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Notation

� For � = (�1; :::; �n) 2 Nn0 ; we write j�j = �1 + :::+ �n:

� The Euclidean scalar product of x = (x1; :::; xn) and y = (y1; :::; yn) is given by

xy = x1y1 + :::+ xnyn:

� The expression f . g means that f 6 cg for some independent constant c (and

non-negative functions f and g).

� f � g means f . g . f:

� As usual for any x 2 R; [x] stands for the largest integer smaller than or equal to x.

� suppf is the support of the function f , i.e., the closure of its non-zero set.

� If Q � Rn is a measurable set, then jQj stands for the (Lebesgue) measure of Q.

� �E denotes its characteristic function.

� S(Rn) is used in place of set of all Schwartz functions on Rn:

� S 0(Rn) the dual space of all tempered distributions on Rn.
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Introduction

It is well known that Herz spaces play an important role in Harmonic Analysis. After they

have been introduced in [15], the theory of these spaces had a remarkable development in

part due to its usefulness in applications. For instance, they appear in the characterization

of multipliers on Hardy spaces [3], in the summability of Fourier transforms [12] and in

regularity theory for elliptic equations in divergence form [27].

In recent years, there has been growing interest in generalizing classical spaces such as

Lebesgue, Herz spaces and Sobolev spaces to the case with either variable integrability or

variable smoothness. The motivation for the increasing interest in such spaces comes not

only from theoretical purposes, but also from applications to �uid dynamics [29], image

restoration and PDE with non-standard growth conditions.

Herz spaces K�
p(�);q (Rn) and _K�

p(�);q (Rn) with variable exponent p but �xed � 2 R and q

were recently studied by Izuki [17, 18]. These spaces with variable exponents �(�) and p(�)

were studied in [2], where they gave the boundedness results for a wide class of classical

operators on these function spaces. The spaces K�(�)
p(�);q(�) (R

n) and _K
�(�)
p(�);q(�) (R

n), were �rst

introduced by Izuki and Noi in [20].

Based on the papers [9], [32] and [33] we will study the weak type estimates of com-

mutators on Herz type spaces with variable exponent.

Our work is divided in to three chapters.

In the �rst one, we collects fundamental notation and concepts. We also give some key

results needed in the proofs of main statements.
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In the second chapter we de�ne the BMO space and present the weak type estimate of

commutators on variable Herz�type Hardy spaces.

In the last chapter we study the weak type estimate of commutators on variable Herz�type

Hardy spaces with Lipschitz function.
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Chapter 1

Variable Herz spaces

In this chapter, we present some fundamental proprieties of variable Herz spaces. We also

give some key technical results needed in the proofs of the main results of this theses.

1.1 Modular space

In this section we recall some properties of semi-modular functional space.

1.1.1 De�nition and basic properties

De�nition 1.1 Let X be a vector space over R or C.. A function % : X �! [0;+1] is

called a semi-modular on X if it satis�es the following condition:

1. %(0) = 0.

2. %(�x) = %(x) for all x 2 X, and for all scalar � with j�j = 1.

3. % is quasi-convex.

4. %(�x) = 0 for all � > 0 implies x = 0.

5. % is left-continuous on [0;+1) for every x 2 X.

A semi-modular % is called a modular if
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6. %(x) = 0 implies x = 0.

A semi-modular % is called continuous if

7. the mapping � �! %(�x) is continuous on [0;+1) for every x 2 X.

Example 1.2 Let 
 be a Lebesgue measurable subset of Rn. If 1 � p <1, then

%p(f) =

Z



jf(x)jpdx

de�nes a continuous modular on the space of all measurable functions on 
. If 1 � p <1,

then

%p((xj)) =

1X
j=0

jxjjp

de�nes a continuous modular on Rn.

De�nition 1.3 If % be a semimodular or modular on X; then

X% = fx 2 X : lim
��!0

%(�x) = 0g

is called a semimodular space or modular space, respectively.

Proposition 1.4 If % is a semimodular or modular on X, then

X% = fx 2 X;9� > 0 : %(�x) <1g

is called a semimodular space or modular space, respectively.

Theorem 1.5 Let % be a semimodular on X. Then X% is a quasi-normed space. The

quasi-norm, called the Luxemburg quasi-norm, is de�ned by

kxk% := inf
n
� > 0 : %(

x

�
) 6 1

o
:

Lemma 1.6 (Norm-modular unit ball property). Let % be semi-modular on X. Then

kxk% � 1, %(x) � 1:

If % is continuous, then also

kxk% < 1, %(x) < 1; and : kxk% = 1, %(x) = 1:

6



Corollary 1.7 Let % be a semi-modular on X and x 2 X%:

(a) If kxk% � 1; then %(x) � kxk%.

(b) If 1 < kxk%, then kxk% � %(x).

(c) kxk% � %(x) + 1.

Remark 1.8 The proof of the above results can be found in [8].

1.2 Variable Lebesgue spaces

In this section we recall and present some properties of variable Lebesgue spaces. Given

an open set 
 � Rn: We put

P0(
) := fp : measurable : p(�) : 
 �! [c;1[ : for some c > 0g:

The elements of P0(
) are called exponent functions. In order to distinguish between

variable and constant exponents, we will always denote exponent functions by p(�). We

denote by

P(
) := fp : measurable :: p(�) : 
 � Rn �! [1;1[g:

Given p 2 P0(
) and a set E � 
; let

p�(E) = ess inf
x2E

p(x); p+(E) = ess sup
x2E

p(x):

If the domain E = 
 = Rn; then we will simply write

p� = p�(Rn); p+ = p+(Rn):

De�nition 1.9 Given 
 and p 2 P0(
): The variable Lebesgue space Lp(�)(
) is de�ned

by

Lp(�)(
) :=
n
f measurable : 9� > 0 : lim

��!0
%Lp(�)(
)(�f) = 0

o
;
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equipped with the following quasi-norm

kfkLp(�)(
) := inff� > 0 : %Lp(�)(
)(f=�) 6 1g:

De�nition 1.10 Given 
 � Rn open and p 2 P0(
), de�ne Lp(�)loc (
) by

L
p(�)
loc (
) := ff measurable : f 2 Lp(�)(K); : for every compact set : K � 
g:

De�nition 1.11 Let p 2 P0(Rn). The weak Lebesgue space with variable exponent

Lp(�);1(Rn) (or WLp(�)(Rn))consists of all Lebesgue measurable function f satisfying

f


Lp(�);1

:= sup
�>0

�


�fx2Rn:jf(x)>�g

p(�) <1:

De�nition 1.12 We say that a function g : Rn ! R is locally log-Hölder continuous,

if there exists a constant clog > 0 such that

jg(x)� g(y)j � clog
ln(e+ 1=jx� yj)

for all x; y 2 Rn. If

jg(x)� g(0)j � clog
ln(e+ 1=jxj)

for all x 2 Rn, then we say that g is log-Hölder continuous at the origin (or has a log

decay at the origin ). If, for some g1 2 R and clog > 0, there holds

jg(x)� g1j �
clog

ln(e+ jxj)

for all x 2 Rn, then we say that g is log-Hölder continuous at in�nity (or has a log decay

at in�nity).

1.2.1 The mixed Lebesgue-sequence space

Let p; q 2 P0(Rn): The mixed Lebesgue-sequence space `q(�)(Lp(�)) is de�ned on sequences

of Lp(�) -functions by the modular

%`q(�)(Lp(�))((fv)v) :=
X
v

inf
n
�v > 0 : %p(�)

� fv

�1=q(�)v

�
� 1
o
:
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The (quasi)-norm is de�ned from this as usual:

k(fv)vk`q(�)(Lp(�)) := inf
�
� > 0 : %`q(�)(Lp(�))

�
1

�
(fv)v

�
6 1
�
:

1. If q+ <1; then

inf

�
� > 0 : %p(�)

�
f

�1=q(�)

�
6 1
�
= kjf jq(�)k p(�)

q(�)
:

2. If p and q are constants, then `q(�)(Lp(�)) = `p(Lq):

Theorem 1.13 Let p; q 2 P0(Rn): k � k`q(�)(Lp(�)) is a quasi-norm on the mixed Lebesgue-

sequence space `q(�)(Lp(�)):

Let p; q 2 P(Rn): If p(x) > 1 is constant almost everywhere (a.e.) on Rn and q > 1; or if
1
p(�) +

1
q(�) 6 1 a.e. on Rn; or if 1 6 q(�) 6 p(�) < 1 a.e. on Rn; then k � k`q(�)(Lp(�)) is a

norm on the mixed Lebesgue-sequence space `q(�)(Lp(�)):

For the proof see [1] and [21].

1.3 The spaces K�(�)
p(�);q(�) (R

n) and _K
�(�)
p(�);q(�) (R

n)

In this section, we give the de�nition of Herz spaces with variable exponent. Also, we

present a useful properties for these function spaces. For convenience, we set

Bk := B(0; 2
k) ; Rk := Bk nBk�1 and �k = �Rk ; k 2 Z:

De�nition 1.14 Let p; q 2 P0(Rn) and � : Rn ! R with � 2 L1( Rn). The inhomogen-

eous Herz space K�(�)
p(�);q (�) (R

n) consists of all f 2 Lp(�) (Rn) such that

kfk
K
�(�)
p(�);q(�)

:= kf �B0kp(�) +



�2k�(�)f �k�k�1


`q(�)(Lp(�)) <1: (1.1)

Similarly, the homogeneous Herz space _K
�(�)
p(�);q(�) (R

n) is de�ned as the set of all f 2

Lp(�) (Rn n f0g) such that

kfk _K�(�)
p(�);q(�)

:=



�2k�(�)f �k�k2Z


`q(�)(Lp(�)) <1: (1.2)
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If p; q and � are constant, then K �(�)
p(�);q(�) (R

n) = K�
p;q (Rn) and _K

�(�)
p(�);q(�) (R

n) = _K�
p;q (Rn)

are the classical Herz spaces.

Let us denote

kfgkgk`q>(Lp(�)) :=
 1X
k=0

kgkkqp(�)

!1=q
and

kfgkgk`q<(Lp(�)) :=
 �1X
k=�1

kgkkqp(�)

!1=q
for sequences fgkgk2Z of measurable functions (with the usual modi�cation if q =1).

Proposition 1.15 Let � 2 L1(Rn), p; q 2 P0(Rn). If � and q are log-Hölder continuous

at in�nity, then

K
�(�)
p(�);q(�) (R

n) = K�1
p(�);q1 (R

n) :

Additionally, if � and q have a log decay at the origin, then

kfk _K�(�)
p(�);q(�)

� kf2k�(0)f �kgk`q(0)< (Lp(�))
+ kf2k�1f �kgk`q1> (Lp(�)): (1.3)

Proof. Step 1. We will prove that

K�1
p(�);q1 (R

n) ,! K
�(�)
p(�);q(�) (R

n) ;

which is equivalent to

kfk
K
�(�)
p(�);q(�)

. kfkK�1
p(�);q1

for any f 2 K�1
p(�);q1 (R

n). By the scaling argument, we see that it su¢ ces to consider the

case kfkK�1
p(�);q1

= 1 and show that the modular of f on the left-hand side is bounded. In

particular, we will show that
1X
k=1




��c 2k�(�)f �k��q(�)


 p(�)
q(�)

� 1 (1.4)

for some constant c > 0. Since � has logarithmic decay at in�nity, then for k � 1 and

x 2 Rk we have

kj�(x)� �1j .
k

ln(e+ jxj) . 1:
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Therefore, 2k�(x) � 2k�1 with constants independent of k and x, and hence
1X
k=1




��c 2k�(�)f �k��q(�)


 p(�)
q(�)

�
1X
k=1




��c 2k�1f �k��q(�)


 p(�)
q(�)

:

Our estimate (1.4), clearly follows from the inequality


��c 2k�1f �k��q(�)


 p(�)
q(�)

�


2k�1f �k

q1p(�) + 2�k = �: (1.5)

This claim can be reformulated as


��1 ��c 2k�1f �k��q(�)


 p(�)
q(�)

� 1;

which is equivalent to 


c �� 1
q(�)2k�1f �k





p(�)
� 1:

For any x 2 Rk; we have

��
1

q(x) = (2k�)
1
q1� 1

q(x)2k(
1

q(x)
� 1
q1 )��

1
q1 :

Since q has logarithmic decay at in�nity, then for k � 1 and x 2 Rk we have

kjq(x)� q1j
q1q(x)

� kjq(x)� q1j
q1q�

. k

ln(e+ jxj) . 1:

Therefore, 2k(
1
q1� 1

q(x)
) � 1 with constants independent of k and x. Also, since 1 < 2k� <

2k+1,

(2k�)
1
q1� 1

q(x) � (2k+1)j
1
q1� 1

q(x)
j . 1.

Hence, with an appropriate choice of c > 0


c �� 1
q(�)2k�1f �k





p(�)
�



�� 1

q1 2k�1f �k





p(�)
� 1;

since of 

2k�1f �k

p(�) � � 1
q1 :

Step 2. We will prove that

K
�(�)
p(�);q(�) (R

n) ,! K�1
p(�);q1 (R

n) ;
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which is equivalent to

kfkK�1
p(�);q1

. kfk
K
�(�)
p(�);q(�)

for any f 2 K�(�)
p(�);q(�) ( R

n). By the scaling argument, we see that it su¢ ces to consider

the case kfk
K
�(�)
p(�);q(�)

= 1 and show that

1X
k=1



c 2k�1f �k

q1p(�) . 1 (1.6)

for some constant c > 0. As before, we have for k � 1

2k�1f �k

q1p(�) . 

2k�(�)f �k

q1p(�) :
Now, our estimate (1.6), clearly follows from the inequality

c 2k�(�)f �k

q1p(�) � 


��2k�(�)f �k��q(�)


 p(�)

q(�)

+ 2�k = �: (1.7)

This claim can be reformulated as


c �� 1
q1 2k�(�)f �k





p(�)
� 1:

From above, ��
1
q1 . ��

1
q(x) , then with an appropriate choice of c > 0


c �� 1

q1 2k�(�)f �k





p(�)
�



�� 1

q(�)2k�(�)f �k





p(�)
:

The left-hand side is less than or equal to 1 if and only if



����� 1
q(�)2k�(�)f �k

���q(�)




p(�)
q(�)

� 1:

We see that the right-hand side can be rewritten as

��1



��2k�(�)f �k��q(�)


 p(�)

q(�)

� 1

which follows immediately from the de�nition of �.

Step 3. Let us prove that

kf2k�(0)f �kgk`q(0)< (Lp(�))
+ kf2k�1f �kgk`q1> (Lp(�)) . kfk _K�(�)

p(�);q(�)
:
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We suppose that kfk _K�(�)
p(�);q(�)

� 1. If, in addition, � has a log decay at the origin, then

we also have 2k�(x) � 2k�(0) for k < 0 and x 2 Rk. Thus

kf2k�(0)f �kgk`q(0)< (Lp(�))
� kf2k�(�)f �kgk`q(0)< (Lp(�))

:

As in Step 2 we can prove that



c 2k�(�)f �k

q(0)p(�) �



��2k�(�)f �k��q(�)


 p(�)

q(�)

+ 2k

for any k < 0 and for some constant c > 0. Then kf2k�(0)f �kgk`q(0)< (Lp(�))
. 1. Using the

estimate (1.7) we obtain

kf2k�1f �kgk`q1> (Lp(�)) . 1:

Therefore,

kf2k�(0)f �kgk`q(0)< (Lp(�))
+ kf2k�1f �kgk`q1> (Lp(�)) . 1:

The desired estimate can be obtained by the scaling argument.

Finally

kf2k�(0)f �kgk`q(0)< (Lp(�))
� 1;

and

kf2k�1f �kgk`q1> (Lp(�)) � 1:

As in Step 1 we have for any k < 0 and for some constant c > 0


��c 2k�(�)f �k��q(�)


 p(�)
q(�)

�


2k�(0)f �k

q(0)p(�) + 2

k

by using (1.5) we obtain
1X

k=�1




��2k�(�)f �k��q(�)


 p(�)
q(�)

. 1:

Therefore,

kfk _K�(�)
p(�);q(�)

. 1

and the result follows by the scaling argument.
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By P ln0 (Rn) and P ln1(Rn) we denote the class of all exponents p 2 P(Rn) which have a

log decay at the origin and at in�nity, respectively. The notation P ln(Rn) is used for all

those exponents p 2 P(Rn) which are locally log-Hölder continuous and have a log decay

at in�nity, with p1 := limjxj!1 p(x). Obviously we have

P ln(Rn) � P ln0 ( Rn) \ P ln1(Rn):

Note that p 2 P ln(Rn) if and only if p0 2 P ln(Rn), and since (p0)1 = (p1)0 we write only

p01 for any of these quantities. The next lemma is a Hardy-type inequality which is easy

to prove.

Lemma 1.16 Let 0 < a < 1 and 0 < q � 1. Let f"kgk2Z be a sequence of positive real

numbers, such that 

f"kgk2Z

`q = I <1:
Then the sequences

n
�k : �k =

P
j�k a

k�j"j

o
k2Z

and
n
�k : �k =

P
j�k a

j�k"j

o
k2 Z

belong

to `q, and 

 f�kgk2Z 

`q + 

 f�kgk2Z 

`q � c I;
with c > 0 only depending on a and q.
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Chapter 2

Weak type estimates of

commutators I

In this chapter, we study the weak type estimate of some commutators with BMO func-

tion on Herz-type Hardy spaces with variable exponent.

2.1 Variable Herz-type Hardy space

Let k 2 Z and � > 0. We set Ak(�; f) := fx 2 Rk : jf(x)j > �g and ~A0(�; f) := fx 2

B(0; 1) : jf(x)j > �g:

De�nition 2.1 Let p; q 2 P0(Rn) and � : Rn ! R with � 2 L1(Rn). The inhomogen-

eous weak Herz space WK�(�)
p(�);q(�)(R

n) consists of all measurable functions f such that



f


WK

�(�)
p(�);q(�)

:= sup
�>0

�


 �2k�(�)�Ak(�;f)�k�0 

`q(�)(Lp(�)) <1;

where A0 is replaced by ~A0: Similarly, the homogeneous weak Herz space W _K
�(�)
p(�);q(�)(R

n)

is de�ned as the set of all measurable functions f such that such that



f


W _K

�(�)
p(�);q(�)

:= sup
�>0

�


 �2k�(�) �Ak(�;f)�k2Z 

`q(�)(Lp(�)) <1:
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Proposition 2.2 Let � 2 L1(Rn), p; q 2 P0(Rn). If � and q are log-Hölder continuous

at in�nity, then

WK
�(�)
p(�);q(�) (R

n) =WK�1
p(�);q1 (R

n) :

Additionally, if � and q have a log decay at the origin, then

f


W _K

�(�)
p(�);q(�)

� sup
�>0

�
�


f2k�(0)�Ak(�;f)g

`q(0)< (Lp(�))

+ �


f2k�1�Ak(�;f)g

`q1> (Lp(�))

�
: (2.1)

For the proof see [4].

Let GNf be the grand maximal function of f de�ned by

GNf(x) := sup
'2AN

j'�N(f)(x)j;

where AN := f' 2 S(Rn) : supj�j�N;j�j�N jx�@�'(x)j � 1g and

'�N(f)(x) := sup
t>0
j't � f(x)j;

with 't := t
�n'( �

t
).

De�nition 2.3 Let p; q 2 P0(Rn) and � : Rn ! R with � 2 L1(Rn) and N > n+1. The

inhomogeneous Herz-type Hardy space HK�(�)
p(�);q(�) (R

n) consists of all f 2 S 0(Rn) such that

GNf 2 K�(�)
p(�);q(�) (R

n) and we de�ne

f


HK

�(�)
p(�);q(�)

:=


GNf

K�(�)

p(�);q(�)
:

Similarly, the homogeneous Herz-type Hardy space H _K
�(�)
p(�);q(�) (R

n) is de�ned as the set

of all f 2 S 0(Rn) such that GNf 2 _K
�(�)
p(�);q(�) (R

n) and we de�ne

f


H _K

�(�)
p(�);q(�)

:=


GNf

 _K�(�)

p(�);q(�)
.

De�nition 2.4 Let � 2 L1(Rn), p 2 P(Rn), q 2 P0(Rn) and s 2 N0. A function a is

said to be a central (�(�); p(�))-atom, if

(i) suppa � B(0; r) = fx 2 Rn : jxj � rg; r > 0:

(ii)


a



p(�) � jB(0; r)j
��(0)=n; 0 < r < 1:

(iii)


a



p(�) � jB(0; r)j
��1=n; r � 1:

(iv)
R
Rn x

�a(x)dx = 0; j�j � s:
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A function a on Rn is said to be a central (�(�); p(�))-atom of restricted type, if it

satis�es the conditions (iii), (vi) above and suppa � B(0; r); r � 1.

Now we come to the atomic decomposition theorems.

Theorem 2.5 Let � and q are log-Hölder continuous at in�nity and p 2 P ln(Rn) with

1 < p� � p+ <1. For any f 2 HK�(�)
p(�);q(�) (R

n), we have

f =
1X
k=0

�kak; (2.2)

where the series converges in the sense of distributions, �k � 0,each ak is a central

(�(�); p(�))-atom of restricted type with suppa � Bk and� 1X
k=0

j�kjq1
�1=q1

� c


f



HK
�(�)
p(�);q(�)

:

Conversely,if �1 � n(1 � 1
p1
) and s � [�1 + n(

1
p1
� 1)], and if (2.2) holds, then f 2

HK
�(�)
p(�);q(�) (R

n), and 

f


HK

�(�)
p(�);q(�)

� inf
n� 1X

k=0

j�kjq1
�1=q1o

;

where the in�mum is taken over all the decompositions of f as above.

Theorem 2.6 Let � and q are be log-Hölder continuous, both at the origin and at in�nity

and p 2 P ln(Rn) with 1 < p� � p+ <1. For any f 2 H _K
�(�)
p(�);q(�) (R

n), we have

f =
1X

k=�1

�kak; (2.3)

where the series converges in the sense of distributions, �k � 0, each ak is a central

(�(�); p(�))-atom with suppa � Bk and� �1X
k=�1

j�kjq(0)
�1=q(0)

+
� 1X
k=0

j�kjq1
�1=q1

� c


f



H _K
�(�)
p(�);q(�)

:
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Conversely,if �(�) � n(1 � 1
p� ) and s � [�+ + n( 1

p� � 1)], and if (2.3) holds, then f 2

H _K
�(�)
p(�);q(�) (R

n), and



f


H _K

�(�)
p(�);q(�)

� inf
n� �1X

k=�1

j�kjq(0)
�1=q(0)

+
� 1X
k=0

j�kjq1
�1=q1o

;

where the in�mum is taken over all the decompositions of f as above.

De�nition 2.7 Let p; q 2 P0(Rn) and � : Rn ! R with � 2 L1(Rn) and N > n+1. The

inhomogeneous weak Herz-type Hardy space WHK�(�)
p(�);q(�) (R

n) consists of all f 2 S 0(Rn)

such that GNf 2 WK�(�)
p(�);q(�) (R

n) and we de�ne

f


WHK

�(�)
p(�);q(�)

:=


GNf

WK

�(�)
p(�);q(�)

:

Similarly, the homogeneous weak Herz-type Hardy space WH _K
�(�)
p(�);q(�) (R

n) is de�ned as

the set of all f 2 S 0(Rn) such that GNf 2 W _K
�(�)
p(�);q(�) (R

n) and we de�ne

f


WH _K

�(�)
p(�);q(�)

:=


GNf

W _K

�(�)
p(�);q(�)

:

2.2 Key results

Recall that the space BMO(Rn) consists of all locally integrable functions f such that

kfkBMO := sup
Q

1

jQj

Z
Q

jf (x)� fQj dx <1;

where

fQ =
1

jQj

Z
Q

f (y) dy

and the supremum is taken over all cubes Q � Rn with sides parallel to the coordinate

axes.

Lemma 2.8 Let p 2 P log(Rn); let k be a positive integer, and let B be ball in Rn. Then,

for all b 2 BMO (Rn) and all i; j 2 Z with j > i, the following inequality is true

1

c



b

k
BMO

� sup
B

1

�B

p(�)


 (b� bB)k �B

p(�) � 

b

kBMO

;
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 (b� bBi)k �Bj

p(�) � c (j � i)k 

b

kBMO



�Bj

p(�):
For the proof see [19].

Lemma 2.9 Let p 2 P log(Rn): There exist constants c1; c2 such that for any f 2 BMO (Rn) ; 
 >

0 and any B � Rn, we have



��
x2B : jf(x)�fB j>


	


p(�) � c1e

�c2
=kfkBMO



�B

p(�);
where fB = 1

jBj
R
B
f (x) dx:

For the proof see [16]. It is said that b 2 BMO (Rn) satis�es the condition L, if for

any j; k 2 Z with k � j � 3 and any x 2 Rk there exists a constant c > 0 only dependent

on n; such that

jb (x)� bBk j � c
��b (x)� bBj �� :

Let b 2 BMO(Rn). The commutator of the maximal operator and the fractional

maximal operator are de�ned, respectively by

Mbf (x) = sup
r>0

1

jB (x; r)j

Z
B(x;r)

jb (x)� b (y)j jf (y)j dy

and

M v
b f (x) = sup

r>0

1

jB (x; r)j
n�v
n

Z
B(x;r)

jb (x)� b (y)j jf (y)j dy,

where 0 < v < n.

Let b 2 BMO (Rn) and T be a linear operator. The commutator [b; T ] generated by b

and T is de�ned by

[b; T ] (f) (x) := b (x)Tf (x)� T (bf) (x) :

2.3 Main results and their proofs

The main results of this chapter are the following.
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Theorem 2.10 Let � and q are log-Hölder continuous at in�nity and p 2 P log(Rn) with

0 < p� � p+ <1 and 0 < q� � q+ � 1 such that

�1 = n(1�
1

p1
).

If b 2 BMO (Rn) then for any f 2 HK�(�)
p(�);q(�) (R

n) and any � > 0, we have



f2k�1�Ak(�;Mbf)
g



`q1> (Lp(�))

�
c


f



HK
�(�)
p(�);q(�)

�

�
1 + log+

c


f



HK
�(�)
p(�);q(�)

�

�
;

with c > 0 only dependent on f and �.

Proof. Let b 2 BMO (Rn) and f 2 HK�(�)
p(�);q(�). By using Theorem 2.5, we can assume

that

f =

1X
k=0

�kak;

where the series converges in the sense of distributions, each ak is a central (�(�); p(�))-

atom with suppak � Rk and� 1X
k=0

j�kjq1
�1=q1

� c


f



HK
�(�)
p(�);q(�)

:

Observe that



f2j�1�Aj(�;Mbf)
g



`q1> (Lp(�))

� c
� 3X
j=0

2j�1q1


��

x2Rj :
��Mbf(x)

��>�	

q1p(�)� 1
q1

+c
� 1X
j=4

2j�1q1


��

x2Rj :
��Pj�3

k=0 �kMbak(x)

��>�
2

	

q1
p(�)

� 1
q1

+c
� 1X
j=4

2j�1q1


��

x2Rj :
��P1

k=j�2 �kMbak(x)

��>�
2

	

q1
p(�)

� 1
q1

= : F1 + F2 + F3:
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Estimate of F1 and F3. Using the boundedness of Mb on Lp(�)(Rn) yield that

F1 � c

�

� 3X
j=0

2j�1q1


f

q1

p(�)

� 1
q1

� c

�

� 1X
k=0

j�kj


ak

p(�)�

� c

�
sup
k2N0

j�kj
� 1X
k=0

2�k�1
�

� c

�

� 1X
k=0

j�kjq1
�1=q1

� c

�



f


HK

�(�)
p(�);q(�)

:

We easily obtain that

F3 � c

�

� 1X
j=0

2j�1q1
� 1X
k=j�2

j�kj


ak

p(�)�q1� 1

q1

� c

�

� 1X
j=0

� 1X
k=j�2

2(j�k)�1 j�kj
�q1� 1

q1

� c

�

� 1X
j=0

j�jjq1
�1=q1

� c

�



f


HK

�(�)
p(�);q(�)

,

where we used Lemma 1.16.

Estimate of F2. From the vanishing moment of ak and Hölder�s inequality we obtain

�� j�3X
k=0

�kMbak (x)
��

� c

j�3X
k=0

j�kj jMbak (x)j

� c

j�3X
k=0

j�kj 2�jn
Z
Rk

jb (x)� b (y)j jak (y)j dy

� c

j�3X
k=0

j�kj 2�jn
�
jb (x)� bBk j

Z
Rk

jak (y)j dy +
Z
Rk

jak (y)j jbBk � b (y)j dy
�

� c

j�3X
k=0

j�kj 2�jn


ak

p(�)� jb (x)� bBk j

�Bk

p0(�) + 

(b� bBk)�Bk

p0(�)� (2.4)
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for any x 2 Rj; y 2 Rk with 0 � k � j � 3. In view of the well-known that��bBj � bBk�� � (j � k)

b

BMO
for any j > k, (2.5)

and Lemma 2.8, the last expression is bounded by

� c
j�3X
k=0

j�kj 2�jn


ak

p(�)

�Bk

p0(�)� ��b (x)� bBj ��+ (j � k)

b

BMO

�
,

since ak �s are (�(�); p(�))-atom, this term is bounded by

c

j�3X
k=0

j�kj 2�jn2�k�1


�Bk

p0(�)� ��b (x)� bBj ��+ j

b

BMO

�
:

So F2 is bounded by

c
� 1X
j=4

2j�1q1


��

x2Rj :c
��b(x)�bBj ��Pj�3

k=0j�kj2�jn2�k�1


�Bk

p0(�)>�

4

	

q1
p(�)

� 1
q1

+
� 1X
j=4

2j�1q1


��

x2Rj :cj


b



BMO

Pj�3
k=0j�kj2�jn2�k�1



�Bk

p0(�)>�
4

	

q1
p(�)

� 1
q1

: = F 12 + F
2
2

For F 12 . Observe that
Pj�3

k=0 j�kj .


f



HK
�(�)
p(�);q(�)

, from Lemma 2.9 we deduce



��
x2Rj :c

��b(x)�bBj ��Pj�3
k=0j�kj2�jn2�k�1



�Bk

p0(�)>�
4

	


p(�)

� c


��

x2Rj :c
��b(x)�bBj ��2�j(�1+ n

p1 )


f



HK
�(�)
p(�);q(�)

>�
4

	


p(�)

� c


��

x2Rj :
��b(x)�bBj ��> �2

j(�1+ n
p1 )

c4kfk
HK

�(�)
p(�);q(�)

	

p(�)
� c exp

�
� c�2j(�1+

n
p1 )

kbkBMO kfkHK�(�)
p(�);q(�)

�

�j

p(�)
� c2

jn
p1 exp

�
� c�2j(�1+

n
p1 )

kbkBMO kfkHK�(�)
p(�);q(�)

�
, (2.6)
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where we have used the condition �1 = n(1� 1
p1
). On the other hand we have

1X
j=�1

2j(�1+
n
p1 )q1 exp

�
� c�2j(�1+

n
p1 )

kbkBMO kfkHK�(�)
p(�);q(�)

�
� c

Z 1

0

sq1�1 exp
�
� c�s

kbkBMO kfkHK�(�)
p(�);q(�)

�
ds

�
�
c

�



b


BMO



f


HK

�(�)
p(�);q(�)

�q1 �Z 1

0

tq1�1e�tdt
�

�
�
c

�



f


HK

�(�)
p(�);q(�)

�q1
: (2.7)

In view of (2.6) and (2.7), we �nd that

F 12 �
c

�



f


HK

�(�)
p(�);q(�)

:

For F 22 : We use a well-known inequality log
x
2 � x

2
whenever x > 2 to get the following

claim:

Claim If there exists a z > 1 such that 2x

x
� z holds for x � 2, then 2x � cz logz2. we

use this claim to estimate for F 22 . For j � 4, if���nx 2 Rj : cj

b

BMO

j�2X
k=0

j�kj 2�jn2�k�1


�Bk

p0(�) > �

4

o��� 6= 0:
then

�

4
< cj2�j(�1+

n
p1 )


b



BMO



f


HK

�(�)
p(�);q(�)

,

where we have used the condition �1 = n(1 � 1
p1
) and

Pj�2
k=0 j�kj .



f


HK

�(�)
p(�);q(�)

. Since

j
�
�1 +

n
p1

�
= jn � 4, we deduce

1 <
2j(�1+

n
p1 )

j
�
�1 +

n
p1

� � c

�



b


BMO



f


HK

�(�)
p(�);q(�)

:

Therefore,

2j�1


�j

p(�) � c2j(�1+

n
p1 )

�
c


f



HK
�(�)
p(�);q(�)

�

�
1 + log+

c


f



HK
�(�)
p(�);q(�)

�

�
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Let j� be the maximal positive integer which satis�es this estimate, then we �nd that

F 22 � c
� j�X
j=0

2j�1q1


�j

q1p(�)� 1

q1

� c
� j�X
j=0

2j(�1+
n
p1 )q1

� 1
q1

� 2j�(�1+
n
p1 )

�
c


f



HK
�(�)
p(�);q(�)

�

�
1 + log+

c


f



HK
�(�)
p(�);q(�)

�

�
.

This completes the proof.

Theorem 2.11 Let 0 < v < n; p1 2 P ln (Rn) and q 2 P0 (Rn) with 1 < p�1 � p+1 <
n
v
;

0 < q� � q+ � 1; 1
p1(�)�

1
p2(�) =

v
n
and let � and q are be log-Hölder continuous, at in�nity

such that � 2 L1 (Rn), and

�1 = n
�
1� 1

(p1)1

�
.

If b 2 BMO (Rn) then for any f 2 HK�(�)
p1(�);q(�) (R

n) and any � > 0, we have



f2k�1�Ak(�;Mv
b f)
g



`q1> (Lp2(�))

�
c


f



HK
�(�)
p1(�);q(�)

�

�
1 + log+

c


f



HK
�(�)
p1(�);q(�)

�

�
;

with c > 0 only dependent on f and �.

We omit the proof of Theorem 2.11 since they essentially similar to the proof of The-

orem 2.10.

Theorem 2.12 Let � and q are be log-Hölder continuous at in�nity and p 2 P ln(Rn)

with 1 < p� � p+ <1 and 0 < q� � q+ � 1 such that

�1 = n(1�
1

p1
):

If b 2 BMO (Rn) satis�es the condition L, then Mb is bounded from HK
�(�)
p(�);q(�) into

WK
�(�)
p(�);q(�):
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Theorem 2.13 Let � and q are be log-Hölder continuous, both at the origin and at

in�nity and p 2 P ln(Rn) with 1 < p� � p+ <1 and 0 < q� � q+ � 1 such that

� (�) � n(1� 1

p�
); � (0) = n(1� 1

p (0)
); and �1 = n(1�

1

p1
):

If b 2 BMO (Rn) satis�es the condition L, then Mb is bounded from H _K
�(�)
p(�);q(�) into

W _K
�(�)
p(�);q(�):

Proof. Suppose f 2 H _K
�(�)
p(�);q(�). By Theorem 2.6, we have

f =
1X

k=�1

�kak;

where the series converges in the sense of distributions, each ak is a central (�(�); p(�))-

atom with suppak � Rk and� �1X
k=�1

j�kjq(0)
�1=q(0)

+
� 1X
k=0

j�kjq1
�1=q1

� c


f



H _K
�(�)
p(�);q(�)

:

Using Proposition 2.2 we have



f


W _K

�(�)
p(�);q(�)

� sup
�>0

�
�


f2k�(0)�Ak(�;Mbf)

g



`
q(0)
< (Lp(�))

+�


f2k�1�Ak(�;Mbf)

g



`q1> (Lp(�))

�
. sup

�>0
fG1 +G2 +G3 +G4g;

where

G1 := �



n2j�(0)�Aj(�2 ;Mb(

Pj�3
k=�1 �kak))

o



`
q(0)
< (Lp(�))

G2 := �



n2j�1�Aj(�2 ;Mb(

Pj�3
k=�1 �kak))

o



`q1> (Lp(�))

G3 := �



n2j�(0)�Aj(�2 ;Mb(

P1
k=j�2 �kak))

o



`
q(0)
< (Lp(�))

and

G4 := �



n2j�1�Aj(�2 ;Mb(

P1
k=j�2 �kak))

o



`q1> (Lp(�))
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To complete the proof, it su¢ ces to show that

Gi .


f



H _K
�(�)
p(�);q(�)

; i = 1; 2; 3; 4.

The estimation of G2 is similar to G1. So we omit the detail for the estimation of G2. By

(2.4) and Lemma 2.8 and since b satis�es the condition L, we have

�� j�3X
k=�1

�kMbak (x)
��

� c

j�3X
k=�1

2�jn


ak

p(�)

�Bk

p0(�)� ��b (x)� bBj ��+ 

b

BMO

�
;

for any x 2 Rj; y 2 Rk with k � j � 3. For j < 0, the last term is bounded by

�� j�3X
k=�1

�kMbak (x)
�� � c

��b (x)� bBj �� j�3X
k=�1

j�kj 2�jn2�k�(0)


�Bk

p0(�)

+c


b



BMO

j�3X
k=�1

j�kj 2�jn2�k�(0)


�Bk

p0(�).

So G1, is bounded by

c�
� �1X
j=�1

2j�(0)q(0)


��

x2Rj :c
��b(x)�bBj ��Pj�3

k=�1j�kj2
�j(�(0)+ n

p(0))>�
4

	

q(0)
p(�)

� 1
q(0)

+c�
� �1X
j=�1

2j�(0)q(0)


��

x2Rj :ckbkBMO

Pj�3
k=�1j�kj2�jn2�k�(0)



�Bk

p0(�)>�
4

	

q(0)
p(�)

� 1
q(0)
:(2.8)

Observing that
Pj�3

k=�1 j�kj .
�P�1

k=�1 j�kjq(0)
�1=q(0)

.


f



H _K
�(�)
p(�);q(�)

; then the �rst term

in (2.8) is bounded by

c�
� 1X
j=�1

2j�(0)q(0)
�
exp

�
� c�2j(�(0)+

n
p(0))

b



BMO



f


H _K

�(�)
p(�);q(�)

�

�j

p(�)�q(0)� 1
q(0)

. �
�Z 1

0

sq(0)�1 exp
�
� c�s

b



BMO



f


H _K

�(�)
p(�);q(�)

�
ds
� 1
q(0)

.


f



H _K
�(�)
p(�);q(�)

.
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For any �xed � > 0; if

���nx 2 Rj : c

b

BMO

j�3X
k=�1

j�kj 2�jn2�k�(0)


�Bk

p0(�) > �

4

o��� 6= 0:
Then

� � 4c


b



BMO
2�j(�(0)+

n
p(0))

j�3X
k=�1

j�kj

� 4c


b



BMO



f


H _K

�(�)
p(�);q(�)

2�jn; j � �1:

We consider two cases. The �rst is the case 4c��1


b



BMO



f


H _K

�(�)
p(�);q(�)

� 2�2n. So the

second sum in (2.8) is bounded by

c�
� �1X
j=�1

2j�(0)q(0)


�j

q(0)p(�)

� 1
q(0) � c�

� �1X
j=�1

2j(�(0)+
n
p(0))q(0)

� 1
q(0)

� c� .


f



H _K
�(�)
p(�);q(�)

:

We now consider another case 4c��1


b



BMO



f


H _K

�(�)
p(�);q(�)

< 2�2n. For any �xed � > 0 we

put

j� =

�
1

n
log2(4C�

�1

b


BMO



f


H _K

�(�)
p(�);q(�)

)

�
:

The advantage of this choice consists in the fact that

n
x 2 Rj : c kbkBMO

j�3X
k=�1

j�kj 2�jn2�k�(0)


�Bk

p0(�) > �

4

o
= ;;

if �1 � j � j� + 1. Hence the second sum in (2.8) is bounded by

c�
� j�X
j=�1

2j�(0)q(0)


�j

q(0)p(�)

� 1
q(0)

� c�
� j�X
j=�1

2j(�(0)+
n
p(0)

)q(0)
� 1
q(0)

� c�2j�n .


f



H _K
�(�)
p(�);q(�)

:
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For G3: The boundedness of Mb on Lp(�)(Rn) yield that

�2j�(0)


�Aj(�2 ;Mb(

P1
k=j�2 �kak))




p(�) . 2j�(0)

1X
k=j�2

j�kj


ak

p(�)

.
�1X

k=j�2

:::+
1X
k=0

:::. (2.9)

Since


ak

p(�) . 2�k�(0); k < 0. The �rst sum in (2.9) is bounded by

c
�1X

k=j�2

j�kj 2(j�k)�(0);

an application of Lemma 1.16 yields that the `q(0)< -norm of this expression is bounded by�P�1
k=�1 j�kjq(0)

�1=q(0)
. Now if k � 0 then



ak

p(�) . 2�k�1 . The second sum in (2.9) is

bounded by

c2j�(0)
1X
k=0

j�kj 2�k�1 . 2j�(0)
� 1X
k=0

j�kjq1
�1=q1

:

The `q(0)< -norm of this expression is bounded by
�P1

k=0 j�kjq1
�1=q1

:

For G4: As above we have

�2j�1


�Aj(�2 ;Mb(

P1
k=j�2 �kak))




p(�) .

1X
k=j�2

j�kj 2(j�k)�1

we apply Lemma 1.16 and get

G4 .
� 1X
j=0

j�jjq1
�1=q1

.


f



H _K
�(�)
p(�);q(�)

;

which completes the proof.

Theorem 2.14 Let 0 < v < n; p1 2 P ln (Rn) and q 2 P0 (Rn) with 1 < p�1 � p+1 <
n
v
;

0 < q� � q+ � 1; 1
p1(�)�

1
p2(�) =

v
n
and let � and q are be log-Hölder continuous, at in�nity

such that � 2 L1 (Rn), and

�1 = n
�
1� 1

(p1)1

�
.

If b 2 BMO (Rn) satis�es the condition L, then M v
b is bounded from HK

�(�)
p1(�);q(�) (R

n) into

WK
�(�)
p2(�);q(�) (R

n) :
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Theorem 2.15 Let 0 < v < n; p1 2 P ln (Rn) and q 2 P0 (Rn) with 1 < p�1 � p+1 <
n
v
;

0 < q� � q+ � 1; 1
p1(�) �

1
p2(�) =

v
n
and let � and q are be log-Hölder continuous, both at

the origin and at in�nity such that � 2 L1 (Rn), and

� (�) � n(1� 1

p�1
); � (0) = n

�
1� 1

p1 (0)

�
; �1 = n

�
1� 1

(p1)1

�
.

If b 2 BMO (Rn) satis�es the condition L, then M v
b is bounded from H _K

�(�)
p1(�);q(�) (R

n) into

W _K
�(�)
p2(�);q(�) (R

n) :

Theorem 2.16 Let � and q are log-Hölder continuous at in�nity and p 2 P log(Rn) with

0 < p� � p+ <1 and 0 < q� � q+ � 1 such that

�1 = n(1�
1

p1
).

Let b 2 BMO (Rn) and T be a linear operator. Suppose that the commutator [b; T ] is

bounded on WLp(�) (Rn) and T satis�es the local size condition

jTf (x)j � c jxj�n
Z
Rn
jf (y)j dy

for f 2 L1(Rn); suppf � Rk and jxj � 2k+1 with k 2 Zn. Then for any f 2 HK�(�)
p(�);q(�) (R

n)

and any � > 0, we have



f2k�1�Ak(�;[b;T ]f)g

`q1> (Lp(�))
�
c


f



HK
�(�)
p(�);q(�)

�

�
1 + log+

c


f



HK
�(�)
p(�);q(�)

�

�
;

with c > 0 only dependent on f and �.

Theorem 2.17 Let 0 < l < n; p1 2 P ln (Rn) and q 2 P0 (Rn) with 1 < p�1 � p+1 <
n
l
;

0 < q� � q+ � 1; 1
p1(�)�

1
p2(�) =

l
n
and let � and q are be log-Hölder continuous, at in�nity

such that � 2 L1 (Rn), and

�1 = n
�
1� 1

(p1)1

�
.

Let b 2 BMO (Rn) and Tl be a linear operator. Suppose that the commutator [b; Tl] is

bounded from Lp1(�) (Rn) into Lp2(�) (Rn) and Tl satis�es the local size condition

jTf (x)j � c jxj�(n�l)
Z
Rn
jf (y)j dy
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for f 2 L1(Rn); suppf � Rk and jxj � 2k+1 with k 2 Zn. Then for any f 2 HK�(�)
p1(�);q(�) (R

n)

and any � > 0, we have



f2k�1�Ak(�;[b;Tl]f)g

`q1> (Lp2(�))
�
c


f



HK
�(�)
p1(�);q(�)

�

�
1 + log+

c


f



HK
�(�)
p1(�);q(�)

�

�
;

with c > 0 only dependent on f and �.

Theorem 2.18 Let � and q are be log-Hölder continuous at in�nity and p 2 P ln(Rn)

with 1 < p� � p+ <1 and 0 < q� � q+ � 1 such that

�1 = n(1�
1

p1
):

Let b; T and [b; T ] be as in Theorem 2.16. If b satis�es the condition L, then [b; T ] is

bounded from HK
�(�)
p(�);q(�) (R

n) into WK�(�)
p(�);q(�) (R

n).

Theorem 2.19 Let � and q are be log-Hölder continuous, both at the origin and at

in�nity and p 2 P ln(Rn) with 1 < p� � p+ <1 and 0 < q� � q+ � 1 such that

� (�) � n(1� 1

p�
); � (0) = n(1� 1

p (0)
); and �1 = n(1�

1

p1
):

Let b; T and [b; T ] be as in Theorem 2.16. If b satis�es the condition L, then [b; T ] is

bounded from H _K
�(�)
p(�);q(�) (R

n) into W _K
�(�)
p(�);q(�) (R

n).

Theorem 2.20 Let 0 < l < n; p1 2 P ln (Rn) and q 2 P0 (Rn) with 1 < p�1 � p+1 <
n
l
;

0 < q� � q+ � 1; 1
p1(�)�

1
p2(�) =

l
n
and let � and q are be log-Hölder continuous, at in�nity

such that � 2 L1 (Rn), and

�1 = n
�
1� 1

(p1)1

�
.

Let b; Tl and [b; Tl] be as in Theorem 2.17. If b satis�es the condition L, then [b; Tl] is

bounded from HK
�(�)
p1(�);q(�) (R

n) into WK�(�)
p2(�);q(�) (R

n).
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Theorem 2.21 Let 0 < l < n; p1 2 P ln (Rn) and q 2 P0 (Rn) with 1 < p�1 � p+1 <
n
l
;

0 < q� � q+ � 1; 1
p1(�) �

1
p2(�) =

l
n
and let � and q are be log-Hölder continuous, both at

the origin and at in�nity such that � 2 L1 (Rn), and

� (�) � n(1� 1

p�1
); � (0) = n

�
1� 1

p1 (0)

�
; �1 = n

�
1� 1

(p1)1

�
.

Let b; Tl and [b; Tl] be as in Theorem 2.17. If b satis�es the condition L, then [b; Tl] is

bounded from H _K
�(�)
p1(�);q(�) (R

n) into W _K
�(�)
p2(�);q(�) (R

n).

We omit the proofs of Theorems 2.20 and 2.21 since are they essentially similar to the

proof of Theorem 2.19.

Corollary 2.22 If we replace the size condition of T in Theorems 2.18, 2.19 by

jTf (x)j .
Z
Rn

jf (y)j
jx� yjndy, x =2 suppf; (2.10)

for integrable and compactly supported functions f . Then the conclusion of Theorems

2.18, 2.19 is also true.

Corollary 2.23 If we replace the size condition of T in Theorems 2.20, 2.21 by

jT�f (x)j .
Z
Rn

jf (y)j
jx� yjn��

dy; x =2 suppf; (2.11)

for integrable and compactly supported functions f . Then the conclusion of Theorems

2.20, 2.21 is also true.

Remark 2.24 The results of this chapter with � and q are �xed are given in [33]. All

results of this chapter are taken from [5].
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Chapter 3

Weak type estimates of

commutators II

In this chapter, we study the weak type estimate of some commutators with Lipschitz

function on Herz-type Hardy spaces with variable exponent.

3.1 Preliminaries

For 0 < � � 1, the Lipschitz space Lip�(Rn) is de�ned as

Lip�(Rn) :=

(
f : kfkLip� = sup

y;t2Rn;x 6=y

jf (x)� f (y)j
jx� yj�

<1
)
:

Let b 2 Lip�(Rn); and let T be a Calderón�Zygmund singular integral operator that is,

Tf (x) = p:v:

Z
Rn


 (x� y)
jx� yjn f (y) dy;

p:v: or (principal value integrals) where 
 2 c2 (Sn�1) is homogeneous of degree zero

and has mean value zero on the unit sphere. The commutator [b; T ] generated by b and

T is de�ned by

[b; T ] (f) (x) := b (x)Tf (x)� T (bf) (x) :

Let 0 < � < n, The fractional integral operator I� is de�ned by

I� (f) (x) :=
1


 (�)

Z
Rn

f (y)

jx� yjn��
dy;
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where


 (�) :=
�n=22�� (�=2)

� ((n� �) =2) :

Let b 2 Lip�(Rn); 0 < l < n and let Il denote the fractional integral operator. The

commutator of fractional integral operator

[b; Il] f (x) :=

Z
Rn

(b (x)� b (y))
jx� yjn�l

f (y) dy:

3.2 Main results and their proofs

The main results of this chapter are the following.

Theorem 3.1 Let 0 < � � 1; s � [�] ; p1 2 P ln (Rn) and q 2 P0 (Rn) with 1 < p�1 �

p+1 <
n
�
; 0 < q� � q+ � 1; 1

p1(�) �
1

p2(�) =
�
n
and let � and q are be log-Hölder continuous,

at in�nity such that � 2 L1 (Rn) and

�1 = � + n
�
1� 1

(p1)1

�
:

If b 2 Lip�(Rn); then [b; T ] is bounded from HK
�(�)
p1(�);q(�) (R

n) into WK�(�)
p2(�);q(�) (R

n).

Theorem 3.2 Let 0 < � � 1; s � [�] ; p1 2 P ln (Rn) and q 2 P0 (Rn) with 1 < p�1 �

p+1 <
n
�
; 0 < q� � q+ � 1; 1

p1(�) �
1

p2(�) =
�
n
and let � and q are be log-Hölder continuous,

both at the origin and at in�nity such that � 2 L1 (Rn), and

� (�) � n(1� 1

p�1
); � (0) = � + n

�
1� 1

p1 (0)

�
; �1 = � + n

�
1� 1

(p1)1

�
.

If b 2 Lip�(Rn); then [b; T ] is bounded from H _K
�(�)
p1(�);q(�) (R

n) into W _K
�(�)
p2(�);q(�) (R

n).

Proof. Suppose f 2 H _K
�(�)
p1(�);q(�). By Theorem 2.6, we have

f =
1X

k=�1

�kak;
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where the series converges in the sense of distributions, each ak is a central (�(�); p1(�))-

atom with suppak � Rk and� �1X
k=�1

j�kjq(0)
�1=q(0)

+
� 1X
k=0

j�kjq1
�1=q1

� c


f



H _K
�(�)
p1(�);q(�)

:

Let � > 0; using Proposition 2.2 we have

 [b; T ]


W _K

�(�)
p2(�);q(�)

� sup
�>0

�
�


f2k�(0)�Ak(�;[b;T ])g

`q(0)< (Lp2(�))

+�


f2k�1�Ak(�;[b;T ])g

`q1> (Lp2(�))

�
. sup

�>0
fE1 + E2 + E3 + E4 + E5 + E6g;

where

E1 := �



n2j�(0)�Aj(�3 ;Pj�2

k=�1 �k(b�b(0))Tak)

o



`
q(0)
< (Lp2(�))

E2 := �



n2j�1�Aj(�3 ;Pj�2

k=�1 �k(b�b(0))Tak)

o



`q1> (Lp2(�))

E3 := �



n2j�(0)�Aj(�3 ;Pj�2

k=�1 �kT (b�b(0))ak)

o



`
q(0)
< (Lp2(�))

E4 := �



n2j�1�Aj(�3 ;Pj�2

k=�1 �kT (b�b(0))ak)

o



`q1> (Lp2(�))

E5 := �



n2j�(0)�Aj(�3 ;[b;T ](P1

k=j�1 �kak))

o



`
q(0)
< (Lp2(�))

and

E6 := �



n2j�1�Aj(�3 ;[b;T ](P1

k=j�1 �kak))

o



`q1> (Lp2(�))

To complete the proof, it su¢ ces to show that

sup
�>0

Ei .


f



H _K
�(�)
p1(�);q(�)

; i = 1; 2; 3; 4; 5; 6.

Estimate of E1 and E2. From the vanishing moment of ak we obtain

jb (x)� b (0)Tak (x)j � c jb (x)� b (0)j
Z
Rk

���
 (x� y)jx� yjn �
X
j
j�[�]

1


!
@


 (x)

jxjn (�y)


��� jak (y)j dy

� c kbkLip� jxj
�

Z
Rk

jyj[�]+1

jxjn+[�]+1
jak (y)j dy;

34



for any y 2 Rk; x 2 Bj with k � j � 2. After applying Hölder�s inequality, the last

expression is bounded by

� c kbkLip� 2
j(��n�[�]�1)2k([�]+1) kakkp1(�) kXkkp01(�) : (3.1)

Note that

I� (Bj) (x) �
1


 (�)

Z
Bj

dy

jx� yjn��
Xk (x) � c2j�XBj (x) ; (3.2)

From this and the fact that I� maps Lp1(�) (Rn) into Lp2(�), we obtain

XBj

p2(�) � c2�j� 

I� �XBj�

p2(�) � c2�j� 

XBj

p1(�) ; j 2 Z. (3.3)

So for any j < 0, we have

2j�(0)


�Aj(�3 ;Pj�2

k=�1 �k(b�b(0))Tak)



p2(�)

� c

�
kbkLip�

j�2X
k=�1

j�kj2j�(0)2�k�(0)2j(��n�[�]�1)2k([�]+1) kXkkp01(�)


XBj

p2(�)

� c

�
kbkLip�

j�2X
k=�1

j�kj2j�(0)2�k�(0)2j(�n�[�]�1)2k([�]+1) kXkkp01(�)


XBj

p1(�)

� c

�
kbkLip�

j�2X
k=�1

j�kj2(k�j)
�
[�]+1+n� n

p1(0)
��(0)

�

� c

�
kbkLip�

j�2X
k=�1

j�kj2(k�j)([�]+1��)

where we have used the fact ak is a central (�(�); p1(�))-atom and the condition � (0) =

� + n
�
1� 1

p1(0)

�
. Therefore,

E1 � c
� �1X
j=�1

� j�2X
k=�1

j�kj2(k�j)([�]+1��)
�q(0)� 1

q(0)

� c
� �1X
j=�1

j�jjq(0)
� 1
q(0) .



f


H _K

�(�)
p1(�);q(�)

:

where we have used Lemma 1.16.
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Again, for any j � 0. As above, we have

2j�1


�Aj(�3 ;Pj�2

k=�1 �k(b�b(0))Tak)



p2(�)

� c

�
2j�1 kbkLip�

j�2X
k=�1

j�kj2j(��n�[�]�1)2k([�]+1) kakkp1(�) kXkkp01(�)


XBj

p2(�)

� c

�
2j�1 kbkLip�

j�2X
k=�1

j�kj2(�n�[�]�1)2k([�]+1) kakkp1(�) kXkkp01(�)


XBj

p1(�)

� c

�
kbkLip� 2

�j
�
[�]+1+n� n

(p1)1
��1

� �1X
k=�1

j�kj2k
�
[�]+1+n� n

p1(0)
��(0)

�

+
c

�
kbkLip�

j�2X
k=0

j�kj2
(k�j)

�
[�]+1+n� n

(p1)1
��1

�

� c

�
kbkLip� 2

�j([�]+1��) sup
k<0

j�kj
�1X

k=�1

2k([�]+1��) +
c

�
kbkLip�

j�2X
k=0

j�kj2(k�j)([�]+1��)

� c

�
kbkLip�

� �1X
k=�1

j�kjq(0)
�1=q(0)

2�j([�]+1��) +
c

�
kbkLip�

j�2X
k=0

2(k�j)([�]+1��)

Therefore,

E2 � c kbkLip�
� �1X
k=�1

j�kjq(0)
�1=q(0)� 1X

j=0

2�j([�]+1��)q1
� 1
q1

+c kbkLip�
� 1X
j=0

� j�2X
k=0

j�kj2(k�j)([�]+1��)
� 1
q1

� c kbkLip�
� �1X
k=�1

j�kjq(0)
�1=q(0)

+ c kbkLip�
� 1X
j=0

j�jjq1
�1=q1

.


f



H _K
�(�)
p1(�);q(�)

:

Estimate of E3. For y 2 Rk; x 2 Rj with k + 2 � j < 0, we have

j(b (x)� b (0))Tak (x)j =
��� Z

Rk


 (x� y)
jx� yjn (b (y)� b (0)) ak (y) dy

���
� c kbkLip�

Z
Rk

jyj�

jx� yjn jak (y)j dy;
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by the Hölder�s inequality the last expression is bounded by

c kbkLip� jxj
�n 2k�2�k�(0) kXkkp01(�) . kbkLip� 2

�jn2
k
�
���(0)+n� n

p1(0)

�

. kbkLip� 2
�jn.

Thus,

��� j�2X
k=�1

�kT (b� b (0)) ak (x)
��� � c kbkLip� 2

�jn
j�2X
k=�1

j�kj

� c kbkLip� 2
�jn
� �1X
k=�1

j�kjq(0)
�1=q(0)

� c kbkLip� 2
�jn

f



H _K
�(�)
p1(�);q(�)

. (3.4)

Assume that ���nx 2 Rj : ��� j�2X
k=�1

�kT (b� b (0)) ak (x)
��� > �

3

o��� 6= 0.
Then

� � 3c kbkLip� 2
�jn

f



H _K
�(�)
p1(�);q(�)

; j < 0:

We consider two cases. The �rst is the case 3c��1 kbkLip�


f



H _K
�(�)
p1(�);q(�)

� 2�2n. By (3.3),

we get

E3 � c�
� �1X
j=�1

2j�(0)q(0)


��

x2Rj :
��Pj�2

k=�1 �kT (b�b(0))ak(x)
��>�

3

	

q(0)
p2(�)

� 1
q(0)

� c�
� �1X
j=�1

2j�(0)q(0)


�j

q(0)p2(�)

� 1
q(0)

� c�
� �1X
j=�1

2j(�(0)��)q(0)


XBj

q(0)p1(�)

� 1
q(0)

� c�
� �1X
j=�1

2
j(�(0)��+ n

p1(0)
)q(0)
� 1
q(0)

� c� .


f



H _K
�(�)
p1(�);q(�)

:
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We now consider another case 3c��1 kbkLip�


f



H _K
�(�)
p1(�);q(�)

< 2�2n. For any �xed � > 0 we

put

j� =

�
1

n
log2(3c�

�1 kbkLip�


f



H _K
�(�)
p1(�);q(�)

)

�
:

The advantage of this choice consists in the fact that

n
x 2 Rj :

��� j�2X
k=�1

�kT (b� b (0)) ak (x)
��� > �

3

o
= ;;

if �1 � j � j� + 1. Hence by (3.3), we obtain

E3 � c�
� j�X
j=�1

2j�(0)q(0)


�j

q(0)p2(�)

� 1
q(0)

� c�
� j�X
j=�1

2j(�(0)��)


XBj

q(0)p1(�)

� 1
q(0)

� c�
� j�X
j=�1

2
jq(0)(�(0)��+ n

p1(0)
)
� 1
q(0)

� c�2j�n .


f



H _K
�(�)
p1(�);q(�)

:

Estimate of E4. Similar to E3 from (3.4) and (3.3) we get

E4 � c�
� j�X
j=0

2j�1q1


��

x2Rj :
��Pj�2

k=�1 �kT (b�b(0))ak(x)
��>�

3

	

q1
p2(�)

� 1
q1

� c�
� j�X
j=0

2j�1q1


�j

q1p2(�)� 1

q1

� c�
� j�X
j=0

2j(�1��)q1


XBj

q1p1(�)� 1

q1

� c�
� j�X
j=0

2
j(�1��+ n

(p1)1
)q1
� 1
q1 .



f


H _K

�(�)
p1(�);q(�)

;
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Estimate of E5. Using the fact that [b; T ] maps Lp1(�) (Rn) into Lp2(�) (Rn), we have

2j�(0)


�Aj(�3 ;[b;T ](P1

k=j�1 �kak))




p2(�)

� c

�
2j�(0)

1X
k=j�1

j�kj


 [b; T ] ak�j

p2(�)

� c

�
2j�(0)

1X
k=j�1

j�kj


ak

p1(�)

� c

�

�1X
k=j�1

j�kj 2(j�k)�(0) +
c

�
2j�(0)

1X
k=0

j�kj 2�k�1

� c

�

�1X
k=j�1

j�kj 2(j�k)�(0) +
c

�
2j�(0) sup

k�0
j�kj

� c

�

�1X
k=j�1

j�kj 2(j�k)�(0) +
c

�
2j�(0)

� 1X
k=0

j�kjq1
�1=q1

:

Then we see that

E5 � c
� �1X
j=�1

� �1X
k=j�1

j�kj 2(j�k)�(0)
�q(0)� 1

q(0)

+c
� 1X
k=0

j�kjq1
�1=q1� �1X

j=�1
2j�(0)q(0)

� 1
q(0)

� c
� �1X
j=�1

j�jjq(0)
� 1
q(0)
+ c
� 1X
k=0

j�kjq1
�1=q1

.


f



H _K
�(�)
p(�);q(�)

,

where we have used Lemma 1.16.

Estimate of E6. As above we have

2j�1


�Aj(�3 ;[b;T ](P1

k=j�1 �kak))




p2(�)

� c

�

1X
k=j�1

j�kj 2(j�k)�1 ;

again by Lemma 1.16, we obtain

E6 � c
� 1X
j=0

� 1X
k=j�1

j�kj 2(j�k)�1
�q1� 1

q1

� c
� 1X
j=0

j�jjq1
�1=q1

.


f



H _K
�(�)
p1(�);q(�)

:
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Theorem 3.3 Let 0 < � � 1; 0 < l < n��; s � [�] ; p1 2 P ln (Rn) and q 2 P0 (Rn) with

1 < p�1 � p+1 < n
�+l
; 0 < q� � q+ � 1; 1

p1(�) �
1

p2(�) =
�+l
n
and let � and q are be log-Hölder

continuous, at in�nity such that � 2 L1 (Rn) and

�1 = � + n
�
1� 1

(p1)1

�
:

If b 2 Lip�(Rn); then [b; Il] is bounded from HK
�(�)
p1(�);q(�) (R

n) into WK�(�)
p2(�);q(�) (R

n).

Theorem 3.4 Let 0 < � � 1; 0 < l < n� �; s � [�] ; p1; p2 2 P ln (Rn) and q 2 P0 (Rn)

with 1 < p�1 � p+1 <
n
�+l
; 0 < q� � q+ � 1; 1

p1(�) �
1

p2(�) =
�+l
n
; and let � and q are be

log-Hölder continuous, both at the origin and at in�nity such that � 2 L1 (Rn) and

� (�) � n(1� 1

p�1
); � (0) = � + n

�
1� 1

p1 (0)

�
; �1 = � + n

�
1� 1

(p1)1

�
.

If b 2 Lip�(Rn); then [b; Il] is bounded from H _K
�(�)
p1(�);q(�) (R

n) into W _K
�(�)
p2(�);q(�) (R

n).

We omit the proofs of Theorems 3.1, 3.3 and 3.4 since are they essentially similar to

the proof of Theorem 3.2.

Remark 3.5 The results of this chapter with � and q are �xed are given in [33]. All

results of this chapter are taken from [5].
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