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Résumé

Dans ce travail, nous étudions I'existence et la régularité des solutions du probléme suivant:

—-divIM(x)Vv)+g) = f,
{ ve W, 2 (Q).

Dans ce cas, nous supposons que M (x) est une nxn matrice, borne, et g : R — R est croissate Lip-

schitzienne,

Les donnes f appartenant 4 S, (Q), ott a = lor2.

Comme les classes de Stummel ont des propriétés d’inclusion avec d’autres espaces fonctionnels

et ont des applications 4 la régularité de la solution des équations aux dérivées partielles ellip-

tiques, notre étude est donc basé sur 'utilisant du lemme de Stampacchia et une intégration

pondérée d'une fonction dans les classes de Stummel ot le poids est dans des espaces Sobolev

A support compact

mots-clés: Classes de Stummel ,Espaces de Morrey, Espaces de Sobolev, Espaces de Hilbert, Exis-

tence, Unicite, Regularité.
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Abstract

This memory deals with the study of the existence, uniqueness, and regularity of semilinear elliptic

equations, more precisely:
—diviMx)Vv)+gw) =f,
ve W, Q.

Where QQ is a bounded open subset of R (n = 3),

In this case, we suppose that M(x) is nxn symmetric matrix, elliptic, bounded, and g : R — R is
non decreasing, and Lipschitz.

The datum f is taken belongs to S, (Q), for a = 1or2.

Since the Stummel classes have some inclusion properties with other function spaces and appli-
cations to the regularity of the solution of elliptic partial differential equations, so our studying is
based on employing Stampacchia’s lemma and a weighted embedding of a function in Stummel
classes where the weight is in compactly supported Sobolev spaces.

Key words: Stummel classes, Morrey spaces, Sobolev spaces, Hilbert spaces, Existence, Unique-

ness, Regularity.
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List of Symbols

In what follows, we will use the following notations.

Rn

X
0Q
B(x,r)

O(a,r)
Sa@®R™)

paf(r)
LNy
Lf Nl Loy
wkpr(Q)

wyP ()
2(1Q)

Euclidean, n-dimensional space.

Vecteur de R”, x = (x1,X2,...,X,), X; ER, 1 < i <n.
Open set in R”.

The border of Q.

Open ball with center x and radius r > 0.
=QnB(a,r)={teQ:|t—al<r}.

={fell ®R":pyf(r)—0forr—0}.

loc

:supf lf(—y)l_dy<oo,Vr>0.
xeQJBxr) X =yl

1
= sup — lf(»ldy < co.
xeQ,r>0 'V Jowx,r)

1 1
sup (—f If(WIPdy)? <oo.
acQ,r>0 1V Jo(a,n

{veLP(Q):D% e LP(Q) Ya e N" such that |a| < j}.
Sobolev space with 0 on 0Q.
Space of unlimited differentiable functions on Q2 with compact support.

The conjugate exponent of p.

_Np
=5

The set of functions in C*(Q) for all k.

; Sobolev conjugate.

The scalar product.

The gradient of v.
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Introduction

Functional spaces known as Morrey spaces introduced by Charles B. Morrey in 1938 (see
[11]) generalize the idea of Holder spaces. These spaces were initially created by Morrey to inves-
tigate the regularity of solutions to elliptic PDEs. Morrey spaces have grown to be an essential tool
for mathematical study. However, a class of function space known as Stummel classes is named af-
ter Fritz Stummel, ( see [17]). They are used to investigate the characteristics of functions and their
derivatives, especially in relation to partial differential equations (PDEs), and they are closely re-
lated to Morrey spaces and Sobolev spaces. Stummel classes are frequently employed in the study
of elliptic and parabolic equations and are crucial for comprehending the regularity and bounded-
ness of solutions to PDEs. This memory is devoted to studying the existence and regularity

of the solutions ofproblems where Q is a bounded open of R™:

{_di,,(M(x)vV)+g(v) =1 (1)

ve W, (Q).

Here we suppose that M(x) is nxn symmetric matrix with the following assmptions:

1. M(x) is supposed elliptic, that is, there exists v > 0 such that
Mx)EE=VIE? for all EeR™
2. M(x) is assumed bounded, that is, there exists K > 0 such that
IM(x)I<sK, for all xeQ.
3. The function g : R — R is non decreasing and Lipschitz, that is, there exists Ky > 0 such that
lg(s)—g(O|<Kols—t| for all s teR.

4. We discuss two cases: First, the right hand side f belongs to LY () with g = 0. Second, the right
hand side f belongs to S, (Q), for @ = 1 or 2. Our studying based on using a weighted embedding
of a function in Stummel classes involving Sobolev spaces and Stampacchia ’s lemma. Basically,
the Stummel classes have some inclusion properties with other function spaces and applications
to the regularity of the solution of elliptic partial differential equations.

The first chapter deals with some facts on Stummel classes, Morrey spaces, Sobolev spaces, Hilbert
spaces, some of their properties, and further details on Stummel classes and Morrey spaces as well

as the Lax-Milgram Lemma and Stampacchia’s Lemma. These spaces also allows us to study the

1



existence and regularity for the problem in Chapters 2 — 3. We refer to [3], [2], [5], [6], [7], [13], [15],
[18], and [21] for the theory of these spaces.

In the second chapter of the memory we study the existence and uniqueness of the solution of

the following Dirichlet problem:

n 0 ov | _
- izla—m(ai,ja—m)—f,
ve W, Q.

where the datum f is a function in Morrey spaces LY (Q) with n—2 <y < n. Our invastigation
requires using the weighted estimation in Morrey spaces and applying the Lax-Milgram Lemma.
Moreover, we give more details about the method of finding the solutions of problems. We recall
that this case of problems have been treated in [19].

In Chapter 3, we discuss the question of existence and uniqueness of the solutions of problems
associated to (1) and with data f belonging to S, (Q), for @ = 1 or 2. Stampacchia’s lemma allowed
us to apply a weighted estimation for a function in Stummel class with its weight in W'?(Q), which
we used to study the existence and uniqueness of the equation of Problem (1). We highlight that
all the results in Chapter 3 can be found in [20]. Furthermore, some similar works that employ a
variety of techniques can be accessed by looking at [1], [10], and [12].

Tanking everything into account, we have studied the existence and uniqueness of weak solu-
tion to Dirichlet problem (1) in the case when g = 0 which can be found by assuming that the data
belongs to some Morrey spaces. This can be demonstrated by utilizing the Lax-Milgram lemma,
a functional analytic method, in conjunction with the weighted embedding in Morrey spaces,
where the weight is in Soblev space. Moreover, There is only one solution to problem (1). This
is demonstrated by Stampacchia’s lemma and a weighted embedding of a function in Stummel

classes, where the weight is in compactly supported Sobolev spaces.



Chapter 1

Mathemaical Background

This chapter reviews some of the basics of Hilbert spaces, Sobolev spaces, Morrey spaces, and
Stummel classes. Remembering some of their further characteristics as well as more details on

Morrey spaces and Stummel classes.

1.1 Lebesgue and Sobolev Spaces

Lebesgue Spaces

Definition 1.1.1. /2] Assume that 1< p<oo, we set
LP(Q) ={v:Q—R; vismeasurableand |v|P€ LY(Q) }
with )

P
IIVIILP=||V||p=(fQIV(X)I”dx)

It si easy to check that | || p is a norm.

Definition 1.1.2. [21]: We set

L°(Q) ={v:Q —R; vismeasurableand thereisa constant Csuch thatclv|<C a.e.On Q}
with

lviige =lvlip=infiC; lv(x)I<c a.eOn O}
Definition 1.1.3. [12]: Suppose that 1< p <oo. Then

@ LY (Q) ={v: velLP(K) foreverycompactsubset K of Q},

loc

(i) v is locally integrablein Q if velLl Q.

loc

(iii) Let v and w be locally integrable functions defined in Q.

We define vas the weak derivative of u with respect to « if, for every ¢ € Ci°(Q)

va"‘(pdx:(—l)'“'f wedx.
Q Q

and we say that D*v = w in the weak sense.

(itii) Letv and w be in LfOC(Q).
We define v as the strong derivative of v with respect to « if, for every compact subset K of 2,

there exists a sequence {¢;} in C'%(K) such that ¢; — v in LP(K) and D*¢@; — w in LP (K).

3



The spaces W7 (Q)
Definition 1.1.4. (2], [7], [6], [15]). The sobolev spaces is defined as
W™P(Q) ={veL’(Q),D% € LP(Q),Va e N" such that: |a| < m}
which endowed with the norm
Ivllwmr@ =10l + Y. [Dv| g
lalsm
The spaces W,""(Q)
Definition 1.1.5. [6] : We have
W, """ (Q) = { completion of C°(Q) with respect to the norm || - |lwmnp )}

Proposition 1.1.1. [2] Assume that Q c RY is an open set. Then, the following statemente hold :

1. Foreach 1<p<oo,W"P(Q) isa Banach space.

2. Foreach 1< p<oo,W'P(Q) is refelexive.

3. Foreach 1<p<oo,WV'P(Q) isaseparable.
It is easy to see that E — F is equivalent to the identity mapping from E into F being continuous.

Proof. We sketch the proof for each property:

1. Banach space property:

o WLP(Q) is complete with respect to the norm
1/
lully,p = (Ilullh +1Vullh) ” forl<p<oo

lull1,00 = max{ll ttllo, IVUlloc} for p=o0

e The completeness follows from the completeness of LP spaces and the fact that LP-

convergence preserves weak derivatives.
2. Reflexivity for 1 < p < oo:

e WLP(Q)is isomorphic to a closed subspace of L (Q)N*1via the mapping u — (4,01 u, ...,0N U).

* Since L”(Q) is reflexive for 1 < p < oo, and closed subspaces of reflexive spaces are

reflexive, the result follows.



3. Separability for 1 < p < oco:

e For 1< p<oo, LP(Q) is separable.

 The same embedding as above shows WP (Q) is separable as a subspace of a separable

space.

The continuity of the identity mapping E — F is indeed equivalent to the embedding E — F, as it

precisely means that || u||r < C|lullg for some constant C > 0. O
Remark 1.1.1. These properties are fundamental in the analysis of partial differential equations:

* The Banach space structure allows us to apply functional analysis tools

* Reflexivity is crucial for weak compactness arguments

 Separability is important for approximation techniques

Definition 1.1.6. [21] : Suppose that E and F are Banach spaces. If E c F, we say that A is con-
tinuously imbedded in F (in symbols, this is written E — F) if there is a constant positve C such
that

Ixllp<Clxlg

Remarks 1.1.1. As illustration, we have the following embedding:

W, (@) — LV

where p* = n"Tpp, forany p > n.i.e. Sobolev embedding theorem.

1.2 Hilbert spaces

The space H'(Q)

Assume that Q < R” is a domain. We define the Hilbert spaces as follows:
H'(Q) ={vel*(Q), Vvel*Q)}.

According to the separability of L?(Q2), we have:

Proposition 1.2.1. We have H'(Q) is a separable space. Moreover, it equipped with a scalar product

which coincides with a norm:

2 2 2



The space H; (Q)

Proposition 1.2.2. [7] We have

7@ - 1

That is means, for every f € H& (Q) there exists a sequence {¢i} < D(Q) such that ¢ — in H'(Q),
that is, such that both ||y = f | 2.y — 0 and |[Ver =V f| ;2. — 0 as k — oo.

Remarks 1.2.1. Due to the test functions in 2(Q2) have zero trace on 0%}, every v € H(} (Q) inherits
this property and it is reasonable to consider the elements Hé (Q) as the functions in H' (Q) with zero

trace on 0X). Clearly, H(} (Q) is a Hilbert subspace of H'(Q).

A significant property that holds in Hj(Q), particularly useful in the solution of boundary value

problems, is assumed by the following inequality of Poincaré.

Theorem 1.2.1. [12] Suppose that Q < R" is a bounded domain. There exists a positive constant Cp

(a Poincaré’s constant) depending only on n and diam(Q), such that, for every v € HO1 Q),
||V||L2(Q) Scp ||VV||L2(Q)- (1.1)
where diam(€2) = sup, ,eq |x— yI.

Proof of Theorem :1.2.1
We employ a method that is quite typical for establishing formulas in H& (Q). First, we demonstrate
the formula for w € 2(Q); then, if v € Hé (Q), we select a sequence wy < Z(Q)) converging to v in

the H'(Q) norm as k — oo, that is

| wi — V||L2(Q) -0, [Vwi— VU”LZ(Q) —0
Specifically, we have
I wk”LZ(Q) e ||V||L2(Q), ||VVk||L2(Q) d ||VV||L2(Q)
We deduce that, for every vy:
| wk”LZ(Q) =Cp ||Vwk||L2(Q)

Letting k — oo, we conclude that (1.1) for v.

Remarks 1.2.2. Make sure that Sobolev space W'?(Q) is the collection of all functions v € L*(Q)
for which |Vv| € [2(Q) and equipped by the norm | vly12q) =lVll2q)+IIVVIl2q). Moreover, we
have the closure of 2(Q) in W'?(Q) is denoted by WOI’Z(Q) and hence the space Wol’z(Q) = H& Q) is
a Hilbert space.



1.3 Morrey spaces L”7 ()

We point out that the Morrey spaces have certain inclusion relations with the Stummel classes and

that they are useful for studying elliptic partial differential equation theory as in [5].

Definition 1.3.1. [19] : Assume that Q) is a bounded and open subset of R", where n = 3, and l is the

diameter of Q. For every a€ Q andr >0, we define
Bla,r)={teR"|t—al<r}.

and

O(a,r)=QnB(a,r)={yeQ:|ly—al<r}.

The Morrey spaces LY (Q) is stated as:

1

] 1

LPY(Q) = {fe LP(Q), with| fllzpy = sup (—f |f(y)|pdy)p <oo,forl<p<oco, 0<y< n}
aeQ,r>0 rY O(a,r)

Morrey spaces L7 ()

Definition 1.3.2. (/11],(16]) : IfO(a,r) ={y € Q:|y — al < r} then we denfine LY (Q) as follows:

1
LI'V(Q):{feLl(Q), withcflpy = sup —f lfWldy <oo, for 0<y< n}
x€Q,r>0 Y Jow,r

Proposition:[4]

Let Q be an open subset of R”. Let A € [0, +o0l, p € [1, +ool. If p1, p2 €]0, +00[, then
r‘l,p _ r"l,p
L, (@=L, "W,

and the corresponding norms are equivalent.

Proof: We can clearly assume that p; < p»., it suffices to estimate | f|
-1 -1

forall fe L, *'(Q).Let feL, Q.

A p,Q in terms of | f|

P2, plrr_/lvpvQ

)
| flosr-2pa= " sup 1l fller®,cnne (1.2)
(x,1)€Qx]0,02(
- ) )
< max sup I flr®,wnn, sup r N fller®,xnno)
(x,r)€Qx]0,01[ (x,r)eQx[p1,p2[

»)
=maxi|fly 2,0  sup 1 fllr@,nno (-
(x,1)eQx[p1,p02l

Next we note that

-1 -1
sup r N fllr®,x,rnn < P31 sup I fllr @, 1N (1.3)
(x,1)€Qx[p1,p2( (x,r)€Qx[p1,p2(



) )
<p; Sug I fllLr @, (x,p0n) = 01 Sug IEq fllLr@,(x.p0)) -
X€E X€E

Next we choose an arbitrary number in ]0, p; [, for example p;/2, and we try to estimate

sup |Eq fllLr @, x,p2))
xeQ

interms of sup,cq 1 Eq f | 1r B, (z,p1/2))- Indeed sup cq | Eq fllLr ®,(z,p, /2)) Can be estimated as follows

in terms of |f|p1.r—ﬂ,p,9
sup |Eq fll1r @, (z,p172)) = SUP | fl LP ®,,(z,01/2)n) (1.4)
zeQ) zeQ
_ A~
= sup Nflere,znno= sup 11 lfllr®,en)
(z,r)eQx]0,01[ (2,r)eQ2x]0,01 [

A -1 A
=0 sup r N fle@,zm = P) lflpl,r"l,p,Q'
(z,r)€Qx]0,01[

To do so, we observe that there exist finitely many points ¢y, ..., {m(p,) of @H(O, p2) such that

m(p2) _
U Bn(Sj,01/4) 2B, (0,p2),
j=1
and that accordingly
m(p2)
U Bu(x+¢&j,01/4) 2Bu(x,p2)  VxeR".
j=1

If x € Q, we have

1/p

I EQfllLr®,cx,00)) < m(p2) sup  NEafllLr@,x+&;,00/4) (1.5)

Jeil,..,m(p2)}

1/p

=m(p2) sup IEQfllLr @, e+ .01 74) -

JE(L e m(p2)}, By (x+E j,01/4)NQ#ED
Next we choose a point y;; € B,(x +{;j,01/4) N Q for each j € {1,...,m(p2)} such that B, (x +
¢jrp1/4) N Q # @. Then we have

Bn(x+¢j,01/49)NQEB,(Y)x01/2)
for each j € {1,...,m(p2)} such that B, (x +¢;,01/4) NQ # @. Hence,

1
m(p2)"'? sup IEQfllLr @, (x+¢;,0174)
Je(l,...,m(p2)},Bn (x+$,01/4)NQ#@

1/
<m(p2)'? sup IEQfllLr @,(y;...01/2)
jE{l,...,m(pZ)},[Bn(x+§j,pl/4)099&(23

< m(p2)"'P sup | Eo f | .o @, (2,01 /2)
zeQ)
Then inequalities (1.2)-(1.5) imply that

-1
|f|p2yr*/1'p,Q = max |f|p1yr*/1'p,Qr Sup r ||f||Lp(|Bn(x,r)ﬂQ)
(x,r)€Qx[p1,p2]

8



-2
< max{lflpl,r—ﬂ,p,g,m sup ||EQf||LP(HEBn(x,p2))}
xeQ

) 1/
Smax{|f|p1,r—1,p,g,p1 m(pz)"'" sup ”EQf”LP([HSn(Z,pl/Z))}
zeQ

-2 1/p A
< max{|f|p1,r—l,p,Q»P1 m(p2)"'" py |f|p1,r‘l’l”9}
B 1/
=max{1, m(p,)"'"} |f|p1,r‘ﬂ,lh9

and thus the proof is complete.
-1
The previous proposition shows that the spaces L;, P (Q) coincide for all finite values of p.
If p is finite, the definition of | f| pr A p,Q requires information on f on the balls B, (x,r) N Q for r
only in the right neighborhood |0, p[, and we can take p as small as we wish, and thus the mem-
-1
bership of f in L; P (Q) can be interpreted as a regularity condition of f.
Ifinstead p = +o0, the definition of | |, ;-1 ,, o involves information on f on the balls B, (x, ) N

both when r is small and when r is arbitrarily .

1.4 Weak Morrey space

For 1 < p < oo and 0 < A < n, we define wLP*(R") the weak Morrey space to be the set of all

functions f € wLP®" for which

A/
Iflyrpr@ny=sup 1 "Plflwrr e, < oo
xeR?,r>0

where

<=

I fllwer B = Sug t(u{ye B, m):1f()l>1t})
>

with y being the Lebesgue measure on R” and B(x,r) = yeR": [x—y| <.

Weak Morrey space and Morrey space

The first proposition is about the inclusion relation between weak Morrey spaces and Morrey
spaces.

Proposition: Let 1 < p < oo and 0A < n.If f € wLPA(R™), Then

p
1A wozm-nmenn < COLAPIFIT

Therefor, wLA(R™)P < wLA/p—nl/p+n) (gn),

Proof: Take any f € wLP*(R"), x € R"and r > 0.For every o € R,we have

IS J (u(B(x,1)))° p p 0 A p
eBx,r):|f(x)|>¢ tsf B(x,r))dt+ " f —dt
fo uly Fe1> 1) 0 H VAT 1y (B P
= (H(B(x, r)))a+1 + C(p) ”f”Z)Lp’;L(Rn) (u(B(x’ r)))U(l—P) rl_ (1.6)

9



1
Leto = nip - %and p=—A-n)+nTene n(A+1) =nA(l - p)+A=L.By(1.6),we obtain
p

1

1
_— dy=— d
Fp-nlpe flx_yl<r|f(y)| V=5 )y Oy

1 oo
:_ﬁf u(y € Blx,r): 1 f > Ddt
r 0

<C AP o (1.7)

for every x € Rand r > 0. From (1.7), the conclusion follows. From the Proposition 2.1 and Lemma

1.1, we have the following corollary.

Corollary 1.4.1. Let1 < p <o00,0< A< n, and ”le <a<n. Iff € wLPMR"™), then

| Fllprcsp-nipem @ny < COLAPIFIL 3

If f € LVA/P=n/p+m(RM), then

1

paf(r)<C(n,a, A, p)re

A-n)+a
”f”Ll,(Mp—n/p+n) (R™)

Therefore, w LPA(R") < LYW p=nlp+n) gy < S, (R™)

Example :Let 0 < @ < nand n—a <y < n. Define f:R" — R by the formula

B
fy= KB)

S ElimGE. BT B0o. yeR

where 6 = e@ .Then f € Sg R™\LIARM).
To verify the example, we first show that f € S, (R"). Since the function fis radial and non-increasing,

the Stummel modulus of f is attained at the origin.Given r > 0, let e = min(r, §). We have, We have,

YB(y) 1
a(r):f —d:f .
Pl = | i Dy G E Y

By switching to polar coordinate, we obtain

f 1 _ Cm
yl<e 11" In(yDI? y= —In(e)’

Therefore,
C(n)

—In(e)’

pPaf(r)=

By the definition of ¢, for every 0 < r < 4, we have

paf(r)=C(n) -0 For r—0

—In(r)
Thus, f € Sg(R™). Next, using the fact that %,,Il n()? is decreasing on (0,6) and the condition

n— a <y, one may observe that f ¢ LV(R™).
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Proposition 1.4.1. [4] LetQ be an open subset of R", A € [0, +ool[, and p € [1, +ool. If p1, p2 €]0, +0c0l,
then
Lr_/lvpl Q _LT_A,PZ Q
p (@)=L, "(Q),

and the corresponding norms are equivalent.

Proof. Without loss of generality, assume p; < p2. By the inclusion (3.4), it suffices to estimate
-1
|flp, -1 pointermsof | f, .1 ,qforall fe L; P1(Q).

For f € L,, "' (Q), we have:

w)
sup 1 I fller®, e rno)-

IflPer_/l)pQ =
(x,1)€Qx]0,02(

)

This can be split into two parts:
-1
|flppr-2po=max3fly 2,0, sup 1 "l fller@,xnno (-
(x,1)€Qx[p1,p2]

For the second term, we observe:

) ) )
sup r 1 ler@,enne) < P17 sup l fllLr®,x,pn = P17 sUup lEQ fllLr @, (x,p2))-
(x,1)€Qx[p1,p2( xeQ xeQ

Next, we estimate sup,cq | Eq fll.r®,(x,p,)) in terms of sup . 1 Eq fll1r®,,(z,p1/2))- The latter can be

bounded as follows:

p)
sup lEa fllr @, (z.p1/2) = SUp I fllr @, (2,01 12200 < P11 f 1y, 11 p -
zeQ zeQ)

To complete the proof, we note that there exist finitely many points ¢y,...,$m(p,) in B, (0, p2) such

that:
m(p3) _
U B, 01/4) 2B,(0, p2).
j=1
O

and that accordingly

m(p2)

U Ba(x+¢&j,01/4) 2 By(x, p2) VxeR".

j=1

If x € Q, we have

1/
IEQflr(By(xpon < M(p2)'F  sup  NEqfllire,+¢;,00/4)
jP
Jell,...m(p2)}

1/
=m(py)'P sup IEQflLr B, (x+é ;0114 -
Jeil,...m(p2)},
By (x+¢},01/9NQED

Next we choose a point y;x € By(x +¢j,01/4) nQ for each j € {1,...,m(p2)} such that B, (x +
$j,p1/4) NQ # @. Then we have

Bp(x+&j,01/4)NQ S Bu(yjx,p1/2)

11



for each j € {1,..., m(p2)} such that B, (x + ¢, p1/4) NQ # @. Hence,

1/
m(p2)""?  sup IEQ fllLp (B, (x+¢,01/4)
Jell,...,m(p2)},
Bn(x+§j,p1/4)mQ¢(z§
1/
<m(py)'P sup IEQf NP By cp1/2)
Jeil,...m(p2)},

Bu(x+&j,p1/149)nQ#0

1/
< m(p2) "Psup | Eq fll1rB,(zp1/2)
zeQ

Then inequalities (1.2)-(1.5) imply that

-1
|f|p2yr_/1,p’Q = max |f|p1yr_/1,p’Q} Sup r ”f”Lp(Bn(x,r)ﬂQ)
(x,1)€Qx*[p1,p2]

IA

)
rnax{ | flpy,r2,p,00 1 Sug IEQfll LB, (x,p2)) }
X€E

IA

) 1
maX{lflphrA_p,Q,,Dl m(p2) ”sug ”EQf”LP(Bn(z,pl/Z))}
zE

-2 1/p A
= max{lflpl,r"l,p,ﬂ’pl m(pZ) ppl Iflpl,r‘l,p,ﬂ}

=max{1, m(p)"'"} flprrtp0

and thus the proof is complete. O

The previous proposition shows that the spaces L;_A’p (Q) coincide for all finite values of p.

If p is finite, the definition of | f| pr A p,Q requires information on f on the balls B, (x,r) nQ for r
only in the right neighborhood ]0, p[, and we can take p as small as we wish, and thus the mem-
bership of f in L?A’p (Q2) can be interpreted as a regularity condition of f.

If instead p = +oo, the definition of | f| +o0,r A pQ) involves information on f on the balls B, (x, r)nQ
both when r is small and when r is arbitrarily

large and thus the membership of f in L:,_A’“LOO (Q2) can be interpreted as a condition that is at one
hand a regularity condition and on the other hand also a condition on the behavior of f at infinity.
In order to treat L;ﬁl’p (Q) both in case p < 400 and p = +oo at the same time, we resort to the

generalized Morrey spaces, that we now introduce by means of the following.

Definition 1.4.1. [4] LetQ be an open subset of R". Let p € [1,+0o0]. Let w be a function from 0, +oo[
to [0,+o0[. Let

[flowpa= sup  wOIlflrB,xnne Y €]0,+oo],
(x,r)eQ2x]0,p[

for all measurable functions f from Q toR.
Assume that there exists ry €]0, +ool such that w(ry) # 0. Then we define as generalized Morrey space

with weight w and exponent p the set
LZ’(Q) ={f eQ: f is measurable,| f|+c0,w,p0 < +00} .

Then we set

”f"Lg’(Q) = |f|+oo,w,p,Q er LZJ(Q)-

12



One can easily verify that (L;‘,’ @, 11 L;«;(Q)) is a normed space.

Here we mention that the definition of generalized Morrey spaces is not uniform in the literature.
So for example if Q = n, the definition here coincides with that of Gogatishvili and Mustafayev
[12]. Then we can obtain the definition of Nakai [17] by taking w(r) = ¢(r) "' m,,(B,(0,r))~'/P and
that of Sawano [21] by taking w(r) = ¢(r)m,(B,(0,r))""? for some real valued function ¢. We
also note that here we say that w is a 'weight’ (as in Gogatishvili and Mustafayev [12]), while other
authors reserve the word weight for a weight put on the measure in Q as in Samko [19] (a case that
we do not discuss in these notes).

One may wonder whether | f1,, ., 5,0 would change if we replace the supremum in x € Q with x € Q.

The answer is no as the following lemma shows.

Lemma 1.4.1. [4] Let Q be an open subset of R". Let p € [1,+00]. Let w be a function from 10, +oo[
to [0,+oo[. If f is a measurable function from Q to such that f € LP(B,(x,r) N Q) for all (x,1) €
0 x]0, +ool, then

sup  wflra,xnne = sup  wOIfllrrB,xnn)
(x,r)eQx]0,p( (x,r)eﬁx]o,p[

forall p €]0, +o0.

Proof. It clearly suffices to prove that

sup wnlfllerB,enne < sup  wOIfllzrB,x,rnn0)
(x,r)€(0) x]0,p( (x,r)€Qx]0,p(

for all p €]0, +ool. Let p €]0, +oo]. Let (%, 1) € (0Q) x]0, p[. Let {x;} jey be a sequence in Q such that

lim;_. x; = X. It clearly suffices to show that

w(r) fllr B,z nne <limsup w(r)l fllzr 8, x;,nno) - (1.8)
j—oo

Indeed,

limsup w fller s, ;e = sup — wOIflers,enn -
j—oo (x,r)eQx]0,p[

Possibly neglecting a finite number of terms, we can clearly assume that
lxj-X=<1,

and accordingly that
Bp(xj,r) € Bp(X,r+1) VjeN.

Obviously,

}Lm XBu(x;,nnQ(X) f(X) = xB,zrnna(X) f(x)  YxeQ\0B,(%,1),

and accordingly for almost all x € Q. Indeed, m, (0B, (X, r)) = 0. Next we consider separately cases

p < oo and case p = oo.
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Let p < oo. Since

By(xj,1) € Bp(X, 7+ 1) € By(xo, 7 +2) VjeEN,
we have
1XBue; 0 f1P <1 1P XB,or+2n0 € L' (Q),

forall j € N, and the convergence of (3.13) and the Dominated Convergence Theorem imply that

limf |)(Bn(xj,r)me|pdx=f lxB.@nnaflP dx, (1.9)
j=ooJa Q

and thus (1.9) holds.

We now assume that p = co. Let N be a subset of Q of measure zero such that

0B, (X,r) S N,
lf =N fllzeoBxo,r+20nQ) VX E (Bp(xo,r +2)NQ)\N,
lf = fllzeoB,,(x;,1n0Q) Vx e (Bu(x, r)NQ)\ N, VIeN,
(cf. (1.9)). Then we have
w(NIf () xB,&nna(®)] < wr) limsup| f(x) xB,x;,nna ()]

j—oo

< w(r) inf sup | f(X) xB,x,nna(X)]
JEN >

< inf sup w(N)l fll L8, x;,nnQ
JEN 1z

< limsup w(r) |l fll (B, x,nnQ) Vx€ (B,(xo,r+2)NQ)\N.

j—o0
Since (B, (X,r) N Q) \ N € (B,(x9,7 +2) N Q) \ N, such an inequality holds in particular for all x €
(Bn(%,r)NnQ)\ N and accordingly
w(O fllze®,@nne <limsup w()l fllze®,(,nne)
J—0o0

and thus (1.8) holds. O

1.5 Trivial and Nontrivial Generalized Morrey Spaces

In this section, we briefly discuss the issue of triviality of the generalized Morrey spaces and first
prove the following triviality condition for a generalized Morrey space (and for the corresponding

vanishing space).

Proposition 1.5.1. [4] Let Q be an open subset of R". Let p € [1,+00]. Let w be a function from

10, +o0[ to [0, +ool. If there exists ry €]0, +oo[ such that w(r) #0 forallr €]0, ryl, and if

limsup w(r)r™'? = +oo, (1.10)

r—0

then L;‘,’ (Q) = {0}.
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Proof. Let f € L,)(Q). Since L, (Q) < LP(B,(0,r) N Q) for all r €]0,+oo[, we have f € Ll"Z)C(Q) c
LIIOC(Q), and the Lebesgue Differentiation Theorem implies that
lim lfldy=1f(x)] a.a. xeQ.
=B, (x,r)
To show that the limit equals zero, we note that the Holder inequality implies:
1
F o ronays <1l
Br(x,7) w, " r"Pw(r)
for all x € Q and r €]0, ry[ such that B, (x, r) < Q. By assumption (1.10),We
liminf ———— =0,
r—0 1P w(r)
and thus:
| f(x)| <liminf lfllzwc oy =0 a.a. xeQ.
f Py a)il/pr”/pw(r) f Ly Q)
This completes the proof. O

By applying the previous proposition to the special weights w) ,, r~, wy, we deduce the following

corollary.
Corollary 1.5.1. Let Q be an open subset of R". Let p € [1,+00]. Let A € [0,+o0o[, A > n/p. Then:
-1
L, (@ ={0} forallp€]0,+o0],

rmA _ A _
Ly (@=1{0}, LAQ) =0}

) -
Corollary 1.5.2. states in particular that the Morrey spaces L;, P(Q) for all p €]0,+o0, Ly, A(Q),

M ;,L (Q), or the corresponding vanishing variants can be nontrivial only if A € [0, n/ p].

Proposition 1.5.2. LetQ be an open subset of R". Let p € [1,+00]. Let w be a function from 10, +oo[

to [0, +ool. Then the following two statements hold:
(i) Let¢ €, R€]0,+o00[, w(R) #0. Then the map from
L;,”(Q) to LP(B,( R NQ),
which takes f € L}, (Q) to the restriction fig, ¢ r)nq, is linear and continuous. In particular,

If @, mno < wR I flleq VfeL Q.

(ii) Assume that there exists ry €]0, +oo[ such that w(rg) # 0. Then L,’;’(Q) is continuously embed.-

: P
ded into LloC Q).
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Proof. We can clearly assume that Q is not empty. Statement (i) is an immediate consequence of

the inequality:

Ifllr @, ¢ R0 = WR T wRIfllre,érnno < wR) ™ sup wfllr®,xnn = w(R)_lllfllL;*;(Q),
(x,r)€Qx]0,+00[

forall fe Ly ().

We now consider statement (ii). Let K be a compact subset of Q2. Since K is compact, there exist
&1,.-.,&m such that:

m
K< UBn(&j,ro)nQ.
j=1

Then the inequality of (i) implies that

1 1/ -1
Ifllpae < m''P sup N fllr@,¢;rono <m Pwr) I fllz, VfeL, Q.
m

O O

Ifinstead we want the functions of L,(Q2) to be p summable, we need to introduce some restriction

on w. Indeed, the following holds.

1.6 Elementary embeddings of generalizedMorrey spaces into Lebesgue
spaces

Proposition 1.6.1. [4] Let Q be an open subset of R". Let p € [1,+00]. Let w be a function from
10, +o0[ to itself. Let
Nw= inf w(r)>0. (1.11)

re]0,+oo[

Then the space L), () is continuously embedded into L” (Q), and

Ifle <mo 1 flpey  VfELY Q. (1.12)
Proof. Let f € L;,”(Q).
If p < 00, then the inequality
_ P, p
f lfWIPdy < w(r) "’( sup w(r)”f”LP([EBn(x,r)mQ)) <Nw ( sup wIfller@ux,nn| V7 €lO,+
B, (x,r)NQ rel0,+oo[ rel0,+oo[

together with the Monotone Convergence Theorem imply that

p
fQIf(y)I”dysn;,”( sup w(r)”f”LP([EBn(x,r)mQ)) , (1.13)

r€]0,+oo[

and thus f € L”(Q). On the other hand, if p = +oo, then the inequality

-1
esssupg, (x.rnalfl<ny, sup wlflro®,xnna Vr€lO,+ool,
r€)0,+o00o|
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implies that

esssupqg | fl<n, sup w)fllio®,xrnn) (1.14)
rel0,+oo[

and thus f € L*°(Q). Inequalities (1.13) and (1.14) imply that both in case p < co and p = oo, we

have
-1 -1
Ifllzr @ <0y | flecowpa =N 1f ) -

Hence, the statement follows. O

By applying the previous proposition to the special weight w),, we deduce the validity of the fol-

lowing corollary.

Corollary 1.6.1. Let Q be an open subset of R". Let p € [1,+00]. Let A € [0,+00[. Then the space
Mﬁ (Q) is continuously embedded into LP (Q0), and || f || Lr(q) < ”f”M;JL(Q) forall f € M; Q).
Ifinstead we want L) (Q2) to contain the space of p-summable functions LP (Q), we need to introduce

some other restriction on w.

Proposition 1.6.2. LetQ be an open subset of R". Let p € [1,+00]. Let w be a function from 0, +oo[

to [0, +ool. Assume that there exists ro €]0, +o0o[ such that w(rg) #0. If

Cw= sup w(r)<+oo, (1.15)
rel]0,+oo|

then LP (Q) is continuously embedded into L, (Q) and

Iflzy@ <Swl flir@ YfeLP(Q). (1.16)

Proof. By assumption, we have
wn I fllr®,epne < Swll flir®,xpne) < Swlfllir) VY(x, 1) € Qx]0,+o0], (1.17)
and inequality (1.16) holds true. i

However, condition (1.15) is quite restrictive and is satisfied only in certain limiting cases, such as

that of the Morrey spaces L’ *»© for all p €]0, +ool, L;_O (Q), Mp(Q).

Corollary 1.6.2. Let Q be an open subset of R". Let p € [1,+o00]. Then LP (Q) is continuously embed-
ded into the Morrey spaces L@ for all p €]0, 400, L;,ﬁo (Q), Mg (Q). Moreover, the norm of the

corresponding inclusion is less than or equal to 1.

By combining Propositions 6.2 and 6.8, we deduce the validity of the following, which says that
if the weight w is both bounded and bounded away from 0, then the corresponding generalized

Morrey space coincides with a Lebesgue space.
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Proposition 1.6.3. LetQ be an open subset of R". Let p € [1,+00]. Let w be a function from 10, +oo[
to itself. Let

nw= inf w(r)>0, ¢,= sup w(r)<+oo.
rej0,+ool r€]0,+o0(

Then the space L, (Q2) equals LP (Q2). Moreover,

Nwl fllre) <1 flive Sswl flre  YfeLl? Q.

By applying the previous proposition to the special weights r° = 1 = wy, we deduce the validity of
the following corollary.

Corollary 1.6.3. Let Q be an open subset of R". Let p € [1,+00]. Then the Morrey spaces L;_O Q),

Mg(Q) coincide with LP(Q), and the corresponding norms are equal.

1.7 Stummel classes

Definition 1.7.1. [20] : For n = 3, suppose that Q) is a bounded open set of R", with diameter l. For
aeR" andr >0, we define

B(a,r)={te Q;|t—al<r}.
Assume that 0 < a < n, the Stummel class is defined as:
S4(Q) ={f € L"(Q), with paf(r) <oo,¥r >0}
where

lf I
(r)=su ——d
Paf xeg Blx,r) [x—y|"¢

Definition 1.7.2. [18],: For any0 < a < n. The set
Se=Sa®RM ={f €L, R"):paf(r)— 0 forr— 0}

defines the Stummel classes, namely: Sy (R").

Lemma 1.7.1. [I16] We takeO<a <nandn—a <y <n. If f € LYY ([R"), then

paf(r)<C(n,a,y) ry_n+a||f||L1.7(qun);

Therefore, we deduce that

LY R") — Sy (R™)
Remarks 1.7.1. We note that the inclusions
LY (Q) = 82(Q) — S ()
hold provided thatn—2 <y < n, (see [18]).
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1.8 The generalized Stummel classes

For 1 < p < oo and a measurable function v : (0,00) — (0,00), the generalized Morrey space LP¥ =

LPY(R)" is the collection of all functions f € LP(R)" for which

-1
[(B(x,7r)| P
I fllpw = sup ——————IfllLrB,r) <oo
XER", >0 w(r)

A=n
where |(B(x, r)| denotes the Lebesgue measure of B(x, r). Observe that, forw(t) =t » (0< A< n),
we have LPY = [P,

we assume that ¥ : (0,00) — (0,00) is a measurable function, we consider the following conditions

ony:

1
Mdt<oo; (1.18)
0 t
1 w(s) S
4 Sy S Jor =S 9
1//(r)<Aw for s<r (1.20)
rn < 2 Sn <1/, .

Where A; > 0,i = 1,2, are independent of r,s > 0. The condition (1.19) is known as thedoubling
condition on ¥. In some cases, we can weaken the doubling condition by the right doubling con-
dition:

S
——< A3 for 1<-<2, (1.21)
r

where A3 is independent of r, s > 0.

Definition 1.8.1. For1 < p < oo, we define the generalized Stummel p-class S v = S, w(R") by

Spw={feLll ®RM:ppwf(r)—0 for r—0}

loc
where .
lfMIPYIx=yl  \7»
wf(r)=su (f dy| , r>0.
Pp\}lf xeﬂ£1 lx—yl<r lx—y|" Y

We call p,, vy f(r) the Stummel p-modulus of /. Observe that the Stummel p-modulusis nonde-
creasing on (0,00). For p = 1, we have S; v = Sy the generalized Stummel class introduced in [6].
For W () = t%(0 < a < n), we write Cinstead of S, y and p, o instead of p,, o. Observe that S; o = Sq
the Stummel class introduced in [4, 13].

The following two theorems confirm that p,  f is continuous (hencemeasurable) and satisfies the

doubling condition.

Theorem 1.8.1. If f € Sy, vy, then py o fis continuous on (0,00).
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Proof: Let ri be a sequence in (0,00) with rp — r € (0,00) and x € R”,Choose r, such that r, ri < r.

for every k € N.Next, for every k € N, define

_fDIPYx -yl
8k(y) = PR XBxrp (V)dy
and
_fIPYx -yl
8k(y) =

=yl XBx,n (¥)AY,

fory € B(x, r). We see that gy is a sequence of nonnegativemeasurable functions on B(x, r,), and

8r — g almost everywhere on B(x, r«). By the Dominated Convergence Theorem we obtain

f gk(y)dy — g(y)dy.
ly—x|<rs ly—x|<ry

Therefore

p — 7 b - g
U |fF(NIPP|x y|dy)p _’U lfIPY]x yldy)ﬂ' (1.22)
ly—x|<rs lx—yl" ly=xl<r lx =yl

Let e be any positive real number. By (1.22), there exists ky € N such that for all k € Nwith k = kywe

PPy — 5 PPy — >
U IfDIPPIx yldy)v_€<(f IfWIPY]x yldy)v
ly—xl<r |x_J’|n ly—xl<rg |x_J/|n

1
p B 1
<(f lf(»IPYIx yldy)vﬁ'
ly—x|<r

have

lx—y|"

Since x € R" is arbitrary, we conclude that

C—e<ppvfrr) <ppwf(r)+e.

Thus, we have proved that p v f (rr) — pp,w f (r) for any sequence r in (0,00) with ry — r € (0,00).

This means that hp,Y f is continuous on (0, c0).

Theorem 1.8.2. Lety satisfy the condition (1.20). If f €Sy y, then pp v [ satisfies the doubling

condition.

Proof: Let x € R, and r > 0. Choosem = m(n) € N and x;, ..., X;; € B(x, r) such that

m
B(x,r) < |JB(xi,r/2).
i=1

Note that

p _ DI p _ 1
(f lfIPY|x yldy)r’sz(f Lf(DIPPlx yldy)r'
ly—xl<r ly—x;l<r/2

lx—yI" ] lx—yI"
m
=Y 1 (1.23)

Fori=1,..., m, we have

1

PY|x — »

Ii:(f lf(MIPY|x yldy)v
ly—x;l<r/2 |x—J/|n
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1 1

Py|x — P P|x— P

S(f lfNIPY|x J’|dy)”+(f lfNIPYIx y'dy P
ly—x|>|y—x;|,ly—x;|<r/2 |x—y|" ly—xI<ly—x;l<r/2 lx—yl"

=A;+B; (1.24)

By the condition (1.20) on ¥, we obtain

1

PW|x — v

Ai:(f fIP¥Ix -yl )n
ly—xI>ly—xil,ly—xil<ri2 |x—y|"

1
lfWIPP|x -yl )?
< c( )(f d
P ly—x;l<r/2 |x_J/|n Y

1

P¥|x— P

SC(p)(f lfNIPY|x J’ld )P
ly—x|>|y—x;|,ly—x;i|<r/2 lx—y|"

<c(p)ppwf(ri2).

From (1.23)and(1.24), we get

1
PYlx-yl  \»
U S ITPx yldy)pSm(n)(C(P)"‘l)Pp,‘Pf(r/Z)'
y-xi<r  lx=yI"

=c(n,p)ppwf(ri2). (1.25)

Since the inequality (1.25) holds for all x € R", we obtain

ppwfr)<c(n,p)ppwf(r/2).

According to the fact that p,,y f(r) is nondecreasing, we conclude that p,, y f (r) satisfies the dou-

bling condition.

1.9 Some basic Formulas

Theorem 1.9.1. (Holder’s inequality).
Assume that f € LP and g € LY with1 < p <oo. then fge L (Q) and

fQ|fg| <I£1, gl

Proof. We prove this important inequality in several steps:

1. Firstrecall thatfora,b=0and p > 1,

where % + % = 1. This follows from the concavity of the logarithm.
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2. Without loss of generality, assume | fl, = lIgll,» = 1, since otherwise we can consider f =
flfllpand g=g/lgl.
3. For each x € Q, apply Young’s inequality to | f (x)| and | g(x)|:

]l 1g(x)|”
p p'

[f()gx)| =

4. Integrate both sides over Q:

1 1 ' 1 1
| mxs—f|wd»+—f|wdx:—+—:1
Lfg pr Wug p p

which proves the normalized case.
5. Forarbitrary f € LP(Q)and g € )12 (Q), the result follows by multiplying both sides by || 1l » I gl -
O
Remark 1.9.1. Key observations about Hélder’s inequality:
* The inequality is sharp - equality holds when | f|P and | glp, are proportional
* When p = p' =2, this reduces to the Cauchy-Schwarz inequality

 The conjugate exponent p' satisfies % + % =1
 The inequality remains valid when p = 1 and p' = oo with the appropriate interpretation

Theorem 1.9.2. (Poincaré’s inequality)

Ifve Wol’z(Q), then there exists a positive constant C = C(l) such that

/ﬂmzscjﬂvm?
Q Q

Proof. We provide a detailed proof with the following steps:

1. First consider v € CZ°(Q), the space of smooth functions with compact support in €, which

is dense in WOI’2 Q).
2. Forany x = (x,...,x,) € Q cR", since v has compact support, we can write:

1 gy
v(x):f —(t, xp,...,xp)dt
—ooaxl

X1 9 2
Iv(x)IZZU aTU(t,xz,...,xn)dt
—00 1

X1 x| 9 2
SU 12dt)(f Yt xar e x) dt)
-0 —00 | 0X]
|4 2
sdiam(Q)f ‘—U(t,xg,...,xn) dt
—00 |0X1
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2
dtdx

flv(x)lzdxsdiam(Q)ff ‘ﬁ(t,xg,...,xn)
Q 0x1

2

< diam(Q) f |Vu(x)|2dx
Q

5. For any v e W, *(Q), take a sequence {v,,} = C(Q) converging to v in W"2(Q). Applying the

inequality to v, and taking the limit n — oo gives the result.

The constant C depends on the diameter of Q, with C = diam(Q)? for convex domains. For more

general domains, the constant depends on the Poincaré constant of the domain. O
Remark 1.9.2. The Poincaré inequality has several important features:

e Theinequality shows that the L?> norm of a function is controlled by the L?* norm of its gradient

for functions with zero boundary conditions
* The proof demonstrates how the constant depends on the domain size

* The inequality fails for functions that don’t vanish on the boundary or for unbounded do-

mains
e This is a special case of more general Poincaré inequalities that hold for WO1 P (Q) spaces

Theorem 1.9.3. (Sub Representation Formula )[20]
Ifve WOI’Z(Q), then there exists a positive constant C = C(n) such that

v(x )I\Cf R v(y)l

|n1

fora.exe Q.

Theorem 1.9.4. [19]
Assumethatn—-2<y<n.Ifve LYY (Q) then there exists a constant C = C(n,y,1) > 0 such that

lv(x)|
fQ—_dx < Clviipr g

|z —x|"1

foreveryze Q.

Theorem 1.9.5. (Tonelli’s Theorem) Assume that E c R" and E c R" are measurable sets and f :

E x F — R is a nonnegative measurable function. Then, we have the followings:
e Forae. x€E,f(x,.) ismeasurableinFE
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e Fora.e. y€Ff(,y)ismeasurableinE.

* The function
g(x):fFf(x,y)dy, (resp. h(y):fEf(x,y)dx)

is measurable in E (resp. F).

* We have the following equality of the integrals(in R)

fEXFf(x,y)dxdy:fEU;f(x,y)dy)dx:fF(fEf(x,y)dx)dy

1.10 The Lemmas of Lax-Milgram and Stampacchia

Definition 1.10.1. Let H be a Hilbert space with norm ||-|| and A: Hx H — R be a bilinear mapping.

The mapping A is called continuous if there exists a constant Cy > 0 such that
Ay, W) < Grllvilwl,

forallv,we H,

and called coercive if there exists a constant C, > 0 such that
|A(v, v)| = Gl vl
forallve H.

Definition 1.10.2. Assume that H is a Hilbert space with norm |-| and H™! is the set of all liner
functional onH.
The mapping A: H x H — R is called continuous and linear in the second variable if v,p,w € H and

for every sequence {p,}, such that
lim len—el| =0, then im |A(v,n) = A(v,)| =0

and

Alv,p+w) =AW, @)+ AV, w).

Meanwhile, F € H™! is called bounded linear functional if there exists a constant C > 0 such that
|[F(v)| = Cllvl
forallve H

Lemma 1.10.1. (Lax-Milgram’s Lemma), [2]
Let A: H x H— R be a continuous and coercive bilinear mapping. Then, for every bounded linear

functional F : H x H — R, there exists a unique element v € H such that
A(v,w) = F(w)
foreveryve H
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Lemma 1.10.2. (Stampacchia’s Lemma), ([1],[14])
Let H be a Hilbert space and A: H x H — R be a continuous and linear in the second variable, and

there exists two constants K; > 0 and K, > 0 such that :
(D 1A(v1, @) — A(v2, @)l = Killvy — vallll@ll , Vv, v2,0 € H,
) A(v1, v1—12)— AV, V1 —12) = Kollv1— 13212, Y1, 1o € H, then, for every bounded linear functional

f € H™Y, there exists a unique v € H such that
F(w) = A(v,w)

foreveryw e H.
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Chapter 2

Elliptic equation involving Morrey spaces

In this chapter, we study the existence and uniqueness of this Dirichlet problem by directly using

the Lax-Milgram Lemma and the weighted estimation in Morrey spaces.

2.1 Statement of the results

We consider the following Dirichlet problem

Lv=f,
’ flz (2.1)
ve W, (Q).

Where Q is a bounded open subset of R” ,n = 3, and L is a divergent elliptic operator defined by :
0 ov
Lv=-% —|g .22 2.2
v ;axi (al'] axi) (2.2)
with
ai,j € LOO(Q), i,j =1,..,n

and there exists v > 0 such that

VIEP< Y aij(0)&EG, (2.3)

ij=1
forevery¢ = (¢5,...,¢,,) and for almost every x € Q, the data f is a function in Morrey spaces LYY (Q),

and y satisfies a certain condition n -2 <y < n.

Definition 2.1.1. Wesay v e WOI’2 (Q) is a weak solution of the Dirichlet problem if :

| Zaij0=200

6v(x)0(p(x) f fX)e(x)dx 2.4)

forallp e WH2(Q).

Remarks 2.1.1. In this chapter, we will directly study the existence and uniqueness of the weak solu-
tion to the Dirichlet problem 2.1, assuming f € LYY (Q) for n—2 <y < n. The Lax-Millgram lemma, a
functional analysis technique, is combined with weighted embeddings in Morrey and Sobolev spaces

in our method.
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2.2 Method of Research

Now, we associate the operator L with the mapping A: Wol’2 Q) x WOI’2 (Q) — R defined by the
formula

av(x)aqo(x) dx 2.5)

A, @) = fZ ai, j(x) ————

Forn-2<y<nand f € L'Y(Q), we define Fpr: WOI'Z(Q) —-R by the formula

Frlp) = fo(x)(p(x). (2.6)

By the linearity of the weak derivative and integration, it is easy to show that A defined by (2.5), is a
bilinear mapping. We notice that, according to (2.4), (2.5), and (2.6), v € Wol'2 (Q) is a weak solution
of problem (2.1) if

A(v, ) = Fr(o) 2.7)

for every ¢ € WOI'2 (Q2). Here, we apply the Lax-Millgram lemma as a method of functional analysis
tool. Before we proceed, we establish the continuity and coercivity of the bilinear mapping A, as
defined by (2.5).

Lemma 2.1:[19]

The mapping A that is specified in equation (2.5) is coercive and continuous.

Proof of Lemma 2.1: We take v € Wol'2 Q).

First, we establish the property of coercivity. Using (2.3) and Poincar§ inequality after that, we

obtain

av(x)év(x)
A » l
(v,v) = ol,zla () P

vi IVUI2
Q
%
>—f|Vv|2+Cf|v|2
2 Ja Q

= Cllv|?

dx

Wl Z(Q)

where C = C(v, ) is a positive constant.
The continuity property is now established. Assume that v, € Wol’2 (Q),
Observe that,

n
M=) laijli~w
ij=1

27



Based on a; j € L*°(Q), i, j = 1,..., n. Applying Holder’s inequality, we obtain

ov(x)
axi

0p(x)

d
ax]' o

n
A, @)l = Y Nlaijlliow)
ij=1

< Mf IVv(x)||Ve(x)|dx
Q

3 3
sM(f |Vu(x)|2dx) U |V<p(x)|2dx)
Q Q

< Ml|vllywizyllelwizq)-
The proof is now complete.
To demonstrate the bounded linear functional nature of the function Fy described by (2.6), we

require the following theorem which states about a weighted estimation in Morrey spaces where

the weight in Sobolev spaces.

Theorem 2.2.1. [19] Suppose thatn—2 <y < n.
Iffe LYY (Q), then there exists a constant C = C(n,y,1) >0 such that,

];2|fv| < Clfllpr@llvliwizg-
foreveryve WOI'Z(Q).

Proof of theorem 2.2.1:

We take v € WOI'2 (Q)). Using Holder’s inequality and the sub representation formula of v, we get

V

B |f (2] )
_C(n)fQIVv(y)l(fg)—lx_yln_ldx dy

1

2 2
< C(Tl)HVVHLZ(Q) (L (L |xlf(Tx|31|—ldx) dy) (2.8)

fQ|f(Z)|dZ < C(n,)/, l)”f”LLJ/(Q) (2.9)

Observe that
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We deduce that
Fieol )2 fU |f(2)] )U Fieol )
—d dy= —d —— —dx|d
fQUQ |x — y|"1 A=) alz—y/nt ¢ alx—y|"1 ey
fflf(z)llf(X)l(fl G 1|x = 1dy)dxdz

<C(n)ff|f(2)||f(x)| - sdxdz

~con [ i@ [ L0 ] az

<C(n,vy, l)||f||L1v7(Q)L|f(Z)|dZ

<Cmy,DIflyg - (2.10)

According to Theorem (1.9.4) and (2.9). When (2.8) and (2.10) are combined, we get

1
f @)l )2 )f
j;)lf(x)v(x)ldxsC(n)IIVvlle(Q)(fg(fg—lx_yln_ldx )dy

<C(n,v,DIV V”LZ(Q) ”f”LLY(Q)

<C(n,y, DI U”WLZ(Q)”f”LLY(Q)-

Finally, the proof of this theorem is finished.

We get the following consequence from Theorem (2.2.1).

Corollary 2.1[19]

Suppose that n—2 <7y < n. The mapping Fy: WOI’2 (Q) — R’ defined by (2.6) is a continuous linear
functional.

Proof of Corollary 2.1:

Since integration is linear, Fy is a linear functional on Wol’2 (Q).

For every v e Wol’2 (), Thanks to theorem (2.2.1), we deduce that

|Ff(U)| < fQ |fvl < C”f”LLY(Q)” v”WLZ(Q) <C(n,v,l, ”f”LLY(Q))” V”WOLZ(Q)

This means F ris also continuous.

Lemma (2.2), Corollary (2.2), and the Lax-Milgram lemma are combined to provide the following

assertion on the existence and uniqueness of the Dirichlet problem’s weak solution.
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Theorem 2.2.2. [19] Suppose that n—2 <y < n. and f € LYY (Q) in Dirichlet problem (2.1). Then

there exists a unique element v € Wol'2 (Q) which is the weak solution of the Dirichlet problem (2.1).

Proof. We establish the existence and uniqueness through the following steps:

1. Functional framework:

* Consider the Gelfand triple WOI’Z(Q) — [?2(Q) — W12

 The Morrey space condition f € L1'Y(Q) with n — 2 < y < n ensures sufficient regularity
2. Variational formulation:
* The weak formulation seeks v € WOI’2 () such that
a(v,¢) = (f,¢) Ve W,*(Q)
where a(u, v) = fQ Vu-Vvdxis the bilinear form

3. Existence proof:

¢ The bilinear form a(-,-) is coercive on WOI’Z(Q) by Poincaré’s inequality

e The functional ¢ — (f,¢) is continuous on WOI’2 (Q) since

KO =1l 10Ny,

* Apply the Lax-Milgram theorem to obtain existence
4. Uniqueness proof:

e Suppose vy, v, are two solutions
e Then a(v; — vy, ¢p) =0forall p e WOI’Z(Q)

* Taking ¢ = v1 — v2 and using coercivity gives ||vy — vzl 12 @ =0
0

Remark 2.2.1. Key aspects of this result:

» The conditiony > n— 2 ensures the Morrey space is not too singular

The upper bound y < n guarantees f has sufficient decay

The proof combines functional analysis with Morrey space theory

The result extends classical L? theory to more singular right-hand sides
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Chapter 3

Elliptic equation involving Stummel classes

This chapter discusses the existence and uniqueness of the problem 1 solution by taking f € S, ()
and g # 0 utilizing Stampacchia’s lemma and a weighted estimation for functions in the Stummel
class with a weight in W?(Q). Our approach handles a continuous linear functional and a con-

tinuous linear mapping in the second variable.

3.1 Statement of the problem via Stampacchia’s Lemma
Now, we take amap A: Wol’2 Q) x WOI'Z(Q) — R by the formula

Ay, @) :LM(x)VU.V(p+ng(v)(p. (3.1
For f € S, (Q), we also take, Fp¢: WOI’2 (Q) — R by the formula

Ff((p):fgf(p (3.2)

We remark that, due to M(x) is bounded, g is Lipschitz, and Holder inequality, for every
v,pE Wol’2 (Q), we obtain

IA(v,go)ISfQIM(x)Vv.Vq)HLIg(v)cpl

< C(k,n) [oIVVIIV@l+ [o(ClvI+1g(0)D]pl| < oo

With C = C(ko), so (3.1) is well defined; therefore, one can verify that Fr defined by (3.2) is a linear

functional on Wol’2 (Q) that comes from the linearity of integration.

3.2 Main Results

This section is devoted to studying the linearity in the second variable and continuity of the map

A which defined by (3.1).

Lemma 3.2.1. [20] In the second variable, the map A described by (3.1) is continuous and linear.
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Proof of Lemma 3.2.1:

We assume that v,¢ € Wol’z(_()) and {¢,}, is any sequence in Wol’z(_()) such that
,}l_r,{}o ”‘pn - ‘P” wit@) = 0

We note that,
U (M(x)Vv.Vo, — M(x)Vv.Vg)
Q

sL\M(x)Vv.vupn—(pn (3.3)

The right-hand side of (3.3) is estimated in the following way by applying Holder’s inequality and
the boundedness of M (x).

fQ|M(x)VU.V(<,0n—(p)|SC(k,n)fQIVv||V(<Pn—<P)| < Clk, IVl IV@n— @)z (B.4)

When we combine (3.3) and (3.4), we obtain

< C(k, n)”VU”LZ(Q) lgn _(,0||L2(Q) (3.5)

f (M(xX)Vv.Vp, — Mx)Vv.Ve)
Q

Additionally, the fact that |g(v)| < C(kg)lv|+g(0)| € L%(Q) and g is Lipschitz gives us

U (gWpn—gW)y) <f lg)lpn— ol
Q Q

< fg (Clhko) 0] +1gO)Dlpn — | (3.6)
<[ C(ko)|v|+ Ig(O)IIILz(Q) ||V((,0n - (P)”LZ(Q)
From (3.5) and (3.6), we conclude that

|A(v, @n) — Av,9)| < +

f (Mx)Vv.Ve, - Mx)Vv.Ve
Q

f (gWpn—g)e)
Q

< Clk, IVl 2 IV (@n = @)l 12y HI C(Ko) ] + IOl 20y IV (91 — ) 112y

<Cllon—oll2@

With C = C(k, m)|Vv| 2+ C(Ko)|v| + g (0)|ll 2 (- This inequality provides us with

lim [A(v, ) - A(v, )| =0

This indicates that A is continuous in the second variable. Moreover, based on the integration and

the linearity property of V, the map A is linear in the second variable.
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Lemma 3.2.2. [20] Assume that A is defined by (3.1). Then there exist two constants K; > 0 and
K, > 0 such that

* AL 9) - Az @) s Killr - U2||W01'2(Q) ”(p"WOl'Z(Q)’VUl’ V2, p € Wol’z(Q)

12
* |A(vy, 01— v2) — AV, g — 12)| = kol vy — UZIl?/VLz(Q):VUl» vy € Wy (Q)
0

Proof of Lemma 3.2.2:
We take vy, v2,¢ € Wol’z(Q). Using Holder’s inequality and g is Lipschitz and M(x) bounded, pro-
duces

|A(v1,<p)—A(uZ,<p)|:'fQM(x)V(vl—v.z)w+fﬂ(g(vl)—g(vz))<p

SCfQW(lﬁ—U2)|-|V<P|+CfQ|U1—Uz||(,0| 3.7)

<C|V(v1 = v)ll 2y IVl 120 + cllvr = vall 2y 1@l 12

SC” V1 — U2 ” W()l’z(Q) ||(P|| Wol,z(Q)

where C = C(k, n, ko) = K7 > 0. Additionally, in view of M (x) is elliptic and g is non-decreasing, we

deduce that

A(vy, v1 — v2) — A(va, 11 — 1) =t

=fQM(x)VU1V(V1— U2)+fﬂg(l/1)(vl— Vz)—fQM(x)VUzV(Vl—Vz)—fﬂg(l/z)(l/l—Vz) (3.8)

:fQM(x)Vle(vl —12)V(v] — 12) +ng(Ul - 12)V(vy —v2)
>vf V(01 - v) 2
Q

2
=viivi= vzl

Assuming K, = v. The proof of the lemma is given by (3.7) and (3.8).

To continue we need the following lemma that help us to study the next theorem.
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Lemma 3.2.3. [20]If f € $,Q) , then there exists a constant C = C(n) > 0 such that,

f ol < Cpaf(D f Vol
Q Q

foreveryp e WOI'Z(Q).

We shall now demonstrate a weighted approximation of a function in Stummel classes, with the

weight in compactly supported Sobolev spaces Wol’2 Q).

Theorem 3.2.1. [20] Suppose that ¢ € W, *(Q).
If f € S$1(Q) ,then there exists a constant C = C(n, ) > 0 such that,

LU‘([)I = Cpaf(l)||(,0||w1,2(g)

Iffe S,(Q) then there exists a constant C = C(n) > 0 such that,

1
fQ Fol < Cloaf DI fla) Il

Proof of Theorem 3.2.1 : Suppose that f € §,Q).
We begin with the case a = 1.

According to Lemma 3.2.3 and Holder s inequality, there exists a constant C = C(n, [) > 0 such that.

fﬂlﬂpl scpf(l)fﬂww < CprDIplyz

Next, we take a = 2. Using the Sub representation of ¢, Tonelli’s theorem, and Holder s inequality,

we obtain that

f Ifol :f |F @) dx|
Q Q

<C(n)f e ”(f || <p(|yn)|1 )dx

<con [ [vpl{ [ ZE s ay

o
SC(H)IIV(PIIng(fQ( lf(—x)ldx) dy)

Qlx—y|n1
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We see that

FL et ar= (e ) o

1
_foQIf(x)llf(z)l(f|Z_y|n_1|x_y|n_ldy)dxdz

<C(n) f f I @ g dxdz

~con [ i [ 05 |f(;31|2 x)d
<Cmp DI flpq-

When we sum up the previous two disparities, we get

1
2 2
fQ|f<p|<C(n)||V<p||Lz(m(fQ( |f(—x)|_dx) dy)

Qlx—y/n-1

1
<C(ﬂ)||V(P”L2(Q) (C(n)Pf(l)||f||Ll(Q))2 .

1
<C(n) (Pf(l)”f”Ll(Q))z ||(P||WL2(Q)-

The proof is finished.
The following corollary, which indicates that the linear functional defined by (3.2) is bounded (i.e.

Continuous), is obtained as a result of Theorem (3.2.1).
Corollary 3.2.1. [20] The linear functional Fy : Wol’2 (Q) — R stated in (3.2) is bounded.

Proof of Corollary 3.2.1:
We take ¢ € Wol’2 (Q). Thanks to Theorem (3.2.1), we find

Fr()] = fQ £l < Clglyz g,
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where C=C(n,[,pp(l)) or C=Cnlpf(D), ||f||W01,2(Q))
Regarding to Lemma (3.2.2) and Corollary (3.2.1), we can now apply Stampacchia’s lemma to find
the existence and uniqueness of solution of the problem (1) which stated as follows:

Theorem 3.2.2. [20] There exists u € WOI’2 (Q) which is unique solution of the problem 1 in the fol-

lowing sense:
A(v,(p):f M(x)Vv.VqH—f g(v)(p:f f(p:Ff((p),
Q Q Q

forallpe Wol’z(Q).
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Conclusion and Further Prospects

In this memory, we have examined the existence and uniqueness of a weak solution to a semi-
linear monotone elliptic equation when the lower order term equal zero. This weak solution may
be identified by presuming that the data is a member of a certain Morrey space. This can be shown
by using the weighted embedding in Morrey spaces, where the weight is in Soblev space, together
with the Lax-Milgram lemma, a functional analytic technique. Furthermore, our problem has a
unique solution. A weighted embedding of a function in Stummel classes, where the weight is in
compactly supported Sobolev spaces, and Stampacchia’s lemma serve as examples of this case.
This thesis memory contributes to the understanding of the semilinear monotone elliptic prob-
lem, providing important theoretical insights and establishing conditions for the existence and
regularity of solutions. The results obtained in this study lay the groundwork for further investiga-
tions in this field and can serve as a valuable resource for researchers and practitioners working in
related areas.

Researcher exploration of the following problems is warranted by the findings of this study. We

recommend researching the problem below.

~div(A(x)Vu) + F(w) = h,
ue W, (Q).

Where A(x) is nxn symmetric matrix, elliptic, bounded, F: R — R is non decreasing and Lipschitz,

and the right hand side h belongs to the generalized Stummel classes, that is:

Spo=Spe®RM ={feL], . R":pp,f(r)—0forr—0}

Where

Pp,ef(r) =sup dy,Yr>0

xeR”?

1
(f IFWIPplx—yD\»
|x—yl<r |x_J/|n
Regarding these spaces, the reader can look at [18].
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