PEOPLEs DEMOCRATIC REPUBLIC OF ALGERIA

MINISTRY OF HIGHER EDUCATION AND
SCIENTIFIC RESEARCH

)l

Mohamed Boudiaf university of Msila

l:‘Faculty of Mathematics and computer sciences

~

pE—— g

dluuoll - calibg) 200 Gao
University Mohamed Boudiaf - Msila Department of Mathematics

Master’s Thesis

Field : Mathematics and computer sciences
Branch : Mathematics

Option : Partial Differential Equations and Its Applications

Theme

Figenvalue and Nonlinear Fractional Problems with
Riemann Liouville Operator

Presented by :
MAZOUZI KouNouz

Publicly supported on : 04/06/2026.

In front of the jury composed of :

Dr. ABDELKEBIR Saad M.C.A, Univ of Msila Chairperson
Dr. BOUGHERARA Brahim M.C.A, Univ of Msila Supervisor

Dr. MOKHTARI Abdelhak M.C.A, Univ of Msila Co-supervisor
Dr. FERAHTTA Nassim M.C.A, Univ of Msila Examiner

University year 2025/2026



Acknowledgement

All praise and sincere gratitude are due to Allah, the Most
Compassionate and the Most Merciful, for His endless blessings and for granting

me the strength and patience to complete this work.

I would like to express my deepest and most sincere gratitude to my research
supervisor, Dr. Bougherara Brahim, for his invaluable guidance, continuous
support, and dedicated involvement throughout every stage of this research. His
insightful advice, patience, and encouragement were essential to the completion of

this thesis. Without his assistance, this work would not have been possible.

I would also like to express my sincere thanks to Assistant Dr. Mokhtari
Abdelhak for his valuable support, helpful discussions, and encouragement, which

greatly contributed to the progress of this work.

I also extend my heartfelt thanks to the members of the jury, Dr. Abdelkebir

Saad and Dr. Ferahtia Nassim, for accepting to evaluate this thesis and for
their time, effort, and valuable remarks.

Finally, I would like to express my gratitude to all professors of the Faculty of
Mathematics at the University of Mohamed Boudiaf — M’sila, and in particular to

the professors of the Partial Differential Equations specialization.

Special thanks are due to Dr. Basti Bilal and Dr. Noura Bounab for their

valuable teaching, guidance, and continuous encouragement.

Thank you all.



ARV

Joall 102 Gual JSos3l dde g Guaiwl dag |yalg Yol 4l el

A slhaall g juall ias ele (g pelddly wiwdl o Ol (e Il aadl giedl

AT g ol ) 398 Lali dslalg 0 jee B 4l JUol " B alae | o sall iy

989 ol Lgilges COls A" 590 " AR el I Gl ad g eI

QR PO DUST L U1 (FL P EN I (PRS- TP L PR PP (g PEN {

JS=9 e 9 o 9 I 9 I 9 G 9 Fua T bl sl 1 g (253 sLED)
2ol g e ndl g Aumadls 5 slolal (il da HSI1 Silile ol b

!

el Byl pe gy B pded) (Sl auEUly KAl gatlae addil Less
Jiaall Baguad! dilge o3 COlEn g AT pd g dclay Comdl Gyl 3 LI gl

‘“_,3\.531..\.@ &9 ‘“_,.d ool @l ‘“_,3‘3.\11 ‘“_,3‘5:'-‘ &9 @2 olaa, J
COL S el (S S (2 1950 M 9yl gdiadl 1A (D 9o HLd Huid) Sl g

1054l Gl )l (Sl gds 2 Pilu g Puelug B> Lede (v S I
Juola¥ Sl g (Al oS3

Jho! ol giadl Joadl 1aa jlodl 2 malwy Ol b I e (e Y= I
.Q\:-\qaid‘&ﬁ%}.d‘@,@:ﬁ@|?&3ﬁ3p.@ﬁﬁd‘ﬂ|

BSEY_NUBE B



Contents

|Acknowledgement|. . . . . . . .

Introductionl . . . . . . . .. ..

T Preliminarics

[I.1 Functional Spaces| . . . . .

MI.1

The Lebesgue Space]

1.2 Spec

ial functions . . . . .

[1.2.1 Space of absolutely continuous functions| . . . . . . . . . ..

M3.1

Compactness| . . .

1.4 Some important result| . .

1.5 Gateaux and Frechet differentiability| . . . . . . . . . ... ... ..

2 Fractional operator and Sobolev spaces |

2.1 Riemann-Liouville Fractional Integrals| . . . . . . .. ... ... ..

P21

Some properties| . .

2.3 Fractional Sobolev Spaces|

.31

Spaces E,} (a,b) and By (a,b) . . . . . .o

[2.3.2 Embedding for Riemann-Liouvill integrall . . . . . . . . ...

2.3.3 Spaces E,(a,b) and £, (a,b)| . . .. ... ...,

2.4 BEmb

edding results . . . .

2.4.1

Embedding for £,

2.5 Integration by parts|. . . .

P51

Integration by parts

for fractional integrals/ . . . . . . . . ..

R.5.2

Integration by parts

for fractional derivatives/. . . . . . . . .

[3 Nonlinear Fractional Eigenvalue Problem|

3.1 Preliminaries . .. . . ..

BI1

Position of problem|

10
11
11
13
14
15

16
16
18
19
21
21
24
25
27
27
33
33
34



4 _Nonlinear Fractional Problem| 49
4.1 Position of problem| . . . . . ... ... ... o0 49

4.2 Existence of the weak solution for the sublinear case 1 < g <p . . . 55
1.3 Existence of the weak solution for the superlinear case p < q¢ < pi| . 58

4.3.1  Preliminaries] . . . . . . . . .. ... ... ... 59
1.3.2 bxistence of non trivial weak solution . . . . . . . . . . . .. 62
Conclusionl. . . . . . . . e 68
IBibliography| . . . . . . .. 69




Notation

LP (a,b):

e
L> (a,b):
: The norm in L* (a,b).

The Lebesgue space of p-integrable function on (a,b).
The norm in L” (a, b).

The Lebesgue space of essentially bounded functions on (a, b).

: The Gamma function.

-): The Beta function.

Space of absolute continuous function.

The Space of n-times absolutely functions.

: The Holder Space.

: The space of continuous operator.

: Riemann-Liouville left-sided fractional integral.

: Riemann-Liouville right-sided fractional integral.

: The critical Sobolev exponent.

: Riemann-Liouville left-sided fractional derivative.

: Riemann-Liouville right-sided fractional derivative.

: The left-sided fractional absolutely continuous space of order «.

: The right-sided fractional absolutely continuous space of order a.

: The space of test functions (infinitely differentiable functions with compact

support).

: The left-sided fractional integral space of order «.

: The right-sided fractional integral space of order a.



Introduction

any phenomena in nature and engineering change continuously,

such as heat diffusion in materials, fluid motion, or population
growth. Mathematics provides precise framework to understand and analyze
these changes by describing the relationships between variables. In this context,
differential equations are essential tools to study how variables evolve over time
and space.

As scientific research advanced, it became clear that some systems are influ-
enced by past states or have memory, which classical differential equations cannot
fully capture. Therefore, fractional differential equations, involving deriva-
tives of non-integer order, were developed to provide more flexible and accurate
models for complex systems.The scientific references from the foundation for un-
derstanding fractional differential equations. Among the most notable are the
works of [10], which provide a detailed explanation of fractional integrals and
derivatives, and the book by [8], which establishes the theoretical foundations of
these equations and discuses their practical applications.

Fractional differential equations can be classified as linear or nonlinear, with
nonlinear equations presenting greater challenges that require advanced mathe-
matical techniques. This research is devoted exclusively to the study of nonlinear
fractional differential equations. We rely on several fundamental references, such
as [2], which provide important results in nonlinear functional analysis and Sobolev

spaces. The study begins by establishing the existence of a weak solution in an



CONTENTS

appropriate functional space.
Accordingly, the thesis is organized into four chapters:
e In chapter 1: We present the key definitions and theorems that, We use
throughout the thesis as a foundation for understanding and analyzing the

core mathematical concepts of the study.

e In chapter 2: We introduce fractional calculus by presenting fractional inte-
grals and the Riemann-Liouville derivative. We also provide simple examples
to help clarify the main ideas. In addition, a set of definitions related to

fractional Sobolev spaces was presented.

e In chapter 3: This chapter is devoted to the study of a fractional eigenvalue
problem involving the fractional p-Laplacian, where we prove the existence

of a weak solution using variational methods.

e« In chapter 4: This chapter investigates a nonlinear fractional problem
using variational methods. The existence of weak solutions is proved in the
sublinear case by means of a minimization method, and in the superlinear

case via the Nehari manifold.

This work provides clear evidence of the fundamental role played by

fractional calculus.

Kounouz Mazouzi 7 Mohamed Boudiaf University of M’sila



CHAPTER 1 |

Preliminaries

This chapter is devoted to outlining the main mathematical tools and funda-
mental results that will be employed throughout the thesis. These elements play

a vital role in the study of differential equations.

1.1 Functional Spaces

1.1.1 The Lebesgue Space

Definition 1.1. [2] Let (a,b) C R open set and let p € R with 1 < p < 400, the
lebesque space is defined by:

LP (a,b) = {f . |a,b] — R|fis measurable and /ab |f ()" do < oo}

equipped with the norm:

b »
1 lmtasy = 11, = ([ 1F @ do)
Definition 1.2. [2] The lebesgue space L™ (a,b) is defined by :
L>(a,b) ={f :]a,b] = R| fismeasurableand3c > 0: |f (z)| <c¢ a.ex on(a,b)}

equipped with the norm:

[l ooy = 1 flloo = esssup [f (@)

x€(a,b)
Properities 1.1. [7]
e LP(a,b) is Banach space: for every 1 < p < 0o

e LP(a,b) is reflexive: for every 1 < p < oo

8



1.1. FUNCTIONAL SPACES

e LP(a,b) is separable: for every 1 < p < oo

Remark 1.1. For p = 2, the space L*(a,b) is a Hilbert space with the inner

product
b
= /a fgdx

Notation 1.1. Let 1 < p < oo we denote by p' the conjugate exponent of p, where

1 1
4= =1

p D

Theorem 1.1. (The Holder Inequality):[10/[2]
Letf € LP and g € L with 1 < p < oo then f,g € L!

[ 15 @) g @l dz <117 o 190

we have also the generalized Holder inequality

b
LA @) @) < il - ol ooy
where fy, (x) € LPx, k=1,2,...,m, Z’,?:lpikzl

Remark 1.2. If p = p/ = 2 we obtain

[17 @) g @1 < 17l g e

which called Cauchy-Schwartz inequality

Theorem 1.2. (The Young Inequality):[2]
For every a,b > 0

1 1 /
ab <l + bl
p p

with (11) + ]% = 1)
Moreover: Ye > 0,dc > 0 such that:

1

ab < eal + cb” c=¢ 1

(1.1)

(1.2)

(1.4)

(1.5)

Kounouz Mazouzi 9 Mohamed Boudiaf University of M’sila



1.2. SPECIAL FUNCTIONS

Theorem 1.3. (The Minkowsky Inequality):[10]
Let f € L? (a,b) and g € LP (a,b) then f+ g € LP(a,b)

1+ 9l oany < Nl oy T 191 2ogap) (1.6)
In case of p = o0

1F =+ 9l zoapy < 1l eany T 19l L) (L.7)

Theorem 1.4. (Interpolation Inequality):[2]
Let 0 <a< 1, If f € LP(a,b)N L% (a,b) with1 <p < q < oo, then f € L" (a,b)
forallp <r <gq

I/

« l—«
L7 (a,b) < ”f”Lp(a,b) ”fHLp’(a’b) where =

1.2 Special functions

Definition 1.3. [9/[8] the gamma function T is defined as the function given by:

F(z):/o

with 71 = e(z—l) In(z)

¥ e dy (z€ C,Re(z) >0) (1.9)

1. For all z>0¢€ C we have , T'(z+ 1) = 2I' (2)
2. Ifn e N* then I'(n+ 1) = n!
Definition 1.4. [9/[8] the beta function is a type of euler integral defined by :
B(p,q) = /lep_l(l —x)qfld:c p,q € C Re(p) >0,Re(q) >0

1. for all p,q € C, Re (p) > 0, Re(q) > 0, we have

I'(p)T (q)

B@A%ZF@+®

(1.10)

Kounouz Mazouzi 10 Mohamed Boudiaf University of M’sila



1.3. SOME USEFUL THEOREM

2. if n,m € N* then:
(n—1D!(m—1)!
(n+m —1)!

B(n,m) =
It should also be mentioned that the Beta function is symmetric, i.e

B, q) =B(qp)

1.2.1 Space of absolutely continuous functions

Definition 1.5. [8§] Let [a,b] , —00 < a < b < +00 a finite interval of R and
AC [a, b] is the space of primitive function f

lﬂmmﬁbz{fﬂweLWab _C+/ }

Definition 1.6. [§/ Let [a,b] C R and let n € N* the space AC" is defined induc-

tively as follows
AC™ (la,b) = {f € " (a.) /£ € AC (0. b))}
Remark 1.3. Ifn=1:AC" = AC

Definition 1.7. (Holder Space) For 0 < o < 1, the Holder space is defined as
follow

C“(a,b) = {f € C(a,b): iilz; f (é)__yﬁcfy)' < oo}

equipped with the norm

[f (x) — | (y)|
f “(aq = f X (a +Sup «
e P

1.3 Some useful theorem

Theorem 1.5. (Tonelli):[2]
Let 1 and Qo two open sets of R" assume that F (z,y) : Q1 % Q9 — R be a

measurable function satisfying

Kounouz Mazouzi 11 Mohamed Boudiaf University of M’sila



1.3. SOME USEFUL THEOREM

1. /Q |F (z,y)|dy < 0o for a.e x €

2. /Qldx/QQ|F(a:,y)]dy<oo

Then:
F e Ll (Ql * QQ)

Theorem 1.6. (Fubini):[2]
We assume that F € L' (Qy % Q) then for all x € Oy

F(z,y) € Ly(%)  and [ F(x,y)dye L} ()
likewise, for all y € €

F(x,y) € L () and /Q F(z,y)dz € L, ()

1

Furthermore, we have

/d:z:/ :Uydy—/QQdy/ :Uyda:—// (x,y) dzx dy

Theorem 1.7. [2](Lebesgue dominated convergence theorem) Let f, be

sequence of functions in L' that satisfy:

1. fu(xz) — f(z) a.e. on Q.
2. There is a function g € L' such that for alln, |f, ()| < g(x) a.e.onQ
Then f € L' and || f,, — fll; — 0

Theorem 1.8. [2/(Inverse Lebesgue dominated convergence theorem) Let
(fn) be a sequence in LP and let f € LP be such that || f,, — fll;» = 0. then, there

exist a subsequence (f,,) and a function h € LP such that

1. fo, () = f(x) a.e. on 2

2. | fo, (@) < h(x) VE ae onQ

Kounouz Mazouzi 12 Mohamed Boudiaf University of M’sila



1.3. SOME USEFUL THEOREM

1.3.1 Compactness

Definition 1.8. (Compact set)
Let H be Hilbert space. a subset K C H 1is called compact set if for every sequence

(un) in K has a subsequence (u,,) that converges to a point in K.

Definition 1.9. (Precompact set) Let E be a normed space. A subset A C E
is called precompact (or relatively compact) in E if:
For every e > 0, the set A can be covered by a finite number of subsets of E/, each

having diameter less than or equal to €.

Theorem 1.9. A normed space is compact if and only if it is precompact and

complete.

Definition 1.10. (compact operator)
Let E, F' two Hilbert spaces assume that T : E — F we say that T is compact if
for every bounded sequence (u,) C E there exists a subsequence (uy,) such that

Tu,, converges toy in I

Definition 1.11. Let H be Hilbert space. we denote by L(H,H) = L(H) the

space of continuous linear operator defined by:
L(H)=A{T: H— H; linear and continuous}

equipped with the norm
HT||£(H) = sup [|Tz|

[lz]|<1
Definition 1.12. (Uniformly equicontinuous)

Let E be a subset of C([a,b]) we say that E s uniformly equicontinuous if:
Ve > 0,30 > 0, suchthatd (z,y) <6 = |f(x)— f(y)|<e VfeFE

Theorem 1.10. [{] Let Q C RY and let 1 < p < 0o, a bounded subset k C L? (Q)
is precompact in LP (Q) if and only if:

Kounouz Mazouzi 13  Mohamed Boudiaf University of M’sila



1.4. SOME IMPORTANT RESULT

Ve > 0, 36 > 0, 3G C Q open such that Yu € k, Yh € RY satisfying: |h| < 9,
|h| < d(G,00), we have

/G|u(x+h)—u(:c)|pd:c<sp and lu (z)" doe < &P

0G

Theorem 1.11. [}/(Ascoli—Arzela)
Let E be a bounded subset of C'([a,b]), the space of continuous functions on [a, b
with the uniform norm. Assume that E is uniformly equicontinuous. Then the

closure of E in C ([a,b]) is compact.

1.4 Some important result

Lemma 1.1. Let a,b > 0 such that b < a we have:
Ifu>1 then (a—b)" <a"—b* (1.11)
Ifo<pu<l1 then b —a" < (a—0b)" (1.12)
Lemma 1.2. The following function is strictly increasing

fila,a+h] — R
s— f(s)=b—-—h—=98)"—(b—35)"4+(a+2h—5)"—(a+h—s)"

Lemma 1.3. For all a,b > 0 we have
Ifp>1 then (a+b)? <207 (al + b (1.13)

Ifp<1l then (a+bf <ad’+V (1.14)

Kounouz Mazouzi 14 Mohamed Boudiaf University of M’sila



1.5. GATEAUX AND FRECHET DIFFERENTIABILITY

Lemma 1.4. For all a,b > 0 we have
If1<p<2 then Ha\p_2a — |bP? b < ¢pla— b~ (1.15)

If p>2 then “a\p_Za — |bP? b < ¢, (\a\p_Z + \b|p_2) la — b (1.16)

1.5 Gateaux and Frechet differentiability

Definition 1.13. (Gateaux differentiable) Let E be a Banach space, 2 C E an
open set, and let I : 0 — R be a functional, we say that I is Gateaux differentiable
at u € §Q, if there exists A € E' (A linear and continuous), denoted by I' such
that, for allv € F,

lim] (u+tv) — I (u)

liny t — (A, ) (1.17)

If I is Gateaux differentiable at u, there exists only one linear functional A € E'
satisfying (1.17), It is called the Gateaux differential of I at u and is denoted by
I" (u)

Definition 1.14. (Frechet differentiable)
Let E be a Banach space, 2 C E an open set, and let I : 0 — R be a functional,
we say that I is Frechet differentiable at u € Q, if there exists A, € E' such that

I(u+v)—1(u)=(A,v)+o0(v) (1.18)
With: lim % = 0
[vfj =0 IVl
we denote by I' (u) = A,

Proposition 1.1. (Relationship between G-differentiable and F-
differentiable) Let I : E — R be a Gateaux differentiable and I' : E — E’
18 continuous.

Then, I is of class Ct (E) and in particular I is Frechet differentiable.

Kounouz Mazouzi 15 Mohamed Boudiaf University of M’sila



CHAPTER 2

Fractional operator and Sobolev spaces

In this chapter, we first introduce the concept of fractional integrals, followed by an
explanation of the Riemann—Liouville derivative. We also present simple examples
to illustrate these concepts and make them easier to understand, along with a
discussion of some important related properties. Furthermore, we have provided
some definitions specific to fractional Sobolev spaces.Moreover, we present several

specific definitions related to fractional sobolev spaces.

2.1 Riemann-Liouville Fractional Integrals

Definition 2.1. Let 0 < o < 1 and f € L' (a,b). the left Riemann-Liouville
fractional integral I7, and right Riemann-Liouville fractional integral I} of f are

defined as follow:

D@ =5 d (f)’l_adt (a<a<h)  (21)
(12 f) (x) = T (1a) /xb 0 f;;l_adt (a <z <b) (2.2)
Example 2.1. 1. fora >0, >0 we put f(z) = (x — a)ﬁ_l
(12 (=0 (@) = oy (o= )" (23)
And
o 6—1 I (6) a+p-1
(]b (b-=) ) (z) = T(a+5) (b—=) (2.4)

2. Let 0 < a < 1 and let f(x) = ¢ where ¢ is a constant

(120 (@) = 1 -

T+ D (x —a)” (2.5)

16



2.1. RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS

Now we collect some fundamental properties of Riemann-Liouville fractional

integral.
Proposition 2.1. Let a > 0,8 >0 et f € L' [a,b], then

LI f=TL I f =150 Ll =T I f =T f (2:6)

Theorem 2.1. [1] The Riemann-Liouville integral I$,, I;* : LP — LP are well

defined and continuous. Moreover, we have

122,110 < Lo 161 (2.7
I8 Al < s (2.8

Proof. We have |12, f| —’ )fx (x—t)*"f (t)dt’

(1a) /x (z =)' f ()] dt
~ s [ @0 @) 1 ol

a

Oé

=

By Holder Inequality

1
7

1 (z—a)*"V 3 .
122 A1 < gy S 04(6;)1) [ 1 @F @0 dtda

by Fubini Theorem

1 - _
17215 < g o) /If W[ (=0 dedt

1 (b—a) (_)(b—a)
S F(Q)p ap_la HfHLP

Kounouz Mazouzi 17 Mohamed Boudiaf University of M’sila



2.2. RIEMANN-LIOUVILL FRACTIONAL DERIVATIVES

Hence

122,11 < Lo 161

The same idea for the right Riemann-Liouville integral []

2.2 Riemann-Liouvill Fractional Derivatives

Definition 2.2. Let 0 < a < 1 we define the left Riemann-Liouville fractional
derivative Dy, and right Riemann-Liouville fractional derivative Dy of f as fol-
lows:

d L4 ranerma @)

D)) @) = A () ) =

Where % i the weak sense

And

a

(D) @) = (1) @) = e M) pa (210)

(D5 1) (@) d(@?)<>zrw_a¢x—@”“l
And
o! ) = I (6) — B—a—1
(D)) = 52 (b= )
Example 2.3. Let 0 < o < 1 If we take § =1 we obtain
D (o) = D= e
And
Di 1= (h—a)
b= I'(l—a«)
Also, we have
(D2, (t—a)* ) (x)=0 and (Dy (b—1t)""")(z)=0 (2.11)

Kounouz Mazouzi 18 Mohamed Boudiaf University of M’sila



2.2. RIEMANN-LIOUVILL FRACTIONAL DERIVATIVES

2.2.1 Some properties
Proposition 2.2. For0 < a <1, 0 < <1 the following statement hold

1. If f (z) € L ([a,b]) then
(D Loy f) (@) = f(x)  and  (Dp_ L f) (z) = [ (2) (2.12)
2. Ifa> (B and f € L? ([a,b]),1 < p < oo then

(D15, f) (@) = (1577 f) (2)  and (DI, f) (2) = (377 f) (2)

(2.13)
8. If f € L' ([a,b]), and (I}7°f) € AC ([a,b]) , then
Q o ) = :C_I;—Ia (a’) x_aafl
(12D, 1) (0) = £ @) = 2 L0 o - ) (2.14)
and .

(1D @) = ) = L (2.15)

Lemma 2.1. [§] If f (z) € AC ([a,b]) ,then I}Z*f () € AC ([a,b]) and
@)= pm @@=+ [F O @-0"d] 219

Proof.  We have

feAC ([a,b]) then f(x +/ F (s (2.17)

we apply ;7% to both sided we obtain
I;;a Il « / 1 af

:F(ll—oz) [/a (x—a) “f dt-l—// (s—t)*f dtds]

Kounouz Mazouzi 19 Mohamed Boudiaf University of M’sila



2.2. RIEMANN-LIOUVILL FRACTIONAL DERIVATIVES

by Fubini theorem

1 -f(a> -« Y z -
- Ti—a _(1_&)(33—@ +/f(t)/(s—t) dsdt]

[, -
") - 0 dt]
then
15 @) = gy [f @ =)™ [ @) @ =)' ]
L]
Lemma 2.2. [§] If0 < a <1 and f (z) € AC [a,b] then
(Da ) (2) = & (11_ o) [(xf_(acz)a + [ (xf _(tt))adt] (2.18)
DD @ =ty | + L et (2.19)

Definition 2.3. (Weak fractional derivatives): Let f € L} . (a,b) and let

O<ax<l

1. If there exists g € Ly,.(a,b) such that

/f x) Dy oy (x )dx:/abg(a:)go(x)dx, Yo € D (2.20)

Then g is called the weak left fractional derivative of f, and we write
Dy, f () =g(z)
2. If there exists h € L}, (a,b) such that

/f Dy p(x )dx:/abh(x)go(x)dx, Vo € D (2.21)

Then h is called the weak right fractional derivative of f, and we write
Dy f(x) = h(x)

Remark 2.1. If I'™“f € AC (a,b) then the derivative of I'=®f in the weak sense

coincide a.e with the derivative in the usual sense.

Kounouz Mazouzi 20 Mohamed Boudiaf University of M’sila



2.3. FRACTIONAL SOBOLEV SPACES

2.3 Fractional Sobolev Spaces

2.3.1 Spaces E;" (a,b) and E;"" (a,b)

Definition 2.4. Let 0 < a <1 and 1 < p < oo The spaces E, E,"*

by

Eo¥ (a,b) = {f € L' (a,) : D2, f € 17 (a,b)}
and

E)P (a,0) ={f € L”(a,b) : Dy _f € L”(a,b)}

these spaces are equipped with the norms

1l Eop o) = (/ f (2 |pdx+/ Dy, (:U)|pdx>

AL

and )

1l = ([ 1F @ da+ [ 1051 @) da)’

Theorem 2.2. (Integral representation) Let 1 < p < oo
1. Let o > ]% then f € E;"" (a,b) if and only if
f@) =~ b-—2) """+ It p) withpell

with d = I,~“f (b)
and g € E,F if and only if

With ¢ = 11:%g (a)

In particular forp =1 and 0 < a < 1 then

flx) = (b—2)"" + Lo (2)

and

9(x) = o (w—a)" " + I8 (2)

are defined

(2.22)

(2.23)

(2.24)

(2.25)
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2.3. FRACTIONAL SOBOLEV SPACES

2. If a < 1% then f € E;" (a,b) if and only if f = I ¢
and g € Eg if and only if g = I8,

Proof. 1. (=) For a > ]% we show that if f € E;"" then

d

f(z) = T (a) (b—a2)" "+ I o (x)

we have f € E;"P which implies D¢ f € L¥ then I, “f (z) € AC there exists
d € R and ¢ € L? such that

L= f () = L,=*f (0) + L,_Dj_f ()
With: ,~%f (b) = d and Dy f (z) = L (I,=f) (z) = ¢ (z) we obtain
L= f () = d + I ()

By applying I;* we obtain

I f(x) =T d+1, I ¢ ()
By using property we obtain

I f () = Ld+ L,*"¢ (v)
Then I} f(z) = =%~ (b—2)" 4+ I % ()

ol (@)
Differentiating both sides we obtain:

f () = F?a) (b— 2" + I o (2) (2.26)

For o < ]% in this case we have E,'" = [ (LP)
Since,
fel’k = db—a)'elr
but we have (b —a)* ' ¢ L?
Hence,

d=0
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2.3. FRACTIONAL SOBOLEV SPACES

Then
=L

The same idea for g

2. (<) For a > }%, we show that if f(z) = %(b—x)o‘_1 + I' ¢ (x) then
f e B (a,h)

we have

f (x) = Ff&) (b— 2 + I o (2)

We apply the left Riemann-Liouville fractional derivative of order a to both

sides of the equation

d

D f(x) = D (F(a) (v - )) LD (I (2))

By the definition of the Riemann-Liouville derivative (see definition (2.2))) and
the semi group property DS, I ¢ = ¢ (see equation (2.12))) and by equation
(2.11]) we obtain:
Dy f(x) = ¢ (x)
Then,
Dy f(x) e L (2.27)

For o < ]% evident

Lemma 2.3. [6]
1. The operator 18, : LP (a,b) — E 7 (a,b) is linear and bounded.
2. The operator D%, : Eg¥ (a,b) — LP (a,b) is linear and bounded.

Proof. 1. From the definition of the fractional integral I, (see (2.1])), we know
that I, is a linear operator. Let f € L”(a,b) and define g = 12, f then, by
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2.3. FRACTIONAL SOBOLEV SPACES

lemma (2.3), we have g € E;Y (a,b).

Moreover:
L %g=0"I f=1I.f (By proposition[2.1])
Hence, the fractional derivative D, g exists, and we have
Dig=f

Consequently,
10619l 1o any = 1 o) (2.28)

and

Ic?—&—f =49 S ng (Cl,,b)
Combining (2.22)) and (2.28)), we get

12 Al gy = (M F Iy + DS F )

Then, by ([2.7), it follows that

|

(b —ay” (Y
175 ez < oy M Wtan + 1 an ) < (S +1) Wl

This shows that the operator I, : L? (a,b) — E;} (a,b) is bounded.

2. From lemma (2.3) the operator D¢, is linear. Moreover, for f € Eg¥ (a,b),

we have

1024l < (W) + 105 )" = 1 gy

which implies that DS, : Eg?? (a,b) — L (a,b) is also bounded operator

2.3.2 Embedding for Riemann-Liouvill integral

Theorem 2.3. [I1/ Let 0 <a<1,1<p< o0
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2.3. FRACTIONAL SOBOLEV SPACES

1.IfO < a < ]% < 1 then the operator I¢,, I* : LP(a,b) — L%(a,b) are

continuous

e If a0 < ]%, then for every 1 < q < pt with pl, = 1_%27 which called (the
critical Sobolev exponent)

o Ifa= %, then for every 1 < q < +o0

2.If 0 < 1% < o < 1 then the operator 1¢,, It : LP(a,b) — L>(a,b) are

continuous
Theorem 2.4. [11] Let 0 < o < 1 and p > 1, then the operator I3, I}
L? (a,b) — LP? (a,b) are compact.

Theorem 2.5. [11] If 0 < a < % the operator 1., It : LP (a,b) — L9 (a,b) are

compact
e Ifa< %, then for every q € [1,pk].

. oz:%, then for every 1 < q < +00

2.3.3 Spaces I, (a,b) and E;*"; (a,b)

Definition 2.5. Let 0 < a < 1 and let (a,b) C R. We define the fractional space
2o(a,b) = Dla,b) e, (2:20)

Lemma 2.4. [6] Let f € E; ¥y (a,b) then

[ Dy, f (z) = f(z) aein(a,b)
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2.3. FRACTIONAL SOBOLEV SPACES

Proof. From the definition of the space E,q (a,b) there exists a sequence (¢,) C
D (a,b) such that:

lopn — fHEij(mb) —0 as n—o0
Which together with (2.14]) we get

]1_a90n (a)

(o) (x — )"

13+Dg+¢n = ¥n —
Since I'™%p,, (a) = 0, we have
Lo Daypn = on
By lemma we add subtract the term I%, D%, o,

H13+D3+f - fHng < ||([§+D2‘+f - 13+Dg+90n) + (15+Dg+90n - f)HEfjf(a,b)
< ||13+Dg+f - 13+Dg+90nHng(a75) + H[ngDnggOn o fHEjjf(a,b)
< e Day (f — Spn)”Eaaf(a,b) + |14+ Datpn — fHEg‘f(a,b)

By the continuity of I, and Dy, it follows that:

‘|13+Dg+f - fHng <c ngn o fHEjf(a,b) + Hf - SOHHEg‘f(a,b)
=(c+D|len—f]| =0 n— o

Where ¢ > 0 is constant

Hence:

I8 DS f(x)=f(z) aex€la,b
[

Corollarry 2.1. [6](Fractional Poincare inequality) Let 0 < o < 1 for every
f € Egty(a,b). Then there exists C > 0 such that

(b—a)"

1 < CMDe sy where C= gy

(2.30)
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2.4. EMBEDDING RESULTS

Proof. By lemma({2.4)) and expression (2.7) we get

1A ooy = e Do fll o)

, b—a)
<CIDE ey with O = 2%

I'(a+1)

Remark 2.2. By Corollary (2.1), we can endowed E;7, (a,b) with the norm:

: %
I lezsom = ([ 102 @)

which is equivalent tol|-|| B (a,b)

2.4 Embedding results

2.4.1 Embedding for E;},
Theorem 2.6. [1/[11/(Continuous embedding)
1. If0<a< %, then the embedding E;7 (a,b) — L (a,b) is continuous

e If a0 < %, then for every 1 < q < pi with p}, = lf'%ap which called (the

critical Sobolev exponent)

e Ifa= %, then for every 1 < q < +00

2. [f}% < a < 1, then the embedding E; (a,b) — C v 4s continuous, More-

over: .

(b—a)" >
[(e) (P (a=1)+1)

1oy < D% ey (2.31)

Proof. 1. By lemma (2.4)), for every f € E;} (a,b), we know that
fx)=1.Dg, f (%)

HfHLP*(a,b) = ‘|13+Dg+f‘|LP*(a,b)
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2.4. EMBEDDING RESULTS

Applying theorem (2.3)) yields the estimate

(b—a)"
o apy < e 1D f »(a, c] = T
11 2 (a0 I 2o an) @ W (@Dt 1)?

Moreover, for any ¢ € [1,p*], the inclusion L?" (a,b) C L% (a, b) ensures that

HfHLq(a’b) < ¢ HfHLP*(a,b)
Combining the above inequalities, we obtain
11l oqapy < cre2 [I1DG fll oo
Since,
1l zoqasy < ¢ l1Day Sl poga)

2. Let f € E;y]a,b]. Then, by lemma (2.4) and Holder inequality, we have:

f (@)] = |12, D2, @H:Féw

i o) (oo

[ w0t unﬂ

Hence,

(b—a)" >
1l oo o) < SR 1/l zoe o) (2.32)

On the other hand, let a < x < z < b, then:
|f (2) = [ (@) = 15y Doy f (2) — 15 Dy f ()]
1 x
[ (=t = (@ =) ") D3, f (1) dt

+ [ (=) DL (1) dt‘

[ (e)

Using the Holder inequality :

1 v a—1
1@ =1 @) < i (=0 =@ -0 ") D% o

(z— )"

['(e) (P (a=1)+1)r

=
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2.4. EMBEDDING RESULTS

Using estimates ((1.11]) we obtain:

Dngf P(a z '(a— p'(a— v
- o)< F&waﬁ(u—w“ Uz -y ))
(: =) .
1 a—|—f P(q
r (oz)H(p (a i 1)+ 1)~ | v
D f Lp ab _1 _1 _1
< (=2 + (@ —a) P = (2 —a)*
r«w@<a—n+¢w< )
G
108 Fl o
r«n@%&—n+1r” livtan
using we obtain:

102 Loy - - -
z)—f(x) < —((z—ax) » z—x) 7 z—x) P
£ (2) f<M_F«w@(a_D+lw(< )T (z—2) T 4 (2 - 2)" )

Hence
3(z l’)a_z%
- = ol (V25| % 2.33
P& - fE < g 1D ey (239
Therefore,
1 llgoppy = 1l + sup L=
(2)elad) |z — x|
(b — a)o‘_% Do 3 b
‘FMpr—U+D%” S * rmﬂﬂm_n+uaH el
(b—a)® 7 +3 X
— e p
(F(a) (P (a—=1)+ 1)1/) 1D5s Fll oy
Hence

. < _|1D?
nﬂwpww( +D,% i

Theorem 2.7. [1/[11/(Compact embedding)

1.If0<a< 1 , then the embedding E, "y (a,b) — L% (a,b) is compact
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2.4. EMBEDDING RESULTS

e Ifa< 2%, then for every 1 < q < p),

o Ifa= %, then for every 1 < ¢ < +00

[f < a < 1, then the embedding E;Y (a,b) — C (a,b) is compact.

Proof. 1. By theorem ({2.6) the embedding
Ea+ 0 (CL, b) — L* (a7 b)

for all ¢ € [1,p] is continuous, That is, there exists a constant C' > 0 such
that

[foll zaayy < CNfall 2oy
Let (f,) C Eqo (a,b) such that f, = fin E;y, then (f,) is bounded. hence
fn is bounded in L? (a,b)
By definition of the space DY, f, is bounded in L (a,b), by theorem ({2.5)
I (D¢, f) is precompact in L? (a, b), for all g € [1, p}], Ihis means that there
exist a subsequence (f,), still denoted (f,), oy, and a function f € L% (a,b)
such that

115+ Doy fn = fllpagayy =0 as n— o0

Moreover, by lemma (2.4)) we have

Jo (@) = 15, Dy fo (%)
Then
0 (fn (x)) = 0 (154 Dy fo (7))
By the continuity of ¢ the composition is compact.

Therefore,

1 ECOLé_i_p’O — LC] (CL, b)

is compact. for all ¢ € [1, p}]

Kounouz Mazouzi 30 Mohamed Boudiaf University of M’sila



2.4. EMBEDDING RESULTS

2. Let f, = f in E;,. then the sequence (f,),cy is bounded in E;¥, (a,b). by
theorem fn is bounded in C ([a, b]), there exist K > 0
By equation (2.31)) we obtain:

K(b—a) 7
I'(a) (P (@ =1)+1)
Therefore, the sequence (f,,) is uniformly bounded in C ([a,b]) by equation
(2.33) we obtain:

anHLOO(a,b) <

R e

K
fnz_fnx S 1 Z_xa_
| (2) ()] F(a)(p’(oz—l)—{—l)p’( )

Let € > 0. choose § > 0 such that

=

K 1
E = T P

['(e) (@ (a=1)+1)7

That is,

o = (F (CY) (p' (04 — 1) + 1)1},8) a1
K

Then, for all z, z € [a, b] such that |z — x| < §, we obtain |f, (2) — fu (z)] <&
Hence, the sequence (f,,) is uniformly equicontinuous.

Since, (f,) is uniformly bounded and equicontinuous on the compact interval
[a, b], by the Arzela-Ascoli theorem the sequence is relatively compact
in C ([a, b])

Therefore, there exist a subsequence (still denoted (f,,)) and a function f €

C' ([a, b]), such that

1fn = Fllem(apy = 0 as n— oo

Proposition 2.3. 1. Ifa € ]O, ;], then

Eqly(a.b) C {f € L (a.b) Dil, f € L7 (a,b) and Jim I}7*f (x) = 0}
(2.34)
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2.4. EMBEDDING RESULTS

2. And, if a € E, 1[, then:

E;lo(a,b) C {f € LP(a,b), Dy, f € LP(a,b) and f(a) = f(b) =0} (2.35)

Proof. e For a € ]O, ] by definition ([2.5) we have

1
p

E;Lo(a.b) = Dla, 5] e
So for every f € E;y (a,b) there is (¢,) C D (a,b) such that

lim ([ = fll oo

n—-+00 a+,0

(a) =0

Then by theorem ([2.3)) we have

Hm I, 7°f (z) = 1,,°f (@) = lim I, %, (a) =0  Vp € D(a,b)

r—at n——4oo

Hence,

lim IL“f () =0 Vo >a

z—at at

Because 1 — a > 1%’ SO

E®?, (a,b) C { feL(ah), D0 f € L7 (a,b) and lim I f (2) = 0}

z—at

Now, for a € Llj,l[ we recall from the definition (2.5)) thet, for any f €

E; "o (a,b) there exists a sequence (f,,) C D (a,b) such that
fn — f in Ec?ﬁ() (aa b)

By the compact embedding (12.7)), we have

b—a)*r
Gl YT

1Al o) <
L ( ,b) F (O[) (p/ (Oé o 1) + 1) 7 a+,0

(a,)

S

That is,

b f () = fo (@) <ellf = Fall o apy = O
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2.5. INTEGRATION BY PARTS

Where X
(b—a)"?

['(e) (P (a=1) +1)

Cc =

‘6\‘ -

Therefore, we obtain

0< |f(a)| = |f(a) - fn(a)\ < Hf—anLoo —0asn— +o0
Which implies that f (a) = 0, In the same way, we also have f (b) =0 so

E;lo(a,b) C{f € LP(a,b),Dy, fe€LP(ab) and f(a) = f(b) =0}

2.5 Integration by parts

2.5.1 Integration by parts for fractional integrals

Theorem 2.8. Let f € L”(a,b) and g € L (a,b) such that ]% -l—é < 1+ «, then

we have

/ f(z) I g(x :/abg(x) I f (z) dx (2.36)

Proof. By Holder Inequality and theorem (2.3) the integral(’ f (z) If* g (x) dx is
a b

well defined, and we have:
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2.5. INTEGRATION BY PARTS

Using Fubini’s theorem we obtain:

[ 1) g (@) de = —— [

Hence
[ 1) Ig ) dw = [ g (0) 12 f (1) d

« By the same way for the right fractional integral

[
2.5.2 Integration by parts for fractional derivatives
Proposition 2.4. Let 0 <a<1,1<p<oo,1<qg< 0 and%+é§1+o¢
b « b «
| Di_f(x) g (x)de = [ f () Dfg(x)de (2.37)
forall f e Ii* (L?) and g € 13, (L9)
Proof. We put f = I' ¢ and g = I 9
b b
| Dif(x) g (x)de = [ (@) [0,0 () du
b
= I'o(x)Y(x)de  by(2.36
b
:/a f(z) Dy, g(z)dx
Hence
b b
J, Di-f (@) g (@) de = [ (2) Disg (@) da (2.38)
[]
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2.5. INTEGRATION BY PARTS

Theorem 2.9. Let 1 <p< oo 1<p < oo. zfa<m1n{p }then
b b
| Di_f(2) g (x) de = [ f (x) Dgyg () da (2.39)
for all f € B (a,b) and g € EXY (a,b)

Proof. To simplify the analysis, we restrict ourselves to the case where a < z% and

a < % . Under these assumptions, the conditions required to apply (theorem [2.2

are fulfilled.

f=Ileely (IF)=E"

and
= I;7 e I, (L") = By

By proposition (2.4) we obtain

/ab Dy f(z) g (x) do = /abf (z) Dy, g (x) dx (2.40)

Theorem 2.10. Let 1 <p < oo and 1 < p' < oo, zfoz>max{1 1,} then

[ D8 f @) g(@yde = [ £(2) Deyg 2) do+ I (a) £ (a) — 1= (5) g (b
(2.41)
for f € B (a,b) and g € EXY (a,b)

Proof. By (2.24) and (2.25)

Fo) = g b= + I @) where d= 177 ()
and
9(0) = pgg T F IR @) where e =11 (@)
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We have
['DEf)g(@) do= [ (@) [Ff&) (0 — ) + I <x>] I
- F(Ca) /abgo(a:) (z —a)" dr + /abgo(x) If (x)de  by(2.36
=cli_p(a +/ Lo (x) ¢ (x) do
[/ D f (@) g(@) de=I5g (@) o) + [ I p@)v(@)de  (242)

on the other hand we have

[ @) De.g @) = [ [Ffa)(b—x)a‘lﬂs_so(x)]w(x)dx

:rfa/fw:c) (b= a) ot [ I () (@) de
= A () + [ e (a)d (x)da

b
[ f@) D g@yde =L f 0I5 (0)+ [ I (o) (@)de (2.43)
By substracting equation(2.42)) and ([2.43)) , we obtain

/ab Dy f(z)g(x) de — /abf (x) DS g (z) de = I;;ag (a) I ¢ (a) — ;= f (D) I (b)

we have

o) = 1 @)= L -0
and (@

« _ . [;—;ag a —a a—1

L2 (8) = 9 8) = 5 L5 (b =)
Hence

[ Dg f @)g(@)de = [ f(x) Dy () du+ 1% (a) £ (a) — L f (b) g ()

]
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Theorem 2.11. Let 1 <p < oo and 1 <p' < oo, zfmm{; ;}<a<max{; ;}
then

[y f@ o) dr= [ F@) Dig)dr - BoFB)g) (244

for f € E® (a,b) and g € EXY (a,b)

Proof. Without loss of generality, suppose that = < 1 then l, a < ]lj. In this
case we have
g (x) = I, ()
and ,
IL=f (b
Fo) = 2L 0= I )
[/ D5 f@)g(@)de= [ p(x)g(x)de
= [o@ I8 (@)dr by(2.36 (2.45)
— [ () (2) da
On the other hand we obtain
Il_o‘ b
[ 1@ Dzg@ds = 2L ooyt de s [ @0 @) do
=L OV 0) + [ e @) 6 (@) do
(2.46)
By substracting equation (2.45) and (2.46)), we obtain
/a Dy f (x) g () do = / f(x) Deog () dx — [ (b) g (b) (2.47)
[

Theorem 2.12. Let 1 <p < oo and 1 <p' < oo, Zf@>max{;1) ;}

[ Dy (103, f (@) g, <x>)g<x>dx=/j|m <x>\p—2Da <>Da+g< ) da

+1,:%g (@) (1D f P2 De. f) (@) = L2 (IDg f17 Di f) (b) g (b)
(2.48)

for |D fIP2 Do, f € EP "(a,b) and g € EF (a,b)
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Proof. This is result deduced from theorem ([2.10)) ]
Corollarry 2.2. Let0<a<1,1<p<ooand 1 <p < oo then
b « b «
J, Di-f (@) g (e)de = [ f () Dig () da (2.49)
for all f € E)Yy(a,b) and g € Egjz'() (a,b)
Proof. 1. By theorem (2.10) we have
b b
[ D f @) g (@) de = [ f(x) Dig (2)do+ 157 (a) (@) — = f () g (8

Also, by proposition (2.3) we have f(a) = f(b) =0 and g(a) =¢g(b) =0
Then,
[ Dy f (2) g () da = [ F () D2 g (x) da (2.50)

2. By theorem (2.11jwe have)

[/ Dy f (@) g(@)de= [ f(2) Dfyg(w)de — 1" () g (b)

Also, by proposition (2.3)) we have I}~ f (b) = 0
Then,

[/ Dy f@)g@)de= [ f (@) Dsg (@) de (2.51)

By this results and theorem ([2.9) we conclude

/ab Dy f(z)g(x)dx = /abf () Dy, g (x)dx (2.52)
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CHAPTER 3

Nonlinear Fractional Eigenvalue
Problem

This chapter is devoted to the study of a fractional eigenvalue problem involving
the fractional p-Laplacian operator. we are interested in establishing the existence
of solution to this eigenvalue problem. The analysis is based on a variational
characterization of the first eigenvalue. By introducing an appropriate functional
frame work, we prove the existence of a nontrivial weak solution, obtained as a
minimizer of the associated Rayleigh-type quotient. Furthermore, we derive some

fundamental properties of the first eigenvalue.

3.1 Preliminaries

3.1.1 Position of problem

Let (a,b) be a bounded interval, A € R we consider the following non linear

fractional eigenvalue problem with homogeneous boundary condition:

(P {Ds (uz;au (@200 u (@) = Al 2u in Ja,b]
Yo (u) =0 ondla,b]

Where v, (u) denotes the boundary condition associated with problem (P)), which

depends on the value of « € (0, 1), and is defined as follows:

: l-« ; 1
o {glclgcllfa_,_ u(z) if e 0,1
11
p

u(a) = u(b) of a€
Definition 3.1. (Weak solution)A function u € E;, is called weak solution

39



3.2. EXISTENCE OF WEAK SOLUTION

of problem (Py) if it satisfies the following variational formulation.

/\DM )P~ DY (x) D (2 )dx—)\/ lw ()P u(z)v(z)de Vo € D(a,b)
(3.1)

Definition 3.2. e« The first eigenvalue of operator Dj' (\D Lul’ 2 Da+u) is de-

fined as follow

Dy ul|7,
ve gp NPl (3.2)
uEEa Po\{0} HUHLP (a,b)

e The first eigen function associated to Ay is a non trivial weak solution of (P,).

Definition 3.3. (Energy functional) The Rayleigh-type quotient is the func-
tional @ defined as follows:
p: B (a,0)\{0} — R
/ Diu @)’ de D3 ullfy,  (33)
(u@pae Tl

U|—>g0

we set,
I(w) = |1 D, ull?y

and

J (u) = [[ull 7o)
3.2 Existence of weak solution

We now present our result concerning the existence of the first eigenvalue and the

corresponding eigenfunction.

Theorem 3.1. Letp > 1, 0 < a < 1. Then the first eigenvalue Ay is positive, and
problem (Py,) admits a nontrivial weak solution.
To prove this theorem, we adopt a variational approach. More precisely, we es-

tablish the existence of a solution as aminimizer of the associated Rayleigh-type
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3.2. EXISTENCE OF WEAK SOLUTION

quotient. We begin wiyh the following result concerning the functional ¢ defined

above.

Proposition 3.1. The functional ¢ is well defined and differentiable on

Eq¥o (a,0) \{0}

Moreover, its derivative is given by:

2 . a I Dgi I 2
<90/(U); Hqu (/ ’Da+u|p DCH—UD(H—'UdZU— H’LLH LP/ |u|p uvdx

Vo € Ea:&-,O (CL, b)

Proof. e« Firstly, we show that the functional defined in (3.3)) is well defined

for any

Eqio (a,0) \{0}

1. For the first term:
|1 (u)] —/ | Dgyu (@)’ de = || Dgyullyyg,, < o0 (3.4)
2. For the second term:
W= [ fu@dr = [[ulfy < oo (3.5)
Hence, by and the functional ¢ is well defined.

« Secondly, we prove that ¢ is Gateaux differentiable and ¢’ (u) is continuous

that is:
- p(uttv)—p(u)
iy P = (' () )
We set,
)= [ D% u (@) d
Thus,
I —1 b |D D D
g L0 =10 DS () D @) = D),
t—0 t t—0 t
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3.2. EXISTENCE OF WEAK SOLUTION

By the Dominated Convergence Theorem ([1.7))on this expression:

‘DaJru( )—I—tDa+U( )‘ |Da+u( )|P
t

We define
g:s—>g() ‘Da—ku()—l_SDa—FU( )|p

Since p > 1, g is differentiable for s and we have:
g/( ) p|Da+u( ) + SDa—F“( )‘p ? (Da+u( ) + SDa+U( )) Da+v( )

Then

DG u (@) + tDg v ()| — |Dgyu (@ z)|”
t—>0 t

=¢'(0) = p|Dg,u ()~ 2Da+u( ) Dy v ()

by the means value theorem, Jc; between 0 and ¢ such that:

Thus we obtain

|Dg () +tDg v (2)]” — | Dy u ()]

-2
t = pIDfu () + Do (@)

(Da—l-u( )—i_ctDzH—v( ))DCH—U( )

Hence,

‘|Da+u )+tDa+U( )‘ ‘Da—ku( )|p

o 1
; ‘Da—I—u( r) + Dy v (v )N~ |Da+v( )|

We apply the inequality ((1.13) we obtain:
‘|Da+u >+tDa+U( )‘ ’DaJru( )lp

t < 2072 (|DS uf’~ + |D2, o) [ D2, ol

< 2°7%p (|Dg ul"” YD, v| + | DY |
Then, by Holder inequality |D%,u(z)|’ " |D%v(z)] € L'(a,b), and
[Dgyv (2)” € L' (a,b)
Hence, 2% (1D, u ()" D30 (2)] + D%, o (2)Y) € L (a,D)
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3.2. EXISTENCE OF WEAK SOLUTION

By the Dominated Convergence Theorem ([1.7) we conclude that

: |Dau +tDaU( )‘ |Da U( )‘ 2 Na o
%1—%/ + +t + dx—p/ | DS |’ D u DY v d

Hence, the functional I is Gateaux differentiable, and its derivative is given
by:
p/ |Da+u ‘p 2Da+u( )Da—kv( )d:lj (36)

Let u € B (a,b) we show that I’ (u) is continuous with respect to v

(0" ()0} = [ 1D%u (@) Dy (@) Do (a) da
< ['1D8u @) DG v (a)| da
< C | Dy uHLpab | D¢ vHLpab) (by Holder inequality)

Therefore, we show that I’ (u) is linear and continuous functional.
By the same way, we show that the functional J is G-differentiable and we

have:

(7 (@) 0 = [ Ju (@) P2 (0) 0 (2) 37
By (3.6) and the functional ¢ is Gateaux differentiable on
E Lo (a,0)\{0}

« «o HD H P
(o' (u),v) Hqu (/ DY w7 DY u D2 v d — T e /|u|p 2uvda

We now establish the differentiability of ¢. By a standard result in functional
analysis (proposition (1.1))), it suffices to show that ¢’ (u) is continuous.

Let u, be a sequence in £} (a,b) such that u, — u in E;}j we show that

¢ (un) = ¢ (u) in (ESP (a,0))
We aim to show that:

Up — U mn Ea+0 <a7 b) - H[/ <un) B ]/ (U)H(ngo(avb))/ 0
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3.2. EXISTENCE OF WEAK SOLUTION

Where

17 ) = 1" @),y = 510 40 ) = 1" (1) )

[o][=1

Let v € Egy (a,b) such that ||v|| = 1, we have

(I (un) = I' (w) ,v) = (I' (un) ,v) — {I' (u) ,v)
_p’/ | DS up | 2Da+uan+vd:L‘ /|Da+u|p 2D§+uD3+vdx

Sp/a ‘|Da+un|p_2Dg — |Dg ul’” D u“D vl de

By Holder inequality we obtain:

-1

= 1dx> |02, o,

<]/(un)_]/( ) <p</ “DaJrun‘p 2Da+un ’DaJru’p 2Da+u
By lemma (|1.4]) we have
Firstly, if 1 < p < 2 by inequality ({1.15)) we obtain:

p—1
o -2\l P
(I' (un) = I'(u) ,v) < pey (/ <|D +Un — Da+u|P1> dx) HUHEjf,O(a,b)

p—1

=y ([ 15w = Diyul’da) " ol
= [lun — |];5“1P \|U|Ea+0(ab)
then
sup (T (uy) — I' (w)) < pey un — ullizh — 0
ollper =1
Hence

/ /
I ) = ' ) 0y = O 3:5)
Secondly, if p > 2 by inequality ((1.16)) we obtain :

(1" (wn) = I' (u)., ><pcp(/ ((1D8 yual”™* + | D3 ul”™*) | Dty Dg+u,)%)p
ol o
:pcp</ (1D8, a2 + | D%, uP~2)77 | D8 +un—Df;+u]pp1dx>

.
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3.2. EXISTENCE OF WEAK SOLUTION

By Holder inequality for the composant (p — 1, 2%) we obtain

p—2

p—1

(I (un) = I (u) ,v) < ¢

" (1D P72 + | D2 ufP )T
; + +

—1
1 P

b L1 e
.@um%—WMHPM>] 101l g a0y

a+,0
b e \B
— ¢ |:</a (\D2‘+un|p_2 + |Dg+u‘p_2) " dx)
L Lpol
b « « P pTI 3
([ 1Dz, = Dzl dz) ™| ol
p—2
b na —2 a  p-2\i3 g\ 7
— ([ (D% ™ 4 D5l ™) d) T = g
HUHEgﬁo(a,b)
By lemma (|1.3]) we have
2 b « « ijz
s (7 () = 1)) < 2 ([ (DGl 105 dr) =l
Eaﬁozl
we have
[un = ull o (apy = O
Hence
!/ !/
H] (un) I (U)H(Egjfo(mb))/ — 0 (39)
From (3.8)) and (3.9) I’ is continuous
!/ !/
HI (un) I (u)‘|(Efj‘ﬁo(a,b))/ — 0 (3.10)
By the same way for the functional J we have:
/ o )
H‘] (Un) J (U)H(ng’o(a,b)) — 0 (311)
Finally, by (3.10)) and (3.11))we conclude that ¢’ is continuous
!/ /
”(10 (un) - (u>‘|(E:ﬁO(a,b))/ — 0 (312)

Kounouz Mazouzi 45 Mohamed Boudiaf University of M’sila



3.2. EXISTENCE OF WEAK SOLUTION

Consequently, the functional ¢ is F-differentiable on £ (a,b) \{0} .

Proof the Theorem (3.1). By Poincare inequality (see corollary (2.1))) and

(equation ({2.7))) we have for all u € E;, (a,b), for some constant ¢ > 0
lullzy < el Dgyully,

Hence

HDSN;HZ Z 1 > O
[ullze c

Since A\ realize the minimum of the above Rayleigh quotient, we deduce that

1
A >—>0
c
We have A\; =  inf ¢ (w), then there exist (w,), C E,’ be a minimezer
we b \{0} ’
sequence 1i.e
ngriloogp (wn) - welgagirp,ogo (w) =h=0
Now we define the normalized sequence:
w D% w
Uy = " = |[uallppapy =1 and D u, = ekt
HwnHLP(a,b) HwnHLP(a,b)

Then,
¥ (wn) = HDSJFUHHIEP(%@ = (un) — A\

The sequence (uy),, is bounded in Eg?, (a,b) then there exists a subsequence (still

denoted (uy),) and u € E; (a,b) that
u, — uin Bl (a,b)
By the compact embedding E;7 (a,b) < L (a,b) (see theorem (2.6))) we obtain

up —winLP(a,b),  unll g =1 — lull oy =1
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3.2. EXISTENCE OF WEAK SOLUTION

Also, since the norm is weakly lower semi continuous and ¢ (u,,) — A; we have:

( ) _ HD uH ap) = < hmmeD Un”Lp (a,b)

n—-+0o00

= tminfip (un) = A

Then,
p(u) <N (3.13)

By the definition of A\{, we have

p(u) =M (3.14)

Hence, by and we obtain:
A= (u)
Since u is a minimizer of ¢ we have ¢’ (u) = 0, hence
(@' (u),0) =0 Vve ET(a,b)

Which is equivalent to

p

o (D™ D D) = Al u,0)) =0
Lr(ab

Hence,
([Dgul”™ Dityu, Do) = Ar{Jul” u,0) = 0
Hence, u is weak solution of problem (P),), since |ul| ;) = 1, then w is nontrivial

solution. n

Proposition 3.2. For 0 < a < 1 the first eigenvalue \i associated with the
operator D | D%, u|’~* D%, u

AL 2 (m)p (3.15)
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3.2. EXISTENCE OF WEAK SOLUTION

Proof. We have
HD uHLp (a,b)

YU [
Which to gather by fractional Poincare inequality

1Dzl (r<a+1>>

ueB 20} [lullz (b—a)"

AL =

Hence,
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CHAPTER 4

Nonlinear Fractional Problem

This chapter deals with a nonlinear fractional problem in different growth cases.
We first establish the variational framework and prove that the energy functional
is well defined and differentiable. Then, using the variational method, we study
the existence of weak solutions. In the sublinear case, existence is obtained via
coercivity and weak lower semicontinuity, while in the superlinear case, the Nehari

manifold approach is used.

4.1 Position of problem

Let 0 < @ <1 and (a,b) CR

Definition 4.1. The non linear problem is given as follow

(P) {Dg (‘?3‘*“ ()" D ulx)) = f (1) inab]
Yo (u) =0 ond]a,b|

Yo (1) denotes the boundary condition associated with problem (p), which depends

0.1

'p
1’1
P

e (Hy The function f: (a,b) x R — R is called a Caratheodory function if:

on the value of a € (0,1), and is defined as follows:

(0) = lim 7, u () if o€
TV =) ifac

— for every u € R, the function x — f (z,u) is measurable on (a,b).

— for almost every x € (a,b) the function u— f (x,u) is continuous.

e (Hy) We suppose that, f satisfies the growth condition:
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4.1. POSITION OF PROBLEM

—3ge (1,p5) : |f (z,u)| <bo+ by |ul'™"

We define the function F as a primitive of f, that is F (x,u) = [}’ f (x,s)ds

Definition 4.2. (Weak solution) A function uw € E;¥)(a,b) is called weak

solution of problem (P) if it satisfies the following variational formulation.

/|Da+u VP2 Deu () D2 ( )dx:/abf(x,u)v(x)dav Vv € Egty (a,b)

(4.1)
Definition 4.3. (Energy functional) The functional associated to the problem
(P) is defined as follows
h:E.ly(a,b) — R
b 4.2
u+— h(u /|Da+u \pdx—/F(a:,u)dx (4.2)

Proposition 4.1. The functional h is well defined and differentiable on
Ea+0(a'7b)‘

Moreover, its derivative its given by:

)= [ 1D%u (@) 2 Dfyu () v (@) de — [ f (w.w)v (@) de (4.3)

Proof. 1. Firstly, we show that the functional defined in is well defined
for any u € E, ¥ (a,b)
For the first term
/ D%, u (z)|P dz < oo (4.4)
For the second term

T ()| = [ F (2,u)da| <

/\qu)\dx
<b0/ u (x |dx+ /\u )| dx

by
< bo [|ullprep) + r [l oy <00 (Eafo(a;b) = L (a,b))
(4.5)
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4.1. POSITION OF PROBLEM

Hence, by (4.4) and (4.5))the functional h is well defined.

2. Secondly, we prove that h is Gateaux differentiable and A’ (u) is continuous

%g%h(u—l—tvt) — h(u) W ()0

We set:
1) = D%l

is Gateaux differentiable and continuous with respect to v (see proof of propo-

sition (3.1])) the derivative is given by

)=p [ D3 u (@) D (x) Dfyo () da (4.6)

Now, for the second term

Then,

limJ(u+tv) — J (u) — lim b F(z,u+tv) — F(x,u)
=0 t t—0 Ja t

dx

By the Dominated Convergence Theorem ([1.7]) on this expression

F (z,u+tv) — F (z,u)
t

We define
g:(z,8)— g(z,s)=F(r,u+ sv)

By definition of F', for almost every x, g (z,.) is diff and we have:
g'(s) =vf (z,u+sv)

Then

%E%F(:U,qutz;)—F(x,u) _J(0) = of (2.0)

By the means value theorem, d¢; between 0 and ¢ such that

g(ZC,t) —g(SL‘,O) - g/ (xvct)t
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4.1. POSITION OF PROBLEM

Hence,

F(z,u+tv) — F(x,u) =vf (x,u+ cv)t

Which implies

‘F(:c,qutU)_F(x’u) = o]/ (,u+ t)]

t

Using the growth condition (Hs) we obtain

< |v| (a+blu+ ctv|q_1)

‘F(x,u—l—tv) — F (z,u)
t

by (L.13) we get:
lF(x,u +tv) — F (z,u)

. < [v] (bo + 2701 (|l + |erv|™ 1))

< by |v] + 2070y [T o] + |o]?
< max {b, 2* by, 1} ([v] + [ul"™" |v] + |v])
< C(Jol + [ul" Jul + [0]")

We have v € E;¥y(a,b) — L%(a,b) with 1 < ¢ < p&, by Holder
inequality |u|?"' [v] € L'(a,b) and we have also |v|? € L'(a,b).Hence
C (o] + [ul™ " o] + |0|*) € L* (a,b)

By the dominated convergence theorem, we conclude that:

. F(r,u+tv) —
lim
t—0 Ja t

F(x’u)da: = /abf(a:,u)v(x)dx

Hence, the functional J is Gateaux differentiable and its derivative is given
by :
b
(' (w),v) = [ f (@,0)v(2)de (4.7)
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Let u € B, (a,b) we show that J' (u) is continuous with respect to v
(I (), o) = | [ f (@, u)v (@) da
< ['1f @, w)l o ()] da
b
< / (bo + by ]u!q_l) lv|dx  (by growth condition)

b b
<by [ [oldz +by [ [ul"" o] de

For the first term, by the continuous embedding E;7 (a,b) — L' (a,b) we
have
o] d <
| ol de < clfoll ges,

For the second term, applying Holder inequality, we obtain

1
[t ol de < eullfeh, (1ol g

a—+,0

combining the above estimates, we conclude that

(' (), o) < e (1+ lull b ) 1ol e

+,0

Hence,by (4.6) and (4.7)the functional h is Gateaux differentiable

(W (u) v) = [ 1Dg,u (@) Dfyu(a) Do (a) da — [ f (. u)v () dr
We now establish the differentiability of 7. By astandard result in
functional analysis (proposition (1.1])), it suffices to show that /' is
continuous.

Let (uy), be a sequence in Eg?Y,(a,b) such that uw, — u in E;}(a,b) we
show that 1/ (u,) — W' (u) in (E,7, (a, b))

Since h' (u) = I' (u) — J' (u), it is sufficient to prove the continuity of I’ (u)
and J' (u).

From the previous results, we already know that I’ is continuous (see proof

of proposition (3.1]))

!/ !/
17 ) = ' @) g,y = O (48)
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It remains to prove the continuity of J'. For any v € E 7 (a,b) we have
u, — u in E;¥q (a,b) by the compact embedding F; ¥, (a,b) — L% (a,b)
Which means that w, — u in LY (a,b) by using converse dominated conver-

gence theorem there exists a subsequence (u,, )such that

o Uy, () > u(x) aex € (a,b)

e Jw e Li(a,b): |u,, (x)] <w aex € (a,b)

we have f is caratheodory function then f (z,u, ) — f (z,u)
Which implies
|f (xvunk) - f (x,U)| n—_>>90 a.e

Using the growth condition we obtain

|f (@ )| < afu, |+

<awi'+b

we havew € L1 = wi'e ¥ —= g=aw? ' +be LY

Hence, by the dominated convergence theorem and Holder inequality we have

1

" () = 7 () o) < (15 @) = £ @ 00l?) 10l

by compact embedding we obtain

1

‘<Jl (unk) —J (u) 7U>| <c </ab ‘f (':U7u’ﬂk) - f (x’u)‘q>q HUHng’O(a,b)

Then,

sup ({7 (wn,) = J' ()] < €I (2.100,) = f (2,10) [ = 0

ollgep
Hence,
I (1) = T @l (g2 i) = 0
by contadiction we try to prove that ||J' (u,) — J' (U)H(Ejﬁo(a,b)’) — 0
de>0:Vne N3k, >n:||J (uy)—J (U)H(Ejﬁo(a,b)’) > ¢ such that (u,,)
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l<q<p
has a subsequence still denoted (u,,,)
finally,
17 (1) = " ()] gy = 0 (19)
Combining by (4.8)) and (4.9) we conclude that
/ /
I ) = )l gy 0 (4.10)
]

4.2 Existence of the weak solution for the sublinear case
I<qg<p

In this section, we establish the existence of a weak solution of problem (P) in
the sublinear case 1 < ¢ < p. Our approach is based on variational methodes
by showing that the associated energy functional is coercive, weakly lower semi
continuous, and bounded from below.

We have the following existence result

Theorem 4.1. Let o € (0,1) and 1 < q < p, the problem (P) admits at least a
weak solution in E, (a,b).

To prove this theorem, we use the following fundamental result.

Theorem 4.2. (Minimization Principle) Let E be a reflexive Banach space,

and let h : E— R be a functional that is coercive, bounded from below and weakly

lower semi continuous. then h attains minimum at some point u € E

Lemma 4.1. (Coercivity) The functional h is coercive in E;5'q (a,b)
h(u) = +o0

Proof. By the definition of A

/ D (z |pd:z:—/abF(;U,u)dx

b
puuumab) | F (z,u) de
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l<qg<p
using the growth condition we obtain
h Ly
(u) = D HUHEO"’ (a,b) — bo HUHLl(a,b) - HUHLq(a,b)
by the continuous embedding E;?, (a,b) < L?(a,b) with 1 < ¢ < p we get
h Ly
(u) = . lullger, ap = crbollwll gor ap) — g [l Eer 0
Hence,
lim h(u) >~ lim Julles o = +
oo 7 pllufoo | Eaolad) T T
[]

Lemma 4.2. (Weakly lower semi continuous) The functional h is weakly

lower semi continuous in E, ' (a,b) i.e for any sequence (u,) C E ¥y (a,b) if

u, = uin Egty(a,b) then liminfh (u,) > h(u)

n—+00
Proof. By the functional (4.2)) we set:
1
I(u) = = fJullger, @
p "B 2 (a0)
we have (u,) C E; Yy (a,b) such that u, — w in Eg,(a,b) and we have |-|| is

weakly lower semi continuous. then

ol oy < it [ e

I (u) < liminfl (u,) (4.11)

n—-+00
We try to prove that

b b
lim [ F(z,u,)dx :/ F(z,u)dx

n—+oo Ja a

by the compact embedding u,, — u in L?(a,b) there exist a subsequence (uy,)

such that

o Uy () > u(zx)aex € (a,b)
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1<g<p

e dg e Li(a,b) : |uy, (z)| < gaexe(a,b)
by the continuity of F' implies that

F(z,up,) — F (z,u)a.ex € (a,b)

by
|F' (2, up,,)| < bo|un,| + " |t |
b
< byg + qlgq

we have g € L%(a,b) which implies that |g|! € L!(a,b) with 1 < ¢ < p.then
g € L' (a,b). Hence byg + %gq € L' (a,b)
By dominated convergence theorem we obtain that

b b
lim [ F(x,u,,)dz :/ F(z,u)dz

n—-+oo Ja a

lim J (u,,) = J (u)

n——+0o00

By the same argument in (proof of proposition (4.1))) we obtain

lim [ F (2,u,) = [ F(2,0) (4.12)

n—-+oo Ja a

Conclusion, from (4.11)) and (4.12)) we conclude that

h(u) < lérﬁi&f h (u,) (4.13)
Hence, h is weakly lower semi continuous. ]

Lemma 4.3. (Boundedness from below) The functional h is bounded from

below in £, (a,b) i.e, there exists M € R such that
h(u)>M  Yue Ef)(a,b)

Proof. From the definition of functional A, we have

1
— p
h(u) = |VUHEgﬁO

b
(@) —/a F (z,u)dx
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p<q<p;,

using the growth condition on F'

1 b by b
h(w) 2l oy = bo [, fuldo == [Tlul” d
1 b1
> —ullger @p = bo llell prapy = — Nl Loy
p e q
by the continuous embedding we obtain
1 blcg
h(u) >~ HUHEW (a,b) — bocy [[ull g Exfolab) — T4 HUHngo (a,b)

1 q
5 HUHEW (ab) — 3 HU”Egjjo(a,b) — G HUHE;;ﬁO(a,b)

By Young’s inequality

1
h(u) > P HU| EXPo(ab) — C3€1 HUH%gfo(a,b) —CT C4€ HUH%gfo(a,b) —d
1
E el oy — (ezer + cae) ullar (o — (¢ +¢)
1

Z

3+p()(a b) — ¢

o [ R 1

>

/—\’B
'B

1
— ) ullFag oy — ¢
For e < L then i —¢e>0
p p

Hence,

h(u) > ="

]

Proof of theorem (4.1)): According to theorem (4.2)) the functional h attains
its minimum at some u € E 7 (a,b). Since h is differentaible (see proposition

(4.1))), w is critical point of h.

4.3 Existence of the weak solution for the superlinear case
p<q<p;

In this situation, the energy functional associated with problem (P) is not bounded

from below on the whole space jﬁo (a,b). However, this property can be recov-

Kounouz Mazouzi 58 Mohamed Boudiaf University of M’sila
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p<q<p;,

ered by restricting the functional to a suitable subset of the space. A natural
choice is the Nehari manifold, which arises directly from the variational structure

of the problem.

4.3.1 Preliminaries

In this part, we consider the following nonlinear problem

(P { (|Da—|—u( )‘p_ D¢ u(x )) = |u (x)]q_2u(x) in a, b]
Yo (u) =0 ondla,b|

Where the nonlinearity is assumed to be superlinear, that is (¢ > p).

Definition 4.4. (Weak solution) A function u € E;¥)(a,b) is called weak

solution of problem (P) if it satisfies the following variational formulation.

/\DM (x)]"2 D%, u (z) D2\ v (x dx—/ lu ()" ?u(z)v(z)dr Vv € D(a,b)
(4.14)

Definition 4.5. (Energy functional) The functional associated to the problem

(P) is defined as follows
h: ES?(a,b) — R

4.15
u+— h(u / Dy (z |pd:z:——/ lu (z)|" dx (4.15)

Proposition 4.2. The functional h is well defined and differentiable on
Ea—i—()(a'vb)'
Moreover, its derivative its given by:

)= [ D% u (@) D () Do () da — [ fu ()" 2 (0) v (x) da
(4.16)

Proof. 1. Firstly, we show that the functional defined in (4.15) is well defined

for any
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p<q<p;
uc ECH— 0 (CL, b)
For the first term
I (u) = / D% u ()]” de < oo (4.17)
For the second term
u ()| do = ||ullZ,
/ . (4.18)

q q
<c HUHEgﬁO <0 (Eafy <= L)
Hence, by (4.17) and (4.18)the functional h is well defined.

2. Secondly, we prove that h is Gateaux differentiable and A’ (u) is continuous

limh (u+tv) — h(u)
t—0 t

= (W' (u),v)

For the first term,
1) = D2l

is Gateaux differentiable and continuous with respect to v (see proof of propo-

sition (3.1])) the derivative is given by
=p [ 1D%u (@) DYu () Do () da (4.19)

For the second term,
J () = [Jul|Zagap)
is Gateaux differentiable the proof follows the same steps in proposition (3.1)

then the derivative is given by

(J —q/ fu (@) u () v (2) da (4.20)

Let u € B (a,b) we show that J' (u) is continuous with respect to v

(T () o) = | [ | (@) u (@) v (@) da

</\u ) o (2)] da
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By Holder inequality and the compact embedding we obtain:

7w < ([ @) ™ Pl

<c HUHE‘”’ @) 10l 22 oy

Hence,by (4.19)) and (4.20))the functional h is Gateaux differentiable

2 2.,
(W (w),v) = [ D% (@)% DY () Do () da — [ Ju (@) () v () d
We now establish the differentiability of . By astandard result in
functional analysis (proposition ([1.1])), it suffices to show that /' is
continuous.
Let (uy), be a sequence in Eg?Y,(a,b) such that w, — u in E;¥(a,b) we
show that 1’ (u,) — B (u) in (Ee?y (a,b))
Since h' (u) = I' (u) — J' (u), it is sufficient to prove the continuity of /" and
J'.
From the previous results, we already know that I’ is continuous (see proof
of proposition ((3.1]))
/ o /
H] (Un) I (U)H(Esﬁo(a,b)) — 0 (421)

Also J' is continuous the proof folllows the same steps (of proposition (3.1)))
1" (un) = J" ()l EGEo (a, b)) — 0 (4.22)

Combining by and we conclude that
I () = 1 )l gy = O (4.23)
O

Definition 4.6. (Nehari manifold) we define the Nehari manifold associated
with problem (P) as follows

M = {ue EXP(a,b) : (W (u),u) = 0} (4.24)
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p<q<py
Which is equivalent to:
M = {u e BgPy (a,0)\{0} : fullbes 0y = 0l fuiury (4.25)
Remark 4.1. If u € M we have
1 1 1
h(u — lu ap —*qua :(—) U || pa.p 4.26
(W) = Nallhepyo = ¢ Nl = (5 = 2 ) Il (426

In this case, the functional h is given by is coercive on M. Indeed, since
q € |p, p,| we have

1
.
poq
Hence,
hu)=
i () = fim el = oo

4.3.2 Existence of non trivial weak solution

We now state the main theorem.

Theorem 4.3. Let q € |p,pL[. The problem (P) admits a non trivial weak solution
in M

The proof of this theorem is based on the proofs of the following lemmas.

Lemma 4.4. The Nehari manifold defined by s not empty.

Proof. Let u € E, "y (a,b), with u # 0. We try to prove that there exists a real
t > 0 such that tu € M that is:

||tUHEw @) = Il Taan)
& HUH%;ﬁO(a,b) = 1" [|ull Logan)

HuH%jfo(a,b)

— 49D
HuH%q(a,b)
Then,
1
[l 0 |
e et S1CLN I) (4.27)
12l Loy
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Consequently, there exists ¢ > 0 such that tu € M, which ensures that the Nehari
manifold M is nonempty. ]

Lemma 4.5. We define m = ienj&h (u) and we have m > 0

Proof. Let u € M we have

HUH%gfjo(a,b) = HUHqu(a,b)

by the compact embedding we obtain:
lull e @py < €llullper o
1 _
-~ Hu”qu%o(a,b)

Then, for some ¢ > 0

1

lull goryap 2 (4.28)
We have
1 1
m = inf h(u) = ( — > inf ||ullzer )
ueM p q) ueM at,01%
1 1\ 1
(-
P q cd—p
Hence,
m = inf h(u) >0
ueM
[]

Lemma 4.6. The energy functional h attains its minimum over the Nehari man-
ifold M at some u # 0. That is
Ju € M: m = inf h(u) = h(u)

ueM

Proof. Let (u,) C M be a minimizing sequence that is

nl_i&l@h (up) = ulenjah (u) =m
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From the definition of the Nehari manifold M, we have

u, € B (a,b),u, #0
(), ons € M@{ Lo (a,b), un #

HunH%:f,o(a,b) = HuanLq(a,b)
And
lim B (11 p _
aam (Un) = ]; - 5 HunHEz;’fO(a,b) =m

Since, h is coercive, the sequence (uy) is bounded in E;?¥, (a,b). Moreover, by

the compact embedding E, 7 (a,b) < L9 (a,b). Therefore, up to a subsequence,

there exists u € E,j (a,b) such that
u, — win By (a,b), u, — win L7 (a,b)
Then, by the converse dominated convergence theorem we obtain
Up () > u(x) aex

we have

1 1

L e
h(u) = ’ lellzer (a0 . el Zaan)

Since, u, — v in By (a,b) = |lu| < lim inf ||wn |

L. . P L. .
h(u) < Eléllligof [unllger (ap) — ?}glj}}of [en | Za(a

. (1 1
— lim inf (p lunllezryon = H“nH%q(a,b))

= o inth (un)
Hence,
h(u) <m (4.29)

On the other hand, if w € M then by definition of m

m =inf h (u) < h(u) (4.30)
ueM
Since (u,) € M, we have
lun e 0 = lnl Lo
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Assume by contradiction that
‘|un|‘Eg:£0(a7b) — 0asn — +oo
Then, since E,}q (a,b) is reflexive, up to a subsequence (still denoted (u,))
u, — win B (a,b)
Using the weak lower semi continuity, we get

lull o () < Uminf fJup || gy (o) =0 = w=10

This contradicts inequality (4.28) which ensures that there exists ¢ > 0 such that

1
||UHE§+”0 ) > > 0 forall ue M

Hence, the assumption [[uy || ger (o4 — 0 must be false, then u # 0
It remains to show that
HUHE“P (a.b) = H“”qu(a,b)

By the lower semi continuity of the norm we have

el oy < N inf g s

= lrllI_I)llnf HunHLq ab) — HUHLq (a,b)

Assume by contradiction that

HUHE“’ (ab) < Hu”qL‘I(a,b)

1l 2oz

HU”Lq(a,b)

1
||UH[;0‘7P (a,b) m
We put t = | ——->— <1
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then tu € M

1 1
— " (- ) HuHE;fO o

I 1
p
<t 1713 +uglof (p q) HunHE;*i’,o(a,b)

= tPlim infh (u,)

n—-+00

< t'm
Hence by we get
m < h(u,) <trm = t>1
This leads to a contradiction, thus our assumption was false, and we conclude that
HUHEO‘p @) = [l Lo@py = veM
Finally by and it follows that
h(u) =m

]

Lemma 4.7. Let u € M be a minimizer of the energy functional h on the Nehart

manifold M C E;'q (a,b) then u is critical point of h that is:
W (uw)=0 in E;y(a,b)

Proof. Let v € E}Y (a,b) and we define the functions as follows

_1
b (s) = 1w+ svllger @p |
lu+ 50170 e

Where s € (—e¢,€) is small enough and ¢ (s) > 0 such that ¢ (s) (u+ sv) € M.

1
[l @ny )"
MilEgzy@n) )™ _

1l Zogan)

And we have

cb(O)(
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Thus, we define ~ as
v (8) = h(9(s) (u+sv))

Since w is a minimizer of h on M the function 7 (s) has a minimum at s =0

Therefore,

Differentiating ~ with respect to s we obtain:
Y (s) = (W (¢ (s) (u+sv)), 8 (s) (u+sv) + & (s)v)
Since, ¢ (0) = 1 and u € M this yields:
7 (0) = (W' (¢ (0)u),¢" (0) u+v)
Using the fact (A (u),u) = 0 we conclude
7' (0) = (W (u),v) =0

Proof of theorem (4.3)): By above lemma the functional h admits a critical

point whish is the non-trivial weak solution in M. ]
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General Conclusion

In this thesis, we investigate nonlinear fractional differential equations in-

volving the fractional p-Laplacian operator. The study is carried out within

a variational framework based on tools from fractional calculus and func-
tional analysis.

We first develop the necessary mathematical background, including Lebesgue
spaces, fractional Sobolev spaces, and fractional derivatives in the sense of Rie-
mann—Liouville. These tools are then applied to the analysis of this type of prob-
lem.

In particular, we establish the existence of weak solutions for a nonlinear frac-
tional problem. The sublinear case is treated using a minimization method, while
the superlinear case is addressed via the Nehari manifold technique.

Overall, this work highlights the effectiveness of variational methods in the
study of nonlinear fractional differential equations and demonstrates their impor-

tance in the analysis of complex nonlocal models.
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Abstract:

This thesis investigates nonlinear fractional differential equations involving
Riemann—Liouville derivatives. After introducing the appropriate functional
framework, we study two nonlinear fractional problems within a variational
setting. The first problem, which is a nonlinear eigenvalue problem, is studied
using the minimization method to establish the existence of weak solutions.
The second problem is a general nonlinear fractional equation, where two cases
are considered: the sublinear case, treated via a minimization method, and the
superlinear case, analyzed using the Nehari manifold technique.

Key-words: Riemann-Liouville fractional integral - Riemann-Liouville frac-
tional derivative - Fractional Sobolev spaces - Eigenvalue - FEigenfunction.

Resume:

Cette these étudie les équations différentielles fractionnaires non linéaires impli-
quant les dérivées de Riemann—Liouville. Apres avoir introduit le cadre fonctionnel
approprié, nous analysons deux problémes fractionnaires non linéaires dans un
cadre variationnel. Le premier probleme, qui est un probleme de valeurs propres
non linéaire, est étudié a l'aide de la méthode de minimisation afin d’établir
I’existence de solutions faibles. Le second probleme est une équation fractionnaire
non linéaire générale, dans laquelle deux cas sont considérés : le cas sous-linéaire
traité par la méthode de minimisation, et le cas super-linéaire étudié a 1’aide de
la variété de Nehari (Nehari manifold).

Mots-cles: Intégrale fractionnaire de Riemann-Liouville - Dérivée fraction-
naire de Riemann-Liouville - Espaces de Sobolev fractionnaire - valeur propre -
fonction proper.
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