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Notation

Np Natural numbers including zero {0, 1,2,3,...}.

N Natural numbers excluding zero {1,2,3,...}.
Real numbers (—o0, o) .

R+ Positive real numbers (0, c0) .

R* Nonzero real numbers (—o0,0) U (0, 00) .

C (J,C) The BANACH space of all continuous functions ¢ on J C R, for which
el = sup | ()]
neJ

ODE Ordinary differential equations.

Rb Basic reproduction number.
Dfe Disease-free equilibruim point.
Eqp Endemic equilibrium point.
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Introduction

(N@ athematical modeling has become a powerful and effective tool for studying
health phenomena in a structured and quantitative manner. It allows scientists
to translate biological and behavioral processes into equations that can be analyzed and
used to make accurate predictions about the development of epidemics. In this context,
mathematical modeling forms a foundation for better understanding how diseases spread
and interact with various health factors [11].

Chronic diseases are among the main health challenges faced by healthcare systems
around the world. These diseases have long-term effects on people’s lives, the quality of
healthcare, and both social and economic stability.

Common chronic diseases include diabetes, high blood pressure, heart and vascular
diseases, and chronic respiratory illnesses. These conditions usually require lifelong
treatment and regular medical follow-up. Their impact is not only limited to direct health
issues, but they also increase vulnerability in society. People with chronic diseases are
more likely to get infections and suffer complications, as was clearly seen during the
COVID-19 pandemic, where those most affected by the virus were already living with
chronic conditions.

Recent global health crises, especially the COVID-19 pandemic [20], have shown how
fragile health systems can be and how hard it is to predict how complex diseases behave,
especially when they overlap with chronic illnesses. Because of this, there is an urgent need
for accurate scientific tools to understand how different health factors interact, how diseases
spread, and how to design effective interventions. In this context, mathematical modelling
has become a powerful and useful tool to study health phenomena in a structured and
quantitative way. It allows scientists to translate biological and behavioural processes
into equations that can be analysed and used to make accurate predictions about the
development of epidemics.

This is why the first chapter provides a complete theoretical introduction to mathemati-

cal modelling, explaining what it is, the different types of models, and how they are used
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Introduction

in applied sciences. The focus is especially on their use in the health field, which benefits
greatly from this approach. The chapter also covers how modelling has evolved over time
and gives examples of different types of models, such as linear and nonlinear models, and
deterministic and stochastic ones. This helps build a strong background for readers before
going into the details of the specific model used in the study.

As the science of mathematical epidemiology has progressed, there has been a need
to create more complex and accurate models that better reflect social and population
realities. This is especially important as chronic and infectious diseases are now more likely
to appear together. For this reason, the second chapter gives a detailed explanation of
different mathematical models used in epidemiology, such as SI, SIS, SIR, SIRS, SEIR, and
others. These models are classified based on their features and applications.

In the third chapter, the focus shifts to the SECIR model, a deterministic model based on
differential equations. This model is unique because it includes a category for people with
chronic diseases, which adds a new layer of understanding of how chronic conditions affect
the spread of infections. The SECIR model includes five main categories: S (Susceptible), E
(Exposed), C (Chronic), I (Infected), R (Recovered).

This chapter presents a mathematical model explaining how a disease spreads among
different social groups, considering immune and health factors. It explains the model’s
assumptions and the biological meaning of the mathematical relationships used. The
chapter also includes a detailed mathematical analysis to ensure the solutions exist and are
valid, using mathematical theorems, and identifies biologically feasible values. The basic
reproduction number 93b is calculated to assess the disease’s ability to spread. Additionally,
the stability of the disease-free and endemic states is analyzed. Finally, the chapter offers
practical recommendations to support prevention strategies, such as enhancing vaccination

campaigns and improving medical follow-up.
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CHAPTER 1

APPLICATIONS OF MATHEMATICAL
MODELLING IN BIOLOGY

1.1 Introduction to Mathematical Modelling

(N@ athematical modelling is a powerful tool that employs mathematical structures
and techniques to represent real-world systems. In biology, it provides insights
into complex processes, predicts outcomes, and informs decision-making [13]. Dynamical
systems, a key framework in mathematical modelling, describe the evolution of a system

over time based on fixed rules, often expressed through differential equations [9} 10,11}, 12].

Types of Models

Mathematical models can be broadly categorized into two types:
1. Deterministic Models

(a) Continuous: Described using differential equations.

(b) Discrete: Described using difference equations.

2. Stochastic Models
These incorporate randomness and are used when systems involve probabilistic

outcomes.

Both deterministic and stochastic models fall under the umbrella of dynamical systems,
which describe how systems evolve over time.
Deterministic vs. Non-Deterministic Systems

* Deterministic Systems: The future state is uniquely determined by the current state

and fixed rules.
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1.1. Introduction to Mathematical Modelling

¢ Non-Deterministic Systems: The evolution involves randomness or multiple possible
outcomes.

Diffusion Processes in Biological Systems
Definition 1.1 (Diffussion). Diffusion is the movement of particles from an area of high concen-
tration to an area of low concentration. This process is fundamental in biological systems and can be
modeled mathematically.
Biological Examples of Diffusion

1. Oxygen and carbon dioxide exhange in the lungs.

2. Nutrient transport across cell membranes.

3. Spread of infectious diseases within a population.

Applications of Mathematical Modelling in Biology
¢ Epidemiology: Modelling the spread of infectious diseases (e.g., COVID-19, Malaria).
¢ Ecology: Studying population dynamics and predator-prey interactions.
* Genetics: Analyzing gene regulatory networks and genetic drift.

¢ Physiology: Understanding heart thythms and neural activity.

Steps in Building Mathematical Models
1. Identify the Problem: Define the biological system or process to be modeled.

2. Formulate the Model: Choose appropriate mathematical structures (e.g., differential

equations).

3. Analyse the Model: Solve equations, determine feasible regions, and investigate

properties like existence, uniqueness, and stability.

4. Obtain Necessary Tools: Use metrics like the basic reproduction number (9ib) and

equilibrium points.
5. Validate the Model: Compare predictions with real-world data.

6. Refine the Model: Adjust parameters or assumptions based on validation results.
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1.2. Compartmental Models in Epidemiology

1.2 Compartmental Models in Epidemiology

Compartmental models divide populations into compartments representing different
health states (e.g., Susceptible, Infected, Recovered). These models are widely used to

study disease dynamics.

Assumptions in Compartmental Models

1. Closed Population: No immigration or emigration.
2. Constant Population Size: The population remains fixed during the study period.
3. Homogeneous Mixing: Individuals interact uniformly, with a constant contact rate.

4. No Social Structure: Factors like age, gender, or social groups do not influence

transmission rates.
5. Fixed Infectious Period: Individuals remain infectious for the same average duration.
6. Permanent Immunity: Recovered individuals cannot be reinfected.
7. No Latency Period: Individuals become infectious immediately upon exposure.

8. No Mutations: The disease does not evolve or change during the study period.

These assumptions can be modified to reflect more complex dynamics, such as reinfec-
tion, latency periods, or population heterogeneity.
Advantages and Limitations of Compartmental Models
Advantages

Discribe how these models are straight for word constract and interpret, especially in
understanding general trends.
Limitations

Point out that compartmental models often oversimplify reality, ignoring factors like

spatial structure, age distribution, and individual heterogeneity, which may effect accuracy.
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1.2. Compartmental Models in Epidemiology

Single Population Dynamics

Let N (t) represent the number of individuals in a population at time ¢, with N, being the

initial population size.

Key Processes

* Birth Rate (): Increase in population due to reproduction.
* Death Rate (d): Decrease in population due to mortality.
e Immigration (i (¢)): External individuals entering the population.

* Emigration (e (¢)): Individuals leaving the population.

Exponential Growth Model

The population grows or declines exponentially under the constant birth or death rate.
For a closed population (i = e = 0)

dN

= ON(8) —dN (1) i (1) —e ()

= (b=N () =rN(),
where r = b — d is the net growth rate. The solution is
N (t) = Nyexp™.
o If r > 0, the population grows exponentially.

e If r <0, the population declines.

e If r = 0, the population remains constant.

Logistic Growth Model

Exponential growth is unrealistic over long periods due to resource limitations. The

logistic model incorporates a carrying capacity K, representing the maximum sustainable

v (1 X0).

population size:
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1.2. Compartmental Models in Epidemiology

Therefore
K N —rar (1.1)
N(K N T ’
As
K —1+ 1
N(K-N) N K-N’
then (I.I) becomes
dN+ AN dt
N "K-N "

If we integrate it, we get
In|N|—In|K — N|=rt+ ¢,

then

Thus

o Ift=0= N(t) = N,.

e Ift v00o= N(t) — K.

Basic Multi-Population Dynamics
SI Model

SI is a simple mathematical model used in epidemiology to describe the spread of

infectious diseases in a population /N divided into two compartments:

* Susceptible (S): individuals who can contract the disease.

e Infectious (/): individuals who have the disease and can transmit it to susceptible

individuals.

The dynamics are described by:

where (3 is the transmission rate.
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1.2. Compartmental Models in Epidemiology

SIS Model

SIS model [21] is an extension of the SI model used in epidemiology to describe the
spread of infectious diseases where individuals can recover from the infection but do
not develop lasting immunity. After recovery, individuals return to the susceptible state,
making it possible for them to be infected again.

The model of SIS is often described by the following differentail equations.
{ 45 — _BST 41,
4 = BST — 1,

where 7 is the recovery rate.

SIR Model

SIR model is a fundamental mathematical model used in epidemiology to describe how
infectious diseases spread through a population over time. Unlike the SI and SIS models,
the SIR model includes recovery with immunity, meaning that once individuals recover
from the disease, they are no longer susceptible to reinfection.

The model of SIR is governed by a system of differentail equations:

4 — _pSI,
4 = BST — I,
% =l.

Where S (t), I (t), and R (t) represent susceptible, infectious, and recovered population at

time ¢. Additionally, /3 is the transmission rate and v is the recovery rate.

SEIR Model

SEIR model is an extension of the SIR model used in epidemiology to describe the spread
of infectious diseases that have an incubation period-a delay between when they become
infectious, this delay is represented by the exposed (E) compartment.

This model of SEIR is described by the following system of differential equations:

(

o = —BSI,
& — 3SI — SE,
al __

dR
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1.3. Basic Reproduction Number and Equilibrium Points

Where ¢ is the incubation rate (rate at which exposed individuals become infectious). Here,

% is the average incubation period.

1.3 Basic Reproduction Number and Equilibrium Points

Basic Reproduction Number

The basic reproduction number [10] is a key epidemiological metric used to describe
the contagiousnness or transmissibility of an infectious disease. It represents the average
number of secondary infections produced by a single infected individual in a completely
susceptible population (i.e., no one is immune, and there are no interventions like vaccines
or public health measures in place).

We give b by the following relationship

Rb — the infection transmission rate 3
B the recovery rate oy

in case where the models are simple such as (S], SIR, ...) and without less of immunity.

* 9ib > 1: the infection will likely spread in the population, potentially leading to an

outbreak or epidemic.

* 5Rb = 1: the disease will remain stable in the population, without causing large

outbreaks.

* 9b < 1: the infection will likely die out over time, as each infected person transmits

the disease to less than one other person on average.

Equilibrium Points

Equilibrium points are states where the system does not change over time. For a system

of differential equations:
dx
% - f (.T) )
an equilibrium point x* satisfies f (z*) = 0.
Stability is determined by analyzing the eigenvalues of the Jacobian matrix:

¢ Stable: where the eigenvalues of the Jacobian matrix are negative.

* Unstable: where the eigenvalues of the Jacobian matrix are non-negative.
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CHAPTER 2

MATHEMATICAL EPIDEMIOLOGICAL

MODELS

8 pidemiology is the study of the distribution and determinants of chronic and infec-
tious disease prevalence in humans. In 1760, Daniel Bernoulliﬂ used mathematics to
describe the spread of smallpox in a variolated population. Since then epidemiological
modelling has suffered dips in popularity and reprisals in interest. Today, the most inter-
esting problems in disease tracking, control, and prevention are modeled mathematically
using epidemiological processes. More recently, researchers are turning to computer sim-
ulations to verify analytic results. When analytic methods become too arduous or even

impossible, these simulations can provide insight into complicated situations.

2.1 SI Model

We note that N (¢) is the number of individuals in a population at time ¢, and N, the
number of individuals in the beginning.
In 1906 appeared the first dynamic model of Hammer. We assume that the population

divided into two compartments S and I, then
N=S{t)+1(t),

The chart of Sl is presented as follows:

Daniel Bernoulli is a Swiss doctor, physicist and mathematician, born in Groningen on February 8, 1700,
died in Basel on March 17, 1782.
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2.1. SI Model

S N

Susceptible

Figure 2.1: SI Model

where

The total population is constant

dN dS dI
N e I _— — _— =
Sti=w=w T
= N = constant.

0.

Equilibruim points

We calculate

dS_dI_O
dt  dt
We have
dl  BI I6;
—=—8=_—J(N-1
dt N N( )
then

I { =0,
—=0=
dt I=N.
The disease-free equilibruim point is existed when I = 0. Consequently,
”Dfe = (SQ, I[)) = (N, 0) .
The endemic equilibruim point if

Eqp = (S*,I") = (0, N).

Stability of Equilibruim Point

If we put

9(5.1) = TN -1),

Rania Saadi 11 ~ Mohamed Boudiaf University of M’sila



2.2. SIS Model

then

dg dg 2081

39 = 0, and 9 6] N
If we replace the value of Dfe we get

dg B
E (@f@) - 5 > Oa
then ©fe is unstable.
When we replace €qp we obtain
9g

then &qp is stable.

2.2 SIS Model

SIS model was proposed by Kermackﬂ and Mckendrickﬂ in 1932.The chart is outlined

below
\ §
s
Susceptible ‘ B 7

Figure 2.2: SIS Model

The ODE for the SIS model can be analytically solved to understand the disease dynam-

ics as follows:

dl __ BSI

ds __ BSI
{ =%t
=~

with v is the removal rate of infection.

The total population is constant

dN dS dI
N = [ _—— _— =
Sti=w=w
= N = constant.

'William Kermack (1898-1970) he was a Scottish biochemist, and epidemiologist,best known for develop-

ing the Kermack Mckendrick model with Anderson Mckendrick.
2Anderson Gray Mckendrick (1876-1943) was aScottish physician, epidemiologist, and mathematician

known for his contribution to mathematical epidemiology.
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2.2. SIS Model

Basic Reproduction Number (Rb)

As the SIS model [16] is composed of one infection component /, we obtain

Rb = é
7
Equilibruim points
At equilibrium, we solve
ds dI 0
dt  dt
We have
dI BI
= = (NI —HT
o w7 ) =7
B
= |=(N-=-1)—~|1
{N( ) =7
Therefore,

I I=0,
a7 s
S(N-I)—y=0.

Then the disease-free equilibruim point is existed when I = 0. Consequently,
@fe = (Sg, Io) = (N, 0) .

The endemic equilibrium point is exists when 91b > 1. Consequently,

qu=(S*,I*)=N( ! 9%_1).

Mo’ Nb

Stability of equilibrium point

If we put
_B
then
dg dg 261
gg ~ 0 and G =f-y-
If we replace the value of Dfe we get
dg B B
ST (Dfe) = 7 = (Ro ~ 1),

Rania Saadi 13 Mohamed Boudiaf University of M’sila



2.3. SIR Model

Therefore, ©fe is stable if and only if b < 1.

When we replace Eqp we obtain

dg

2 (€qp) =~ (R — 1),

Then, &qp is stable when Rb > 1.

2.3 SIR Model

The chart is listed below

S|~

S v o2

Susceptible l Recovered

Figure 2.3: SIR Model

The system of ODEs describing the dynamics of the SIR model is expressed as follows:

as _ I

dt __ﬁNS7

dal I

a = BxS =1,
dR __

Summing the three equations

AN dS  dldR
dt dt  dt dt’
I I

= —f— —S —~I I =

thus,
dN

— =0.
dt
Hence, N is constant.

Equilibrium Points and Basic Reproduction Number

Equilibrium points

Equilibrium points are found by setting
as _dI _dR _
dt —dt  dt

Rania Saadi 14  Mohamed Boudiaf University of M’sila



2.3. SIR Model

The disease-free equilibrium point is existed when I = 0. Consequently,

@fe = (So, Io, Ro) = (N, O, O) .
The endemic equilibruim point is existed if / > 0, then v = 0. That leads us to the SI model
which we studied before in detail.

Basic Reproduction Number

Basic reproduction number 93b is the number of new infections generated by one infected
individual in a completely susceptible population. Since the SIR model includes an infection

component /, we obtain,

dl
i f@)—v(t).
= s W50 a1,

where f is the rate of new infection and v is the rate of other transitions;

(1)

F)=BSASW, v =A1().

The new infection matrix F and the transition matrix V are assessed at the disease-free

equilibrium point as follows

df 550 dv
= — = — = d = — =
i f and YV 71
From this, we get
vl
g
Consequently,
Rb=p (FV ) = g

Stability of the Disease-Free Equilibrium Point

To determine the stability of the disease-free equilibrium Dfe, we compute the Jacobian

matrix at this point:

o(-pxS)  o(-BxS)  o(-AwS)
oS o} OR

)i
J=| 2(B&s5—1) o(Bxs—I1) 8(B%5—I)
B o1 OR ’
o(yI) o(yI) o(yI)
a8 oI R
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2.4. SIRS Model

then
6§ -5 0
J=1 By By—7 0
0 0 0
Consequently,
0 -8 0
Jope =1 0 B—~ 0
0 v 0

The stability of ©fe depends on the eigenvalues of the Jacobian matrix. Solving the charac-
teristic equation:
det(J@fe - )\ngg) =0.

Or
-2 —p 0
0 ==X 0 |=0.
0 7y -

The characteristic equation is given by,

(=) B=7=X (=2 =0

Thus,
My (/b —1) — )] =0.

A =0, Ay = =+, A3 = —7.

Then Ay = v (JRb — 1) will be negative if 5ib = g < 1 (i.e. <), and thus the disease-free

equilibrium point is stable when 93b < 1.

2.4 SIRS Model

SIRS model accounts for loss of immunity after recovery, meaning individuals in the R

compartment can return to the S compartment at a rate J. The chart is shown below

Rania Saadi 16 ~ Mohamed Boudiaf University of M’sila



2.4. SIRS Model

¥ [
S i -

Susceptible 'I Recovered

=l ~

Figure 2.4: SIRS Model

The system of equations for the model is given below:

4 = —BLS + 4R,

dI I

@ = BNS — 1,

% =~ —I0R.
Summing the three equations:

dN dS+dI+dR
dt dt — dt dt
1 1
= —B— — S — AT+ T —
,8N5—|—5R+BNS I +~I —0R
= 0.

Hance, N is constant.

As N is constant, we can normalize the model SIRS, we put

_ S _ 1) _ R
Then we get
= —BST+oR,
Cc% = BS8T — I,
%3 =~T — 0R.

Equilibrium Points and Basic Reproduction Number

To find the equilibrium points(% = % = ‘fi—f = O) .

If I = 0 (Disease-free Equilibrium), then ©fe = (.So, oy, Ro) = (1,0,0).
If I > 0 (Endemic Equilibrium)

From 4 = 4% — 0, we find

(=2

Rania Saadi 17 Mohamed Boudiaf University of M’sila



2.4. SIRS Model

Then
I = 1-5—R
v
= 1—=—--=7
)
1-2
= [I"= 5.
1+7
Thus

emaz(sili}?)::(%,ﬂ,%ﬁ>.

Basic Reproduction Number (91b)

Because the SIRS model is composed for one infection component /, we obtain:

fmv=pL{#)S(t)—7L(t).
Accordingly,
f=p1®)S@1),  v=rl().

Here, f is the rate of appearance of new infections, and v is the rate of other transitions.
The new infection matrix 7 and transition matrix V' are assessed at the disease-free

equilibrium point, as follows:

df BSo dv
}"—E%—T—B, and V—Eme—v
It follows that
pi b
Y
Then
Fy~! = @.
8
Thus
oo — 2
Y

We can rewrite /*of the endimic equilibrium point as follows

.13 3(6-)
N 1+%_§<§+1>
_ S(Mb—1)

dRb+ 57
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2.4. SIRS Model

and

e e oy (Y S(RE—1) 7y (Rb—1)
Cap = (57 1%, 1Y) = (E’ 0R6 + 3 0R6 )

The endemics points exists when Rb > 1.

Stability Analysis of the Equilibrium Points

After computing the Jacobian matrix, we get

—pl  —-BS o
J = Bl  BS—~ 0
0 ~ —0

At the disease-free equilibrium point Dfe = (Sp =1, I, =0, Ry = 0)

—-A —p )
Joje — M3x3 = 0 B—7v—A 0
0 vy —0—A

Thus
A0+ A)(y(RbE—1)—)\) =0.

If Rb = g <1, (i.e., B < 7), then all the eigenvalues are negative, therefore the disease-free

equilibrium is stable when $ib < 1.

5y(Rb—1)
~h@eh
Ji)fe* = %b,y_l) 0 0
0 v =0
Lety = 9% U then
—p =X —v )
Jeqp — M3zx3 = Y —-A 0

The characteristic polynomial is given by
PA) = (4 =XNEN(E0=2) =2 (= =N (=0 =)
= — (WA (G+N).

Then A\ = —dor\=—¢ = Mm—bl) will be negative if 5ib = g > 1, (i.e., 8 > ), and thus
the endemic equilibrium point (’Eqp is stable when $Rb > 1.
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2.5. SEIRS Model

2.5 SEIRS Model

The chart of SEIRS is depicted below

é
' I I
S Py E o y R
Susceptible Exposed Recovered

Figure 2.5: SEIRS Model

The dynamics of the SEIRS model are as follows :

.

B = AN +O6R— (BL+v+p)S,
& =Bx5S —(0+p)E,
G=0E—(v+ml,

B — S +~I— (5 —p)R.

\ dt

Here

¢ S is the susceptible individuals.

¢ [ is the exposed individuals.

* [ expresses the infected individuals.
* R presents the recovered individuals.
¢ A is the birth rate.

¢ [ the infection transmission rate.

¢ v represents the vaccination rate.

¢ o shows the transition rate from E to I.
* ~ presents the recovery rate.

* § is the immunity loss rate.

* s expresses the death rate.

Remark 2.1. If we set 6 = 0, SEIRS becomes SEIR, which represents the same model with no loss

of immunity and the calculations remain the same in both models.
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2.5. SEIRS Model

The Boundedness of the Total Population

Let
Nty =St +E@t)+I1(t)+R(t),

This implies that
dN dS dE dI dR

A e e dr
Now, adding all the equations of the system, we obtain:

dN

YN AN —uN
dt H

= (A—p)N.
Separation of variables

InN—-InNy = (A—p)t
N = Nyexp((A—p)t).

So, we get
N (t) < Nyexp (AT).

Where T'is the maximum time in our study to the model and NV is the initial total population

att = 0. Then, N is bounded.We assume the existence of a positive constant
N < Nyexp (AT).

To normalize the SEIRS model, we put:

R(t)
N )

then, we obtain

B = AN—(BT+v+p)S+IR,

€ — BIS — (o + )&,

& =08 —(v+nI,

IR — S+ — (6 +p)R.

\ dt

Disease-free eqiulibruim (Dfp)
When Z = 0 and £ = 0. The equations simplify to:

B =A+6R—(v+p)S=0,
IR =S — (0 +p)R = 0.

dt
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2.5. SEIRS Model

From these equations, we deduse:

A6+ p) vS*
(V4 p) (6 +p) —dv’ d+p

Thus, the disease-free equilibrium is :

Dfp = (So, &0, 2o, Ro) = ( AlO+p) v ) .

a0707—
(V4 ) (64 p) —dv O+ p

Endemic Equilibrium Points

(0=A+6RE) — (BT(t) +v+u)SH), (eql)
0=PBZ()S(t)— (e +p)Et), (eq2)
0=0&(t)—(v+mI(), (eq3)

| 0=0vS () +7Z(t) = (6 +p)R(t). (eq4)

From equations (eq3), and (eq4), we have

eq3

eq4

o v o

=5E0 RO=52850+ GG

Z(t) S

E(t).

If we add (eql) to (eq2) we obtain

S A (0 + ) 5(7+5+N)+(7+M>(0+M)5*.

(Y + p+0) (v+w) (v+p+9)

Equation (eq2) gives us

&=

(vt lo+p)(d+v+p) ( BA(0+ ) _1>
By +o+p)+ v+ (0 +w)] \ply+p)(e+wd+v+p) '

Then

* T*
Cap = (8, £, T" R") = <<J+H) O+w) Otw g g w8 017 )

Bo o 0+ p

Consequently, we obtain the required endemic equilibrium point gp, which exists for

BA (S +p)

MCEICED T E T

Basic reproduction number (93b)

Because the SEIRS model is composed of two infection components £ and Z, we obtain:

f._v':<ﬁ18—(a+u)5>
s o —(y+mI )
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2.5. SEIRS Model

Accordingly,

f:<5zs> v-:< (o +n)& )
' 0o )’ ' —cE+(v+ )T

The new infection matrix F and transition matrix )V are assessed at the disease-free

equilibrium point, as follows:

F = % , and Y = dv,
dl i dl oje
Then
0 BS + 0
F_ BSo ’ v — 0T [ ‘
0 0 -0 Y+
It follows that
1
V= ( T ) .
o 1
(v+u)(o+um)  v+u
Then

Bo
0+ (v+4u)
Thus, the endemic equilibrium point Eqp exists when 93b > 1.

Rb =

Stability Analysis Of The Equilibrium Points Using The Jacobian Matrix

We define
— (BT + v+ p) 0 —BS 5
g 5T —(o+n) BS 0
0 o —(v+n) 0
v 0 o — (0 +p)

The system has two equilibrium points, we analyse the eigenvalues of the Jacobian matrix

at these points.

Stabilility of the Disease-Free equilibrium

Substituting

A6+ p) Av
S: y E:O, ]:Oy R: .
(v+p) (64 p) —ov (6 +v+p)

To determine stability, we find its the eigenvalues by solving

det(Jm - )\I4><4) = 0.
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2.5. SEIRS Model

Then
—(v+p) = A 0 — o 5
0 (01— Tk 0 e
0 o —(v+p)—A 0
v 0 v — (04 p) — A
Then
Nb = bo .
(0 +p) (v + 1)
_ BAG+p)
(v+p) (6 + p) —ov
then
w
i CEan I}
Let
det(Jo, = Muxa) = N+ (v + 0+ p) A+ (0 + p) (v + ) — ow = 0.
Thus
N Fad+b=0,
where

a = y+tpto+p=y+o+2y
b = (o+p)(v+p) —ow

The general solution is

—a++va? —4b
5 )

)\:

We have the following eigenvalues
AL =~ A= —(0+v+p),
and \; are negative for each i € {3,4}, if and only if 1 — c9Rb > 0, which means
1
Rb < —.
o
e IfRb < 1, Then, making all eigenvalues negative. Thus Dfp is stable.

e IfRb > 1, Then A\, > 0, meaning Dfp is unstable.

Rania Saadi 24 Mohamed Boudiaf University of M’sila



2.5. SEIRS Model

I'll compute the eigenvaluse at the endemic equilibrium using

g oty +p)

I* .
Bo , >0
The Jacobian Matrix are:
— (BZ* + v+ p) 0 —pS* )
BT —(otp) S 0
Jeqp =
0 o —(v+n) 0
v 0 v — (0 +p)

To determine stability, we find its the eigenvalues by solving

det(Jm — /\I4><4) =0.

Then
—(BL*+v+p)—A 0 —pS* )
BL* —(o+p)—A BS* 0 0
0 o —(y+p)—A 0 '
v 0 v — (04 p) — A

For Rb > 1, we get:
/\1:—,u, AQZM(%E_I)

o If Rb > 1, the endemic equilibrium exists and is stable, meaning the disease can

persists in the population.

e If Rb < 1, the endemic equilibrium does not exist, meaning the disease disappears.
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CHAPTER 3

INFLUENCE OF INFECTIOUS DISEASES ON

POPULATION WITH CHRONIC
CONDITIONS

<€ hronic diseases are typically characterized as conditions that persist for one year or
more, require ongoing medical attention, and often limit daily activities. Individuals
suffering from chronic conditions, including heart disease, diabetes, cancer, obstructive
pulmonary disease, chronic kidney disease, and obesity, exhibit an increased susceptibility
to respiratory distress induced by infectious diseases. This susceptibility underscores the
intricate interplay between chronic and infectious diseases and the compounded health
challenges faced by these individuals [3].

Mathematical modelling is a valuable tool for understanding and controlling infectious
diseases [11]. However, traditional integer-order derivative models are commonly used
to capture dynamic interactions between distinct points in real-world scenarios. To en-
hance the realism and applicability of such models, we introduce ordinary differential
equations, which play an important role across diverse fields such as optimization, artificial
intelligence, and medical diagnostics.

In our study, we employ the SECIR model, dividing the total population (denoted as
N) into five distinct classes: Susceptible S, Exposed E, Chronic diseases C, Infected I, and
Recovered R (see [3]). The parameters of the SECIR model are defined as follows:

o A is the influx rate that expresses the arrival of people (birth rate and visitors from
other societies).

o We denote by 1 < A the rate of natural death population.

o In addition, o signifies the death rate of infected individuals with chronic conditions,
excluding infectious diseases. The inclusion of ¢ accounts for the higher significance of the
death rate among individuals with chronic diseases compared with other compartments.

o $1 and 3, are the contact rates between the susceptible S and infectious populations C
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3. Influence of Infectious Diseases on Population with Chronic Conditions

and I respectively.

o f and 0 describe the rates of transfer of exposed E to infectious populations C' and /
respectively.

o p and ¢ represent the recovery rates from infectious populations C' and I respectively.

o k and vy are the death rates of the populations C' and I due to the infectious diseases
respectively.

o v is the vaccine rate of the suspected population, and 7 is the rate of transfer of
recovered population R even those who were vaccinated to the susceptible population S,
(taking into account some infectious diseases have various versions, and the vaccine might
not always be fully effective due to mutations).

In this study, we focus on using ordinary derivatives to construct and analyse our
mathematical model. This approach allows for the effective description of disease dynamics
without resorting to fractional-order techniques, while still providing reliable insights into
the structure and behaviour of the system under study (see [2,/5} 9] 17, 20 [1]).

Motivated by the above-mentioned work, for 0 < ¢ < T < oo, we have:

(B0 — AN(t) - (29O 4o+ ) (1) + TR,
= M%f”“sm (045 +m) B (1),
O = 9E{t) - (p+r+0+p)C (1), (3.1)
# = OE(t) —(q+y+pI(t),
| B2 = uS () +pC (1) +ql () — (T +m) R(1).

The alterations in infectious disease transmission within the SECIR model (3.1))

can be interpreted through reference to the following chart:

To+,u
9 " C K
x
perpt K . eath due
L E - 2 s | R i oy
N T Disease
|
§ | I v
lu

Figure 3.1: Transmission scheme for the SECIR model of an infectious disease.
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3.1. Dynamic Analysis of the Feasible Region

Our primary objective is to efficiently study the characteristics, behaviour, and dynamics
of the system of nonlinear ordinary differential equations (3.I). We focus on determining
the main properties of the solution in a biologically feasible region, including stability,
existence, boundedness, and computation of equilibrium points. Using fixed-point theory,
we establish the conditions for obtaining a unique solution.

All the following results are presented in detail in [3].

3.1 Dynamic Analysis of the Feasible Region

In this section, we elucidate the essential definitions derived from the mathematical
modelling. The space under consideration is the Banach space of continuous functions

C ([0,1],R), characterized by the norm

[ull o = sup [u(t)].
te[0,7)

3.1.1 Positivity and Boundedness of the Model

The SECIR model (3.1) is investigated within a biologically feasible region in R?, as

defined in the subsequent lemma.

Lemma 3.1. Let Ny be the initial total population at t = 0, where 0 < t < T < oo, then the

solution of the considered population dynamic model is restricted to the feasible region given by
(S,B,C,[,R)eR, St)+ EX)+C )+ 1(t)+ R(t)=N(t) < Noexp (A —u)T).
This shows the boundedness of the population dynamic model under consideration.

Proof. Let
Nt)=SO+E@)+C@EH)+I11)+R({),
this implies that

AN (t) dS(t) dE(t) dC(t) dI(t) dR(t)
a - ar T a TTa TTa T Ta

Now, adding all the equations of (3.1), we get

dN (t)
at

IN I
= =
[
SIS
= =
= =
|
=
+
2
Q
=
|
)
~
=
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3.1. Dynamic Analysis of the Feasible Region

Thus,

t

N (t) §N0+(A—u)/N(T)dT.
0
After using Gronwall lemma, we obtain

N (t) < Noexp (A = p) T,
where Nj is the initial total population at ¢ = 0. O

In the subsequent sections of this thesis, we assume the existence of a positive constant
N < Noexp((A—u)T),

for which the total population N remains fixed throughout our study, which can be ex-
pressed as N (t) = N, for any ¢ € [0, T|. This assumption is made to normalize the SECIR
model (B.I). Therefore, we put:

s=%, M=% cu=% I0=% RO=T 62

then we obtain

WU~ A (BC(t) + I (E) +v+ ) S(t) +TR(H),

EO - — (BC[H)+ LI 1)S{H)—(0+5+p)E 1),

L = )= (p+r+o+mC(t), (3.3)
LU = SE(W) — g+ +mWI),
| O = w8 (1) +pC (1) + g () — (T + )R (),

along with the positive initial conditions

S (0) = Uy, E (O) = U2, C (0) = Uus, Z(O) = Uy, R(O) = Us. (34:)

3.1.2 Existence Results of Solutions for the Normalized Model

In this section, we explore the existence and uniqueness of solutions to problem (3.6)-
through the field of fixed-point theory. Our investigation employs Banach’s theorems,
as outlined in [6), 7] 8].

Letu = (S,&,C,Z,R) € Q, where Q = [C([0,T],[0,1])]” is a Banach space equipped
with the norm

[ull = max {[[Sllc  [€]loo > 1€l s 1 Z1lc s IR Mo 3+
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3.1. Dynamic Analysis of the Feasible Region

and let f = (f1, fa, f3, f1, f5) , be such that

(

Alhu() = A—(BC(H) +BI®) + v+ u)S (0 +rR (),
ftu®) = (BCH)+BI#)SE) - (0+0+u)E(),

fst,u(t) = 0E@t)—(p+r+p+o)C(t), (3.5)
filt,u(®)) = &) —(g+7v+n)I(),

fs(tu(t) = vS(t)+pC(t) +qZ(t) —(r+p)R(t),

\
it is clear that f is a continuous function.

By applying integral to both sides of the system

du (t)
= f(t,u(t 3.6
o= = f(Lu ), (36)
taking into account the conditions
U’(O) = Up = (u17u27u37u47u5)1 (37)

and we obtain the following system of ordinary integral equations

w)=w+ [ Fmu)in
which is equivalent to the original problem (3.6)-(3.7).
Theorem 3.1. Let 51, 52, p,q,0,0,k,v,7,v,0,u, T € R, be such that
C=max{f +Po+v,0+0,p+K+0,q+7,T}

We assume
T+ p) <1 (3.8)

Hence, there exists a unique solution to problem (3.6)—(3.7) on [0, T} .

Proof. Our proof begins with a transformation of problem (3.6)-(3.7) into the fixed-point
problem Au (t) = u (t) , with

Au (t) = (Ayu (t) , Asu (t) , Asu (t) , Agu (t) , Asu (t))

and .
Au (1) = ug +/ f(ryu(r))dr. (3.9

0
We observe that when u € €2, then (A;u), ., are indeed continuous. Consequently, Au is

an element of €2 and is equipped with the norm

| Aully = mas [ A
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3.2. Analysis for the SECIR Model

Problem (3.6)—(3.7) is equivalent to ), which means that A includes fixed points that

solve the aforementioned problem. Let u, v € (2, then

Au®) - A @) < [ It - fGreElar, %=T5 @10
0
Forallt € [0,7], we have:
|fi(t,u®) = fi(t, o) < max{r,fi+ B2 +v+pu}|u—vlg,
|fotu(t) = f2(t0(@)] < max{Bi+ B2,0 + 0+ p}llu—vlg,
[fs(tu(t) — f3(t0(@) < max{f,p+r+p+o}|u—u]q,
[fa(tu(t) — fa(t,o @) < max{d,q+7+p}tlu—vlg,
|fs (t,u(t) — f5 (v (1) < max{g,p,v, 7+ pu}t|lu—vlg.
Then
|fi(tu () = fi(t,o ()] < (04 p) [lu =], Vi=1,5. (3.11)
From (3.10) we find
”‘Aiu—AiU”oogT(g"’—M) HU_UHQ7 Vi:l?_g)v
and

[ Au = Avllq < T (€4 p) [lu = vllq -

Thus, according to (3.8), A is considered a contraction operator.
Banach’s contraction principle helps us infer that A has only one fixed point, which is
the unique solution to problem (3.6)—(3.7) on [0, 7. O

3.2 Analysis for the SECIR Model

For a future analysis, we assume that the vaccine rate v of the suspected population

satisfies the following inequality:

max{p,q} <v<pu+mn{d+0,p+r+o,q+}. (3.12)

Basic Reproduction Number and Equilibrium Points

In this section, we determine the basic reproduction number of system using
the next-generation matrix method. The basic reproduction number, denoted as (Rp),
represents the average number of secondary infections generated when a single infection is
introduced into the susceptible population. It can be computed as the spectral radius of

matrix FY L.
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3.2. Analysis for the SECIR Model

Theorem 3.2. The basic reproduction number of system is expressed as

p= + .
p@+d6+p)(t+v+p) \p+e+o+p qg+y+p

(3.13)

Proof. In the SECIR model, consisting of infection components £, C, and Z, we obtain

(BiC+ BI) S — (0 + 6+ p) €
fi—v = 0 —(p+r+o+u)C
08 —(q+v+pn)Z

Accordingly,
(BiC + BT) S O+6+pu)&
fi = 0 , Vi=| (p+r+o+p)C—06E
0 R T WA

Here, f; represents the rate of new infections appearing in compartment 4, and ¥; denotes
the rate of transitions between compartment ¢ and other infected compartments for each
ie{1,2,3}.

The new infection matrix F and transition matrix V are evaluated at the disease-free

equilibrium point (Dfp) according to[3.3|as follows:

0 5180 /3230 0+M+(5 0 0
F=10 0 0 , V= —0 prr+o+p 0
0 O 0 —0 0 q+y+up

According to the applied method principle, the basic reproduction number is defined as
the spectral radius of the matrix product 7V ! and is expressed by (3.13). O

The initial phase of comprehending a differential equation involves, as customary,
identifying its equilibrium points. In epidemiology, we focus on two distinct categories of

equilibrium points:

¢ Disease-free equilibrium is defined as the point at which no disease (or death from
disease) is present in the population, which is represented in the model as £ = C =
Z=0.

* The other equilibrium points, where C # 0, Z # 0, are denoted as endemic equilibrium

points (or outbreak equilibrium points).
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3.2. Analysis for the SECIR Model

Based on (3.12), we define the positive real values

A =040+ pu, X=p+r+o+u,

As=q+7+u, m=v(k+o)+uv-p),

m=vy0+pud(v—aq), n=AAs—v)+X (A —v)+A3(X2—v),
om0 o _O(ktodp)  0(y+p)

N = )\2 /\37 15 _/1’+ )\2 + )\3 )

to simplify the calculation for getting the following theorem.

Theorem 3.3. The system has two types of equilibrium points

1. Disease-free equilibrium

AT+ A
Dfp = (So, £, Co, To, Ro) = (M ”) |

P4 1A
2. Endemic equilibrium point Eqp = (S*,E*,C*, I*, R*) which is

Eap — (%’Al (Rp—1) 6M (Rp—1) oA\ (9%—1)’73*»
6

As\g D VY V5 FEREEEEED P V5 P
where
Ao
= 1-— —1
R Ro ( o (R )) ,
with Lo
)\OZM’ >\4:T+U+M7
Av
s = TN + pA A = b1 52
pry o )\3

The existence of the endemic equilibrium point is contingent upon Rp > 1.

Proof. To determine the equilibrium point of model ., we set 24U — () with u =
(S8,€,C,Z,R). Therefore

(

0 = A~ (BICH)+BIt)+v+u)S{t)+7R(t) (eql)
0 = (510()+521())5(t)—&5(t) (eq2)
0 = 0E(t) — AL (1) (eg3)
0 = 6&(t) — AL () (eq4)
0 = vS)+pC(t)+qZ(t)—(T+p)R({1) (eg5)

\

From equations (eq3) and (eg4) we find

C(t)= €0 and T()=1£().
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If we add (eql) to (eq2) we obtain

R(t) =

S

[(v+ ) S (E) + ME () — Al
then we replace it in (eg5) to get
S(t) =8 — AE (1),

then
R(t) =Ro[1l = A& (1)].

1. If £ = 0, we can easily obtain the disease-free equilibrium point Dfp.

2. In the case £ # 0, (eq2) gives us

A

&= Ao e

(Mp —1).
Consequently, we find the required endemic equilibrium point Eqp exists for Rp > 1.
Hence, the theorem is proved. O

Local Asymptotic Stability

Let ¢4, 2 and 3 be such that
AMAaAz (Mg + 1) (1 — NRp)

Y1 = Ag + >
P
,u)\4)\7 + A1 A2 A3 (1 — ‘ﬁp)
= Mg+ ,
¥2 8 Mt

03 = As+prr+ A (A +p),

where

)\7 == )\1 +>\2+)\3, >\8 == )\1)\2"‘)\1)\3“‘)\2)\3.
Theorem 3.4. Suppose that
So (810 + [20) < min {1, 2, 03}, (3.14)

then, ©fp of system achieves local asymptotic stability when Rp < 1.
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Proof. The Jacobian matrix for system (3.3) can be determined as follows

o O OHh OH O
as @9E ac 9T IR
0 9f2 0fz 9fs Of
8s @9 aCc 9T R
J=| 2 9fs 0ofs 9fs Ofs

as @e ac 9T 9R
Ofs Ofs Ofs Ofs Ofa
as @9E ac 9T IR
Ofs 9fs Ofs Ofs Ofs
as @E ac 9T IR

where fi<;<s (t,u (t)) represents the right hand-side of (3.3). Then

—(BiC+BL+v+pu) 0 —BS —BS T
BiC + 5L A 5SS 0
J = 0 0 - 0 0 ;
0 ) 0 —A3 0
v 0 p g —(T+p)

The eigenvalues of J (Dfp) are given as the roots of the following characteristic polynomial
P(z)=— (x5 + eyt + 32 + o + xey + co) ,
where
co = pAAA3Ag (1 —Rp),
cr = pA(pr—So(Bif + B20)),
ez = (At p)(p2 = So(Bif + B20)),
ez = 3 —So (516 + Bad),
ca = M+ A+p.
As Sy (10 + 520) < min {1, pa, ps}, we find ¢y, ¢1, ¢2, ¢35, and ¢4 are nonnegative coefficients
when Rp < 1. According to Descartes’ rule, the roots of P (x) are negative reals or

complexes of negative real parts, which makes ©fp locally asymptotically stable. O

Now, let 91, 1, and 13 be such that
)\9 (/\1>\2>\3 + 7')\1()) + ,u)\g (/\4 + )\9)

¢1 = )
P4
Tzt pAs+ (Mo + v+ p) (As + A7 (T + )
¢2 - A\ )
4t H

Vs = M (Ar+p) +pde+ As + X (A + 7+ 1)

where
Ao = [iC" + [I" = i_; (Rp —1),

Mo = O(k+o4+p)+0(y+p) + (64 1) A+ (0 + 1) Mg + Ao As.
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Theorem 3.5. If we put
S* (510 + 626) < min {wla 1/)27 ¢3} )

then, Eqp of system achieves local asymptotic stability when Rp > 1.

Proof. As we have seen in the previous theorem, the Jacobian matrix J (€qp) for (3.3) is

given by
—(BiIC + BT +v+pu) 0 =S —fS” T
p1C* + BT A1 BiST ST 0
Jeqp = 0 0 -y 0 0
0 ) 0 — )3 0
v 0 p q —(T+p)

The characteristic polynomial is given by

P(z)=— (:c5 + gzt + c3x® + eox® + xey + co) ,

where

co = Ao (pA1deds + TA11),

¢ = pr (1 =S (Bb + Ba0)),

ca = (Aa+p) (Yo — 8 (Bi0 + Ba0)),

c3 = 3 — 8" (B0 + B20),

ca = M+ A+ X+ p,
with

AL = A3 + 0o (v + ) + 0 (K + e+ 0) As.

According to Descartes’ rule, if co, c1, c2, c3, and ¢4 are positive coefficients, then the roots of
P (z) are negative reals or complexes of negative real parts. Therefore, the required results

were obtained. n
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Conclusion

% his research represented an important step toward enhancing scientific understand-
ing of how chronic diseases influenced the spread of infectious diseases and offered
practical solutions based on precise mathematical analysis. Through mathematical model-
ing using classical models such as SI, SIS, SIR, SEIR, and more advanced models like SECIR,
the study focused on the impact of infectious diseases such as COVID-19 on individuals
with chronic conditions like diabetes and heart disease.

The findings obtained through the SECIR model went beyond the theoretical under-
standing of disease dynamics; they provided a strong scientific foundation for designing
more effective health policies. Decision-makers in the health sector used these mathemati-
cal tools to develop prevention and treatment strategies that strengthened the preparedness
of health systems for future epidemics.

The model’s results showed clear insights into disease transmission dynamics, high-
lighting critical factors affecting vulnerable groups. Additionally, analyzing the stability of
equilibrium points allowed accurate predictions of whether the disease would die out or
persist, which was crucial for planning interventions. This approach confirmed the model’s
importance as a predictive tool for public health decision-making.

In the future, we hope to have the opportunity to study other diseases and epidemics,
such as tuberculosis and malaria, and their impact on public health using mathematical

modelling.
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. Abstract:

This thesis explores the role of mathematical modeling in understanding the
A spread of infectious diseases, with a focus on individuals with chronic conditions. It <
I] builds on classical models SI, SIS, SIR, SIRS and develops an extended SECIR model that E%j
Q accounts for chronic health status. The study shows how chronic diseases can increase @

\A )
X infection risk and accelerate epidemic spread among vulnerable populations. It analyzes

L to guide public health policies, especially in vaccination planning and prioritizing care for ‘/
high-risk groups. The thesis underscores the value of collaboration between

| mathematicians and epidemiologists for effective epidemic preparedness.
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