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Notation

R™ is the n-dimensional real Euclidean space.

Ny is the collection of all natural numbers.

Z is the collection of all integer numbers.

If £ C R" is a measurable set, then |E| stands for the (Lebesgue) measure of E.

For z € R™ and r > 0 we denote by B(z,r) the open ball in R" with center x and

radius 7.

@ will denote an cube in the space R™ with sides parallel to the coordinate axes and

[(Q) will denote the side length of the cube Q.

For all cubes rQ and r > 0, () is the cube concentric with () having the side length
Q).

a=(ay,...,a,) € NJ stands for some multi-index, whose length is denoted by |a| =

a1+ ...+ a, and
olel

T Qo dxon”

aa
The Euclidean scalar product of x = (z1,...,z,) and y = (y1,...,y,) is given by

T-Yy=x1Y1 + ...+ TpYn.

The expression f < ¢g means that f < cg for some independent constant ¢ (and

non-negative functions f and g).

f~gmeans f < g < f.

The notation X — Y stands for continuous embeddings from X to Y, where X and

Y are quasi-normed spaces.
f*g(x) = [on f(x—y)g(y)dyis the product of the convolution of functions f and g.

Ll

e (R™) is the collection of all locally integrable functions on R™.



L,(R™) for 0 < p < oo stands for the Lebesgue spaces on R™ for which

1/p
11 L@ =17, = ([ 1r@rdn) " <oe. 0<p<o
and

1 | Loo(R™) || = [l = ess-sup | f ()] < oo.

IGR”

If 1 < p < oo, then p'is the conjugate exponent of p given by % + z% =1.

1, Ca, C3, ...positive constants, their values may depend on certain parameters and some

auxiliary functions, and change from one line to another.

D(R™) is the space of functions with continuous derivatives of all orders and compact

support.

S(R™) is the Schwartz space of all complex-valued, infinitely differentiable and rapidly

decreasing functions on R".
By supp f we denote the support of the function f.
The dual S’ (R™) is the space of temperate distributions.

We define the Fourier transform of a function f € S(R™) by

FrE) =f(e) = / e~ f (1) dr, € € R

n

and its inverse Fourier transform by:
Ff @) =fa) =@n [ etre i cer

f its spectrum in B(0,7) and r > 0; suppf C B(0,r).

By (7,0 < q < oo, we denote the space of all (complex) sequences {ay},., equipped

with the quasi-norm
fowhs = 37t
k=—0o0

(with the usual modification if ¢ = c0).



If a : R" x R" — (' is a function, we denote by a(z, D) the pseudo-differential operator

(P.D.O) of symbol a is noted a (z, D) and defined on the class S (R") by:

a(z,D) f (z) = (27)" / ¢ (2, D) f (€)dE, e SR,

n

"i.e." stands simply for "in other words".

n "

a.e." stands simply for "almost everywhere".
X is the characteristic function of £ C R"™.

Ny (T) = 2" (1427 |2])~™, for any x € R", v € Ny and m > 0.



Introduction

In recent years there has been a growing interesting in generalizing classical spaces such as
Lebesgue and Sobolev spaces to cases with either variable integrability or variable smoothness
see [15].

The motivation to study such function spaces also comes from applications to other fields
of applied mathematics, but also from applications to image processing and PDE with non-
standard growth conditions.

Some example of these spaces can be mentioned such as: variable Lebesgue space, variable
Besov and Tiebel-Lizorkin spaces.

Pseudo-differential operators play an import role in Harmonic analysis and in nonlinear
partial differential. The boundedness these operators has been extensively addressed in
several works. In Lebesgue spaces with symbols in the Hormander classes can be found in
[5-8, 11-12, 21, 23, 37-38] and references therein. In another function spaces, such that Besov
spaces, Triebel-Lizorkin spaces, BM O spaces and Hardy spaces, see [26, 32-34, 39, 46-48].

In [34] J. Marschall introduced the class SB}" (r, i, v; N, A), which is defined by means of
vector-valued Besov spaces, and proved the boundedness of the corresponding pseudodiffer-
ential operators on Besov spaces and Triebel-Lizorkin spaces.

Boundedness of pseudodifferential operators, with symbols in the Hérmander classes,
on weighted variable exponent Lebesgue and Bessel potential spaces was studied by V.S.
Rabinovich and S. Samko [37-38] and by A. Yu. Karlovich and I. M. Spitkovsky in [28] (in
variable Lebesgue space). Since Besov spaces can be written as a (real) interpolation space
between appropriate Bessel potential spaces, Almeida and Hésto [2] extend the results of
V.S. Rabinovich and S. Samko to Besov spaces with variable integrability By,

The variable Besov spaces B;E:; o) initially appeared in the paper of A. Almeida and

q°

P. Histo [2], serveral bassic properties where established, such as the Fourier analytical
characterization when p, ¢, s are constants they coincide with the usual function spaces B, ,
studied in detail by H. Triebel in [43-45].

Diening, Hésto and Roudenko, [14] introduced and investigated Triebel-Lizorkin spaces
with variable smoothness and integrability Fps(,'){q(,) with s(-) > 0, and showed that these
spaces behaved nicely with respect to the trace operator.

The aim of the thesis is to study the boundedness of the pseudodifferential operators on

variable Besov spaces Triebel-Lizorkin spaces.



Our thesis consists four chapter, in the first chapter, we give some basic properties of
variable Lebesgue spaces and mixed variable Lebesgue’s sequence space, after this we define
variable Besov spaces where all the three parameters are variable and we recall some their
basic properties.

In the second chapter, we investigate the LP()- boundedness of certain class of pseudo-
differential operators with non regular symbols. We employ regularisation methods.

In Chapter 3, we present the boundedness properties of the pseudo-differential operators
on Besov spaces with variable smoothness and integrability with symbols in SBJ* (r, i, v; N, A),
where we use the decomposition of Littelwood-Paley.

In Chapter 4, we present the boundedness properties of the pseudo-differential opera-
tors on Triebel-Lizorkin spaces with variable smoothness and integrability with symbols in
SB (r, u,v; N, A). Also we give some technical lemmas needed in the proof of the main
statement.

The Chapter three is a paper published in Journal of Pseudo-Differential operators and
applications "Boundedness of non regular pseudodifferential operators on variable Besov
spaces, 8 (2), 167-189 2017", while the Chapter four is papers in preparation with the
advisor.

In the future we will try to apply these results to study some problems in harmonic

analysis and partial differential equations.



Chapter 1

Variable Besov spaces

In this chapter we present some results, which remain fixed throughout this theses. We recall
some conventions and results on modular and variable Lebesgue spaces, we then define the
Besov space 3;8 o) and give some their basic properties in analogy to the Besov spaces

with fixed exponents.

1.1 Variable Lebesgue spaces

The object of this section is to recall some fundamental properties of variable Lebesgue

spaces, see [10, Chapters 1-2] and [15, Chapters 1-3] for details and further properties.

1.1.1 Modular space

We will use the modular to define the variable Lebesgue spaces.

Definition 1.1 Let X be a k-vector space. A function o : X — [0, 00] is called a semimod-

ular on X if the following properties hold.

(a) 0(0) = 0.

(b) o(A\z) = o (x) for allz € X, \ € k with |\ = 1.
(c) o is quasi conver.

(d) o is left-continuous.

(e) o(Az) =0 for all A > 0 implies v = 0.



A semimodular is called a modular if
(f) o(x) =0 implies v = 0.

A semimodular is called a continuous if
(g) The mapping A — o (Ax) is continuous on [0,00) for every z € X.

The following examples are from [15].
Example 1.2 (a) If1 < p < oo, then

o (f) = [ |f (@) dx
Rn
defines a continuous modular on L° (R™).

(b) Let w € L}, (R") with w > 0 almost everywhere and 1 < p < oo. Then

0(f) = [ If @) w(e) de

defines a continuous modular on L° (R").

(c) If 1 < p < o0, then

defines a continuous modular on RY.

Remark 1.3 Let o be a semimodular on X. Then by quasi convexity, non-negative of o and

0(0) = 0 it follows that,

o0) = o(N7) <Co@)  forall N <1, (1)
o0) = o(Na) > 5o forall > 1,

where C' > 1 is independent of \ and x.
Definition 1.4 If o be a semimodular or modular on X, then
Xp={reX: limo(\r)=0}

18 called a semimodular space or modular space, respectively, where the limit A\ — 0 takes

place in k.



Since o (Az) = o (|A| z) it is enough to require limy ¢ 0 (Ax) with A € (0,00). From (1.1)

we can alternatively define X, by
X,={r € X :p(\r) < oo for some A > 0},

since for A" < A we have by (1.1) that

o(Ar) =p <)\X)\I> < C’)\Xg(/\x) —0

as N — 0and C > 1.

We equipped this space with the following quasi-norm, for the proof see [15, Theorem

2.1.7).

Theorem 1.5 Let ¢ be a semimodular on X. Then X, is a quasi-normed k-vector space.

The quasi-norm, called the Luxemburg quasi-norm, is defined by

1
|zll, = inf{)\ >0:0 (XI) < 1}.
Example 1.6 Let 1 < p < oo and g, be as in Example 1.2. Then

X, =L"(R").

9

For an exposition of these concepts we refer to the monographs [15] and [36].

1.2 Lebesgue spaces L)

In this subsection we recall the definition and basic properties of the variable Lebesgue
spaces. They differ from classical L” spaces where the exponent p is not constant but a
function from R™ to [¢, 00), ¢ > 0.

The variable exponents that we consider are always measurable functions p on R" with
range in [c, oo for some ¢ > 0. We denote the set of such functions by Py (R™). The subset

of variable exponents with range [1, oo| is denoted by P (R™). We use the standard notation

p~ = ess-inf p(z), p" = ess-sup p(x).
IER" CIZER”

The variable exponent Lebesgue space LP) is the class of all measurable functions f on R”

such that the modular
oy (f) = s |f ()P da



is finite. This is a quasi-Banach function space equipped with the quasi-norm

110 = inf {i > 05 0,0 (5.7) < 1}-

If p(z) = p is constant, then LP() = L? is the classical Lebesgue space.
The following classes for the exponents are necessary for us. We say that g : R® — R is

locally log-Holder continuous, abbreviated g € C°% if there exists Clog(g) > 0 such that

loc?

Clog(.g)

for all z,y € R". We say that g satisfies the log-Holder decay condition, if there exists
Js € R and a constant cj,g > 0 such that
Clog
T) = goo| < ——&
9(z) = goo| < Tog(e + 2]
for all x € R™. The constants cjog(g) and cjoe are called the locally log-Hélder constant
and the log-Hdélder decay constant, respectively. We note that all functions g € Cfgf always
belong to L.
We say that g is globally-log-Holder continuous, abbreviated g € C'°8, if it is locally log-

Holder continuous and satisfies the log-Holder decay condition. We define the following class

of variable exponents

1
zPlog R™) — P R™) - = log
( ) - {p € ( ) : P € C }7

were introduced in [16, Section 2]. Note that % although is bounded, the variable exponent

p itself can be unbounded.
Example 1.7 We set
p(z) = max(1 — > min(6/5, max(1/2.3/2 — 2?))), z€R
then p € C'°8, see [37].
A basic tool to study the variable Besov spaces is the following.

Lemma 1.8 If p € P8 (R"), then the convolution with a radially decreasing L*-function is
bounded on LP"):

lp* iy < ellellall Fllne-

10



Proof. For the proof, see [15] m

Lemma 1.9 If p € P(R"), then [|f|,., < 1 and o0 (f) < 1 are equivalent. For f €
L) (R™) we have

LAf £l < 15 then opne (F) < 1f 1l -
2. If1< ||f||p(‘); then ||f||p(.) < om0y (f)-

Lemma 1.10 (Hélder’s inequality) Let p,q,s € P (R"™) such that

for every y € R™. Then
1915y < 21 ey gl »

for all f € LPO) (R™) and g € L) (R™).

For the proof, see [15].

s(+)
1.3 Besov spaces Bp(~),q(~)

We recall in this subsection the definition and some properties of mixed Lebesgue sequence

and Besov spaces with variable smoothness and integrability.

Definition 1.11 Letp,q € Py (R"). The mived Lebesque-sequence space (90 (LP1)) is defined

on sequences of LPO)-functions by the modular

qu(‘)(Lﬁ('))({fU}v) = Zinf {/\v >0: Qp(-)(%) < 1}'

v

The (quasi)-norm is defined from this as usual:

I{fo}oll jar (o) = inf {M >0 0pat) (1r0)) ( {fv}'u) } (1.3)

If g7 < oo, then we can replace (1.3) by the simpler expression

00 (£p0)({ fo }) ZH|fv|q

11



Furthermore, if p and q are constants, then (10)(LP()) = (4(LP). The case p := oo can be

wncluded by replacing the last modular by
QZQ(‘)(LC’O)({fU}v) = Z || |fv|qc) HOO

1 1 S
We define oo = lim; o0 oD and we use the convention — = 0.

These function spaces introduced recently in [1].

Now we recall the definition of the spaces B;E:g o() 35 given in [1]. We first need the

concept of a smooth dyadic resolution of unity. Let ¥ be a function in S(R"™) satisfying

U(z) =1 for |z| <1 and ¥(z) =0 for |x| > 2. We put

Fepo(x) = ¥(x)
Fipr(x) = V() — U(22)

and

Fo,(x) =Fp,(27%z) for v=23,...

Then {Fp, }ven, is a smooth dyadic resolution of unity,

> Fee)=1

for all x € R". Thus we obtain the Littlewood-Paley decomposition

F=Y e.xf
v=0

of all f € §'(R™) (convergence in S'(R"™)).
Now, we define the Besov spaces B;E:; a()

Definition 1.12 Let {Fp,}, ey,

Po(R™), the Besov space B;Eg’q(') consists of all distributions f € S'(R™) such that

be as resolution of unity. For s : R®™ — R and p,q €

/]

B {2V, + f}ngqm(Lp(A)) < 00. (1.4)

To the Besov space we can also associate the following modular:

9258 o (f) = Qpat) (LrO)) ({2%(')9011 * f}v) :

12



We directly obtain the following simplification in the case when ¢ is constant, see [1]. If

g is a constant, then

/]

— vs(+)
EZEK,W - HH{Q Py * f}va(.)

For any p,q € Pyé(R") and s € O\

loc

e’
the space B;8 ) does not depend on the chosen
smooth dyadic resolution of unity {F¢,},en, (in the sense of equivalent quasi-norms) and

S(R") — B

4) /(TN
Dty = S (RY).

If p,q € Py2(R™) and s € C\°%, then S(R") is dense in B;(:;q(.) and they are quasi-Banach

loc» (

spaces. Moreover, if p, g, a are constants, we re-obtain the usual Besov spaces B, , studied

in detail by H. Triebel in [44], [45] and [46]. See also [20] and [41] for further properties.

The following theorem gives basic embedding generalize the constant exponent versions.
Theorem 1.13 Let o, o, a1 € L¥(R™) and p, qo, ¢1 € Po(R™).

(a) If o < q1, then

a(') n a(') n
By (RY) = By g,y (R?).

(b) If (g — 1) >0, then

ao(-) n ai(-) n
BP(')#J(')(R ) — BP(')#J(')(R )-

We next consider embeddings of Sobolev-type. For constant exponents it is well-known
that
Bao N BOLl

Po,q P1,9
ifao—pﬂozal—pﬂl,where(]<p0§p1§oo,0<q§oo,—oo<a1§a0<oo(seee.g. [44],

Theorem 2.7.1). For variable case we have the following results, see [1].

Theorem 1.14 (Sobolev inequality) Let py,p1,q € Po(R™) and ag, 7 € L®(R"™) with

g > o. If% and

are locally log-Holder continuous, then

040(') n 011(') n
Bty R*) = B ) (R).

13



Corollary 1.15 Let po,p1,qo, ¢1 € Po(R") and g, 7 € L®°(R™) with ag > . If

+e(x)

15 locally log-Hélder continuous and €~ > 0, then

BOCO(') PN Bal(')

po(-),q0(+) p1()q1(-)”

The full treatment of the spaces B;E:;vq(,) can be found in [1], [17], [29],[30], [31] and [50].
We refer to the papers [50-51], for further results on the variable Besov spaces B;8,q (only

the case of constant ¢ was considered), see also [3], [4]).

14



Chapter 2

Boundedness of pseudo-differential

operators in the PC) spaces

In this chapter we present the boundedness of a certain class of pseudodifferential operators

in variable Lebesgue spaces.

2.1 Definitions and basic properties

We now introduce the basic pseudodifferential symbol class S™. There are many other more
general or modified symbol classes, which are used in the literature and research for different
purposes. But the following symbol class is the most simple and most common. It is a natural

symbol class that contains the symbols of differential operators with smooth coefficients.

Definition 2.1 Let m € (—oo,+00). The symbol S™ is used in place of the set of all
functions a(x,&) in C™ (R™ x R™) such that for any two multi-indices o and 3, there is

positive constant Cy, 5, depending on o and [ only, such that
DeDJa(z,€)| < Cap L+ €)™, 2,6 eR™ (2.1)
We call any function a in U,,cgS™ a symbol.

Definition 2.2 Let a be a symbol. The pseudo-differential operator T, associated to a is

defined by
Tp) @) = n)F [a@Op©ds, oo SE).

Rn

15



We give some examples.

Example 2.3 Let P (z,D) = Z aq () D be a linear partial differential operator on R™.
o] <m
If all the coefficients a, (x) are C*° and have bounded derivatives of all orders, then the

polynomial

P(z,D)= Y an(z)&"

laj<m

is in S™ and hence P (x, D) is a pseudo-differential operator, see [55].

Example 2.4 Let a(§) = (1+ |§\2)%,—oo <m < oo. Then a € S™ and hence T, is a

pseudo-differential operator, see [55].

The proof of the following results can be found in [55, Chapters, 4 and 9].
Proposition 2.5 Let a be a symbol. Then T, maps the Schwartz space S into itself.
Proposition 2.6 T, is a linear mapping from S (R") into S’ (R™).

Let us recall the begin definition of the Hardy-Littlewood maximal function, which plays

a very important role in harmonic analysis.

Definition 2.7 Suppose that f is a locally integrable on R", i.e. f € L _(R™). The Hardy-

loc

Littlewood maximal operator M is defined on Li.. by

1
Mf(z) = ililo)w /B(w) |f(y)| dy,

where, the supremum is taken over balls B in R™ which contain the point x.

The Hardy-Littelwood maximal operator M, in general, is not a bounded from L' (R")
to itself. Take f(z) = X|91;(2), then for any z > 1, we have

Mf(z) > 2i/ W)y = 5

Hence

Mf(z)dz > /100Mf(x)dx > %dm = 00.

Rn

Although M is not a bounded operator on L*(R"), however, as its a replacement result we
shall see that M is a bounded operator from L!'(R") to L“*°(R"), i.e. the weak L'(R"™)

space.

16



Remark 2.8 The mazimum function M is bounded on L> (R"),

IMFlloo < 11l -

Theorem 2.9 Let f be a measurable function on R".
(@) If fe LP(R™) forl<p<oo, then Mf(x) < oo a.e. x €R"
(b) There ezists a constant C' = C (n,p) > 0 such that for any f € LP (R"),

IMAl, < ClflL,. 1<p< oo

The proof can be found in [23]. For the variable case we have, see [13], [15], [16].

Theorem 2.10 Let p € P8 (R™) with p~ > 1. Then there exists K > 0 only depending on

the dimension n and cjo4 (p) such that

IMf Iy < K () 1F L

for all f € LPO (R™).

2.2 Fourier multipliers
The purpose of this subsection is to review some known properties of Fourier multipliers.

Definition 2.11 (A, weights 1 <p < 00) Letw > 0 andw € L (R"). We say thatw € A,

loc

for 1 < p < oo if there is a constant C' > 0 such that

aup <ﬁ /Q w () d:p) (ﬁ /Q w(2)7 dx)pl <c (2.2)

where and below, 1 /p +1/p' = 1. We say that w € Ay if there is a constant C > 0 such
that
Muw (z) < Cw(x) for almost all x € R". (2.3)

The smallest constant C' for which (2.2) or (2.3) hold, denoted by A,. As an example, we
can take

v(z) =12|% a€eR

Then v € A,, 1 <p < oo, if and only if —n < a < n(p —1).

17



Clearly, w € A; if and only if there is a constant C' > 0 such that for any cube )
1 .
@/w(x)d:p <C %IGIE?W(ZL‘)
Some properties of A, weights can be found in [23].
Let m be a bounded function on R™ and consider the multiplier operator T f defined

initially for functions f in the Schwartz space S(R™) by

F(Tf) (x) =m(x) Ff(x).

Denote by s a real number greater than or equal to 1 and [ a positive integer. We say

m € M (s,1) if

sup (Rsla"/ |Dm (x)]° dx) <00 forall o <L
R>0 R<|a|<2R

Definition 2.12 Let 1 < p < o0. Given a measurable set E and a weight v, we denote the

space of all functions f : R" — C with finite quasi-norm

Y

1 n
1 o ne = || Fo? 1P (R?)

by LP(R™, w).
We need a weighted version of Hérmender’s multiplier theorem, see [32].

Theorem 2.13 Let k > [2] and m € C*¥ (R" — {0}). Suppose that m € M (2,k),

8 (e}
su r“'”/ <—) m(x
P r<el<or | \OT @)

When k < n and 7 < p < oo, m is a bounded multiplier from LP(R",w) to LP(R",w)

2
de < B, for |o| <k.

if w € Ap. Finally, of k > n, m is a bounded multiplier from LP(R™, w) to LP(R", w),

1 < p < 00, the norm of the operator depends only on B,p,w,k and n.

Let B (R") be the set of p(-) € P (R") such that M is bounded on LP") (R™). Here F will

denote a family of ordered pairs of non-negative, measurable functions (f, g).

Theorem 2.14 Given a family F. Suppose that for some py, 0 < py < o0, and for every
weight w € Ay

[ r@re@ar<c [ goru@d,  (fger (2.4)
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where Cy depends only on py and the Ay constant of w. Let p(-) € Py (R"™) be such that
po < p—, and (p(-) /po) € B(R™), that is the Hardy-Littlewood mazimal operator is bounded
on LEO/P) | Then for all (f,g) € F such that f € LPV) (R"),

11y < Cllgllyey s (2.5)

where the constant C' is independent of the pair (f,g).

Proof. See [9]. =
Observe that if P8 (R") with p~ > 1, then (p () /po) € B (R") for any py < p_.

2.3 L") boundedness

Let us present some results which are useful for us. The following lemmas are from [55] and
[22]. Set
jalgy = Sup< & |DgDla(x,€) |

and

€ =1+, €eR™

Lemma 2.15 Let (Qy be the cube with center at the origin and edges of length 1 parallel to
the coordinates axes in R™. Let n € D (R") be identically 1 on Qq. Let a € S°, a,, (x,£) =
n(x—m)a(z,§) form e Z" and

(N, €) = / (o, )da

Then, for all « € N™ and all N € N there exists C' > 0 depending only on n,n and N such
that
[Dgan(A.€)] < C sup lal ()7 ()
IBI<N

for all (\,€) € R?".

Lemma 2.16 Let a € S%and K, be the distribution F::

E—z

(a(x,€)) in S (R*). Then

1. for each x € R™, K, (x,.) is a function defined on R™\{0},
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2. for each N sufficiently large there exists a constant ¢, depending only on N and n such
that

—N
K, (2,2)] < ¢ sup |a]%) 2]
la|<N

for all z # 0,

3. for each x € R™ and ¢ € S (R™), vanishing in a neighborhood of x

a(x, D)y (x) = K, (x,z —2)¢(2)dz.

Rn
To prove the main result of this chapter we need the weight version of [55, Theorem 9.7]
and [22].
Theorem 2.17 Let a € S° and py € P'°¢. Then, there exists N € N and a constant C

depending only on n, N and p such that

0
la(z, D)ol poonay < € sup  [als 0]l oo g
la+B8|<N
for all p € S (R™) and any w € A;.

Proof. We write R" as a union of cube @,,, where @,, is the cube with center m € Z™ and

edge of length 1. Let @, = %Qm and @) = 2@Q),,. It follows that

Qm CQ, C Oy
and that for some § > 0 one has |z — z| > 0, for all z € Q,,, and z € R"\Q%,.

Let now 1 € D(R™) be such that 0 < ¢ < 1, suppyy C QF* and ¢ (z) = 1 on a
neighborhood of Q. It follows that 1,, (x) = ¢ (z — m) has support contained in Q% and
¥,, () =1 on a neighborhood of Q*,. For each ¢ € S (R") we can write

Y = Spl,m + 902,m7
where ¢, . = 1,0 and ¢, ,, = (1 —,,) ¢. Therefore,
CL(J], D)Cp - (I(ZE, D)spl,m + CL(ZL‘, D)@Q,m'

It is clear that

oo, D)l = 3 | lale Dp @ w(w) o (26)

mezZ™
S Z / ‘7; D Splm ‘po
mezZ™
+ Z / a(x, D) g02m ‘po
mezZ™
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We will present the proof on three steps:
Step 1. Let us estimate

/ la(z, D)¢y , (x)‘po w (x) dz.
Qm

Let n € D (R™) be identically 1 on Qg and a,,(z,&) =n(z —m)a(z,£). Hence,

/ {a(m, D)‘Pl,m (x) ‘po w(x)de < /R" }a(m, D)ey () |p0 w (x) dz (2.7)

m

Since a,, is compactly supported in z we get

a(z,D)py,, (x / ) i / ) Gy, 1 (&) dEdN = / ) (X, D) (¢1,,) (x) dA.

From Lemma 2.15 we have that for all N € N

| Dgan(X,€)] < C sup a9 (€)1 )
|BI<N

where C' depends only on n,7 and N. We apply Theorem 2.13 to f (£) = a,,(\, &) with

B=C swp o %N
|B|<N,|al<[n/2]+1 ’

and obtain that there exists a constant ¢ , depending on N, n,n and p such that

deArD)@Lm“L”“w)S;CWMSNEﬁgmm+1“L|m) lem”Lm«w (2:8)

for all A € R" for allm € Z" and ¢, ,,, € S (R™) . An application of the Minkowski’s inequality

in integral from leads from (2.8) to

l|am (A, D)%,mHLm(w)

- {/ . / (A, D) (e1,) () dA

L
e

(0) -N
S C sup |am|a,ﬁ /]R" <A> d)\”(plvaLPo(w)

IBI<N,|e|<[n/2]+1

Po 0

w (z) dx}

(A, D) (goLm) (x)|p0 w (x) dx}po d\

dX

ng mHLPO(w)

Thus, choosing N =n + 1 we get

W\, D < Y , 2.9
HG ( )Sol,m”Lpo(w) — |B\§n+1?|lcl;\p§[n/2]+1 ‘CZ | ||901mHLpo (w) ( )
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valid for all m € Z™ and ¢ € S (R™). Going back to

/ la(z, D)y, ()| d,

m

the estimate (2.9) combined with (2.7) yields:

| @ D)y @ w@de < an(h D)oyl

m

< C m(O) PO Do |
< G s ol fernlg

where C), does not depend on m.

Step 2. We now estimate

1

</ |a(z, D)y, ()" w () dx) "

m

Since ¢, ,, is identically 0 on @, C @, from Lemma 2.16 we have

(/m |a(z, D)y, () w () dx) g
w (z) dm) "

- (L |
/n (/m [ Ka(w, 2 = 2)pnn (2)[ w0 (2) da:) " &z

< G s WS [ ([ e @ v ) )7
R™MQ7,

la|<2N

Ppo
Ka(l’, T — z)@Q,m (Z) dz
R

IA

m

valid for 2N > n. Let us fix A > \/n+1. Since |x — z| > § for all z € @, and all z € R"\Q%,,
there exists a constant C'y x such that
|ZU . Z|—2N

A+ |z — 2|

)—2N S C)\,N (210)

and

Vn Vn

Az —z| > A+|m — z|—|z —m| > ()\— 7>+]m—z| > 7n+1+|m—z| = p+|m — z|.
(2.11)
for all z € @,, and all z € R"\Q;,. By (2.10) and (2.11) we get

1

(/ |a(z, D) gy, ()" w (x) dx) 0

m
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can be estimated by

1

¢ sup |a|$2)/ (/ A+ |z — z\)_QNpo |g02,m (,z)‘p0 w () dx) 0 dz
la|<2N RN\Q%: \JQm

1

B 70
< ¢ sup |a|£?,2)/ / (p bl —=l) - |¢2m AP w(w)dr | de
lal<2N R\Q; \JQm (1 + |m — 2)

1
z
< ¢ sup |a|(()%/ 2.0 ()] 7 {/ (u+|x—z\)_Np°w(:1:)d:c}po dz.
a2y rmgs, (e fm = 2))7 Ua.,

We prove that

/ (A4 |z —z)) M w(x)de < cw(z), zeR\Q.
We have
/ (5 + |2 — 2) P w (2) do
QmN{|z—z|>6}

< / (u+ )z —2) VP w (z) de
|x—2z|>0

- 2/2 (1 + |z — 2)) ™V w (z) do

=0 I o< |z—2|<2911§

f:/Z 2 — 2| VP w (z) da.

IN

Observe that |z — 2| 7 < (295) """, then the last term is bounded by

Z (2j6)_Np0/| | w (z)dx,

T—2|<20+1§
= ci 2/6)"" o / w (x) dz
=0 |B(z 2J+15 | B(2,20116)
< w(x) ) (F)", 2eRNQ;,
7=0

since w € A;. Assume that N > ;%’ then

(/ (n+ |z — 2)) "™ w (2) dx) & < cw(z)m

m

valid for all z € R"\Q},. Hence
‘pO

Pom (2)
/ |a(x, D)S02,m (x)’po w(x)dr < O/\,N,po( sup |a| 0) )po/ | 2 ( N7z W (2)dz
o o <2N R\Q;, (1 + M — 2])
(2.12)

23



for all [ € Z".
Step3. A combination of (2.6) with (2.9) and (2.12) yields

o, D)ol < €30 s laml s 01 1oy

la[<[n/2]+1
Yy [ Ol
+C' sup |a|a0 / = w(z)dz,
la|<2N mEZ" I£m Q /uL + |m )Np0/2

with A > /n 4+ 1 and Npy > 2n (po — 1). From the definition of a,, and ¢, ,, and p,,, we

get
0
la(, D)ol < C 32 5w lawl s [oaml oy
meznr |B‘§n+1
lo]<[n/2]+1
}@2 |p0 o
+C' sup |a|a0 Z Z / = w (2) dz) "
|| <2N mEZ" I#£m Q ,u + |m )Np0/2
Arguing as in (2.11) we have that p + |m — z| > 14 |m — [| when with z € Q; with [ # m.
Hence
Po
‘902m }
>y Sy
meZ™ l;ém/ IU“ + |m ) o/
< Y S [ oy ) ) d:
mezr I#m Q
< Tt [ o, 0w )
mez" leZn
< X s Y [ e
mezn lezn

Choosing Npy > max (2n (pg — 1),2n) and we obtain

la(@, D)@l oy < CC sup  [am| Sy + Sup [alop) 1ol oo
Bl <n1 jal<2
jal<fn/2)+1

valid for all ¢ € S (R™). This completes the proof. m
From this theorem and Theorem 2.14 we obtain.
Theorem 2.18 Let a € S° and p € P'°%. Then, there exists N € N and a constant C' such
that
0
la(z. D)¢ll,; < C sup_lalys llell,

la+B|<N

for all p € S (R™).

We would like to mention that this theorem was proved in [38] but here we present a

another method.
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Chapter 3

Boundedness of pseudo-differential

operators on variable Besov spaces

In this chapter concerns the boundedness properties of the pseudodifferential operators on

Besov spaces with variable smoothness and integrability with symbols in SBJ* (r, u, v; N, \).

The chapter is arranged as follows. In section 1 we give some key technical lemmas needed

in the proofs of the main statements, where we recall the definition of the Besov spaces with

variable smoothness and integrability. For making the presentation clearer, we give the proof

of the main result of this section. With the help of the results of Section 1, we prove the
()

boundedness of non-regular pseudodifferential operators in the space B;(:) a()

Let {]—" ®; }j be a resolution of unity. For a function a : R” x R® — C, we write

aj (z,8) = F, 1, (Fo,; (y) Fa(y,€)).

Let 0 < p < o0, 1 <A <oo,r > /% and N > §. The space BLU(B/]\YOO) consists of all

distributions a € S'(R™ x R") such that

< OQ.

_ Jr . .
Il = {127 a5 @My} [,

J
Notice that these spaces are just the spaces SB} - with 7 = (N,7), p = (A, ) and g = (o0, v),
see [42] for further properties of these function spaces. Let m,r,N € R, 0 < § < 1,
O<pu<oo,r> ﬁ and N > 2. We say that a symbol a belongs to SBj" (r, i, v; N, A) if

—km k. k.
sup2 ™[ [la (2,2) Foe gy ||, <

sup 2~ k(m+ar) |a (x,2") Foy, (2%)| < 00,
K

BZU(BQOO)
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which, introduced by J. Marschall [34] and [35]. Choosing p = v = N = A\ = o0, these
symbols include the classical Hormander classes S57%. Moreover the class S By’ (r, p, v; 00, 1)

equal the class S’ (ij{;'"l)’r)m of M. Yamazaki [53]. Notice that
SB§* (r, p,v; N, A) = SBf} (r1, 1,03 N, A) (3.1)

if0<u<u1§oo,0<v§oo,7"—:—j:7“1—u—"land(Sr:(Slrl,see[35,Lemma10].

A pseudo-differential operator with symbol a € SB}* (r, u; N, \) is defined by

_ ! ea (x
0(.D) () = grse [ (e, 1 (€)de

where f € S(R"). Besov estimates, with fixed exponents, for such operators were given by

J. Marschall [35]

3.1 Auxiliary results

In this section we present some results which are useful for us. The following lemma is from

[31, Lemma 19], see also [14, Lemma 6.1].

Lemma 3.1 Let o € C\°% and let R > ciog(at), where ciog(a) is the constant from (1.2) for

loc
a. Then
21}(1(1)T]v,m—i—R('r - y) S c 2va(y)nv,m(x - y)

with ¢ > 0 independent of x,y € R™ and v,m € Nj.
The next lemma often allows us to deal with exponents which are smaller than 1.

Lemma 3.2 Let r > 0, v € Ny and m > n. Then there exists ¢ = c¢(r,m,n) > 0 such that
for all g € S'(R"™) with suppFg C {£ € R : |€] < 2vT1}, we have

9(@)] < ey * gl (@), x €R™.

The following lemma is from A. Almeida and P. Histo [1, Lemma 4.7] (we use it, since

the maximal operator is in general not bounded on £¢0)(LP()), see [1, Example 4.1]).

Lemma 3.3 Let p € P2, g € P® with 0 < ¢~ < ¢ < 0o and p~ > 1. For m >

n + cog(1/q), there exists ¢ > 0 such that

H {nv,m * f”}yng(-)(Lp(-)) <c H{fv}Ung(-)(Lp(-)) :
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We will also make use of the following statement were proved by Franke [21, Theorem

2.4.1] in the case of constant p, see [18] for variable case.

Lemma 3.4 Let p € P\, I,k € Ny with k < [ and ¢ € S(R"). Then for all {fihien, C
S'(R™) N LPY) with suppF f; C {€ € R : |¢] < 2!}, we have

i * filly < ¢ 287007 mm0D) g
where @, = 2*"p(2%-) and ¢ > 0 is independent of k and .
The next lemma is a Hardy-type inequality which is easy to prove.

Lemma 3.5 Let 0 < a < 1 and 0 < ¢ < oo. Let {e;}ren, be a sequence of positive real

numbers, such that ||(ex)i||,o = I < 0o. The sequence
{6k 10k = a*le; e,
=0

18 1n 01 with
{0k}l < 1.

¢ depends only on a and q.
The following proposition plays a fundamental role in this section.

Proposition 3.6 Let s € C\%, py, py, ¢ € Py%, 0 < pu < 0o and 1 < A < oo with

e = 1%(.) + l% Let a : R" x R" — C be a bounded and measurable symbol such that

suppa (7,-) C {€ € R™: €] < 27}
Ifpy > 1 orif0<p; <1 and
suppF f C {€ € R™: [¢] < 2},
and if N > nmax {1, 1, %} + Clog (8) + clog(é), then

|26 a2, ) £ P57 f

k
oy~ H o ¢ 2%y,

12 pg(')

for any k € Ny and any 6 € [2*’“, 1+ 2*’“], with the implicit constant not depending on k.
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Proof. The proof follows the ideas in [35, Proposition 4], see also [33, Lemma 3]. We will

do the proof in two steps.

Step 1. Let us begin by the case p; > 1. Let

K(z,x—y) = 2" /ei(xy)fa (x,&)dE = fgla (x,) (x —y),

be the kernel of a (z, D). Set % = max {%, %, %} It follows from the Holder inequality

’Tvs(w)g‘ﬁa (z,D) f (m)‘

_ ] [0 B w1 dy‘

< > [P K - ) Fouly - 2) £ )] dy

V=—00

< i </|K(x,x—y).7:90v (y— )| dy):'(/w_yg+1

V=—00

- 1
Pyw f (y)| dy)

Observe that

K(z,x—y)Fo,(y—x) = F' (Fe(K (2,-) Fo, (=) (z —y)
= F (FoH (Fo,Fea(x, ) (x — ).

Let us recall the Hausdorff-Young inequality. If f € LP(R") with 1 < p < 2 then

IF N < ellfIl,-

Hence by this inequality, since 1 < 7 < 2,

1
p

ka(x)(g—ﬁf (y) ’T dy) _

< ey |F (f%]:sa(%'))HT(/

|x7y|§21;+1

Since s and %1 are log-Holder continuous and ¢ € [2_’“, 1+ 2_'“} we get
2B < gy, @ —y)2BW < (14 ittt () ghs(y)

and
1

1
5—% S 2—kn77k7610g(l)(x - y>5—@ S (1 + 2k+v+1)clog(5) 5" aw

q

for any z,y € R™ such that |z — y| < 2°TL. Therefore,

25" a (z, D) f ()|
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is bounded by

o) —k—1
¢ Y A G (0) 4 e Y 2R, (),
v=—"k V=—00

where

Hop(@) = ||F (FopapFea (2,25))]| M, (2505770 f) ().

The first sum clearly is bounded by
clla (2,2 |y Mo (2405777 1) ().
The second sum is bounded by
¢ sup |t (Fea (2,24)) |, Mo (2905770 1) ()
< ella (o2, Mo (20570 7) (@),
where we have used the fact that
|7 (eea @ 2D, < 17l (.24, 5 fla (2,249
Therefore,

|20 a2, D) f

p1(*)
< ([[lat- 291, + flac- 2%

)

since the the maximal function is bounded in LP?()/7. Our estimate follows by the fact that

‘ka()dfﬁf

N
B‘r,oo p2(.)

la (2, 2%)]|, + []a (,2%)

BN S [ (x72k')|{5§00 :

Step 2. Let now 0 < p; < 1. Here we have in addition that suppF f C {£ € R" : [¢] < ¢2F}.
Let us recall the Plancherel-Polya-Nikol’skij inequality in a form stated in [44, Sect. 1.3.2].
Let 0 <p<qg<oo, R>0and f € LP(R") NS'(R") with

suppFf C {£€ € R": [¢] < R}.

Then || f[|, can be estimated by
¢ RM(t/p=1/q) [alm.
p
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Applying this inequality, we get
2405 a (2, D) ()
1 ) 1/7
< 2 ([ e ) G )

This expression with power 7 is bounded by

2t ioo wp K (z,a =) Fo, =)l | 2801 ) Cdy
S 200 Y D) O g € (11— ) Fop, (1~ )
2 Y

(M, (2505770 f) (2))"

As before,
1K (2.2 =) Fo, (v =)l < [[F " (FoFeala, ),
= 2| F (FopnFea (,2%)) |,

Hence

_ 1
%+Clog(s)+clog(%) MT (2k5()§ q(+) f) (LE) .

1,7

2O5 0 (2, D) f ()] £ llo (¢, 25)|

Now our estimate follows by Holder’s inequality and the boundedness of the maximal function
in L0/ m
The next three lemmas are used in the proof of our result, see [35] for the constant

exponents.

Lemma 3.7 Let A,B > 0, p, ¢ € Py® and s € C\°¢ such that ¢* < oc. Let {fithen, be a

sequence of functions such that
suppF fo € {{ € R" : [¢] < A}

and

suppF fr C {{ € R" : B2M < |¢] < A2FH}.

Then it holds that:

34

BSE:g o S H{2k8(.)fk}kqu(-)(LP(-))'
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Proof. Let {f ©; }jeNo be as resolution of unity. Using the support properties of F f; and
Fp;, the sum o; + > 77 fi, become Y72 @, * fj;; for some natural numbers ky, 5y € No.
Observe that

l0; # fivt| S (njm * |fj+1\t)1/t
for any m > n + ciog (5) + C10g(1/¢) and any t > 0. Therefore, with 0 <t < p~,

. 1/t
Hsz\ < Z I (nator =270 1) }j

s()
Bp(.a0) [—

Z eermy

=—K1

a() (Lp(~))

A

Y

£4C)(LpC

by Lemmas 3.1 and 3.3. =

Lemma 3.8 Let A > 0, p,q € Py® and s € O such that 0 < ¢~ < oo. Let s~ >
n(max{1,1/p~} —1). Let { fi},cn, be a sequence of functions such that

suppF fr, C {£ € R™ : [¢] < A2FH'}.

Then it holds that

Hsz

Proof. By the scaling argument, we see that it suffices to consider the case

5[ 0n,

a0 (Lr())

H {2k8(')fk}kHeq(->(Lp(->) =1

and show that the modular of the function on the left-hand side is bounded. In particular,

we will show that

<
o S L

S

M [ S
7=0 k=0

Let 0 < r < min(- 2 +) Using the support properties of F f; and Fp;, the sum ¢; *Y oo o fr

Q
—~
N

become Y7 i * Ji for some natural number £ € No. The left-hand side of the above

expression can be rewritten us

Ci I i 2V, * fi
J=0 " k=j

Using the fact that ¢ € S(R™) we obtain

e
! (3.2)

1
T
p

O
q(-)

<
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Since s is log-Holder continuous, we move 275() inside the convolution by Lemma 3.1,

2]8 (n]m |fk|) 5 nj,ml 2JS |fk|

where my; = m — ¢jg(s). Therefore, (3.2) is bounded by

3=

p() *
rq(-)

< Z(ZQU k)(nd+s~) |2nk: ])dn . *2ks()|f H . );‘ (3.3)

J=0  k=j a()

Let us prove that

—J
M—FQ

e o )
|2, < 250 g
a(-)

0y S ” ‘sz(.)fk }q(.)

- 57 k Z j?
where d = 1 — max{1,1/p~}. This is equivalent to

by 0 5| <

. . 1
Since % is log-Holder continuous and § € [277,1 4 277], we can move § () inside the convo-

lution by Lemma 3.1,

c 2n(k‘—j)d Hé—ﬁn%ml % 2k‘s(

S 2l g0 |
p()
with h = m — ciog(S) — clog(1/q). We claim that this expression is bounded by

c||20s7w0 1,
p(+)

The last quasi-norm is less than or equal to one if and only if:

q()

1

| [24057

o <1

which follows immediately from the definition of d. Therefore, the right-hand side of (3.3)
is bounded by

'S

Q
—~

1
s(- ()T I3
‘2k()fk}q p(A)> L

a()

c i ( i 2n(jfk)(nd+s_)q_r

k=j

Jeoar

=0 q()

AN
M7

N
=
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where we have used Lemma 3.5 (since s~ > —nd). Now we prove our claim. Here we use the
same arguments of [18]. If p~ > 1, then convolution with a radially decreasing L'-function

is bounded on LPO):

Hnjh 572850 |fk:|H S il H(S_ﬁQkS(.)ka
’ p() ’ p()

S [,

)

p(+)

by taking m > n + cjog($) + clog(1/q). Let 0 < p~ < 1. By Lemma 3.2, we have
- 1/p~ "
AWIS (e s 1l @) " L>nyer
Since | € CI%, then
PO <ec (5—ﬁ(1 + 27 |y — w’)clog(l/Q) <c (5—$(1 42k ly — x’)clog(l/Q)

for any j < k and any x,y € R". Hence, with L; = L — cjog (@) — C10g (1/9),

mpx 6 10240 | ()
< 2 oks(p | g0\ 7
S My (M, + 0702507 £ ) (@)
CP he(p— - 1/p~
- 6/ My (@ = ) (Mg 0 02O | R (1)) dy,
where ¢ > 0 is independent of j and k. By the inequalities

1+2z—y)™" < A+ z—2)" (1 +2y—2)"
< (1+2j|x—z|)_h (1+2k |y—z|)h, z,y,z € R", j <k,
the last expression can be estimated by
¢ 9i(n—n/p~)

P (o) - VP
X/ </R i (T = 2) M opp- (y = 2) 0T 2=E | fi ()P dz) dy.

Therefore, Minkowiski’s inequality gives

N 67280 | o) ()

. _ P (e - 1/p~
9(j—k)(n—n/p~) an,h/p*—hHl (nj,hp* % 5 a1 9ks()p | fil? (:U))

1/p~

AN

AN

9(i—k)(n—n/p~) (nj,hp* % 57;%21%(-)11‘ | ful? (:c))
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for any L > (n+ h)p~ and any = € R™. Since % € P&, then convolution with a radially
()
decreasing L!-function is bounded on L

Hnjh x5 250) \fk|H
’ p()

_ 1/p~
S 2(jfk)(nfn/p’) Hn; - % 5*%2k5(')p7’fk‘p7
1;77-
(=k)n=n/p") L | 5 de ghs() I
—k)(n—n/p~ Tatyrstp P
S 2v " Iy H5 02 »()

p

2U=k)(n—n/p") H(g—ﬁQkS(-) fi
p()

The proof is completed. m

Lemma 3.9 Let A > 0,p,q € Péog such that 0 < q* < oo. Let { fi},cn, be a sequence of

functions such that

suppF fr, C {{ € R™ 1 [¢] < A2FF'}.

Let a = n(max{1,1/p~} — 1). Then it holds that, for some constant ¢ > 0,
|4
k=0

Moreover if the right-hand side inequality in (3.4) is finite, then {chvzo fk} converges in
N

S H{Qkaf’f}kHzmina,pﬂ(m(-))' (3.4)

B0

S'(R™) to a distribution Y}, frx satisfying this inequality.

Proof. The proof follows the ideas in [35, Lemma 3]. First we assume the convergence and
putting f = min(1,p~). Using the support properties of F f; and Fy;, the sum @; >~ | fi

become Y p ik P ¥ fr for some natural number x € Ny. Using Lemma 3.4, we get

fk‘ = sup H 2% . *ka
H; By .00 >0 k;H ! »()
> , 5 \ /B
< swp (D 2 gy £i}))
20 N 2,
O~ - 1/p
S sup2‘”< Z 9(k—j)af ka”f)(.»
J>0 Nl

S H {2kafk}ngﬁ(Lp<->) :

Let us now prove the convergence of {Z]kvzo fk} in §’'(R™). It follows from the result we
N

just proved above,

28(LP())

M
| 3 A, sfEanty
k=—N B;"(_)po

34



which tend to zero if N, M — oo and then {Zgzo fk} is a Cauchy sequence in B}  and
N :

o0
hence a convergent sequence in S'(R"). =

()

We remark that Lemmas 3.7 and 3.8 are true in B;(:) + Spaces with the same assumptions

on p and s.

3.2 Main results

The following theorem concerning the continuity of pseudo-differential operator on variable

Besov spaces.

Theorem 3.10 Let s € C’llgf, P, ¢ € PY® with 0 < ¢t < co. Let a € SBY (r,p,v; N, \) be
such that 0 < p,v <00, >0, (1=06)r =% and1 < A < oo. LetN>nmax{%,%,p%}+
Clog (5) + crog(L).
(i) If
1 1 1 1
nmaX{l,——l—T} —n—(1-0)r<s <st <T—nmax{—— —+,0},
no P noop
then a (z, D) is a continuous linear mapping from B;E:;;?L) 0 p(:),q(,y

(ii) If 1 =6)r >, v< ¢ <ooand

1 1
S:=1r— nmax{—_ — —,0},
po o pt
then a (z, D) is a continuous linear mapping from B;(Jf)";(.) (4()-

(iii) We suppose thati+p% <lor0<pt <1 and%%—p% > 1. If(1—=6)r > o

to B;

0<gt <min{l,p} and
1 1
s ::nmax{l,—+j} —n—(1=9)r,
®op
then a (z, D) is a continuous linear mapping from B;ZT)’:’;(,) to B;(.)’q(').
Proof. Let {Fy,}, be a resolution of unity. We set
aj,k (LC, 5) = :F;iz (f(pj (77) fxﬁna’ (7 g)) f(pk (5) :

We decompose the symbol into three parts

a(z,€) =a" (z,8) +a® (2, + a® (2,)
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where

a(2,8) = Y ajn(x,€)
k=4 j=0
oo k+3

a® (2,6) = YD au (.6
k=0 j=k—3

a(3) (IL‘,S) = Z Z aj,k(xag)‘
k=0 j=k+4

As in Marschall [35], we need only to estimate a®”, i = 1,2,3 in B;E:g o) Sbaces.
Step 1. Proof of (i).
Substep 1.1. We will prove in this step that there is a constant ¢ > 0 such that for every
s( +m
F € Byt
la™ (2, D) f|

<. <c s()+m - 3.5
By} ) = ”f|3p82<~> (3:5)

Observe that Z?;g a;i(z, D) fi has its spectrum in {£ € R™ : ¢12% < |¢| < p2¥}. Then we

can apply Lemma 3.7 to obtain

k—4
s < cH{Q’“(') ajr(x, D }
B30 at) ; (@, D) fi

where f; := ¢, * f. Let us show that the last quasi-norm is bounded by

Ha(l) ’
k EQ(')(LP(‘))
& s(-)+m .
HfHBp(-)&»
By the scaling argument, we see that it suffices to consider the case

5 s
k=0

and show that the modular of a constant times the function on the left-hand side is bounded.

o =1

N

In particular, we will show that

3 ED WAL

This clearly follows from the inequality

"‘:3

Q
—~

k—4

H‘ka( > aji(z,D) fk‘

Jj=0

(O

—k
p(-) +2
a(-)

pumm 5’
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which we proceed to prove. The claim can be reformulated as showing that

k—4
()
Hé’l 20N 4y (2, D) fk‘ o ST
=0 aty

which is equivalent to

k—4

[57240 3 0. D) £ 51
- (-
7=0

By Proposition 3.6, the left-hand side is bounded by

k—4
CHH Zaﬂ?’f ('vzk') HBN HOOHZICS(.)CS_ﬁfk
j=0 -

S sz(s()-i—m)é—ﬁfk

p()

bl

p()

where the implicit constants not depending on k£ and 6. Now the right-hand side is less than

or equal to one if and only if

peoms bl

p)SL

(.
q(+)
which follows immediately from the definition of 6. This finish the proof of (3.5).

Substep 1.2. We will prove in this step that there is a constant ¢ > 0 such that for every

S()m
f € Byt

Ha(2)(a:, D)f‘

Bpgg,qm - Hf| BPE‘%Z(‘) ( )

We have Zfi,i’_?, a;k(z, D) fi has its spectrum in {& € R™ : [¢] < p2F}. Let z%() = ;% + z%'

Since (1 —0)r = 7, we have the Sobolev embedding

Bs(-)«k(lfé)r N BS(')“‘(I—(S)T_,LZ N Bs()
p

p1(-),q(+) p(-),q(+) (-),9()"

By Lemma 3.8,
k+3
@(z. D < H{Qk(s(.)-i-(l—é)r) ‘ D } ‘
|a®)(, )f{BpE.i,q«) ~ j;gag,k(m, Mg, o)

Let us show that the last quasi-norm is bounded by

Wiy

Again by the scaling argument, we see that it suffices to consider the case

i H ‘2k(s(~)+m)fk}Q(') 1
k=0

p(-)

(.
a(-)
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and show that the modular of a constant times the function on the left-hand side is bounded.

In particular, we will show that

k+3 o)
3ot 3 e i ., <
j=k-3 (
This clearly follows from the inequality:
k+3 o)
Jleo=e 3 aate i, 5 12RO, 2 0
j=k—3 a() aC)
The claim can be reformulated as showing that
) k+3
H= H(S*mz’f@(')*(lfﬁﬂ S an@ D) S
iThs ’ p1(")

By Proposition 3.6,

H < 2k(1—6)7’

b2,
p

k+3
Z i (- 2F. ‘
‘j=k3 i (52) Bl

H(;—ﬁgus(-nm) £

AN

p(°)

N

1.

Substep 1.3. We will prove in this step that there is a constant ¢ > 0 such that for every

s()+m
F € B0

Ha(?’)(az, D)f‘

(3.7)

s() S
Bu()at)
We can apply Lemma 3.7 to obtain

j—4

{235 Zam z, D) fk}

k=0

||a(3)

ety (Lr()

Let us show that the last quasi-norm is bounded by

clfll

s()+m
Byl

By the scaling argument, it suffices to suppose that || f|| ;«c)+m <1 and we will show that
p(-),a()

g;

J—
2750) ajr (z, D) fk‘
0

0
! <1. (3.8)

> |

N

p(:

iy
=]
2]
Z
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We set p; = max(pu, Let vy > 0 and 0; > 0 be such that » — % =7 — uﬂl and 0r = §177.

pr).
Let 0 <0 < mm(i+ LY. The quasi-norm on the right-hand side with power ¢ is bounded

q
by
H 27500 q 1. (x, D) fk’
0 q(-)

—4

<.

q(’)

(o

p() "

b
Il

Let us prove that

~

)
H’2ks k)”a]k(x D) fk’q

< H ‘2’“(5(')+m+(1—51)r1)fk"I(')

N

p(

Q
—~
~
Q

-

et 57

where - = L + —1- The claim can be reformulated as showing that
p() om0 p2()
a()

Hé,l 2ks(-)+(j*k)rl ajk (.CL', D) fk

S

S

Q
—~

which is equivalent to

H6*ﬁ2ks(-)+(jfk)r1 ajk (%, D) fk

< L
p(*)

Observe that fi and a;j (x, D) have its spectrum in {5 eR™: [£] < 022’“}, by Proposition
3.6 and the Sobolev embedding (3.1), the left-hand side is bounded by

"5_ﬁ2k(8(.)+m_(1_61)7‘1)fk

5t 9ks()-

9T a; (.’ 2’“.)

Bi\foo 2(+)

H1

pa()

where the implicit constants not depending on k£ and 6. Now the right-hand side is less than

or equal to one if and only if

H ‘Qk(s(‘”’"’“”“)’"ﬂa—ﬁfk "

p2()

()

which follows immediately from the definition of 6. Our estimate (3.8) follows by Lemma

3.5 and the embeddings

s(-)+m s5(-)+m—(1-06)r+2 s(-)+m—(1—61)r1
Byy.at) = Bprae) "= B(a)

Step 2. Proof of (ii). We need only to estimate a'®(x, D). Let p,, r; and 0, be as in
Substep 1.3. Let ¢ = min(1,p~,¢7). If v < ¢~ < o0, then

o - HZ S a1 (. D) ka
k=0 j=k+4
s (2] % s >E-
k=0 j=k+4 p('),q_
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Using Lemma 3.7 and Proposition 3.6 we get

(0. ] | q_ < o0 jSA q_
Stan@D ] £ > |27+, D) fi
Jj=k+4 B j=k+4 p()
S el 30 270 |l 29,
j=h+4 Moo T HL

Since a € SBY" (r1, jty,v; N, A), v < ¢~ < oo and s = ry,

o0 —
o q _
> 2 lose (29 [ 52
j=k+4 Moo T H
Therefore,
Ha(g)(xa D)f’ Bs S ||f||Bm+51T1
p(),q~ p2(-),e

s+m+%7(175)r7%

1f]
sz(-),a

1m0
pL-)Q

A

< Mg,

since (1 —4d)r > 7.
Step 3. Proof of (iii). We need only to estimate a® (x, D). Let us consider two cases.

1 1 1 _ 1, 1
Case 1. m +F < 1. Let 0~ u + POk Then we have

0 s+(1—-0)r—2 s
By = B "= Boae)

p(+),00

Applying Lemma 3.9, we obtain

la® (@ D) fllp. 5 [Ja® (@, D)f| o
p(-),q(+) p1(+),00
oo k+3
S 2 2 e @ D) filly, gy
k=0 j=k—3
By Proposition 3.6 we get
k+3 k+3
> Nags @ 0) fellyy S 32 |flaas 29[| Wkl
j=k—3 j=k—3 Moo 1
< 22X
Therefore,
(2
a‘“(x, D . < m—(1—8)r
la®@ D)l S W llgp=oe
S M llgeem

p(a() |
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since s = —(1 — 0)r.

Case 2. i—i—pi_>1and0<p+§1. Let

I if pt<upu

=
max(1,u) if pt > p.
Obviously
L —n s+(1-0)r—2 s
Bleo = Botyoo 7 Boiraty-

Letr1>0and51>Obesuchthatr—%:rl—#ﬂlandér:&rl. Let = = L +

p(*) Hy
Then, a € SB" (r1, pty,v; N, A), p2(-) > p(+) and

Applying again Lemma 3.9, we obtain

|a® (2, D) f| 1, < |a® (@, D)f|| =-n
P().a() Lo
0o - k43 B 1/p_
S (20 N g (e, D) il )
k=0 j=k—3
SO me e —nmasye
B P
p2(+),p~

by Proposition 3.6. Our estimate follows by the Sobolev embedding

m+-"—n—(1-61)r

B s B P

p(-),q(+) p2(+),p~

This finish the proof. m
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Chapter 4

Boundedness of pseudo-differential
operators on variable Triebel-Lizorkin

spaces

This chapter concerns the boundedness properties of the pseudodifferential operators on
Triebel-Lizorkin spaces with variable smoothness and integrability with symbols in the class
SBgn (TaM7U;N7 )‘)

Let {.7-" oy }jeNo be as resolution of unity. For a function a : R” x R" — C, we write

Let 0 < p<00,0<v<00,1<A<00,0<6<1, (1—5)r25and]\7>§. The space
F! (BY.) consists of all distributions a € S'(R™ x R") such that

Il sy = {27 oy @ Mg} [, <@
Let m,r,Ne R,0<6§<1,0< pu,v<00,1<A< o0, (1—5)r2%and]\7>§. We say
that a symbol a belongs to SFi™ (r, u,v; N, \) if
sup 2"”’“ a (z,2") Foy, (Qk')}}ggm HLm(dm) <
sup 2~ km+or) Ha (m,Qk-) F s (2’“)‘ FroBN ) <00
k v A,00
which, introduced by J. Marschall [34]. Notice that
SB;" (r,p,p; N, A) = SE5! (r1,p,¢; N, A) (4.1)
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if0<u<p<oo,0<vgoo,r—ﬁ:r1—%andérzélrl.
Let p,q € Py. The space LPU)(¢90)) is defined to be the set of all sequences (fuo)yso Of

functions such that

< Q.
p()

||(fv)vonLp(->(gq<‘>) = H H(fv(@“))vongq(z)

It is easy to show that Lp(')(EQ(')) is always a quasi-normed space and it is a normed space,
if min(p(z), g(z)) > 1 holds point-wise.
We recall the definition and some properties of Triebel-Lizorkin spaces with variable

smoothness and integrability.

Definition 4.1 Let {Fp,} be as resolution of unity. For s : R" — R and p,q €

vENy
Po(R™), with 0 < p™, gt < 0o, the Triebel-Lizorkin space F;((f))q(.) consists of all distributions

f € S'(R") such that

”f”F;(())q() - H{QUS(.)%} * f}v“LP(')(Z‘Z(')) < 0.

We directly obtain the following simplification in the case when ¢ is constant. If ¢ is a

constant, then

© _ 21}04(-)
17ler =120 = Ml

For any p,q € Pr&(R"), with 0 < pT,¢" < oo and s € CI°%, the space F;((.'))q(_) does

loc»

not depend on the chosen smooth dyadic resolution of unity {F¢,}sen, (in the sense of

equivalent quasi-norms) and

We next consider embeddings of Sobolev-type. For constant exponents it is well-known that

FCMO N FOél

Po,00 P1,9

ifao—pﬂo:041—1%,Where0<pg§p1<oo,0<q§oo,—oo<a1§ag<oo(seee.g. [44],

Theorem 2.7.1). For variable case we have the following results, see [50].

Theorem 4.2 Let po, p1, o, q1 € PIS(R™), with 0 < p¢,pt, a8, ¢f < oo and ag,q € C%F

loc

with ag > . If
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and
inf(ap — 1) > 0,
then
ao(-) n ai () n
Fpo(~),qo(‘)(R ) - Fzzn(')ﬂz(')(]R )

More information about these function spaces can be found in [14],[29],[30],[31] and ref-

erence theiren.

4.1 Basic tools

In this section we present some results which are useful for us. The following lemma is
from [14, Theorem 3.2] (we use it, since the maximal operator is in general not bounded on

L) (gq('))).

Lemma 4.3 Let p,qg € P with1 <p~ <p' <ocoandl < ¢ < gt < co. Form > n,

there exists ¢ > 0 such that

H {nv,m * f”}ngq(J(LpC)) <c H{fv}va(')(Lp(-))

1

oc-functions.

for every sequence {f,}, of L

Lemma 4.4 Let A,B >0, p, g€ Py and s € C’llgf such that p*,q* < oo. Let {fi}en, be

a sequence of functions such that
suppF fo C {€ € R™: [¢] < A}

and
suppF fr C {£ € R" : B2F! < |¢] < A2FH}.
Then it holds that:

i

Proof. Let {}" ®; }jeNo be as resolution of unity. Using the support properties of F f; and

ks ()
PO <c|{2 fk}kHch)(gq(»)) :

Fp;, the sum @; x> | fi become

K2

Z ©; * fi+l

l=—k1
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for some natural numbers k1, k9 € Ny. Observe that

)1/t

‘ i * f]+l| ~ nym ‘f]Jrl’ = —HK1, ...y Ko

for any m > n + ciog (o) and any ¢ > 0. Therefore, with ¢t € (0, min{1,p~, ¢~ }),

FS(') A S H{ (leam CIOg 2J ( |f +l’ ) }k

N H {QjS(.)fJ'H }k HLP(')(€‘1(~)) ’

Lp(~)(zq(~))

by Lemmas 3.1 and 4.3. m

The following proposition plays a fundamental role in this section.

Proposition 4.5 Let s € C!°%%, m > 0,1 < A < oo, 1 I'>max(1,1) and N > 2 + ¢4 (5).

loc’

Let a : R" x R™ — C be a bounded and measurable symbol such that
suppa (z,-) C {€ € R" : [¢] < 2},

(i) If T > 1, then

Sl

29 (2.0) 1 ()] £ Co o (5:2) | g _ (e x207 7 @), w R (42

for any k € Ny, with the implicit constant not depending on k.
(ii)) If0 <7< 1 and
suppFf C {€ € R™ : [¢] < 2F},

then we have (4.2).

Proof. The proof follows the ideas in Proposition 3.6 and [35, Proposition 4]. We will do

the proof in two steps.

Step 1. Proof of (i). Let
# /ei(my)éa (2,8)dE = Fea () (z —y),

be the kernel of a (z, D). It follows from the Holder inequality

K(agx—y):

[2®@a(z, D) f ()]

< Z/‘Tw (z,z —y) Fo, (y — ) f (y)| dy

: 'U:Zoo (/|K(x’$_y> Fouly— o) dy>71'(/$_yl<2v+l ‘ka(x)f(y)‘Tdy)i'
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Observe that

K (z,x —y) Fo,(y—x) = F ' (FH (Fo,Fea(,-))) (x —y).

Hence by the Hausdorff-Young inequalities, since 1 < 7 < 2,

29Cla (2, D) f ()| < e > | F (Fo,Feala, )| (/ |25 £ ()
|z—y|<2vHt

V=—0Q0

Since s is log-Holder continuous we get
s(x —kn s v Clog($) oks
2k (z) <2 k nk,—clog(s)(m . y)2k (y) < (1 + 2k+ +1) log 2k (y)

and

27kn77k,—m<x . y) < (1 + 2k+v+1)m

for any z,y € R™ such that |z — y| < 2!, Therefore

—k—1
}ka(m)a (33’ D) f( < c Z 2 (v+Fk)( +Clog(5) + c Z 2(U+k

v=—Fk V=—00
where

1
pe

The first sum clearly is bounded by

1
p

c Ha (a:, 2'“') HBy’m (nkm s 2RO | |7 (:1:)) , x €R"

The second sum is bounded by

1
p

¢ sup || Fe (eiFea (2. 2)) | (i 207 117 ()

Sl

< cHa(x,Q )H (nkm 5 2ks() I ()) , x€R",

where we have used the fact that

IN

17" (eiFea (@, 2, = (177l fla (2 2%,

la (2% -

N

Our estimate follows by the fact that

la (2, 2%)]|, + [la (. 2%)

S o2y
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Step 2. Proof of (ii). Applying Plancherel-Polya-Nikol’skij, we get

1/7
25@a (z, D) f ()] < 2" ( / 2O K (2,2 — )| |f Wdy) , TER"

This expression with power 7 is bounded by

20N sup | K (1,3 — ) Fop, ( — y)[" 240 f ()] dy
vez Y vl
< CZ 9 (clog(8)T+m) max(0,k+v)—knt Sup ‘K (I €T — )fgpv (I‘ — y)|T
VEZ

x / Py (=) |f (v)]" dy.
lz—y|<2
As before,
IK (2,2 =), (= < || F (Fo,Fea(z, )|,
= 2" || F (ponFea (z,2%))]], -

Hence

T

2@a (2, D) f (x)|

N

la (25 [ 2 raton g % 27 117 (2)

§ ||CL ('7 k) HBi_Jrclog(S)) Nkem * 2ks ) |f| (I) , €& R™.

The proof is completed. m

We need the Marschall’s inequalities, see [34, Proposition 1.3] and [54, Proposition 6.1]

for the case of constant exponent.

Lemma 4.6 Let A > 0,R > 1 and s € C\°. Let b € D(R") and a function f € C™(R")

loc *

such that
suppFf C{EeR": [{| < AR} and suppb C{{ e R": || < A}.

Then

=

2 [F b (0)] < 2 DIAR) [ s (MO 17 1))

for any 0 <t <1 and any x € R", where c is independant of A, R, b, j and f.
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Proof. With x fixed,y — F~'b(x — y)f(y) has its spectrum in B(0, (R + 1)A). Applying
Plancherel-Polya-Nikol’skij, we get

Pl f@] < [ 17 b - sy
= |77 1],
< (AR IFH )]

Let ¢ € D(R") be supported in {£ € R™: 1 < || < 2} and such that

Yo =1, ¢#£0
We have
|7 — ) £,
= [IF i@l 3 [ 17 e - gt e - )il
< S sup|F(r — p)o@ M@ — ) / 1 ()ltdy
koo Y B(z,2k+1)
< S sup |F()sH(e)! / )l dy.
P B(z,2F1)
Since,
Fl(2)6(272) = FLF(Fb6(274)(2),
we obtain

F e ) < [ IFE e )0y
= ||F(e(27%)) = b]|,.
From the fact that
295@) < (1 4 2|x — y|) e 5W) g g € R,
we get,
2| F oG — ) £

[e.9]

< Z gmax(0,j+k)clog ()t “f(¢(2—k)) " thl/ ZjS(y)t|f(y)|tdy

k=—o00

< 37 gmeOathan || F(5(27R)) by MO ) (@), xR

k=—o00
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Observe that

F(B@*)) xb(z) = / F($2 ) ()bl — 2)dz

= 2_j”/f(gb(?‘k_j-))(Q_jz)b(m—z)dz
= F(p(27F77)) % b(2') (27 a),

then
[F(e(275)) # 0], < 2" [[F(p(27774)) + b(27) | -
Therefore,
i omax(0,j+k)crog (s)t+(j+ § )t [ F(p(2757.)) * b(ga‘.)Htl — Z et Z .
k=—00 k-+j>0 k+j <0

The first sum is bounded by
_1yin N
9(1=1)jnt Hb(QJ.)HBl%jC]Og(s)

and since
#0502, < [0

we obtain the desired estimate. m

Lemma 4.7 Let A > 0,p € Py and s € C°% such that p* < oo and s~ > n(max{1,1/p~}—

1). Let {fi}pen, be a sequence of functions such that suppF fi, C {€ e R™:[¢] < A2FFLL.
Then it holds that

ugfk)

Proof. Let {]-" ®; }jeNO be as resolution of unity. Using the support properties of { fx} keNo?

Ey) o se ||{2ks(')fk}kHLP(~)(€°°) '

we obtain

ZSDj*fk: ngj*.fk‘:z(pj*fj_i_i, o € R.
k=0 i=0

k=j+o
Let f = min {1,p~}. Then we have
B

js(-) o
sz:;fk‘ = H{T iz:;'%*f]“'}j Lp0) (400)
P B
e,
> H{st(')hf’j * fj+z'|}j

B
s()
Fo(3y00

p()
LB (£°)

IN

B
LrO) ()
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Observe that
0 =F Ty,

and suppF; C {£: || < 27*'} then we can use Lemma 4.6;

250 o x fipi(@)|

< 2 DRURGET || Fp, (27| i ) (MO f4])(2))

1
t

S 2 gl (M @) em0<r<l

1
t

The proof is completed in view of the fact that s~ > n(max{1,1/p"} —1). =

4.2 Main results

The following theorem concerning the continuity of pseudo-differential operator on the spaces

“)
Fo(y.at):

Theorem 4.8 Let s € Cfgf, P, q € PO with 0 < pt,qt < oo. Let a € SBI (r, p,v; N, \)

besuchthat0<u<oo,0<vgoo,r>0,(1—6)r2ﬁandlg/\goo. Let

N>nmax{2,§ == q% and

1 1 1 1
nmaX{l,—+—}—n—(1—5)r<s’ §s+<r—nmax{———+,0},
wop poop

s()+m 4 s

then a (z, D) is a continuous linear mapping from F p(a() ())

a()”
Proof. Let {Fy,}, be a resolution of unity. We set
aj (2,€) = F 1 (Fo; (n) Faa (-,6)) Fopy (&) -

We decompose the symbol into three parts

a(z,€) =a" (z,6) +a® (2, + a® (2,)

where

W@ = 3N e

k=4 j=0
oo k+3

d(x,6) = Y aule
a® (2,6) = ZZ ajr (z,€).
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Step 1. We will prove in this step that there is a constant ¢ > 0 such that for every

o()tm
FEE a0

Ha(l)(

s <ec s(- . 4.3
Fp(( )>,q(-) o ||f| Fp(())j;(m) ( )

Observe that

o

—4

aj,k(xa D)fku

<.
o

has its spectrum in {{ € R™ : ¢;2% < |€] < 32"}, Then we can apply Lemma 4.4 to obtain

s 2]“ a;r(z, D) }
w0 5| z]k )}

where fi := ¢, * f. Let us show that the last quasi-norm is bounded by

Ha(l)(a:, D)f’

Lr() (zq(~)> ,

)+m .

By Proposition 4.5, the left-hand side is bounded by

1
H {(”k,a 5 QREOFmT | g 77 }k ‘

AN

[,
S S

LP(‘)(ZLI(‘)) r() gq( ))

s(:)+m
LSHER

by Lemma 4.3, Wlth - = max (— %

55 L qi) and o > n. This finish the proof of (4.3).

Step 2. We will prove in this step that there is a constant ¢ > 0 such that for every

o()tm
feF a0

Ha@)(x, D)f}

o <ellf

s()+m 4.4
Foual) (4.4)
We have Zj T sa;k(z, D) fi has its spectrum in {€ € R™ : [¢] < 2%}, Let 1() = i + ﬁ.
Since (1 —d)r = %, we have the Sobolev embedding

s()+(1-8)r s()+(1=0)r—% s(*)
Fohoo 7 Fae " Folaoy
see Theorem 4.2. By Lemma 4.7,
k+3
(2) . H{2k(s F(1-8)r) D) } ‘ ‘
"¢ Fpaty ™ Z a5 D) fi Lr10)(e2)
j=k-3
We have
k+3
‘Qk(s(x)m_a)r) S ale, D)fk(x)‘
j=k—3
k+3 1
< (sup2 @ S ain (2,25 [y ) (g x 20O (@)
j=k-3
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by Proposition 4.5. Taking the £4¢)-norm and then the LP*()-norm we obtain by Holder’s
inequality that

a®@ D)l 5 || {2012 ]
1
s e ommian ] e,
5 Hf”p:(()),‘g(m) >
by Lemma 4.3, with % = max (%, %, p%, %) and o > n.

Step 1.3. We will prove in this step that there is a constant ¢ > 0 such that for every

O+
f e a0

Ha(3)(x,D)f‘

(- <c (- .
7y S Mg

We can apply Lemma 4.4 to obtain
jf

{st(') > (e, D)fk:}

k=0

||a(3)(x, D)ﬂ

S

p(-),q(-) J

p() (zq(-))

We set p; = max(u,pt). Let r1 > 0 and d; > 0 be such that r — ﬁ =r — :U'll and or = d17;.
Then

1 1
T :r—nmax{— — —,O}
poopt
and

SBE* (1, p,v; Ny A) = SFRY (r1, py, v; Ny A)

see (4.1). By Proposition 4.5

|25 Was (e, D) fi(@)] < Cw[laji (2, 2°) gy _ (o %2507 1l ()7

< Cn2 7 sup [[2%ag (@,2%) ]| gy (1o * 2507 1Al ()

A=

for any x € R™. Applying Lemma 3.5 we get

Ha(?’) (x, D)f’

S()
Fo(y.a()

1
p

< ol {sup 120us (2.2 gy _ (#2407 151) )

A |F7IONZION

IN

C

Lpr2() (ga()

{2 sup |27 (2,25 | gy (g 5 20000 ) L
7 X, 00
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Puting ﬁ = /%1 + zﬁ(') and applying Holder’s inequality we estimate the last term by

C {(nk o * 216(8(')+m7(1751)r1)7_ ‘fkr) %}

H {(Qk(8(~)+m—(1—51)T1)T |fk|7)%}
S ]

k

Lr2() (@q(-))

N

kAl Lp2 () (ga()

s()tm—(1=61)r1
By (y.a()

where we have used Lemma 4.3 with ¢ > n. The proof is completed. =
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Résumé de théses

Dans cette thése, nous étudions la continuité des opérateurs pseudo-différentiels dans l'espaces
IP avec des symboles appartenant aux classes de Hérmander S°, ot nous employons
les méthodes de régularisation.

Basé sur la classe SBS" (', 1, v; N, 1) de ). Marschall, nous prouvons la continuité des opérateurs
pseudo-différentiels sur les espaces de Besov et les espaces de Triebel-Lizorkin avec des exposants
variables, ot ces symboles incluent dans la classes de Hérmander classiques. Nos résultats couvrent

les résultats des espaces classiques de Lebesgue, Besov et Triebel-Lizorkin.

MOt—C[éS.’ Opérateurs Pseudo-différentiels, espace de Triebel-Lizorkin, espace de Besov,

la fonction maximale, décomposition de Littlewood-Paley, exposant variable.

Abstract of thesis

In this thesis we present the L? O boundedness of pseudo-differential operators with symbols

belonging to Hormander classes S°, where we employ the regularisation methods.

Based on the class SBy' (I, y, V; N, &) of ]. Marschall, which is defined by means of vector-valued
Besov spaces, we prove the boundedness of the corresponding pseudodifferential operators on Besov
spaces and Triebel-Lizorkin spaces with variable smoothness and integrability, where

these symbols include the classical Hormander classes. Our results cover the results on classical
Lebesgue, Besov and Triebel-Lizorkin spaces.

Key words: Pseudo-differential operators, Triebel-Lizorkin spaces, Besov spaces, maximal function,

Littlewood-Paley decomposition, variable exponent.
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