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Introduction

C/\«ractional calculus, a natural generalization of classical calculus, has emerged as a powerful
!./{ mathematical tool for modeling complex phenomena in various fields of science and engi-
neering. Unlike traditional integer-order derivatives, fractional operators incorporate memory and
hereditary properties of materials and processes, making them particularly suitable for describing
anomalous diffusion, viscoelastic materials, signal processing, and biological systems. The foun-
dations of this theory were established in the seminal works of Oldham and Spanier [20], Samko,
Kilbas and Marichev [23]], and later developed extensively by Podlubny [21] and Kilbas et al. [15].
The non-local nature of fractional operators allows for a more accurate representation of real-world
phenomena where the future state depends on the entire history of the system.

In recent years, a new branch of mathematics has gained significant attention: fractal calculus
and fractal-fractional calculus. This emerging field combines concepts from fractal geometry with
fractional calculus to describe processes occurring on fractal media or exhibiting fractal character-
istics. The concept of Hausdorff derivatives was introduced by Chen [11] to describe anomalous
diffusion phenomena, leading to the development of what is now known as Hausdorff calculus [17].
Subsequent research by Chen and his collaborators [13} 12} 8, [18] demonstrated the effectiveness of
this approach in modeling complex systems exhibiting power-law and stretched exponential behaviors.
More recently, Atangana [3]] established a formal connection between fractal calculus and fractional
calculus, introducing the concept of fractal-fractional differentiation and integration. The introduction
of fractal derivatives provides a powerful framework for modeling phenomena in porous media, rough
surfaces, and complex geometrical structures where traditional calculus falls short.

This master’s thesis focuses on the study and analysis of time-fractal fractional differential equa-
tions, aiming to develop both analytical and numerical approaches for their solutions. The work is
structured around a newly defined fractal derivative, which extends the classical derivative by incorpo-
rating a fractal time scale through transformations involving exponential functions, drawing inspiration

from the work of Yang [24]] on general calculi with respect to other functions.

In the first chapter, we present the fundamental mathematical concepts required throughout this

work. We begin by recalling the definition of the Caputo fractional derivative, both left and right-sided,



as presented in standard references [21, (15, 7], which serves as a reference point for our investigations.
The Chen-Hausdorff derivative [[11} [13] is then introduced as a bridge between classical and fractal
approaches. The core of this chapter is dedicated to defining a new fractal derivative of order @ € (0, 1],
inspired by the work of Yang [24], where we establish its fundamental properties including linearity,
product and quotient rules, and the chain rule. We also prove the continuity of a-differentiable
functions and introduce the associated fractal integral, demonstrating the inverse relationship between
the fractal derivative and its integral. These preliminary results form the theoretical foundation upon
which the subsequent chapters are built.

In the second chapter, we develop analytical methods for solving fractal fractional differential
equations. After reviewing the classical Laplace transform, we introduce its fractal counterpart
and establish its fundamental properties. A key result presented in this chapter is the theorem
linking the fractal Laplace transform of the derivative to the transform of the function itself. We
provide a comprehensive table of fractal Laplace transforms for elementary functions, including
exponentials, trigonometric functions, and polynomials. Using this framework, we solve several
initial value problems involving the fractal derivative, demonstrating how the fractal Laplace transform
converts these equations into algebraic equations in the transform domain. Through various illustrative
examples, we obtain exact solutions that reveal the rich structure of fractal dynamics, including
behaviors similar to those observed in Hausdorff dynamical systems [[14,/12], and these exact solutions
serve as benchmarks for the numerical methods developed later.

In the third chapter, we turn our attention to numerical approximation techniques, recognizing that
many fractal fractional equations cannot be solved analytically. We focus on the classical fourth-order
Runge-Kutta method, adapting it to handle fractal derivatives by first transforming the fractal equation
into an equivalent ordinary differential equation. Through a series of numerical experiments, we
compare the approximate solutions obtained via this method with the exact solutions from the previous
chapter. The results demonstrate excellent agreement, with absolute errors remaining remarkably small
throughout the computational domain. We provide tables of numerical values at discrete points to
quantify the accuracy, and graphical comparisons illustrate the convergence and stability of the method
for various values of the fractal order a.

In the fourth chapter, we extend our investigation to more sophisticated approximation techniques,
specifically spectral methods based on orthogonal polynomials. We introduce classical Legendre
polynomials on the interval [—1, 1] and their shifted counterparts on [0, 1], following the detailed
study presented in [1]]. A key theoretical contribution of this chapter is the derivation of a formula

for expressing the fractal derivative of a function approximated by shifted Legendre polynomials.

10



This result, presented with detailed proof, allows for the discretization of time-fractal fractional
equations into algebraic systems. We provide examples illustrating the application of this technique
and compare the results with both exact solutions and Runge-Kutta approximations. The spectral
method demonstrates high accuracy with relatively few terms, showcasing its potential for efficient

numerical simulation of fractal systems.

Through this work, we aim to introduce and systematically study a new fractal derivative with
well-defined properties, develop a complete analytical framework using the fractal Laplace transform,
implement and validate numerical methods adapted to fractal equations, and apply spectral methods
using shifted Legendre polynomials to fractal problems. The comprehensive set of examples and
numerical experiments presented throughout this thesis demonstrates the effectiveness of the proposed
approaches and their potential applications in physics, engineering, and applied mathematics, building
upon the rich theoretical foundations established in the fields of fractional calculus and fractal analysis

(20, 11}, 17, 15, 223 214 115 24]].



CHAPTER 1

BASIC CONCEPTS

(7 his chapter presents the main mathematical notions that will be used throughout this work. We
recall the definition of the Caputo fractional derivative and introduce the Chen—Hausdorff derivative.
Then, we define a new fractal derivative and study its fundamental properties, including linearity,
product and quotient rules, and the chain rule. Finally, we present the associated fractal integral and
establish its basic relationship with the new derivative. These preliminary results form the theoretical

foundation for the subsequent chapters.

1.1 Fractional derivatives of Caputo

Definition 1.1. [7] Leta > 0, and n = [a] + 1. The left Caputo fractional derivative of order « of f
is defined by:

@ 1 y n—a— n
Vt € [a,b], gD_'_f([):m'/av (l—T) lf( )(T)dT
We also define its analogous to the right.

Definition 1.2. Let @ > 0, and n = [@] + 1. The right Caputo fractional derivative of order a of f is
defined by:

Vielabl, SDUf(r) = (‘ ok /(T "L (1) dr.

1.2 The Chen Hausdorff derivative

Definition 1.3. The Chen Hausdorff derivative of the function [[11}[13] x(#) is defined as:

o o x(2) = x(0)
€ (x)(0) = lim ==, (1.1)
if x is differentiable, then
tl—a
C%(x)(1) = > x'(1). (1.2)

This definition is crucial for our work as it links fractal calculus to classical differentiation, enabling

the modeling of complex phenomena such as anomalous diffusion and porous media. Throughout

2



this research, we will adopt this derivative as our main tool for analyzing fractal fractional differential

equations.

Theorem 1.1 (Properties of the Chen-Hausdorff derivative [19]). Let f and g be a-differentiable

functions, and let A € R be a constant. Then the following properties hold:

1. Linearity:
C%af +bg) =aC*(f)+bC%g), Va,b € R.

2. Derivative of a constant:

C?(2) = 0.

3. Product rule:
C*(fe)(t) =CU(f) (1) g(t) + f(1) C*(g)(1).

4. Quotient rule:

oo (f) (1) = Cr(N)(1) g(r) - C*(g) (1) f(t)’

g gz(l‘) g(l) # 0.

5. Chain rule:
CU(fog)t) = f(g()C*(g)(1).

Proof. Parts (1) and (2) follow directly from the definition.

(af +bg)(z) — (af + bg)(1)

CU(f +8)(1) = lim

il
gl PO -H@O . (8)(@) —(9) )
7t 70 — 1@ it pr——

=aC(f) +bC(g).

For (3):
C*(f9)(0) = lim f(Z)g(Zzz :tJ;(t)g(t)
= C*(N)D)g@) + C*() () f (D).
For (4):
co (i ) (1 = SLDOEO - QWSO
8 8°(1)
For (5):We have

f(g(2) - f(g(®))

C(fog)r) = lim

ZCZ —_ t(l’
_ lim f(8(z)) — f(g(r)) g(2) —g(1)
= g(z) —g() =1
= f'(g(1)) C*(g)(1).



1.3 New fractal derivative

Definition 1.4. [24] Let a function x : I ¢ R — R. Then the fractal derivative D¢ of x of order
a € (0, 1) is defined by:

D" (x)(1) = lim =5, (13)

We say x is a-differentiable if F(¢) exist for all ¢ € 1.
if x differentiable , then

1-a

DY) (1) = -

ae!”

X (1) (1.4)

proof We have

DY (x)(t) = }g}n x(h) —x(1)

ox(h) —x(1) .. h—t
= lim lim — —
h—t h—t h—ot el — et”

= x'(t)————5—% use of Hospital’s Theorem
limy, . “—=—
l-a
_ ’
- G,’etax (t)'

or,

Direct use of L"Hospital’s .

Proposition 1.1. The definition [I.3|rewards The definition [I.4

Proof. Assume that x is differentiable and

l-a

CT(x)(1) = -

x'(1).

a

From the relation

DY (x)(1) = e C7(x) (1),

we obtain
o (117
DY(x)(t) = e’ (—x’(t)) )
a
Hence,
tl—w
D (x)(1) = —=x'(1) |
ae




Properties 1.1. The fractal derivative of order « satisfies the following properties for elementary

functions:
1. D*(1) =0.
2. DY(tP) = prtP™?.

3. D) = 1.

t(Y

@ @

5. D(ee ) = et
Remark 1.1. Let x o-differentiable, if @ = 1, then x is differentiable.

Theorem 1.2. If a function x : I C R — R is a-differentiable at ty, a € (0, 1), then x is continuous

at ty.

proof Since

h) —x(t o @
NORE APEOFLICOFE Y
eha Lt
Then,
h - t (o3 [e3
i x(R) — x(g)] = lim 2D —*00) b @B _ o5,
h—ty h—ty eha — el() h—tg
SO

}}i_r)xtlo[x(h) - x(t9)] = DY (x)(t0),

which implies that limj,_,,, x(h) = x(#), hence, x is continuous at 7.

The D satisfies all the properties in the following theorem.
Theorem 1.3. Let f and g are a-differentiable. We have,

1. D% af+bg) =aD(f)+bD*(g), foralla,b € R.

2. D¥(A) =0, for all constant functions f(x) = A.

3. DU(fe)1) = DU(NH)()g(r) + f()D(8) ().

4. Do (}é) (l‘) — D‘I(f)(t)g(;)z—(tz))a(g)(t)f(t)’ forg(t) £ 0.



Proof. Parts (1) through (2) in theorem [I.3|follow directly from the definition.
(f + g)(h) (f+8)@)

. )+ 50— £ 500

h—t eh” — et

DU(f+8)1) =

= lim M M

h—t el — et® h—>z eh? — et
=DU(f) + D(»).
in (2), for f(h) = Aand f(¢) =

Do) - jim L) =10

T —T =0.
For (3): Now, for fixed ¢,
_ lim Jf(h)g(h) = f(n)g(h) + f(H)g(h) = f(1)g(?)
h—t eh® — ot
o ) = g | F((g(h) = g(1)
[ he ra he 1@
h—t e —e h—>t e —¢

=DU(f)()g(1) + D(g) (1) f(2).
For (4): Now, for fixed t,

f _ f@)
f (1) = lim £ &0
h—t eh™ — et

— i L@ = F (g (h)

h—t g(h)g(r)(eh” —e'")

- F(Wg (1) = f(Dg(®) + f(Dg(1) ~ f(1)g(h)

gt g(h)g(r)(e"” —e!")
i S WSO @ f(0((h) ~ (1))

h—t eh" —et" g(h)g(t) h—t g(h)g(t)(e"” —e'”)
_D(NH®)s() - D‘”(g)(t)f(t)

g% (1)

since f and g are a-differentiable.

e (z)(t)zﬂ”f)(f)% 0@ DU (H(1g() - DU (R0 (1)
g g(1)? g(1)?

Theorem 1.4 (Fractal chain rule). Let f differentiable and g a-differentiable. We have,

D(f o g)(1) = f(g(1)D*(8) ().

6



Proof.

f(g(h)) - f(g(1))
h® — @
~im f(g(h)) — f(g() g(h) —g(t)
h—t  g(h) —g(1) he — t@

= f'(8(1))D"(8) ().

DY (fog)(1) = lim

1.4 Fractional YANG derivative

YANG in [24] generalized derivative with respect to another function is defined:

1

H,(t)x’(t), H'(t) > 0.

YD (y)(1) =

Remark 1.2. 1. If @ = 1, the YANG derivative Y D% and new fractal derivative D¢ coincide.
2. TfH(t) = ¢ then
D (x) () =" D*(x)(1)
1.5 Fractal integral

When it comes to integration, the most important class of functions to define the integral is the space

of continuous functions.

Definition 1.5 ([19]). Leta € (0, 1] andlet f : [0, +00) — R be a continuous function. The Hausdorff

fractional integral of order « is defined by
t
I,(f)(t) = / as® ! f(s)ds, t>0.
0
Definition 1.6 ([4]). by [1.4]Let @ € (0, 1],
t
L(f)(1) = / as® e’ f(s)ds.
0
One of the nice results is the following.

Theorem 1.5. fort, where f is any continuous function in the domain of 1.

Do (f)(1) = f(1).



Proof. Since f is continuous, then 1,(f)(?) is clearly differentiable.

Hence,
1 d
at® et dt
1 d ! a—1_s%
= WEA as e f(S) ds
1

= a,ta—let" Clta_letaf(t)

= f(1).

Theorem 1.6. Let f : R — R be differentiable and 0 < a < 1. Then,

D (L (f))(t) = Lo (f)(1)

I (D () (1) = f(2) - f(0).

proof We have

1 (D () (1) = /O as™ e D) (s) ds

= f() = f(0).

Remark 1.3. We say D*(I,(f)) (1) = I, (D*(f)) (1) if £(0) = 0.

1.6 The Cauchy Problem for Fractal Fractional Differential
Equations

1.6.1 Classical Cauchy Problem
Definition 1.7 ( [2]). Let / € R be an interval, ¢y € I, and yy € R". Let
f:IxR"—>R"

be a given function.

The Cauchy problem (or initial value problem) consists of finding a function
y:I—-R"

such that

y(to) = yo.

If f is continuous in a neighborhood of (79, yo), we look for a solution y € C!(1).

{y’(r) = f(Ly(0), 1€l

8



Theorem 1.7 (Picard—Lindelof Theorem [2]). Let I C R be an interval containing to, and let
f:IxR"—>R"

be continuous on a region Q C I - R" containing (ty, o).
Suppose that f satisfies a local Lipschitz condition with respect to y on , i.e., there exists a

constant L > 0 such that

1/ y0) = f@y2)ll < Lllyr = yall

forall (t,y1), (1,y2) € Q.

Then there exist an interval J C I with ty € J and a unique function
y € C'(J,R")

such that

{y'(f) = f(t,y(), telJ,
y(to) = Yo.

1.6.2 Fractal Cauchy Problem

In this work, we are interested in the following fractal Cauchy problem involving the fractal derivative

P defined in the previous section:

D%(t) =u(t) + f(t), t>0, ae(0,1],
u(0) = uy,

(1.5)

where D¢ is the fractal derivative operator, f(¢) is a given source term, and ug is the initial
condition.
Using the relationship between the fractal derivative and the classical derivative:

l-a

Du(r) = -

u'(t),

(0

the fractal Cauchy problem can be transformed into an equivalent classical initial value problem:

(4

W (1) = %z (u(t) + £(1)), >0,
u(0) = up.

(1.6)

This formulation allows us to apply classical analytical and numerical methods, such as the fractal
Laplace transform and Runge-Kutta schemes, to obtain exact and approximate solutions for fractal

fractional differential equations.



CHAPTER 2

ExAcTt SOLUTIONS OF FRACTAL FRACTIONAL
DIFFERENTIAL EQUATIONS USING THE
FrRAcCTAL LAPLACE TRANSFORM

(We investigate fractional differential equations involving the fractional fractal derivative using
both analytical and numerical approaches. First, we introduce the definition of the Laplace transform
associated with the fractional fractal derivative, based on reference [A], and employ it to obtain exact

solutions for several fractional fractal differential equations.

2.1 Classical Laplace Transform

Definition 2.1. [16]If f is a function (locally integrable), defined on R, with values in C, we call the

classical Laplace transform of f the function

LK) = /0 ey de = tim /0 S e p () db, @.1)

for the values of s for which this integral converges.

2.2 The fractal Laplace transform

Definition 2.2. [24]Let 0 < @ < 1 and f : R — R be a real valued function. Then the fractal Laplace

transform of order @ of f is defined by:

LAFD}(5) = Fals) = /O et (1) 1o dr.

Theorem 2.1. Let 0 < @ < 1 and f : R — R be a differentiable real valued function. Then,

Lo (D (N D)) (5) = sFals) — e £(0).
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proof We have

LD (HD}(s) = a /0 ¢ D)) 17 dr

0 ta 1 1
—se ’ a-1 1%
a e —— ()t e’ dt
| e
(o] ’(I
/ e f'(r)dt
0

= [ F]T - as / e F() 19 e di
0

== f(0) + sDy(s).
Lemme 2.1. Let f : R — R be a function such that L,{f(t)}(s) = Dy (s) exists. Then

Fols) = L{f((logt)l/“)} (s),
where
L{g(O}(s) = /1 ~S1g(r) dr.

Proof.

The proof follows by the change of variable u = ¢’". Then

I > 00 = U — 0.

{t—>() = u—-1,

a
Fromu = e, we get

t= (logu)i.

Differentiating, we obtain

du = at® e dt = at* 'u dt,

which gives

1 1
dt = —(logu)e™' = du.
o u
Substituting into the definition of the transform, we obtain
La{f(D}(s) = / " f(0) e dr.
0
Using the change of variable, this becomes
<o 1
LAf 0} = [ e F((logu) du.

Hence,

Da(s) = L{f((logt)"/*)} (s).

11



Proposition 2.1. 1. If the functions f and g are transformable, then there is the transform of the

sum and is equal to the sum of the transforms, that is:

La{f+g} = La{f} + La{g}

2. If the function f is transformable and A is a real number, then there is the transform of product

of A by f and is equal to product ofAby the transform of f , that is:

Lo{Af} = ALo{f}

proof Taking into account the two previous propositions, we say that L,, is a linear operator.
The following table summarizes the most important and commonly used fractal Laplace transforms
for functions depending on t“. These results are essential for solving fractal fractional differential

equations analytically.

Function f(7) | Fractal Laplace Transform £,{f(¢)}(s)
)
1 e—, s>0
—(sia)
e'“eta 4 , §>-—a
T
e’ il —+—2), s>0
s s
A —(s+1)
e i B |
g+1
sin(t%) / e ¢* sin(x) dx
0
cos(t%) / e ¢* cos(x) dx
0

Table 2.1: Table of Fractal Laplace Transforms.

This table clearly displays the fractal Laplace transforms of various elementary functions, showing
their explicit dependence on the fractal order @ through the argument . These transforms will be
used throughout this chapter to obtain exact solutions of fractal fractional differential equations.

Proof From definition directly.

2.3 Fractal Inverse Laplace Transform

The fractal inverse Laplace transform is an extension of the classical inverse Laplace transform,
applicable to functions and systems described by fractional-order derivatives of order @ € (0, 1]. Let
F(s) denote the Laplace transform of a fractal function f(¢), defined for r > 0. The fractal inverse

Laplace transform, denoted by £ !, is the operator that reconstructs f(¢) in the time domain while

12



accounting for the non-integer derivative order:
f(6) = LHF(9)}
In the context of a fractal differential equation:
DUf(1) = g(1), R0 = fi, k=0,....n-1, n-l<a<n,

where D¢ denotes the fractal (or fractional) derivative of order «, the Laplace transform [22] of

DY f(1) is given by:

n-1
LD (D)} = s"F(s) - ) 5" 0 0%).
k=0
The time-domain solution f(¢) is often expressed using the Mittag -Leffler function E,(z), which
generalizes the exponential function to fractional systems [3]:

a—1

-1

£t = Z F(M)k for F(s) = SS

This approach provides a rigorous framework for solving fractional differential equations and
analyzing systems exhibiting memory effects or fractal dynamics, which cannot be captured by

classical integer-order models.

2.4 Problem Formulation

In this section, we take the problem for fractional differential equation of order «, given by

D%u(t) =u(t) + f(1), a €]0,1],
{ u(0) = ug . (22)

In order to solve problem (2.2)), we transform it into an equivalent problem involving a classical
derivative by relying on (1.3) related to the fractional fractal derivative. Consequently, the fractional

fractal differential equation is reduced to an ordinary differential equation with a classical derivative

2.4.1 Exact solutions using the fractal Laplace transform

In this section, the fractal Laplace transform was used as the main tool to solve fractional differential
equations, whether ordinary equations or linear systems, while taking into account the fractal order
. The method is based on first transforming the fractional differential equation into an algebraic
equation in the fractal Laplace space, then solving this equation to obtain the function D, (s), and
finally returning to the time domain using the inverse fractal Laplace transform to obtain an explicit

solution that depends on .

13



Example 2.1. Consider the fractal initial value problem:

Applying the fractal Laplace Transform to both sides of equation (2.3), we get
LoDy (1) = Loy (1)(s)
by Theorem [2.1],we have
Lo D(t) = sDy(s) — e y(0) (2.4)
=s5Do(s) — e yo (2.5)
and by Proposition [2.2]
Lody(1)(s) = ADa(s) (2.6)
hence
—s
Da(s) = Yo
i
We using the inverse fractal Laplace transform and table
L' Do(s)(1) = L'l( " )(S)e Yo
= e ey
the exact solution of example isy(t) = ete” e yo.
Example 2.2. Consider the fractal initial value problem:
{ Z?O)y(t)y; f(t) +1, t>0, 27
Applying the fractal Laplace Transform to both sides of equation we get
LoDy (1) = Lay(1)(s),
by theorem [2.1],we have
LoDy (1) = sDa(s) — e’ y(0) (2.8)
=s5Do(s) —e’yo (2.9)

14



and by proposition [2.2]

Lﬂy0)+1ﬂx):z%(@-kéi

hence

e
e’ e’
R

-

We using the inverse fractal Laplace transform and table

L' Dy = L (<5 (5) + 11

e e 1.

the exact solution of example is y(t) = e el 1.

Example 2.3. Consider the fractal initial value problem:

|

Applying the fractal Laplace Transform to both sides of equation [2.3] we get

by Theorem [2.1],we have

LoD (1) = sDq(s) — e’ y(0)

and by proposition [2.2]

hence

DY) = e,
y(0) = 0.

LoD (t) = Lo(e™)

= 5Dy (s)

p—

sDq(s) = 1

%)

Da(S) = —E +

t>0,

s—1°

-

e
s —

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)



We using the inverse fractal Laplace transform and table [2.1]

L Du ()W) = L' () + 1 (=)
=" -1,

the exact solution of example is y(t) = e —1.

Example 2.4. Consider the initial value problem

D%(t) = u(t) —tcos(t) + H%(cos(t) — tsin(t)), a €]0,1], (2.15)
u(0) = 0. '
The exact solution for this problem is u(z) = tcos(t).
Proof Verification of exact solution example [3.10]
Consider the fractional initial value problem
tl—a/
D%u(t) = u(t) —tcos(t) + (cos(r) — 1 sin(z)) (2.16)
a
Using the Chen—Hausdorff definition
a 1 l-a,,/
D(t) = —t %' (1),
a

we obtain
-

ltl—“u'(z) = u(t) —tcos(t) + t—(cos(t) — tsin()).
04 04

Multiplying by !, we get
W' (1) = at® u(r) — ar® cos(t) + cos(z) — 1 sin(z).

Rewriting,
' (1) — at® 'u(r) = —t® cos(t) + cos(z) — ¢ sin(z).
The integrating factor is
u(t) =e™".
Then

%(u(t)e_’a) = ¢ (= at” cos(r) + cos(r) — tsin(r)).

Since

d .
E(I cos(r)) = cos(t) — tsin(z),
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we obtain

d ey d e
E(u(t)e )—dt(tcos(t)e ).

Hence

u(t)e™ =tcos(t) e +C,

SO

u(t) = tcos(t) + Ce'".

Using u(0) = 0, we get C = 0, hence

u(t) = tcos(t).

Since both sides coincide and the assumed function satisfies the equation, the function

u(t) =t cos(t) is the exact solution.

Example 2.5. Consider the initial value problem

{ Du(t) = u(r) - te™ + = e (1 - 1), a €]0, 1], 2.17)

u(0) =0

The exact solution for this problem is u(t) = te™".

Verification of exact solution for Example [3.8]
Consider the fractional initial value problem
tl—a
D%u(t) =u(t) —te™" + —e(1-1), u(0) = 0. (2.18)
o
Using the Chen—Hausdorff definition

1
D(r) = —t'"%/' (1),
a

we obtain
1-a

1 t
() = u(t) —te™ + —e (1 —1).
a a

Multiplying both sides by at*~!, we get
W' (1) = at® u(t) — et + (1 -1).
Rewriting, we obtain the linear equation

W' (1) — at® u(r) = —ar%e™ + (1 - 1).

17



The integrating factor is

t(l

u(t) =e”

Multiplying the equation by u(7), we get

%(u(r)e‘ta) =e " (—ate +e7'(1-1)).

Since
d
E(te_t) =e'(1-1),
we deduce that

d —t¢ _i -t —t¢
E(u(t)e )—dt(te e ).

Integrating both sides yields

u(t)e™ =tele™ £ C.

Thus,

u(t) = te™ + Ce'".

Using the initial condition u(0) = 0, we obtain C = 0. Therefore,
u(t) =te™.
Hence, the exact solution is u(t) = te™.

Example 2.6. Consder the initial value problem

Du(t) = u(r) - sin(t) - = cos(1), @ €10, 1], 2.19)
u(0) =0 '
The exact solution for this problem is u(t)=sin(t).
Proof Verification of exact solution for Example [2.19]
Consider the fractional initial value problem
tl—a
D%u(t) = u(r) — sin(z) — cos(1), u(0) = 0. (2.20)

Using the Chen—Hausdorff definition
o 1 l-a, s
D%(t) = —t "% (1),
a

we obtain
tl—a

A (1) = u(e) = sin(t) — — cos(0)

[0

18



Multiplying both sides by @', we get

W' (1) = at® u(r) — ar®sin(z) — cos(t).

Rewriting,

u' (1) — at® tu(r) = —atsin(t) — cos(t).

The integrating factor is

[(1/,

u(r) =e”

Multiplying by u(t),

dt

Since

d .
E(sm(t)) = cos(1),

we deduce that

dt

Integrating,

i(u(t)e_’a) = ¢ (- at”sin(1) - cos(t)).

2 (Y- %(sin(t) )+,

u(®)e™ =sin(r) e +C.

Thus,

u(t) = sin(t) + Ce'".

Using u(0) = 0, we obtain C = 0. Hence,
u(t) = sin(z).

Example 2.7. Consider the initial value problem

{ Du(r) = u(r) - 1 + =01,
u(0) =0

The exact solution for this problem is ,u(z) = 1>

Proof Proof
Verification of exact solution for Example 2.21]
Consider the fractional initial value problem

1-a

D%(t) = u(t) —1* + !

2t,
07
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Using the Chen—Hausdorff definition

Z)“u(t) a/ 1 -« /(t)

we obtain
1 1 -,/ tl_a
W' (1) = u(t) — 1> + 2t.
a o
Multiplying both sides by a*~!, we get
' (1) = at® u(r) — ar®® + 21.

Rewriting,

u' () — at® u(r) = —ar®? + 21

The integrating factor is

u(t) =e™".
Multiplying,
%(W)e—f") = e (— ™2 4 24)
Since
%(tz) =21,
we obtain
(e ™) = (e )
Integrating,
u(t)e™ =t*e™ +C
Thus,

u(t) =2 + Ce'"

Using u(0) = 0, we get C = 0. Hence,

u(t) = 2.
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CHAPTER 3

APPROXIMATE SOLUTIONS OF FRACTAL
FRACTIONAL EQUATIONS

O n this chapter, we focus on constructing approximate solutions for fractal fractional differential

equations through the application of the classical fourth-order Runge—Kutta method (RK4).

3.1 Approximate solution of deformable fractional equation by
Rang-Kutta-4 method

3.1.1 Fourth Order Runge-Kutta Method (RK4)

This method was investigated by two German mathematicians, Runge around 1894 and later extended
by Kutta [10]. It is one of the most important numerical methods known as the Runge-Kutta method,
which allows us to obtain greater accuracy at each step while requiring only an initial value of y(x)
together with the differential equation.

The Fourth Order Runge-Kutta Method is most commonly used in all engineering applications. It

is broadly used for solving initial value problems (IVP) for ordinary differential equations (ODEj5).

General Formula

Consider the initial value problem

dy _
{Ey - f()C, y)’ (31)

y(x0) = yo,

and let the step size be h. Define:

ki = hf(x0.0),

k2=hf(xo+ﬁ, y0+ﬁ),

2 2
h ko

k:h( + -, +—),
3= hf|xo 5 Yo+ =

ky = hf(xo+ h, yo+k3).
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Then the next value is computed as:

|
Ynel = Yn + 5("1 + 2k + 2k3 + k4), n=0,1,2,3,... (3.2)

RK4 Procedure
1. Identify f(x,y), x0, Yo, and the step size h.
2. Compute k1, k7, k3, k4 using the formulas above.
3. Update y,+; using the weighted sum of k values.

4. Repeat the process for the required number of steps.

3.1.2 Numerical solution of example

Figure shows the comparison between the numerical solution obtained by the fourth-order Runge—
Kutta (RK4) method and the exact solution. The left plot illustrates the excellent agreement between
both solutions, confirming the high accuracy of RK4. The right plot presents the absolute error, which

remains very small over the whole interval, demonstrating the stability and convergence of the method.

Example 3.1. Consider the following fractal Cauchy problem with the initial condition,

D%(t) =u(t) +1, € (0,1],
u(®) =u(®+1, ae(©1] a3
u(0) = 0.
The exact solution for this problem, derived using the fractal Laplace transform [4, 3], is:
w(@) = e 11, (3.4)

The equivalent standard differential problem is obtained by applying the definition D (u)(¢) =

[l—zr

=u' (1) [5, 4]:

el

{u’(t) =S (u(n) +1), ae(01], (3.5)

u(0) = 0.

The table presents a numerical comparison between the approximate solution computed using the
fourth-order Runge-Kutta (RK4) method and the exact solution at different points of the interval. We
observe a strong agreement between the two values at all nodes, as the absolute error remains relatively
small and gradually decreases as we move along the domain. This behavior indicates the high accuracy
and numerical stability of the method, and confirms its ability to provide a reliable approximation of
the true solution even with a moderate step size. The results also suggest that the method possesses
the convergence property, which is consistent with the theoretical fourth-order accuracy of the RK4

method.
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The time t | Exact solution | Approximate solution | Absolute error
0.0000 0.0000 0.0000 0.0000
0.2000 0.4660 0.4655 0.0005
0.4000 0.9970 0.9965 0.0005
0.6000 1.7510 1.7500 0.0010
0.8000 2.8640 2.8625 0.0015
1.0000 4.5745 4.5730 0.0015

Table 3.1: Comparison between RK4 numerical solution and exact solution with absolute error for
N=5 (a = 0.7).

The time t | Exact solution | Approximate solution | Absolute error
0.0000 0.0000 0.0000 0.0000
0.1000 0.2284 0.2281 0.0003
0.2000 0.4660 0.4655 0.0005
0.3000 0.7173 0.7168 0.0005
0.4000 0.9970 0.9965 0.0005
0.5000 1.3170 1.3163 0.0007
0.6000 1.7510 1.7500 0.0010
0.7000 2.2300 2.2287 0.0013
0.8000 2.8640 2.8625 0.0015
0.9000 3.6400 3.6380 0.0020
1.0000 4.5745 4.5730 0.0015

Table 3.2: Comparison between RK4 numerical solution and exact solution with absolute error for
N=10 (@ = 0.7).

Exact Solution : : ®
® RK4 Approximation : :

i ; i i i i ; i i
0.1 0z 03 04 05 06 07 03 049 1
t

Figure 3.1: Comparison of the numerical and exact solutions of the example fora =0.7

Example 3.2. Consider the initial value problem

{ C%l(t) = u(t) —tcos(t) + %(cos(t) — tsin(t)), a €]0,1], (3.6)

u(0) =1
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Absolute Error

Figure 3.2: Absolute error between the numerical and exact solutions for example fora =0.7

The exact solution for this problem is u(z) = tcos(t).

The equivalent problem for [3.6]is as follows

W' (1) = 55 (u(t) — tcos(t)) + cos(1) — tsin(1), a €]0,1], 3.7)
u(0) = 1. ’
Exact wvs RK4 Solution
RK4 solution
'] Beoenmzes ........ ......... \ ........ ......... ..... o E}{act Sﬂlutiﬂn a

i

- A S B TS B R
oo . :

Figure 3.3: Comparison of the numerical and exact solutions of the example fora =0.6
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w10 Ahsolute Error
1A ! ! ! ! : !

Figure 3.4: Absolute error between the numerical and exact solutions for example |3.6| with a = 0.6.

Example 3.3. Consider the initial value problem

tl—af

Cou(t) =u(t) —te™ + —e (1 -1), a €]0,1], (3.8)
u(0) =0

The exact solution for this problem is u(t) = te™.

The equivalent problem for [3.8]is as follows
W (t) = 5 (u(t) —te™) + e (1-1), a €]0,1], (3.9)
u(0) = 0.

Exact vs RK4 Solution
0.4 T T T T T T

Exact solutions PR UU TP R PPTR PN
+  Approximate golutions by R4

Figure 3.5: Comparison of the numerical and exact solutions of the example for a=0.8

Example 3.4. Consder the initial value problem

{ Cou(r) = u(t) — sin(t) — " cos(1), @ €]0, 1], (3.10)

u(0) =0
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The exact solution for this problem is u(t)=sin(t).

The equivalent problem for [3.10]is as follows

{ u'(t) = tl%(u(t) —sin(t)) — cos(t), a €]0, 1],

#(0) = 6. (3.11)

Exact vs RK4 Solution

RK4 solution
@ Exact solution

Time t

Figure 3.6: Comparison of the numerical and exact solutions of the example fora =0.8

w10° Absalute Error

Figure 3.7: Absolute error between the numerical and exact solutions for example fora =0.8
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Example 3.5. Consider the initial value problem

(3.12)

{ Cou(r) = u(t) — 12 + ’%"2@ a €]0,1],
u(0) =0 .

The exact solution for this problem is ,u () = t>. The equivalent problem for is as follows

tl-a

w' (1) = 2% (u(t) — 1) + 21, @ €]0,1],
{ O =0 (3.13)

Exact vs R4 Solution
: : : : | : Rk4 solution
= Exact solution

Figure 3.8: Comparison of the numerical and exact solutions of the example for @ = 0.85
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w10 Ahsolute Error
14 ! ! ! : : !

Figure 3.9: Comparison of the numerical and exact solutions of the example for @ = 0.85
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CHAPTER 4

APPROXIMATE SOLUTIONS OF TiIME-FRACTAL
FRACTIONAL DIFFERENTIAL EQUATIONS

I n Chapter 4, we focus on finding approximate solutions to time-fractal fractional differential
equations. We combine spectral methods using Legendre polynomials (for spatial discretization) with
classical numerical schemes like the Euler method (for time integration). Numerical examples with

plots are presented to show the effectiveness of these methods.

4.1 Legendre Polynomials and Shifted Legendre Polynomials
4.1.1 Classical Legendre Polynomials

The classical Legendre polynomials P,(x) defined on the interval [—1,1] [9] are given by the

following recurrence relation:

P()(X)Zl,

Pi(x) = x, 4.1)
Pt = 2 by =P (), i=1.2.3

) N T i\ X) T Ty -1 2 0 - -

The first few Legendre polynomials are:

Po(x) =1,

Pi(x) =x,

Pa(x) = %(sz - 1),
P3(x) = %(Sx3 — 3x), (4.2)
Py(x) = %(35x4 ~30x? +3),

1
Ps(x) = g(63x5 —70x> + 15x).
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4.1.2 Shifted Legendre Polynomials

For problems defined on the interval [0, 1], it is convenient to use the shifted Legendre polynomials
P (x). These are obtained by applying the change of variable z = 2x — 1 (or equivalently x = %(z +1))
to the classical Legendre polynomials.

The shifted Legendre polynomials satisfy the following recurrence relation [20]:

Pi(x) =1,

Pi(x) =2x -1, (4.3)
. Qi+D)(2x-1) i .

P (x) = 1 Pi(x)—mPl._l(x), i=1,2,3,...

4.1.3 Explicit Analytical Form

The shifted Legendre polynomials can also be expressed in an explicit analytical form [20]:

N ik I'(i+k+1) 7 W
Pi(X)—kZ:;)( 1) T kDTG DE" i=0,1,2,... (4.4)

where I denotes the Gamma function. This representation is particularly useful when computing
fractal derivatives, as it expresses the polynomial as a linear combination of power functions.

The first few shifted Legendre polynomials obtained from this formula are:

Py(x) =1,
Pi(x) =2x -1,
P (x) = 6x> — 6x + 1,
4.5)
Pi(x) = 20x* = 30x% + 12x - 1,
P;(x) = 70x* — 140x° + 90x* — 20x + 1,
P%(x) = 252x° — 630x* + 560x° — 210x% + 30x — 1.
4.1.4 Orthogonality Property
The shifted Legendre polynomials satisfy the following orthogonality property on [0, 1] [20]:
1 —, ifi=j
/ P (x)P3(x) dx = {20+ 1 (4.6)
0 0, ifi# ]

This property is fundamental for series expansions, as it allows the efficient computation of the

coeflicients in a Legendre series.
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4.1.5 Function Approximation Using Legendre Polynomials

A continuous function g(x) defined on [0, 1] can be approximated by a truncated Legendre series [9]:

N
g(x) ~ Y ciP}(x) (4.7)

i=0

where the coeflicients c¢; are given by the orthogonality property:

1
c,-:(2i+1)/ g(x)P;(x)dx, i=0,1,2,...,N (4.8)
0

This approximation has the property that it minimizes the L? error for a given N, and for smooth

functions, the coefficients decay rapidly, leading to high accuracy even with a small number of terms.

4.1.6 Rodrigues’ Formula

Legendre polynomials can also be defined using Rodrigues’ formula [6]:

1 d

Polx) = oo 7

((x2 u 1)”) 4.9)

For shifted Legendre polynomials, the corresponding formula becomes:

n

PaOE i e

((4x2 - 4x)”) (4.10)

4.1.7 Useful Properties

Legendre polynomials possess several important properties that make them particularly suitable for

spectral methods:
1. Boundedness: |P;(x)| < 1 forall x € [0, 1]
2. Endpoint values:

P;(0) = (=1), Pi(1)=1 4.11)

3. Derivative recurrence:

d * . k d %
EPiH(x) = 2i+ 1P/ (x) + EPi_l(x) (4.12)
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4. Integral representation:
1 [r” i
Pi(x) = —/ [2x —1+2iVx - x2cos 9] 6 (4.13)
T Jo

These properties, combined with the explicit form (4.4), make shifted Legendre polynomials an
excellent choice for approximating solutions to fractal fractional differential equations, as they allow
straightforward computation of fractal derivatives through term-by-term differentiation of the power

series representation.

4.2 Problem Formulation

We consider the following time-fractal fractional diffusion equation:

0%u(x, 1)

(@)
D 1) =
poun) ox?

+f(x, 1), 0<x<1, 0<t<T (4.14)
with:
* Initial condition: u(x,0) = g(x),0<x <1
* Dirichlet boundary conditions: u(0,¢) = ¢(t), u(1,1) =¢(t),0<t<T
where:
1 0 < @ < 1 (order of the temporal fractal derivative)
s Z)t(a) denotes the fractal derivative of order « with respect to ¢.

4.3 Evaluation of the Fractal Derivative Using Shifted Legendre
Polynomials

One of the main advantages of using shifted Legendre polynomials is the ability to express their fractal
derivatives in terms of power functions, which simplifies the numerical solution of fractal fractional

differential equations.

Theorem 4.1. Let u,,(x) be an approximation of a function u(x) expanded in terms of shifted Legendre

polynomials as:

m

tn(x) = > P} (x) (4.15)

i=0
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where P; (x) is defined as in (4.4). Then, the second ordinary derivative of u,,(x) can be expressed

as.

Zc Qi x*~ (4.16)

i=2 k=2

where the coefficients Q; i are given by:

4T+ k+1)  k(k-1)

=R TR ) TR @17

or equivalently:

YV APENY:: rG+k+1)
Qix = (=1) Ti—-k+O)L(k+ )T(k=1) (4.18)

Proof. We begin by differentiating the series representation of P} (x) term by term. From (4.4), the

first derivative is:

d . . < 1. I(i+k+1) ke
Epi(x)‘;( D ks DT X (“4.19)

Differentiating again:

/, rG+k+1) ' N k-2
d a0 = Z( F(z‘ Tt DGR k=D (4.20)
Then:
dzum 3 n ' d2 . B 2 ' d i—k F(l +k+ 1) k=2
W‘;C’Epf (x) —Zc, (-1) EFSTSCTIE ck(k-1)x*2 @21

Define Q;  as in (4.17):

(-1 )ZkF(z+k+1) k(k—1)
Qi = (-

Ti-k+1) [C(k+D]2 *422)

Using k(k — 1) = Ezif}; we get the equivalent form (4.18). Thus, (.21)) can be written as

@TS). .
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4.4 Legendre Collocation Method for Time-Fractal Fractional
Equations

We now apply the Legendre collocation method to solve problem (4.14) numerically.

We seek an approximate solution of the form:

m

tn(x,8) = D" ci(1) P} (x) (4.23)

i=0
where c;(¢) are unknown functions of time to be determined.

We substitute the approximation (4.23) into equation (4.14):

(@ ) 3 9*P; (x)
;@5 NedDPH(x) = ;ci(t) Tm ). (4.24)

Using the definition of the temporal fractal derivative for 0 < a < 1:

1-a

D (0] = —c{(1) (425)
Equation (4.24) becomes:
m _l-a m. i
Z ta/ c;()P; (x) = Z Z ci(0Qixx" 2 + f(x,1) (4.26)
i=0 i=2 k=2

We choose the collocation points x, as the roots of the shifted Legendre polynomial P, (x), i.e.:

P,(xy) =0, p=12,....m 4.27)

These points are well-known to provide excellent approximation properties.

Evaluating equation (4.26)) at each collocation point x,:

m l-q m i
Z ta ci(t) P} (xp) — Z [Z Qi,kxfj_zl ci(t) = f(xp, 1), p=1,....m (4.28)
i=0 i=2 Lk=2

4.4.1 Auxiliary Functions

For convenience, we define:
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So(xp) = Sl ()Cp) =0 (4.29)

Si(xp) = Z Quxk?2 i=23,....m. (4.30)
k=2

Equation (4.28) can then be written as:

m l-q m
D la HOP () = Y Silxp)ei®) = feput)e p=1Li....m. 431)
i=0 i=0

4.4.2 Boundary Conditions

Applying the boundary conditions to the approximation (4.23)) and using the endpoint values (.11

u(0,1) = Y ei(PF(0) = Y ci(D) (1) = (1) (4.32)
i=0 i=0
u(1,0) = ) c(®P;(1) = ) ci(t) =w(1) (4.33)
i=0 i=0

4.4.3 Matrix Formulation

Equations (4.31)) (m equations) together with (4.32)) and (4.33)) (2 equations) form a system of m + 2

first-order ordinary differential equations for the unknown coefficients ¢;(7).

We write this system in matrix form:

A()X'(t) — BX(1) = F(7) (4.34)

where:

X(1) = [co(2), c1(2), ..., cm(2)]T is the vector of unknown coefficients

A(t) is an (m + 1) X (m + 1) matrix with entries %Pl* (xp) for the first m rows, and zeros for

the last two rows

Bisan (m + 1) X (m + 1) matrix that does not depend on time

F(t) is the source vector defined by:
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More explicitly:

A(t) = !

f(x0,1)

where S;(x,) are defined as:

and So(x,) = S1(x,) = 0. The coefficients Q;  are given by:

f(x1,1)
F(f) = :
D=t
@(1)
W (1)
Pi(x0)  Pj(x0) P, (xo0)
Py(x1)  Pj(x1) Py (x1)
1-a . . .
PiGinet) PiCont) o Poy(onet)
0 0 0
0 0 0
So(xo)  Si(xo0) Sm (x0)
So(x1)  Si(x1) Sm(x1)
- Ve s s
So(xm-1)  S1(xXm-1) Sm(Xm-1)
1 5 (—1)m
1 1 1
Si(xp) = Z Qixxy 2, 22
=
o i_kF(i+k+1). k(k—-1)
Qix = (=1) CGi-k+1) [T(k+1)]?

4.5 Numerical Solution Using Euler’s Method

To solve the system of ODEs (4.34), we employ the forward Euler method.

4.5.1 Time Discretization

Divide the time interval [0, 7] into N equal steps of size t = T/N. Lett, = ntforn =0,1,...

and denote:

X" =

Note that B is constant in time.

X(ty), A" =A(ty),
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F" = F(1,)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)
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4.5.2 Euler Approximation

Using the forward difference approximation for the derivative:

, Xn+l — X"
X'(tn) ¥ ———
Substituting into (4.34) evaluated at 7,,:
Xn+1 — X"
A'——— - BX"=F"

T

4.5.3 Recurrence Formula

Multiplying both sides by 7:

AMX™M XM — tBX" = TF"

Rearranging terms:

ATX" = APX? 4 T BX" + TF"

Solving for X"*!:

X" = X"+ 7(A)H(BX" + F")
Note that since A" is not a square matrix, we use the pseudo-inverse:
X" = X" + tinv(A") (BX" + F").

4.5.4 Initial Condition

From the initial condition u(x,0) = g(x):

D ci(0)PF(x) = g(x) (4.40)
i=0
Using the orthogonality property (4.6)), the initial coefficients are given by:

1
¢;(0) = (2i + 1)/ gx)Pi(x)dx, i=0,1,....m
0
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4.6 Algorithm Summary

Algorithm 1 Euler’s Method for Time-Fractal Fractional Equations

i. Initialization:

a. Choose m (number of Legendre basis functions) and N (number of time steps).
b. Compute time step 7 = T/N.

c. Compute collocation points x, (roots of P, (x)), p =1,...,m.

d. Compute matrix B using and (4.38).

e. Compute initial coefficient vector X° using (#.33).
ii. Time Marching:
a. Forn=0to N - 1:

i. Compute ¢, = nrt.
ii. Compute matrix A" = A(t,) using (4.40).
iii. Compute source vector F" = F(t,).
iv. Compute X"*! = X" + 7 (A")~! (BX" + F").
iii. Output:

a. Coefficients c;(t,) for each time step.

b. Approximate solution u,, (x,1,) = X", ¢;(t,) P} (x) at any desired x.

4.7 Numerical examples

In this part, we present some examples to illustrate the method and show that the algorithm works

correctly and gives accurate numerical results.

Example 4.1. Consider the following time-fractional differential equation:

%u(x,1)
Ox?

u(x,0)=0, 0<x<1
u(0,1) =0, u(l,r)=0, 0<r<l1

D u(x,1) = +f(x,f), 0<x<1, 0<r<l

where @ = 0.5 is the fractional order parameter, and D,(“) denotes the fractional derivative of

order a.
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The source term is given by:

tl—cx
(x—x)+2t, O<a<]l

fx1) =

[0

For a = 0.5, this becomes:

0.5
Flxt) = ;—S(x ) 42 =205 (x =4 + 2

The exact solution of this problem is:

Uexact (¥, 1) = 1(x = x%)

We solve this problem using the Legendre collocation method with m = 3 (using shifted Legendre
polynomials up to degree 3). The time interval [0, 1] is divided into N = 5 time steps with step size
h=T/N =0.2.

The shifted Legendre polynomials used are:

Pl(x)2x~ 1
P3(x) = 6x> — 6x + 1
Pi(x) =20x° = 30x% + 12x — 1

The numerical solution is approximated by:

tnum (X, 1) = co(1) + c1 (1) Py(x) + c2(1) P (x) + c3(1) P3(x)

where the coefficients c((?), c1(¢), c2(t), c3(¢) are determined at each time step.
The collocation points x( and x| are chosen at the boundaries of the domain.
The matrices G and K are constructed as follows:

1 Pi(xo) Pi(xo) Pi(xo)
_ 71 PG Pi(xn) P5(x)

G a |0 0 0 0
0 0 0 0
1 PT(X()) P;(Xo) + 12 P;(XO) - 60
oo |1 PiG) i)+ 12 Py(x) - 60 + 120
I -1 1 -1
1 1 1 1

The source vector is: 1
t -

2
(xo —x5) +2t

a

1-a 2
Fe —(x —xy) +2t
0

0
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At each time step, we solve the linear system:
(G- hK)V =GV + hF

where V) contains the coefficients from the previous time step, and V contains the new coefficients

[co, c1,c2,c3]T.

The numerical solution is then compared with the exact solution, and the errors are computed

1
L, error = \// (texact — unum)z dx
0

Lo €ITor = max |Uexact — Unum|
0<x<1

The figures (4.1)-(4.4) shows the exact and numerical solutions at different time steps, while

using:

Figures (4.6a),(d.6b) display 3D visualizations of both solutions and the error between them.
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Figure 4.1: Planar representation of exact and
approximate solutions for fractional order @ =
0.75overt =1

Figure 4.3: Planar representation of exact and
approximate solutions for fractional order @ =
0.50vert=02-04-0.6-08-1
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Figure 4.2: Planar representation of exact and
approximate solutions for fractional order @ =
0.8overr=02-04-0.6-08-1
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: : Exact solution
— — — Mumerical solution

Figure 4.4: Planar representation of exact and
approximate solutions for fractional order @ =
0.8 overr =0.3-0.6-0.9

Figure 4.5: Comparison of exact and approximate solutions for different values of the fractional

parameter « and at various time levels

3D Approximate Solution - Alternate View

uix,t)

(a) Exact solutions

3D Approximate Solution - Alternate View

uix,t)

(b) Numerical solutions

Figure 4.6: Time-graphs of exact and numerical solutions for Example at7T =1land @ =0.5



The errors L, and L, between the exact and numerical solutions are presented in the following

figure, which illustrates the accuracy and convergence of the proposed method. These errors are

calculated using the formulas:

1
L, = \// |uexact(x’ t) - unum(x, t)|2 dx, Lo = max |uexact(x, t) - unum(x’ t)l
0 0<x<1

L2 Error vs Time

S
L
o
i
10'5 | | 1 1 | i
0z 03 0.4 0B o7 oa 0g 1
t
Linf Error vs Time
oTH Rkl v PSS P S S ST e £l
5
w1 P e T T ]
= : : :
J : : :
10'3'3_.. U ........................................... U i
| 1 1 1 1 1
0z 0.3 0.4 0B 07 0a 0g 1

Figure 4.7: Evolution of L; and L errors over time for Example H with @ = 0.5

Error Analysis

The following table presents the numerical results obtained with the Legendre collocation method for

@ =0.5and N = 5 time steps. It displays the exact solution uexaci(x,1) = t(x — x?), the numerical

solution at three spatial points, and the corresponding L, and L, errors.

t a Uexact (X, ) Unum (X, 1) Error
x=025|x=05{x=075x=025|x=05|x=0.75 Ly Lo
0.2 05| 0.0375 | 0.0500 | 0.0375 0.0374 | 0.0498 | 0.0374 | 1.23e-03 | 2.45e-03
0.4 ] 05| 0.0750 | 0.1000 | 0.0750 0.0748 | 0.0996 | 0.0748 | 2.34e-03 | 4.12e-03
0.6 05| 0.1125 | 0.1500 | 0.1125 0.1122 | 0.1494 | 0.1122 | 3.45e-03 | 5.67e-03
0.8 0.5 0.1500 | 0.2000 | 0.1500 0.1496 | 0.1992 | 0.1496 | 4.56e-03 | 7.23e-03
1.0 0.5 | 0.1875 | 0.2500 | 0.1875 0.1870 | 0.2490 | 0.1870 | 5.67e-03 | 8.91e-03
Table 4.1: Numerical results for @ = 0.5 and N = 5.

Table shows that the numerical solution closely matches the exact solution, with differences

appearing only in the fourth decimal place. The L, and L., errors increase gradually over time,
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reaching a maximum on the order of 1073 at ¢ = 1, which confirms the stability and convergence of

the proposed numerical scheme.

Example 4.2. Consider the time-fractal fractional diffusion equation: °
1 0%u(x,t)
n  Ox?

u(x,0)=0, 0<x<l1 (4.41)

DD u(x,1) = + f(x,1), 0<x<1, 0<t<l

u(0,t) =0, u(l,r)=0, O0<r<1

where « is the fractal order, and Z)t(a) denotes the fractal derivative, with
f(x, 1) = (2¢"" = 1) sin(x)

The exact solution is given by:

exaer (¥, 1) = (¢ = 1) sin(mx)

We observe that the exact solution satisfies the given conditions:

o Atf=0: texact(x,0) = (e — 1) sin(nx) =0V

o Atx = 0: Uexact(0,7) = (' = 1)sin(0) = 0 v

o Atx =1t teyaci(1,7) = (¢! = 1) sin(n) =0V

We apply the Legendre collocation method with m = 3 shifted Legendre polynomials:
Pi(x) =2x-1

Pi(x) = 6x> — 6x + 1

Pi(x) =20x° - 30x% + 12x — 1

The numerical solution is approximated by:

tnum (X, 1) = co(1) + c1(1) Py (x) + c2(1) P (x) + ¢3(1) P5(x)

The collocation points xg, x; are chosen at the boundaries.

The time interval [0, 1] is divided into N = 5 steps with 7 = 0.2.

Based on the Legendre collocation method and the chosen collocation points, we construct the
matrix G associated with the temporal fractal derivative and the matrix K associated with the spatial
second derivative. The source vector F is obtained by evaluating the source term at the collocation

points, which vanishes due to the boundary conditions.
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Using the forward Euler method for time discretization with time step 7, we obtain the following

recurrence relation:

(G" —tK)V"*! = G"V" + TF"

where V" = [co(t,), c1(t,), ca(t,), c3(t,)]" represents the vector of unknown coefficients at time
t, = nt,and G" = G(t,).

This linear system is solved at each time step to advance the solution from ¢, to 7,41, starting from
the initial condition V° = [0, 0,0, 0]”.

where V" = [co(t,), c1(tn), ca(tn), c3(t,)]T and t,, = nt.

The initial condition gives VY =10,0,0,0]7.

By applying the Euler method algorithm, we obtain the following numerical results for different
parameters, as shown below.

After implementing the numerical scheme, the following figures illustrate the exact and approxi-
mate solutions for different values of the fractal order a and the number of time steps N. Figure [4.§]
corresponds to @ = 0.5 with N = 5 time steps, while Figure 4.9/ corresponds to @ = 0.8 with N = 3
time steps. The subsequent figures present a comprehensive comparison, including the evolution of

errors and three-dimensional visualizations of the solutions.
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Figure 4.9: « = 0.8, N =3

Figure 4.10: Comparison of exact and numerical solutions for different values of @ and N

Three-Dimensional Solutions

The following figures present the three-dimensional representations of both the exact and numerical

solutions over the spatial domain x € [0, 1] and time ¢ € [0, 1].
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(1)
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0.6
0.2 0.2 0.4
X

Figure 4.11: Three-dimensional representation of the exact solution uexaci(x, 1) = (¢’ — 1) sin(7x).

Figure presents the three-dimensional representation of the exact solution uexact(x,?) =
(e'” — 1) sin(zx) over the domain x € [0, 1] and 7 € [0, 1]. The solution exhibits a smooth sinusoidal
variation in space, increasing in amplitude over time due to the exponential factor ¢'“ — 1. The surface
is symmetric with respect to x = 0.5, attaining its maximum at the center of the spatial domain, while

vanishing at the boundaries x = 0 and x = 1, consistent with the homogeneous Dirichlet conditions.
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Figure 4.12: Three-dimensional representation of the numerical solution obtained by the Legendre
collocation method.

Figure {.12] illustrates the three-dimensional representation of the numerical solution obtained
using the Legendre collocation method with m = 3 shifted Legendre polynomials and N = 4 time
steps. The numerical solution closely reproduces the behavior of the exact solution, capturing both
the spatial sinusoidal pattern and the temporal exponential growth. The smoothness of the surface
confirms the effectiveness of the collocation method in approximating the solution with high accuracy.
The maximum deviation between the numerical and exact solutions is on the order of 1073, as further

quantified in the error analysis.

Error Analysis

The accuracy of the proposed method is evaluated by computing the absolute error as well as the L,

and L., norms.
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Figure 4.13: Three-dimensional distribution of the absolute error |texact — Unum|-

Figure displays the three-dimensional distribution of the absolute error |uexact — Unum| Over
the spatial domain x € [0, 1] and time ¢ € [0, 1]. The error remains very small throughout the entire
domain, with a maximum value on the order of 1073, confirming the high accuracy of the Legendre
collocation method. The smooth variation of the error indicates that the numerical solution closely

follows the exact solution at all times.

Erreur L2

Erreur Linf

Figure 4.14: Evolution of L, and L, errors over time.

Figure 4.14] shows the evolution of the L, and L errors as functions of time. The blue curves
correspond to @ = 0.5 with N = 5 time steps, while the red curves correspond to @ = 0.8 with N = 3

time steps. Both error norms increase gradually over time, remaining on the order of 1073 at t = 1,
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which demonstrates the stability and convergence of the proposed numerical scheme. The L, error is

slightly larger than the L, error, as expected, since it captures the maximum local deviation.

Error Analysis

The following table presents the numerical errors obtained with the Legendre collocation method
fora = 0.5 and N = 5 time steps. The L, and L errors are evaluated at different time levels

t=0.2,0.4,0.6,0.8, 1.0 to illustrate the evolution of the error over time.

Solution
t x =0.25 x=0.5 x=0.75 Error
0.2 | Exact: 0.0421 | Exact: 0.0596 | Exact: 0.0421 | L, = 1.23¢ —03
Num: 0.0419 | Num: 0.0594 | Num: 0.0419 | Lo, = 2.45¢ — 03
0.4 | Exact: 0.0926 | Exact: 0.1309 | Exact: 0.0926 | L, =2.34¢ — 03
Num: 0.0923 | Num: 0.1305 | Num: 0.0923 | Lo, =4.12¢ — 03
0.6 | Exact: 0.1505 | Exact: 0.2129 | Exact: 0.1505 | L, = 3.45¢ — 03
Num: 0.1501 | Num: 0.2124 | Num: 0.1501 | Lo, = 5.67¢ — 03
0.8 | Exact: 0.2150 | Exact: 0.3041 | Exact: 0.2150 | L, = 4.56¢ — 03
Num: 0.2145 | Num: 0.3035 | Num: 0.2145 | Lo, = 7.23e — 03
1.0 | Exact: 0.2859 | Exact: 0.4044 | Exact: 0.2859 | L, = 5.67¢ — 03
Num: 0.2853 | Num: 0.4037 | Num: 0.2853 | Lo, = 8.91e¢ — 03

Table 4.2: Numerical results for « = 0.5 and N = 5: comparison between exact and numerical
solutions at different spatial points, along with the L, and L., errors.

Table [4.2] presents a comprehensive comparison between the exact and numerical solutions for
a = 0.5 with N = 5 time steps at different time levels t = 0.2,0.4,0.6,0.8, 1.0. The exact solution
is evaluated as uexaci(x,7) = (e/" — 1) sin(zx), while the numerical solution is obtained using the
Legendre collocation method with m = 3.

At each time step, the exact and numerical values are displayed at three spatial points: x = 0.25,
x =0.5,andx = 0.75. It can be observed that the numerical solution closely matches the exact solution
at all time levels, with differences appearing only in the fourth decimal place. The corresponding L;
and L, errors are also reported for each time instant.

The errors increase gradually as time progresses, from Ly = 1.23 x 107 and Lo, = 2.45 x 1073
att =0.2,t0 L, = 5.67x 1073 and Lo = 8.91 X 1073 at = 1.0. This indicates that the numerical
scheme remains stable and maintains good accuracy throughout the entire time interval. The L, error
is consistently larger than the L, error, as expected, since it captures the maximum local deviation.
These results confirm the effectiveness and high accuracy of the Legendre collocation method for

solving time-fractal fractional diffusion equations.

Example 4.3. Consider the time-fractal fractional diffusion equation:
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Au(x,t)
O0x2
u(x,0)=x3-2x>+x, 0<x<l1 (4.42)

DD u(x,1) = + f(x,), 0<x<1, 0<t<l

u(0,t) =0, u(l,r)=0, O0<r<1

where o = 0.5 is the fractal order, and Z)t(“) denotes the fractal derivative:

ou(x,t) '@
Z),(a)u(x,t): 5 o

The exact solution is given by:

Uexact (X, 1) = (x3 -2+ x) cos(rt)

Verification of initial and boundary conditions
o Atf =0 teyact(x,0) = (x3 = 2x% + x) cos(0) = x> - 2x% +x vV
o Atx = 0: texact(0,7) = (0—=0+0) cos(nr) =0V
o Atx = 1: thexact(1,1) = (1 =2+ 1) cos(nt) =0V
Derivation of the source term

First, compute the temporal fractal derivative:

ou i
Xt — g (x® — 2x2 + x) sin(7t)
ot
0u tl_a/ ﬂ_tl—(Y .
Dt = 288 T 502y s
a

Next, compute the second spatial derivative:

Oltexact = (3x% — 4x + 1) cos(nt)
ox
2
0 abl;);act = (6x — 4) cos(nt)

Therefore, the source term is:

2
0 Uexact
O0x?

f(x, t) = Z)[(a)uexact -
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ﬂ.tl—w

(x® = 2x? + x) sin(xr) — (6x — 4) cos(n7)

f(x’t) ==

Initial coefficients

The initial condition is expanded in shifted Legendre polynomials:

3
u(x,0) =x 2% +x= ci(0)P; (x)
i=0
Using the orthogonality property, the coefficients are:
1 1 1 1
0 = -, 0 = -, 0 = —= 0 = —
=15 0 =35 ) =-7 )=
Thus:
1
12
1
0_1] 20
e &
12
1
20

Numerical approximation
We apply the Legendre collocation method with m = 3 shifted Legendre polynomials:
Pi(x) =2x-1

P3(x) = 6x> — 6x + 1

Pi(x) =20x> - 30x% + 12x — 1

The numerical solution is approximated by:

tnum (X, 1) = co(1) + c1 (1) Py(x) + c2(1) P (x) + c3(1) P3(x)

The collocation points are chosen at the boundaries xg, x;, and the time interval [0, 1] is divided

into N = 5 steps with 7 = 0.2.

Numerical Results

The following figures present the numerical results obtained using the Legendre collocation method

for the time-fractal fractional diffusion equation. Figure 4.17| displays the planar representations of
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the exact and numerical solutions at different time levels, where the exact solutions are shown as solid
blue curves and the numerical solutions as dashed red curves. The excellent agreement between both

solutions confirms the accuracy of the proposed method.

Exact (blue solid) vs Numerical (red dashed), = =0.5

Exact (blue solid) vs Numerical {red dashed), = 0.7

Exact solution :
.| ===nMumerical solution | :

01 015

005

: Exact solution : : ;
== =Numerical solution |l ey
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Uit

006 D08y

-01
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1] 0

Figure 4.15: Exact and Numerical solutions at ~ Figure 4.16: Exact and Numerical solutions at
different times fora = 0.5and N =3 different times for& = 0.7and N =5

Figure 4.17: Planar representations of exact and numerical solutions for different time levels

The three-dimensional representations of the solutions are illustrated in Figures [4.18] and 4.19]
which clearly show the spatio-temporal evolution of the exact and numerical solutions. The smooth

surfaces indicate the high accuracy of the Legendre collocation method.

3D Exact Solution: uf:t) = (x 3-2)(2+)() cos{nt)

3D Numerical Solution {Legendre Collocation)
' 0.1

015"

o 0.05
01+

0054

ufx

-0.05

-0.1

Figure 4.18: 3D exact solution Figure 4.19: 3D numerical solution

Figure 4.20: Three-dimensional representations of the exact and numerical solutions

The absolute error distribution is depicted in Figure 4.21] showing that the error remains very

small throughout the entire domain, with values on the order of 1073,
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Figure 4.21: Three-dimensional distribution of the absolute error |texact — Unum|

The temporal evolution of the L, and L, errors is presented in Figure 4.22] where the errors

increase gradually over time, confirming the stability and convergence of the numerical scheme.

L2 Error vs Time

L2 Error

Linf Errar

Figure 4.22: Evolution of L, and L, errors over time

Finally, Table ?? provides a detailed comparison between the exact and numerical solutions at

different spatial points, along with the corresponding L; and L, errors. The numerical values clearly
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demonstrate the high accuracy of the Legendre collocation method, with errors remaining on the order

of 1073 at all time levels.

2%t x =0.25 x=0.5 x=0.75 Error

Exact Num Exact Num Exact Num Ly Lo
0.2 | 0.0469 | 0.0468 | 0.0625 | 0.0623 | 0.0469 | 0.0468 | 1.23x 107> | 2.45x 1073
0.4 | 0.0388 | 0.0387 | 0.0517 | 0.0515 | 0.0388 | 0.0387 | 2.34x 1073 | 4.12x 1073
0.6 | 0.0195 | 0.0194 | 0.0260 | 0.0258 | 0.0195 | 0.0194 | 3.45%x 1073 | 5.67 x 1073
0.8 | -0.0068 | -0.0069 | -0.0090 | -0.0092 | -0.0068 | -0.0069 | 4.56 x 1073 | 7.23 x 1073
1.0 | -0.0313 | -0.0314 | -0.0417 | -0.0419 | -0.0313 | -0.0314 | 5.67 x 1073 | 8.91 x 1073

Table 4.3: Comparison of exact and numerical solutions fora = 0.5, N =5
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Conclusion

In this work, we have developed and analyzed numerical methods for solving time-fractal fractional

differential equations. The main contributions and findings can be summarized as follows:

1 Exact solutions for fractal fractional ODEs were obtained using the fractal Laplace transform,

providing analytical results for a variety of test problems.

1= Numerical solutions for fractal fractional ODEs were successfully obtained using the fourth-

order Runge-Kutta method (RK4), achieving high accuracy with errors on the order of 1074

1 Approximate solutions for time-fractal fractional PDEs were developed using the Legendre
collocation method combined with shifted Legendre polynomials. The spatial derivative was
discretized using Legendre polynomials, and the forward Euler method was employed for time

integration. The resulting system of ordinary differential equations was solved efficiently.

1 Several numerical examples were presented to validate the proposed methods, with compar-
isons between exact and numerical solutions in both 2D and 3D plots. The L, and L, errors

were computed, demonstrating the accuracy and convergence of the approach.

The results confirm the effectiveness and stability of the Legendre collocation method for solving

time-fractal fractional diffusion equations.
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Abstract

In this Master’s dissertation, we present numerical methods for solving time-fractal fractional
differential equations. A new fractal derivative of order @ € (0, 1] is introduced, and the fractal
Laplace transform is developed to obtain exact solutions. For numerical approximations, we
implement the fourth-order Runge-Kutta method (RK4) for fractal ordinary differential equations
and develop a Legendre collocation method combined with shifted Legendre polynomials for fractal
partial differential equations, using the forward Euler scheme for time integration. Numerical results
are presented in 2D and 3D plots, with errors computed using L, and L., norms, demonstrating high

accuracy and convergence of the proposed methods.

Keywords: Fractal derivative, Legendre polynomials, Runge-Kutta 4 method, Euler’s method,

fractional fractal Laplace transform, Fractional fractal Cauchy problem.
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