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Introduction

A binary operation on a non-empoty set S is a mapping of the elements of cartesian product
S xS to S. The history of binary operations is deeply intertwined with the development
of mathematics and computing. Binary operations have ancient roots, with evidence of their
use in ancient civilizations such as the Chinese, Babylonians, and Egyptians. However, these
early operations often lacked the formalization seen in modern mathematics, the formalization
of binary operations began with the work of George Boole in the mid-19th century. Boole
developed a symbolic logic system, now known as Boolean algebra, which uses binary variables
and binary operations such as AND, OR and XOR. After that, Binary operations gained sig-
nificant importance with the advent of computing. In the mid-20th century, electronic digital
computers became prevalent, relying on binary representation of data and binary operations
for computation such as addition, subtraction, multiplication, and division are fundamental
operations in computer arithmetic. Also in the mid-20th century, Claude Shannon’s ground-
breaking work on information theory further highlighted the importance of binary operations
in communication and data transmission. Shannon showed how binary digits (bits) could rep-
resent information, leading to advances in coding theory and data compression. Today, binary
operations continue to be crucial in various fields, including cryptography, data structures and
algorithm, digital signal processing, and artificial intelligence. Binary operations form the back-
bone of modern computing systems, enabling the processing, storage, and transmission of vast
amounts of information efficiently. Throughout history, binary operations have evolved from
ancient mathematical concepts to the foundation of modern computing and information the-
ory, and they have become the key notion in the definitions of groups, monoids, semigroups,
rings, and in more algebraic structures studied in abstract algebra. Binary operations have
become essential tools in bounded lattices and its applications, several notions and properties

in [2,5,6,7,8, 12,17, 18, 19, 20]. Furthermore, it is not surprising that binary operations with
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specific properties appear in several types. For instance, aggregation operations on bounded
lattices see [7, 8, 12]. Also other types such as triangular norms and conorms (shortly t-norms
and t-conorms respectively) are special aggregation operators see [2]. Uninorms and nullnorms
are special aggregations and they generalize t-norms and t-conorms since their neutral element
in the bounded lattice [6, 17, 20]. Also, Uni-nullnorms and null-uninorms are introduced by
San et al. [16], which are special classes of 2-uninorms introduced by [1] (wich are comprised
of two uninorms). The importance of this types operations is made apparent by their wide
use not only in pure mathematics (in theories of fuzzy sets and of functional equations, mea-
sure and integration theory ), but also in several applied fields such as operations research,
computer, economic and social sciences as well as in other experimental areas of physics and
natural sciences.

This memory organized on three chapters as follows:
In first chapter, we recall the necessary basic concept and properties of binary relation on a
set, and partially ordered sets. Also we give some examples of binary relations in real life.
In the second chapter, we present the necessary basic concepts and general information on
lattices, algebraic properties of some lattice classes.
In the third chapter, we give some specific binary operations on bounded lattices, and show
their properties and types (aggregation, t-norms, t-conorms, uninorms, nullnorms, and uni-
nullnorms, null-uninorms and we mentioned some applications of binary operation in various

fields.



Chapter 1

Basic concepts on ordered sets

In this chapter, we recall the necessary basic concepts and properties of binary relations on a

set and partially ordered sets. More information on this chapter can be fond in [3, 9, 10, 14, 15]

1.1 Notions of binary relations on a set

In this section, we recall the notion of binary relations on a set and analyze several associated

properties. Also we mentioned some examples of binary relation in real life.

1.1.1 Binary relations on a set and their properties

Definition 1.1. (Sets) [15, 9] A set S is any well-defined collection of objects called elements
or members of the set. We write x € S to denote that x is an element of S. The notation

xr & S denotes that x is not an element of S.

Remark 1.1.

e One way describing a set that has a finite number of elements is by listing the elements of the

set between braces. For example:
(1) The set' V' of all vowels in the English alphabet can be written as V = {a,e,i,0,u}.

(2) The set of all positive integers that are less than 4 can be written as {1,2,3}.



e The order in with the elements of a set are listed is not important for example: (2) can be
written {1,3,2} or {3,2,1} or {3,1,2}or {2,1,3} and {2,3,1}. But the preferred writing is
{1,2,3}.

Definition 1.2. (Cartesian product)[9] If A and B are two nonempty sets, we define the
product between two sets which called the Cartesian product A x B as the set of all ordered pair
(a,b) witha € A and b € B, i.e,

Ax B={(a,b) |ac AND € B}.
In addition, if A = B then A x B denoted A%. For example, R* = R x R.
Example 1.1. [9] Let A ={1,2,3} and B = {x,y}, then

Ax B ={(L2),(1,y),(2,2),(2y),(3,7),(3,9)}

and
B xA={(z1),(z,2),(z,3),(y. 1), (¥,2), (y,3) }.

In this example, we have A X B # B x A then we conclude that the Cartesian product of sets

does not necessarily commutative.

Theorem 1.1. [9] For any two finite nonempty sets A and B, | Ax B |=| A| x | B |, such
that | A | is the number of the elements of A, called cardinal of A.

Definition 1.3. (Binary relations) Let A and B be a nonempty sets, a binary relation R
from A to B is a subset of the Cartesian product A x B. If R C A X B and (a,b) € R, we
say that a is related to b by R and we can write a R b. If a is not related to b by R, we write
a MRDb. Frequently, if A and B are equal, in this case we often say that R C A x A is a binary
relation on A, instead of a binary relation from A to A.

Example 1.2. Let A ={1,2,3} and B = {x,y} be two finite sets, so R = {(1,z),(2,y),(3,z)}
is a binary relation from A to B. The fact that (1,z) € R, we can write 1 R x and we say that

1 1s related to x by the binary relation R.

Example 1.3. We define on A = {1,2,3,4} the following binary relation R (les then) on A

aRb if and only if a < .
Then
Rk ={(1,2),(1,3),(1,4),(2,3),(2,4),(3,4)}.
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Properties of relations:

Let R be a relation on S, we say that:
1. Ris reflexive if Vo € S : xRx;
2. R isirreflexive if Vr € S : x Rux;
3. R is symmetric if Vz,y € S : xRy = yRx;
4. R is asymmetric if Vo, y € S : xRy = x Ry;
5. R is antisymmetric if Vz,y € S: e Ry NyRx = x = y;
6. R is transitive if Vx,y,2 € S : xRy NyRz = zRz.
Example 1.4. Let S = {1,2,3,4}, consider the following binary relations on S:
o 1y ={(1,1),(1,2),(2,1),(2,2),(3,4), (4 1), (4,4)} ;
o I, ={(1,1),(1,2),(2,1)};

o Ry = {(17 1)7 (172)7 (1a4)’ (27 1)7 (272>a (3’3)7 (47 1)7 (4a4)};

Ry, = {(27 1)7 (37 1)7 (37 2)? (47 1)7 (47 2)? (47 3)};

Rs = {(17 1)7 (17 2)7 (L 3)’ (17 4)7 (27 2>a (2’ 3)7 (27 4)7 (3a 3)) (37 4)7 (47 4>};

o Rg={(3,4)}.
We can see that:
1. Ry is not reflexive, not irreflexive, not symmitric, not asymmetric and not antisymmetric;
2. Ry is symmetric;
3. Rs is reflexive and symmetric;
4. Ry is irreflexive, antisymmetric and transitive;
5. Rs is reflexive, antisymmetric and transitive;

6. Rg is wrreflezive, asymtric and transitive.

3



1.1.2 Representation of binary relations
Representing relations using matrices:

Definition 1.4. [15] A binary relation between two finite sets can be represented using a zero-
one matriz. Suppose that R is a binary relation from A = {ay,as, ..., am} to B = {by,bs, ..., b, }.

The relation R can be represented by the matriz Mpr = [my;], where

1 if(aib;) € R

ml-j =

In other words, the zero-one matriz representing R has a 1 as its (i,7) entry when a; is

related to b;, and a 0 in this position if a; is not related to b;.

Example 1.5. The following matrices are the associated matrices of the relations Ry, Ry, R3, Ry, Rs

and Rg given in Example 1.4:

11 0 0 1 1 0 0 1 1 0 1

1 1 0 0 1 0 0 0 1 1 0 0
MR1 - ) MR2 - ’ MR3 - ’

0 0 0 1 0 0 0 0 0 0 1 0

1 0 0 1 0 0 0 0 1 0 0 1

0 0 0 0 1 1 1 1 0 0 0 0

1 0 0 0 0 1 1 1 0 0 0 0
MR4 - ) MRs - ’ MR6 =

1 1 0 0 0 0 1 1 0 0 0 1

1 1 10 0 0 0 1 0 0 0 0

Representing relations using digraphs:

Definition 1.5. [9] If S is a finite set and R is a binary relation on S, we can also represent
R pictorially as follows. Draw a small circle for each element of S and label the circle with
the corresponding element of S. These circles are called vertexes. Draw an arrow, called an
edge, form vertex s; to vertex s; if and only if s;Rs;. The resulting pictorial representation of
R is called a directed graph or digraph of R. Thus, if R is a binary relation on S, the edges
in the digraph of R correspond exactly to the pair in R, and the vertexes correspond exactly

to the elements of the set S. Sometimes, when we want to emphasize the geometric nature of



some property of R, we may refer to the pairs of R themselves as edges and the elements S as

vertexes.
Example 1.6. Let S = {1,2,3,4} be a finite set and R be a binary relation on S such that
R={(1,1),(1,2),(2,1),(2,2),(2,3),(2,4),(3,4), (4, 1) }.

The digraph of R is shown in following figure

Figure 1.1: The directed graph of a binary relation.

Representing relations using cartesian plane graph:

Definition 1.6. to represent a binary relation graphically, we can plot the ordered pairs of
the relation as points on a coordinate plane, for example: Let A = {a,b,c,d,e} and B =

{1,2,3,4,5,6}, the relation R between sets A and B such that

R ={(a,3),(a,5), (b,1),(c,6),(d, 1), (d, 2), (d,5), (d, 6)},

we can visualize the relation R by the cartesian plane as follows:

BA

i ST VE R R |

]

l

)

a b ¢ d e

Figure 1.2



1.1.3 Real life examples of binary relations
Binary relation of siblings from the same parents:

For us, this relation is defined by the fact that the elements (individuals) =,y and z have the
same parents A, B (see Figure 1.5). We will now examine the properties:

Reflexivity: (xRz) in practice for us this property means "to be our own sibling”. Of course,
this is not the case, so the relation is not reflexive. At the same time, we can say that this
assumption never applies, and therefore the relation is antireflexive.

Symmetry: (xrRy = yRx) if individual x is a sibling of y, then individual y is a sibling of z.
This assumption holds true, which also leads us to the fact that the session is symmetric.
Transitivity: (zRy A yRz = zRz) So if z is a sibling of y and at the same time y is a
sibling of z, then it must hold that x is a sibling of z. therefore, we can say that this relation
is also transitive. So, in this case we got a relation that is antireflexive, symmetric and

transitive.

@v in relationship
‘ descendant
é) ® é)

Figure 1.3

Public transport:

Under the term public transport, we therefore imagine a system of public passenger transport
lines. In the Pilsen region, there would be 3 tram lines, 9 trolleybus lines, 27 bus lines and
9-night lines. This system then uses exactly 312 stops spread throughout the city and in its
suburban areas. A relation defined by the term ”able to transfer from line z to line 3”. Let us
now determine the properties of this session.

Reflexivity: (xRz) so we are interested if we go some line x, then we can change to the same

line z at some stop. Of course, as soon as we get off at a stop on line x, we can definitely get



on the same line again at the same place (either if we got out of the car just to let the other
passengers out, or if we want to wait for the next flight). For example, if we take line 12 and
get off at the Mikulasska stop. We can take line 12 again at the same stop. The session is
therefore reflexive.

Symmetry: (zRy = yRx) in our case, the principle is that if we can change from line z to
line y, then we can also change from line y to line z at the same place. So as soon as line x
stops at a stop where another line y stops, we can switch between them at will. There are 183
such stops where more than one line stops. So, for example, if we took tram line 4 and got off
at the pod Zahorskem stop, we could change to tram line 1 and we could also change from line
1 to line 4 at the Pod Zahorskem stop. The relation is therefore symmetric.

Transitivity: (xrRy A yRz = xRz) we are interested in whether we can change from line x
to line y and from line y to line z, if we can also switch from line x to line z. We refute this
assumption if, for example, we choose bus line 32 for z, trolleybus line 16 for y and tram line 2
for z. We can change from line 32 to line 16 at two stops (U Luny and U Teplarny). From line
16 we can then change to tram 2 at the Hlavni nardrazi stop, but from line 32 we can never
change directly to tram 2. The session is therefore not transitive. The relation is therefore
reflexive, symmetric but not transitive.

Note this relation could be transitive if, for example, the predicate was ”able to transfer from
line z to line y at the same stop”. In that case, all three elements would have to stop at the
same stop and the session would be transitive. In this case, the relation would also be an
equivalence relation. There are 123 such stops (including night lines) in Pilsen, where more

than three lines stop.

Binary relation of game rock scissors paper:

The first game that demonstrates a binary relation is the old classic game "Rock, scissors,
paper”. It is a game for two or more players. The history of this game can be traced back to
the 19th century in Japan. This game works on the principle of elimination. Players will show
one of the symbols in sync with the countdown (stone - clenched fist, scissors - close hand with
two raised fingers (index finger, middle finger), paper - open palm (see Figure 2). The rules are

as follows: the stone reloads the scissors (blunts them), the scissors reload the paper (cuts it),



and the paper reloads the stone (wraps it). One round beat, so the whole round is canceled,

and all players remain playing.

SCissors .

Figure 1.4

Now let’s see what properties this binary relation has (z overrides y).

Reflexivity: (zRz) Antisymetry: (rRy A yRx = x = y) that is, the relation is symmetric
only when the elements  and y are equal. But right part of this implication cannot happen.
From the logic functions we know, that 0 (cannot happen) implicates 1 (true), which in the
and means that this relation is antisymetric.

Transitivity: (xRy A yRz = xRz) if x overloads y and at the same time y overloads z, then
it follows that x overloads z. As we mentioned, it is one-way circle, and therefore this property
is also invalid. For example, paper overwhelms stone and stone overwhelms scissors, but paper
does not overwhelm scissors. As a result, the ”stone, scissors, paper” relation is a relation that

is antireflexive, antisymmetric and not transitive.

1.2 Partially ordred sets

Definition 1.7. [3] Let P be a set. An order (or partial order) on P is a binary relation

< on P such that, Vx,y,z € P 1is:
1. reflexive (Vx € S :x < x);
2. antisymmetric Vr,y € S:x <yAy<z =z =1y);

3. transitive Vz,y,z € S:x <yANy<z=— x < 2).



A set P equipped with an order relation < is said to be an ordered set (or partially ordered

set), denoted by (P,<). Some authors use the shorthand poset.

Example 1.7. In Example 1.4, we can see that Rs is reflexive, antisymmetric and transitive,

so0 it is an order on the set S and (S, Rs) is a poset.

Example 1.8. Let ZT be the set of positive integers, the usual relation < (less than or equal

to) is an order on Z*. So (Z*,<) is a poset.

Example 1.9. The divisibility relation | is an order on the set of positive integers, because it

is reflexive, antisymmetric and transitive. Then we have that (Z*,|) is a poset.

Example 1.10. We show that the inclusion relation C is an order on the power set of a set S,
because A C A whenever A is a subset of S, thus C is reflexive. It is antisymmetric because if
AC B and B C A, then A = B. Finally, C is transitive, because AC BAB CC = ACC.
Hence, (P(S),C) is a poset.

Definition 1.8 (Hasse diagram). [10] A finite poset (P, <) can be graphically represented by
a Hasse diagram. The elements of P are represented as points in the plane and if a < b with
a # b (in which case we write a < b), we draw b higher up than a, and connect a and b with

line segment.

Example 1.11. The Hasse diagram of the poset (P({a,b,c}), C) is shown in the bellow figure
1.5, where P(S) denoted the power set of S, i.e., the set of all subset of S.

1.2.1 Particular elements of ordered sets

Definition 1.9. Let (P;<) be a poset and A be a subset of P. An element xo € P is called
a lower bound of A if xy < x, for any x € P. xy is called the greatest lower bound (or the
infimum) of A if xo is a lower bound of A and m < xq, for any lower bound m of A. Upper

bound and least upper bound (or the supremum) are defined dually.

Example 1.12. Let (P({a,b,c}), <) be the poset given in Example 1.11. So the greatest lower

bound of this poset is the subset {a,b,c} and & is its least upper bound.

Definition 1.10. A poset (P, <) is called bounded, if it has a least and a greatest element
respectively denoted by 0 and 1, i.e., 0 < x < 1, for any x € P. Usually, the notation

(P,<,0,1) is used to describe a bounded poset.
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Figure 1.5: The Hasse diagram of (P(a,b,c), Q).

Example 1.13. Let (P({a,b,c}),C) be the poset given in Example 1.11, this poset has &
as the least element and {a,b,c} as the greatest element. Indeed, & contained in all the ele-
ments of P({a,b,c}), and any element of P({a,b,c}) contained in {a,b,c}. Thus the structure
(P({a,b,c}),C,2,{a,b,c}) is a bounded poset.

1.2.2 Morphisms of ordered sets

Definition 1.11. Let (P, <1), (P, <2) be posets and f : P, — P, be a map between Py
and Py. The map f is called an order-preserving (order-morphism) form Py to Py if for any
T,y € P1 N

r<1y = fz) <o fy).

Example 1.14. Let (P, = {1,2,3,6},<) and (P, = {@,{a},{b},{a,b}},<s) be two posets

”

such that <y is the divisibility order ” | 7 and <5 is the inclusion order” C 7. Their Hasse

diagrams are showen in the Figure 3.1. Let f : P, — P5 be a mapping defined by the following
table:

T 1 2 3 6
fx) | @ | {a} | {b} | {a,b}

Thus, it is not difficult to see that f is an order-isomorphism (order-morphism and bejective).
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Chapter 2

Lattices

In this chapter, we recall necessary concepts and generalites on lattices and algebraic properties

of some lattice classes. Further information on lattices can be found in [3, 9, 10, 14]

2.1 Generalities on Lattices

In this section, we give the notion of a lattice, ideal and filter in lattices, sub-lattices and

lattice-morphisms.

2.1.1 Algebraic Structures of Lattices

Definition 2.1 (meet-semilattice). [14] A poset (P, <) is said to be a meet-semilattice, if
for any pair of elements x and y of P, the greatest lower bound (infimum) of x and y ezists in

P and denoted x N y.

Example 2.1. Let (P = {a,b,c,d},<) be a finite poset represented by its following Hasse

diagram.

12



This poset is a meet-semilattice, because the infimum x Ay s exist in P, for any x,y € P.

Definition 2.2 (join-semilattice). [14] A poset (P, <,) is said to be a join-semilattice if for
any pair of elements x and y of P, the least upper bound (supermum) of x and y ezists and

denoted x \V y.

Example 2.2. Let (P = {a,b,c,d},<) be a finite poset represented by its following Hasse

diagram.

This poset is a join-semilattice, because the supermum x V y is exist in P, for any x,y € P.

Example 2.3. Let (P, = {{1,2},{1,2,3},{1,2,4}, C) and (P, = {{1}. {2}, {1,2.3},{1,2,4},C
) be two posts orders by the inclusion order and given by the Hasse diagrams in Figure 2.1. One
can easily verify that (Py, C) is meet-semilattice but (Pp, C) is not. Indeed, the two elements

{1} and {2} have not an infimum in Py with respect to the inclusion order.

Definition 2.3 (lattice structure). [14] A poset (P, <) is said to be a lattice if it is a join
and meet-semilattice, i.e., for any pair of elements x and y of P, the greatest lower bound

(infimum) x Ay and the least upper bound (supermum) x NV y of x and y exist.

13



{1,2,3} {1,2,4}

{1,2.3} {1.2,4} >5{

{1,2}
{1} {2}
Py P

Figure 2.1: The Hasse diagram of P; and P.

Corollary 2.1 (lattice structure). A lattice structure is a poset (P, <) in with every subset
{z,y} consisting of two elements x and y has a least upper bound denoted =V y and a greatest

lower bound denoted x N y. Usually, the structure (P,<,\,V) is used to describe a lattice.

Example 2.4. 1) The poset (N, <) ordered by the usual order is a lattice, where x Ny =

min(x,y) and xVy = max(z,y), for any x,y € N.

2) The poset (N*,|) ordered by the divisibility order is a lattice, where x Ny = ged(z,y) and
rVy=lem(x,y), for any x,y € N*.

3) Let (P(E); Q) be the poset of all parts of the set E. This poset forms a lattice. Indeed,
for all A, B € P(E), we have ANB=ANB and AV B=AUB.

The empty set is the smallest element of P(E) and the set E is the greatest element of
P(E).

4) Let P = ({a,b,c,d,e, f,g}, <) be the poset given by the bellow Hasse diagram. This poset

has the structure of a lattice.

14



Theorem 2.1. [10] Let (L,<,A,V) be a lattice. The operations A and V have the following

algebraic properties:

e Idempotence:

sVr=xand x Nz = x.

e The commutativity:

xVy=yVzandrxANy=yAz.

e Associativity:

zV(yVz)=(@xVy)VzandxzANyAz)=(xAy) Az

e Absorption lows:

zV(xAy)=xzandxz A (xVy)=ux.

Proof. e Idempotence: x A x = inf{z,z} =z and 2 Vo = sup{z,z} = x.

Then zANx=x=2z2Vx.

e The commutativity:
z ANy =inf{z,y} =inf{y,x} =y Az and
zVy = sup{z,y} = sup{y, 2} =y vVa.

e Associativity:

We have to prove: z V (yVz) = (zVy)Vz.

Suppose that T =2V (yVz)sox <TandyVz<T,thenx <T,y <Tand 2 < T,
ie,zVy<Tandz<T.soT isan upper bound of {(z V y), z}.

Let M an upper bound of {(x Vy),z},s0 (xVy) < M and 2 < M. Then z < M,y < M
and z < M. Thus z < M and (y V z) < M. Hence, M is an upper bound of {z, (y V 2)}.
The fact that 7" is the smallest upper bound of {z, (yV z)} implies that 7" < M. Then T is
the smallest upper bound of {(zVy), z}. SoT = (xVy)Vz, therefore 2V (yVz) = (xVy)Vz.

In similar way, we prove that z A (y A z) = (x Ay) A z.

e Absorption lows:
we prove that: z A (z Vy) = .
Obvious that z A (z V y) < x because z A (z V y) is a lower bound of {z, (z Vy)}. Also,
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r<zandx < xVy, soxis alower bound of {z, (zVy)}. Since z A (zVy) is the greatest
lower bound of {z, (x Vy)}. Then x <z A (2 Vy). Thus z A (x Vy) = x. In similar way,

we prove that z V (z Ay) = .
0

Definition 2.4. [10] An algabraic lattice (L, A\, V) is a set L equipped with two binary operations
A (meet) and V (join) which satisfy the following laws for all x,y,z € L:

Commutative law:

1) xANy=yAxandxVy=yVzx

Associative law:

2) xN(yANz)=(xANy)ANzandzxzV (yVz)=(xVy)Vz.

Absorption law:

3) xAN(yVz)=xand (xVy)Az=uzx.

Idempotent law:
4) ANz =z andxVx=zx.

In this case, the unique ordered relation with respect to those binary operations ”A” and

"V on L is defined as

r<yifanonlyifx Ay=zifanonlyifxVy=y.

2.1.2 1Ideals and filters of lattices

Definition 2.5 (Filters). [3] Let (L, <, A\, V) be a lattice. We call a filter of L any non-empty

subset F' of L verifying:
1. Ifr € F andx <y, theny € F;
2. Ifre Fandy € F, thenx ANy € F.

Definition 2.6 (Ideals). [3] Let (L,<,A\,V) be a lattice. We call an ideal of L any non-empty

subset I of L verifying:
1. Ifvrel andy <z, theny € I;
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2. Ifrel andyel, thenxVy€l.

Remark 2.1. An ideal or filter is called proper if it does not coincide with L. It is a very
easy to show that an ideal I of a lattice with 1 is proper if and only if 1 ¢ I. Dually, a filter F
of a lattice with 0 is proper if and only if 0 ¢ F.

Definition 2.7. For each a € L:

1. the set L a = {x € L |z < a} is an ideal, it is known as the principal ideal generated

by a,

2. the set T a={x € L|a <z} isa filter, it is known as the principal filter generated by

a.
Remark 2.2. [3] In a finite lattice, all its ideals and filters are principals.

Example 2.5. Let (D(6), |, ged, lem) be the lattice of the positive divisors of 6 ordered by the
divisibility order. Then it holds that

e The principal filter generated by 3 is F3 = {3,6}.

e The principal ideal generated by 3 is I3 = {1,3}.
6

Example 2.6. Let (D(30), [, ged, lem) be the lattice of the positive divisors of 30 ordered by the

divisibility order, and represented by the Hasse diagram in Figure.
1. Let Iy = {2,6,10,30} and F, = {2,10,30} be to subsets of D(30). Then it holds that
e Fy is a filter of D(30).
e Fy is not a filter of D(30). Indeed, 2 € Fy and 2 | 6, but 6 ¢ Fy.
2. Let I = {1,3,5,15} and Iy = {5,10,15,30} be two subsets of D(30). Then it holds that
o [, ={1,3,5,15} is an ideal of (30).
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o [, = {5,10,15,30} is not ideal of (30). Indeed, we have 10 € I and 2 | 10, but
2¢ Iy

Figure 2.2: The Hasse diagram of D(30).

Definition 2.8 (maximal filters). [1// Let (L,<,A,V) be a lattice. A proper filter F' of L
(i.e., ' G L) is said to be maximal (or ultra filter) if for any proper filter F' of L, it has F C F’

implies F' = F.

Definition 2.9 (maximal ideals). [14] Let (L, <,A,V) be a lattice. A proper ideal I of L
(i.e., I & L) is said to be mazximal if for any proper ideal I' of L, it has I C I' implies I' = 1.

Example 2.7. Let D(30) = {1,2,3,5,6,10,15,30} be the lattice given in Ezample 2.6. Then

D(30) has three mazimal filters and three mazimal ideals are:

o I ={z e D(30):2]|z}={26,10,30};

Fy={z € D(30):3]|z}={3,6,15,30};

Fs = {z € D(30):5 | z} = {5,10, 15,30}

Is={2x € D(30): 2|6} ={1,2,3,6};

Iy = {SL’ S D(30) T ‘ 10} = {1,2,5, 10},
] [15 = {.Z' < D(30) . ‘ 15} = {1,3,5, 15}

Definition 2.10. [10] Let (L,<,A\,V,0) be a lattice with a smallest element 0. An element

a € L s called atom if it covers 0, i.e., if 0 < b < a implies b= a, for any b € L.
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Example 2.8. Let L = {0,a,b,c,1} be the lattice given by the bellow Hasse diagram. This

lattice has three atoms are a,b and c.

Theorem 2.2. Let (L, <, A\, V) be a lattice and o € L be an atom. Then the principal filter F,

generated by o 1s maximal.

Proof. Let a be an atom of L and F, be the principal filter generated by a. We would like to
prove that the filter F,, is maximal. Let F' be a filter of L such that F,, & F. Then there exists
f € F and § ¢ F,. So we have two possible cases are § < a implies 5 =0, so F'= L or (3 is
also an atom, then o« A 8 =0 € F. Thus F' = L. Therefore, F, is maximal. O

Definition 2.11 (Prime filters). [14] A proper filter F' of a lattice (L, <,A,V) is said to be

prime if:
aVbeF impliesaec F orbeF, for any a,b € L.

Definition 2.12 (Prime ideals). [14] A proper ideal I of a lattice (L, <,A\,V) is said to be

prime if:
aNbel mmpliesael orbel, for any a,b € L.

Example 2.9. Let F3 = {3,6,15,30} and Fi5 = {15,30} be two filters of D(30). Let I 5 =
{1,3,5,15} and Iy = {1,2} be two ideals of D(30). Then it holds that:

e F3 is a prime filter of D(30);

e Fi5 is not a prime filter of D(30). Indeed, 3V 5 = lem(3,5) = 15 € Fis5, but 3 ¢ Fi5 and
5 ¢ F157'

e 15 is a prime ideal of D(30);

e 5 is not a prime ideal of D(30). Because 6 A 10 = ged(6,10) = 2 € I, but 6 ¢ Iy and
10 ¢ IQ,'
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Proposition 2.1 (Characterization of ultrafilter). [13]
Let (L, <, A, V) be a lattice with a smallest element 0 and F be a proper filter of L. Then the

following two assertions are equivalent:
1. F is an ultra filter.
2. For all x ¢ F, there exists y € F such that z Ny = 0.

Proof. e For the direct implication assume that F'is an ultra filter of L. Suppose that there
exists « ¢ I such that for all y € Fyz Ay # 0.
Let G = FU{z} and ay,...,a, be elements of F. We put a = x A a; A ... A a,. Then
a=xzANywithy=a; A...Na, € F. Thus a ¢ F. By assuming a proper filter F; we

have I ¢ GG C F which contradicts the maximization of F.

e Conversely, we suppose that F' is not an ultra filter and for all x ¢ F', there exists y € F’
such that Ay = 0. Then there exists F’ a proper filter of L such that F' ¢ F’. Hence
there exists x € F" and x ¢ F. Therefore there exists y € F' such that x Ay = 0 with = and
y belong to F'. Thus 0 € F' which contradicts the fact that F' is proper. Consequently,

F' is maximal.

Proposition 2.2 (Characterization of maximal ideals). [15/
Let (L, <,A,V) be a lattice with a greatest element 1 and I be a proper ideal of L. Then the

following two assertions are equivalent:
1. I is a mazimal ideal.

2. Forall x ¢ 1, there exists y € I such that xVy = 1.

2.1.3 Sub-lattices and lattice morphisms

Definition 2.13 (Sublattices). [14] A sublattice of a lattice L is a subset S such that x Ay

and xV y are in S for all x,y € S.

Example 2.10. Let L = {1,2,3,6,12} be the lattice given by the Hasse diagram in the above
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figure ordered by the divisibility order.

12

Let S; ={1,2,3,6} and Sy = {1,2,3,12} be two subsets of L. Then Sy is a sublattice of L, but
Sy is not. Because 2,3 € Sy and 2V 3 =6 ¢ Ss.

Definition 2.14 (lattice morphisms). [14] Let (L, <i,A1,V1) and (L, <o, N2, Va) be two

lattices. A mapping f : L1 — Lo verifies the two conditions

flanyb) = f(a) Aa f(b) and f(aV1b) = f(a) Vs f(b), for any a,b € L4

1$ called a lattice morphism.

Example 2.11. [}] Let Dg = {1,2,3,6} and D3y = {1,2,3,5,6,10,15,30} be two lattices
defined by ordered by the divisibility order, and f : Dg — Dsg be a mapping defined in the
following table.

x |1)2|3] 6
fa) | 1] 2] 5] 10

The mapping f is a lattice-morphism. Indeed, let v,y € L, we have:
(1) if (x,y) = (1,1),then
fAAND) =f(OAf(I)=1A1=1and f(1V]1)=f(1)Vf(l)=1Vvi=1
(2) if (x,y) = (1,2), then
FAA2) =f(1)=1=Ff)AF(2)=1A2and fF(1V2) = f(2) =2 = F(1)V f(2) = 1V2;

(3) if (x,y) = (1,3), then
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FAA3)=f1)=1=f)AFB)=1A5and f(1V3)=f(3)=5=f(1)V f(3) =1V5;
(4) if (x,y) = (1,6), then

FAAG) =f(1)=1=f(1)A f(6) =1A10 and
FLVE) = f(6) =10 = f(1) v £(6) = 1V 10;

(5) if (z,y) = (2,2), then
fRA2)=f(2)=2=f2)ANf(2)=2A 2and f(2V2)=f(2)=2=f(2)V f(2)=2V2;
(6) if (x,y) = (2,3), then

FEA3) = f1)=1=Ff2)AF(3) =2A5 and
f2v2)=f(6)=10=f(2)V f(3) =2V5;

(7) if (x,y) = (2,6), then

F@AG)=f(2)=2=f(2)A f(6)=2A10=2 and
F2V6) = f(6) =10 = f(2) V f(6) = 2V 10;

(8) if (z,y) = (3,3), then

F3A3)=f(3)=5=fB3)Af(3) =5A5=5 and
fBV3)=f(3)=5=f3)Vf3)=5V5;

(9) if (z,y) = (3,6), then
f(3A6)=f(3)=5=f(3)Af(6)=5A10=5 and

F(3V6) = f(6)=10= f(3) v f(6) =5V 10.

2.2 Algebraic properties of some classes of lattices

In this section, we recall some algebraic properties of some lattice classes as distributive, mod-

ular and bounded lattices.
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2.2.1 Distributive lattices

Definition 2.15. [14] A lattice (L, A, V) is distributive if one of the two equivalent conditions

18 satisfied, for any x,y,z € L:

(D) x A (yVz)=(xAy)V(xAz).
(D2) NV (yANz)=(xVy A(zV2).

Example 2.12. 1) The lattice (N, <) ordered by the usual order is distributive.
2) The lattice (N*,|) ordered by the divisibility order is distributive.
3) Let (P(E); Q) be the lattice of all parts of the set E. This lattice is distributive.

4) Let (L ={0,a,c,1},<,A,V) be a lattice. Then L is distributive.

1

Example 2.13. Here we give examples of non-distributive lattices.

1. Let (M3 ={0,a,b,¢c,1},<, A, V) be the diamond lattice, then L is not distributive. Indeed,
aN(bVe)=aNl=a, but (aAb)V(aNc)=0V0=0. SoaA(bVec)# (aNb)V(aNc).

2. Let (N5 = {0,a,b,¢,1}, <, A, V) be the pentagon lattice is also not distributive, because
bA(aVe)=bAN1=band (bAa)V (bAc)=aVO0=a. ThenbA(aVc)# (bAa)V(bAc).
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Remark 2.3. Here, we show that the two conditions (D1) and (D2) are equivalent. Indeed,

suppose that (D2) is verified and we prove that (D1) is also verified. We can write:

(xVy)AN(xzVvz)=(xzVy) Az)V((zVy)Az)
=z V ((zVy)Az) (absorption laws)
=zV(zA2)V(yAz)

=z V (yAz) (absorption laws).

The reciprocal, suppose that (2) holds, we can write:

AV (@A) = (@A) V) A (£ ARV 2)
=z A (zV(xAy)) (absorption law)
=xzA(zVz)A(zVy)

=z A(yVz) (absorption law).
Theorem 2.3. [3] Let (L, A, V) be a lattice and a,b,c be three elements of L. Then
(i) an(bVe)=(aNb)V(aNc);
(i) aV (bAc) < (aVDb)A(aVec);
(#i) a = c impliesa N\ (bV c) = (a Ab) V ¢;
(iv) (aNb)V (bAc)V(cANa)<(aVO)ADVe)A(cVa).

Theorem 2.4. [3] Let (L, \,V) be a lattice. Then L is distributive if and only if it has not a

copy of one of the two sub-lattices M3 or Ns.
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Theorem 2.5. [3] Let (L,<,A\,V) be a distributive lattice with a greatest element 1. Then
every maximal ideal in L is prime. Dually, in a distributive lattice with smallest element 0

every ultrafilter is prime.

Proof. Let I be a maximal ideal in L and a,b € L. Assume a Ab € I and a ¢ I. Then we
require b € I. Define I’ = {aV z | x € L}. Thus I’ is an ideal containing a, i.e., a = a V 1.
because [is maximal, we have I, = L. In particular 1 € I So 1 = a V d for some d € I. Then

I>(anb)vd=(aVd)AN(DbVd) =bVd. Sineb< bV dwehaveb € I. O

2.2.2 Modular lattices

Definition 2.16. [1/] A lattice (L, A\, V) is said to be modular if for all x,y,z € L:
r < z implieszV (y A z) = (xVy)Az.

(Note for any lattice, if x < z, then x V (y A z) < (zVy)Az)).

Theorem 2.6. [1/] Every distributive lattice is modular.

Proof. Let (L, <, A\, V) be a distributive lattice and a, b, ¢ € L such that a < ¢, we have aVe = c.
Then
aV(bAc)=(aVb)A(aVec)=(aVb)Ac.

Hence L is modular. O

Example 2.14. (1) Let N5 = {1,2,4,5,20} be the pentagon lattice ordered by the divisibility
order. The fact that 2 <4 but 2V (5A4) =2V 1=2and (2V5)AN4=20N4=4. Then
2V (5A4)#(2V5)AN4. Thus, N5 is not modular.

20
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(2) Let (M3 = {0,by,b9,b3,1}, <, A, V) be the diamond lattice. Then L is not distributive but
1t is modular. Indeed, let a = 0,c = by
Then aV (bAc) =0V (bAb) =bAb
and (aVb)ANe=(0Vb)ANby =bAb
Leta=0by,c =1, thenaV (bAc) = bV (bADL) = by Vb and (aVb)ANc = (by VD) Ac = by VD.

Theorem 2.7. [3] Let (L, A\, V) be a lattice. Then L is modular if and only if it has not a copy

of the pentagon sub-lattice N.

Definition 2.17. [10] A lattice (L, <, A, V) is called bounded if it has a smallest element 0 and

a greatest element 1, i.e., 0 < x <1, forallz € L.
Theorem 2.8. Any finite lattice is bounded.

Proof. Let (L, <, A, V) be a finite bounded lattice, then L = {x1,xs, -+, z,}. Thus, 1 A zo A

-+ A, is the smallest element of L and xy V x5V --- V x,, is the greatest element of L. O
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Chapter 3

Binary operations on bounded lattices

In this chapter, we present some properties of a given binary operation on a lattice. Impor-
tantly, aggregation operations, triangular norms and conorms, uninorms and nullnorms then
uni-nullnorms and null-uninorms on bounded lattices. We finish this chapter by providing some

applications of binary operations in various fields. Additional basic concepts can be fond in

18, 19, 2, 17, 20, 6, 5, 8, 7, 12].

3.1 Definitions and properties

In this section, we present some basic definitions and properties of binary operations on bounded

lattices. More information, we refer to [18, 19].

Definition 3.1. [18] A binary operation on a non-empty set X is any function from the Carte-
sian product X x X into X, i.e., F : X?> = X. A binary operation F' on X is called:

(1) commutative, if F(x,y) = F(y,z), for any z,y € X;
(2) associative, if F(x, F(y,z)) = F(F(z,y),z), for any x,y,z € X;
An element e € X is called:

(i) a left-neutral (resp. right-neutral) element of F, if F(e,x) = x (resp. F(x,e) = x), for

any x € X;

(7i) a neutral element of F', if it is left- and right-neutral element, i.e., F(e,x) = F(x,e) =z,

for any x € X;
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(7ii) a left- (resp. right-) absorbing element of I, if F(e,x) = e (resp. F(x,e) = e), for any
r e X;

(iv) an absorbing element of F, if it is left- and right-absorbing element, i.e., F(e,x) =
F(x,e) =e, for any v € X.

Example 3.1. [18] On the set of real numbers R, the binary operations of addition (+) and
multiplication (X) are commutative and associative. Where, 0 is the neural element of (+) and
1 is the neural element of (x). Also, 0 is the absorbing element of (x). But (4+) has not an

absorbing element.

Definition 3.2. [18] Let (L, <, A, V) be a lattice and F' be a binary operation on L. F is called:
(1) idempotent, if F(x,z) = x, for any x € L;
(2) congunctive (resp. disjunctive), if F(z,y) < xAy (resp. aVy < F(z,y)), for anyx,y € L;

(3) left-increasing (resp. right-increasing), if v <y, implies F(x,z) < F(y, z) (resp. F(z,x) <
F(Z7 y))’ for any x? y’ z E L;

(4) increasing, if v1 < xo and yy < yp imply F(x1,y1) < F(22,92), for any x1,y1, 22,92 € L.

We note that F is increasing if and only if it is left- and right-increasing. Also, if F is com-

mutative, then F is left-increasing if and only if F' is right-increasing.

Example 3.2. [18] Let (L, <,A,V) be a lattice. The meet (N) and the join (V) operations of

L are idempotent and increasing. Moreover, N\ is conjunctive and \V s disjunctive.

Proposition 3.1. [19] (Uniqueness) Let (L, <,A,V) be a lattice and F be a conjunctive or
a disjunctive binary operation on L. If F has a left- (resp. right-) neutral element e € L, then

e 1S unique.

Proof. Let ej,es € L be two left- (resp. right-) neutral elements of F' . Here, we discuss the

following two possible cases:

(i) if F' is conjunctive, then it holds that ey = F(ej,e2) < e and e; = F(eg,e1) < e

(resp.es = Fl(eg,e1) < ey and ey = F(eq,e3) < e3). Hence, ey = es.
(i) if F' is disjunctive, the proof is analogous to that of (i)
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]

Proposition 3.2. [19] Let (L, <,A,V,0,1) be a bounded lattice and F be a binary operation

on L.
(i) If F is conjunctive and has a left- or a right-neutral element e € L, then e = 1;
(ii) If F is disjunctive and has a left- or a right-neutral element e € L, then e = 0.

Proof. (i) Suppose that F' has a left- (resp. a right-) neutral element e € L. Since F' is

conjunctive, we get 1 = F(e,1) < e(resp.1 = F(1,e) < e). Hence, e = 1.

(ii) The proof is a similar to that of (i).

In view of Proposition 3.2, we obtain the following corollary.

Corollary 3.1. [19] Let (L,<,A,V) be a lattice and F be a binary operation on L. If (L, <
, A\, V) has not a greatest (resp. least) element and F is conjunctive (resp. disjunctive), then F

has not a left- and a right-neutral element.

The following result characterizes the conjunction and the disjunction properties of a binary

operation on a bounded lattice in terms of its neutral element.

Proposition 3.3. [19] Let (L, <, A, V,0,1) be a bounded lattice and F be a binary operation on

L. If F is increasing and having a neutral element e € L, then the following statements hold:
(i) F is conjunctive if and only if e = 1;
(ii) F is disjunctive if and only if e = 0.

Proof. (i) Proposition 3.2 guarantees that if F' is conjunctive, then e = 1. Conversely,
suppose that e = 1. Let x,y € L, then x < e and y < e. Since F' is increasing, it follows
that F(z,y) < F(z,e) =z and F(z,y) < F(e,y) = y. Hence, F(z,y) < x Ay. Thus, F

is conjunctive.

(ii) The proof is a similar to that of (i)
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The following propositions list some conditions for the existence and the uniqueness of a

left- (resp. right-) neutral element of a binary operation on a lattice.

Proposition 3.4. (Existence and uniqueness)[19] Let (L,<,A\,V,1) be a lattice with a
greatest element 1 € L and F be a binary operation on L. If F is idempotent, conjunctive
and left-increasing (resp. right-increasing), then 1 is the unique left-neutral (resp. the unique

right-neutral) element of F.

Proof. Since F' is idempotent, conjunctive and left-increasing (resp. right increasing), we have
r=F(x,z) < F(1,z2) <z (resp. = F(z,x) < F(z,1) < x), for any x € L. This implies that
F(l,z) = z (resp.F(z,1) = x), for any # € L. Hence, 1 is a left-neutral (resp. right-neutral)
element of F' . Moreover, since F' is conjunctive, it holds from Proposition 3.1 that 1 is the

unique left-neutral (resp. the unique right-neutral) element of F . ]
Dually, we get the following proposition.

Proposition 3.5. (Existence and uniqueness)[19] Let (L,<,A\,V,0) be a lattice with a
least element 0 € L and F' be a binary operation on L. If F' is idempotent, disjunctive and
left-increasing (resp. right-increasing), then 0 is the unique left-neutral (resp. the unique right-

neutral) element of F.

3.2 Types of binary operations

Here we give some important types of binary operations on bounded lattices, for example: aggre-
gation operations, triangular norms and conorms, uninorms and nullnorms then uni-nullnorms

and null-uninorms .

3.2.1 Aggregation operations

Definition 3.3. [12] Let (L,<,A,V,0,1) be a bounded lattice. An aggregation operator on L

1s a binary operation A on L which is increasing and satisfies the boundary conditions
A(0,0) =0 and A(1,1) = 1.

Example 3.3. [7] Let L = {0,a,1} be a bounded lattice and A be a binary operation on L
defined by the following table:
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0100 a
a|0]0|1
1 la|l]l

It is not difficult to see that A is an aggregation on L which is an example of an aggregation of

a 3 element chain is shown in the following figure.

Figure 3.1

Definition 3.4. [8] Denote by As(L) the set of all binary aggregations. Consider Ay(L) with
this order

A < Ay & Aj(x,y1) < Ag(22,92)

For all Ay, Ay € Ay(L) and (z1,y1), (22,92) € L%

Proposition 3.6. [8] Let (L, <,A,V,0,1) be a bounded lattice and let the following binary

operations defined by:

(
1 if(z,y) = (1,1
W LiHew =0
k0 otherwise

4

0 if(x,y) = (0,0
P LE RO

\1 otherwise

A, is the smallest aggregation and A, is the greatest aggregation in Ay(L). So

A <ACA,, forany Ae Ay(L)
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3.2.2 Triangular norms and co-norms

All information of this section from [2].

Triangular norms:

Definition 3.5. Let (L, <, A, V,0,1) be a bounded lattice. A triangular norm (t-norm for short)
on L is a binary operation T, i.e., it is a function T : L?> — L such that for all x,y,z € L, the

following four axioms are satisfied:

T1: T (xz,y) =T (y,x) (commutativity);

T2 : T(x,T (y,2)) =T (T (z,y),2) (associativity);
T3: T (z,y) <T (x,z) whenever y < z (monotonicity);
T4: T (x,1) =z (boundary condition).

In this section we focus our attention on the triangular norms of the unit interval [0, 1],

which is a particular bounded lattice.

Example 3.4. The following are the four basic t-norms Ty, Tp, T, and Tp given by, respec-

tively:
T (z,y) = min((z,y) (Minimum)
Tp(z,y)=z-y (Product)
Tr, (z,y) = max (xr +y — 1,0) (Lukasiewicz t-norm)

0 if (z,y) € [0,1]?
Tp (x,y) = (r.) € [0.1] (Drastic product )

min (x,y) otherwise

Proposition 3.7. Any t-norm T satisfies T (0,2) =T (z,0) =0, for all x € [0,1].

Proof. We know that T (x,0) € [0, 1], so T (z,0) > 0, and we use the axiom (7°3) (monotonic-
ity), we obtain that 7" (z,0) <7 (1,0) = 0. O

Proposition 3.8. Let A be a set with ]0,1] C A C [0,1], and assume that F : A> — A is a

binary operation on A such that for all x,y,z € A the properties (T'1) — (T3) and F (z,y) <
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min (z,y) are satisfied. Then the function T : [0, 1]2 — [0,1] defined by

F(QZ,y) Zf (l’,y) S (A_ {1})27

min(x,y) otherwise.

T(z,y) =

1S a t-norm.

Proof. The commutativity (7'1) and the boundary condition (7'4) are satisfied by definition.
Concerning the associativity (72), observe that for z,y,z € A\ 0,1 we have T(T(z,y), z) =
T(x,T(y,z)) as a A consequence of the associativity of F, If 0 € {x,y, 2z} then we get T’ (z, T (y, 2)) =
0="T(T(z,y),z), and if 1 € {x,y'2} then T (T (z,y),2) =T (z,T (y,2)) follows from (74).
Concerning the monotonicity (7'3), suppose y < z. In the cases z,y,z € A\ 1 or x € {0;1} or
y = 0, the inequality T (z,y) < T (z, 2z) is inherited from the monotonicity of F' and min. The
only non-trivial case is when x,y € A\ {1} and z = 1, in which case T (z,y) < T (z, z) follows

from F (z,y) < min (z,y). O

Definition 3.6. A function f : [0, 1]2 — [0,1] which satisfies, for all z,y,z € [0,1], the

properties (T'1) — (T'3) and f (x,y) < min (z,y) is called a t-subnorm.

Example 3.5. 1. f(z,y)=0.

T Xy

2. f(z,y) = 3

3. f(x,y) =2 xy.

Remark 3.1. Clearly, each t-norm is a t-subnorm, but not the conserve does not necessary
hold. For exzample, the function f : [0,1]* — [0,1] given by f (z,y) = 0 , is a t-subnorm but
not a t-norm because (T'4) is not satisfies (Vx € [0,1], f (z,1) =0 # x).

Corollary 3.2. If fis a t-subnorm then the function T : [0,1]* — [0,1] defined by

fx,y) if (x,y) €[0,1]%

min (x,y) otherwise.

T(x7y) =

T is a triangular norm.

Comparison of t-norms
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Definition 3.7. (i) If, for two t-norms Ty and Ty, the inequality Ty (z,y) < T (z,y) holds
for all (z,y) € [0; 1]2, then we say that Ty is weaker than Ty or, equivalently, that Ty is

stronger than T, and we write in this case T} < Tj.
(i) We shall write Ty < Ty whenever Ty < Ty and Ty # Ty, i.e., if Ty < Ty and for some
(0, Yo) € [0,1]%, we have Ty (x0,90) < T (0, Yo)-

Lemma 3.1. (i) The minimum Ty is the greatest t-norm (T < Ty, for every t-norm T).

(ii) The drastic product Tp is the smallest t-norm (Tp < T, for any t-norm T).

Proof. (i) For each t-norm T and for each (z,) € [0,1]%, we have both T (z,y) < T (z,1) = =
and T (z,y) <T (1,y) =y, so T (z,y) < min(x,y) = Ty (z,y).

(i) All t-norms coincide on the boundary of [0, 1]* and for all (z,%) € ]0,1[> we trivially have

0 if (z,y) €[0,1[%
Example 3.6. o Ty(z,y) = (Drastic product of weber);

min (x,y) otherwise .
o T (z,y) =maz (v +y —1,0) (Lukasiewicz);

ry
2—rz—y+=x

Ti5(x;y) = " (Einstein);

T2 (x,y) = xy (Algebraic or probaliste);

zry
r+y—2xy

Tos (73y) = (Hamacher);

Ty (w:y) = min (a3y) (Zadeh);
We have: TQ S T1 S T175 S T2 S T2’5 S T3.

Proposition 3.9. (1) The only t-norm T satisfying T (z,x) = x for all x € [0,1] is the

manimum Thy.
(2) The only t-norm T satisfying T (x,x) = 0 for all x € [0,1] is the drastic product Tp.

Proof. (1) If for a t-norm T we have T' (z, z) = « for each x € [0, 1], then for all (z,y) € [0,1]°
with y < x the monotonicity (T3) implies y = T (y,y) < T (z,y) < Ty (z,y) = y, which,
together with (T1), means T' = T),.
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(2) Assume T (z,z) = 0 for each z € [0,1[. Then for all (z,y) € [0,1[> with y < = we have
0<T(x,y) <T (x,z) =0, hence, together with (T1) and (T4), yielding "= T}p.

Triangular conorms:

Definition 3.8. Let (L,<,A,V,0,1) be a bounded lattice. A triangular conorm (t-conorm for
short) on L is a binary operation S, i.e., it is a function S : L*> — L such that for all x,y,z € L,

the following four axioms are satisfied:

S1: S(z,y) =S (y,x) (commutativity);

S2: S(x,S(y,2)) =S (S (z,y),2) (associativity);

S3: S(x,y) < S(x,z) whenever y < z (monotonicity);
S4: S(x,0) =z (boundary condition).

Here also we present the triangular conorms of the unit interval [0, 1], which is a particular

bounded lattice.

Example 3.7. The following are the four basic t-conorms Sy, Sp,Sp, and Sp given by, re-

spectively:
Sy (x,y) = max (z,y) (mazimum)
Sp(r,y)=c+y—z-y (probabilistic sum)
St (z,y) = min(x +y, 1) (Lukasiewicz t-conorm, bounded sum)

Sp (z,y) = L () €l0aL (Drastic sum )

mazx (x,y) otherwise.

Proposition 3.10. Any t-conorm S satisfies S (1,z) = S (z,1) =1, for all x € [0, 1].

Proof. We know that S (z,1) € [0,1], so S(x,1) <1, and we use the axiom (S3) (monotonic-
ity), we obtient S (z,1) > S (0,1) = 1. O

Proposition 3.11. A function S : 0,1 — [0,1] is a t-conorm if and only if there exists a

t-norm T such that for all (x,y) € [0,1]?
S(x,y)=1-TA—z,1—1y).(x)
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Proof. 1If T is a t-norm then obviously the operation S defined by (x) satisfies (S1) — (S3) and
(S4) (S1)S(z,y)=1-T(1—2,1—y)=1-(1—y,1 —xz) =S (y,x), (52)S (2,5 (y,2)) = 1—
Tl-2,1-8(y,2)=1-T(l—2,1-1-T(Q-y,1—2))=1-TQ1—2,T(1—-y,1—2)),
S(S(r,y),z2) ==1-T(A-s(z,y),l—2)=1-TA1-1-T(1-2,1-y)),1—2)=1-—
rT(l—z,1-y),1—2)=1-T(1—-2,T(1—-y,1—2)),(93)S (z,y) =1-T(1—xz,1 —y) <
1-T(1—z,1—2)=S5(z,z) whenevery < z, (54) S (z,0) =1-T (1 —z,1) =1—(1 —z) =z,
and is, therefore, a t-conorm. On the other hand, if S is a t-conorm, then define the function

T:[0,1) — [0,1] by
T(x,y)=1—=S(1—xz,1—y). (xx)
Again, it is trivial to T is a t-norm and that () holds. O

Remark 3.2. 1. The t-conorm given by () is called the dual t-conorm of T and, analo-

gously, the t-norm given by (xx) is said to be the dual t-norm of S.

2. The proof of Proposition makes it clear that also each t-norm is the dual operation of some
t-conorm. Note that (Tns, Sa) , (Tp, Sp), (T1,SL), and (Tp, Sp) are pairs of t-norms and

t-conorms which are mutually dual to each other.

Definition 3.9. Let T be a t-norm and S be a t-conorm. Then we say that T is distributive

over S if for all x,y,z € [0,1]

T (x,5(y,2)) =S (T(x,y),T(z,2)) .
and that S is distributive over T if for all x,y,z € [0, 1]

ST (y,2) =T (S (x,y),5(x,2)).

Remark 3.3. If T is distributive over S and S is distributive over T, then (T,S) is called a

distributive pair (of t-norms and t-conorms).

Proposition 3.12. Let T be a t-norm and S a t-conorm. Then we have:
(i) S is distributive over T if and only if T = T)y;.
(ii) T is distributive over S if and only if S = Sy;.

(i1i) (T,S) is a distributive pair if and only if T'= Ty and S = Syy.
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Proof. Obviously, each t-conorm is distributive over Ty, because of the monotonicity (S3) of

the t-conorm. (C) we have
S(x7TM (y7Z)) < S<I7y) (CL)
S<x7TM (ya Z)) <5 (‘Ta Z) (b)

(a)and (b) given that S (z,T (y,2)) < Ta (S (z,y),S (z,2)). (2) ..... Conversely, if S is dis-
tributive overT" then for allr € [0,1] we have z = S (z,7(0,0)) = T(S(z,0),S(x,0)) =
T (z,x), and we obtain T" = Tj;. An analogaus argument proves (ii), and (iii) is just the

combination of (i) and (ii). O

3.2.3 Uni-norm and Null-norm

Uni-norm and Null-norm on bounded lattices are special binary operations generalize t-norms

and t-conorms.

Definition 3.10. (Uni-norm)/[17] Let (L,<,0,1) be a bounded lattice. A binary operation
U on L is called a uni-norm if it is commutative, associative and increasing and has a neutral

element e € L.

Remark 3.4. Ife =1, then U is a t-norm and if e = 0 so U is a t-conorm. Thus, every t-norm

(resp. t-conorm) on a bounded lattice is a uni-norm. But the conserve does not necessary hold.
Definition 3.11. [20] For all x € L, a uninorm U is called:

e conjunctive if U(0,x) =0 (i.e., 0 is an absorbing element of U);

o disjunctive if U(1,x) =1 (i.e., 1 is an absorbing element of U).

Example 3.8. [6] Let (L, <,0,1) be bounded lattice and e € L. We define two binary operations
U, and Uy as follows:

(
mazx(z,y) if(z,y) € [e, 1]?,
U, =
kmm(x,y) elsewhere.
And .
min(z,y) if(x,y) € [0,e]?
U; =
max(z,y) elsewhere.

\
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Then Uy and Us are uni-norms on L and they have the same neutral element e, satisfying also

Ul(O, 1) = Ul(l,O) =0 and UQ(O, 1) = U2(1,0) =1

Definition 3.12. [17/(Null-norm) Let (L,<,0,1) be a bounded lattice. A binary operation
V : L? — L is called a null-norm if it is commutative, associative and increasing and it has an

absorbing element a € L (V(z,a) = a for all x € L), and
V(z,0) =z, for allx < a and V(x,1) =z, for all z > a.
Remark 3.5. We note that a null-norm V is a t-norm if a = 0 and it is a t-conorm S if a = 1

Example 3.9. Let (L, <,0,1) be a bounded lattice, S be a t-conorm on [0,a| and T be t-norm
on [a, 1] such that a € L. Based on Remark 3.5, we define a binary operation V' on L, for all
x,y € L by: )
S(x,y) if(x,y) €0, a]?
Vi(z,y) = T(x,y) if(z,y) € [a,1]?

a otherwise.

\

This binary operation V' is a null-norm.

3.2.4 Uni-Nullnorms and Null-Uninorms

An other special classes of aggregations operations are Uni-Nullnorms and Null-Uninorms which
satisfy commutative and associative properties. Further, Uni-Nullnorms and Null-Uninorms
operations are important generalization of triangular norms and conorms. In 2017, the notation
of Uni-Nullnorms and Null-Uninorms has been introduced by San et al. [16], which are special

case of 2-uninorms (see [1]).

Definition 3.13. [5/ 2-neutral element Let (L, <,0,1) be a bounded lattice and ey, a,es € L.
Let F' be a binary operation on L, then {e1,es}, with 0 < e; < a < ey < 1 is called a 2-neutral

element of F' if F(e1,x) = x for all © < a and F(ey,x) = x for all x > a where 0 < a < 1.

Definition 3.14. [1] (2-uninorm) Let (L,<,0,1) be a bounded lattice and ey, a,ey € L with
e1 < a < ey. A commutative, associative, increasing binary operation on L having a 2-neutral

element {e1, ea}, 1s called a 2-uninorm on L.
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Definition 3.15. [16] (Uni-nullnorm) Let (L,<,0,1) be a bounded lattice and e,a € L with
e < a. A uni-nullnorm is a 2-uninorm having 2-neutral elements {e, 1}, where e; = e and

62:]..

Example 3.10. [5] Let (L = {0,¢e,b,a,1}, <, A, V) be the lattice given by the following Hasse

diagram

The binary operation F given in the bellow table is an uni-nullnorm on L:

FlO0jle|bla]|l
0[0|0]|b|b]|Db
e|0jlelblala
b|lb|b|b|b|b
al|blalbla]a
11blalblal|l

Proposition 3.13. /5] Let (L,<,0,1) be a bounded lattice, e,a € L with e < a. F be a

uni-nullnorm with 2-neutral element {e, 1},.

(i) U* = F |jpq2: [0,a]* = [0,a] is a uninorm on [0, al.
(i) V* = F |2 [e, 1) = [e, 1] is a nullnorm on [e, 1].
(ii1) TY = F |joq2: [0;€]* — [0, €] is a t-norm on [0, €].
() S* = F |jeap: [e;a]* = [e,a] is a t-conorm on [e, al.
(v) Ty = F |jgp2: [, 1]* = [a, 1] is a t-norm on [a, 1].

Definition 3.16. [16] (Null-uninorm) Let (L, <,0,1) be a bounded lattice and e,a € L with
e < a. A null-uninorm is a 2-uninorm having a 2-neutral elements {0, e}, where e; = 0 and

€y = €.
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Example 3.11. /5] let (L = {0,a,b,e,1}, <, A, V) be the lattice given by the following Hasse

diagram

The binary operation F' given in the bellow table is a null-uninorm on L:

FlO|la|blel|l
010]|al|blalb
alal|al|blalb
b|b|b|b|b|Db
elalalble]|l
1/b|b|b|1|1

Proposition 3.14. [5] Let (L,<,0,1) be a bounded lattice, e,a € L with a < e and F be a

null-uninorm having a 2-neutral element {0, e}, with a being an annihilator over [0, e]. Then,
(i) V* = F [0 [0,e]2 = [0, €] is a nullnorm on [0, €].
(i) U* = F |jgp2: [a,1]* = [a, 1] is a uninorm on [a;1].

(i) St =F |jpq2: [0,a]*> = [0,4a] is a t-conorm on [0, a).

() T* = F |jg02: [a,e]* = [a, €] is a t-norm on [a, €].

(v) S5 =F |eap: [e,1]> = [e, 1] is a t-conorm on [e, 1].

3.3 Applications of binary operations

We finish this chapter by providing some applications of binary operations in various fields.
Binary operations are fundamental mathematical operations that involve two operands and

produce a single result. While they are often studied in the context of abstract algebra and
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mathematics, binary operations also have practical applications in everyday life. Here are some

examples of how binary operation are used in various fields :

1.

Digital computers:

Binary operations are essential in the field of computer science and digital electronics.
Computers process data using binary operations such as addition, subtraction, multipli-
cation, and division. Boolean operations like AND, OR, and NOT are also fundamental

to computer programming and logic circuits.

. Internet and Telecommunication:

Binary operations are used in data transmission and networking protocols. Data is trans-
mitted in binary form (0Os and 1s), and operations like bitwise operations are used for

error detection and correction, encryption, and data compression.

Finance and Economics:
Binary operations are used in financial calculations and economic modeling. For example,
in options trading, binary operations are used to calculate profit and loss scenarios. Binary

decision trees are also used in financial risk assessment and investment analysis.

Genetics and Bionformatics:
In genetics, binary operations are used to represent genetic sequences and perform opera-
tions like sequence alignment and comparison. Bioinformatics tools use binary operations

to analyze DNA, RNA, and protein sequences

Digital Image Processing:
In image processing, binary operations are used for tasks like image segmentation, edge
detection, and morphological operations. Operations like dilation, erosion, opening, and

closing are commonly used in binary image processing.

Cryptography:
Binary operations play a crucial role in encryption algorithms and cryptographic proto-
cols. Operations like XOR (exclusive OR) are used in encryption schemes to secure data

and communications.

Automotive Industry:

Binary operations are used in automotive systems for tasks like engine control, sensor data
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processing, and vehicle diagnostics. Binary operations help control various functions in

modern vehicles, such as fuel injection timing and anti-lock braking systems.

. Robotics and Automation:
Binary operations are used in robot control systems and automation processes. Binary
logic is used to make decisions and control the movement and operation of robots in

manufacturing, logistics, and other industries.

These are just a few examples of how binary operations are applied in everyday life across
various fields and industries. Their versatility and efficiency make them essential tools

for solving complex problems and optimizing processes in different domains.
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Abstract

In this memory, we first have recalled the necessary basic concepts and properties of binary
relations on a set and partially ordered sets. Then, we have provided general properties and
information on lattices. Also, we have presented binary operations and their properties on
bounded lattices. More precisely, we have given some spacial classes of binary operations as
aggregation operations, triangular norms and conorms. Moreover, we have expanded their
concept to uni-norms and null-norms. After that we have presented how they lead to the new
mathematical concepts of uni-nullnorms and null-uninorms. Finally, we supported this
memory by mentioning some applications of binary operations in various fields.

Key words :

Bounded lattice, binary operations, aggregation, t-norms, t-conorms, uni-norms, null-norms,
uni-nullnorms, null-uninorms.

Résumé

Dans ce mémoire, nous avons d’abord rappelé les concepts de base et les propriétés
nécessaires des relations binaires sur un ensemble et des ensembles partiellement ordonnés.
Ensuite, nous avons fourni des propriétés générales et des informations sur les treillis. Nous
avons également présenté la notion des opérations binaires et leurs propriétés sur treillis
bornés. Plus précisément, nous avons donné quelques classes spatiales d’opérations binaires,
d’agrégation, de normes et conormes triangulaires. De plus, nous avons élargi leur concept aux
uni-norms et null-norms. Nous avons ensuite présenté comment ils conduisent aux nouveaux
concepts mathématiques des uni-nullnorms and null-uninorms. Enfin, nous avons soutenu ce
mémoire en évoquant quelques applications des opérations binaires dans divers domaines.

45



	Introduction
	Basic concepts on ordered sets
	Notions of binary relations on a set
	Binary relations on a set and their properties
	Representation of binary relations
	Real life examples of binary relations

	Partially ordred sets
	Particular elements of ordered sets
	Morphisms of ordered sets


	Lattices
	Generalities on Lattices
	Algebraic Structures of Lattices
	Ideals and filters of lattices
	Sub-lattices and lattice morphisms

	Algebraic properties of some classes of lattices
	Distributive lattices
	Modular lattices


	Binary operations on bounded lattices
	Definitions and properties
	Types of binary operations
	Aggregation operations
	Triangular norms and co-norms
	Uni-norm and Null-norm
	Uni-Nullnorms and Null-Uninorms

	Applications of binary operations


