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Notation

We introduce the necessary notations and definitions that are used later on.

Lp(Ω) =
{
u : Ω→ R measurable : |u|p ∈ L1(Ω)

}
with 1 ≤ p <∞.

‖u‖Lp =
( ∫

Ω

|u(t)|pdt
) 1
p .

L∞(Ω) = {u : Ω→ R measurable and ∃C > 0 : |u(t)| ≤ C a.e on Ω}.
‖u‖L∞ = inf{C > 0 : |u(t)| ≤ C a.e on Ω}.
C[0, T ] : Space of continuous functions on [0, T ].

H : Hilbert space.

〈., .〉 : Duality bracket.

(., .) : Inner product.

Hm(0, 1) = {u ∈ L2(0, 1) : |u(i)| ∈ L2(0, 1) ∀i ≤ m}.
‖u‖Hm

0
=
(∫ 1

0

|u(m)(t)|2dt
) 1

2
.

L2(0, T ) :=
{
u measurable :

T∫

0

u2(t)dt < +∞
}
,

‖u‖∞ = max
t∈[0,+T )

|u(t)|.
L(X, Y ) : Set of continuous linear applications.

X ↪→ Y : We write X ↪→ Y to mean that X is included in Y and

the canonical injection of X into Y is continuous.

X ↪→↪→ Y : To imply that X is included in Y and that the canonical injection of X

into Y is compact.

un ⇀ u0 : un Converge weakly to u0.

i.e. That is to say.

a.e. Almost everywhere.

dF Derivative in the sense of Frechet which is also noted by F ′.

dGF Derivative in the sense of Gateaux which sometimes is also noted by F ′.

BM(0) The closed ball with center 0 and radius M .

vi



(P.S) Palais-Smale condition.

(P.S)c Palais-Smale condition at the level c

l.s.c Lower semi continuous.

u.s.c Semi semi continuous.

w.u.s.s Weakly upper semi continuous.

w.l.s.c Weakly lower semi continuous .

∆u′(tj) u′(t+j )− u′(t−j ) = lim
t→t+i

u′(t)− lim
t→t−i

u′(t).

γ(A) Is The genus of A.

γ(A) :=
{
k ∈ N;∃h : A −→ Rk{0} such that his continuous and odd

}
,
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Introduction

IMpulsive differential equations serve as basic models to study the dynamics of processes

that are subject to sudden changes in their states. Recent development in this field has

been motivated by many applied problems, such as control theory [1, 2], population dynamics

[3] and medicine [4].Significant progress has been made in the theory of systems of impulsive

differential equations in recent twenty years.We generally consider impulses in the position u

and u′ for the second-order differential equation u′′ = f(t, u, u′). For some general and recent

works on the theory of impulsive differential equations, we refer the interested reader to [6, 7,

8]. In recent years, critical point theory and variational methods are proved to be very effective

in studying the boundary value problem for second-order impulsive differential equations.The

study of impulsive differential equation via variational methods was initiated by Nieto and

O’Regan [9] Tian and Ge [13]The study of second order impulsive differential equation with

derivative dependence ordinary differential equations via variational methods was initiated

by Nieto [12]. For some general and recent works on the theory of critical point theory and

variational methods we refer the readers to [14, 15]. In this memoire, we will consider the

following problem: 



−u′′(t) + λu(t) = f(t, u(t)), t ∈ [0, T ],

∆u′(tj) = Ij(u(tj)), j = 1, 2, ...., p,

u(0) = u(T ) = 0,

(1)

where T > 0, f : [0, T ] × R → R is continuous,0 = t0 < t1 < t2 < ..... < tp < tp+1 = T ,

∆u′(tj) = u′(t+j )− u′(t−j ) = lim
t→t+j

u′(t)− lim
t→t−j

u′(t),Ij : R→ R are continuous.

In [9], Nieto and O’Regan studied the existence of solution of nonlinear problem (1). They got

the following result using the variational method.

Zhang and Yuan [10] extended the results in [9]. They obtained the existence of solutions for

problem (1) with a perturbation term. Also, they obtained infinitely many solutions for problem

(1) under the assumption that the nonlinearity f is a superlinear case.

Zhou and Li [11] also extended problem (1). They studied and obtained the existence and
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multiplicity of solutions for the following problem:




−u′′(t) + g(t)u(t) = f(t, u), a.e. t ∈ [0, T ],

∆u′(tj) = Ij(u(tj)), j = 1, 2, ...., p,

u(0) = u(T ) = 0.

(2)

In [12], Neito studied the following problem:




−u′′(t) + g(t)u′(t) + λu(t) = σ(t), a.e. t ∈ [0, T ],

∆u′(tj) = dj, j = 1, 2, ...., p,

u(0) = u(T ) = 0.

(3)

He obtained problem (3) has a unique weak solution for λ > π2/T 2.

Our aim is to revisit problem (1)and study the case that the impulsive functions Ij are superlin-

ear when the nonlinearity f is a superlinear case or a sublinear case. We shall use the variational

methods to obtain the existence and multiplicity of solutions for problem (1). Our main results

extend the existing results in [9, 10, 11, 12]. To prove the result, we base it on a critical point

theory as well as minimization theory, mountain pass theorem , point theorem saddle and sym-

metric mountain Pass. This memoire was divided into three chapters, as follows:

The first chapter is preliminary which contains some basic tools which are used by the fol-

lowing. We have divided the chapter into sections containing operators on banach spaces like

continuity and the properties of semi-continuity of functionality,and critical point theory. We

also gave a reminder about the Lp space,finally the conditions (PS) and Mountain pass theo-

rem principle.

In chapter two, we presented results for the existence of solutions for problems in impulsive

second-order limits. We use variational structures and some important minimization theorems

(we obtained that the functional is coercive and w.l.s.c) to prove that at least one solution exists,

we present an application mountain pass theorem to study the existance of two solutions,and

check the status of Palais-Smale (PS) as well as the geometric conditions for appropriate func-

tionality.

In the last chapter,and check the status of Palais-Smale (PS) as well as the geometric conditions

for appropriate functionality,and we applied the saddle point theorem and symmetric moun-

tain pass theorem ,to Prove that there are an infinite number of solutions to suitable functions.

To obtain the results, we used the following conditions and assumptions:

(H1) There exist µ > 2, δj > 0, j = 1, 2, ..., p, such that

2



(i) Ij(x)x ≤ µ

∫ x

0

Ij(s)ds < 0, for x ∈ R\{0};

(ii)
∫ x

0

Ij(s)ds ≥ −δj|x|µ, for x ∈ R\{0};

Finally, we present illustrative examples of second-order boundary value problems impul-

sive which were studied at the end of each of the second and third chapters.
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CHAPTER 1

SOME PRELIMINARIES

1.1 Impulsive differential equation

An impulsive differential equation is a differential equation that contains impulses or jumps

in the drive function. More precisely, an impulsive differential equation can be written in the

form:

−u′′(t) = f(t, u(t)), t ∈ [0, T ],

with initial conditions u(0) = u0, and impulse conditions of the form:

u(t+)− u(t−) = I(t, u(t)), t ∈ [0, T ],

Or u(t+) and u(t−) represent the right and left limits of the function u at time t, and I(t, u(t)) is

a given function. This condition means that the function u undergoes a jump at time t, and the

jump is determined by the function I.

1.2 Operators on Banach spaces.

Let X and Y be two normed Banach spaces.

Definition 1.1. (Linear bounded operator)[16] Let A be a linear operator such that D(A) = X

et R(A) ⊂ Y. We say that A is bounded if it is bounded on the unit ball B(0, 1), i.e. If the set

{
‖Ax‖ : x ∈ X, ‖x‖ ≤ 1

}

is bounded.

According to this definition, if A is bounded, there exists a constant c > 0 such that for all x

where ‖x‖ ≤ 1, we have the inequality

‖Ax‖ ≤ c.
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Definition 1.2. (Dual space)[16] The set of continuous linear functionals, defined on a normed

vector space, constitutes a vector space. It is called dual of the space X and we denote X∗.

Equipped X∗ with the norm

‖f‖X∗ = sup
u∈X,‖u‖≤1

|〈f, u〉|, ∀f ∈ X∗

X provided with this norm is a Banach space and we have the inequality

|〈f, u〉| ≤ ‖f‖X∗‖u‖X , ∀f ∈ X∗, ∀u ∈ X.

Definition 1.3. (Weak convergence ) It is said that a sequence (un) ∈ X converges weakly to u,

if

∀f ∈ X∗, 〈f, un〉 −→ 〈f, u〉

and we write un ⇀ u.

Proposition 1.1. [17] Let (un) be a sequence of X . We have

1. If un −→ u, so un ⇀ u.

2. If un ⇀ u, so (un) is bounded and ‖u‖ ≤ lim inf
n−→∞

‖un‖.

Proposition 1.2. [17] When X is of finite dimension, a sequence (un) converges weakly if and only if it

converges strongly.

Corollary 1.1. [17] If X is a reflexive Banach space then any bounded sequence {un} ⊂ X with ‖un‖ ≤
M, contains a subsequence which converges weakly to an element u ∈ X satisfying ‖u‖ ≤M.

Continuity of operators We will consider operators T from X into Y and we will give a

definition concerning the properties of the continuity of T.

The easy notion is the following

Definition 1.4. The operator T : X −→ Y is said to be continuous at u, if for any sequence

{un} ⊂ X which converges to u, (T (un))n Converges to T (u).

T is called continuous on Ω ⊂ X if T is continuous at any point u ∈ Ω.

Definition 1.5. An operator T : X −→ Y is said to be compact if it is continuous and has the

property, for any (un) bounded in X , the sequence (T (un)) admits a convergent subsequence.

Definition 1.6. Let (X, ‖.‖1) and (Y, ‖.‖2) two Banach spaces. An operator T : X → Y is said to

be completely continuous if it is continuous, and the image of any bounded set ofX is relatively

compact in Y.

5



1.2.1 Lower semicontinuous functions

Definition 1.7. 1. The functional f : X −→ R is said to be lower semi-continuous (l.s.c.) at

the point u0, if whenever sequence {un} ⊂ X such that un −→ u0, it follows

f(u0) ≤ lim inf
n−→∞

f(un).

2. The functional f : X −→ R is said to be weakly lower semi-continuous (w.l.s.c.) at the

point u0, if whenever sequence {un} ⊂ X such that un ⇀ u0, it follows

f(u0) ≤ lim inf
n−→∞

f(un).

3. The functional f is said to be upper semi-continuous (u.s.c.) at the point u0, if whenever

sequence {un} ⊂ X such that un −→ u0, it follows

f(u0) ≥ lim sup
n−→∞

f(un).

4. The functional f is said to be weakly upper semi-continuous (w.u.s.c.) at the point u0, if

whenever sequence {un} ⊂ X such that un ⇀ u0, it follows

f(u0) ≥ lim sup
n−→∞

f(un).

Example 1.1. Let the functional ϕ be defined on a Hilbert space H as follows

ϕ : u→ ‖u‖2,

then ϕ is weakly lower semi-continuous (w.l.s.c.).

Indeed, let (un), such that un ⇀ u, show that

‖u‖2 ≤ lim inf
n→+∞

‖un‖2.

We obtained

‖un − u‖2 = (un − u, un − u)

= ‖un‖2 − 2(un, u) + ‖u‖2 ≥ 0,

We know that H∗ = H , and un ⇀ u, so

∀u ∈ H : (un, u)→ (u, u) = ‖u‖2.

It follows that

‖u‖2 ≤ lim inf
n→+∞

‖un‖2.
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1.2.2 Differentiability in Banach spaces

we introduce some definitions and fundamental properties Fréchet differentiability LetX and

Y be two Banach spaces, U an open of X.

Definition 1.8. Let u ∈ U , and ϕ : U → Y . We say that ϕ is differentiable at the point u if there

exists a continuous linear mapping A ∈ L(X, Y ) such that

R(h) = ϕ(u+ h)− ϕ(u)− A.h, for h ∈ X, is small,

then
R(h)

‖h‖ → 0 when ‖h‖ → 0 i.e.

∀ε > 0, ∃δ > 0 such that if ‖h‖X ≤ δ, then ‖R(h)‖Y ≤ ε‖h‖X .

If such an application A ∈ L(X, Y ) exists, it is necessarily unique. We note by

A = dϕ(u) or A′ = ϕ′.

It is called differential (in the sense of Fréchet) from ϕ in u, or a linear application tangent to ϕ in

u. In the absence of differentiable additional precision will mean in the following differentiable

in the sense of Fréchet.

Examples 1.1. 1. If ϕ(u) = c. Then ϕ Fréchet differentiable and dϕ(u) = 0, ∀u.

2. If A ∈ L(X, Y ) A(u+ h)− A(u) = A.h and so dA(u) = A, ∀u ∈ X.

3. If X = H is a space of Hilbert and ϕ(u) = ‖u‖2 = 〈u, u〉 then dϕ(u)h = 2〈u, h〉.
Therefore we have all the classical properties.

1.2.3 Gâteaux differentiability

Let us begin by defining the notion of directional derivative

Definition 1.9. Let ϕ : U → Y, u ∈ U , v ∈ X and v 6= 0.

We call the directional derivative in u of ϕ in the direction v, denoted ∂vϕ(u), the limit where it

exists

∂vϕ(u) = lim
t→0

ϕ(u+ tv)− ϕ(u)

t
.
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The notion of directional derivative is thus an extension of the notion of partial derivative. If ϕ

is Fréchet differentiable, then for all v ∈ X the directional derivative in the direction v is given

by

∂vϕ(u) = dϕ(u)v.

Indeed ϕ(u+ tv) = ϕ(u) + dϕ(u)(tv) +R(tv).

Then
ϕ(u+ tv)− ϕ(u)

t
= dϕ(u)(v) +

R(tv)

t
,
R(tv)

t
→ 0, when t→ 0

Definition 1.10. We say that ϕ : U → Y is Gâteaux differentiable in u (G-differentiable in u),

if there exists a continuous linear mapping A from X to Y , ( A ∈ L(X, Y )) such that for any

v ∈ X , the directional derivative of ϕ in u in the direction v exists and is equal to A(v), i.e.

∂vϕ(u) = lim
t→0

ϕ(u+ tv)− ϕ(u)

t
= A(u), t→ 0,∀u ∈ X.

It is then verified that, if such an application A exists, it is unique. We notice

A = dGϕ(u).

Proposition 1.3. [18] If ϕ is differentiable Fréchet in u, it is Gâteaux differentiable in u and

dGϕ(u) = dϕ(u).

The reciprocal is false in general, yet in finite dimension.

Example 1.2. Let ϕ : R2 → R




ϕ(x, y) =
[ x2y

x4 + y2

]2

, if y 6= 0

ϕ(x, 0) = 0

G-differentiability does not imply the continuity of ϕ ! (while of course differentiability in the

sense of Fréchet implies).

On the other hand, if we know that ϕ is C1 in the sense of Gâteaux, then ϕ is Fréchet differen-

tiable on U and the two notions coincide and we have

Theorem 1.1. ([19], [18]) If ϕ : U → Y is Gâteaux differentiable in an open neighborhood U ⊂ X, of u

and dGϕ : U → X∗ is continuous at u, then ϕ is Fréchet differentiable at u and the two derivatives at u

coincide, i.e.,

ϕ′(v) = dGϕ(v), ∀v ∈ U.

8



Definition 1.11. Let u0 ∈ X. We say that u0 is a local minimum for ϕ if there exists δ > 0 such

that

ϕ(u0) ≤ ϕ(v), ∀v ∈ B(u0, δ), v 6= u0.

Definition 1.12. Let ϕ : X → R ∪ {+∞}. We say that ϕ is coercive if

ϕ(u)→ +∞, when ‖u‖ → +∞; i.e.

∀A > 0, ∃B > 0, such that ‖u‖ ≥ B leads ϕ(u) ≥ A.

1.2.4 Lebesgue and Sobolev spaces

Let Ω an open of R, and (Ω,M, dt) denote a measure space, whereM is a σ− algebra in Ω.

We assume that f : Ω→ R is a measurable function and integrable function. We shall often

write
∫
f instead of

∫

Ω

f, and we shall also use the notation

‖f‖L1(Ω) =

∫

Ω

|f(t)|dt, or ‖f‖L1 =

∫
|f |.

Theorem 1.2. (Lebesgue’s Dominated Convergence Theorem)[17] Let (fn) be a sequence of func-

tions in L1 that satisfy

(a) (fn)→ f a.e. on Ω.

(b) There is a function g ∈ L1(Ω) such that for all n, |fn(t)| ≤ g(t), a.e. on Ω.

Then

f ∈ L1(Ω) and ‖fn − f‖L1 → 0, n→∞.

Definition 1.13. Let p ∈ R with 1 ≤ p <∞, we put

Lp(Ω) = {f : Ω→ R, measurable and |f |p ∈ L1(Ω)}.

We notice ‖f‖Lp =
( ∫

Ω

|f(t)|pdt
) 1
p , and ‖.‖Lp is a norm.

Definition 1.14. We put

L∞(Ω) = {f : Ω→ R, measurable and ∃C : |f(t)| ≤ C, a.e on Ω}.

We notice

‖f‖L∞ = inf{C : |f(t)| ≤ C, a.e on Ω}

9



Theorem 1.3. [17] The space LP is reflexive for 1 < p <∞, and its dual is Lq such that
1

p
+

1

q
= 1

Theorem 1.4. (Cauchy-Schwarz inequality)[17] Let f and g ∈ L2(Ω). Then we have
∫

Ω

|fg| ≤
(∫

Ω

|f |2
) 1

2
(∫

Ω

|g|2
) 1

2
.

Theorem 1.5. (Hölder’s inequality)[17] Let 1 ≤ p ≤ +∞; we denote by q the conjugate exponent,
1

p
+

1

q
= 1. Assume that f ∈ Lp(Ω) and g ∈ Lq(Ω) with 1 ≤ p ≤ +∞. Then

(i) fg ∈ L1(Ω) and

(ii)

∫

Ω

|fg| ≤
(∫

Ω

|f |p
) 1
p
(∫

Ω

|g|q
) 1
q

= ‖f‖p‖g‖q.

Theorem 1.6. (Rellich’s theorem)[17] If Ω is a regular bounded open of class C1, then of any bounded

sequence of H1(Ω) we can extract a convergent subsequence in L2(Ω) we say that the canonical injection

of H1(Ω) in L2(Ω) is compact.

Lemma 1.1. (Fatou’s lemma)[17] Let (fn) be a sequence of functions in L1 that satisfy

1. for all n, fn ≥ 0 a.e. on Ω

2. sup
n

∫
fn < +∞.

For almost all t ∈ Ω we set f(t) = lim inf
n→∞

fn(t) ≤ +∞. Then f ∈ L1 and

∫
f ≤ lim inf

n→∞

∫
fn.

Lemma 1.2. [17] Let g ∈ L1
loc(Ω), for y0 fixed in Ω , set

v(t) =

∫ t

y0

g(t)dt, t ∈ Ω.

Then v ∈ C(Ω) and ∫

Ω

vϕ′ = −
∫

Ω

gϕ, ∀ϕ ∈ C1
c (Ω).

Lemma 1.3. [17] Let f ∈ L1
loc(Ω) be such that

∫

Ω

fϕ′ = 0, ∀ϕ ∈ C1
c (Ω).

Then there exists a constant C such that f = C, a.e. on Ω.
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1.3 Critical point theory

Definition 1.15. Let ϕ be a differentiable functional from X to R. A point u ∈ X is said to be

critical for ϕ if and only if

dϕ(u) = 0.

Definition 1.16. Let the functional ϕ, of class C1 be defined on X. A critical value of ϕ, is a

number c ∈ R, such that there exists u ∈ X , with

ϕ(u) = c, dϕ(u) = 0.

If we are able to determine a critical value, we have proved the existence of a critical point,

in some situations it is useful to introduce the following definitions and theorems.

Definition 1.17. (Minimizing sequence) A minimizing sequence of a functional ϕ : X −→
]−∞,+∞] is a sequence (un) such that

lim
n−→+∞

ϕ(un) = inf
u∈X

ϕ(u)

Theorem 1.7. ([16], [14]) Let ϕ be a functional defined on a reflexive Banach space X . Assume

(i) ϕ is coercive, i.e., ϕ(u)→ +∞ for ‖u‖ → +∞,

(ii) ϕ is weakly lower semi-continuous.

Then ϕ is bounded from below on X , and achieved its infimum at some point u0. If, moreover, ϕ is

Gâteaux-differentiable at u0, then ϕ′(u0) = 0.

Theorem 1.8. (Minimization theorem)[15, Theorem 38] For the functional ϕ : M ⊆ X →
[−∞,+∞] with M 6= ∅, min

u∈M
ϕ(u) = α has a solution in case the following conditions hold :

(i) X is a real reflexive Banach space,

(ii) M is bounded and weak sequentially closed,

(iii) ϕ is weak sequentially lower semi-continuous on M.

Theorem 1.9 ( the Mazur theorem). [14] If {un} is a sequence in a normalized space X such that

un ⇀ u, there exists a sequence of convex combinations:

vn =
n∑

i=1

αniui,

n∑

i=i

αni = 1, αni ≥ 0 (n ∈ N∗),

such that vn −→ u in X.
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Palais-Smale’s sequence and condition

Definition 1.18. [20] Let X be a Banach space and ϕ : X → R a C1-functional. We say that ϕ

satisfies the Palais-Smale condition, denoted (P.S), if any sequence (un) in X such that

(ϕ(un)) is bounded, and ϕ′(un)→ 0, as n→ +∞ (1.1)

admits a convergent subsequence.

Any sequence satisfying (1.1) is called a Palais-Smale sequence.

Definition 1.19. [20] Let X be a Banach space and ϕ : X → R a C1-functional, and c ∈ R. The

functional ϕ is said to satisfy the (local) Palais-Smale condition at the level c, denoted by (P.S)c,

if any sequence (un) in X such that

ϕ(un)→ c, and ϕ′(un)→ 0, as n→ +∞ (1.2)

admits a convergent subsequence.

Examples 1.2. 1. The identity functional on X = R satisfies (P.S), while the critical set K =

Φ where K the set of all critical points of ϕ in X,

2. The functional ϕ ≡ 0 on X = R satisfies neither (P.S)0 nor (P.S), and the set K is the

whole space.

3. The functional ϕ(u) = sin(u) on X = R satisfies (P.S)c for all c ∈ R \ {−1, 1} and K is an

infinite unbounded set.

Theorem 1.10. ([18], [21]) Let X be a reflexive Banach space, and ϕ a functional defined on X such

that

1. ϕ is (w.l.s.c.),

2. The minimizing sequence of ϕ is bounded on X,

Then ϕ achieves its infimum on X .

Theorem 1.11. [20] Let X be a Banach space and ϕ : X → R a C1− functional that is bounded from

below, and let c = inf
X
ϕ. Assume that ϕ satisfies (P.S)c. Then, there exists u ∈ X such that

ϕ(u) = inf
v∈X

ϕ(v), and ϕ′(u) = 0. (1.3)
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Theorem 1.12. ([14], [20]) Let X be a Banach space and ϕ : X → R a C1−functional that is bounded

from below and satisfies (P.S). Then, there exists a u0 ∈ X such that

ϕ(u0) = inf
v∈X

ϕ(v), and ϕ′(u0) = 0.

Theorem 1.13 ([14, Theorem 4.10]). ( Mountain Pass Theorem) Let ϕ ∈ C1(X,R) satisfy the

Palais-Smale condition. Assume that there exists u0, u1 ∈ X, and a bounded neighborhood Ω of u0

satisfying u1 6∈ Ω and

max{ϕ(u0), ϕ(u1)} < inf
v∈∂Ω

ϕ(v).

Then there exists a critical value of ϕ; that is, there exists u ∈ X such that ϕ′(u) = 0 and ϕ(u) >

max{ϕ(u0), ϕ(u1)}.

Theorem 1.14. [18]( Saddle point theorem)

Let E be an infinite dimensional real Banach space . Let ϕ ∈ C1(E,R) be an even functional which

satisfies the Palais-Smale condition, and ϕ(0) = 0. Suppose that E = V ⊕ X , where V is of infinite

dimensional, and ϕ satisfies that

(i) There exist α > 0 and ρ > 0 such that ϕ(u) ≥ α for all u ∈ X with ‖u‖ = ρ.

(ii) For any finite dimensional subspace W ⊂ E there is R = R(W ) such that ϕ(u) ≤ 0 on W \
BR(W ).

Then ϕ has an unbounded sequence of critical values.

Symmetric Mountain Pass

Definition 1.20 ([18]). Let E be a Banach space and A a subset of E. A is said to be symmetric

if u ∈ A implies −u ∈ A. For a closed symmetric set A which does not contain the origin, we

define a genus γ(A) of A by the smallest integer k such that there exists an odd continuous

mapping from A to Rk \ {0}. If there does not exist such a k, we define γ(A) = ∞. Moreover,

we set γ(∅) = 0. Let Γk denote the family of closed symmetric subsets A of E such that 0 /∈ A
and γ(A) ≥ k. Here

γ(A) =
{
k ∈ N;∃h : A −→ Rk{0} such that his continuous and odd

}
is the genus of A.

Lemma 1.4 ([18]). (Symmetric Mountain Pass Theorem ) Let E be an infinite dimensional real Banach

space and ϕ ∈ C1(E,R) be even, satisfying the Palais-Smale condition and ϕ(0) = 0. If E = V ⊕ X
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where V is finite dimensional, and ϕ satisfies

(A1) there exist constants ρ, α > 0 such that ϕ |∂Bρ⋂X≥ α;

(A2) for each finite dimensional subspace V1 ⊂ E, the set {x ∈ V1 : ϕ(x) ≥ 0} is bounded, then ϕ has

an unbounded sequence of critical values.
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CHAPTER 2

STUDY THE EXISTENCE OF AT MOST TWO
SOLUTIONS TO AN IMPULSIVE

SECOND-ORDER BOUNDARY VALUE
PROBLEM

In this chapter, we discuss the existence of at most two solutions for an impulsive second-order

equation. To obtain our results, we use the variational method. We used as an example the

article [27] which was published by author Dan Zhang in 2013.

2.1 Introduction and a basic hypothesis

We study the following impulsive problem:



−u′′(t) + λu(t) = f(t, u(t)), t ∈ [0, T ],
∆u′(tj) = Ij(u(tj)), j = 1, 2, ..., p,
u(0) = u(T ) = 0,

(2.1)

where T > 0, f : [0, T ] × R → R is continuous,0 = t0 < t1 < t2 < ..... < tp < tp+1 = T ,

∆u′(tj) = u′(t+j )− u′(t−j ) = lim
t→t+j

u′(t)− lim
t→t−j

u′(t), Ij : R→ R are continuous.

We make the following assumption:

(H1) There exist µ > 2, δj > 0, j = 1, 2, ..., p, such that

(i) Ij(x)x ≤ µ

∫ x

0

Ij(s)ds < 0, for x ∈ R\{0};

(ii)
∫ x

0

Ij(s)ds ≥ −δj|x|µ, for x ∈ R\{0};

We always assume that λ > λ1.
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2.2 Variational structure

In the following, we first introduce some notations and some necessary definitions.

Suitable spaces

We now present the Hilbert space H1
0 (0, T ) which is suitable for the study of our problem. Let

the Hilbert space H1 be such that

H1([0, T ]) =
{
u ∈ L2([0, T ]) : u′ ∈ L2([0, T ])

}
,

let the space H1([0, T ]) be defined as

H := H1
0 ([0, T ]) = {u : [0, T ]→ R|u is absolutely continuous, u′ ∈ L2([0, T ]) and u(0) = 0}.

and the Hilbert space H2([0, T ]) which defines as

H2([0, T ]) =
{
u ∈ L2([0, T ]) : u′, u′′ ∈ L2([0, T ])

}
,

In the Sobolev space H1
0 (0, T ),consider the inner product

〈u, v〉 =

∫ T

0

u′(t)v′(t) dt

which induces the norm

‖u‖ =
(∫ T

0

(u′(t))2 dt
) 1

2
.

The inner product

〈u, v〉H1
0 ([0,T ]) =

∫ T

0

u′(t)v′(t) dt+

∫ T

0

u(t)v(t) dt,

induces the equivalent norm

‖u‖H1
0 ([0,T ]) =

(∫ T

0

(u′(t))2 dt+

∫ T

0

(u(t))2 dt

) 1
2

.

Be the space of defined functions and continue on [0, T ], :

C[0, T ] = {u : [0, T ]→ R, such that u continues },

provided with its usual standard norm

‖u‖∞ = sup
t∈[0,T ]

|u(t)|.
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We now consider the Lebesgue spaces L2(0, T )which is defined by:

L2(0, T ) =
{
u measurable :

T∫

0

u(t)2dt < +∞
}
,

with the associated standard:

‖u‖L2 =




T∫

0

|u(t)|2dt




1
2

.

The eigenvalues of linear boundary problem

We first recall some basic results consisting of the eigenvalue of the linear problem which de-

fined as follows: {
−u′′(t) = −λu(t), a.e. t ∈ [0, T ],
u(0) = u(T ) = 0,

(2.2)

Proposition 2.1. The eigenvalue λ for the problem (2.2) is defined as:

λk =
(kπ
T

)2

, k = 0, 1, ...,

Proof. Indeed: We solve the characteristic equation:

−r2 = −λ =⇒ r2 = λ,

We distinguish two cases:

If λ > 0. Then we get r = ∓
√
λ, we obtained the solution of this problem as:

u(t) = C1e
(t
√
λ) + C2e

(t
√
λ), C1, C2 ∈ R,

We apply the conditions to the limits we find:
{
u(0) = 0

u(T ) = 0
=⇒

{
C1 + C2 = 0

C1e
(T
√
λ) + C2e

(T
√
λ)

=⇒
{
C1 = −C2

C1e
(T
√
λ) − C1e

(T
√
λ) = 0

=⇒ C1
1

2
(eT
√
λ − e−T

√
λ) = 0

=⇒ C1 sinh(T
√
λ) = 0

=⇒ (T
√
λ) = 0

=⇒ λ = 0
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impossible.

If λ < 0.

Then, we solve the characteristic equation as:

−r2 = λ =⇒ r = ∓i
√
λ,

we obtained the solution of this problem as:

u(t) = C1 cos(t
√
λ) + C2 sin(t

√
λ), C1, C2 ∈ R,

we apply the conditions to the limits we find:
{
u(0) = 0

u(T ) = 0
=⇒

{
C1 = 0

u(T ) = 0

we obtained the solution of this problem as:

u(t) = C2 sin(t
√
λ).

We apply the conditions to the limits, we have,

u(T ) = 0 =⇒ C2 sin(T
√
λ) = 0

=⇒ T
√
λ = kπ

=⇒ λk =
(kπ
T

)2

, k = 1, 2, ...,

then the first eigenvalue is λ1 =
π2

T 2
.

Remark 2.1. Many research focuses on finding the first eigenvalue, Because of its importance,

and for more information, for example, see the references, [23], [24].

2.3 Variational construction of our problem

Remark 2.2. We show that, for all u, v ∈ H1
0 (0, T ) and for all t ∈ [0, T ]:

−
∫ T

0

u′′(t)v(t) dt =

∫ T

0

u′(t)v′(t) dt+

p∑

j=1

Ij

(
u(tj)

)
v(tj),

for everything u, v ∈ H1
0 (0, T ). So, we have:

−
∫ T

0

u′′(t)v(t) dt = −
p∑

j=0

∫ tj+1

tj

u′′(t)v(t) dt

= −
∫ t−1

0

u′′(t)v(t) dt−
∫ t−2

t+1

u′′(t)v(t) dt− ...−
∫ t−p

t+p−1

u′′(t)v(t) dt−
∫ T

t+p

u′′(t)v(t) dt.
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Using integration by parts, we have that:

−
∫ t−1

0

u′′(t)v(t) dt = −
[
u′(t)v(t)

]t−1
0

+

∫ t−1

0

u′(t)v′(t) dt

= −u′(t−1 )v(t−1 ) + u′(0)v(0) +

∫ t−1

0

u′(t)v′(t) dt,

using the boundary conditions in (2.1), we find

−
∫ t−1

0

u′′(t)v(t) dt = −u′(t−1 )v(t−1 ) +

∫ t−1

0

u′(t)v′(t) dt.

Also:

−
∫ t−2

t+1

u′′(t)v(t) dt = −
[
u′(t)v(t)

]t−2
t+1

+

∫ t−2

t+1

u′(t)v′(t) dt

= −u′(t−2 )v(t−2 ) + u′(t+1 )v(t+1 ) +

∫ t−2

t+1

u′(t)v′(t) dt.

And so on,

−
∫ t−p

t+p−1

u′′(t)v(t) dt = −
[
u′(t)v(t)

]t−p
t+p−1

+

∫ t−p

t+p−1

u′(t)v′(t) dt

= −u′(t−p )v(t−p ) + u′(t+p−1)v(t+p−1) +

∫ t−p

t+p−1

u′(t)v′(t) dt,

And like,

∆u′(t1)v(t1) =
(
u′(t+1 )− u′(t−1 )

)
v(t1)...∆u′(tp)v(tp) =

(
u′(t+p )− u′(t−p )

)
v(tp).

So by definition of impulsive and the boundary conditions in (2.1), we have

∆u′(t1)v(t1) + ∆u′(t2)v(t2) + ...+ ∆u′(tp)v(tp) =

p∑

j=1

∆u′(tj)v(tj)

=

p∑

j=1

Ij

(
u(tj)

)
v(tj),

Moreover,combining u(0)− u(T ) = 0, one has
∫ T

0

u′′(t)v(t) dt =

p∑

j=0

u′(t)v(t)|t
−
j+1

t+j
−
∫ T

0

u′(t)v′(t) dt

= −
p∑

j=1

∆u′(tj)v(tj)− u′(0)v(0) + u′(T )v(T )−
∫ T

0

u′(t)v′(t) dt

= −
p∑

j=1

∆u′(tj)v(tj)−
∫ T

0

u′(t)v′(t) dt

= −
p∑

j=1

Ij

(
u(tj)

)
v(tj)−

∫ T

0

u′(t)v′(t) dt
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therefore, it follows that

−
∫ T

0

u′′(t)v(t) dt =

∫ T

0

u′(t)v′(t) dt−
p∑

j=1

Ij

(
u(tj)

)
v(tj).

2.3.1 The Euler-Lagrange functional

We now define the Euler-Lagrange function associated with the problem (2.1).

Then ϕ defined on H1
0 ([0, T ]), by

ϕ(u) =
1

2

∫ T

0

(u′(t))2dt+
λ

2

∫ T

0

(u(t))2dt−
∫ T

0

F (t, u) dt+

p∑

j=1

∫ u(tj)

0

Ij(s)ds, (2.3)

such that F (t, u) =

u∫

0

f(t, s)ds.

Proposition 2.2. The functional ϕ is continuously differentiable and the Frechet derivative of ϕ is writ-

ten in the form

〈dϕ(u), v〉 =

∫ T

0

u′(t)v′(t) dt+ λ

∫ T

0

u(t)v(t) dt−
∫ T

0

f(t, u(t))v(t)dt+

p∑

j=1

Ij

(
u(tj)

)
v(tj), (2.4)

for everything v ∈ H1
0 ([0, T ]).

Proof. Step 1: Let us show that ϕ is Gâteaux differentiable. For everything v ∈ H1
0 ([0, T ]) and

0 < µ < T , we have

ϕ(u+ µv)− ϕ(u) =
1

2

∫ T

0

(
(u+ µv)′

)2

dt+
λ

2

∫ T

0

(u+ µv)2 dt−
∫ T

0

F (u+ µv) dt+

p∑

j=1

∫ u+µv

0

Ij(s) ds

−1

2

∫ T

0

(u)2 dt− λ

2

∫ T

0

(u)2 dt+

∫ T

0

F (u) dt−
p∑

j=1

∫ u

0

Ij(s) ds

=
1

2

∫ T

0

(u′)2 dt+
1

2
µ2

∫ T

0

(v′)2 dt+ µ

∫ T

0

u′v′ dt+
λ

2

∫ T

0

u2 dt+
λ

2
µ2

∫ T

0

v2 dt

+λµ

∫ T

0

uv dt−
∫ T

0

F (u+ µv)dt+

p∑

j=1

∫ u+µv

0

Ij(s)ds

−1

2

∫ T

0

(u′)2 dt− λ

2

∫ T

0

u2 dt+

∫ T

0

F (u)dt−
p∑

j=1

∫ u

0

Ij(s)ds

=
1

2
µ2

∫ T

0

(v′)2 dt+ µ

∫ T

0

u′v′ dt+
λ

2
µ2

∫ T

0

v2 dt+ λµ

∫ T

0

uv dt

−
∫ T

0

[
F (u+ µv)− F (u)

]
dt+

p∑

j=1

[ ∫ u+µv

0

Ij(s) ds−
∫ u

0

Ij(s) ds
]
,
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using the increment finite theorem, we have

F (u+ µv)− F (u) = µ

∫ T

0

f(u+ µθv)v dt,

and ∫ u+µv

0

Ij(s) ds−
∫ u

0

Ij(s) ds = µv(tj)Ij

(
u(tj) + θv(tj)

)
,

or 0 < θ < T and then

ϕ(u+ µv)− ϕ(u)

µ
=

1

2
µ

∫ T

0

(v′)2 dt+

∫ T

0

u′v′ dt+
λ

2
µ

∫ T

0

v2 dt+ λ

∫ T

0

uv dt

−
∫ T

0

f(u+ µθv)vdt+

p∑

j=1

v(tj)Ij

(
u(tj) + θv(tj)

)
,

either µ −→ 0, so

〈dϕ(u), v〉 =

∫ T

0

u′v′ dt+ λ

∫ T

0

uv dt−
∫ T

0

f(t, u)v dt−
p∑

j=1

Ij(s)v ds.

Step 2: dϕ(u) is continuous. Indeed, let un be a sequence in H1
0 such that un −→ u, so

〈ϕ′(un)− ϕ′(u), v〉 =

∫ T

0

[
(u′n − u′)v′ + λ(un − u)v

]
dt−

∫ T

0

(
fε(un)− f(u)

)
v dt+

p∑

j=1

Ij(un − u)v dt,

from theorem 1.2, we obtain

lim
n→+∞

∫ T

0

f(un)v dt =

∫ T

0

f(u)v dt.

lim
n→+∞

∫ T

0

u′nv
′ dt =

∫ T

0

u′v′ dt.

lim
n→+∞

∫ T

0

λunv dt =

∫ T

0

λuv dt.

And according to the continuity of f, we pass to the limit in 〈ϕ′(un)− ϕ′(u), v〉 when n →
+∞ we obtain that ϕ′(un) → ϕ(u) in H−1(0, T ). So ϕ′ is continuous. Finally, ϕ is Gâteaux

differentiable and continuous. Then ϕ is continuously differentiable.

Definition 2.1. We say that u ∈ H1
0 (0, T ) is a weak solution of the problem (2.1), if for all

v ∈ H1
0 (0, T ), we have

〈dϕ(u), v〉 =

∫ T

0

u′(t)v′(t) dt+ λ

∫ T

0

u(t)v(t) dt+

p∑

j=1

Ij

(
u(tj)

)
v(tj)

=

∫ T

0

f(t, u(t))v(t)dt.
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Lemma 2.1. If a function u ∈ H1
0 is a critical point of a differentiable Fréchet function ϕ, then u is a

weak solution of problem (2.1).

Remark 2.3. Since the nonlinear term f is continuous, then a classical solution of the problem

(2.1) is a weak solution.

2.4 Some necessary lemmas

Lemma 2.2 ([13, Lemma 2.6]). The space H is injected continuously into C[0, T ], there exists c > 0

such that if u ∈ H then

‖u‖∞ ≤ c‖u‖,

Proof. Either u ∈ H, we have

|u(t)| =
∣∣∣∣
∫ t

0

u′(s)ds

∣∣∣∣

≤
∫ t

0

|u′(s)| ds ≤
∫ T

0

|u′(t)| dt,

Using the Cauchy-Schwarz inequality, we have

|u(t)| ≤
(∫ T

0

dt

)1/2(∫ T

0

|u′(t)|2 dt
)1/2

max
t∈[0,T ]

|u(t)| ≤
√
T‖u‖.

From where

‖u‖∞ ≤
√
T‖u‖.

Thus, we can choose c =
√
T such that the lemma is verified.

Lemma 2.3 ([28]). The embedding H1
0 (0, T ) ↪→↪→ C[0, T ) is compact.

Remark 2.4. We know that the injection canonical of H1
0 (0, T ) in C(0, T ), is compact according

to Rellich’s theorem (1.6)(see chapter 1), and we have




un ⇀ u, in H1
0 (0, T ),

un → u, in C[0, T ],
un(t)→ u(t), a.e. in (0, T ).

Lemma 2.4. C[0, T ) is continuously embedded in L2(0, T ).
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Lemma 2.5 ([24, Lemma 1.4]). λ1 is positive and is achieved for some positive function ϕ1 ∈
H1

0 (0, T )\{0}. And

λ1 = inf
u∈H0

1\{0}

‖u‖2

‖u‖2
L2

Proof. We proceed as in [23]. For u ∈ H0
1 (0, T ), let I1(u) = ‖u‖2, I2(u) = ‖u‖2

L2 , and define the

quotient functional Q : H0
1 \ {0} → R by

Q(u) =
I1(u)

I2(u)
. Then λ1 = inf

u∈H0
1\{0}

Q(u).

Let u ∈ H0
1 (0, T ). We have that λ1 = inf

u∈H0
1\{0}

‖u‖2

‖u‖2
L2

≥ 1

T (T + 1)
> 0. Indeed, for t > 0, note

|u(t)|2 =

∣∣∣∣∣∣

t∫

0

u′(s)ds

∣∣∣∣∣∣

2

≤

∣∣∣∣∣∣

T∫

0

u′(s)ds

∣∣∣∣∣∣

2

≤




T∫

0

u′2(s)ds






T∫

0

ds




≤ T




T∫

0

u′2(s)ds


+




T∫

0

u2(s)ds




≤ (T + 1)




T∫

0

u′2(s)ds+

T∫

0

u2(s)ds


 = (T + 1)‖u‖2,

which yields

‖u‖2
L2 ≤ T (T + 1)‖u‖2,

and

λ1 = inf
u∈H1

0\{0}

‖u‖2

‖u‖2
L2

≥ 1

T (T + 1)
> 0·

Let (un) be a minimizing sequence. Since(|un|) is a minimizing sequence forQ,we may suppose

that un(t) ≥ 0, for t ∈ [0, T ). Moreover the functional Q satisfies Q(αu) = Q(u), for every

α ∈ R. By setting ũn =
un
‖u‖L2

, for every n, we can assume that ‖u‖L2 = 1. Note lim
n→+∞

Q(un) =

inf
u∈H0

1\{0}
Q(u) = λ1, so the sequence (Q(un)) is bounded. From this and since Q(un) = ‖un‖2,

we deduce that (un) is bounded in H1
0 .From 2.3 and the reflexivity and separability of H1

0 , there

exists a subsequence (unk) of (un) such that, as k → +∞,
{
unk ⇀ ū, in H1

0 (0, T ),
unk → ū, in C[0, T ],

so unk(t) ⇀ ū(t), for all t ∈ [0, T ). From (2.4) (unk) converges in norm to ū in L2. Thus ‖ū‖L2 = 1

and ū(t) ≥ 0, for t ∈ [0, T ). Finally, the weak lower semi-continuity of the norm guarantees that

Q(ū) = I1(ū) ≤ lim inf
k

I1(unk) = lim inf
k

Q1(unk) = λ1,
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so ū ∈ H0
1\{0} and Q(ū) = λ1

Lemma 2.6. H1
0 (0, T ) is compactly embedded in L2(0, T ), and

(∫ T

0

(u(t))2dt
)1/2

≤ 1√
λ1

(∫ T

0

(u′(t))2dt
)1/2

. (2.5)

Such that λ1 =
π2

T 2
is the first eigenvalue of the previous linear problem.

Proof. Using lemma(2.5) we have

λ1 = inf
u∈H0

1\{0}

‖u‖2

‖u‖2
L2

then

λ1 ≤
‖u‖2

‖u‖2
L2

⇔ ‖u‖2
L2 ≤ 1

λ1

‖u‖2 ⇔ ‖u‖L2 ≤ 1√
λ1

‖u‖.

Therefore, we have, (∫ T

0

(u(t))2dt
)1/2

≤ 1√
λ1

(∫ T

0

(u′(t))2dt
)1/2

.

Lemma 2.7 ([10, Proposition 1.1]). If λ > −λ1, there exist constants θ2 > θ1 > 0 such that

θ1‖u‖2 ≤ L(u, u) ≤ θ2‖u‖2, ∀u ∈ H1
0 (0, T ). (2.6)

With

L(u, u) =
1

2

∫ T

0

(u′(t))2dt+
λ

2

∫ T

0

(u(t))2dt

In fact, it is sufficient to take θ1 =
1

2
, for λ ≥ 0 and θ1 =

1

2

(
1− λ

λ1

)
for 0 > λ > −λ1, θ2 =

1

2

(
1+
|λ|
λ1

)
.

Proof. Firstly, when λ ≥ 0, by the Poincaré inequality we have

L(u, u) =
1

2

∫ T

0

(u′(t))2dt+
λ

2

∫ T

0

(u(t))2dt

≤ 1

2
‖u‖2 +

λ

2λ1

∫ T

0

(u′(t))2dt

≤ 1

2
‖u‖2 +

λ

2λ1

‖u‖2 ≤
(1

2
+

λ

2λ1

)
‖u‖2.
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and

L(u, u) =
1

2

∫ T

0

(u′(t))2dt+
λ

2

∫ T

0

(u(t))2dt

≥ 1

2

∫ T

0

(u′(t))2dt ≥ 1

2
‖u‖2.

thus, θ1 =
1

2
, θ2 =

1

2

(
1 +

λ

λ1

)
. Secondly, when 0 > λ > −λ1, by using Poincare inequality, on

has

L(u, u) =
1

2

∫ T

0

(u′(t))2dt+
λ

2

∫ T

0

(u(t))2dt

≥ 1

2
‖u‖2 − λ

2λ1

∫ T

0

(u′(t))2dt ≥
(1

2
− λ

2λ1

)
‖u‖2.

thus, θ1 =
1

2

(
1− λ

λ1

)
.

Lemma 2.8. The functional ϕ which be defined by (2.3) is continuous, and sequentially weakly lower

semi-continuous.

Proof. Using the continuity of f and Ij(i = 1, 2, .., p). It is easy to prove that the function ϕ

is continuous and differentiable (see proof of proposition (2.2)).To show thatϕ is sequentially

weakly lower semi-continuous, let {uk} be a weakly convergent sequence to u in H1
0 (0, T ),then

according to (w.l.s.c) of the norm (see example (1.1) in chapter 1), we have ‖u‖ ≤ lim inf
k→∞

‖uk‖ .
And as {uk} converges uniformly to u in C[0, T ] (according to the compact injection of H1

0 (0, T )

in C[0, T ]). Then

lim
k→∞

[
λ

2

∫ T

0

(uk(t))
2dt−

∫ T

0

F (t, uk(t))dt+

p∑

j=1

∫ uk(tj)

0

Ij(s)ds

]

=
λ

2

∫ T

0

(u(t))2dt−
∫ T

0

F (t, u(t))dt+

p∑

j=1

∫ uk(tj)

0

Ij(s)ds,

which implies that

lim inf
k→∞

ϕ(uk) = lim inf
k→∞

[
1

2
‖uk‖2 + [

λ

2

∫ T

0

(uk(t))
2dt−

∫ T

0

F (t, uk(t))dt+

p∑

j=1

∫ uk(tj)

0

Ij(s)ds

]

≥ ‖u‖2 +
λ

2

∫ T

0

(u(t))2dt−
∫ T

0

F (t, (t))dt+

p∑

j=1

∫ uk(tj)

0

Ij(s)ds = ϕ(u).

Thus, by definition (1.7) , ϕ is weakly inferiorly semi-continuous.
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Lemma 2.9. If (H1)−(H2) hold, then ϕ satisfies the Palais-Smale condition.

Proof. Let {uk} be a sequence inH1
0 (0, T ) such that {ϕ(uk)} is bounded and (uk)→ 0 as k →∞.

Then there exists a constant C1 such that

|ϕ(uk)| ≤ C1, ‖ϕ′(uk)‖ ≤ C1. (2.7)

We first prove that {uk} is bounded. By the assumption (H1) and (2.3), we have

∫ T

0

(u′k(t))
2dt+ λ

∫ T

0

(uk(t))
2dt

= 2ϕ(uk) + 2

∫ T

0

F (t, uk(t))dt− 2

p∑

j=1

∫ uk(tj)

0

Ij(s)ds

≤ 2C1 + 2

∫ T

0

F (t, uk(t))dt−
2

µ

p∑

j=1

Ij(uk(tj))uk(tj).

Combing (3.3), the above inequality implies that
(

1− 2

µ

)(∫ T

0

(u′k(t))
2dt+ λ

∫ T

0

(uk(t))
2dt

)

≤ 2C1 + 2

∫ T

0

F (t, uk(t))dt−
2

µ
ϕ′(uk(t))uk

− 2

µ

∫ T

0

f(t, uk(t))uk(t)dt.

(2.8)

According to the assumption (H2) and the inequalities (2.6) and (2.7), one has

2θ1

(
1− 2

µ

)
‖uk‖2 ≤ 2C1 +

2

µ
C1 ‖uk‖+

(
2 +

2

µ

)
T

[
ac ‖uk‖+

b

γ + 1
cγ+1‖uk‖γ+1

]
.

Since θ1 > 0 and µ > 2 it follows that {uk} is bounded in H1
0 (0, T ). Hence there exists a subse-

quence of {uk} (for simplicity denoted again by {uk}) such that {uk}weakly concerges to some

u in H1
0 (0, T ). Then the sequence {uk} converges uniformly to u in C[0, T ]. Hence

(ϕ′(uk)− ϕ′(u))(uk − u)→ 0,
∫ T

0

[f(t, uk(t))− f(t, u(t))]((uk(t)− u(t))dt→ 0,

p∑

j=1

[Ij(uk(tj))− Ij(u(tj))]((uk(tj)− u(tj))→ 0,
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as k → +∞. Moreover, an easy computation shows that

(ϕ′(uk)− ϕ′(u))(uk − u) =

∫ T

0

(u′k(t)− u′(t))2dt+ λ

∫ T

0

(uk(t)− u(t))2dt

−
∫ T

0

[f(t, uk(t))− f(t, u(t))]((uk(t)− u(t))dt

+

p∑

j=1

[Ij(uk(tj))− Ij(u(tj))]((uk(tj)− u(tj))

≥ 2θ1 ‖uk − u‖2 −
∫ T

0

[f(t, uk(t))− f(t, u(t))]((uk(t)− u(t))dt

+

p∑

j=1

[Ij(uk(tj))− Ij(u(tj))]((uk(tj)− u(tj)).

so ‖uk − u‖ → 0 as k → +∞. That is, {uk} converges strongly to u in H1
0 (0, T ).

2.5 Study the existence of a unique solution

We now prove the existence of at least one solution in the following two theorems. First result

of existence

Theorem 2.1. Suppose that f is bounded and that the impulsive functions Ij are bounded. Then there

is a critical point of ϕ, and (2.1) has at least one solution.

Proof. Take M > 0 and Mj > 0, j = 1, 2, ..., p such that

|f(t, u)| ≤M for every (t, u) ∈ [0, T ]× R,

and

|Ij(u)| ≤Mj

for every u ∈ R, j = 1, 2, ...p. Using that λ > −λ1 there exists θ1 > 0 such that for any
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u ∈ H1
0 (0, T ) By lemma (2.2) and (2.7), one has

ϕ(u) = L(u, u) +

p∑

j=1

∫ u(tj)

0

Ij(s)ds−
∫ T

0

F (t, u(t))dt

≥ θ1‖u‖2 +

p∑

j=1

∫ u(tj)

0

Ij(s)ds−
∫ T

0

F (t, u(t))dt

≥ θ1‖u‖2 −
p∑

j=1

Mj|u(tj)| −
∫ T

0

F (t, u(t))dt

≥ θ1‖u‖2 −
p∑

j=1

Mj|u(tj)| −M
∫ T

0

|u(t)|dt

≥ θ1‖u‖2 −
p∑

j=1

Mj‖u‖∞ −MT‖u‖∞

≥ θ1‖u‖2 −
p∑

j=1

Mj‖u‖∞ −MT‖u‖∞

≥ θ1‖u‖2 −
p∑

j=1

cMj‖u‖ − cMT‖u‖,

for some c =
√
T > 0. This implies that lim

‖u‖→∞
ϕ(u) = +∞, ϕ is coercive,and ϕ is (w.l.s.c)(see

lemma 2.8). Hence, theorem(1.7) ϕ has a minimum, which is a critical point of ϕ, then (2.1) has

at least one solution.

Second existence result

Theorem 2.2. Assume that following conditions hold.

(d1) The impulsive functions Ij have sublinear growth, i.e., there exist constants aj > 0, bj > 0 and

γj ∈ [0, 1), j = 1, 2, ..., p, such that

|Ij(t)| ≤ aj + bj |t|γj , for every t ∈ R, j = 1, 2, ...., p.

(d2) f is sublinear growth, i.e., there exist constants a > 0,b > 0 and γ ∈ [0, 1) such that

|f(t, u)| ≤ a+ b |u|γ , for every (t, u) ∈ [0, T ]× R.

Then the impulsive problem (2.1) has at least one solutions for λ > −π2/T 2.

Proof. Like f(t, 0) 6≡ 0 there is a > 0, δ1 ≤ 1 and, ∀(t, u) ∈ [0, T ]× R

|f(t, u)| ≤ a, |u| ≤ δ1 ≤ 1, ∀t ∈ [0, T ], (2.9)
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and b > 0, δ2 ≥ 1, and γ ∈ [0, 1), then according to sublinearity we have:

|f(t, u)| ≤ b|u|γ, |u| ≥ δ2 ≥ 1, ∀t ∈ [0, T ], (2.10)

then we find according to (2.9) and (2.10)

|f(t, u)| ≤ a+ b|u|γ, ∀(t, u) ∈ [0, T ]× R. (2.11)

We have,

|F (t, u)| =
∫ u

0

|f(t, s)| ds ≤
∫ u

0

(a+ b|u|γ) ds

≤ a

∫ u

0

ds+
b

γ + 1
|u|γ+1 ≤ a|u|+ b

γ + 1
|u|γ+1

So, we obtain,
∫ T

0

|F (t, u)| dt ≤
∫ T

0

(
a|u|+ b

γ + 1
|u|γ+1

)
dt

≤ T

(
a|u|+ b

γ + 1
|u|γ+1

)
,

In the same way with Ij(u), we take aj, bj > 0, δ1j ≤ 1, δ2j ≥ 1 and γj,∈ [0, 1) , j = 1, 2, . . . , p, we

find:

|Ij(u)| ≤ aj + bj|u|γj , ∀(t, u) ∈ [0, T ]× R. (2.12)

We have,
∫ u(tj)

0

|Ij(u)| dt ≤
∫ u(tj)

0

(aj + bj|u|γj) dt

≤ aj

∫ u(tj)

0

dt+
bj

γj + 1
|u|γj+1

≤ aj|u|+
bj

γj + 1
|u|γj+1.

By lemma 2.2 and 2.7 and the same methods as in the proof above,

ϕ(u) = L(u, u) +

p∑

j=1

∫ u(tj)

0

Ij(s)ds−
∫ T

0

F (t, u(t))dt

≥ θ1‖u‖2 −
p∑

j=1

(aj|u|+
bj

γj + 1
|u|γj+1)−

∫ T

0

(a|u|+ b

γ + 1
|u|γ+1)

≥ θ1‖u‖2 −
p∑

j=1

(aj‖u‖∞ +
bj

γj + 1
‖u‖γj+1

∞ )− T (a‖u‖∞ +
b

γ + 1
‖u‖γ+1

∞ )

≥ θ1‖u‖2 −
p∑

j=1

(caj‖u‖+
bj

γj + 1
cγj+1‖u‖γj+1)− T (ca‖u‖+

b

γ + 1
cγ+1‖u‖γ+1),

29



and like −‖u‖ ≥ −‖u‖γ+1 so:

≥ θ1‖u‖2 − ‖u‖γ+1
[ p∑

j=1

(caj +
bj

γj + 1
cγj+1) + T (ca+

b

γ + 1
cγ+1)

]
,

then finally There exists η > 0 such that

ϕ(u) ≥ θ1‖u‖2 − η‖u‖γ+1,

with :

η =

p∑

j=1

(caj +
bj

γj + 1
cγj+1) + T (ca+

b

γ + 1
cγ+1).

Which implies that lim inf
‖u‖→∞

ϕ(u) = +∞, thus ϕ is coercive. ϕ admits a minimum, which is a

critical point of ϕ,and problem(2.1) has at least one solution.

Example 2.1. Let T = π, λ > −1, t1 ∈ (0, π), and σ ∈ C[0, π]. The nonlinear Dirichlet impulsive

problem 


−u′′(t) + λu(t) =

√
|u(t)|+ σ(t), t ∈ [0, π],

−∆u′(t1) = 1 + 3
√
u(t1),

u(0) = u(T ) = 0,

(2.13)

It is easy to know that f(t, u) =
√
|u(t)|+ σ(t). So problem (2.1) has at least one solution.

2.6 Existence of two solutions

In this section, we deduce the conditions under which the problem(2.1) admits two solutions.

Theorem 2.3. Suppose that (H1) and the following conditions hold:

(H2) f is sublinear growth, i.e., there exist constants a > 0, b > 0 and γ ∈ [0, 1) such that

|f(t, u)| ≤ a+ b|u|µ

(H3) F (t, u) ≤ 0 for all (t, u) ∈ [0, T ]× R.

Then the impulsive problem (2.1) has at least two weak solutions.

Proof. In our case it is clear that ϕ(0) = 0. Lemma 2.9 has shown that ϕ satisfies the Palais-

Smale condition.

Step 1 We will show that there exists M > 0 such that the functional ϕ has a local minimum

u0 ∈ BM =
{
u ∈ H1(0, T ) : ‖u‖ < M

}
.
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Let M > 0 which will be determined later. First we claim that BM is a bounded and weak

sequentially closed.

In fact, let {un} ⊆ BM and un ⇀ u as n → +∞, by the Mazur Theorem [14], there exists a

sequence of convex combinations

vn =
n∑

j=1

αnjuj,
n∑

j=1

αnj = 1, αnjuj ≥ 0, j ∈ N,

such that vn → u in H1
0 (0, T ). Since BM is a closed convex set, we have vn ⊆ BM and u ∈ BM .

Noting that ϕ is weak sequentially lower semi-continuous on BM and H1
0 (0, T ) is a reflexive

Banach space. Then by Theorem 1.8 we can know that ϕ has a local minimum u0 ∈ BM . Without

loss of generality, we assume that ϕ(u0) = min
u∈BM

ϕ(u). Now we will show that

ϕ(u0) < inf
u∈∂BM

ϕ(u). (2.14)

In fact, choose M = ε > 0 satisfying

θ1ε
2 −

p∑

j=1

δjc
µεµ > 0

where c is defined in lemma (2.2) and θ1 is defined in lemma (2.7). For any u = εω with

ω ∈ H1
0 (0, T ) and ‖ω‖ = 1,‖u‖ = ‖εω‖ = ε‖ω‖ = ε, then u ∈ ∂BM , by (H3) we have∫ T

0

F (t, εω(t))dt ≤ 0.

By lemma 2.7

ϕ(u) = ϕ(εω) =
1

2

∫ T

0

[(εω′(t))2 + λ(εω(t))2]dt−
∫ T

0

F (t, εω(t))dt

+

p∑

j=1

∫ εω(tj)

0

Ij(s)ds

= L(εω, εω) +

p∑

j=1

∫ εω(tj)

0

Ij(s)ds−
∫ T

0

F (t, εω(t))dt

≥ θ1‖εω‖2 +

p∑

j=1

∫ εω(tj)

0

Ij(s)ds ≥ θ1ε
2‖ω‖2 +

p∑

j=1

∫ εω(tj)

0

Ij(s)ds

≥ θ1ε
2 −

p∑

j=1

δj|εω|µ ≥ θ1ε
2 −

p∑

j=1

δjc
µεµ > 0.

So ϕ(u) > 0 = ϕ(0) ≥ ϕ(u0) for u ∈ ∂BM . Hence (2.14) holds and u0 ∈ BM .

Step 2: We will show that there exists u1 with u1 > M such that

ϕ(u1) < inf
u∈∂BM

ϕ(u)
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First, from (i) of (H1), we have

Ij(x)∫ x
0
Ij(s)ds

≥ µ

x
, for x > 0, (2.15)

Ij(x)∫ x
0
Ij(s)ds

≤ µ

x
, for x < 0. (2.16)

Integrating (2.15) and (2.16) from 1 to x and x to −1 respectively, we have

ln

∫ x
0
Ij(s)ds∫ 1

0
Ij(s)ds

≥ µ lnx, for x > 1, (2.17)

ln

∫ −1

0
Ij(s)ds∫ t

0
Ij(s)ds

≤ µ ln
1

−x, for x < −1, (2.18)

So
∫ x

0

Ij(s)ds ≤ xµ
∫ 1

0

Ij(s)ds, for x > 1, (2.19)
∫ x

0

Ij(s)ds ≤ (−x)µ
∫ −1

0

Ij(s)ds, for x < −1, (2.20)

Noting that
∫ 1

0

Ij(s)ds < 0 and
∫ −1

0

Ij(s)ds < 0. Let

kj = min

{
|
∫ 1

0

Ij(s)ds|, |
∫ −1

0

Ij(s)ds|
}
> 0

then we have ∫ t

0

Ij(s)ds ≤ −kj|x|µ, |x| ≥ 1. (2.21)

Since
∫ t

0

Ij(s)ds is continuous on [−1, 1], then there exists a constant K > 0 such that

∫ x

0

Ij(s)ds ≤ K , |x| ≤ 1. (2.22)

It follows from (2.21) and (2.22) that
∫ t

0

Ij(s)ds ≤ −kj|x|µ + K ,∀u ∈ R. (2.23)

Now, let ẽ(t) = ϕ1(t) ∈ H1
0 (0, T ) and u1 = rẽ, r > 0, where ϕ1 corresponding to λ1 is the first

eigenfunction of (3.2) and ϕ1 = 1, where c is defined in lemma 2.2 and θ2 is defined in lemma
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2.7 and 2.23. Then

ϕ(u1) = ϕ(rẽ) =
1

2

∫ T

0

((rẽ′(t))2 + λ(rẽ(t))2)dt−
∫ T

0

F (t, rẽ(t))dt

+

p∑

j=1

∫ rẽ(tj)

0

Ij(s)ds

= r2L(ẽ, ẽ)−
∫ T

0

F (t, rẽ(t))dt+

p∑

j=1

∫ rẽ(tj)

0

Ij(s)ds

≤ θ2r
2 −

∫ T

0

(a|rẽ|+ b

γ + 1
|rẽ|γ+1) +

p∑

j=1

∫ rẽ(tj)

0

Ij(s)ds

≤ θ2r
2 + T (a‖rẽ‖∞ +

b

γ + 1
‖rẽ‖γ+1

∞ )−
p∑

j=1

kj|rẽ(tj)|µ + Kp

≤ θ2‖rẽ‖2 + T (ca‖rẽ‖+
b

γ + 1
cγ+1‖rẽ‖γ+1)−

p∑

j=1

kj|rẽ(tj)|µ + Kp

≤ θ2r
2‖ẽ‖2 + T (acr‖ẽ‖+

b

γ + 1
cγ+1rγ+1‖ẽ‖γ+1)− rµ

p∑

j=1

kj|ẽ(tj)|µ + Kp

≤ θ2r
2 + T (acr +

b

γ + 1
cγ+1rγ+1)− rµ

p∑

j=1

kj|ẽ(tj)|µ + Kp.

So there exists sufficiently large r > M = ε > 0 such that ϕ(rẽ) < 0. Therefore, by Step 1 and

Step 2, we have

max {ϕ(u0), ϕ(u1)} < inf
u∈∂BM

ϕ(u)

Then theorem 1.13 gives the critical point u∗. Therefore, u0, u
∗ are two critical points of ϕ, which

are two solutions of (2.1).

Example 2.2. Let T > 0, a1 > 0, b1 > 0, k > 0, t1 ∈ (0, T ). Consider the following problem:




−u′′(t) + λu(t) = − cos(u(t))esin(u(t)) − u 1
5 (t), t ∈ [0, T ],

∆u′(t1) = −ku3(t1),

u(0) = u(T ) = 0.

(2.24)

It is easy to know that f(t, u) = − cos(u(t))esin(u(t)) − u
1
5 (t) = −ku3. Let µ = 4, δ1 =

1

4
k,the

condition (H1) holds. And |f(t, u)| ≤ e + |u| 15 F (t, u) = −esin(u(t)) − 5

6
u

6
5 (t) ≤ 0, the conditions

(H2) and (H3) hold. So problem (2.24) has at least two weak solutions.

Remark 2.5. Since I1(u) = −ku3 does not satisfy the sublinear growth condition (d1), so exam-

ple (2.24) cannot determine the existence of solution in the paper [9, 10, 11, 12].
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Corollary 2.1. Suppose that (H1) and (H3) hold. If f is bounded, then the impulsive problem

(2.1) has at least two weak solutions.
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CHAPTER 3

EXISTENCE AND MULTIPLICITY OF
SOLUTIONS TO AN IMPULSIVE

SECOND-ORDER BOUNDARY VALUE
PROBLEM

In this chapter, we discuss the existence and multiplicity of solutions for an impulsive second-

order equation (3.1) that was published in the article [27].

We study the following impulsive problem,



−u′′(t) + λu(t) = f(t, u(t)), t ∈ [0, T ],
∆u′(tj) = Ij(u(tj)), j = 1, 2, ..., p,
u(0) = u(T ) = 0,

(3.1)

where T > 0, f : [0, T ] × R → R is continuous,0 = t0 < t1 < t2 < ..... < tp < tp+1 = T ,

∆u′(tj) = u′(t+j )− u′(t−j ) = lim
t→t+j

u′(t)− lim
t→t−j

u′(t),Ij : R→ R are continuous.

During this chapter, we assume that the following assumptions are satisfied:

(H1) There exist µ > 2, δj > 0, j = 1, 2, ..., p, such that

(i) Ij(x)x ≤ µ

∫ x

0

Ij(s)ds < 0, for x ∈ R\{0};

(ii)
∫ x

0

Ij(s)ds ≥ −δj|x|µ, for x ∈ R\{0};

We always assume that λ > λ1.
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3.1 The results of existence and multiplicity

We first recall the Euler-Lagrange function associated with the problem (3.1)

ϕ(u) = L(u, u)−
∫ T

0

F (t, u) dt+

p∑

j=1

∫ u(tj)

0

Ij(s)ds, (3.2)

such that F (t, u) =

u∫

0

f(t, s)ds. And L defined by,

L(u, u) =
1

2

∫ T

0

(u′(t))2dt+
λ

2

∫ T

0

(u(t))2dt, ∀u ∈ H1
0 (0, T ).

Proposition 3.1. the functional ϕ is continuously differentiable. The Fréchet derivative of ϕ in the form:

〈ϕ′(u), v〉 =

∫ T

0

u′(t)v′(t) dt+ λ

∫ T

0

u(t)v(t) dt−
∫ T

0

f(t, u(t))v(t)dt+

p∑

j=1

Ij

(
u(tj)

)
v(tj), (3.3)

3.2 Some lemmas and theorems used

We now present the Hilbert space H1
0 (0, T ) which is suitable for the study of our problem.

Theorem 3.1 ([11, Theorem 3.3]). Suppose that (d1) and the following conditions hold.

(d5) f(t, u) is odd in u.

(d6) There exist constants a > 0,b > 0 and γ ∈ (1,+∞) such that

f(t, u) ≤ a+ b |u|γ for every (t, u) ∈ [0, T ]× R

(d7) There exist constants β > 2, r > 0 such that

0 < βF (t, u) ≤ uf(t, u) for every t ∈ [0, T ], u ∈ R with |u| ≥ r,

where F (t, u) =

∫ u

0

f(t, s)ds; moreover, assume that f(t, u) = o(u) as u→ 0 uniformly in t.

(d8) Ij(j = 1, 2, ...., p) are odd and nondecreasing.

Then the problem (2) (See Introduction) has infinite many nontrivial solutions.

Lemma 3.1. If (H1) and (H4) hold, then ϕ satisfies the Palais-Smale condition.
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Proof. Let {uk} be a sequence in H1
0 (0, T ) such that {ϕ(uk)} is bounded and ϕ′(uk) → 0 as

k →∞. We first prove that {uk} is bounded. By (3.2) and (3.3), one has

βϕ(uk)− ϕ′(uk)uk =
β

2

(∫ T

0

(u′k(t))
2dt+ λ

∫ T

0

(uk(t))
2dt

)

− β
∫ T

0

F (t, uk(t))dt+ β

p∑

=1

∫ u(t)

0

I(s)ds

−
[∫ T

0

(u′k(t))
2dt+ λ

∫ T

0

(uk(t))
2dt

]

+

∫ T

0

f(t, uk(t))uk(t)dt−
p∑

=1

I(uk(t))uk(t).

By (H1) and (H4), noting that β ∈ (2, µ], we can deduce that

∫ T

0

f(t, uk(t))uk(t)dt− β
∫ T

0

F (t, uk(t))dt ≥ 0, (3.4)

and

β

p∑

=1

∫ u(t)

0

I(s)ds−
p∑

=1

I(uk(t))uk(t) ≥ (β − µ)

p∑

=1

∫ u(t)

0

I(s)ds ≥ 0 (3.5)

From (3.4) and (3.5), we conclude that

βϕ(uk)− ϕ′(uk)uk ≥ (β − 2)θ1 ‖uk‖2

Since θ1 > 0 and β > 2 it follows {uk} is bounded in H1
0 (0, T ). The following proof of (PS)

condition is similar to that in Lemma (2.9). We omit it here.

Lemma 3.2. [10, Lemma 2.2] Assume that (H4) holds. Then, for every t ∈ [0, T ], the following inequal-

ities hold, we have

(i) F (t, u) ≤M |u|µ, if |u| < 1,

(ii) for every finite-dimensional subspace W ∈ H and every u ∈ W , there exists a constant A,B > 0,

such that
∫ T

0

F (t, u)dt ≥ mBµ‖u‖µ − AT .

where M = max
t∈[0,T ],|u|=1

F (t, u), m = min
t∈[0,T ],|u|=1

F (t, u).
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Proof. For all t ∈ [0, T ], we have

0 < βF (t, u) ≤ f(t, u)u, ∀u ∈ R \ {0}, t ∈ [0, T ].

If |u| ≥ 1 then, we integrate between 1 and |u|,
∫ |u|

1

β

s
ds ≤

∫ |u|

1

f(t, s)

F (t, s)
ds

ln |u|β − ln(1)β ≤ lnF (t, |u|)− lnF (t, 1)

ln |u|β ≤ ln
(F (t, |u|)
F (t, 1)

)

F (t, |u|) ≥ F (t, 1)|u|β.

if |u| ≤ 1

∫ 1

|u|

β

s
ds ≤

∫ 1

|u|

f(t, s)

F (t, s)
ds

− ln |u|β ≤ lnF (t, 1)− lnF (t, |u|)
1

|u|β ≤
F (t, 1)

F (t, |u|)
F (t, |u|) ≤ F (t, 1)|u|β.

So, we find the two inequalities

F (t, u) ≤ F (t, 1)|u|β if 0 < |u| ≤ 1,

F (t, u) ≥ F (t, 1)|u|β if |u| ≥ 1,

using the hypotheses, we obtain:

F (t, u) ≤M |u|β if |u| ≤ 1. (3.6)

F (t, u) ≥ m|u|β if |u| ≥ 1. (3.7)

Like the real numbers, M > 0 and m > 0, and since F (t, u) −m|u|β is a function continues on

[0, T ]× [−1, 1], therefore, there exists a constant A > 0 such that

F (t, u) ≥ m|u|β − A ∀(t, u) ∈ [0, T ]× [−1, 1], (3.8)
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By integration of equations (3.8) on [0, T ], we find:

F (t, u) ≥ m|u|β − A ∀(t, u) ∈ [0, T ]× R. (3.9)

It is well known that for every finite-dimensional subspace W ⊂ H1
0 (0, T ) and every u ∈ W,

there exists a constant B > 0 such that

‖u‖p =
(∫ T

0

|u(t)|pdt
) 1
p ≥ d‖u‖, p ≥ 1.

Then, for all u ∈ W, and according to (3.9) there exists a constant B > 0, such that

∫ T

0

F (t, u(t))dt ≥
∫ T

0

(m|u|β − A) ≥ m‖u‖ββ − AT

≥ mBβ‖u‖β − AT.

Lemma 3.3. Set m := inf{F (t, u) : t ∈ [0, T ], |u| = 1}. Then for every ξ ∈ R \ {0} and u ∈

H1
0 (0, T ) \ {0} we have

∫ T

0

F (t, ξu(t))dt ≥ m|ξ|µ
∫ T

0

|u(t)|µdt− Tm. (3.10)

Proof. Fix ξ ∈ R \ {0} and u ∈ H1
0 (0, T ) \ {0}. Set A = {t ∈ [0, T ] : |ξu(t)| ≤ 1} and B = {t ∈

[0, T ] : |ξu(t)| ≥ 1} from the second inequality in (??) and (??), we obtain

∫ T

0

F (t, ξu(t))dt ≥
∫

B

F (t, ξu(t))dt

≥
∫

B

F (t,
ξu(t)

|ξu(t)|)dt|ξu(t)|µdt

≥
∫

B

|ξu(t)|µdt = m

∫ T

0

|ξu(t)|µdt−m
∫

A

|ξu(t)|µdt

≥ m|ξ|µ
∫ T

0

|u(t)|µdt− Tm.
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3.3 The existence of infinite solutions

In this section, we derive some sufficient conditions under which the function ϕ possesses in-

finitely many critical points, therefore,the impulsive problem (3.1) has infinitely many weak

solutions.

Theorem 3.2. Suppose that (H1)—(H3) hold. If f(t, u) and Ij(u) are odd about u, then the

impulsive problem (3.1) has infinitely many weak solutions.

Proof. Using the continuity of f and Ij, j = 1, 2, ..., p, we obtain that ϕ(u) is continuously and

differentiable.

In view of (3.2), it is obvious that ϕ(0) = 0 and ϕ(u) is even. Indeed

If we put s = −v, ds = −dv. So,

F (t,−u) =

∫ −u

0

f(t, v)dv = −
∫ u

0

f(t,−s)ds

=

∫ u

0

f(t, s)ds = F (t, u), (because f is odd).

Also, we pose A(u) =

∫ u

0

Ii(s)ds, then we have

A(−u) =

∫ −u

0

Ii(s)ds = −
∫ u

0

Ii(−v)dv

=

∫ u

0

Ii(v)v = A(u).

Furthermore, we have

ϕ(−u) =
1

2
‖ − u‖2 +

λ

2

∫ T

0

(−u(t))2dt+

p∑

=1

∫ −u(t)

0

I(s)ds

−
∫ T

0

F (t,−u(t))dt

=
1

2
‖u‖2 +

λ

2

∫ T

0

u(t)2dt+

p∑

=1

∫ u(t)

0

I(s)ds−
∫ T

0

F (t, u(t))dt

= ϕ(u).

By lemma (2.9), ϕ(u) satisfies the (PS) condition. Combing (3.2) and the conditions (H1)—(H3),
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one has

ϕ(u) = L(u, u) +

p∑

j=1

∫ u(tj)

0

Ij(s)ds−
∫ T

0

F (t, u(t))dt

≥ θ1‖u‖2 −
p∑

j=1

δj|u|µ −
∫ T

0

F (t, u(t))dt

≥ θ1‖u‖2 −
p∑

j=1

δj‖u‖µ∞ −
∫ T

0

F (t, u(t))dt

≥ θ1‖u‖2 −
p∑

j=1

δjc
µ‖u‖µ.

Since µ > 2, the above inequality implies that we can choose ρ > 0 small enough such that

ϕ(u) ≥ α > 0 with ‖u‖ = ρ.

For every r > 0 and any finite dimensional subspaceW ∈ H1
0 (0, T ),where c is defined in lemma

(2.2) and θ2 is defined in lemma (2.7).we have

ϕ(ru) = L(ru, ru) +

p∑

j=1

∫ ru(tj)

0

Ij(s)ds−
∫ T

0

F (t, ru(t))dt

≤ θ2‖ru‖2 +

p∑

j=1

∫ ru(tj)

0

Ij(s)ds−
∫ T

0

(a|ru|+ b

γ + 1
|ru|γ+1)

≤ θ2r
2‖u‖2 +

p∑

j=1

∫ ru(tj)

0

Ij(s)ds+ T (ac‖ru‖+
b

γ + 1
cγ+1‖ru‖γ+1)

≤ θ2r
2‖u‖2 −

p∑

j=1

kj‖ru‖µ + T (acr‖u‖+
b

γ + 1
cγ+1rγ+1‖u‖γ+1)

≤ θ2r
2 ‖u‖2 + T (acr‖u‖+

b

γ + 1
cγ+1rγ+1‖u‖γ+1)− rµ

p∑

j=1

kj|u|µ

(3.11)

for every u ∈ W. Taking ẽ(t) ∈ W such that ‖ẽ(t)‖ = 1 where c is defined in lemma (2.2) and θ2
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is defined in lemma 2.7, one has

ϕ(rẽ(t)) = L(rẽ, rẽ) +

p∑

j=1

∫ rẽ(tj)

0

Ij(s)ds−
∫ T

0

F (t, rẽ(t))dt

≤ θ2‖rẽ‖2 +

p∑

j=1

∫ rẽ(tj)

0

Ij(s)ds−
∫ T

0

(a|rẽ|+ b

γ + 1
|rẽ|γ+1)

≤ θ2r
2‖ẽ‖2 +

p∑

j=1

∫ rẽ(tj)

0

Ij(s)ds+ T (ac‖rẽ‖+
b

γ + 1
cγ+1‖rẽ‖γ+1)

≤ θ2r
2‖ẽ‖2 −

p∑

j=1

kj‖rẽ‖µ + T (acr‖ẽ‖+
b

γ + 1
cγ+1rγ+1‖ẽ‖γ+1)

≤ θ2r
2 ‖ẽ‖2 + T (acr ‖ẽ‖+

b

γ + 1
cγ+1rγ+1 ‖ẽ‖γ+1)− rµ

p∑

j=1

kj|ẽ|µ

≤ θ2r
2 + T (acr + bcγ+1rγ+1)− rµ

p∑

j=1

kj|ẽ(t)|µ

(3.12)

Since µ > 2, kj > 0 and 0 < γ < 1, (3.12) implies that there exists rε > 0 such that ‖rẽ(t)‖ = r > ρ

and ϕ(rẽ(t)) < 0 for every r ≥ rε > 0. Since W is a finite dimensional subspace, we can choose

an R = R(W ) > 0 such that ϕ(u) ≤ 0 for any u ∈ W with ‖u‖ ≥ R.

According to theorem (1.14), the functional ϕ(u) possesses infinitely many critical points, i.e.,

the impulsive problem (3.1) has infinitely many weak solutions.

Example 3.1. Let T > 0, k > 0, t1 ∈ (0, T ). Consider the following problem:




−u′′(t) + λu(t) = −(1 + 3t)u1/3, t ∈ [0, T ],

∆u′(t1) = −ku5(t1),

u(0) = u(T ) = 0,

(3.13)

It is easy to know that f(t, u) = −(1 + 3t)u
1
3 , I1(u) = −ku5. Let µ = 6, δ1 =

1

6
k, the condition

(H1) holds. |f(t, u)| = |(1 + 3t)u
1
3 | ≤ (1 + 3T )|u| 13 , F (t, u) ≤ 0 the condition (H2) and (H3)

hold. Moreover, f(t, u) and Ij(u) are odd about u, so problem (3.13) has infinitely many weak

solutions.

Remark 3.1. Since I1(u) = −ku5 does not satisfy the sublinear growth condition (d1), so exam-

ple 3.1 cannot determine the existence of solution in the paper [9, 10, 11, 12].
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Theorem 3.3. Suppose that (H1) and the following condition hold.

(H4) There exists a constant β ∈ (2, µ] such that

0 < βF (t, u) ≤ uf(t, u)

for every t ∈ [0, T ] and u ∈ R\ {0} , where F (t, u) =

∫ u

0

f(t, s)ds.

Moreover, f(t, u) and Ij are odd about u, then the impulsive problem (3.1) has infinitely many

weak solutions.

Proof. Step1: Using the continuity of f and I,  = 1, 2, . . . , p, we obtain that ϕ(u) is continu-

ously and differentiable.

In view of (3.2), it is obvious that ϕ(u) is even and ϕ(0) = 0.

By Lemma 3.1, ϕ(u) satisfies the (PS) condition.

Step 2: ϕ satisfies the first geometric condition:

For any u ∈ H , we know that ‖u‖ ≤ 1

c
=

1√
T

implies ‖u‖∞ ≤ 1 by lemma 2.2, so when

‖u‖ ≤ 1

c
=

1√
T
, we have the following inequality,on has

∫ T

0

F (t, u(t))dt ≤
∫ T

0

M |u|β ≤M

∫ T

0

‖u‖β∞ dt

≤MTcβ ‖u‖β , ‖u‖ ≤ 1

c
.

(3.14)

Combing (3.16) and condition (H1), by lemma 2.7, one has

ϕ(u) = L(u, u) +

p∑

j=1

∫ u(tj)

0

Ij(s)ds−
∫ T

0

F (t, u(t))dt

≥ θ1‖u‖2 −
p∑

j=1

δj|u|µ −
∫ T

0

F (t, u(t))dt

≥ θ1‖u‖2 −
p∑

j=1

δj‖u‖µ∞ −
∫ T

0

F (t, u(t))dt

≥ θ1‖u‖2 −
p∑

j=1

δjc
µ‖u‖µ −MTcβ‖u‖β.

which implies that we can choose ρ > 0 small enough such that ϕ(u) ≥ α > 0 with ‖u‖ = ρ.

Thus ϕ satisfies condition (i) of theorem 1.14. In the following, it is a question of verifying
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condition (i) of theorem 1.14.

Step3: ϕ satisfies the second geometric condition:

By (H1), we have
p∑

=1

∫ u(t)

0

I(s)ds ≤ 0

In fact, we can obtain the following inequality by lemma 2.7,

ϕ(u) = L(u, u) +

p∑

j=1

∫ u(tj)

0

Ij(s)ds−
∫ T

0

F (t, u(t))dt

≤ θ2‖u‖2 −
∫ T

0

F (t, u(t))dt

≤ θ2‖u‖2 −m(Bβ‖u‖β − AT ) ≤ θ2‖u‖2 −mBβ‖u‖β + AT.

Noting that β > 2, the above inequality implies that ϕ(u) → −∞ as ‖u‖ → ∞ with u ∈ W .

Therefore, there exists R = R(W ) such that ϕ(u) ≤ 0 on W \BR.

According to theorem1.14, the functional ϕ(u) possesses infinitely many critical points, i.e., the

impulsive problem (3.1) has infinitely many solutions.

Example 3.2. Let T > 0, a(t), b(t) ∈ C([0, T ], (0,+∞)), k > 0, t1 ∈ (0, T ). Consider the following

problem: 



−u′′(t) + λu(t) = a(t)u3(t) + b(t)u5(t), t ∈ [0, T ],

∆u′(t1) = −ku9(t1),

u(0) = u(T ) = 0,

(3.15)

It is easy to know that f(t, u) = a(t)u3(t) + b(t)u5(t), I1(u) = −ku9. Let β = 4, µ = 10, δ1 =
1

10
k

the condition (H1) and (H4) holds. f(t, u), I1(u) are odd about u, so problem (3.15) has infinitely

many weak solutions.

Remark 3.2. Since I1(u) = −ku9 does not satisfy the sublinear growth condition (d1), so exam-

ple (3.2) cannot determine the existence of solution in the paper [9, 10, 11, 12].

Theorem 3.4 ([10, Theorem 1.3]). Suppose that (d1) and the following conditions hold.

(d3) There exists a constant β > 2 such that

0 < βF (t, u) ≤ uf(t, u) for every t ∈ [0, T ], u ∈ R\ {0}
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where F (t, u) =

∫ u

0

f(t, s)ds.

(d4) θ1 −
T 2M

π2
−

p∑

j=1

Taj −
p∑

j=1

Tbj > 0,

where M = sup{F (t, u) : t ∈ [0, T ], |u| = 1}; θ1 =
1

2
for λ > 0 and

θ1 =
1

2
(1− T 2

π2
λ) for −π

2

T 2
< λ < 0.

Moreover, f(t, u) and the impulsive functions Ij are odd about u. Then the impulsive problem (3.1) has

infinitely many weak solutions for λ > −π2/T 2.

Proof. The condition that f and Ij are odd functions implies that ϕ is even defined by 3.2.

Moreover, by the assumptions of Theorem 3.4, we know that ϕ ∈ C1(H1
0 (0, T ),R), ϕ(0) = 0 (see

proposition 2.2) and ϕ satisfies the Palais-Smale condition(See lemma 3.1).

To apply symmetric Mountain Pass Theorem (see Lemma 1.4), it suffices to prove that ϕ satisfies

the conditions (A1) and (A2).

Step 1: ϕ satisfies the first geometric condition (A1)

For any u ∈ H , we know that ‖u‖ ≤ 1

c
=

1√
T

implies ‖u‖∞ ≤ 1 by lemma 2.2, we have the

following inequality, on has

∫ T

0

F (t, u(t))dt ≤M

∫ T

0

‖u‖β∞ dt ≤MTcβ ‖u‖β , ‖u‖ ≤ 1

c
. (3.16)

Combing (3.16) and condition (H1), by lemma (2.7), one has

ϕ(u) = L(u, u) +

p∑

j=1

∫ u(tj)

0

Ij(s)ds−
∫ T

0

F (t, u(t))dt

≥ θ1‖u‖2 −
p∑

j=1

δj|u|µ −
∫ T

0

F (t, u(t))dt

≥ θ1‖u‖2 −
p∑

j=1

δj‖u‖µ∞ −
∫ T

0

F (t, u(t))dt

≥ θ1‖u‖2 −
p∑

j=1

δjc
µ‖u‖µ −MTcβ‖u‖β.

which implies that we can choose ρ > 0 small enough such that ϕ(u) ≥ α > 0 with ‖u‖ = ρ.

Thus ϕ satisfies condition (A1) of lemma (1.4). In the following, it is a question of verifying

condition (A1) of lemma (1.4).
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Step2: ϕ satisfies the second geometric condition (A2)

It remains to prove that, for each finite dimensional subspace V1 ⊂ H1
0 (0, T ), the set {x ∈ V1 :

ϕ(x) ≥ 0} is bounded. By (2.6) and (3.10), we have that for every ξ ∈ R \ {0} and u ∈ V1 \ {0},

the following inequality

ϕ(ξu) =
1

2

∫ T

0

[(ξu)2 + λ(ξu)2]dt−
∫ T

0

F (t, ξu)dt+

p∑

j=1

∫ u(tj)

0

Ij(s)ds

≤ θ2ξ
2‖u‖2 −

∫ T

0

F (t, ξu)dt+

p∑

j=1

∫ u(tj)

0

Ij(s)ds

≤ θ2ξ
2‖u‖2 + |ξ|

√
T‖u‖

p∑

j=1

(
aj + bj|ξ|γj

√
T γj‖u‖γj

)
−m|ξ|µ

∫ T

0

|u(t)|µdt+ Tm

(3.17)

holds. Take Q ∈ V1 such that ‖Q‖ = 1, since µ > 2,m > 0 and 0 < γj < 1, (3.17)implies that

there exists ξQ > 0 such that ‖ξQ‖ > ρ and ϕ(ξQ) < 0 for every ξ ≥ ξQ > 0. Since V1 is a finite

dimensional subspace, we can choose an r = r(V1) > 0 such that

ϕ(q) < 0,∀q ∈ V1 \Br.

According to lemma (1.4), the functional ϕ possesses infinitely many critical points, i.e. the

impulsive problem (3.1) has infinitely many solutions.

Remark 3.3. Study of the existence and multiplicity of solutions using the mountain pass

lemma for somme boundary problems, whether on a bounded domain or not, is in diffu-

sion among many researchers, where let us suppose that the member non-linear is verified

the Ambrosetti-Rabinowitz condition in order to prove the Palais-Smale condition (PS), and

for more information you can look at the references see the references, [18], [20] [25] and [26]
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Conclusion

IN this work, we studied some theories of critical points, and we studied an impulsive sec-

ond order boundary problem posed on the bounded interval [0, T ] by variational methods,

minimization theorem, mountain pass theorem, saddle point theorem and symmetric moun-

tain pass theorem.

In the first chapter, we gave some basic tools, which are necessary for this work, such as the

theory of critical points, the differentiability of an operator in the space of Banach, and moun-

tain pass theorem, and also we have given some minimization theorems.

In second goal our objective was to show the existence of at most two solutions of impulsive

second order equation by minimization theorm and mountain pass theorem.

Finally, we studied the existence and multiplicity of solutions for the problems with impulsive

limits by the saddle point theorem and symmetric mountain pass theorem .
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Abstract
In this memoiry, we have studied an impulsive second-order boundary value problem on the
bounded domain [0, T ], as well as the theory of critical points, the mountain pass theorem
and the saddle point theorem. Our goal in this study was to apply the critical point theory,
Mountain pass theorem, saddle point theorem and Symmetric Mountain Pass Theorem to verify
the existence and multiplicity of solutions to the following impulsive second-order boundary
value problem :

{ −u′′(t) + λu(t) = f(t, u(t)), t ∈ [0, T ],
∆u′(tj) = Ij(u(tj)), j = 1, 2, ..., p,
u(0) = u(T ) = 0,

Key words : Variational method. Critical point.Existence of solutions. Second order. Im-
pulsive differential equation. Mountain pass theorem. Palace-Smale Condition. Saddle point
theorem.Symmetric Mountain Pass Theorem.

Résumé
Dans ce mémoire, nous avons étudié un problème aux limites de seconde ordre impulsif sur le
domaine borné [0, T ], ainsi que la théorie des points critiques, lemme du col et théorème de
points selle. Notre objectif dans cette étude était d’appliquer la théorie des points critiques,
lemme du col , théorème du points selle et théorème du col symétrique pour vérifier l’existence
et la multiplicité des solutions au problème aux limites du second ordre impulsif suivant :

{ −u′′(t) + λu(t) = f(t, u(t)), t ∈ [0, T ],
∆u′(tj) = Ij(u(tj)), j = 1, 2, ..., p,
u(0) = u(T ) = 0,

Mots clés : Méthode variationnelle. Point critique. Existence de solution. Seconde ordre.
Impulsif. Lemme de Col. Condition de Palais-Smale. Théorème de point selle.théorème du col
symétrique.

P�l�
 ¤d�m�� �A�m�� Yl� Ty�A�d�� Ty�A��� T�Cd�� �� d� Tmy� T��s� AnFC , ­r��@�� £@¡ ¨�
 A� .�rs�� TWq� T§r\�¤ ,�b��� rm� T·Vw� ,T�r��� ªAqn�� T§r\� Y�� T�AR³A� [0, T ],

TWq� T§r\�¤¤ ,�b��� rm� T·Vw� ¤ ,T�r��� ªAqn�� T§r\� �ybW� w¡ TF�Cd�� £@¡ ¨� An�d¡
�� T§d� Tmy� T��sm� �wl���  d`�¤  w�¤ �� �q�tl� ��Amtm�� �b��� rm� T§r\� w,�rs��

:Ty�µ� Ty�A�d�� Ty�A��� T�Cd��
{ −u′′(t) + λu(t) = f(t, u(t)), t ∈ [0, T ],

∆u′(tj) = Ij(u(tj)), j = 1, 2, ..., p,
u(0) = u(T ) = 0,

TylRAft�� T� A`m�� .Ty�A��� T�Cd�� .�wl���  w�¤ . T�r� TWqn. r§A�t�� Tq§rV :Ty�Atf� �Aml�
.��Amtm�� �b��� rm� T§r\n.�rs�� TWq� .�Ams-¨�A� ªrJ T§r\� .�b��� rm� T·Vw� .T`�dnm��
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