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Notation

• Rn is the n-dimensional real Euclidean space.

• N0 is the collection of all natural numbers.

• Z is the collection of all integer numbers.

• If E ⊂ Rn is a measurable set, then |E| stands for the (Lebesgue) measure of E.

• For x ∈ Rn and r > 0 we denote by B(x, r) the open ball in Rn with center x and

radius r.

• Q will denote an cube in the space Rn with sides parallel to the coordinate axes and

l(Q) will denote the side length of the cube Q.

• For all cubes rQ and r > 0, rQ is the cube concentric with Q having the side length

rl(Q).

• α = (α1, . . . , αn) ∈ Nn0 stands for some multi-index, whose length is denoted by |α| =

α1 + . . .+ αn and

∂α =
∂|α|

∂α1x1 . . . ∂xαnn
.

• The Euclidean scalar product of x = (x1, . . . , xn) and y = (y1, . . . , yn) is given by

x · y = x1y1 + . . .+ xnyn.

• The expression f . g means that f < cg for some independent constant c (and

non-negative functions f and g).

• f ≈ g means f . g . f .

• The notation X ↪→ Y stands for continuous embeddings from X to Y , where X and

Y are quasi-normed spaces.

• f ∗ g (x) =
∫
Rn f (x− y) g (y) dy is the product of the convolution of functions f and g.

• L1
loc (Rn) is the collection of all locally integrable functions on Rn.
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• Lp(Rn) for 0 < p ≤ ∞ stands for the Lebesgue spaces on Rn for which

‖f | Lp(Rn)‖ = ‖f‖p =
(∫

Rn
|f (x)|p dx

)1/p

<∞, 0 < p <∞

and

‖f | L∞(Rn)‖ = ‖f‖∞ = ess-sup
x∈Rn

|f (x)| <∞.

• If 1 ≤ p ≤ ∞, then p′is the conjugate exponent of p given by 1
p

+ 1
p′ = 1.

• c1, c2, c3, ...positive constants, their values may depend on certain parameters and some

auxiliary functions, and change from one line to another.

• D(Rn) is the space of functions with continuous derivatives of all orders and compact

support.

• S(Rn) is the Schwartz space of all complex-valued, infinitely differentiable and rapidly

decreasing functions on Rn.

• By supp f we denote the support of the function f.

• The dual S ′ (Rn) is the space of temperate distributions.

• We define the Fourier transform of a function f ∈ S(Rn) by

Ff (ξ) = f̂ (ξ) =

∫
Rn
e−ixξf (x) dx, ξ ∈ Rn.

and its inverse Fourier transform by:

F−1f (x) = f̌ (x) = (2π)−n
∫
Rn
eixξf (ξ) dξ, x ∈ Rn.

• f its spectrum in B(0, r) and r > 0; suppf̂ ⊂ B(0, r).

• By `q, 0 < q ≤ ∞, we denote the space of all (complex) sequences {ak}k∈Z equipped

with the quasi-norm ∥∥{ak}k∈Z |`q∥∥ =

( ∞∑
k=−∞

|ak|q
) 1

q

(with the usual modification if q =∞).
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• If a : Rn×Rn → C is a function, we denote by a(x,D) the pseudo-differential operator

(P.D.O) of symbol a is noted a (x,D) and defined on the class S (Rn) by:

a (x,D) f (x) = (2π)−n
∫
Rn
eixξa (x,D) f̂ (ξ) dξ, f ∈ S (Rn) .

• "i.e." stands simply for "in other words".

• "a.e." stands simply for "almost everywhere".

• χE is the characteristic function of E ⊂ Rn.

• ηv,m(x) = 2nv(1 + 2v |x|)−m, for any x ∈ Rn, v ∈ N0 and m > 0.
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Introduction
In recent years there has been a growing interesting in generalizing classical spaces such as

Lebesgue and Sobolev spaces to cases with either variable integrability or variable smoothness

see [15].

The motivation to study such function spaces also comes from applications to other fields

of applied mathematics, but also from applications to image processing and PDE with non-

standard growth conditions.

Some example of these spaces can be mentioned such as: variable Lebesgue space, variable

Besov and Tiebel-Lizorkin spaces.

Pseudo-differential operators play an import role in Harmonic analysis and in nonlinear

partial differential. The boundedness these operators has been extensively addressed in

several works. In Lebesgue spaces with symbols in the Hörmander classes can be found in

[5-8, 11-12, 21, 23, 37-38] and references therein. In another function spaces, such that Besov

spaces, Triebel-Lizorkin spaces, BMO spaces and Hardy spaces, see [26, 32-34, 39, 46-48].

In [34] J. Marschall introduced the class SBm
δ (r, µ, v;N, λ), which is defined by means of

vector-valued Besov spaces, and proved the boundedness of the corresponding pseudodiffer-

ential operators on Besov spaces and Triebel-Lizorkin spaces.

Boundedness of pseudodifferential operators, with symbols in the Hörmander classes,

on weighted variable exponent Lebesgue and Bessel potential spaces was studied by V.S.

Rabinovich and S. Samko [37-38] and by A. Yu. Karlovich and I. M. Spitkovsky in [28] (in

variable Lebesgue space). Since Besov spaces can be written as a (real) interpolation space

between appropriate Bessel potential spaces, Almeida and Hästö [2] extend the results of

V.S. Rabinovich and S. Samko to Besov spaces with variable integrability Bs
p(·),q.

The variable Besov spaces Bs(·)
p(·),q(·), initially appeared in the paper of A. Almeida and

P. Hästo [2], serveral bassic properties where established, such as the Fourier analytical

characterization when p, q, s are constants they coincide with the usual function spaces Bs
p,q

studied in detail by H. Triebel in [43-45].

Diening, Hästö and Roudenko, [14] introduced and investigated Triebel-Lizorkin spaces

with variable smoothness and integrability F s(·)
p(·),q(·) with s (·) ≥ 0, and showed that these

spaces behaved nicely with respect to the trace operator.

The aim of the thesis is to study the boundedness of the pseudodifferential operators on

variable Besov spaces Triebel-Lizorkin spaces.
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Our thesis consists four chapter, in the first chapter, we give some basic properties of

variable Lebesgue spaces and mixed variable Lebesgue’s sequence space, after this we define

variable Besov spaces where all the three parameters are variable and we recall some their

basic properties.

In the second chapter, we investigate the Lp(·)- boundedness of certain class of pseudo-

differential operators with non regular symbols. We employ regularisation methods.

In Chapter 3, we present the boundedness properties of the pseudo-differential operators

on Besov spaces with variable smoothness and integrability with symbols in SBm
δ (r, µ, v;N, λ),

where we use the decomposition of Littelwood-Paley.

In Chapter 4, we present the boundedness properties of the pseudo-differential opera-

tors on Triebel-Lizorkin spaces with variable smoothness and integrability with symbols in

SBm
δ (r, µ, v;N, λ). Also we give some technical lemmas needed in the proof of the main

statement.

The Chapter three is a paper published in Journal of Pseudo-Differential operators and

applications "Boundedness of non regular pseudodifferential operators on variable Besov

spaces, 8 (2), 167-189 2017", while the Chapter four is papers in preparation with the

advisor.

In the future we will try to apply these results to study some problems in harmonic

analysis and partial differential equations.
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Chapter 1

Variable Besov spaces

In this chapter we present some results, which remain fixed throughout this theses. We recall

some conventions and results on modular and variable Lebesgue spaces, we then define the

Besov space Bs(·)
p(·),q(·) and give some their basic properties in analogy to the Besov spaces

with fixed exponents.

1.1 Variable Lebesgue spaces

The object of this section is to recall some fundamental properties of variable Lebesgue

spaces, see [10, Chapters 1—2] and [15, Chapters 1—3] for details and further properties.

1.1.1 Modular space

We will use the modular to define the variable Lebesgue spaces.

Definition 1.1 Let X be a k-vector space. A function % : X → [0,∞] is called a semimod-

ular on X if the following properties hold.

(a) % (0) = 0.

(b) % (λx) = % (x) for all x ∈ X,λ ∈ k with |λ| = 1.

(c) % is quasi convex.

(d) % is left-continuous.

(e) % (λx) = 0 for all λ > 0 implies x = 0.

7



A semimodular is called a modular if

(f) % (x) = 0 implies x = 0.

A semimodular is called a continuous if

(g) The mapping λ 7→ % (λx) is continuous on [0,∞) for every x ∈ X.

The following examples are from [15].

Example 1.2 (a) If 1 ≤ p <∞, then

%p (f) =

∫
Rn
|f (x)|p dx

defines a continuous modular on L0 (Rn) .

(b) Let w ∈ L1
loc (Rn) with w > 0 almost everywhere and 1 ≤ p <∞. Then

% (f) =

∫
Rn
|f (x)|pw (x) dx

defines a continuous modular on L0 (Rn) .

(c) If 1 ≤ p <∞, then

%p((xj)) =
∞∑
j=0

|xj|p .

defines a continuous modular on RN.

Remark 1.3 Let % be a semimodular on X. Then by quasi convexity, non-negative of % and

% (0) = 0 it follows that,

% (λx) = % (|λ|x) ≤ C |λ| % (x) for all |λ| ≤ 1, (1.1)

% (λx) = % (|λ|x) ≥ 1

C
|λ| % (x) for all |λ| ≥ 1,

where C ≥ 1 is independent of λ and x.

Definition 1.4 If % be a semimodular or modular on X, then

X% =
{
x ∈ X : lim

λ→0
% (λx) = 0

}
is called a semimodular space or modular space, respectively, where the limit λ → 0 takes

place in k.
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Since % (λx) = % (|λ|x) it is enough to require limλ→0 % (λx) with λ ∈ (0,∞). From (1.1)

we can alternatively define X% by

X% = {x ∈ X : % (λx) <∞ for some λ > 0} ,

since for λ′ < λ we have by (1.1) that

% (λx) = %

(
λ′

λ
λx

)
≤ C

λ′

λ
% (λx)→ 0

as λ′ → 0 and C ≥ 1.

We equipped this space with the following quasi-norm, for the proof see [15, Theorem

2.1.7].

Theorem 1.5 Let % be a semimodular on X. Then X% is a quasi-normed k-vector space.

The quasi-norm, called the Luxemburg quasi-norm, is defined by

‖x‖% = inf
{
λ > 0 : %

(
1

λ
x

)
≤ 1
}
.

Example 1.6 Let 1 ≤ p <∞ and %p be as in Example 1.2. Then

X%p = Lp (Rn) .

For an exposition of these concepts we refer to the monographs [15] and [36].

1.2 Lebesgue spaces Lp(·)

In this subsection we recall the definition and basic properties of the variable Lebesgue

spaces. They differ from classical Lp spaces where the exponent p is not constant but a

function from Rn to [c,∞), c > 0.

The variable exponents that we consider are always measurable functions p on Rn with

range in [c,∞[ for some c > 0. We denote the set of such functions by P0 (Rn). The subset

of variable exponents with range [1,∞[ is denoted by P (Rn). We use the standard notation

p− = ess-inf
x∈Rn

p(x), p+ := ess-sup
x∈Rn

p(x).

The variable exponent Lebesgue space Lp(·) is the class of all measurable functions f on Rn

such that the modular

%p(·)(f) =

∫
Rn
|f(x)|p(x) dx

9



is finite. This is a quasi-Banach function space equipped with the quasi-norm

‖f‖p(·) = inf
{
µ > 0 : %p(·)

( 1

µ
f
)
≤ 1
}
.

If p(x) = p is constant, then Lp(·) = Lp is the classical Lebesgue space.

The following classes for the exponents are necessary for us. We say that g : Rn → R is

locally log-Hölder continuous, abbreviated g ∈ C log
loc , if there exists clog(g) > 0 such that

|g(x)− g(y)| ≤ clog(g)

log(e+ 1/ |x− y|) (1.2)

for all x, y ∈ Rn. We say that g satisfies the log-Hölder decay condition, if there exists

g∞ ∈ R and a constant clog > 0 such that

|g(x)− g∞| ≤
clog

log(e+ |x|)

for all x ∈ Rn. The constants clog(g) and clog are called the locally log-Hölder constant

and the log-Hölder decay constant, respectively. We note that all functions g ∈ C log
loc always

belong to L∞.

We say that g is globally-log-Hölder continuous, abbreviated g ∈ C log, if it is locally log-

Hölder continuous and satisfies the log-Hölder decay condition. We define the following class

of variable exponents

P log (Rn) =
{
p ∈ P (Rn) :

1

p
∈ C log

}
,

were introduced in [16, Section 2]. Note that 1
p
although is bounded, the variable exponent

p itself can be unbounded.

Example 1.7 We set

p(x) = max(1− e3−|x|,min(6/5,max(1/2.3/2− x2))), x ∈ R

then p ∈ C log, see [37].

A basic tool to study the variable Besov spaces is the following.

Lemma 1.8 If p ∈ P log (Rn), then the convolution with a radially decreasing L1-function is

bounded on Lp(·):

‖ϕ ∗ f‖p(·) ≤ c‖ϕ‖1‖f‖p(·).

10



Proof. For the proof, see [15]

Lemma 1.9 If p ∈ P (Rn), then ‖f‖p(·) ≤ 1 and %Lp(·) (f) ≤ 1 are equivalent. For f ∈

Lp(·) (Rn) we have

1. If ‖f‖p(·) ≤ 1, then %Lp(·) (f) ≤ ‖f‖p(·) .

2. If 1 < ‖f‖p(·), then ‖f‖p(·) ≤ %Lp(·) (f) .

Lemma 1.10 (Hölder’s inequality) Let p, q, s ∈ P (Rn) such that

1

s (y)
=

1

p (y)
+

1

q (y)

for every y ∈ Rn. Then

‖fg‖s(·) ≤ 2 ‖f‖p(·) ‖g‖q(·) ,

for all f ∈ Lp(·) (Rn) and g ∈ Lq(·) (Rn) .

For the proof, see [15].

1.3 Besov spaces Bs(·)
p(·),q(·)

We recall in this subsection the definition and some properties of mixed Lebesgue sequence

and Besov spaces with variable smoothness and integrability.

Definition 1.11 Let p, q ∈ P0 (Rn). The mixed Lebesgue-sequence space `q(·)(Lp(·)) is defined

on sequences of Lp(·)-functions by the modular

%`q(·)(Lp(·))({fv}v) =
∑
v

inf
{
λv > 0 : %p(·)

( fv

λ1/q(·)
v

)
≤ 1
}
.

The (quasi)-norm is defined from this as usual:

‖{fv}v‖`q(·)(Lp(·)) = inf
{
µ > 0 : %`q(·)(Lp(·))

( 1

µ
{fv}v

)
≤ 1
}
. (1.3)

If q+ <∞, then we can replace (1.3) by the simpler expression

%`q(·)(Lp(·))({fv}) =
∑
v

∥∥|fv|q(·)∥∥ p(·)
q(·)

.
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Furthermore, if p and q are constants, then `q(·)(Lp(·)) = `q(Lp). The case p := ∞ can be

included by replacing the last modular by

%`q(·)(L∞)({fv}v) =
∑
v

∥∥ |fv|q(·) ∥∥∞.
We define 1

p∞
= lim|x|→∞

1
p(x)

and we use the convention 1
∞ = 0.

These function spaces introduced recently in [1].

Now we recall the definition of the spaces Bs(·)
p(·),q(·), as given in [1]. We first need the

concept of a smooth dyadic resolution of unity. Let Ψ be a function in S(Rn) satisfying

Ψ(x) = 1 for |x| ≤ 1 and Ψ(x) = 0 for |x| ≥ 2. We put

Fϕ0(x) = Ψ(x)

Fϕ1(x) = Ψ(x)−Ψ(2x)

and

Fϕv(x) = Fϕ1(2−vx) for v = 2, 3, ....

Then {Fϕv}v∈N0 is a smooth dyadic resolution of unity,
∞∑
v=0

Fϕv(x) = 1

for all x ∈ Rn. Thus we obtain the Littlewood-Paley decomposition

f =
∞∑
v=0

ϕv ∗ f

of all f ∈ S ′(Rn) (convergence in S ′(Rn)).

Now, we define the Besov spaces Bs(·)
p(·),q(·).

Definition 1.12 Let {Fϕv}v∈N0 be as resolution of unity. For s : Rn → R and p, q ∈

P0(Rn), the Besov space Bs(·)
p(·),q(·) consists of all distributions f ∈ S ′(Rn) such that

‖f‖
B
s(·)
p(·),q(·)

=
∥∥{2vs(·)ϕv ∗ f

}
v

∥∥
`q(·)(Lp(·))

<∞. (1.4)

To the Besov space we can also associate the following modular:

%ϕ
B
s(·)
p(·),q(·)

(f) = %`q(·)(Lp(·))
({

2vs(·)ϕv ∗ f
}
v

)
.

12



We directly obtain the following simplification in the case when q is constant, see [1]. If

q is a constant, then

‖f‖ϕ
B
s(·)
p(·),q(·)

=
∥∥∥∥∥{2vs(·)ϕv ∗ f

}
v

∥∥
p(·)

∥∥∥
`q
,

For any p, q ∈ P log
0 (Rn) and s ∈ C log

loc , the space B
s(·)
p(·),q(·) does not depend on the chosen

smooth dyadic resolution of unity {Fϕv}v∈N0 (in the sense of equivalent quasi-norms) and

S(Rn) ↪→ B
s(·)
p(·),q(·) ↪→ S

′(Rn).

If p, q ∈ P log
0 (Rn) and s ∈ C log

loc , then S(Rn) is dense in Bs(·)
p(·),q(·) and they are quasi-Banach

spaces. Moreover, if p, q, α are constants, we re-obtain the usual Besov spaces Bs
p,q, studied

in detail by H. Triebel in [44], [45] and [46]. See also [20] and [41] for further properties.

The following theorem gives basic embedding generalize the constant exponent versions.

Theorem 1.13 Let α, α0, α1 ∈ L∞(Rn) and p, q0, q1 ∈ P0(Rn).

(a) If q0 ≤ q1, then

B
α(·)
p(·),q0(·)(R

n) ↪→ B
α(·)
p(·),q1(·)(R

n).

(b) If (α0 − α1)− > 0, then

B
α0(·)
p(·),q(·)(R

n) ↪→ B
α1(·)
p(·),q(·)(R

n).

We next consider embeddings of Sobolev-type. For constant exponents it is well-known

that

Bα0
p0,q

↪→ Bα1
p1,q

if α0− n
p0

= α1− n
p1
, where 0 < p0 ≤ p1 ≤ ∞, 0 < q ≤ ∞,−∞ < α1 ≤ α0 <∞ (see e.g. [44],

Theorem 2.7.1). For variable case we have the following results, see [1].

Theorem 1.14 (Sobolev inequality) Let p0, p1, q ∈ P0(Rn) and α0, α1 ∈ L∞(Rn) with

α0 ≥ α1. If 1
q
and

α0 (x)− n

p0 (x)
= α1 (x)− n

p1 (x)

are locally log-Hölder continuous, then

B
α0(·)
p0(·),q(·)(R

n) ↪→ B
α1(·)
p1(·),q(·)(R

n).
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Corollary 1.15 Let p0, p1, q0, q1 ∈ P0(Rn) and α0, α1 ∈ L∞(Rn) with α0 ≥ α1. If

α0 (x)− n

p0 (x)
= α1 (x)− n

p1 (x)
+ ε (x)

is locally log-Hölder continuous and ε− > 0, then

B
α0(·)
p0(·),q0(·) ↪→ B

α1(·)
p1(·),q1(·).

The full treatment of the spaces Bs(·)
p(·),q(·) can be found in [1], [17], [29],[30], [31] and [50].

We refer to the papers [50-51], for further results on the variable Besov spaces Bs(·)
p(·),q (only

the case of constant q was considered), see also [3], [4]).
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Chapter 2

Boundedness of pseudo-differential

operators in the Lp(·) spaces

In this chapter we present the boundedness of a certain class of pseudodifferential operators

in variable Lebesgue spaces.

2.1 Definitions and basic properties

We now introduce the basic pseudodifferential symbol class Sm. There are many other more

general or modified symbol classes, which are used in the literature and research for different

purposes. But the following symbol class is the most simple and most common. It is a natural

symbol class that contains the symbols of differential operators with smooth coeffi cients.

Definition 2.1 Let m ∈ (−∞,+∞). The symbol Sm is used in place of the set of all

functions a (x, ξ) in C∞ (Rn × Rn) such that for any two multi-indices α and β, there is

positive constant Cα,β, depending on α and β only, such that∣∣∣Dα
xD

β
ξ a (x, ξ)

∣∣∣ ≤ Cα,β (1 + |ξ|)m−|β| , x, ξ ∈ Rn. (2.1)

We call any function a in ∪m∈RSm a symbol.

Definition 2.2 Let a be a symbol. The pseudo-differential operator Ta associated to a is

defined by

(Taϕ) (x) = (2π)−
n
2

∫
Rn

eixξa (x, ξ) ϕ̂ (ξ) dξ, ϕ ∈ S(Rn).
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We give some examples.

Example 2.3 Let P (x,D) =
∑
|α|≤m

aα (x)Dα be a linear partial differential operator on Rn.

If all the coeffi cients aα (x) are C∞ and have bounded derivatives of all orders, then the

polynomial

P (x,D) =
∑
|α|≤m

aα (x) ξα

is in Sm and hence P (x,D) is a pseudo-differential operator, see [55].

Example 2.4 Let a (ξ) =
(
1 + |ξ|2

)m
2 ,−∞ < m < ∞. Then a ∈ Sm and hence Ta is a

pseudo-differential operator, see [55].

The proof of the following results can be found in [55, Chapters, 4 and 9].

Proposition 2.5 Let a be a symbol. Then Ta maps the Schwartz space S into itself.

Proposition 2.6 Ta is a linear mapping from S
′
(Rn) into S ′(Rn).

Let us recall the begin definition of the Hardy-Littlewood maximal function, which plays

a very important role in harmonic analysis.

Definition 2.7 Suppose that f is a locally integrable on Rn, i.e. f ∈ L1
loc (Rn). The Hardy-

Littlewood maximal operatorM is defined on L1
loc by

Mf(x) = sup
r>0

1

|B(x, r)|

∫
B(x,r)

|f(y)| dy,

where, the supremum is taken over balls B in Rn which contain the point x.

The Hardy-Littelwood maximal operatorM, in general, is not a bounded from L1 (Rn)

to itself. Take f(x) = χ[0,1](x), then for any x ≥ 1, we have

Mf(x) ≥ 1

2x

∫ 2x

0

|f (y)| dy =
1

2x
.

Hence ∫
Rn
Mf(x)dx ≥

∫ ∞
1

Mf(x)dx ≥ 1

2x
dx =∞.

AlthoughM is not a bounded operator on L1(Rn), however, as its a replacement result we

shall see that M is a bounded operator from L1(Rn) to L1,∞(Rn), i.e. the weak L1(Rn)

space.
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Remark 2.8 The maximum functionM is bounded on L∞ (Rn),

‖Mf‖∞ ≤ ‖f‖∞ .

Theorem 2.9 Let f be a measurable function on Rn.

(a) If f ∈ Lp (Rn) for 1 ≤ p ≤ ∞, thenMf (x) <∞ a.e. x ∈ Rn.

(b) There exists a constant C = C (n, p) > 0 such that for any f ∈ Lp (Rn) ,

‖Mf‖p ≤ C ‖f‖p , 1 < p ≤ ∞.

The proof can be found in [23]. For the variable case we have, see [13], [15], [16].

Theorem 2.10 Let p ∈ P log (Rn) with p− > 1. Then there exists K > 0 only depending on

the dimension n and clog (p) such that

‖Mf‖p(·) ≤ K
(
p−
)′
‖f‖p(·) .

for all f ∈ Lp(·) (Rn) .

2.2 Fourier multipliers

The purpose of this subsection is to review some known properties of Fourier multipliers.

Definition 2.11 (Ap weights 1 ≤ p <∞) Let ω > 0 and ω ∈ L1
loc (Rn). We say that ω ∈ Ap

for 1 < p <∞ if there is a constant C > 0 such that

sup
Q

(
1

|Q|

∫
Q

ω (x) dx

)(
1

|Q|

∫
Q

ω (x)1−p′ dx

)p−1

≤ C, (2.2)

where and below, 1 /p + 1 /p′ = 1. We say that ω ∈ A1 if there is a constant C > 0 such

that

Mω (x) ≤ Cω (x) for almost all x ∈ Rn. (2.3)

The smallest constant C for which (2.2) or (2.3) hold, denoted by Ap. As an example, we

can take

γ(x) = |x|α, α ∈ R.

Then γ ∈ Ap, 1 < p <∞, if and only if −n < α < n(p− 1).
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Clearly, ω ∈ A1 if and only if there is a constant C > 0 such that for any cube Q

1

|Q|

∫
ω (x) dx ≤ C inf

x∈Q
ω (x) .

Some properties of Ap weights can be found in [23].

Let m be a bounded function on Rn and consider the multiplier operator Tf defined

initially for functions f in the Schwartz space S(Rn) by

F(Tf) (x) = m (x)Ff (x) .

Denote by s a real number greater than or equal to 1 and l a positive integer. We say

m ∈M (s, l) if

sup
R>0

(
Rs|α|−n

∫
R<|α|<2R

|Dαm (x)|s dx
) 1

s

<∞ for all |α| ≤ l.

Definition 2.12 Let 1 < p <∞. Given a measurable set E and a weight γ, we denote the

space of all functions f : Rn → C with finite quasi-norm

‖f‖Lp(Rn,ω) =
∥∥∥fw 1

p |Lp(Rn)
∥∥∥ ,

by Lp(Rn, ω).

We need a weighted version of Hörmender’s multiplier theorem, see [32].

Theorem 2.13 Let k >
[
n
2

]
and m ∈ Ck (Rn − {0}). Suppose that m ∈M (2, k) ,

sup r2|α|−n
∫
r≤|x|≤2r

∣∣∣∣( ∂

∂x

)α
m (x)

∣∣∣∣2 dx ≤ B, for |α| ≤ k.

When k < n and n
k
< p < ∞, m is a bounded multiplier from Lp(Rn, ω) to Lp(Rn, ω)

if ω ∈ A pn
k
. Finally, if k > n, m is a bounded multiplier from Lp(Rn, ω) to Lp(Rn, ω),

1 < p <∞, the norm of the operator depends only on B, p, w, k and n.

Let B (Rn) be the set of p (·) ∈ P (Rn) such thatM is bounded on Lp(·) (Rn). Here F will

denote a family of ordered pairs of non-negative, measurable functions (f, g).

Theorem 2.14 Given a family F . Suppose that for some p0, 0 < p0 < ∞, and for every

weight w ∈ A1 ∫
Rn
f (x)p0 w (x) dx ≤ C0

∫
Rn
g (x)p0 w (x) dx, (f, g) ∈ F. (2.4)
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where C0 depends only on p0 and the A1 constant of w. Let p (·) ∈ P0 (Rn) be such that

p0 < p−, and (p (·) /p0)
′
∈ B (Rn), that is the Hardy-Littlewood maximal operator is bounded

on L(p(·)/p0)
′
. Then for all (f, g) ∈ F such that f ∈ Lp(·) (Rn) ,

‖f‖p(·) ≤ C ‖g‖p(·) , (2.5)

where the constant C is independent of the pair (f, g).

Proof. See [9].

Observe that if P log (Rn) with p− > 1, then (p (·) /p0)
′
∈ B (Rn) for any p0 < p−.

2.3 Lp(·) boundedness

Let us present some results which are useful for us. The following lemmas are from [55] and

[22]. Set

|a|(m)
α,β = sup

x,ξ
〈ξ〉|β|−m |Dα

xD
β
ξ a (x, ξ) |

and

〈ξ〉 = 1 + |ξ|, ξ ∈ Rn.

Lemma 2.15 Let Q0 be the cube with center at the origin and edges of length 1 parallel to

the coordinates axes in Rn. Let η ∈ D (Rn) be identically 1 on Q0. Let a ∈ S0, am (x, ξ) =

η (x−m) a (x, ξ) for m ∈ Zn and

âm(λ, ξ) =

∫
Rn
e−iλεam(x, ξ)dx.

Then, for all α ∈ Nn and all N ∈ N there exists C > 0 depending only on n, η and N such

that ∣∣Dα
ξ âm(λ, ξ)

∣∣ ≤ C sup
|β|≤N

|a|(0)
α,β 〈ξ〉

−|α| 〈λ〉−N

for all (λ, ξ) ∈ R2n.

Lemma 2.16 Let a ∈ S0and Ka be the distribution F−1
ξ→z (a (x, ξ)) in S (R2n). Then

1. for each x ∈ Rn, Ka (x, .) is a function defined on Rn\{0},
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2. for each N suffi ciently large there exists a constant c, depending only on N and n such

that

|Ka (x, z)| ≤ c sup
|α|≤N

|a|(0)
α,0 |z|

−N

for all z 6= 0,

3. for each x ∈ Rn and ϕ ∈ S (Rn), vanishing in a neighborhood of x

a(x,D)ϕ (x) =

∫
Rn
Ka (x, x− z)ϕ (z) dz.

To prove the main result of this chapter we need the weight version of [55, Theorem 9.7]

and [22].

Theorem 2.17 Let a ∈ S0 and p0 ∈ P log. Then, there exists N ∈ N and a constant C

depending only on n,N and p such that

‖a(x,D)ϕ‖Lp0 (Rn,ω) ≤ C sup
|α+β|≤N

|a|(0)
α,β ‖ϕ‖Lp0 (Rn,ω)

for all ϕ ∈ S (Rn) and any ω ∈ A1.

Proof. We write Rn as a union of cube Qm, where Qm is the cube with center m ∈ Zm and

edge of length 1. Let Q∗m = 3
2
Qm and Q∗∗m = 2Qm. It follows that

Qm ⊂ Q∗m ⊂ Q∗∗m

and that for some δ > 0 one has |x− z| ≥ δ, for all x ∈ Qm and z ∈ Rn\Q∗m.

Let now ψ ∈ D (Rn) be such that 0 ≤ ψ ≤ 1, suppψ ⊆ Q∗∗0 and ψ (x) = 1 on a

neighborhood of Q∗0. It follows that ψm (x) = ψ (x−m) has support contained in Q∗∗m and

ψm (x) = 1 on a neighborhood of Q∗m. For each ϕ ∈ S (Rn) we can write

ϕ = ϕ1,m + ϕ2,m,

where ϕ1,m = ψmϕ and ϕ2,m = (1− ψm)ϕ. Therefore,

a(x,D)ϕ = a(x,D)ϕ1,m + a(x,D)ϕ2,m.

It is clear that

‖a(x,D)ϕ‖p0Lp0 (w) =
∑
m∈Zm

∫
Qm

|a(x,D)ϕ (x)|p0 w (x) dx (2.6)

≤
∑
m∈Zm

∫
Qm

∣∣a(x,D)ϕ1,m (x)
∣∣p0 w (x) dx

+
∑
m∈Zm

∫
Qm

∣∣a(x,D)ϕ2,m (x)
∣∣p0 w (x) dx.
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We will present the proof on three steps:

Step 1. Let us estimate ∫
Qm

∣∣a(x,D)ϕ1,m (x)
∣∣p0 w (x) dx.

Let η ∈ D (Rn) be identically 1 on Q0 and am(x, ξ) = η (x−m) a (x, ξ). Hence,∫
Qm

∣∣a(x,D)ϕ1,m (x)
∣∣p0 w (x) dx ≤

∫
Rn

∣∣a(x,D)ϕ1,m (x)
∣∣p0 w (x) dx (2.7)

Since am is compactly supported in x we get

a(x,D)ϕ1,m (x) =

∫
Rn
eixλ

∫
Rn
eixξâm(λ,D)ϕ̂1,m (ξ) dξdλ =

∫
Rn
eixλâm(λ,D)

(
ϕ1,m

)
(x) dλ.

From Lemma 2.15 we have that for all N ∈ N

∣∣Dα
ξ âm(λ, ξ)

∣∣ ≤ C sup
|β|≤N

|a|(0)
α,β 〈ξ〉

−|α| 〈λ〉−N ,

where C depends only on n, η and N . We apply Theorem 2.13 to f (ξ) = âm(λ, ξ) with

B = C sup
|β|≤N,|α|≤[n/2]+1

|a|(0)
α,β 〈λ〉

−N

and obtain that there exists a constant Ć, depending on N, n, η and p such that

∥∥âm(λ,D)ϕ1,m

∥∥
Lp0 (w)

≤ Ć sup
|β|≤N,|α|≤[n/2]+1

|am|(0)
α,β 〈λ〉

−N ∥∥ϕ1,m

∥∥
Lp0 (w)

(2.8)

for all λ ∈ Rn for allm ∈ Zn and ϕ1,m ∈ S (Rn) . An application of the Minkowski’s inequality

in integral from leads from (2.8) to

∥∥am(λ,D)ϕ1,m

∥∥
Lp0 (w)

=

{∫
Rn

∣∣∣∣∫
Rn
eixλâm(λ,D)

(
ϕ1,m

)
(x) dλ

∣∣∣∣p0 w (x) dx

} 1
p0

≤
∫
Rn

{∫
Rn

∣∣âm(λ,D)
(
ϕ1,m

)
(x)
∣∣p0 w (x) dx

} 1
p0

dλ

≤
∫
Rn

∥∥âm(λ,D)ϕ1,m

∥∥
Lp0 (w)

dλ

≤ Ć sup
|β|≤N,|α|≤[n/2]+1

|am|(0)
α,β

∫
Rn
〈λ〉−N dλ

∥∥ϕ1,m

∥∥
Lp0 (w)

Thus, choosing N = n+ 1 we get

∥∥am(λ,D)ϕ1,m

∥∥
Lp0 (w)

≤ Ć sup
|β|≤n+1,|α|≤[n/2]+1

|am|(0)
α,β

∥∥ϕ1,m

∥∥
Lp0 (w)

, (2.9)
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valid for all m ∈ Zm and ϕ ∈ S (Rn). Going back to∫
Qm

∣∣a(x,D)ϕ1,m (x)
∣∣p0 dx,

the estimate (2.9) combined with (2.7) yields:∫
Qm

∣∣a(x,D)ϕ1,m (x)
∣∣p0 w (x) dx ≤

∥∥am(λ,D)ϕ1,m

∥∥p0
Lp0 (w)

≤ Cp
(

sup
|β|≤n+1,|α|≤[n/2]+1

|am|(0)
α,β

)p0 ∥∥ϕ1,m

∥∥p0
Lp0 (w)

,

where Cp does not depend on m.

Step 2. We now estimate(∫
Qm

∣∣a(x,D)ϕ2,m (x)
∣∣p0 w (x) dx

) 1
p0

.

Since ϕ2,m is identically 0 on Qm ⊂ Q∗m from Lemma 2.16 we have(∫
Qm

∣∣a(x,D)ϕ2,m (x)
∣∣p0 w (x) dx

) 1
p0

=

(∫
Qm

∣∣∣∣∫
Rn
Ka(x, x− z)ϕ2,m (z) dz

∣∣∣∣p0 w (x) dx

) 1
p0

≤
∫
Rn

(∫
Qm

∣∣Ka(x, x− z)ϕ2,m (z)
∣∣p0 w (x) dx

) 1
p0

dz

≤ Cλ,N sup
|α|≤2N

|a|(0)
α,0

∫
Rn\Q∗m

(∫
Qm

|x− z|−2Np0
∣∣ϕ2,m (z)

∣∣p0 w (x) dx

) 1
p0

dz,

valid for 2N > n. Let us fix λ ≥
√
n+1. Since |x− z| ≥ δ for all x ∈ Qm and all z ∈ Rn\Q∗m,

there exists a constant Cλ,N such that

|x− z|−2N

(λ+ |x− z|)−2N
≤ Cλ,N (2.10)

and

λ+|x− z| ≥ λ+|m− z|−|x−m| ≥
(
λ−
√
n

2

)
+|m− z| ≥

√
n

2
+1+|m− z| = µ+|m− z| .

(2.11)

for all x ∈ Qm and all z ∈ Rn\Q∗m. By (2.10) and (2.11) we get

(∫
Qm

∣∣a(x,D)ϕ2,m (x)
∣∣p0 w (x) dx

) 1
p0
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can be estimated by

c sup
|α|≤2N

|a|(0)
α,0

∫
Rn\Q∗m

(∫
Qm

(λ+ |x− z|)−2Np0
∣∣ϕ2,m (z)

∣∣p0 w (x) dx

) 1
p0

dz

≤ c sup
|α|≤2N

|a|(0)
α,0

∫
Rn\Q∗m

(∫
Qm

(µ+ |x− z|)−Np0

(µ+ |m− z|)Np0
∣∣ϕ2,m (z)

∣∣p0 w (x) dx

) 1
p0

dz

≤ c sup
|α|≤2N

|a|(0)
α,0

∫
Rn\Q∗m

∣∣ϕ2,m (z)
∣∣

(µ+ |m− z|)N
{∫

Qm

(µ+ |x− z|)−Np0 w (x) dx

} 1
p0

dz.

We prove that ∫
Qm

(µ+ |x− z|)−Np0 w (x) dx < c w (z) , z ∈ Rn\Q∗m.

We have ∫
Qm∩{|x−z|>δ}

(µ+ |x− z|)−Np0 w (x) dx

≤
∫
|x−z|>δ

(µ+ |x− z|)−Np0 w (x) dx

=
∞∑
j=0

∫
2jδ<|x−z|≤2j+1δ

(µ+ |x− z|)−Np0 w (x) dx

≤
∞∑
j=0

∫
2jδ<|x−z|≤2j+1δ

|x− z|−Np0 w (x) dx.

Observe that |x− z|−Np0 ≤ (2jδ)
−Np0 , then the last term is bounded by

∞∑
j=0

(
2jδ
)−Np0 ∫

|x−z|≤2j+1δ

w (x) dx,

= c

∞∑
j=0

(
2jδ
)n−Np0 1

|B (z, 2j+1δ)|

∫
B(z,2j+1δ)

w (x) dx

≤ w (z)

∞∑
j=0

(
2jδ
)n−Np0 , z ∈ Rn\Q∗m,

since w ∈ A1. Assume that N > n
p0
, then(∫

Qm

(µ+ |x− z|)−Np0 w (x) dx

) 1
p0

< cw (z)
1
p0

valid for all z ∈ Rn\Q∗m. Hence∫
Qm

∣∣a(x,D)ϕ2,m (x)
∣∣p0 w (x) dx ≤ Cλ,N,p0

(
sup
|α|≤2N

|a|(0)
α,0

)p0 ∫
Rn\Q∗m

∣∣ϕ2,m (z)
∣∣p0

(µ+ |m− z|)Np0/2
w (z) dz

(2.12)
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for all l ∈ Zn.

Step3. A combination of (2.6) with (2.9) and (2.12) yields

‖a(x,D)ϕ‖Lp0 (w) ≤ C
∑
m∈Zn

sup
|β|≤n+1
|α|≤[n/2]+1

|am|(0)
α,β

∥∥ϕ1,m

∥∥
Lp0 (w)

+C sup
|α|≤2N

|a|(0)
α,0

∑
m∈Zn

∑
l 6=m

∫
Ql

∣∣ϕ2,m (z)
∣∣p0

(µ+ |m− z|)Np0/2
w (z) dz,

with λ ≥
√
n + 1 and Np0 > 2n (p0 − 1). From the definition of am and ϕ1,m and ϕ2,m we

get

‖a(x,D)ϕ‖Lp0 (w) ≤ C
∑
m∈Zn

sup
|β|≤n+1
|α|≤[n/2]+1

|am|(0)
α,β

∥∥ϕ1,m

∥∥
Lp0 (w)

+C sup
|α|≤2N

|a|(0)
α,0

∑
m∈Zn

∑
l 6=m

(∫
Ql

∣∣ϕ2,m (z)
∣∣p0

(µ+ |m− z|)Np0/2
w (z) dz

) 1
p0 .

Arguing as in (2.11) we have that µ + |m− z| ≥ 1 + |m− l| when with z ∈ Ql with l 6= m.

Hence ∑
m∈Zn

∑
l 6=m

∫
Ql

∣∣ϕ2,m (z)
∣∣p0

(µ+ |m− z|)Np0/2
w (z) dz

≤
∑
m∈Zn

∑
l 6=m

(1 + |m− l|)−Np0/2
∫
Ql

∣∣ϕ2,m (z)
∣∣p0 w (z) dz

≤
∑
m∈Zn

∑
l∈Zn

(1 + |m− l|)−Np0/2
∫
Ql

∣∣ϕ2,m (z)
∣∣p0 w (z) dz

≤
∑
m∈Zn

(1 + |m|)−Np0/2
∑
l∈Zn

∫
Ql

∣∣ϕ2,m (z)
∣∣p0 w (z) dz.

Choosing Np0 ≥ max (2n (p0 − 1) , 2n) and we obtain

‖a(x,D)ϕ‖Lp0 (w) ≤ C( sup
|β|≤n+1
|α|≤[n/2]+1

|am|(0)
α,β + sup

|α|≤2N

|a|(0)
α,0) ‖ϕ‖Lp0 (w)

valid for all ϕ ∈ S (Rn). This completes the proof.

From this theorem and Theorem 2.14 we obtain.

Theorem 2.18 Let a ∈ S0 and p ∈ P log. Then, there exists N ∈ N and a constant C such

that

‖a(x,D)ϕ‖p(·) ≤ C sup
|α+β|≤N

|a|(0)
α,β ‖ϕ‖p(·)

for all ϕ ∈ S (Rn) .

We would like to mention that this theorem was proved in [38] but here we present a

another method.
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Chapter 3

Boundedness of pseudo-differential

operators on variable Besov spaces

In this chapter concerns the boundedness properties of the pseudodifferential operators on

Besov spaces with variable smoothness and integrability with symbols in SBm
δ (r, µ, v;N, λ).

The chapter is arranged as follows. In section 1 we give some key technical lemmas needed

in the proofs of the main statements, where we recall the definition of the Besov spaces with

variable smoothness and integrability. For making the presentation clearer, we give the proof

of the main result of this section. With the help of the results of Section 1, we prove the

boundedness of non-regular pseudodifferential operators in the space Bs(·)
p(·),q(·).

Let
{
Fϕj

}
j
be a resolution of unity. For a function a : Rn × Rn → C, we write

aj (x, ξ) = F−1
y→x

(
Fϕj (y)Fa (y, ξ)

)
.

Let 0 < µ ≤ ∞, 1 ≤ λ ≤ ∞, r ≥ n
µ
and N > n

λ
. The space Br

µ,v(B
N
λ,∞) consists of all

distributions a ∈ S ′(Rn × Rn) such that

‖a‖Brµ,v(BNλ,∞) =
∥∥∥{2jr ‖aj (x, ·)‖BNλ,∞

}
j

∥∥∥
`v(Lµ)

<∞.

Notice that these spaces are just the spaces SB r̄
p̄,q̄ with r̄ = (N, r), p̄ = (λ, µ) and q̄ = (∞, v),

see [42] for further properties of these function spaces. Let m, r,N ∈ R, 0 ≤ δ ≤ 1,

0 < µ ≤ ∞, r > n
µ
and N > n

λ
. We say that a symbol a belongs to SBm

δ (r, µ, v;N, λ) if

sup
k

2−km
∥∥∥∥∥a (x, 2k·)Fϕk (2k·)∥∥BNλ,∞ ∥∥∥L∞(dx)

< ∞

sup
k

2−k(m+δr)
∥∥a (x, 2k·)Fϕk (2k·)∥∥Brµ,v(BNλ,∞)

< ∞,
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which, introduced by J. Marschall [34] and [35]. Choosing µ = v = N = λ = ∞, these

symbols include the classical Hörmander classes Sm1,δ. Moreover the class SB
m
0 (r, µ, v;∞, 1)

equal the class S ′(B(1,...,1),r
µ,v )m of M. Yamazaki [53]. Notice that

SBm
δ (r, µ, v;N, λ) ↪→ SBm

δ1
(r1, µ1, v;N, λ) , (3.1)

if 0 < µ < µ1 ≤ ∞, 0 < v ≤ ∞, r − n
µ

= r1 − n
µ1
and δr = δ1r1, see [35, Lemma 10].

A pseudo-differential operator with symbol a ∈ SBm
δ (r, µ;N, λ) is defined by

a (x,D) f(x) =
1

(2π)n

∫
eixξa (x, ξ)Ff (ξ) dξ,

where f ∈ S(Rn). Besov estimates, with fixed exponents, for such operators were given by

J. Marschall [35]

3.1 Auxiliary results

In this section we present some results which are useful for us. The following lemma is from

[31, Lemma 19], see also [14, Lemma 6.1].

Lemma 3.1 Let α ∈ C log
loc and let R ≥ clog(α), where clog(α) is the constant from (1.2) for

α. Then

2vα(x)ηv,m+R(x− y) ≤ c 2vα(y)ηv,m(x− y)

with c > 0 independent of x, y ∈ Rn and v,m ∈ N0.

The next lemma often allows us to deal with exponents which are smaller than 1.

Lemma 3.2 Let r > 0, v ∈ N0 and m > n. Then there exists c = c(r,m, n) > 0 such that

for all g ∈ S ′(Rn) with suppFg ⊂ {ξ ∈ Rn : |ξ| ≤ 2v+1}, we have

|g(x)| ≤ c(ηv,m ∗ |g|r(x))1/r, x ∈ Rn.

The following lemma is from A. Almeida and P. Hästö [1, Lemma 4.7] (we use it, since

the maximal operator is in general not bounded on `q(·)(Lp(·)), see [1, Example 4.1]).

Lemma 3.3 Let p ∈ P log, q ∈ P log
0 with 0 < q− ≤ q+ < ∞ and p− > 1. For m >

n+ clog(1/q), there exists c > 0 such that∥∥{ηv,m ∗ fv}v∥∥`q(·)(Lp(·)) ≤ c ‖{fv}v‖`q(·)(Lp(·)) .
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We will also make use of the following statement were proved by Franke [21, Theorem

2.4.1] in the case of constant p, see [18] for variable case.

Lemma 3.4 Let p ∈ P log
0 , l, k ∈ N0 with k ≤ l and ϕ ∈ S(Rn). Then for all {fl}l∈N0 ⊂

S ′(Rn) ∩ Lp(·) with suppFfl ⊂ {ξ ∈ Rn : |ξ| ≤ 2l}, we have

‖ϕk ∗ fl‖p(·) ≤ c 2(k−l)n(1−1/min(1,p−)) ‖fl‖p(·) ,

where ϕk = 2knϕ(2k·) and c > 0 is independent of k and l.

The next lemma is a Hardy-type inequality which is easy to prove.

Lemma 3.5 Let 0 < a < 1 and 0 < q ≤ ∞. Let {εk}k∈N0 be a sequence of positive real

numbers, such that ‖(εk)k‖`q = I <∞. The sequence

{δk : δk =
∞∑
j=0

a|k−j|εj}k∈N0

is in `q with

‖{δk}k‖`q ≤ c I.

c depends only on a and q.

The following proposition plays a fundamental role in this section.

Proposition 3.6 Let s ∈ C log
loc , p1, p2, q ∈ P log

0 , 0 < µ ≤ ∞ and 1 ≤ λ ≤ ∞ with
1

p1(·) = 1
p2(·) + 1

µ
. Let a : Rn × Rn → C be a bounded and measurable symbol such that

suppa (x, ·) ⊆ {ξ ∈ Rn : |ξ| ≤ c2k}.

If p−1 ≥ 1 or if 0 < p−1 < 1 and

suppFf ⊆ {ξ ∈ Rn : |ξ| ≤ c2k},

and if N > nmax
{

1
2
, 1
λ
, 1
p−2

}
+ clog (s) + clog(1

q
), then∥∥∥2ks(·)δ−

1
q(·)a (x,D) f

∥∥∥
p1(·)

.
∥∥∥∥∥a (·, 2k·)∥∥

BNλ,∞

∥∥∥
µ

∥∥∥2ks(·)δ−
1
q(·)f

∥∥∥
p2 (·)

for any k ∈ N0 and any δ ∈
[
2−k, 1 + 2−k

]
, with the implicit constant not depending on k.
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Proof. The proof follows the ideas in [35, Proposition 4], see also [33, Lemma 3]. We will

do the proof in two steps.

Step 1. Let us begin by the case p−1 ≥ 1. Let

K (x, x− y) =
1

(2π)n

∫
ei(x−y)ξa (x, ξ) dξ = F−1

ξ a (x, ·) (x− y) ,

be the kernel of a (x,D). Set 1
τ

= max
{

1
2
, 1
λ
, 1
p−2

}
. It follows from the Hölder inequality∣∣∣2ks(x)δ−

1
q(x)a (x,D) f (x)

∣∣∣
=

∣∣∣∣∫ 2ks(x)δ−
1

q(x)K (x, x− y) f (y) dy

∣∣∣∣
≤

∞∑
v=−∞

∫ ∣∣∣2ks(x)δ−
1

q(x)K (x, x− y)Fϕv (y − x) f (y)
∣∣∣ dy

≤
∞∑

v=−∞

(∫
|K (x, x− y)Fϕv (y − x)|τ

′
dy
) 1
τ ′
(∫
|x−y|≤2v+1

∣∣∣2ks(x)δ−
1

q(x)f (y)
∣∣∣τ dy) 1

τ
.

Observe that

K (x, x− y)Fϕv (y − x) = F−1
ξ (Fξ (K (x, ·)Fϕv (−·))) (x− y)

= F−1
ξ

(
F−1
ξ (FϕvFξa (x, ·))

)
(x− y).

Let us recall the Hausdorff-Young inequality. If f ∈ Lp(Rn) with 1 ≤ p ≤ 2 then

‖Ff‖p′ ≤ c ‖f‖p .

Hence by this inequality, since 1 ≤ τ ≤ 2,∣∣∣2ks(x)δ−
1

q(x)a (x,D) f (x)
∣∣∣

≤ c

∞∑
v=−∞

∥∥F−1
ξ (FϕvFξa (x, ·))

∥∥
τ

(∫
|x−y|≤2v+1

∣∣∣2ks(x)δ−
1

q(x)f (y)
∣∣∣τ dy) 1

τ
.

Since s and 1
q
are log-Hölder continuous and δ ∈

[
2−k, 1 + 2−k

]
we get

2ks(x) ≤ 2−knηk,clog(s)(x− y)2ks(y) ≤
(
1 + 2k+v+1

)clog(s)
2ks(y)

and

δ−
1

q(x) ≤ 2−knηk,clog( 1
q

)(x− y)δ−
1
q(y) ≤

(
1 + 2k+v+1

)clog( 1
q

)
δ−

1
q(y)

for any x, y ∈ Rn such that |x− y| ≤ 2v+1. Therefore,∣∣∣2ks(x)δ−
1

q(x)a (x,D) f (x)
∣∣∣
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is bounded by

c
∞∑

v=−k

2(v+k)(n
τ

+clog(s)+clog( 1
q

))Hv,k(x) + c

−k−1∑
v=−∞

2(v+k)n
τHv,k(x),

where

Hv,k(x) =
∥∥F−1

ξ

(
Fϕv+kFξa

(
x, 2k·

))∥∥
τ
Mτ

(
2ks(·)δ−

1
q(·)f

)
(x) .

The first sum clearly is bounded by

c
∥∥a (x, 2k·)∥∥

BNτ,∞
Mτ

(
2ks(·)δ−

1
q(·)f

)
(x) .

The second sum is bounded by

c sup
i≤0

∥∥F−1
ξ

(
ϕiFξa

(
x, 2k·

))∥∥
τ
Mτ

(
2ks(·)δ−

1
q(·)f

)
(x)

≤ c
∥∥a (x, 2k·)∥∥

τ
Mτ

(
2ks(·)δ−

1
q(·)f

)
(x) ,

where we have used the fact that

∥∥F−1
ξ

(
ϕiFξa

(
x, 2k·

))∥∥
τ
≤
∥∥F−1ϕi

∥∥
1

∥∥a (x, 2k·)∥∥
τ
.
∥∥a (x, 2k·)∥∥

τ
.

Therefore, ∥∥∥2ks(·)δ−
1
q(·)a (x,D) f

∥∥∥
p1(·)

.
(∥∥∥∥∥a(·, 2k·)

∥∥
τ

+
∥∥a(·, 2k·)

∥∥
BNτ,∞

∥∥∥
u

)∥∥∥2ks(·)δ−
1
q(·)f

∥∥∥
p2 (·)

,

since the the maximal function is bounded in Lp2(·)/τ . Our estimate follows by the fact that

∥∥a (x, 2k·)∥∥
τ

+
∥∥a (x, 2k·)∥∥

BNτ,∞
.
∥∥a (x, 2k·)∥∥

BNλ,∞
.

Step 2. Let now 0 < p−1 < 1. Here we have in addition that suppFf ⊆ {ξ ∈ Rn : |ξ| ≤ c2k}.

Let us recall the Plancherel-Polya-Nikol’skij inequality in a form stated in [44, Sect. 1.3.2].

Let 0 < p ≤ q ≤ ∞, R > 0 and f ∈ Lp(Rn) ∩ S ′(Rn) with

suppFf ⊂ {ξ ∈ Rn : |ξ| ≤ R}.

Then ‖f‖q can be estimated by

c Rn(1/p−1/q) ‖f‖p .
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Applying this inequality, we get∣∣∣2ks(x)δ−
1

q(x)a (x,D) f (x)
∣∣∣

. 2kn(
1
τ
−1)
(∫

2ks(x)τδ−
τ
q(x) |K (x, x− y)|τ |f (y)|τ dy

)1/τ

.

This expression with power τ is bounded by

c2kn(1−τ)

∞∑
v=−∞

sup
y
|K (x, x− y)Fϕv (x− y)|τ

∫
|x−y|<2v+1

∣∣∣2ks(x)δ−
1

q(x)f (y)
∣∣∣τ dy

. 2kn(1−τ)

∞∑
v=−∞

2(clog(s)+clog( 1
q

)) max(0,k+v)τ+vn sup
y
|K (x, x− y)Fϕv (x− y)|τ ×

(
Mτ

(
2ks(·)δ−

1
q(·)f

)
(x)
)τ
.

As before,

‖K (x, x− ·)Fϕv (x− ·)‖∞ ≤
∥∥F−1

ξ (FϕvFξa (x, ·))
∥∥

1

= 2kn
∥∥F−1

ξ

(
Fϕv+kFξa

(
x, 2k·

))∥∥
1
.

Hence ∣∣∣2ks(x)δ−
1

q(x)a (x,D) f (x)
∣∣∣ . ∥∥a (x, 2k·)∥∥

B
n
τ +clog(s)+clog(

1
q )

1,τ

Mτ

(
2ks(·)δ−

1
q(·)f

)
(x) .

Now our estimate follows by Hölder’s inequality and the boundedness of the maximal function

in Lp2 (·)/τ .

The next three lemmas are used in the proof of our result, see [35] for the constant

exponents.

Lemma 3.7 Let A,B > 0, p, q ∈ P log
0 and s ∈ C log

loc such that q
+ < ∞. Let {fk}k∈N0 be a

sequence of functions such that

suppFf0 ⊆ {ξ ∈ Rn : |ξ| ≤ A}

and

suppFfk ⊆
{
ξ ∈ Rn : B2k+1 ≤ |ξ| ≤ A2k+1

}
.

Then it holds that: ∥∥∥ ∞∑
k=0

fk

∥∥∥
B
s(·)
p(·),q(·)

.
∥∥{2ks(·)fk

}
k

∥∥
`q(·)(Lp(·))

.
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Proof. Let
{
Fϕj

}
j∈N0

be as resolution of unity. Using the support properties of Ffk and

Fϕj, the sum ϕj ∗
∑∞

k=0 fk become
∑κ2

l=−κ1 ϕj ∗ fj+l for some natural numbers κ1, κ2 ∈ N0.

Observe that ∣∣ϕj ∗ fj+l∣∣ . (ηj,m ∗ |fj+l|t)1/t

for any m > n+ clog (s) + clog(1/q) and any t > 0. Therefore, with 0 < t < p−,∥∥∥ ∞∑
k=0

fk

∥∥∥
B
s(·)
p(·),q(·)

.
κ2∑

l=−κ1

∥∥∥{(ηj,m−clog(α) ∗ 2js(·)t |fj+l|t
)1/t }

j

∥∥∥
`q(·)(Lp(·))

.
κ2∑

l=−κ1

∥∥∥{2js(·)fj+l
}
j

∥∥∥
`q(·)(Lp(·))

,

by Lemmas 3.1 and 3.3.

Lemma 3.8 Let A > 0, p, q ∈ P log
0 and s ∈ C log

loc such that 0 < q+ < ∞. Let s− >

n(max{1, 1/p−} − 1). Let {fk}k∈N0 be a sequence of functions such that

suppFfk ⊆
{
ξ ∈ Rn : |ξ| ≤ A2k+1

}
.

Then it holds that ∥∥ ∞∑
k=0

fk

∥∥∥
B
s(·)
p(·),q(·)

.
∥∥∥{2ks(·)fk

}
k

∥∥∥
`q(·)(Lp(·))

.

Proof. By the scaling argument, we see that it suffi ces to consider the case

∥∥{2ks(·)fk
}
k

∥∥
`q(·)(Lp(·))

= 1

and show that the modular of the function on the left-hand side is bounded. In particular,

we will show that
∞∑
j=0

∥∥∥∣∣∣2js(·)ϕj ∗ ∞∑
k=0

fk

∣∣∣q(·)∥∥∥
p(·)
q(·)

. 1.

Let 0 < r < min( 1
q+
, p
−

q+
). Using the support properties of Ffk and Fϕj, the sum ϕj∗

∑∞
k=0 fk

become
∑∞

k=j−κ ϕj ∗ fk for some natural number κ ∈ N0. The left-hand side of the above

expression can be rewritten us

c

∞∑
j=0

∥∥∥∣∣∣ ∞∑
k=j

2js(·)ϕj ∗ fk
∣∣∣rq(·)∥∥∥ 1r

p(·)
rq(·)

. (3.2)

Using the fact that ϕ ∈ S(Rn) we obtain

2js(·)
∣∣ϕj ∗ fk∣∣ . 2js(·)

(
ηj,m ∗ |fk|

)
, m > n.
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Since s is log-Hölder continuous, we move 2js(·) inside the convolution by Lemma 3.1,

2js(·)
(
ηj,m ∗ |fk|

)
. ηj,m1

∗ 2js(·) |fk| ,

where m1 = m− clog(s). Therefore, (3.2) is bounded by

c
∞∑
j=0

∥∥∥( ∞∑
k=j

ηj,m1
∗ 2js(·) |fk|

)rq(·)∥∥∥ 1r
p(·)
rq(·)

.

.
∞∑
j=0

( ∞∑
k=j

2(j−k)(nd+s−)q−r
∥∥∥∣∣2n(k−j)dηj,m1

∗ 2ks(·) |fk|
∣∣q(·)∥∥∥r

p(·)
q(·)

) 1
r
. (3.3)

Let us prove that∥∥∥∣∣2n(k−j)dηj,m1
∗ 2ks(·) |fk|

∣∣q(·)∥∥∥
p(·)
q(·)

≤
∥∥∥∣∣2ks(·)fk∣∣q(·)∥∥∥ p(·)

q(·)

+ 2−j

= δ, k ≥ j,

where d = 1−max{1, 1/p−}. This is equivalent to∥∥∥δ− 1
q(·)2n(k−j)dηj,m1

∗ 2ks(·) |fk|
∥∥∥
p(·)
≤ 1.

Since 1
q
is log-Hölder continuous and δ ∈ [2−j, 1 + 2−j], we can move δ−

1
q(·) inside the convo-

lution by Lemma 3.1,

c 2n(k−j)d
∥∥∥δ− 1

q(·)ηj,m1
∗ 2ks(·) |fk|

∥∥∥
p(·)

. 2n(k−j)d
∥∥∥ηj,h ∗ δ− 1

q(·)2ks(·) |fk|
∥∥∥
p(·)

,

with h = m− clog(s)− clog(1/q). We claim that this expression is bounded by

c
∥∥∥2ks(·)δ−

1
q(·)fk

∥∥∥
p(·)

.

The last quasi-norm is less than or equal to one if and only if:∥∥∥ ∣∣∣2ks(·)δ− 1
q(·)fk

∣∣∣q(·) ∥∥∥
p(·)
q(·)

≤ 1,

which follows immediately from the definition of δ. Therefore, the right-hand side of (3.3)

is bounded by

c
∞∑
j=0

( ∞∑
k=j

2n(j−k)(nd+s−)q−r
∥∥∥∣∣2ks(·)fk∣∣q(·)∥∥∥rp(·)

q(·)

) 1
r

+ c

.
∞∑
k=0

∥∥∥∣∣2ks(·)fk∣∣q(·)∥∥∥ p(·)
q(·)

+ c

. 1,
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where we have used Lemma 3.5 (since s− > −nd). Now we prove our claim. Here we use the

same arguments of [18]. If p− ≥ 1, then convolution with a radially decreasing L1-function

is bounded on Lp(·):∥∥∥ηj,h ∗ δ− 1
q(·)2ks(·) |fk|

∥∥∥
p(·)

.
∥∥ηj,h∥∥1

∥∥∥δ− 1
q(·)2ks(·)fk

∥∥∥
p(·)

.
∥∥∥δ− 1

q(·)2ks(·)fk

∥∥∥
p(·)

,

by taking m > n+ clog(s) + clog(1/q). Let 0 < p− < 1. By Lemma 3.2, we have

|fk(y)| .
(
ηk,L ∗ |fk|p

−
(y)
)1/p−

, L > n, y ∈ Rn.

Since 1
q
∈ C log

loc , then

δ−
1
q(y) ≤ c δ−

1
q(x) (1 + 2j |y − x|)clog(1/q) ≤ c δ−

1
q(x) (1 + 2k |y − x|)clog(1/q)

for any j ≤ k and any x, y ∈ Rn. Hence, with L1 = L− clog (α)− clog (1/q),

ηj,h ∗ δ
− 1
q(·)2ks(·) |fk| (x)

. ηj,h ∗
(
ηk,L1 ∗ δ

− p−
q(·)2ks(·)p

−|fk|p
−
)1/p−

(x)

= c

∫
Rn
ηj,h (x− y)

(
ηk,L1 ∗ δ

− p−
q(·)2ks(·)p

−|fk|p
−

(y)
)1/p−

dy,

where c > 0 is independent of j and k. By the inequalities

(
1 + 2j |x− y|

)−h ≤ (
1 + 2j |x− z|

)−h (
1 + 2j |y − z|

)h
≤

(
1 + 2j |x− z|

)−h (
1 + 2k |y − z|

)h
, x, y, z ∈ Rn, j ≤ k,

the last expression can be estimated by

c 2j(n−n/p
−)

×
∫
Rn

(∫
Rn
ηj,hp− (x− z) ηk,L1−hp− (y − z) δ−

p−
q(z)2ks(z)p

− |fk(z)|p
−
dz
)1/p−

dy.

Therefore, Minkowiski’s inequality gives

ηj,h ∗ δ
− 1
q(·)2ks(·) |fk| (x)

. 2(j−k)(n−n/p−)
∥∥ηk,L1/p−−h∥∥1

(
ηj,hp− ∗ δ

− p−
q(·)2ks(·)p

− |fk|p
−

(x)
)1/p−

. 2(j−k)(n−n/p−)
(
ηj,hp− ∗ δ

− p−
q(·)2ks(·)p

− |fk|p
−

(x)
)1/p−
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for any L > (n + h)p− and any x ∈ Rn. Since p(·)
p− ∈ P

log, then convolution with a radially

decreasing L1-function is bounded on L
p(·)
p− :∥∥∥ηj,h ∗ δ− 1

q(·)2js(·) |fk|
∥∥∥
p(·)

. 2(j−k)(n−n/p−)

∥∥∥∥ηj,hp− ∗ δ− p−
q(·)2ks(·)p

−|fk|p
−
∥∥∥∥1/p−

p(·)
p−

. 2(j−k)(n−n/p−)
∥∥ηj,hp−∥∥1/p−

1

∥∥∥∥δ− p−
q(·)2ks(·)p

− |fk|p
−
∥∥∥∥1/p−

p(·)
p−

= c2(j−k)(n−n/p−)
∥∥∥δ− 1

q(·)2ks(·)fk

∥∥∥
p(·)

.

The proof is completed.

Lemma 3.9 Let A > 0, p, q ∈ P log
0 such that 0 < q+ < ∞. Let {fk}k∈N0 be a sequence of

functions such that

suppFfk ⊆
{
ξ ∈ Rn : |ξ| ≤ A2k+1

}
.

Let α = n (max {1, 1/p−} − 1). Then it holds that, for some constant c > 0,∥∥∥ ∞∑
k=0

fk

∥∥∥
Bα
p(·),∞

.
∥∥{2kαfk

}
k

∥∥
`min(1,p

−)(Lp(·))
. (3.4)

Moreover if the right-hand side inequality in (3.4) is finite, then
{∑N

k=0 fk

}
N
converges in

S ′(Rn) to a distribution
∑∞

k=0 fk satisfying this inequality.

Proof. The proof follows the ideas in [35, Lemma 3]. First we assume the convergence and

putting β = min(1, p−). Using the support properties of Ffk and Fϕj, the sum ϕj ∗
∑∞

k=0 fk

become
∑∞

k=j−κ ϕj ∗ fk for some natural number κ ∈ N0. Using Lemma 3.4, we get∥∥∥ ∞∑
k=0

fk

∥∥∥
Bα
p(·),∞

= sup
j≥0

∥∥∥ ∞∑
k=j−κ

2αjϕj ∗ fk
∥∥∥
p(·)

≤ sup
j≥0

( ∞∑
k=j−κ

2αβj
∥∥ϕj ∗ fk∥∥βp(·) )1/β

. sup
j≥0

2αj
( ∞∑
k=j−κ

2(k−j)αβ ‖fk‖βp(·)
)1/β

.
∥∥{2kαfk

}
k

∥∥
`β(Lp(·))

.

Let us now prove the convergence of
{∑N

k=0 fk

}
N
in S ′(Rn). It follows from the result we

just proved above, ∥∥∥ M∑
k=−N

fk

∥∥∥
Bα
p(·),∞

.
∥∥∥{2kαfk

}k=M

k=−N

∥∥∥
`β(Lp(·))
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which tend to zero if N,M →∞ and then
{∑N

k=0 fk

}
N
is a Cauchy sequence in Bα

p(·),∞ and

hence a convergent sequence in S ′(Rn).

We remark that Lemmas 3.7 and 3.8 are true in Bs(·)
p(·),∞ spaces with the same assumptions

on p and s.

3.2 Main results

The following theorem concerning the continuity of pseudo-differential operator on variable

Besov spaces.

Theorem 3.10 Let s ∈ C log
loc , p, q ∈ P

log
0 with 0 < q+ < ∞. Let a ∈ SBm

δ (r, µ, v;N, λ) be

such that 0 < µ, v ≤ ∞, r > 0, (1− δ) r ≥ n
µ
and 1 ≤ λ ≤ ∞. Let N > nmax

{
1
2
, 1
λ
, 1
p−

}
+

clog (s) + clog(1
q
).

(i) If

nmax
{

1,
1

µ
+

1

p−

}
− n− (1− δ) r < s− ≤ s+ < r − nmax

{ 1

µ
− 1

p+
, 0
}
,

then a (x,D) is a continuous linear mapping from B
s(·)+m
p(·),q(·) to B

s(·)
p(·),q(·).

(ii) If (1− δ) r > n
µ
, v ≤ q− <∞ and

s := r − nmax
{ 1

µ−
− 1

p+
, 0
}
,

then a (x,D) is a continuous linear mapping from Bs+m
p(·),q(·) to B

s
p(·),q(·).

(iii) We suppose that 1
µ

+ 1
p− ≤ 1 or 0 < p+ ≤ 1 and 1

µ
+ 1

p− > 1. If (1− δ) r > n
µ
,

0 < q+ ≤ min {1, p−} and

s := nmax
{

1,
1

µ
+

1

p−

}
− n− (1− δ) r,

then a (x,D) is a continuous linear mapping from Bs+m
p(·),q(·) to B

s
p(·),q(·).

Proof. Let {Fϕk}k be a resolution of unity. We set

aj,k (x, ξ) = F−1
η→x

(
Fϕj (η)Fx→ηa (·, ξ)

)
Fϕk (ξ) .

We decompose the symbol into three parts

a (x, ξ) = a(1) (x, ξ) + a(2) (x, ξ) + a(3) (x, ξ) ,
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where

a(1) (x, ξ) =

∞∑
k=4

k−4∑
j=0

aj,k (x, ξ)

a(2) (x, ξ) =
∞∑
k=0

k+3∑
j=k−3

aj,k (x, ξ)

a(3) (x, ξ) =

∞∑
k=0

∞∑
j=k+4

aj,k (x, ξ) .

As in Marschall [35], we need only to estimate a(i), i = 1, 2, 3 in Bs(·)
p(·),q(·) spaces.

Step 1 . Proof of (i).

Substep 1.1. We will prove in this step that there is a constant c > 0 such that for every

f ∈ Bs(·)+m
p(·),q(·) ∥∥a(1)(x,D)f

∥∥
B
s(·)
p(·),q(·)

≤ c ‖f‖
B
s(·)+m
p(·),q(·)

. (3.5)

Observe that
∑k−4

j=0 aj,k(x,D)fk has its spectrum in
{
ξ ∈ Rn : c12k ≤ |ξ| ≤ c22k

}
. Then we

can apply Lemma 3.7 to obtain

∥∥a(1)(x,D)f
∥∥
B
s(·)
p(·),q(·)

≤ c
∥∥∥{2ks(·)

k−4∑
j=0

aj,k(x,D)fk

}
k

∥∥∥
`q(·)(Lp(·))

,

where fk := ϕk ∗ f . Let us show that the last quasi-norm is bounded by

c ‖f‖
B
s(·)+m
p(·),q(·)

.

By the scaling argument, we see that it suffi ces to consider the case

∞∑
k=0

∥∥∥ ∣∣2k(s(·)+m)fk
∣∣q(·) ∥∥∥

p(·)
q(·)

= 1

and show that the modular of a constant times the function on the left-hand side is bounded.

In particular, we will show that

∞∑
k=4

∥∥∥∣∣∣2ks(·) k−4∑
j=0

aj,k (x,D) fk

∣∣∣q(·)∥∥∥
p(·)
q(·)

≤ C.

This clearly follows from the inequality

∥∥∥∣∣∣2ks(·) k−4∑
j=0

aj,k (x,D) fk

∣∣∣q(·)∥∥∥
p(·)
q(·)

.
∥∥∥ ∣∣2k(s(·)+m)fk

∣∣q(·) ∥∥∥
p(·)
q(·)

+ 2−k

= δ,
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which we proceed to prove. The claim can be reformulated as showing that∥∥∥δ−1
∣∣∣2ks(·) k−4∑

j=0

aj,k (x,D) fk

∣∣∣q(·)∥∥∥
p(·)
q(·)

. 1,

which is equivalent to ∥∥∥δ− 1
q(.)2ks(·)

k−4∑
j=0

aj,k (x,D) fk

∥∥∥
p(·)
. 1.

By Proposition 3.6, the left-hand side is bounded by

c
∥∥∥∥∥∥ k−4∑

j=0

aj,k
(
·, 2k·

) ∥∥∥
BNλ,∞

∥∥∥
∞

∥∥∥2ks(·)δ−
1
q(·)fk

∥∥∥
p(·)

.
∥∥∥2k(s(·)+m)δ−

1
q(·)fk

∥∥∥
p(·)
,

where the implicit constants not depending on k and δ. Now the right-hand side is less than

or equal to one if and only if ∥∥∥∣∣∣2k(s(·)+m)δ−
1
q(·)fk

∣∣∣q(·)∥∥∥
p(·)
q(·)

≤ 1,

which follows immediately from the definition of δ. This finish the proof of (3.5).

Substep 1.2. We will prove in this step that there is a constant c > 0 such that for every

f ∈ Bs(·)+m
p(·),q(·) ∥∥a(2)(x,D)f

∥∥
B
s(·)
p(·),q(·)

≤ c ‖f‖
B
s(·)+m
p(·),q(·)

. (3.6)

We have
∑k+3

j=k−3 aj,k(x,D)fk has its spectrum in
{
ξ ∈ Rn : |ξ| ≤ c22k

}
. Let 1

p1(·) = 1
µ

+ 1
p(·) .

Since (1− δ) r ≥ n
µ
, we have the Sobolev embedding

B
s(·)+(1−δ)r
p1(·),q(·) ↪→ B

s(·)+(1−δ)r−n
µ

p(·),q(·) ↪→ B
s(·)
p(·),q(·).

By Lemma 3.8,

∥∥a(2)(x,D)f
∥∥
B
s(·)
p(·),q(·)

.
∥∥∥{2k(s(·)+(1−δ)r)

k+3∑
j=k−3

aj,k(x,D)fk

}
k

∥∥∥
`q(·)(Lp1(·))

.

Let us show that the last quasi-norm is bounded by

c ‖f‖
B
s(·)+m
p(·),q(·)

.

Again by the scaling argument, we see that it suffi ces to consider the case

∞∑
k=0

∥∥∥ ∣∣2k(s(·)+m)fk
∣∣q(·) ∥∥∥

p(·)
q(·)

= 1
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and show that the modular of a constant times the function on the left-hand side is bounded.

In particular, we will show that

∞∑
k=0

∥∥∥∣∣∣2k(s(·)+(1−δ)r)
k+3∑
j=k−3

aj,k(x,D)fk

∣∣∣q(·)∥∥∥
p1(·)
q(·)

≤ C.

This clearly follows from the inequality:

∥∥∥∣∣∣2k(s(·)+(1−δ)r)
k+3∑
j=k−3

aj,k(x,D)fk

∣∣∣q(·)∥∥∥
p1(·)
q(·)

.
∥∥∥ ∣∣2k(s(·)+m)fk

∣∣q(·) ∥∥∥
p(·)
q(·)

+ 2−k = δ.

The claim can be reformulated as showing that

H =
∥∥∥δ− 1

q(·)2k(s(·)+(1−δ)r)
k+3∑
j=k−3

aj,k(x,D)fk

∥∥∥
p1(·)

. 1.

By Proposition 3.6,

H . 2k(1−δ)r
∥∥∥∥∥∥ k+3∑

j=k−3

aj,k
(
·, 2k·

) ∥∥∥
BNλ,∞

∥∥∥
µ

∥∥∥δ− 1
q(.)2ks(·)fk

∥∥∥
p(·)

.
∥∥∥δ− 1

q(.)2k(s(·)+m)fk

∥∥∥
p(·)

. 1.

Substep 1.3. We will prove in this step that there is a constant c > 0 such that for every

f ∈ Bs(·)+m
p(·),q(·) ∥∥a(3)(x,D)f

∥∥
B
s(·)
p(·),q(·)

≤ c ‖f‖
B
s(·)+m
p(·),q(·)

. (3.7)

We can apply Lemma 3.7 to obtain

∥∥a(3)(x,D)f
∥∥
B
s(·)
p(·),q(·)

≤ c

∥∥∥∥{2js(·)
j−4∑
k=0

aj,k(x,D)fk

}
j

∥∥∥∥
`q(·)(Lp(·))

.

Let us show that the last quasi-norm is bounded by

c ‖f‖
B
s(·)+m
p(·),q(·)

.

By the scaling argument, it suffi ces to suppose that ‖f‖
B
s(·)+m
p(·),q(·)

≤ 1 and we will show that

∞∑
j=4

∥∥∥∣∣∣2js(·) j−4∑
k=0

aj,k (x,D) fk

∣∣∣q(·)∥∥∥
p(·)
q(·)

. 1. (3.8)
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We set µ1 = max(µ, p+). Let r1 > 0 and δ1 > 0 be such that r− n
µ

= r1 − n
µ1
and δr = δ1r1.

Let 0 < σ < min( 1
q+
, p
−

q+
). The quasi-norm on the right-hand side with power σ is bounded

by
j−4∑
k=0

∥∥∥∣∣∣2js(·)aj,k (x,D) fk

∣∣∣q(·)∥∥∥σ
p(·)
q(·)

.

Let us prove that∥∥∥∣∣∣2ks(·)+(j−k)r1aj,k (x,D) fk

∣∣∣q(·)∥∥∥
p(·)
q(·)

.
∥∥∥ ∣∣2k(s(·)+m+(1−δ1)r1)fk

∣∣q(·) ∥∥∥
p2(·)
q(·)

+ 2−k

= δ,

where 1
p(·) = 1

µ1
+ 1

p2(·) . The claim can be reformulated as showing that∥∥∥δ−1
∣∣∣2ks(·)+(j−k)r1aj,k (x,D) fk

∣∣∣q(·)∥∥∥
p(·)
q(·)

. 1,

which is equivalent to ∥∥∥δ− 1
q(.)2ks(·)+(j−k)r1aj,k (x,D) fk

∥∥∥
p(·)
. 1.

Observe that fk and aj,k (x,D) have its spectrum in
{
ξ ∈ Rn : |ξ| ≤ c22k

}
, by Proposition

3.6 and the Sobolev embedding (3.1), the left-hand side is bounded by

c
∥∥∥∥∥∥2jr1aj,k

(
·, 2k·

) ∥∥∥
BNλ,∞

∥∥∥
µ1

∥∥∥δ− 1
q(·)2ks(·)−kr1fk

∥∥∥
p2(·)

.
∥∥∥δ− 1

q(·)2k(s(·)+m−(1−δ1)r1)fk

∥∥∥
p2(·)

,

where the implicit constants not depending on k and δ. Now the right-hand side is less than

or equal to one if and only if∥∥∥∣∣∣2k(s(·)+m−(1−δ1)r1)δ−
1
q(·)fk

∣∣∣q(·)∥∥∥
p2(·)
q(·)

≤ 1,

which follows immediately from the definition of δ. Our estimate (3.8) follows by Lemma

3.5 and the embeddings

B
s(·)+m
p(·),q(·) ↪→ B

s(·)+m−(1−δ)r+n
µ

p(·),q(·) ↪→ B
s(·)+m−(1−δ1)r1
p2(·),q(·) .

Step 2 . Proof of (ii). We need only to estimate a(3)(x,D). Let µ1, r1 and δ1 be as in

Substep 1.3. Let % = min(1, p−, q−). If v ≤ q− <∞, then∥∥a(3)(x,D)f
∥∥
Bs
p(·),q−

=
∥∥∥ ∞∑
k=0

∞∑
j=k+4

aj,k (x,D) fk

∥∥∥
Bs
p(·),q−

.
( ∞∑
k=0

∥∥∥ ∞∑
j=k+4

aj,k (x,D) fk

∥∥∥%
Bs
p(·),q−

) 1
%
.
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Using Lemma 3.7 and Proposition 3.6 we get∥∥∥ ∞∑
j=k+4

aj,k (x,D) fk

∥∥∥q−
Bs
p(·),q−

.
∞∑

j=k+4

∥∥∥2jsaj,k (x,D) fk

∥∥∥q−
p(·)

.
∥∥fk∥∥q−p2(·)

∞∑
j=k+4

2jsq
−
∥∥∥∥∥∥aj,k (·, 2k·) ∥∥∥

BNλ,∞

∥∥∥q−
µ1

.

Since a ∈ SBm
δ (r1, µ1, v;N, λ), v ≤ q− <∞ and s = r1,

∞∑
j=k+4

2jsq
−
∥∥∥∥∥∥aj,k (·, 2k·) ∥∥∥

BNλ,∞

∥∥∥q−
µ1

≤ 2k(m+δ1r1)q− .

Therefore, ∥∥a(3)(x,D)f
∥∥
Bs
p(·),q−

. ‖f‖
B
m+δ1r1
p2(·),%

= ‖f‖
B
s+m+nµ−(1−δ)r−

n
µ1

p2(·),%

. ‖f‖
B
s+m+nµ−(1−δ)r
p(·),%

≤ ‖f‖Bs+m
p(·),q(·)

,

since (1− δ) r > n
µ
.

Step 3 . Proof of (iii). We need only to estimate a(2)(x,D). Let us consider two cases.

Case 1. 1
µ

+ 1
p− ≤ 1. Let 1

p1(·) = 1
µ

+ 1
p(·) . Then we have

B0
p1(·),∞ ↪→ B

s+(1−δ)r−n
µ

p(·),∞ ↪→ Bs
p(·),q(·).

Applying Lemma 3.9, we obtain∥∥a(2)(x,D)f
∥∥
Bs
p(·),q(·)

.
∥∥a(2)(x,D)f

∥∥
B0
p1(·),∞

.
∞∑
k=0

k+3∑
j=k−3

‖aj,k (x,D) fk‖p1(·) .

By Proposition 3.6 we get

k+3∑
j=k−3

‖aj,k (x,D) fk‖p1(·) .
k+3∑
j=k−3

∥∥∥∥∥∥aj,k (·, 2k·) ∥∥∥
BNλ,∞

∥∥∥
u
‖fk‖p(·)

. 2k(m−(1−δ)r) ‖fk‖p(·) .

Therefore, ∥∥a(2)(x,D)f
∥∥
Bs
p(·),q(·)

. ‖f‖
B
m−(1−δ)r
p(·),1

. ‖f‖Bs+m
p(·),q(·)

,
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since s = −(1− δ)r.

Case 2. 1
µ

+ 1
p− > 1 and 0 < p+ ≤ 1. Let

µ1 =

 µ if p+ ≤ µ

max(1, µ) if p+ > µ.

Obviously

B
n
p−−n
p(·),∞ = B

s+(1−δ)r−n
µ

p(·),∞ ↪→ Bs
p(·),q(·).

Let r1 > 0 and δ1 > 0 be such that r − n
µ

= r1 − n
µ1
and δr = δ1r1. Let 1

p(·) = 1
µ1

+ 1
p2(·) .

Then, a ∈ SBm
δ (r1, µ1, v;N, λ), p2(·) ≥ p(·) and

s− n

p(·) =
n

p−
− n− (1− δ1)r1 −

n

p2(·) .

Applying again Lemma 3.9, we obtain

∥∥a(2)(x,D)f
∥∥
Bs
p(·),q(·)

≤
∥∥a(2)(x,D)f

∥∥
B

n
p−
−n

p(·),∞

.
( ∞∑
k=0

2kn(1−p−)

k+3∑
j=k−3

‖aj,k (x,D) fk‖p
−

p(·)

)1/p−

. ‖f‖
B
m+ n

p−
−n−(1−δ1)r1

p2(·),p−

,

by Proposition 3.6. Our estimate follows by the Sobolev embedding

Bs+m
p(·),q(·) ↪→ B

m+ n
p−−n−(1−δ1)r1

p2(·),p− .

This finish the proof.
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Chapter 4

Boundedness of pseudo-differential

operators on variable Triebel-Lizorkin

spaces

This chapter concerns the boundedness properties of the pseudodifferential operators on

Triebel-Lizorkin spaces with variable smoothness and integrability with symbols in the class

SBm
δ (r, µ, v;N, λ).

Let
{
Fϕj

}
j∈N0

be as resolution of unity. For a function a : Rn × Rn → C, we write

aj (x, ξ) = F−1
y→x

(
Fϕj (y)Fa (y, ξ)

)
.

Let 0 < µ < ∞, 0 < v ≤ ∞, 1 ≤ λ ≤ ∞, 0 ≤ δ ≤ 1, (1 − δ)r ≥ n
µ
and N > n

λ
. The space

F r
µ,v(B

N
λ,∞) consists of all distributions a ∈ S ′(Rn × Rn) such that

‖a‖F rµ,v(BNλ,∞) =
∥∥∥{2jr ‖aj (x, ·)‖BNλ,∞

}
j

∥∥∥
Lµ(`v)

<∞.

Let m, r,N ∈ R, 0 ≤ δ ≤ 1, 0 < µ, v ≤ ∞, 1 ≤ λ ≤ ∞, (1 − δ)r ≥ n
µ
and N > n

λ
. We say

that a symbol a belongs to SFm
δ (r, µ, v;N, λ) if

sup
k

2−km
∥∥∥∥∥a (x, 2k·)Fϕk (2k·)∥∥BNλ,∞ ∥∥∥L∞(dx)

< ∞

sup
k

2−k(m+δr)
∥∥a (x, 2k·)Fϕk (2k·)∥∥F rµ,v(BNλ,∞)

< ∞,

which, introduced by J. Marschall [34]. Notice that

SBm
δ (r, µ, p;N, λ) ↪→ SFm

δ1
(r1, p, q;N, λ) , (4.1)
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if 0 < µ < p <∞, 0 < v ≤ ∞, r − n
µ

= r1 − n
p
and δr = δ1r1.

Let p, q ∈ P0. The space Lp(·)(`q(·)) is defined to be the set of all sequences (fv)v≥0 of

functions such that

∥∥(fv)v≥0

∥∥
Lp(·)(`q(·))

:=
∥∥∥∥∥(fv(x))v≥0

∥∥
`q(x)

∥∥∥
Lp(·)

<∞.

It is easy to show that Lp(·)(`q(·)) is always a quasi-normed space and it is a normed space,

if min(p(x), q(x)) ≥ 1 holds point-wise.

We recall the definition and some properties of Triebel-Lizorkin spaces with variable

smoothness and integrability.

Definition 4.1 Let {Fϕv}v∈N0 be as resolution of unity. For s : Rn → R and p, q ∈

P0(Rn), with 0 < p+, q+ <∞, the Triebel-Lizorkin space F s(·)
p(·),q(·) consists of all distributions

f ∈ S ′(Rn) such that

‖f‖
F
s(·)
p(·),q(·)

=
∥∥{2vs(·)ϕv ∗ f

}
v

∥∥
Lp(·)(`q(·))

<∞.

We directly obtain the following simplification in the case when q is constant. If q is a

constant, then

‖f‖ϕ
F
α(·)
p(·),q(·)

=
∥∥∥∥∥{2vα(·)ϕv ∗ f

}
v

∥∥
`q

∥∥∥
p(·)

,

For any p, q ∈ P log
0 (Rn), with 0 < p+, q+ < ∞ and s ∈ C log

loc , the space F
s(·)
p(·),q(·) does

not depend on the chosen smooth dyadic resolution of unity {Fϕv}v∈N0 (in the sense of

equivalent quasi-norms) and

S(Rn) ↪→ F
s(·)
p(·),q(·) ↪→ S

′(Rn).

We next consider embeddings of Sobolev-type. For constant exponents it is well-known that

Fα0
p0,∞ ↪→ Fα1

p1,q

if α0− n
p0

= α1− n
p1
, where 0 < p0 ≤ p1 <∞, 0 < q ≤ ∞,−∞ < α1 ≤ α0 <∞ (see e.g. [44],

Theorem 2.7.1). For variable case we have the following results, see [50].

Theorem 4.2 Let p0, p1, q0, q1 ∈ P loc
0 (Rn), with 0 < p+

0 , p
+
1 , q

+
0 , q

+
1 < ∞ and α0, α1 ∈ C log

loc

with α0 ≥ α1. If

α0 (x)− n

p0 (x)
= α1 (x)− n

p1 (x)

43



and

inf(α0 − α1) > 0,

then

F
α0(·)
p0(·),q0(·)(R

n) ↪→ F
α1(·)
p1(·),q(·)(R

n).

More information about these function spaces can be found in [14],[29],[30],[31] and ref-

erence theiren.

4.1 Basic tools

In this section we present some results which are useful for us. The following lemma is

from [14, Theorem 3.2] (we use it, since the maximal operator is in general not bounded on

Lp(·)(`q(·))).

Lemma 4.3 Let p, q ∈ P log with 1 < p− ≤ p+ < ∞ and 1 < q− ≤ q+ < ∞. For m > n,

there exists c > 0 such that

∥∥{ηv,m ∗ fv}v∥∥`q(·)(Lp(·)) ≤ c ‖{fv}v‖`q(·)(Lp(·))

for every sequence {fv}v of L1
loc-functions.

Lemma 4.4 Let A,B > 0, p, q ∈ P log
0 and s ∈ C log

loc such that p
+, q+ <∞. Let {fk}k∈N0 be

a sequence of functions such that

suppFf0 ⊆ {ξ ∈ Rn : |ξ| ≤ A}

and

suppFfk ⊆
{
ξ ∈ Rn : B2k+1 ≤ |ξ| ≤ A2k+1

}
.

Then it holds that: ∥∥∥ ∞∑
k=0

fk

∥∥∥
F
s(·)
p(·),q(·)

≤ c
∥∥{2ks(·)fk

}
k

∥∥
Lp(·)(`q(·))

.

Proof. Let
{
Fϕj

}
j∈N0

be as resolution of unity. Using the support properties of Ffk and

Fϕj, the sum ϕj ∗
∑∞

k=0 fk become

κ2∑
l=−κ1

ϕj ∗ fj+l
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for some natural numbers κ1, κ2 ∈ N0. Observe that∣∣ϕj ∗ fj+l∣∣ . (ηj,m ∗ |fj+l|t)1/t
, l = −κ1, ..., κ2

for any m > n+ clog (α) and any t > 0. Therefore, with t ∈ (0,min {1, p−, q−}),∥∥∥ ∞∑
k=0

fk

∥∥∥
F
s(·)
p(·),q(·)

.
∥∥∥{(ηj,m−clog(α) ∗ 2js(·)t |fj+l|t

)1/t }
k

∥∥∥
Lp(·)(`q(·))

.
∥∥{2js(·)fj+l

}
k

∥∥
Lp(·)(`q(·))

,

by Lemmas 3.1 and 4.3.

The following proposition plays a fundamental role in this section.

Proposition 4.5 Let s ∈ C log
loc , m > 0, 1 ≤ λ ≤ ∞, 1

τ
> max(1

2
, 1
λ
) and N > m

τ
+ clog (s).

Let a : Rn × Rn → C be a bounded and measurable symbol such that

suppa (x, ·) ⊆ {ξ ∈ Rn : |ξ| ≤ c2k}.

(i) If τ ≥ 1, then∣∣2ks(x)a (x,D) f (x)
∣∣ . CN

∥∥a (x, 2k·)∥∥
BNλ,∞

(
ηk,m ∗ 2ks(·)τ |f |τ (x)

) 1
τ , x ∈ Rn (4.2)

for any k ∈ N0, with the implicit constant not depending on k.

(ii) If 0 < τ < 1 and

suppFf ⊆ {ξ ∈ Rn : |ξ| ≤ c2k},

then we have (4.2).

Proof. The proof follows the ideas in Proposition 3.6 and [35, Proposition 4]. We will do

the proof in two steps.

Step 1. Proof of (i). Let

K (x, x− y) =
1

(2π)n

∫
ei(x−y)ξa (x, ξ) dξ = Fξa (x, ·) (x− y) ,

be the kernel of a (x,D). It follows from the Hölder inequality∣∣2ks(x)a (x,D) f (x)
∣∣

≤
∞∑

v=−∞

∫ ∣∣2ks(x)K (x, x− y)Fϕv (y − x) f (y)
∣∣ dy

≤
∞∑

v=−∞

(∫
|K (x, x− y)Fϕv (y − x)|τ

′
dy
) 1
τ ′
(∫
|x−y|≤2v+1

∣∣2ks(x)f (y)
∣∣τ dy) 1

τ
.
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Observe that

K (x, x− y)Fϕv (y − x) = F−1
ξ

(
F−1
ξ (FϕvFξa (x, ·))

)
(x− y).

Hence by the Hausdorff-Young inequalities, since 1 ≤ τ ≤ 2,

∣∣2ks(x)a (x,D) f (x)
∣∣ ≤ c

∞∑
v=−∞

∥∥F−1
ξ (FϕvFξa (x, ·))

∥∥
τ

(∫
|x−y|≤2v+1

∣∣2ks(x)f (y)
∣∣τ dy) 1

τ
.

Since s is log-Hölder continuous we get

2ks(x) ≤ 2−knηk,−clog(s)(x− y)2ks(y) ≤
(
1 + 2k+v+1

)clog(s)
2ks(y)

and

2−knηk,−m(x− y) ≤
(
1 + 2k+v+1

)m
for any x, y ∈ Rn such that |x− y| ≤ 2v+1. Therefore

∣∣2ks(x)a (x,D) f (x)
∣∣ ≤ c

∞∑
v=−k

2(v+k)(m
τ

+clog(s))Hv,k(x) + c
−k−1∑
v=−∞

2(v+k)m
τ Hv,k(x),

where

Hv,k(x) =
∥∥F−1

ξ

(
Fϕv+kFξa

(
x, 2k·

))∥∥
τ

(
ηk,m ∗ 2ks(·)τ |f |τ (x)

) 1
τ .

The first sum clearly is bounded by

c
∥∥a (x, 2k·)∥∥

BNτ,∞

(
ηk,m ∗ 2ks(·)τ |f |τ (x)

) 1
τ , x ∈ Rn.

The second sum is bounded by

c sup
i≤0

∥∥F−1
ξ

(
ϕiFξa

(
x, 2k·

))∥∥
τ

(
ηk,m ∗ 2ks(·)τ |f |τ (x)

) 1
τ

≤ c
∥∥a (x, 2k·)∥∥

τ

(
ηk,m ∗ 2ks(·)τ |f |τ (x)

) 1
τ , x ∈ Rn,

where we have used the fact that

∥∥F−1
ξ

(
ϕiFξa

(
x, 2k·

))∥∥
τ
≤

∥∥F−1ϕi
∥∥

1

∥∥a (x, 2k·)∥∥
τ

.
∥∥a (x, 2k·)∥∥

τ
.

Our estimate follows by the fact that

∥∥a (x, 2k·)∥∥
τ

+
∥∥a (x, 2k·)∥∥

BNτ,∞
.
∥∥a (x, 2k·)∥∥

BNλ,∞
.
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Step 2. Proof of (ii). Applying Plancherel-Polya-Nikol’skij, we get

∣∣2ks(x)a (x,D) f (x)
∣∣ . 2kn(

1
τ
−1)
(∫

2ks(x)τ |K (x, x− y)|τ |f (y)|τ dy
)1/τ

, x ∈ Rn.

This expression with power τ is bounded by

c2kn(1−τ)
∑
v∈Z

sup
y
|K (x, x− y)Fϕv (x− y)|τ

∫
|x−y|<2v

∣∣2ks(x)f (y)
∣∣τ dy

. c
∑
v∈Z

2(clog(s)τ+m) max(0,k+v)−knτ sup
y
|K (x, x− y)Fϕv (x− y)|τ

×
∫
|x−y|<2v

2ks(y)τηk,m(x− y) |f (y)|τ dy.

As before,

‖K (x, x− ·)ϕv (x− ·)‖∞ ≤
∥∥F−1

ξ (FϕvFξa (x, ·))
∥∥

1

= 2kn
∥∥F−1

ξ

(
ϕv+kFξa

(
x, 2k·

))∥∥
1
.

Hence

∣∣2ks(x)a (x,D) f (x)
∣∣τ .

∥∥a (·, 2k·)∥∥τ
Ḃ
m
τ +clog(s))

1,τ

ηk,m ∗ 2ks(·)τ |f |τ (x)

.
∥∥a (·, 2k·)∥∥τ

B
m
τ +clog(s))

1,τ

ηk,m ∗ 2ks(·) |f |τ (x) , x ∈ Rn.

The proof is completed.

We need the Marschall’s inequalities, see [34, Proposition 1.3] and [54, Proposition 6.1]

for the case of constant exponent.

Lemma 4.6 Let A > 0, R ≥ 1 and s ∈ C log
loc . Let b ∈ D(Rn) and a function f ∈ C∞(Rn)

such that

suppFf ⊆ {ξ ∈ Rn : |ξ| ≤ AR} and suppb ⊆ {ξ ∈ Rn : |ξ| ≤ A} .

Then

2js(x)
∣∣F−1b ∗ f(x)

∣∣ ≤ c2(1− 1
t
)jn(AR)

n
t
−n ∥∥b(2j·)∥∥

B
n
t +clog(s)

1,t

(
M(2js(·) |f |t)(x)

) 1
t

for any 0 < t ≤ 1 and any x ∈ Rn, where c is independant of A, R, b, j and f.
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Proof. With x fixed,y 7−→ F−1b(x− y)f(y) has its spectrum in B(0, (R + 1)A). Applying

Plancherel-Polya-Nikol’skij, we get∣∣F−1b ∗ f(x)
∣∣ ≤ ∫

|F−1b(x− y)f(y)|dy

=
∥∥F−1b(x− ·)f

∥∥
1

≤ c(AR)
n
t
−n ‖Fb(x− ·)f‖t .

Let φ ∈ D(Rn) be supported in {ξ ∈ Rn : 1
2
≤ |ξ| ≤ 2} and such that

∞∑
k=−∞

φ(2−kξ) = 1, ξ 6= 0.

We have ∥∥F−1b(x− ·)f
∥∥t
t

=

∫
|F−1b(x− y)f(y)|tdy ≤

∞∑
k=−∞

∫
|F−1b(x− y)φ(2−k(x− y))f(y)|tdy

≤
∞∑

k=−∞

sup
y
|F−1b(x− y)φ(2−k(x− y))|t

∫
B(x,2k+1)

|f(y)|tdy

≤
∞∑

k=−∞

sup
z
|F−1b(z)φ(2−k(z))|t

∫
B(x,2k+1)

|f(y)|tdy.

Since,

F−1b(z)φ(2−kz) = F−1F(F−1bφ(2−k·))(z),

we obtain

|F−1b(z)φ(2−k(z))| ≤
∫
|F(F−1bφ(2−k·))(y)|dy

=
∥∥F(φ(2−k·)) ∗ b

∥∥
1
.

From the fact that

2js(x) ≤ (1 + 2j|x− y|)clog(s)2js(y), x, y ∈ Rn,

we get,

2js(x)t
∥∥F−1b(x− ·)f

∥∥t
t

≤
∞∑

k=−∞

2max(0,j+k)clog(s)t
∥∥F(φ(2−k·)) ∗ b

∥∥t
1

∫
B(x,2k+1)

2js(y)t|f(y)|tdy

≤
∞∑

k=−∞

2max(0,j+k)clog(s)t+kn
∥∥F(φ(2−k·)) ∗ b

∥∥t
1
M(2js(·)t |f |t)(x), x ∈ Rn.
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Observe that

F(φ(2−k·)) ∗ b(x) =

∫
F(φ(2−k·))(z)b(x− z)dz

= 2−jn
∫
F(φ(2−k−j·))(2−jz)b(x− z)dz

= F(φ(2−k−j·)) ∗ b(2j·)(2−jx),

then ∥∥F(φ(2−k·)) ∗ b
∥∥

1
≤ 2jn

∥∥F(φ(2−k−j·)) ∗ b(2j·)
∥∥

1
.

Therefore,

∞∑
k=−∞

2max(0,j+k)clog(s)t+(j+ k
t
)nt
∥∥F(φ(2−k−j·)) ∗ b(2j·)

∥∥t
1

=
∑
k+j≥0

· · ·+
∑
k+j<0

· · ·.

The first sum is bounded by

2(1− 1
t
)jnt
∥∥b(2j·)∥∥t

B
n
t +clog(s)

1,t

and since ∥∥F(φ(2−k−j·)) ∗ b(2j·)
∥∥

1
.
∥∥b(2j·)∥∥

1
≤
∥∥b(2j·)∥∥

B
n
t +clog(s)

1,t

,

we obtain the desired estimate.

Lemma 4.7 Let A > 0, p ∈ P log
0 and s ∈ C log

loc such that p
+ <∞ and s− > n(max{1, 1/p−}−

1). Let {fk}k∈N0 be a sequence of functions such that suppFfk ⊆
{
ξ ∈ Rn : |ξ| ≤ A2k+1

}
.

Then it holds that ∥∥ ∞∑
k=0

fk

∥∥∥
F
s(·)
p(·),∞

≤ c
∥∥{2ks(·)fk

}
k

∥∥
Lp(·)(`∞)

.

Proof. Let
{
Fϕj

}
j∈N0

be as resolution of unity. Using the support properties of {fk}k∈N0 ,

we obtain
∞∑
k=0

ϕj ∗ fk =

∞∑
k=j+σ

ϕj ∗ fk =

∞∑
i=σ

ϕj ∗ fj+i, σ ∈ R.

Let β = min {1, p−}. Then we have

∥∥ ∞∑
k=0

fk

∥∥∥β
F
s(·)
p(·),∞

≤
∥∥∥{2js(·)

∞∑
i=σ

|ϕj ∗ fj+i|
}
j

∥∥∥β
Lp(·)(`∞)

=
∥∥∥{(2js(·)

∞∑
i=σ

|ϕj ∗ fj+i|
)β}

j

∥∥∥
L
p(·)
β (`∞)

≤
∞∑
i=σ

∥∥∥{2js(·)|ϕj ∗ fj+i|
}
j

∥∥∥β
Lp(·)(`∞)

.
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Observe that

ϕj = F−1Fϕj

and suppFϕj ⊂ {ξ : |ξ| ≤ 2j+1} then we can use Lemma 4.6;

2js(x)|ϕj ∗ fj+i(x)|

. 2(n−n
t

)j2(j+i)(n
t
−n)
∥∥Fϕj(2j·)∥∥B n

t +clog(s)

1,t

(
M(2js(·) |fj+i|t)(x)

) 1
t

. 2i(
n
t
−n) ‖ϕ‖

B
n
t +clog(s)

1,t

(
M(2js(·) |fj+i|t)(x)

) 1
t , x ∈ Rn, 0 < t ≤ 1.

The proof is completed in view of the fact that s− > n(max{1, 1/p−} − 1).

4.2 Main results

The following theorem concerning the continuity of pseudo-differential operator on the spaces

F
s(·)
p(·),q(·).

Theorem 4.8 Let s ∈ C log
loc , p, q ∈ P

log
0 with 0 < p+, q+ < ∞. Let a ∈ SBm

δ (r, µ, v;N, λ)

be such that 0 < µ < ∞, 0 < v ≤ ∞, r > 0, (1− δ) r ≥ n
µ
and 1 ≤ λ ≤ ∞. Let

N > nmax
{

1
2
, 1
λ
, 1
p− ,

1
q−

}
and

nmax
{

1,
1

µ
+

1

p−

}
− n− (1− δ) r < s− ≤ s+ < r − nmax

{ 1

µ
− 1

p+
, 0
}
,

then a (x,D) is a continuous linear mapping from F
s(·)+m
p(·),q(·) to F

s(·)
p(·),q(·).

Proof. Let {Fϕk}k be a resolution of unity. We set

aj,k (x, ξ) = F−1
(
Fϕj (η)Fxa (·, ξ)

)
Fϕk (ξ) .

We decompose the symbol into three parts

a (x, ξ) = a(1) (x, ξ) + a(2) (x, ξ) + a(3) (x, ξ) ,

where

a(1) (x, ξ) =
∞∑
k=4

k−4∑
j=0

aj,k (x, ξ)

a(2) (x, ξ) =

∞∑
k=0

k+3∑
j=k−3

aj,k (x, ξ)

a(3) (x, ξ) =

∞∑
k=0

∞∑
j=k+4

aj,k (x, ξ) .
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Step 1 . We will prove in this step that there is a constant c > 0 such that for every

f ∈ F s(·)+m
p(·),q(·) ∥∥a(1)(x,D)f

∥∥
F
s(·)
p(·),q(·)

≤ c ‖f‖
F
s(·)+m
p(·),q(·)

. (4.3)

Observe that
k−4∑
j=0

aj,k(x,D)fk,

has its spectrum in
{
ξ ∈ Rn : c12k ≤ |ξ| ≤ c22k

}
. Then we can apply Lemma 4.4 to obtain

∥∥a(1)(x,D)f
∥∥
F
s(·)
p(·),q(·)

.
∥∥∥∥{2ks(·)

k−4∑
j=0

aj,k(x,D)fk

}
k

∥∥∥∥
Lp(·)(`q(·))

,

where fk := ϕk ∗ f . Let us show that the last quasi-norm is bounded by

c ‖f‖
F
s(·)+m
p(·),q(·)

.

By Proposition 4.5, the left-hand side is bounded by∥∥∥{(ηk,σ ∗ 2k(s(·)+m)τ |fk|τ
) 1
τ

}
k

∥∥∥
Lp(·)(`q(·))

.
∥∥∥{2k(s(·)+m)fk

}
k

∥∥∥
Lp(·)(`q(·))

. ‖f‖
F
s(·)+m
p(·),q(·)

,

by Lemma 4.3, with 1
τ

= max
(

1
2
, 1
λ
, 1
p− ,

1
q−

)
and σ > n. This finish the proof of (4.3).

Step 2. We will prove in this step that there is a constant c > 0 such that for every

f ∈ F s(·)+m
p(·),q(·) ∥∥a(2)(x,D)f

∥∥
F
s(·)
p(·),q(·)

≤ c ‖f‖
F
s(·)+m
p(·),q(·)

. (4.4)

We have
∑k+3

j=k−3 aj,k(x,D)fk has its spectrum in
{
ξ ∈ Rn : |ξ| ≤ c22k

}
. Let 1

p1(·) = 1
µ

+ 1
p(·) .

Since (1− δ) r ≥ n
µ
, we have the Sobolev embedding

F
s(·)+(1−δ)r
p1(·),∞ ↪→ F

s(·)+(1−δ)r−n
µ

p(·),q(·) ↪→ F
s(·)
p(·),q(·),

see Theorem 4.2. By Lemma 4.7,

∥∥a(2)(x,D)f
∥∥
F
s(·)
p(·),q(·)

.
∥∥∥{2k(s(·)+(1−δ)r)

k+3∑
j=k−3

aj,k(x,D)fk

}
k

∥∥∥
Lp1(·)(`∞)

.

We have ∣∣∣2k(s(x)+(1−δ)r)
k+3∑
j=k−3

aj,k(x,D)fk(x)
∣∣∣

≤
(

sup
k

2((1−δ)r−m)
∥∥ k+3∑
j=k−3

aj,k
(
x, 2k·

) ∥∥
BNλ,∞

) (
ηk,m ∗ 2k(s(·)+m)τ |fk|τ (x)

) 1
τ ,
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by Proposition 4.5. Taking the `q(·)-norm and then the Lp1(·)-norm we obtain by Hölder’s

inequality that

∥∥a(2)(x,D)f
∥∥
F
s(·)
p(·),q(·)

.
∥∥∥{(ηk,σ ∗ 2k(s(·)+m)τ |fk|τ

) 1
τ

}
k

∥∥∥
Lp(·)(`∞)

.
∥∥∥{(2k(s(·)+m)τ |fk|τ

) 1
τ

}
k

∥∥∥
Lp(·)(`∞)

. ‖f‖
F
s(·)+m
p(·),q(·)

,

by Lemma 4.3, with 1
τ

= max
(

1
2
, 1
λ
, 1
p− ,

1
q−

)
and σ > n.

Step 1.3. We will prove in this step that there is a constant c > 0 such that for every

f ∈ F s(·)+m
p(·),q(·) ∥∥a(3)(x,D)f

∥∥
F
s(·)
p(·),q(·)

≤ c ‖f‖
F
s(·)+m
p(·),q(·)

.

We can apply Lemma 4.4 to obtain

∥∥a(3)(x,D)f
∥∥
F
s(·)
p(·),q(·)

≤ c

∥∥∥∥{2js(·)
j−4∑
k=0

aj,k(x,D)fk

}
j

∥∥∥∥
Lp(·)(`q(·))

.

We set µ1 = max(µ, p+). Let r1 > 0 and δ1 > 0 be such that r− n
µ

= r1 − n
µ1
and δr = δ1r1.

Then

r1 = r − nmax
{ 1

µ
− 1

p+
, 0
}

and

SBm
δ (r, µ, v;N, λ) ↪→ SFm

δ1
(r1, µ1, v;N, λ) ,

see (4.1). By Proposition 4.5

∣∣2ks(x)aj,k(x,D)fk(x)
∣∣ ≤ CN

∥∥aj,k (x, 2k·)∥∥BNλ,∞ (ηk,σ ∗ 2ks(·)τ |fk|τ (x)
) 1
τ

≤ CN2−r1j sup
i

∥∥2r1iai,k
(
x, 2k·

)∥∥
BNλ,∞

(
ηk,σ ∗ 2ks(·)τ |fk|τ (x)

) 1
τ

for any x ∈ Rn. Applying Lemma 3.5 we get

∥∥a(3)(x,D)f
∥∥
F
s(·)
p(·),q(·)

≤ c

∥∥∥∥{ sup
i

∥∥2r1iai,k
(
x, 2k·

)∥∥
BNλ,∞

(
ηk,σ ∗ 2k(s(·)−r1)τ |fk|τ

) 1
τ

}
k

∥∥∥∥
Lp(·)(`q(·))

≤ c

∥∥∥∥{2−k(m+δ1r1) sup
i

∥∥2r1iai,k
(
x, 2k·

)∥∥
BNλ,∞

(
ηk,σ ∗ 2k(s(·)+m−(1−δ1)r1)τ |fk|τ

) 1
τ

}
k

∥∥∥∥
Lp2(·)(`q(·))

.
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Puting 1
p(·) = 1

µ1
+ 1

p2(·) and applying Holder’s inequality we estimate the last term by

c

∥∥∥∥{(ηk,σ ∗ 2k(s(·)+m−(1−δ1)r1)τ |fk|τ
) 1
τ

}
k

∥∥∥∥
Lp2(·)(`q(·))

.
∥∥∥∥{(2k(s(·)+m−(1−δ1)r1)τ |fk|τ

) 1
τ

}
k

∥∥∥∥
Lp2(·)(`q(·))

. ‖f‖
F
s(·)+m−(1−δ1)r1
p2(·),q(·)

,

where we have used Lemma 4.3 with σ > n. The proof is completed.
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 ملخص المذكرة:

 ،    انتي تنتًي الى صنف ىزيٌَذار  ( )  في فضبء  انتفبضهيتدراست استًزاريت المؤثزاث شبو  إلىَتطزق في ىذه انزسبنت  

  .حيث َستخذو أسبنيب انتنظيى 

   استنبدا إلى انفئت  
 نـ يبرشبل، انتي تم تعزيفيب بٌاسطت فضبء بيزًف قًنب ببرىبٌ استًزاريت المؤثزاث  (         ) 

 عهى انفضبءاث انذانيت نزًركبٌ تزيببل ًفضبء بيزًف يع الاسس المتغيرة. انتفبضهيت شبو

 نيزًركبٌ .-ً تزيببل بيزًفَتبئجنب ىي عببرة عٍ تغطيت اننتبئج انكلاسيكيت في فضبءاث  نٌببغ، 
نكهًبث المفتبحيت :    ا

 ، فضبء نزًركبٌ تزيببل، فضبء بيزًف، انذانت انعظًى ،  تحهيم نيتهًٌد ً ببيهي، الأسس المتغيرة .انتفبضهيتالمؤثزاث شبو 

  
    Résumé de thèses 

Dans cette thèse, nous étudions la continuité des opérateurs pseudo-différentiels dans l'espaces 

   ( ) avec des symboles appartenant aux classes de Hörmander S⁰, où nous employons 

 les méthodes de régularisation. 
Basé sur la classe    

 (         ) de J. Marschall, nous prouvons la continuité des opérateurs 
pseudo-différentiels sur les espaces de Besov et les espaces de Triebel-Lizorkin avec des exposants 

variables, où ces symboles incluent dans la classes de Hörmander classiques. Nos résultats couvrent  

 les résultats des espaces classiques de Lebesgue, Besov et Triebel-Lizorkin. 

  Mot-clés: Opérateurs Pseudo-différentiels, espace de Triebel-Lizorkin, espace de Besov,  

  la fonction maximale, décomposition de Littlewood-Paley, exposant variable. 
 
     Abstract of thesis 

In this thesis we present the   ( ) boundedness of pseudo-differential operators with symbols 

belonging to Hörmander classes S⁰, where we employ the regularisation methods. 
Based on the class    

 (         ) of J. Marschall, which is defined by means of vector-valued   

Besov spaces, we prove the boundedness of the corresponding pseudodifferential operators on Besov 

spaces and Triebel-Lizorkin spaces with variable smoothness and integrability, where 

these symbols include the classical Hörmander classes. Our results cover the results on classical  

 Lebesgue, Besov and Triebel-Lizorkin spaces. 
Key words: Pseudo-differential operators, Triebel-Lizorkin spaces, Besov spaces, maximal function, 

Littlewood-Paley decomposition, variable exponent. 
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