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Notation

e For a = (ay,...,a,) € Nj, we write |a] = a; + ... + a,.

e The Euclidean scalar product of x = (x1,...,x,) and y = (v1,...,¥,) is given by

TY = T1Y1 + ... + TnYn.

e The expression f < g means that f < cg for some independent constant ¢ (and

non-negative functions f and g).
e f~gmeans f S g < f.
e As usual for any = € R, [z] stands for the largest integer smaller than or equal to x.
e suppf is the support of the function f , i.e., the closure of its non-zero set.
o If ) C R" is a measurable set, then |@| stands for the (Lebesgue) measure of Q.
e Y\ denotes its characteristic function.
e S(R™) is used in place of set of all Schwartz functions on R”.

e S'(R™) the dual space of all tempered distributions on R".



Introduction

It is well known that Herz spaces play an important role in Harmonic Analysis. After they
have been introduced in [15], the theory of these spaces had a remarkable development in
part due to its usefulness in applications. For instance, they appear in the characterization
of multipliers on Hardy spaces [3], in the summability of Fourier transforms [12] and in
regularity theory for elliptic equations in divergence form [27].

In recent years, there has been growing interest in generalizing classical spaces such as
Lebesgue, Herz spaces and Sobolev spaces to the case with either variable integrability or
variable smoothness. The motivation for the increasing interest in such spaces comes not
only from theoretical purposes, but also from applications to fluid dynamics [29], image
restoration and PDE with non-standard growth conditions.

Herz spaces K  (R") and K o().q (R") with variable exponent p but fixed o € R and ¢
were recently studied by Izuki [I7, [I8]. These spaces with variable exponents «(-) and p(+)
were studied in [2], where they gave the boundedness results for a wide class of classical
operators on these function spaces. The spaces K;‘((f){q(,) (R™) and K;((f){q(,) (R™), were first
introduced by Izuki and Noi in [20].

Based on the papers [9], [32] and [33] we will study the weak type estimates of com-
mutators on Herz type spaces with variable exponent.

Our work is divided in to three chapters.

In the first one, we collects fundamental notation and concepts. We also give some key

results needed in the proofs of main statements.



In the second chapter we define the BMO space and present the weak type estimate of
commutators on variable Herz—type Hardy spaces.
In the last chapter we study the weak type estimate of commutators on variable Herz—type

Hardy spaces with Lipschitz function.



CHAPTER 1

VARIABLE HERZ SPACES

In this chapter, we present some fundamental proprieties of variable Herz spaces. We also

give some key technical results needed in the proofs of the main results of this theses.

1.1 Modular space

In this section we recall some properties of semi-modular functional space.

1.1.1 Definition and basic properties

Definition 1.1 Let X be a vector space over R or C.. A function o : X — [0, +00] is

called a semi-modular on X if it satisfies the following condition:
1. 0(0) = 0.
2. o(A\x) = o(x) for all x € X, and for all scalar \ with |\ = 1.
3. 0 18 quasi-conver.
4. o(Ax) =0 for all A > 0 implies x = 0.

5. 0 1s left-continuous on [0, +00) for every x € X.

A semi-modular o is called a modular if



6. o(x) =0 implies x = 0.

A semi-modular ¢ is called continuous if
7. the mapping A\ — o(Ax) is continuous on [0, +00) for every x € X.
Example 1.2 Let ) be a Lebesque measurable subset of R". If 1 < p < oo, then
o) = [ 11w
defines a continuous modular on the space of all measurable functions on ). If 1 < p < oo,

then

oo

o, ((x7) =D |ayl”
§=0
defines a continuous modular on R™.
Definition 1.3 If o be a semimodular or modular on X, then
X,={reX: Alimo o(A\x) =0}

18 called a semimodular space or modular space, respectively.
Proposition 1.4 If p s a semimodular or modular on X, then

X,={r € X,3X>0: p(\z) < 00}

18 called a semimodular space or modular space, respectively.

Theorem 1.5 Let ¢ be a semimodular on X. Then X, is a quasi-normed space. The

quasi-norm, called the Luxemburg quasi-norm, is defined by
) x
|||, := inf {)\ >0:0(3) < 1} .
Lemma 1.6 (Norm-modular unit ball property). Let o be semi-modular on X. Then
[zll, <1 o(z) < 1.

If o is continuous, then also

|zll, <1< o(z) <1, and : ||z]|, =1 < o(z) = 1.



Corollary 1.7 Let ¢ be a semi-modular on X and x € X,.
(@) If ||zll, <1, then o(x) < [z,

(b) If 1 <|lzllo, then [lz]l, < o(x).

() llzll, < olz) +1.

Remark 1.8 The proof of the above results can be found in [§].

1.2 Variable Lebesgue spaces

In this section we recall and present some properties of variable Lebesgue spaces. Given

an open set ) C R"”. We put
Po(2) :={p : measurable : p(-) : @ — [¢, 00| : for some ¢ > 0}.

The elements of Py(2) are called exponent functions. In order to distinguish between
variable and constant exponents, we will always denote exponent functions by p(-). We
denote by

P(2) :={p : measurable :: p(-) : @ C R" — [1, 00[}.

Given p € Py(2) and a set E C Q, let

p~ (E) = ess infp(z), pT(E) = ess supp(x).

zeE zeE

If the domain £ = 2 = R", then we will simply write
p-=p (R"), pt=p"(R").

Definition 1.9 Given Q and p € Py(Q2). The variable Lebesgue space LPC) () is defined

by
LPO(Q) = {f measurable : 3N > 0 : /\limo 010y (Af) = O} ,



equipped with the following quasi-norm

[ £l ror () = If{A > 01 01000 () (f/A) < 1}

Definition 1.10 Given Q C R" open and p € Py(2), define Lp(.)(Q) by

loc

Lp(')(Q) .= {f measurable : f € LPY)(K),: for every compact set: K C Q}.

loc

Definition 1.11 Let p € Po(R"). The weak Lebesgue space with variable exponent
LPO-2(R™) (or W LPU) (R™) )consists of all Lebesgue measurable function f satisfying

1l oo = iglgAHX{xeR"wf(x)»}Hpc) = oo

Definition 1.12 We say that a function g : R™ — R is locally log-Holder continuous,

if there exists a constant ciog > 0 such that

Clog
l9(2) = 9(y)| < In(e + 1/]z — y|)
forall z,y € R™. If
Clo
9() = 90)1 < s

for all x € R™, then we say that g is log-Holder continuous at the origin (or has a log

decay at the origin ). If, for some g € R and cjog > 0, there holds

Clog

19(7) — goo| < m

for all x € R, then we say that g is log-Holder continuous at infinity (or has a log decay
at infinity).

1.2.1 The mixed Lebesgue-sequence space

Let p, g € Po(R™). The mixed Lebesgue-sequence space £90)(LP()) is defined on sequences

of LPO) —functions by the modular

Qeq(~>(Lp<~>)((fv)v) = Zinf {)‘U > 00y (%) < 1}'

v



The (quasi)-norm is defined from this as usual:

. 1
||(fv)v||ZQ(')(LP(')) ;= inf {M >0 0pa0)(Lr0)) (;(fv)v) < 1} :

1. If ¢* < oo, then

. J :
1nf{)\>OQp() <W <1 :HlfIQ()H%
2. If p and ¢ are constants, then ¢70)(LP0)) = ¢P(L9).

Theorem 1.13 Let p,q € Po(R"). || - [[pacr(ze0)) 8 @ quasi-norm on the mized Lebesgue-
sequence space (1) (LP()).

Let p,q € P(R™). If p(z) > 1 is constant almost everywhere (a.e.) on R™ and q > 1, or if
I% + ﬁ <lae onR" orif1 <q(-) <p() <ooae onRY then || - [luo o0 i a
norm on the mized Lebesgue-sequence space (70 (LP0)).

For the proof see [1] and [21].

a() n o) n
1.3 The spaces K (R™) and Ky at) (R™)

In this section, we give the definition of Herz spaces with variable exponent. Also, we
present a useful properties for these function spaces. For convenience, we set

By:=B(0,2"), Ry:=Bi\Byy and x; =Xz, keZ

Definition 1.14 Let p,q € Po(R") and a : R" — R with a € L>*°( R"™). The inhomogen-

eous Herz space K;(.j),q 0 (R™) consists of all f € LPV) (R") such that

(1.1)

_ ka()

Similarly, the homogeneous Herz space K;:((f))’q(.) (R™) is defined as the set of all f €
L0 (R™\ {0}) such that

a0 (Lp()) =00 (1.2)

— k(-
1Fllgey =[]0 30 ez



()

If p, ¢ and « are constant, then Kp(of);q(_) (R") = K, (R") and Kﬁ((.')),q (R") = Kgq (R")

()
are the classical Herz spaces.

Let us denote

. 1o
{9k} ez (o) == (Z ||9k||§<->>
k=0

and

-1 1/q
||{9k:}||eq<(Lp<->) = ( Z “gk”Z(A))

k=—o00

for sequences {g }rez of measurable functions (with the usual modification if ¢ = 00).

Proposition 1.15 Let a € L>®(R™), p,q € Po(R™). If a and q are log-Holder continuous
at infinity, then
a(’) ny __ Qoo n
Kyiyae) RY) = K5 g (RY).

Additionally, if o and q have a log decay at the origin, then

Hf”}'(;"(("))q(‘) ~ H{Qka(o)f Xk}”g‘i(O)(LpC)) + H{Qkawf Xk}Hz‘;OO(Lp(-))- (1.3)
Proof. Step 1. We will prove that

Ko (R") — K2 (R™),

P(+),qo0 p(-),q(+)

which is equivalent to

ol < oo
£l S 1l

p(+),q00

for any f € K;‘(‘?j oo (R™). By the scaling argument, we see that it suffices to consider the

case || f]| Ko =1 and show that the modular of f on the left-hand side is bounded. In

particular, we will show that

Z |c 2k0) f Xk}q(.)

o <1 (1.4)

for some constant ¢ > 0. Since « has logarithmic decay at infinity, then for £ > 1 and

z € R, we have

k
k _ <M <

10



Therefore, 2F(*) x~ 2k~ with constants independent of k and z, and hence

}ij2m<ka " §ij2mwfx\

Our estimate ((1.4)), clearly follows from the inequality

L
a)

le 25 2| ., < 28 r xallly +27 = 6. (L.5)

()
a(-)

This claim can be reformulated as

[t e 2l

<
p() — 1’
a(-)

which is equivalent to

<1

1
HC 0 a027% fiyy
p(*)

For any x € Ry, we have

1 1 1

5T = (288)we w0 2 9§ e

Since ¢ has logarithmic decay at infinity, then for £ > 1 and x € Ry we have

k|Q($)_QOO| < k|Q($)_QOO| < k < 1.
Iooq(z)  — G0~ ~ In(e+|z]) ~

Therefore, 9*(2e =) s 1 with constants independent of k¥ and z. Also, since 1 < 2§ <

2k+1
(2’“6)%-0 @ < (2’““)'%‘%‘ <1.

Hence, with an appropriate choice of ¢ > 0

Rt I N
p() p()

since of

1249 £ Xl < 67

Step 2. We will prove that

Kol (R — Ko

P()a(?) G R7)

11



which is equivalent to
oo < ol
e, S Wllgor
for any f € K;‘((.'))q(.) ( R™). By the scaling argument, we see that it suffices to consider

the case ||f||KZ((.§)q(.) = 1 and show that

Do lle 2t S 1 (1.6)
k=1
for some constant ¢ > 0. As before, we have for k > 1
koo qoo ko(- doo
H2 kaHp(.) S H2 ()kaHp(.)'
Now, our estimate (|1.6]), clearly follows from the inequality

e 20 xalliey < |20 f ", + 27 =4 (1.7)

I~

)

P

(

N

Q

This claim can be reformulated as

HC o= 2RO f y,

< 1.
p()

1 1
From above, § 4 < § 4@, then with an appropriate choice of ¢ > 0

c 5_$2ka(')f Xk

1
< H(S‘mz’m“ |
p() Xl

The left-hand side is less than or equal to 1 if and only if

H‘é‘zioﬁa(')kalm <1
o =
q(-)
We see that the right-hand side can be rewritten as
1 ka(-) a()
0 ‘2 ka‘ o) = 1
q

(A
which follows immediately from the definition of ¢.

Step 3. Let us prove that

||{2ka(0)f Xk}||g<1<(0)(Lp(-)) + ||{2ka°°f Xk}”z‘gooup(-)) N ||f||Ka(-) .
p()a()

12



We suppose that || f]| Koo < 1. If, in addition, o has a log decay at the origin, then
prL-).q(-

we also have 2k(@) x 2ka(0) for < 0 and 2 € Ry.. Thus

12O F 030 10y & 2O X030 000

As in Step 2 we can prove that

o 20 £ < [0 ]

k
() +2

a0)
for any k < 0 and for some constant ¢ > 0. Then ||{2F*() f Xi a0 o
<

estimate ([1.7)) we obtain

) < 1. Using the

[[{2F= f Xk}HZq;o(LP(')) S L
Therefore,

[{2~©) Xk}||1zq<‘0>(Lp<.>) +[[{2"=f Xl o0y S 1.

The desired estimate can be obtained by the scaling argument.

Finally
||{2ka(0)f Xk}||gq<(0)(Lp(')) < ]-7
and

[{2"ee f Xk}”éqfo(LP(')) <L

As in Step 1 we have for any k£ < 0 and for some constant ¢ > 0

[le 2507,

o (0)
o S ”2k (O)fX’fHZ(?) +2°

F10)

by using (|1.5)) we obtain

<
MNl.

O]

> 125607 x|
k=—00

Q

Therefore,

e <1
“fHKp((-)),q(-) ~

and the result follows by the scaling argument. m

13



By Pir(R") and P2 (R") we denote the class of all exponents p € P(R") which have a
log decay at the origin and at infinity, respectively. The notation P(R") is used for all
those exponents p € P(R™) which are locally log-Hélder continuous and have a log decay

at infinity, with p := limjg|—..c p(z). Obviously we have
P™(R") C Py ( R") N PR(R").

Note that p € P(R") if and only if p’ € P(R"), and since (p')e = (Poo)’ We write only
pl, for any of these quantities. The next lemma is a Hardy-type inequality which is easy

to prove.

Lemma 1.16 Let 0 < a <1 and 0 < g < 0co. Let {ex},o4 be a sequence of positive real

numbers, such that

H{gk}keZHZq =1 < oo.

Then the sequences {5k D0R =D ik ak*jsj} and {nk DM = )ik aj*ksj} belong
- keZ = ke Z

to 01, and

H {5k}keZ Heq + H {nk}kez Heq <cl,

with ¢ > 0 only depending on a and q.

14



CHAPTER 2

WEAK TYPE ESTIMATES OF

COMMUTATORS 1

In this chapter, we study the weak type estimate of some commutators with BMO func-

tion on Herz-type Hardy spaces with variable exponent.

2.1 Variable Herz-type Hardy space

Let k € Z and A > 0. We set Ap(\, f) :== {z € Ry, : |f(z)| > A} and Ay(\, f) :== {z €
B(0,1) : |f(x)] > A}

Definition 2.1 Let p,q € Po(R") and a : R* — R with a € L>*(R™). The inhomogen-

eous weak Herz space WK]?((.'))q(.)(R”) consists of all measurable functions f such that

“f“WKS((.S),q(.) - ?\EISAH <2ka(.)XAk(>\vf))k20 H€f1(~)(LP(~)) < 00,

where Ay is replaced by Ag. Similarly, the homogeneous weak Herz space WK;((.'){q(.)(R”)

s defined as the set of all measurable functions f such that such that

HfHWK;((:)),q(A) = ili]'g )\H (2ka() XAk(Avf))keZ H@q(‘)(LP(')) < 0.

15



Proposition 2.2 Let a € L®(R"), p,q € Po(R™). If o and q are log-Hélder continuous
at infinity, then

WK S (RY) = WK

P(+),q00

Yt { (R").

Additionally, if a and q have a log decay at the origin, then

H HWK o ~ S;i% (/\”{Qka(O)XAk(A,f)}qugo)(m-)) + )‘H{zk%XAk(A,f)}Hzgw(mc)))' (2.1)

For the proof see [4].
Let Gy f be the grand maximal function of f defined by

Gnf(z) == sup |on(f)(z)],

PEAN

where Ay := {p € S(R") : sup|, <y, g<n |270° ()] < 1} and
P (f)(x) := sup |, * f(x)],
>0
with ¢, :=1t7"p(5).

Definition 2.3 Let p,q € Po(R") and o : R" — R with o € L>*(R") and N > n+1. The
inhomogeneous Herz-type Hardy space H K;Y((f))’q(,) (R™) consists of all f € S'(R™) such that

Gnf € Ka( o) (R") and we define

P N P

Similarly, the homogeneous Herz-type Hardy space H K (()) 0 (R™) is defined as the set

of all f € S'"(R™) such that Gy f € Ka())q() (R™) and we define

P N
Definition 2.4 Let a € L®(R"), p € P(R"), ¢ € Po(R") and s € Ny. A function a is
said to be a central (a(-), p(-))-atom, if
(i) suppa C B(0,7) = {z € R" : |z| < r},r > 0.
(ii) ||a H < |B(0,7)|~>O/n, 0<r<l.
(iii) ||a Hp(.) < |B(0, )| ~oe/m, r>1
(W) [gn 2Pa(z)dz =0, |B] <s.

16



A function a on R" is said to be a central (a(-),p(-))-atom of restricted type, if it
satisfies the conditions (iii), (vi) above and suppa C B(0,7),r > 1.

Now we come to the atomic decomposition theorems.

Theorem 2.5 Let a and q are log-Hélder continuous at infinity and p € P™(R") with
1<p <p'<oo. Foranyf € HK;((,'))’q(,) (R™), we have

F=> Ma, (2.2)
k=0
where the series converges in the sense of distributions, Ay > 0,each ay is a central
(a(-), p(+) )-atom of restricted type with suppa C By and

(3 el=) "™ < el
k=0

p(ha()

Conversely,if as > n(l — ]t) and s > [oo + n(}i —1)], and if (2.2) holds, then f €

a(-) n
HE () 4 (R?), and

) > L\ e
F{P ~inf { (3 ul=) )

where the infimum is taken over all the decompositions of f as above.

Theorem 2.6 Let a and q are be log-Hdélder continuous, both at the origin and at infinity

and p € P™(R"™) with 1 < p~ < pt < oco. For any f € HK;‘((,'))@(,) (R™), we have

f= Z AV (2.3)

k=—o00
where the series converges in the sense of distributions, Ay > 0, each ai is a central
(a(-), p(+) )-atom with suppa C By and

[e.o]

-1
( Z |>\k|q(0)>1/‘1(0) n <Z |>\k|q<>o>1/QOo S CHf”HK;(U
k=0

N ()

17



Conversely,if a(-) > n(1 — p%) and s > [t + n(p% —1)], and if holds, then f €
HEKY (R"), and

P()4()
_ ja0) & /00
1o~ {( 32 \)\k|q(0)>1q0 +(Z|)\k|qw>1q ¥
k k

p().a() — —

where the infimum is taken over all the decompositions of f as above.

Definition 2.7 Let p,q € Po(R™) and o : R" — R with o € L*°(R™) and N > n+1. The
inhomogeneous weak Herz-type Hardy space W H K a() ) (R™) consists of all f € S'(R")

p();
such that Gy f € WKP(M(_) (R™) and we define

HfHWHKD‘(() N HGNfHWK

Similarly, the homogeneous weak Herz-type Hardy space W H K;‘((.'))q(.) (R™) is defined as
the set of all f € S'(R™) such that Gy f € WKS((,'))(](,) (R™) and we define

() ()

HfHWHKO‘() - HGNfHWK

p(-)q(") ()()

2.2 Key results

Recall that the space BMO(R") consists of all locally integrable functions f such that

1
llssso = smp 1o /Q 1 (@) — fol dz < oo,

1
fQ:@/Qf(?J)d?J

and the supremum is taken over all cubes Q C R"™ with sides parallel to the coordinate

where

axes.

Lemma 2.8 Let p € P5(R"), let k be a positive integer, and let B be ball in R™. Then,
for allb € BMO (R™) and all i,j € Z with j > i, the following inequality is true

el 0 < sup &= 5) Xl < Pl 20s0r

| x5 ||

18



10 =50 x5, |,y < G = D" [llsar0llxs, |-
For the proof see [19].

Lemma 2.9 Let p € P5(R"). There exist constants ¢y, ¢y such that for any f € BMO (R") |~ >

0 and any B C R™, we have
HX{%B: ) talon} ey < cremMhaseo x|
where fp = i [ [ (2) d.

For the proof see [16]. It is said that b € BMO (R™) satisfies the condition £, if for
any j,k € Z with k < j — 3 and any = € Rj there exists a constant ¢ > 0 only dependent
on n; such that

|b(z) = bp,| < c|b(x) - bg,|.

Let b € BMO(R"™). The commutator of the maximal operator and the fractional

maximal operator are defined, respectively by

1
Myf (@) = sup T / @ =@l )]y

r>0
and
1
Mf (@) = sup——— / b(@) — b1 ()] dy,
>0 B (2, )| J5e

where 0 < v < n.
Let b € BMO (R") and T be a linear operator. The commutator [b, 7] generated by b
and T is defined by

[0, T](f) () := b(x) Tf (x) =T (bf) (x).

2.3 Main results and their proofs

The main results of this chapter are the following.

19



Theorem 2.10 Let « and q are log-Hdlder continuous at infinity and p € P8(R™) with

0<p <pt<ooand0<q <q" <1 such that

1
oo = n(1 — p_)
Ifb € BMO (R") then for any f € HE,)) ) (R") and any A > 0, we have
CHfHHKO‘(') ” ||HK

with ¢ > 0 only dependent on f and .

Proof. Let b € BMO (R") and f € HK O‘(())q() By using Theorem we can assume

that
f = Z )\kaka
k=0

where the series converges in the sense of distributions, each ay is a central («(-), p(+))-

atom with suppa, C Ry and

© q
(kZ:OMk!q“’) <CHfHHKO‘(() .

Observe that

3 1
||{QJQOOXAj(A,be)}ng;o(Lp(-)) < C(ZQJawqw||X{xeRj; | My ()| 52} HZT)) -
=0
J . L
| Qoo Goo Goo oo
j=

1

+C( jz4 2t HX{wGRj: | 22 MeMyan(@)| >3 } ”Zﬁ) -

= :F1+F2+F3.

20



Estimate of Fy and F. Using the boundedness of M, on LP()(R") yield that

3 1
¢ Qoo Goo R =3
o= X(ZQJ ! ”f”f;(.))

=0
c o0
< Sl llel)
c oo
< ¢ A( 2*’“%0)
350 [l kZ:O
<

[e.9] 1/00
A (o) R ]

p(a()

We easily obtain that

o0 o0 1
A< (w2 mellad,e) )™
3=0 k=j—2
o0 (o] L
< E ( Z < Z 2(j—k)aw|>\k|>qw) qoo
A j=0  k=j—2
< ()" < e
T AN\ J = MNVHESS ()

where we used Lemma [1.16]

Estimate of F,. From the vanishing moment of a; and Holder’s inequality we obtain

-3
[ 2 MeMia () |
k=0

IN

73
e el [Mya ()]
k=0

IN

j—3
e 2 [ [b(@) = b(y)lfax ()| dy
k=0 B

IN

e M 27"(Ib(a) = b / @l dy+ [ o ()] o, — ()] dy)

IN

CZ |)‘k| 2—jnHaka(.) ( |b (J}) - ka| HXB;CHP/(.) + H(b - ka)XBka/(.)> (24)
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for any x € R;,y € R with 0 <k < j — 3. In view of the well-known that
b, —bp, | < (G —F) ||bl| 510 for amy j >k,

and Lemma [2.8] the last expression is bounded by

j—3

< e Il 2 lanll o lIxa, L ( [0 (x) = bg, | + (G = ) HbHBMO)’

k=0
since ay ’s are («(+), p(-))-atom, this term is bounded by

7j—3

e el 272 [ (0@) = b5, + 318 o)

So F; is bounded by
Goo qoo
Hhe)”
qoo ‘Zoo
> ot )=

o
c E 9/ xeotec | ~ .
( - X eRyic|p@)-bs, | I3 IAkI2-in2 koo HXBk
]:

+<2 Qcxootes HX{xeRj:chbH

. =Fy + F7

- -
BMO YT ol Ak|2In2—kaoo HXB

For F}. Observe that 70 |Au| < [|f]|;ye0 » from Lemma 2.9 we deduce
P()a()

ey [
>%} Hp(~)

HX{{L‘ER 'c|b(w —bs; |Zj73\)\k|2—j”2_ka00“XBk

IN

eIl {xER ce| ()b, |27 (oot 52 Hf”HK())

IN

{oeRs|ste)—ba, pﬁ} PO
p() q(-)

IN

cexp<_ C)\2j(a°° - )H H
[P0 1 gy /1

Vi (acet52) )

161l paso 11 g e

IN

an
c2px exp(
() qa()

22
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where we have used the condition oy, = n(1 — Zt) On the other hand we have

J (ot )
> e (- )

b -
j=—00 H ||BMO “f”HKp((-)),q(.)

c/ g1 exp(— | cAs )ds
0 :

b
| ||BMO ||f||HK§((_)>’q(_)

qoo o]
(S0l ey ) ([ o= ar)
0
C qOO
< (5Mhuzs,,)

In view of (2.6) and (2.7)), we find that

IN

IN

CE T

T

For F2. We use a well-known inequality logy < 5 whenever z > 2 to get the following

claim:

Claim If there exists a z > 1 such that % < z holds for x > 2, then 2* < czlog;. we

use this claim to estimate for F. For j > 4, if

j—2
. —Iino—ka )\
{z & Ry cilbll o 2 M1 2772~ s, > T} #0.
k=0
then
A . oo
1 <cj2 ity ||bHBMOH HHKO‘(

() ()
1

where we have used the condition o = n(1 — --) and Zk:o el < HfHHKO‘(')
oo P()sa(-

j (0400 + 1%) = jn > 4, we deduce

n

zj(%ﬁﬁ)

1< ; <aoo N E) XHb”BMOHfHHK

(a()
Therefore,
2jaooHXij(.) < CQj(aooer%)

C”fHHK”‘() H HHKO‘()
p(-),q() + p(-),q(")

23
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Let j) be the maximal positive integer which satisfies this estimate, then we find that

Ja

7o< o vy ) ™

j=0

IX 1
c ($ooen )
j=0
< gin(awti)

CHf”HKa o

< p(-),q

) OF"
1-+1
\ ( + log

N CHfHHK;‘() (_)>
— )

This completes the proof. m

Theorem 2.11 Let 0 < v < n, p; € P2(R") and q € Py (R?) with 1 < p; < pf < .,

0<q <gq" <1, pll(.) — zﬁ(-) =~ and let a and q are be log-Hélder continuous, at infinity

such that o € L (R™), and

1
(1)
If b € BMO (R™) then for any f € HEK®Y) ) (R™) and any A > 0, we have

p1(-)a(:

C”f”HKgl(&)')’q(') CHfHHKO‘(')

haree + (),a()
12 XAMM;’f)}Hzim(m«» = f(l +log f)

with ¢ > 0 only dependent on f and .

We omit the proof of Theorem [2.11] since they essentially similar to the proof of The-
orem [2.10

Theorem 2.12 Let o and q are be log-Hélder continuous at infinity and p € P™(R")

withl <p~ <p" <ooand 0 < g~ < q" <1 such that

1
Qoo = n(1l — —).
Poo

If b € BMO (R™) satisfies the condition L, then M, is bounded from HEK!) ) into

P
a()
WE (a0
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Theorem 2.13 Let « and q are be log-Holder continuous, both at the origin and at

infinity and p € PR(R™) with 1 < p~ <p" < oo and 0 < ¢~ < g+ < 1 such that

a() =1l - ),

p
If b € BMO (R

()
WK,y a0y

Proof. Suppose [ € HK;,I((.'))Q

1
a(0) =n(l - m),

satisfies the condition L, then M, is bounded from HEK!

() By Theorem [2.6, we have

F=> M,

k=—o00

1

and oo = n(l — —).

Poo

p()a() 1O

where the series converges in the sense of distributions, each ay is a central (a(-),p(+))-

atom with suppa, C Ry and

-1
(> ke

k=—o00

) 1/4(0)
)

Using Proposition [2.2] we have

I llwseor
where
Gy = )\‘
GQ = A
Gg = )\‘
and
G4 = A

Q

00 1/gee
Z\)\k!q""> ' SCHfHHkg(S'>
k=0

Ya)

ili}g ()\H{Qka(O)XAk(,\,be)}Hef1<(0>(Lp(-))

A2 X a0} qu;o (me))

N

A>0

jo(0) )
{2 g anizs v}

‘{QJaOOXAj(%,Mb( ji—3

k=—o0

Akag))

{Qja(O)XAj(%,Mb(

Zo:j—2 Aka))

J Qoo
‘{2 xAj(g,Mb(z;gj,mak»}

25

sup{G1 + G + G3 + G4},

e (Lp())

122 (L)

1 (Lp())
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To complete the proof, it suffices to show that

GzN HfHHKa(()) (); i:172?374'

The estimation of G5 is similar to G;. So we omit the detail for the estimation of G5. By

(2.4) and Lemma and since b satisfies the condition £, we have

| i )\kaak (l‘)}

k=—00
j—3
< c Z 27]71Hak||p(~)HXBkpr(.)< ‘b(x) - ij‘ + HbHBMO>’
k=—o00

for any x € Rj,y € Ry, with kK < j — 3. For j <0, the last term is bounded by

-3
| D0 MM (@)] < efb@) —ba| Do 272 x|
k=—o00 k=—o00
j—3 '
+CHbHBMO Z |)‘k‘27]n27ka(0)HXBk P()
k=—0o0

So G, is bounded by

-1

CA<].;OOQN "lx {zeR ce|b(@)—ba, | 2572 Ianl2 -i(2O+38) }‘Q(0><0>
> 4}H )

1/4(0)
Observmg that S77% |\ < (Z,::lfoo \)\k|Q(O)) S|If|l, gatr » then the first term
p(-),q(-)
in is bounded by

-1
—i—c)\< Z 27°(0) HX{xeRJ ellbll paro iz

j=—00

1

00 ) j( 0)+P )
C)\( Z 2ja(0)q(o)(exp( ‘ cA2 () >ij||p(.)>q(o)>q<o>

= Moo i

)\(/OOO 5101 exp ( cAs )ds)

HbHBMO”f“HKa(()) o

1

N

HfHHKa(()) .

AN
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For any fixed A > 0, if

j—3

. A
{re R clblpno 3o 2720 g, > 2} # 00
k=—o00
Then
. i3
A< defpf g2 ) 3T
k=—o00
< 4CHbHBMOHfHHK°‘(()) ()2 i<l
We consider two cases. The first is the case 4c\™ 1||bHBMOHfHHKa() > 272" So the

p()a()
second sum in is bounded by

1 -1 1

CA( Z 20| |l5 ) < c>\< S o050 7O

j=—00 j=—00

< o .
< A5 fllueor

We now consider another case 4c\™ 1Hb||BMO||f||HK < 2727 For any fixed A > 0 we
PO

put

iy = [ log,(4CA™ IHb“BMOHfHHKa( ) (>)} '

The advantage of this choice consists in the fact that

j—3

{x € R;:c|bllzumo Z | Ak| 2_jnz_lm(o)||XBk

k=—o0

Pe) 2} =0,

if —1 > j > jy + 1. Hence the second sum in ({2.8]) is bounded by

J

(32 00y 1)

A\
o
>
/N
o 1
N
<.
2
2
+
=
S
Y
——
S

< " S lygeer -
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For G5. The boundedness of M, on LPO)(R") yield that

>\2ja(0)HXA]-(%,Mb(ZZO:j_QAkak))Hp(~) SJ 97(0) Z |>\k|||aka(.)
k=j—2
1 ! oo
< Z +Z (2.9)
k=j—2 k=0

Since Haka(.) < 2-ka0) 'k < 0. The first sum in is bounded by

-1
c Z | \g| 20 H)0)

k=j—2
an application of Lemmam yields that the f‘i(o)—norm of this expression is bounded by

i o\ 1/4(0) . 7,6 , ,
(Zk:_oo AL )) . Now if £ > 0 then ||aka(.) < 27%@<  The second sum in (2.9)) is
bounded by

, > ‘ > 1/gc0
PO N |\ 27k < 2aa<o>(z | Ak,%a) _
k=0 k=0

q(0) : . . o 1/qo0
The ¢Z”-norm of this expression is bounded by (Z 0 |)\k]q°°) :
For G4. As above we have

\2dre HXAj (%7Mb(mij72kk%))||p(') < Z |\ 20— R)as
k=j—2

we apply Lemma and get

o0 /oo
Gis (W) S 1l
j=0

) )
p(),a()

which completes the proof. m

Theorem 2.14 Let 0 < v < n, py € P (R") and q € Py (R") with 1 < py < p{ < 2,
0<q <q" <1, :r%(-) = ]ﬁ(_) = 2 and let o and q are be log-Hélder continuous, at infinity
such that o € L* (R"™), and

1
Qoo = n<1 — —)
(P1) s
If b € BMO (R"™) satisfies the condition L, then M} is bounded from HK;((.?),q(J (R™) into
a(-) n
WEK(at) R
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Theorem 2.15 Let 0 < v < n, p; € P2(R") and q € Py (R?) with 1 < p; < pf < =,
0<q <qt <1, 1%(') — ]#(.) = 2 and let « and q are be log-Hoélder continuous, both at
the origin and at infinity such that o« € L* (R™), and
1 1 1
a() >n(l——), a(())zn(l— ), ozoo:n<1— )
2 p1(0) (P1) oo
Ifb € BMO (R™) satisfies the condition L, then M} is bounded from HEK®Y) (R™) into

p1(-),q(+)
”7 () n
sz('),q(~) (R").

Theorem 2.16 Let o and q are log-Holder continuous at infinity and p € P°8(R™) with
0<p <pt<ooand0<q <q" <1 such that
1
Qoo =n(1 — —).
Poo
Let b € BMO (R™) and T be a linear operator. Suppose that the commutator [b,T] is

bounded on W LPU) (R™) and T satisfies the local size condition

n

Tf ()] < cla] ™ / 1 ()l dy

for f € LY(R"), suppf C Ry and |z| > 21 with k € Z". Then for any f € HK;‘((,'))#(,) (R™)

and any A > 0, we have

CHfHHK‘*(‘) CHfHHKa(-)
2" X aer o1 Hl e 000y < — 20.a0) (1 +log™ — o )

with ¢ > 0 only dependent on f and .

Theorem 2.17 Let 0 < I < n, py € P™(R") and ¢ € Py (R") with 1 < p; < pf <%,

0<q <qt <1, 1%(‘) — % = % and let a and q are be log-Hélder continuous, at infinity

such that o € L (R"), and

(- %)
Qoo =n(1— .
(P1) oo
Let b € BMO (R™) and T} be a linear operator. Suppose that the commutator [b,T)] is
bounded from LP*() (R™) into LP>() (R™) and T satisfies the local size condition

TF @] < elel 0 [ 1 Wy
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or f € L\(R™), suppf C Ry and |z| > 2671 with k € Z". Then for any f € HK®?,  (R"
p1(-):a()

and any A > 0, we have

H HHK CHfHHKO‘()
K2 X oz Hlpgoe gy < % (1 +log* %»

with ¢ > 0 only dependent on f and .

Theorem 2.18 Let o and q are be log-Hélder continuous at infinity and p € P™(R")

withl <p~ <p" <ooand 0 < g~ < q" <1 such that

1
Qoo = (1 = —).
Poo

Let b, T and [b,T] be as in Theorem [2.16 If b satisfies the condition L, then [b,T)] is

bounded from HK (())q() (R™) into WK;‘((,')’q(,) (R™).

Theorem 2.19 Let o and q are be log-Holder continuous, both at the origin and at
infinity and p € PR(R") with 1 <p~ <p* < oo and 0 < ¢~ < g+ < 1 such that
1 1 1

a(-)zn(l—z?), a(O):n(l—w), and oo = N (1_ZE)

Let b, T and [b,T] be as in Theorem [2.16 If b satisfies the condition L, then [b,T)] is

bounded from HK (())q() (R™) into WK;‘((,')’q(,) (R™).

Theorem 2.20 Let 0 < | < n, py € P (R") and q € Po(R") with 1 < p; < pf < %,
0<q <qt <1, pl() ]#(,) = % and let o and q are be log-Holder continuous, at infinity

such that o € L* (R™), and

1
Qoo = n<1 — —)
(P1) o
Let b,T; and [b,T}] be as in Theorem“ If b satisfies the condition L, then [b,T)] is

bounded from HK®\) (R™) into WK (R™).

p1()4() q( )

30



Theorem 2.21 Let 0 <1 < n, py € P"(R") and q € Py (R") with 1 < p; < pf < %,
0<q <qt <1, 1%(') — ]#(.) = % and let o and q are be log-Holder continuous, both at
the origin and at infinity such that o« € L* (R™), and

1 1 1
a(-)>2n(l——), a0)=n({l———), aw=n(l—-—]).
() zn=-2), a@=n(1- ) (- %10)
Let b,T; and [b,T}] be as in Theorem [2.17 If b satisfies the condition L, then [b,T}] is

N0) n\ *-o(+) n
bounded from HK, .y (R") into WK 5 . (R").

We omit the proofs of Theorems [2.20 and [2.21] since are they essentially similar to the
proof of Theorem [2.19

Corollary 2.22 If we replace the size condition of T in Theorems[2.18, by

1@l s [ L"ﬁ“ndy, v ¢ supp, (2.10)

for integrable and compactly supported functions f. Then the conclusion of Theorems

[2.18 2.19is also true.

Corollary 2.23 If we replace the size condition of T in Theorems [2.20), by

m@ls [ Lﬁ)’dy © ¢ supp, (2.11)

e —y
for integrable and compactly supported functions f. Then the conclusion of Theorems

[2.20] 2.21] is also true.

Remark 2.24 The results of this chapter with o and q are fized are given in [33]. All

results of this chapter are taken from [5].
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CHAPTER 3

WEAK TYPE ESTIMATES OF

COMMUTATORS 1I

In this chapter, we study the weak type estimate of some commutators with Lipschitz

function on Herz-type Hardy spaces with variable exponent.

3.1 Preliminaries

For 0 < 8 < 1, the Lipschitz space Lipg(R™) is defined as
. J(z)—fy
Lipsg(R") :== < f: HfHMm = sup Lﬁ(” <00,
y,teER™;x#y |IL‘ — ’y|
Let b € Lipg(R"), and let T' be a Calderén-Zygmund singular integral operator that is,

Tf(x)zp'v'/ Mf(y)dy,

R™ |$ - y|n

p.v. or (principal value integrals) where Q € ¢? (S™1) is homogeneous of degree zero
and has mean value zero on the unit sphere. The commutator [b,T] generated by b and

T is defined by
b, T1(f) () :==b(2)Tf (x) =T (bf) (z).

Let 0 < 8 < n, The fractional integral operator I3 is defined by

LW = [

32



where
B 7"/220T (3/2)
A (T YEl)

Let b € Lipg(R"), 0 < I < n and let I; denote the fractional integral operator. The
commutator of fractional integral operator

(b(z) b))

no o=yt

b,1) f () = / £ (v) dy

3.2 Main results and their proofs
The main results of this chapter are the following.

Theorem 3.1 Let 0 < 3 <1, s > [3], p1 € P(R") and ¢ € Py (R") with 1 < p; <

pi < %, 0<qg <qt<1, zﬁ(') — zf(') = g and let o and q are be log-Holder continuous,

at infinity such that o € L (R™) and
1
Qoo :B+n<1——>.
(P1) oo

If b € Lipg(R™), then [b,T] is bounded from HK;(('.)) o) (R™) into WK}?Q(('?) o) R™).

Theorem 3.2 Let 0 < 3 <1, s > [B], p1 € P(R") and ¢ € Py (R") with 1 < p; <

pf < %, 0<qg <qt <1, pL(') — zf() = g and let o and q are be log-Holder continuous,

both at the origin and at infinity such that o € L™ (R™), and

1 1 1
a()zn(l-—), a0 =pF+n(1-—), ax=F+n(1- ).
P p1(0) (P1)oe
If b € Lipg(R™), then [b,T] is bounded from HK;;((.-),(](-) (R™) into WK;Z(('.)M(.) (R™).
Proof. Su HE® . By Th h
. Suppose [ € p1().q(-)- BY Theorem [2.6, we have
f - Z )\kalm
k=—o00
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where the series converges in the sense of distributions, each ay is a central («(-), p1(+))-

atom with suppar C Ry and

(30 o)™ (o) "™ < el

1()s ()

Let A > 0, using Proposition [2.2] we have

N T ke~ 2 (2 Hleso o

+)‘H {2he XAk(A,[b,T])} ”zq;o (LP2(‘))>

< ili%{El + By + E3+ Ey + Es + Eg},
where

FE = )\) {2](1(0 XA; J(3.002% o A(b=b(0 )Tak)} 01O (Lp2()

Ey =\ ‘{2 X4, JA972 A (b-b(0))Tay,) } 090 (LP20))

Ey = )\) {2jo‘(0)XAj(§,2i o AT (b=b(0 ak)} 1) (20

Ey =\ ‘{2JO‘°°XAJ_(%7Z£ ? o T (b=b(0))ay) } (90 (Lp20))

= )‘H{2J *0 )XA( [b7T](Zi°:j—1)‘k“k))} e1O (Lp2())

and

E%:=:AH{2“*”XAAg4aTMZEi¢4kw%»}

To complete the proof, it suffices to show that

120 (Lr20))

ﬁm&wHﬂm@00=i2L1&456

Estimate of F; and F,. From the vanishing moment of a; we obtain

05 Lo ] o )y

m‘m—yl NECHA

161l 4, 121” Jﬂ@i—\(ﬂ
c bl 1. |7 / ar (y)| dy,
Lipg Ry |:L_|n+[ﬁ]+l

[b(2) = b(0) Tax ()] < cfb(x) = b(0)]

IN
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for any y € R,z € B; with k& < j — 2. After applying Holder’s inequality, the last

expression is bounded by

< cllbll i, 2707 ITDLEID Ylag 1 -

Note that

B(B) @) 2 g [ ) 2 @, )

From this and the fact that I3 maps LP1) (R") into LP2(), we obtain

|5, [,y < 277 [Is (X)) |l,,,() < 277 | Xz, ][,y T E€Z.

p2(+)

So for any j < 0, we have

2"z m22 o awmsoen s
j—2

IN

k=—o00

7j—2

IA

k=—o0
j=2 ‘
%Hbﬂupﬁ Z ‘)\k|2(1f—J)<[5]+1+n—ﬁ—a(0)>

k=—o00

IA

7j—2

C —j -
< XHbHLZ’pB Z |\ |20F =D EH1=5)

k=—o0

c i(0)9—ka(0)oj(B—n—[B]—1)ok([8]+1
T bllpg, D |22k @giEmn B0t B 25 X

c i (0)0—ka(0)oj(—n—[8]—1) ok([8]+1
bl 3 el @2 ke O DB i s

(3.1)

(3.2)

(3.3)

where we have used the fact ay is a central (a(-),p;i(+))-atom and the condition « (0) =

b+ n(l — m) Therefore,

1 J—

_ 2 1
3 ( |)\k|2(k—j)([ﬁ]+l—5))q(0)> g

j=—00 k=—o0

1
< o 3 W) S [ llggoo
. p1(-),a(+)

E1<C

where we have used Lemma [1.16l
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Again, for any j > 0. As above, we have

QjaooHXA PSS P (b—b(O))Tflk)Hp2(’)

7j—2
Coian (G (8D k(841

k=—o00

= 2]%0 “bHLlP,B Z ‘)\km R A ”akal )H‘Xk“ HXB]'HPI()
k=—o00

~1
< =] o3 (18114 ——ax) S A ’2k([5}+1+n7ﬁ7a(0)>
- A Lip5 R k

k=—o00

j—2
c O (C IR ——
Ay 1601 i, E :|/\k|2 I )

j—2
¢ C . B
< 5 Bl 27707 Suplx\k\ Z 2k(B1+1- _'_XHbHLi;DBZ’)‘k‘Q(k 7 (B1+1-)
k=—o0 k=0
-1 j—2
c 1/4(0)
< X”bHLipzs< Z y)\k‘q(o)) 9—i([B]+1~ B)+ |b”sz622(k N((Bl+1-8)
k=—00
Therefore,

1

— 1/400) f SN 1
Ey, < chHLipﬁ< Z |/\k|q(0)> <22—J([5]+1—ﬁ)qw>¢hm

k=—o00 j=0

oo

Jj—2 o
el (D0 (30 el 7

7=0 k=0

1y ) VO L e Ve
< elbllggy, (D0 W) e b, (D0 1)
j=0

k=—o00

S HfHHKO‘(()) )

FEstimate of Es. Fory € Ry, € R; with k+2 < j <0, we have

0@ -bO) Ta @) = | [ TE 00 -b0)am

ly|”
S C||b||Lip5 R |x_y|n |ak(y)|dy7
k

36



by the Holder’s inequality the last expression is bounded by
-n —ka —_inakl8—a n——"_
8y, [ 25927590 2| S Bl 2702 0O )

S Nl 27"

Thus,

(b=0(0)ar(@)| < ellblly, 27" > 1l

k=—o00 k=—o00

-1
. 1
Nl 27 (D2 1)

k=—o00

c“b”sz,g2 ]n||f||HK () () (34)

/4(0)

IN

IN

Assume that

‘{xeRj: ZAka—b 0)) ax ‘ }(%0
k=—00
Then
A <3c HbHLipB 27janHHKaQ , J<0.

p1(-),a(")
We consider two cases. The first is the case 3cA™* HbHLipB HfHHKO‘(') > 272", By 1 )
P1()a()

we get
1
e (0 )
Es < < Z 97(0)q(0) ||X{zeR |z] 2 AT (b=b(0))ay( x)}> }‘;Q( )
j=—00
< cA( Z 2ja(0)q(o)||xszi?)>q(lm
j=—00
< o\ Z 20210 5, |40 ) 7
j=—00
< cA( Zl 2f<a(0>—ﬁ+m>q<o>>q€m
j=—00
< AS | llageo

10)s ()
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We now consider another case 3cA™* ||b||Lip5 | f]], o0 < 272" For any fixed A > 0 we
p1(-)a(")

put
Jr = lk%ﬂ&ﬂﬂHw- £l e )]
n Lipg HK ) 0).00)

The advantage of this choice consists in the fact that

{xERj: 3 /\kT(b—b(O))ak(a:)‘ > 5} — 0,

if —1 > j > jy+ 1. Hence by (83.3)), we obtain

Jx 1
E3 < C/\( Z 97(0) H Jllpg())qm)

j=—c0

IX _1
CA( 3 zﬂmm—mHA%AES%)am

j=—c0

IN

Jx
< C>\< Z 2jq(0)(a(o)ﬁ+p;€m))q(1m

j=—00

< e < HfHHKa((>) o

Estimate of E,. Similar to E3 from (3.4) and . we get

L

E, < c/\(ZQM“’quX{xeR ‘212 AT (b—b(0 ak(x|> }‘ )

< a(Srll)
7=0
Jx 1
< C)\( Qj(aoo*ﬁ)qoo”‘)(BAZi'))tzoo
7=0
Jx 1
< c>\( oo ~B 5 >qw> S e
p( q(-

Jj=0
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Estimate of Es. Using the fact that [b, 7] maps LP*() (R") into LP2() (R™), we have

o0

0 € 5ja(0
PO pnes, e o S 520 D0 Wl B T,
k=j—1
€ 5ja(0 -
< 520 5 Dl
k=j—1
-1 [e'e)
< ; 3 Ak|2<jfk>a<o>+§2ja<o>z| | 27Fe
k*j 1 k=0
< S5 Pl 250 1 S0 sup
Paral] k>0
1/qo0
3 Z gm0 4 S0 (3 )
Then we see that
BN . ONO!
By < o D0 (D0 Iwl2uhe@) 0
j=—o00  k=j—1
1/goo — io(0)a(0) 2@
+C<Zw|qm) ( Z 9ia(0)a( >)
j=—00
C 70
< o X ) () S Wl
= — 2Oy
where we have used Lemma [[.16
Estimate of Fg. As above we have
¢ — K
X pmi e Iy < 5 2 el 2079
k=j—1
again by Lemma [1.16 we obtain
© © . oo L
Ey < C(Z( Z |)\k’2(J—k)aw> )qoo
J=0  k=j—1
(o)
< C(Z’)‘j‘qm) ~ HfHHKa(()) o
j=0
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Theorem 3.3 Let 0 < 3<1,0<l<n—p3,s>[p], p1 € P"(R") and q € Py (R") with

1<p; <pf < BH’ 0<qg <qt<1, ( p21(_) = % and let o and q are be log-Holder
continuous, at infinity such that o« € L (R™) and
1
Qoo :B+n<1——>.
(P1) o

If b € Lips(R™), then [b, I}] is bounded from HE®Y) (R") into WK;;(')

() Oy (R™)-

Theorem 3.4 Let 0 < 3<1,0<1<n—p0,s>1[0], pi,p2 € P"(R") and q € Py (R")

< F70<qg <g¢f <1, 1()_,,21(.):%1 and let o and q are be

log-Hélder continuous, both at the origin and at infinity such that o € L™ (R™) and

with 1 < py < py <

a()>n(l——), a(o):5+n(1—pl+0)), aw:5+n(1—@).

by

If b € Lips(R™), then [b, I] is bounded from HI (( Sty R™) into WK;;(('.)),q(.) (R™).

We omit the proofs of Theorems and since are they essentially similar to
the proof of Theorem

Remark 3.5 The results of this chapter with o and q are fized are given in [33]. All

results of this chapter are taken from [5].
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Abstract

In this memory of Master option functional analysis, we will establish the
weak type BMO estimates of the commutators of the maximal operator, the
fractional maximal operator and some commutators related to linear
operators on the Herz type spaces with variable exponent. Subsequently the
weak type Lipschitz estimates of Calderon-Zygmund singular integral
commutator and fractional integral commutator from Herz-type Hardy
spaces with variable exponent to weak Herz spaces with variable exponent
are obtained.

e

BMOg sill (o <l i L a siis Mo s anad jilall ) shalls dalaiall 5 Shall 028
Colidally dalaiall 3 saal) may s (g sl aa¥) Jidall 5 uad¥) Jidall i aual Cagaaall
Oe il Gl jafs e Jgeaall 23 Gl day padall (V1 IS 3o g g8 Glilia S Gudadl)

& ol g 5 e s Slilie e B JalSie Jaa s X gan -0 s pallS Jsaal Cipmaall ¢ il

dall (W) Gl Admall P Glaliee I padall (WYY

Résumé

Dans ce mémoire de Master option analyse fonctionnelle .Nous établirons les
estimations BMO de type faible des commutateurs de I'opérateur maximal, de
I’'opérateur maximal fractionnaire et de certains commutateurs liés aux
opérateurs linéaire sue les espaces de type Herz a exposant variable. Par la
suite , les estimation de Lipschitz de type faible du commutateur intégral
singulier de Calderon —Zygmund et du commutateur intégral fractionnaire des
espaces de Hardy de type Herz avec un exposant variable aux espaces de Herz
faible avec un exposant variable sont obtenues.




	Variable Herz spaces
	Modular space
	Definition and basic properties

	Variable Lebesgue spaces
	The mixed Lebesgue-sequence space

	The spaces Kp(),q()0=x"010B()( Rn)  and p(),q()0=x"010B()( Rn) 

	Weak type estimates of commutators I
	Variable Herz-type Hardy space
	Key results
	Main results and their proofs

	Weak type estimates of commutators II
	Preliminaries
	Main results and their proofs


