE SOLUTIONS

Since Vu,,.V(Gg(u,)) = [VGg(u,)* and thanks to (3.1), we obtain

a /Q IV Go(u)[2dx + /Q () un G (1) d < /Q £l G ()| d. (3.9)

The fact that u,Gg(u,) > 0 and using (3.3), we obtain

a [ [VGo(un)Pdr + [ an(@)(un] — Q)IGq(un)ldz < 0.

Dropping the non negative term, we have

[ an@)(ual = @)[Gigfun) |z < 0
which implies
lun| < Q. (3.10)

This implies that (uy,), is bounded in L>(€).
Now, to show that the sequence {u,}, is bounded in H} (), inserting u, in (B,), we

get

a/ |Vun|2dm+/an(a:)|un|2dx§/|anun|dx,
Q Q Q

dropping non negative terms [, a,(7)|u,|?*dz and using (3.10), we can rewrite the above

inequality as follows
a [ IVunPdz < Qlfullrey < Qo
Since f € LY(Q) , we find
2 - Q
Vup|["dz <C,C = —||fl[L1e)-
Q (0]

Thus,
[unll 1) < C. (3.11)
This implies that (u,), is bounded in H}(£2). O
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3.3. PASSING TO THE LIMIT

3.3 Passing to the limit

Proposition 3.1. since (uy,), is bounded in the space H}(Q), according to Rellich-Kondrachov

theorem, we can extract from the sequence (u,) a sub-sequence, also denote by (u,) such

that
u, —u weakly in  Hy (), (3.12)
u, — u  strongly in  L*(€2). (3.13)
Therefore
U, —u a.ein € (3.14)

For v € H}(Q) N L>=(Q2) (See (3.5)), we have

/QM(:C)Vuand:EvL/Qan(x)unvdx:/anvdx,

1)Passage to the limit in [, f,vdz

Using that f,, — f strongly in L'(Q), we have Yv € L>(Q)

nl_l)rlloo/ﬂfnvdx:/(]fvdx.

2)Passage to the limit in [ a,(z)u,vdz.

Thanks to (3.10), we have

/Qan(x)undx < /Qan(x)|un|dx < Q/Qan(x)da:. (3.15)

Since a(x) € L'(Q) and a, < a, the sequence {a,(z)u,}, is bounded in L'(Q) and thanks

to (3.14), we have that
an(z)u, — a(z)u strongly in  L'(9). (3.16)

So, we have

/ﬂ(an(x)un —a(x)u)v

< Cllan(z)un, — a(z)u L) — 0,

/Qan(a:)unv—/ﬂa(x)uv

as n — +oo
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3.3. PASSING TO THE LIMIT

ensure that

lim an(:ﬂ)unvdx:/a(x)uvdx.

n—+o00 J() QO

3)Passage to the limit in [, M (z)Vu,Voudz .

By (3.11), we have that Vu, — Vu weakly in L*(Q) (see Thoerem 1.7), we obtain
M(z)Vu, — M(z)Vu weakly in  L*(Q),

So,

n—-+oo

lim / M (x)Vu,Vvdx = / M (x)VuVuvdr, Yo € Hy(Q) N L¥(9). (3.17)
0 Q
Finally, we pass to the limit in the formulation (3.5), we obtain
/ M (x)VuVvdz —I—/ a(z)uvdr = / fudzx,
Q Q Q

for every v € H}(2) N L>=(Q). Therefore. we have to prove that u is a solution to problem

(P). This finishes the proof of theorem 3.1.
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Conclusion

In this thesis, we focused on a class of linear elliptic equations involving lower-order terms

and right-hand sides in L'(Q).

P {;iiv()(M(x)vu)m(x)u: f(=), 21 (;Q |

We investigated the existence of weak solutions for such equations, which involve lower-
order terms and integrable data. The main challenge lies in the low regularity of the source
term, which prevents the direct use of classical variational methods.

To overcome this difficulty, we employed an approximation strategy based on truncation
techniques. This involved constructing a sequence of auxiliary problems for which existence
is guaranteed.

After establishing uniform estimates for the approximate solutions, we used tools from
functional analysis such as monotonicity, pseudo-monotonicity, and weak convergence to
pass to the limit and prove the existence of a weak solution to the original problem.

These results generalize existing theories to cases with lower regularity data and open
the way for future studies on the uniqueness, regularity, and numerical approximation of

weak solutions.
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Abstract

In this work, we study the existence of weak solutions for a class of linear elliptic equations
with lower-order terms and integrable data. More precisely, we consider problems of the

form:

{ —div(M(z)Vu) + a(x)u = f(x), in Q,
u =0, on 0f),

where 0 C RY is a bounded domain, M (z) is an elliptic matrix, a(z) € L'(Q), and
f € L*(Q). Since the right-hand side lies in L*(Q), standard variational methods are not
applicable.

To address this, we construct a sequence of approximate problems whose solutions are
well-defined, and establish uniform a priori estimates. Then, using compactness arguments
and the theory of pseudo-monotone operators, we prove the existence of a weak solution to
the original problem.

Keywords: Elliptic equations, weak solution, integrable data, pseudo-monotone oper-

ators, lower-order terms.
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Résumé

Dans ce travail, nous étudions l’existence de solutions faibles pour une classe d’équations
elliptiques linéaires comportant des termes d’ordre inférieur et un second membre dans

LY(Q). Le probleme étudié est de la forme :

—div(M(z)Vu) + a(z)u = f(x), dans Q,
u =0, sur 0f),

ott © C RY est un domaine borné, M (z) est une matrice elliptique, a(z) € LY(Q) et
f € LY(Q). En raison de la faible régularité des données, les méthodes variationnelles
classiques ne s’appliquent pas.

Nous avons contourné cette difficulté en construisant une suite de problemes approchés,
pour lesquels 'existence est assurée, puis nous avons obtenu des estimations a priori uni-
formes. Gréace a des arguments de compacité et a la théorie des opérateurs pseudo-
monotones, nous établissons 'existence d’une solution faible au probléme initial.

Mots-clés : Equations elliptiques, solution faible, données intégrables, opérateurs

pseudo-monotones, termes d’ordre inférieur.
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