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Abstract

In this paper we present a bilinear estimate for commutators on Triebel-Lizorkin spaces
with variable smoothness and integrability, and under no vanishing assumptions on the
divergence of vector fields.
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1 Introduction

Function spaces have been a central topic in modern analysis, and are now of increasing
applications in many fields of mathematics especially harmonic analysis and partial dif-
ferential equations. The most known general scales of function spaces are the scales of
Sobolev spaces, Besov spaces and Triebel-Lizorkin spaces, and it is known that they
cover many well-known classical function spaces such as Holder—Zygmund spaces, Hardy
spaces, Lebesgue spaces and Sobolev spaces. Further details on the classical theory
of these spaces can be found in [14-16]. An example where the function spaces play an
important role is the Euler equations for the homogeneous incompressible fluid flows:

‘;—‘; +(u-Vuu=-Vp, (x1)€R"X(0,),

divu = 0, (x,1) € R" X (0, ),
u(x,0) = uy(x), x e R,
where u = (u, ..., u,) is the velocity of the fluid flows, p is the scalar pressure, and u, is

the given initial velocity satisfying divi, = 0.
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The theory of Euler equation in function spaces has been developed in detail in [3] but
has a longer history already including many contributors; we do not want to discuss this
here. One of the main tools to study the Euler equation is the estimation of the commutator

V-V, AN = Y VidAf — A(V,0,f), (D)
k=1

with Aif = @; = f,j € Ny, V = (Vy, ..., V,) is a smooth vector field in R" and (F(pj)jeNO is a
smooth dyadic resolution of unity, see Sect. 2. For the Euler equations V in (1) can be taken
the velocity of the fluid flows, see for example [3, Lemma 2.100] and [4, p. 663].

Recently in [11] were presented new estimates of (1) in weighted and variable exponent
Lebesgue, Triebel-Lizorkin, and Besov spaces. These estimates are obtained under no van-
ishing assumptions on the divergence of the vector field.

In recent years, there has been growing interest in generalizing classical spaces such
as Sobolev spaces, Besov spaces, Triebel-Lizorkin spaces to the case with either vari-
able integrability or variable smoothness. The motivation for the increasing interest in
such spaces comes not only from theoretical purposes, but also from applications to fluid
dynamics [13], image restoration [5] and PDE with non-standard growth conditions.

Triebel-Lizorkin spaces of variable smoothness and integrability, F;i'_)),q(_), initially
appeared in the paper [9]. Several basic properties were established. When p, ¢, s are con-
stants they coincide with the usual function spaces F*° . Also the atomic and molecular
representations for the spaces F;((',)),q(.) were already obtained in [9]. Taking s € R and
q € (0, o0] as constants we derive the spaces F;(M studied by Xu [18]. Some properties of
these function spaces such as local means characterizations and characterizations by ball
means of differences can be found in [12, 17].

The main aim of this paper is to estimate (1) in variable Triebel-Lizorkin spaces F;E.-)),q(-)'
Allowing s, p and g to vary from point to point will raise extra difficulties which, in gen-
eral, are overcome by imposing some regularity assumptions on these exponents. When s
and ¢ are constants the commutator estimate in F; g is given in [11], which is based on the
boundedness of the maximal function on the space L”*)(#?). Since the maximal operator is
in general not bounded on L")(£40), we are forced to introduce some new methods. In the
case of constant exponents we recover the results of [11].

The paper is organized as follows. First we give some preliminaries where we fix some
notation and recall some basic facts on the variable Triebel-Lizorkin spaces. Also we give
the key technical lemmas needed in the proofs of the main statements. The main statements
and their proofs are formulated in Sect. 3.

2 Variable function spaces

As usual, we denote by R” the n-dimensional real Euclidean space, N the collection of
all natural numbers and Ny = N U {0}. For a multi-index a = (a,, ..., a,) € N, we write
la| = a; + -+ + a,. The Euclidean scalar product of x = (x,...,x,) and y = (¥, ...,y,) is
given by x -y = x;y; + -+ + x,¥,. The expression f < g means that f < ¢ g for some inde-
pendent constant ¢ (and non-negative functions fand g), and f ~ gmeans f S g Sf.

For x € R" and r > 0 we denote by B(x, r) the open ball in R” with center x and radius r.
By supp f we denote the support of the function f, i.e., the closure of its non-zero set.

@ Springer



Commutator estimates for vector fields on variable Triebel-...

The symbol S(R") is used in place of the set of all Schwartz functions on R”. We denote by
S'(R™) the dual space of all tempered distributions on R”. We define the Fourier transform of
a function f € S(R") by

A = oy [ g
The Hardy-Littlewood maximal operator M is defined on LllOC by

1
M dy.
f(X) S,1>10P |B( | B(x,r) lf()))l Y

By ¢ we denote generic positive constants, which may have different values at different
occurrences. Further notation will be properly introduced whenever needed.

The variable exponents that we consider are always measurable functions p on R” with
range in [1, co[. We denote the set of such functions by P. We use the standard notation
p- = ess. 1nfp(x) and p* = ess-sup p(x).

<R
The varlable exponent modular is defined by

QP(')(f)= /[R Pp(x)(lf(x)DdX,

where p,(r) = . The variable exponent Lebesgue space L[P©) consists of measurable func-
tions f on R" such that ¢,,.,(4f) < co for some 4 > 0. We define the Luxemburg norm on

this space by the formula
. . f
Wl = mf{’l >0 0p(~>(; Ty

As is known, the following inequalities hold (see [10], Lemma 3.2.4)
“f”p(-) <leg,H=<1. @)

Let p,q € P. The space L/)(£40) is defined to be the set of all sequences (f; ) Ny of func-

tions such that

||(7§‘)jeNo||M->(M->) = ||||(f})j€Nl>||f4(')||p(-) <®

It is easy to show that 1P0(£90) i is always a normed space. If p € P, then p’ denotes the

conjugate exponent of p given by W pl()

We say that g : R" — R is locally log -Holder continuous, abbreviated g € C, Og, if there
EXIStS C}oq(g) > 0 such that

Clog(8)
) - g < 5 og
og(e

_ 3
1/ =D )

for all x,y € R". We say that g satisfies the log-H dlder decay condition, if there exists
8« € Rand a constant ¢, > 0 such that

clog

|8() — go| < fog(e + )
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for all x € R". We say that g is globally-log -Hélder continuous, abbreviated g € Cl°¢, if
it is locally log-Holder continuous and satisfies the log-Ho 1der decay condition. The con-
stants ¢,,,(g) and ¢, are called the locally log-Hélder constant and the log-Holder decay
constant, respectively. We note that all functions g € C . always belong to L.

We define the following class of variable exponents

Pt = { pEP: - Lis globally-log-Holder contlnuous}
p

We define 1/p,, :=lim},_,., 1/p(x) and we use the convention é = 0. Note that although ﬁ

is bounded, the variable exponent p itself can be unbounded. It was shown in [10], Theo-
rem 4.3.8 that M : [P0 — [P0 is bounded if p € P°¢ and p~ > 1. Note that if p € P and
p* < oo, then p € P if and only if p € % .

We also refer to the papers [6—8], where various results on maximal function in variable
Lebesgue spaces were obtained.

Recall that #;,,(x) = 2%(1 + 2/|x|)™™, for any x € R", j €N, and m € N. Note that
Him € L! when m > n and that ”nj”"ul = c,, is independent of j.

We need to recall the definition of variable Triebel-Lizorkin spaces and their basic
properties. Let ®@ be a function in S(R") satisfying ®(x) = 1 for |x| < 1 and ®(x) = 0 for
|x] > 2. We put F,(x) = ®(x), Fo,(x) = CD(%) — ®(x) and

Fo(x) = Fp,2'7x) for j=2,3,....

Then (.7-'<p])]eN is a smooth dyadic resolution of unity, Z .7-"(pj(x) = 1for all x € R". Thus
we obtain the Littlewood— —Paley decomposition

of all f € §'(R") (convergence in ' (R")).

We are now in a position to state the definition of the spaces Ft () O

Definition 1 Let (Fg)); en, De a smooth dyadlc resolution of unity. For s : R” - R and
P,q € P, the Triebel leorkm space FC consists of all distributions f € S'(R") such

that

() q(-)

Wl = 10, 5 eyl < oo

Using the system (¢;);ey, We can define the quasi-norm
”f“F;q = @9, * Nien, e

for constants s € R,p € [1, 00) and g € [1, o0]. The Triebel-Lizorkin space F;q consists of
all distributions f € S'(R") for which ||f||, < co. It is well-known that these spaces do
g

not depend on the choice of the system (Wj)jeNo (up to equivalence of norms). Further
details on the classical theory of these spaces can be found in [14, 15], see also [16] for
recent developments. One recognizes immediately that if s, p and ¢ are constants, then

s(+) _ s
Fp(~).q(~> - Fp,q'
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For any p,q € P¢ with 1 <p~ <p* < 0,1 <q” <g* < oo, and s € C:Sf, the space

F;((?) 40 does not depend on the chosen system ((pj)jeNo (in the sense of equivalent norms).

They are Banach spaces, and

n s(+) n
S(R™) < F,,(.),g(.) < S'(RY).

In particular if p € C:gcg,l <p~ <p* < o0,and m € N, then

m o ()
FP(‘),Z =W ’

see [9]. The full treatment of the spaces F;(()) o) €A be found in [9, 10]. We refer to the
. s(-)

paper [18], for further results on the variable Triebel-Lizorkin spaces Fp(_) g (only the case

of constant ¢ was considered). We also mention the papers [1, 2], for further results on the
variable Bessel potential spaces and variable Sobolev spaces.

2.1 Keylemmas

In this section we present some results which are useful for us. The following lemma is
from [9, Lemma 6.1], see also [12, Lemma 19].

Lemma 1 Let a € C;::f and let R > Clog(@), where Clog(@) is the constant from (3) for a.
Then

2Dy k(= Y) < 2Oy (x - y)

with ¢ > 0 independent of x,y € R" and j,m € N,,.

The previous lemma allows us to treat the variable smoothness in many cases as if it
were not variable at all, namely we can move the term inside the convolution as follows:

Zja(X)”j,m+R *f(x)<c Njm * (Zja(')f )(x).

Since the maximal operator is in general not bounded on L7 (£90)), see [9, Section 5], we
will make use of the following statement.

Lemma 2 Let p,g € P with1 <p~ <p* < coand1 < g~ < g* < co. For m > n, there
exists ¢ > 0 such that

[ *ﬁ)jeN“”m-)w») <c ||(73‘)jeNo||u<->(m(->)-

The proof of this lemma is given in [9, Section 5]. The next lemma is a Hardy-type
inequality which is easy to prove.

Lemma3 Let0 <a < landl < q < oo. Let (¢)ien, be a sequence of positive real numbers
and denote

k ©
o = Z ak‘/ej, and n, = Z a"ke/«, ke N,.
J=0 Jj=k
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Then there exists a constant ¢ > 0 depending only on a and q such that

(Ze) () (24
k=0 k=0 k=0

Lemma4 Let p,g € Pwithl <p~ <pt < o0,1 <qg < g* < coand (];-)JEN € 1PV(r10),
0
Then

”(]3')jEN0”U<'>(f4('>) ~ SUP/ Z ;01180 dx,
R~ j=0

where the supremum is taken over all sequences of functions (g;)._. € LP'O&7%) such
N 0

jeN
that
ll(8jen, | oy < 1.
Proof Let
e leer =500 [ 3 g ol
R)I j=0
Since — + — = - + L =1, by Holder’s inequality,

a0 L dO T 0 PO
i, ey S N oy
Now let us prove the converse inequality. By the scaling argument, it suffices to consider the

case}:1||(fj)j.5,\1O Doy < 1 and prove that ||(f)en, || oo, < 1- Since (f)ien, € LPO1)
we have

/Rn ||(/;~(x))j€N0| Z(;ff)dx < 0.

Assume, for the sake of contradiction, that

/R,, 10509) 0, 150 > 1.

Then by the continuity of the modular there exists d > 1 such that

[ e = 1.

Define

|@|q<x>—1
d .
gx) = —, JENxeR,

00 fV(X) q(x)
(32, Fgo0)

which leads to
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”(}3)j6N0 :

> [ Foligia=d [ @y > 1
R" j=0 R
which contradicts our assumption. The proof is completed by applying the unit ball prop-

erty (2). O

Let (.7-'(pj)je,\,(J be a smooth dyadic resolution of unity. Let ¥ € S(R") and
Aj(f, 8)) = / @;(x = (¥, (x —2) = ¥, (v — D W, * g()dydz,
R2n

where j,m € Nyand ¥, = 2"P(2"").

Lemma 5 LetseCOgae[Rppl,pz,qu"’ngthl<p <p <o0,1<p;y <pf < oo,

1<p; < p2<ooandl<q <gq* <ooAssumethat—=—+—and(s+a) > 0. Then

/ 210 - NI S ] 18] e

JOmj 2():q()

holds for any (hj)jeNO C S(R™) such that

””(2 jS()h)ENonq()”P() -

Proof We use some decomposition techniques of [11]. Since ¢, ¥ € S(R"), we have

lo;l <cmjy and |¥,| <cnyy, JmENGN>n,

where the positive constant c¢ is independent of j and m. Therefore |A,;,(f, g)(x)| can be
estimated by

¢ / NN = Dy v = DO @), * 8(2)|dydz
[RZ”

+c / in& = M v = DO @y, * 8(2)|dydz
[Rz”

S c(an * lf'(x))(rImN * |(pm * gl('x)) + c Jm(x)
im0 + ¢, (),

with
L, () =iy % (fy * @, * gDX),  x € R™j,m € Ny, N > n. 4)
Let us estimate each term separately. Let (1)), be a sequence of Schwartz functions with
™ Asen, N ey < 1-
Using the well-known estimate
My * U1 S M) 6)

and Lemma 1 we can estimate
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X3 | 2t wihwlds ©

j=0 m=j
by

c / MEPE) Y, D EO x|, gl )27 hy(x) | dx
Rn

=0 m=j

S / M) Z 2 207y, x 27T D, 5 @027 ()] dx
R~ =0 m=j
for some N, > n. Now

Z Z 20=ma+s@y, N, * Q@O s g])(x)2 JY(X)lh 5]

J=0 m=j

can be estimated by

(jj—m)(a+s(x)) (a+s(-))
(22 M@y (2 |<pm*g|)<x)>

m=j

JEN Hl £a0)

x [ (27 9hy) jeN, [

< ||('7j,N1 * (2j(a+s(.))|§0j * g|)(x))jeN0”fq(x)” (27jS(X)hj(-x))j€N[)“{q/(A‘)s

where we have used Holder’s inequality and Lemma 3. Hence (6) does not exceed

¢ / MO, * @D, 5 gDOjen, [l oo |7V 1)) e, || oo A6
Rn

S MO @, 2P0 % gDjen, [l oo Lo I Bien, llovo
SNMO, o MG, = 210, 5 gDjen, | oo
S I, M ;5 e, ol

S Wl o Msllone -

()q()

1210

In the first estimate we used Holder’s inequality, while the second follows by Lemma 2 and
the boundedness of maximal function on variable Lebesgue spaces. We estimate the term
(4). Observe that

/2’“ w0 h;(x) | dx
Jom—J !

(S}

/ Z 2750y () [ 2Oy, Z(lflnmw * |y * gl)(x)dx
" m=j

= / 2 270 |y )| Wy, k()
" j=0

where
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(o]
K= D (It * 10, % 81, J €Ny,
m=j

To continue we apply Holder’s inequality and obtain

o
Z 2—jS(X)| hj(x)|2j(a+S(.))nj,N % Kj(x)
j=0

is bounded by

” (2j(d+S(X)) N * Kj(x))jENo H Z8 | (Z_S(X)jhj(x))jENo || AN

Taking the L'-norm and using the Holder inequality, we get

/ 21,0y ()

J= 0 m=j

S ||||(2j(a+s('))'7j1v * K‘)jeNo”fq(»)“p()”||(2_s(')jhj)jeNn||m’(~>||p’(-)
N ”ll(”j,M 3 2O, jENg”f‘i(‘”p()
S M@z, o

S Dm0 5 1) % &Djen, oo 1

by Lemmas 1 and 2, and Lemma 3, where N; = N — ¢,,,(s) > n. Using again Holder’s ine-
quality and Lemmas 1-2 we estimate the last expression by

C”f”pl(-)H”(Zf(aﬂ('»”jw * |¢j * g|)j6N0||f‘f(')”p2(-)
N ”prl()””(zj(aﬂ(.))‘»"j * g)jENo||f'7<') ”pz(-)
S ”me( )”g”F‘“*" :

P2(.4()

The proof is completed. a
ForO0<m <j,jme Ny, xeR"and K € N, we set
E; k(> 8)X)
= 20K / NG = & = DOy * 8@l dyez
2 [ 6= a = DOl ¢ s
where N > n large enough.
Lemma 6 Let s C\%,a € R,K € N,p,p|.py.q € P with 1<p <pt <o, 1<p; <pf

<o, 1 <p, <ps <ooand1<q < gt < 0. Asmmethal———+—and(v+a)+<K
Then
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o
>y / VB, i > Q@I dx S 1], e e

: QX0
=0 m=0 P24

holds for any (hj)jeNn C S(R™) such that

M Oren lovolley < ™

Proof We employ the same notation as in Lemma 5. Let 0 < m < j. We have

2B} (F. 8)060) K2 (i 5 1@y * 10 81 + 1)
—(m=jK+aj (Hj,m(x) + ]j,m(x)).

where N large enough and x € R". The estimate (5) and Lemma 1, yield that
Z Z 2(m_j)K+aJ['Ij,m(x)
Jj=0 m=0

is bounded by

cM(F)(x) 2 2 =is(x) Z S m=(K=s(x)~ a) -

V]
m=0

* (2" g,, % g)(x)

= cM(H)E) Z 2709;0),

7=0
where N, large enough and the constant ¢ is independent of x. Observe that

Z 2(m—j)K+jan’m(x) — nj,N " wj’

m=0
with

w; = Y 2Ky, x|, xgl), JE N,
m=0

From Lemma 1 we derive

2JS(X)’?],N * S Nin, * zjs(')wj < Nin, * Hj
where the implicit constant is independent of x, N, large enough and
J
— WK —s(-)— s(
M= Z 2(m=K=s() a)(lfl”lva3 # 2" g w gl), Ny > n.
m=0

Consequently

@ Springer



Commutator estimates for vector fields on variable Triebel-...

©
/ DY 2 IR, ()| ()| dx
R’

" j=0 m=0

S / M) Y 1) [ 2799, (x)dx
R~ =0

S, 118 e, Mo 0

where we used Holder’s inequality, (7) and the boundedness of maximal function on vari-
able Lebesgue spaces. Lemmas 3 and 2 yield

€O e, v oy S, #2715 8D o

Slell e

P2().q()
Again by Holder’s inequality and (7) we derive

/ DD IRt MOTGIEES /R X O, = )
j=0

j=0 m=0 4
S @, = #ieny Ml ool e

S a7 ) e ol
where the last term follows by Lemma 2. Applying Lemmas 3, 1 and 2 we obtain

” ” (/‘j)jeNO||m<-> ||p(~) s||||((lf|’7j,N3 * 2j(s(')+a)|¢j * g|))jeN0”ﬂ<-) “p(*)
S|V|lpl(~)” ||(('7j,N3 * 2]-(S(.)Jra)l(pj * 81)jen, Il oo sz(-)
SHfll;;l(.)ll ”(zj(s(')w)(‘f’j * 8))ieN, ”fq(-) ||p2(~)
S, sl see -

P2().4()

which is the desired estimate. O

3 The results and their proofs

In this section we present our results of this paper. Let f = (f}, ..., f,) € X" for some nor-
med space X. Then we put

el = X WAl
i=1

We have the following result:
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Theorem 1 Let sECkgs > 0,p,p1,P2.q € P with 1 <p~ <p* < oo, l<p1 <p’
i

Sool<p2§p2<oo and 1<q <q"<oo. Assume that 5= +p— Let
Py 2
V=(V,...,V,) € (S(R")" be vector field. Then for any f € S(R")
”H(ZJV()[V V. 4 ]f)JGNo”ﬂ“”p() ~ ”Vfllpl()“V“FY(i) ) +4 (8)
and

@OV -V, A en, Lol
SavDleo  + 1YV oW lleo  + Wl olVTEo .

P20 P2()q()

(€))

where

A=V, ok or A= VI oIVl

2():q()

Proof The proof follows the ideas in [11, p. 1217].
Step 1 Preparation. LetV = (V,,...,V,) € (S(R"))" and f € S(R"). From Lemma 4 we
need to estimate

/ DAV - V. AJF (R (x) | dx
" =0

for any (hj)j,ENO C S(R™) such that
IRy, ool < 1- (10)

‘We have

V- -V,Alf(x) = Z V()0 Af (%) — AV, 0, /)(x)
k=1

=y / @8 = V() = V)OS ()dy.
k=17 R"
Let (F(pj)je,\,o be a smooth dyadic resolution of unity. Then

V-V A0 =3 3 [ 00300, Vit - 0, 5 VOISO
m=0 k=1 < R"

=3 3 10,00 VO

m=0 k=1

j (oo}
=Xt X
m=j+1
for any x € R" and any j € N,,. Therefore we need only to estimate

(Z PRI Vk)> and ( > anmk(akf Vk)) ; (11
jeN, JENy

=0 k= m=j+1 k=1
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in L’O(£99)-norm.
Step 2 In this step we prove (8). From the support properties of (]-—(pj)j‘ENO we have

I, 0> VO = Ay (0uf, V),  x € R, j,m € Nok € {1, ...,n),

with ¥,, = Ziz:_z @pii-m €N and ¥, = ® + ¢,. For simplicity, we use ¢,, instead of
Y,,.m € N,. Applying Lemmas 4 and 5, with the help of (10), we estimate the second term
of (11) in LPO(£4"))-norm by

VAl IVl

P2 ()q()

Let K € Nbe such that 0 < s~ < s7 < K. From [11, Lemma 3.1] we derive

I, 1 (Of, Vi) = Z 2|a|(m_j)(9j,a * O f)(0“ @),y * @,y * Vi + Yk kO Vi),

1<]al<K

Z IlJ,ln,|a|,k + Yj,m,K,k(akf’ Vk)’

1<|a|<K

(12)

where
Yk x5 Vi) (x) = /R _#ix=)
< > 0" 0,)E)0 - x)“)é’kf(y)gom £ V(2)dydz,
lal=k %
£, 1s on the line segment joining y — z and x — z and

(=D
0, ,(x) = p

@) p;(x), xeR"jeN,.

When K = 1, the sum on the right-hand side of (12) is interpreted as zero. Again from [11,
Lemma 3.1],

|Yj,m,K,k(al<f7 VIl S Ef,m,l((akf9 Vi), 0<m<j,

which yields by Lemma 6 with a = 0 that

P2().4()

53 [ s ool s 1ol Vil

]OmO

for any ke {l,...,n}. From the support properties of (F@;)iey, We have
0,4 * Of = 0,, % @; % 0,f , where @; = 21__2 @;4,- Here we put ¢, = 0if v < 0. Hence

|11J,ln,1,k| szm_j(”lj,N * I(Z’] * akﬂ)(”lm,[v * @, * Vi|)
2"y 1@ % Of DMV,

and then

°° J
X3 [ il wlas 13)
0 m=0JR"

J=
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does not exceed

/ MV Z(n,N 1, % DI (o ldx

s / MV @P O en, oo |5 5 @) 5 e, || o dx
Rn

which is bounded by
M@ O % @ % A @ien o
S IMVO,, (2 nx = @5 04 ) s Nl vl

Finally the boundedness of maximal function on variable Lebesgue spaces and Lemmas 1
and 2 guarantee that the last term can be estimated by

Vel ¥

2():4()

We have

J Jj )

Z By jmjalk = Z Z 24DG, , # @) OO @), * @y V.

|la|<K m=0 1<|a|<K
Recall that
0,000 = 211 T ey )
a!

which yields that

|9j,(x * @ * afl 5 2i’7j,L * |(7’, *fl, L>n.
The arguments of [11, p. 1218] yield that

la|(m—j)
2 IlJ,m,locl,k
m=0 1<|a|<K

J
S # 1@+ f] Z Z 2(lal=Don=py

m=0 1<|a|<K
IVVil + (% 1@ = f1)(m; = [VV])
S M(Vvk)(’?j,L * |¢j * f1).

Therefore (13) with [, ;, 1, in place of 1, ;| , can be estimated by

Vol

P2 ()q()

Step 3 In this step we prove (9). Asin [11, p. 1219]

10, 1O V) = T}, O, VI + T3, (O, Vo),

@ Springer



Commutator estimates for vector fields on variable Triebel-...

where
CYANOE /R B OO~ A O)py * VilQddyds
and
2O V) = / V) =W (6= 2) = W, 0 = DY 0I, * Vel

Similarly as in [11, p. 1219] we obtain

‘ (zjs() Z ZJI k(akf Vk)>
JENy

m=0 k=
Observe that me’k(a,\,f , Vi) 1s just 2-/'Aj’m(f , Vi) but with (), in place of ¢;. Using the same
type of arguments as in Step 2 it is easy to see that

‘ (21v() Z ijm (O Vk))
JEN,

m=0 k=
The proof is completed. a

= ”fle(V)”Fs() .
P()q()
p()

£40)

£90) ()

W1, IV o

2()q()

SIVVI oIl

2():q()

Remark 1 Corresponding statements to Theorem 1 were proved in [11, Theorem 1.1] under
the assumption s and g are constants and based on the fact that the maximal operator M is
bounded on I”")(#£9), which in general is not bounded on L/ (£40)). Optimal inequality in
(8) is much more complicated even in the case of constant exponents. Probably (8) can be
improved in some particular case, see Theorem 2 below.

The last statement of this paper is the following theorem; the case where s and g are
constants it is given in [11, Theorem 1.2].

Theorem 2 Let sGClOC,ppl,pz g € P with 1<p <p <ool<p1§p1<oo

1<p; <p2 < o0, and 1 < g~ < gt < oo. Assume that;=—+p— Let V=(V,...,V)
€ (S(RM)" be vector field. Then for any f € S(R")

” “(zj(s(.)[v -V, A']f)/'eNo ”mw ||p(~)
SIS oVl - 0<s <5t <1

P2()4()

and
MO V. &1 ol $ v

+ 1 o VIl s

with—1 < s~ <sT <0.
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Proof The first estimate follows by Steps 1-2 of Theorem 1, with K = 1 and a = 0, while
the second one follows by the same arguments of Step 3 in Theorem 1. O

Remark 2 In Theorem 2 we present an improvement of (8) with 0 < s~ < st < 1and of (9)
with —1 < s~ < s* < 0. An extension of Theorem 2 to general case s € C}Sg is still open.
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