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Introduction

In this thesis, we mainly focus on summabilities and factorizations of non lin-
ear operators such as multilinear and Lipschitz operators. These different classes
of summability play an important role in Banach and metric spaces theory. In
the famous works of Grothendieck in 1953 and Pietsch in 1968, a continuous
linear operator 7' : E — F between Banach spaces is absolutely p-summing if
it sends weakly p-summable sequences (i.e., an element of (2(E)) to absolutely
p-summable sequences (i.e., an element of ¢,(F)), linear p-summing operators
an important class of operator ideals. In addition, Cohen in 1973 has also in-
troduced the space of strongly p-summable sequences ¢, (E£) in order to define
two new classes of summability, the space of strongly p-summing operators as
a characterization of the conjugates of p*-summing operators and the space of
p-nuclear operators. Several analogous concepts for operator ideals have been
defined, such as absolutely (p, o)-continuous, strongly (p, o)-continuous, (p, G)-
summing and (p, G)-summing which were introduced and studied by several
authors (see [1, 2, 3,38, 25]). For a detailed approach to the linear theory of ab-
solutely summing operators we refer to the excellent books of Diestel, Jarchow
and Tonge [24]. On the other hand, Karn and Sinha have introduced the mid
p-summable sequences (;"*(E) such that (,(F) C £;"(E) C (¥(E). A sequence

r = (z;); in Banach space F is called mid p-summable if ((z}(x;));)n € £,((p)
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whenever (z},), € (;)(E*). equivalently (S(z;)); € {,((,) for every S € L(E, ().
This last space led Karn and Sinha to define and study a new class of opera-
tors called weakly mid p-summing operators [30]. For 1 < p < oo, a linear
map 7" between Banach spaces E and F is said to be weakly mid p-summing
if (T'(x;))52, € €' (Y') whenever (z;)2, € (¥(X).

Lately, it has appeared, in most natural way, the interest in extending the con-
cept of p-summing linear operator to the multilinear (polynomials) and Lipschitz
mappings. The theory of multilinear summing mappings was first outlined by
Pietsch in 1983 [53]. Since then, it has developed intensely, several interesting
results being obtained in this field. The main motivations, which led to this de-
velopment, is finding that concept which extends best the linear summing prop-
erties to the multilinear (polynomials) and Lipschitz cases. Thus, several anal-
ogous concepts for multilinear mappings have been defined, such as absolutely
p-summing, p-dominated Cohen p-summing and strong p-summing multilinear
operators, which was introduced and studied by several authors (Saadi, Dahia,
Pietsch, Matos, Mezrag, Achour, Botelho, Santos, among others, see [53] 136, 37,
39,16, 10, 8} 46, 52]).

Farmer and Johnson [26] introduced the notion of Lipschitz p-summing op-
erators and showed that it is a good generalization of the concept of linear p-
summing operators. This notion marked the beginning of the theory of Lipschitz
summability. Motivated by the importance of this theory, several authors then
developed and studied various related concepts [16} 17, (18} 19, 26 142, 57, 59].

The main goal of this thesis is to introduce some new multilinear and Lipschitz
ideals. This work is divided into four chapters.

In Chapter 1, we recall briefly some basic notions and terminologies needed

in our thesis.
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In Chapter 2, We introduce and study the classes of (p; p1, ..., pn; G1, ..., Gy)-

dominated, (p; p1, ..., pn; G1, . .., G,)-dominated multilinear operators defined on

1
pn”

the tensor product of Banach spaces for 1<p, py, ..., p,< oo with %:p% + o
We prove a natural analog to “Pietsch domination/factorization theorem” for
such classes as the linear case introduced and studied by Maurey and Elezovi¢
[38, 25]. We establish also the relationship between the three classes of domi-
nated multilinear operators. Finally, we treat the relationship between a multi-
linear operator 7' and its associated operators 7%, T and T# for these classes of
summability.

In Chapter 3, we introduce the new ideal of weakly mid-(py, . . . , p;,)-summing
multilinear operators as a multilinear version of weakly mid-p-summing linear
operators. Using the space of mid-p-summable sequences, we present a char-
acterization given by summability property. We prove that, an operator 7' €
L(Xy, -, X Y)is weakly mid-(py, . . ., pp)-summing if and only if So T : X; X
<o x Xy, = 4yis (p1,- -+, pm)-dominated for every S € L(Y';4,). Also, we give an
analogue of the Pietsch domination theorem.

In Chapter 4, we introduce and study a new ideal of strongly mid p-summing
linear operators between Banach spaces. We prove that: an operator is strongly
mid p-summing if, and only if, its adjoint is absolutely mid p*-summing. This
result led us to prove that X has p-Dunford-Pettis property (1 < p < oo) if, and
only if, X* has this property. We extend to multilinear operators the concept of
absolutely mid p-summing operators, for which the resulting class I of the
absolutely mid (py, ..., p,)-summing multilinear operators is a Banach ideal of
multilinear operators. As application, we prove a Kwapieni’s factorization theo-

rem for dominated multilinear operators.

Finally in Chapter 5, we study the set of bounded sublinear operators which is
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a positive cone in Lip,, (X, Y"). We shall consider the following situation: let X be a
Banach space, Y be a complete Banach lattice and 7" be a bounded sublinear oper-
ator from X into Y (i.e., positively homogeneous and subadditive). We denote by
VT the set of uin B (X, Y') (the Banach space of all bounded linear operators from
X into Y) such that u < T'. The aim of this is to study the relation between 7" and
its subdifferential V' concerning the notion of Lipschitz p-summing and other
classes of summability. We look also at the other types of summability. We are
interested to the notion of Lipschitz p-dominated operators introduced by Chen
and Zheng [19]. We show that if T is Lipschitz p-dominated sublinear operator,
then VT' C II, (X,Y) and we prove that, if 7" is Lipschitz strongly p-summing
operators for 1 < p < oo, we have wu positive strongly p-summing for all v in
VT and hence u* is positive p*-summing. We also demonstrate that u is positive
p-summing for all v in VI' (1 < p < 2) whenever T is Lipschitz p-dominated

sublinear operator from X into Lo (€2, ).




CHAPTER 1

PRELIMINARIES

The notation used in the chapter is in general standard. The letters X, Y shall
denote Banach spaces over K (K = R or C). The closed unit ball of X is denoted
by By and its topological dual by X*. Let mbein Nand Xy, -- , X,,,Y be Banach
spaces over K (K = R or C). We will denote by £(X3,--,X,,;Y) the Banach
space of all bounded multilinear operators from X; x --- x X,, into Y equipped
with the operator norm. If m =1, £(X, -+, X;,,;Y) = L(X;Y) the Banach space
of all bounded linear operators 7' : X — Y endowed with the usual sup norm.

We also denote by C(K, G) the space of all continuous functions f : K — G,
where K is a compact Hausdorff space. If G = K, we write simply C(K) instead
of C(K,K).

As usual, £ ® G denotes the 2-fold tensor product of £ and G.

Let E ®. G be the injective tensor product, i.e., the algebraic tensor product

E ® G endowed with the injective crossnorm

e(w) =sup{|(w,2°© )|, [2*]p <1, ]2 1} ue EOG,
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and E®.G its completion.
We say that [22,55] a norm o on £ ® G is a crossnorm if it has the following
properties:
1. a(x ® z) < ||z||||z]| for every x € E and z € G.
2. For every z* € E*and z* € G, the linear functional z* ® 2* on £ ® F is

bounded, and ||z* @ 2*|| < [|=*|[||z*].

1.1 Sequences spaces

For a Banach space X, and 1 < p < oo. Let us recall some important Banach
sequence spaces, and will be used in the sequel. (see [24,[14])

The Banach space of absolutely p-summable sequences given by

(X)) = {(l“j)?ol C X lCy)52lly = (Z II%II”) < OO}~

The Banach space of weakly p-summable sequences given by

IL‘*EBx*

0y (X) = {(l“j)}x’l C X (@) llwp = sup (Z |z” (%‘)Ip) < OO}-
The Banach space of unconditionally p-summable sequences given by
00 = { ()30 € 00 s lgn )y = 0}

with the norm inherited from £ (X).

1.2 Linear operator ideals

1.2.1 Definition

Definition 1.2.1. [28] An ideal of linear operators is a subclass Z of all continuous

linear operators between Banach spaces such that, the components

I(X;Y)=L(X;Y)NT

6
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satisfy.

1) Z (X;Y)is a linear subspace of £ (X;Y') which contains the linear operators of
finite type.

2) The ideal property: if ' € Z (G; F) ,u € L (X,G) and v € L(F,Y), thenvoT ou
isinZ (X;Y).

If || - ||z : Z — R" satisfies:

a) (Z(X;Y),| - |lz) is anormed (Banach) space,

b) the linear form 7" : K — K given by T' (z) = x satisfies ||T'||; = 1,

QT eZ(G;F),ue L(X,G)andv € L(F,Y) then

[vo T oullz < [lo|[|Tz [|ull-
We say that (Z, || - || m) is @a normed (Banach) ideal.
Let (Z(X;Y), a(-)) be an operator ideal, we put
TUX;Y)={T € L(X;Y) : T € Z(Y*; X*)}.

For an operator 7' € I%(X;Y), we put o(T) = «a(T*). With these notations
(Z4X;Y),a%(-)) is also a Banach operator ideal and is called the dual ideal of

(Z(X;Y),af)) (see [43] Section 4]).

1.2.2 Examples

The ideal of absolutely p-summing operators

For 1 < p < oo, we say that a linear operator 7" : X — Y is p-summing if
(T'(z))52, € £,(Y) whenever (z;)52, € £)(Y)(see [54]). The class of linear p-
summing operators from X to Y will be represented by II,(X;Y). An equivalent

definition asserts that 7" is p-summing if there is a positive constant C' such that

(T ()7l < Cll(25) 7w

7
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for all (z;)52, € £;)(X). We denote by ,(7T) for the infimum of all C' > 0 that sat-

isfies the above inequality which defined a norm on I1,,(X; Y'), denoted by 7, (7).
The ideal of strongly p-summing operators

Let us recall that (see Cohen in [20]) an operator 7' € L(X;Y') is strongly p-

summing if there is a constant C' such that

1T (5), y570)5% [l < Cll ()52 11 (7520 e e

forall (z;)52, € £,(X) and (y})52, € £,:(Y™). The space of these operators from X
into Y denoted by D,(X;Y), is a Banach space under the norm d,(7") which is the

infimum of all C' > 0 that satisfy the above inequality.

1.3 Ideals of multilinear mappings

1.3.1 Definition

Definition 1.3.1. [28] An ideal of multilinear operators (or multi-ideal) is a sub-
class M of all continuous multilinear operators between Banach spaces such that

for all m € N, the components
M(Xy, . X Y) =L(Xq,. .., X Y)NM

satisfy.

1) M (Xy,...,X,,;Y)is alinear subspace of £ (Xj, ..., X,,;Y) which contains the
multilinear operators of finite type.

2) The ideal property: if T' € M (Gy,...,Gn; F),u; € L(X;,Gj)forj=1,....m
andv € L(F,Y),thenvoT o (uy,...,uy)isin M (Xq,..., X,,;Y).

If|| - |am : M — RT satisfies:

a) M (X1,...,Xm;Y), || - [lm) is a normed (Banach) space,
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b) the multilinear form 7™ : K™ — K given by 7™ («!,...,2™) = z!' ... 2™ satis-
fies ||T™(| ,, = 1 for all m,

Qif ' e M(Gy,...,Gp; F),uj € L(X;,G))forj=1,...,mand v € L(F,Y) then
[voT o (ur,. .. um)llpg < (OIIT M aa fall- - fem]] -
We say that (M, || - || m) is @a normed (Banach) multi-ideal.

1.3.2 Example

Consider 1 < p,p1,- -, pm < 00 with I% = p% 4+ Ii. A multilinear operator T

from X; x --- x X, into Y is called (p1, - - - , pn)-dominated (see [10, 36| 37,47, 53,
52)) if (T (xj, - -+ ,27"))32, € £,(Y) whenever (27)52, € £ (X;). This is equivalent to

say that, there is a constant C' > 0 such that for any (2})32, € £ (X;), (1 < i < m)

we have
1 m\\oo 1 7\ 00
[T, < 01_11 R - (1.1)
The class of all (py, - - - , p,)-dominated multilinear operators from X; x --- x X,

into Y is denoted by I1,,, ... ... (X1, -+ , X;n; Y), which is a Banach space equipped
with the norm 7, ... ,,,. (T') that is the smallest constant C' such that the Inequality
holds. This class satisfies a Pietsch’s domination theorem, so T"is (p1, - - , Pm)-
dominated if and only if there is a constant C' > 0 and regular Borel probability
measures f; on BX;, 1 < i < m, (with the weak star topology) so that for all

(zt,...,2™) € Xy x -+ x X,,, the inequality

HT(xl,.._,xm)chizﬁ(/B (o422

is valid. In this case 7, ... ,,.(T) is the least of all C' > 0 such that holds.

1

dp (mi‘)) ’ 1.2)

pi

X*
@

For the convenience of the reader we also give the following theorem due to

Geiss [28].
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Theorem 1.3.2. 7" € I, , (Xy,..., X;,,;Y) if and only if, there exists a Radon prob-

.....

ability p; on (Bx:,w"), a closed subspace Y; of Ly, (11;)(1 < i < m) and a continuous

multilinear operator S : Y1 x ... x Y,,, = Y such that the following diagram commutes

X, X oo x X, — Y

! { T

I, (Xy) x -+ x Ix (X)) — Y X - X Y,

N N N N
C(Bx;) x -+ x C(Bxz) — Lp(w) x - X Ly(w)

T =So (Rl,...,Rm), where Rl = in Ix,(X;) o IX«L’ [Xi : Xz — [XZ<X1) and in :
C(Bx;) = Ly, (1) are the canonical operators, Jy, |1, (x,) : Ix,(X;) — Yi is the restric-

tion of Jp, to Ix,(X;) 1 <i <m.
We can see the following definition in [45, Definition 4].

Definition 1.3.3 (Factorization method). Let (Z;, a;(-)) (i = 1,...,m) be Banach
ideals of bounded linear operators. We say that 7' € £(Xj, ..., X,,;Y) belongs to
Lo(Ly,....,I,)(X, ..., X;n; Y) if and only if there exist a Banach spaces Y7, ..., Y,,,
RieZ;(i=1,...,m)and S € L(Y},....,Y,,;Y)such that T = So(Ry, ..., R;,). In this

77777

over all factorizations of T as above.
The next theorem is due to [53](see [8, Theorem 2.2]).

Theorem 1.3.4 (Factorization Theorem). A multilinear operator T € L( X1, ..., X1 Y)
is (p1, ..., pm)-dominated if and only if there are Banach spaces Y1, ..., Y,,, operators R; €
IL,(X:;Y:), i = 1,...,m)and S € L(Y1,....,Ym;Y) such that T = S o (Ry, ..., Ry).

Moreover

-----

Tt (T) = EL S| [] 75, (Ri)  T'= S0 (Ry, ..., Run)}-
i=1

10



CHAPTER 2

DOMINATED MULTILINEAR
OPERATORS DEFINED ON TENSOR
PRODUCTS OF BANACH SPACES

In this chapter, we introduce and study new classes of dominated multilinear
operators, which we call (p;p1,...,pn;Gh,...,Gy)-dominated and (p;ps,...,pn
;G1,...,G,)-dominated multilinear operators defined on the tensor product of
Banach spaces. Some characterizations of this type of operators are given and
some important coincidence results are proved. As an application, we character-
ize (p;p1, ..., pn)-dominated multilinear operators on C(K, G) and (p; p1, ..., Pn)-
dominated multilinear operators in the sense of Dinculeanu on C(X, G), where K
is a compact Hausdorff space and G a Banach space. We also treat the connec-
tion between an operator T and its associated operators T*, T and T# for certain

classes.

11



CHAPTER 2. DOMINATED MULTILINEAR OPERATORS DEFINED ON
TENSOR PRODUCTS OF BANACH SPACES

2.1 Introduction and background

Let K, ..., K, be compact Hausdorff topological spaces. Every multilinear op-
erator T € L(C(K,)®.GY,...,C(K,)®.G,; F) induces an associated multilinear

operator T#: C(K;) x - -+ x C(K,,) = L(G1,...,Gp; F) defined by
TH(x1, .o w0) (21, s 20) = T @ 21,50 Ty @ 23)-

The origin of this notion, for the linear case, is due to Dinculeanu [23] (77 is de-
noted by 7" in [23, page 377]). If T : C(K)®.G — F is a bounded linear operator,
then there is a unique bounded linear operator 7# : C(K) — L(G, F') such that
T (f ®z) =T#(f)(z). Swartz proved [56, Theorem 12] that T : C(K)®.G — F
is 1-summing if, and only if, 7% : C(K) — II; (G, F) is 1-summing and this re-
sult was extended by Montgomery-Smith and Saab in [40] to any £..-space. Popa
[49] gave necessary and sufficient conditions for an operator on the space C(K, G)
to be (r, p)-absolutely summing and in [50] he generalized this result to multi-
linear operators, proving that if T € I, . (C(K1)®.Gy,...,C(K,)®.G,; F) is
(p;p1s - - -, pn)-dominated then T#: C(K;) X -+ xC(K,) = Wppy. pn(G1y oo, Gui F)
is (p; p1, - . ., pn)-dominated. He also proved a similar result for multiple summing
operators in [51, Theorem 1].

Let us recall the notion of (p, G)-summing linear operators introduced in [38,
Exposé I, page 1] and studied in [9) 31], which together with the results in [50]
are our main motivations for this chapter. We try to generalize these notions to
multilinear operators, replacing C(K) by any Banach space £ and the e-crossnorm
by any a-crossnorm.

Consider 1 < p < co. An operator 7' from the injective tensor product £ ®. ¢

into F is said to be (p, G)-summing if there exists a constant C' > 0 such that, for

12
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TENSOR PRODUCTS OF BANACH SPACES

all finite sequence (u;)1<i<, in F ® G, we have

(ZHT ) ||p) <C sup (an ||p)" 1)

x*EBpx* i=1

where u;(z*) = Z x*(xi;) 24, for u; = Z zi; ® 2, v; € Fand z; € G. By
[38], this defm1t1(])n is equivalent to say tjhat. there is a probability measure ;. on
(Bg+,o(E*, E)) such that

IT )P < 0% [ fula)]” dp &)
for every u € E ® G.The smallest of such constants defines the (p, G)-norm of 7',
denoted by 75 (T') and the space I (E®.G, F) of all (p, G)-summing operators is
a Banach space endowed with such norm.

Let T: E®.G — F be a bounded linear operator. We denote by 7' the associ-
ated linear operator from G to £(F; F) defined by 7(z)(z) = T(z ® z), v € E and
2 € G (in [9] T is denote by T# = &(T)). It was proved by Blasco and Signes in [9,
Proposition 1.4] that, if T: E®.G — Fis (p, G)-summing then T(z)is p-summing
forall z € G.

Later in [25], Elezovic introduced the following notion in the setting of tensor
product. Let a be a crossnormon £ ® G and 1 < p < co. An operator 7" from the
tensor product £ ®, G into F'is said to be (p, G)-summing if there exists a positive
constant C' such that, for any finite sequence (u;)1<i<, in £ ® G, we have

(3 ”p) el (il<ui<w*>,z*>\”>;

x*€EBpx,z*€Bax \;=1
where (u;(z*), 2*) = % x*(xi;) 2" (2i5), for u; = Tznj T;; ® 2z, xi; € Eand z;; € G. The
j=1 Jj=1
smallest of such constants defines the (j, G)-norm of T, denoted by «§'(T') and the

space II§ (E®,G, F) of all (p, G)-summing operators is a Banach space endowed

with such norm.

13



CHAPTER 2. DOMINATED MULTILINEAR OPERATORS DEFINED ON
TENSOR PRODUCTS OF BANACH SPACES

Our main focus in this chapter is to develop new classes of multilinear opera-
tors on tensor products of Banach spaces, similar to those of (p, G)-summing and
(p, G)-summing linear operators.

The chapter is organized as follows. In Section 2, we introduce the notions
of (p;p1,---,0n;G1,...,G,)-dominated and (p;p,...,pn; G, ..., Gy)-dominated
multilinear operators for 1<p,p, ..., p,< oo with J=_- 4. + L.

We prove a natural analog to “Pietsch domination/factorization theorem” for
such classes as the linear case introduced and studied by Maurey in [38]. In
Section 3 we establish the relationship between the three classes of dominated
multilinear operators. Finally, in Section 4 we treat the relationship between a
multilinear operator 7' and its associated operators 7%, T and T# for the classes
of summability cited above. As a consequence, some interesting properties are

given concerning certain generalizations of the linear case.

2.2 Characterization

Let a; be a crossnorm on the space F; ® G;, 1 < i < n. We introduce the following

definition for a multilinear operator 7" : E; ®,, G1 X - -+ X E,, ®,, G, — F.

Definition 2.2.1. Consider 1 < p,p1,...,p, < oo with % = p% + e+ p%' The
multilinear operator 7' is said to be

1) (p;p1,-- - Pn; G1, ..., G, )-dominated if there exists a constant C' > 0 such
that

ui (a7)

: % - ! pi é
<kzl HT (u’f, e ,ufl) Hi) <C H sup (;;1 ’ Gi) (2.2)

i=1 Ha:l <1

for any finite sequences uf € F; @ G;, 1 <i<n,1 <k <.

2) (p;p1y---,pn; Gi, - .., Gp)-dominated if there exists a constant C' > 0 such

14
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TENSOR PRODUCTS OF BANACH SPACES

that

“) " 23

¥
k2

(SIrhe ) <ol s (k)
P =1 || LS \k=1

i

G*’
7

for every choice of elements uf cEE®G,1<i<nl1<k<L

We denote by 751+ Cn (T) and 755" (T), respectively, the infimum of all con-

stants C in (2.2) and (2.3) and by II§1% (Ey ®q, Gi,..., E, Qq, Gn: F) and

PpP1,---,Pn

Hg;,’l';jji,r;(El ®ay G1,. .., Ep ®a, Gy F) the corresponding spaces of such multi-

linear operators.

Example 2.2.2. Consider 1 < ¢ < n. Then, for every 2} € Ef,2f € G andy € F,

[2Ras )

the operator T' = 77 ® 2{ ® - - - ® 7}, ® 2, ® y defined by
(F1 @24 Q@ ®@u, @2, Qy)(ur, ..., Un) = (U1, 7] @ 27) -+ (Un, T, ® 2,) Y
is (p;p1y- - Pn, G, - .., Gp)-dominated and
e e enesey = W [Tl

Suppose that the o; (1 < i < n) are uniform crossnorms. Let X;, Z;, E;, G; be
Banach spaces and let A, : X; — E;, B, : Z; — G; be bounded linear operators.
Let T, = A ®q, Bi : Xi®q,Z; — E;®,,G; be the unique operator defined by
T; (a®c) = A; (a) ® B; (c) such that ||T;|| < || A;|| || B (see [22,55]).

Proposition 2.2.3. Let T € 1¢1Cn (B, ®,, G4, . . ., B, Ry, Gn; F) and h be a bounded

PiP1;---5Pn

linear operator from F to'Y. Then
hoTo(T,...,T,) € L7 (Xy @ay Z1, -y Xn @ap Zn;Y)

and

PiP1y--es Pn

T o (R T o (Th,... T)) < Al wgipGe (T) TLIIA 1Bl -
i=1

15
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Remark 2.2.4. The same holds for 151 (B ®ay G1, -y By ®q, Gy F).

PiP1;---Pn
Now, we characterize the (p; p1,...,pn; G1, ..., G,)-dominated multilinear op-
erators by giving the Pietsch domination theorem. For the proof we use the full
general Pietsch domination theorem presented by Pellegrino et al. in [46]].
Let Xi,...,X,,,Y, E1, ..., Ejbe (arbitrary) non-void sets and H be a family of
mappings from X; x --- x X, to Y. Let K3, ..., K; be compact Hausdorff topo-
logical spaces and G, . . ., G; be Banach spaces. Suppose that the maps

RjZKJXE1X"'XEkXGj—>[O,—|—OO), jzl,,t
S:HXE; XX E,xGyx - xXG— [0,400)

satisfy:
(1) Foreach 2! € Eyand b € G;, with (4,1) € {1,...,t}x{1,...,k}, the mapping
(Rj),i . ary I = [0,00), defined by (R;),. .« (¢;) = R (goj,x1’ L ,g;ng), is

continuous.

(2) The following inequalities hold:

R; (goj,ajl,...,xk,njbj) < n;R; (gpj,:ﬁl,...,xk,bj)
S(f,xl,...,xk,albl,...,atbt) 2a1---oztS(f,xl,...,xk,bl,...,bt).

For Ry,...,R,and S asaboveand 1 < p,p1,...,p; < oowith% = pil—i—~--—|—pit,a
mapping f € H is said to be R, ..., R;-S-abstract (pi, . .., p;)-summing if there is

a constant C' > 0 such that

1 1

n P t n \ p;

(zs( ,xg,...,xf,bg,...,bg)p>p <CT[ sw ( R, (soj,xg,...,xf,bi)”y]
i=1 1

j=1%i€K; \i=
forallz$,...,a5 € B, bl,... b € Gjand (s,j) e {1,...,k} x{1,...,t}.
Now, we can present the abstract domination theorem.
Theorem 2.2.5. [46, Theorem 4.6] Amap f € H is Ry, ..., R;-S-abstract (p1,...,pt)-
summing if, and only if, there are a constant C' > 0 and Borel probability measures f1; on

K such that

S(f,xl,...,xk,bl,...,bt) gcﬁ(
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forallz' € Ejand b € G, with (j,1) € {1,...,t} x {1,... k}.

From the above theorem, we present the domination theorem concerning the

class of (p;p1,...,pn; G, ..., G,)-dominated multilinear operators

Theorem 2.2.6. Let 1 < p,p1,...,p, < co with L = L+ .-+ - A multilinear
operator T' : By ®o, G1 X -+ - X E,, ®,, G, = Fis (p;p1, ..., pn; G1, .. ., Gy)-dominated
if, and only if, there are a constant C' > 0 and probability measures ji; on (Bg:, o (E}, E;))

such that

B*
%

1/p
&, dpi (; )) (2.4)
for all u; € E; ® G;. Moreover, 7&1+~Cn (T) is the smallest of the constants verifying the

pipP1,---sPn
inequality (2.4).

Hﬂ%~w@h§0ﬁ(éHm@)

Proof. Choosing the parameters

t=mn

EZ':K,Z.:].,...,TZ
Gi:Ez‘@aiGi,Z.:l,-u,n
KZ:BE:,Z:L,’H,
H=L(E ®q Gi,...,Ey Rq, Gu; F)

S(To A, Aty ey uy) = || T (g, .o ug)|
Ri (x5, M,y dnywy) = |Jug (27) |,i=1,...,n

we can easily conclude that T": E1®,,G1 X+ X E,®q, G — Fis (p;p1,. .., pn; G1, ..., Gp)-
dominated if, and only if, itis Ry, ..., R,-S-abstract (pi, ..., p,)-summing. Theo-
remtells us that T'is Ry, . .., R,-S-abstract (py, . .. , p,)-summing if, and only
if, there exist a positive constant C' and probability measures y;; on K;, ¢ =1, ..., n,

such that

1

i=1 VK

Consequently,

- * ; * 1/Pi
T sl < CTL( [ s (o) s (27 )
i=1 ¢

and this concludes the proof. O

17
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Theorem 2.2.7 (Factorization Theorem). Consider 1 < p,p1,...,p, < 00 with % =

1 1 - - ; .
oy -+ - Then, the following properties are equivalent:

1) A multilinear operator T is in 11G1-%r (B} ®,, G1, ..., By ®q, Gn; F).

PiP1;---s Pn

2) There exist Banach spaces Fi, ..., F,, (pi, G;)-summing linear operators T; €
Hg@ (E; ®a, Gi3 F;) (1 < i < n) and an n-linear mapping S € L(Fy,..., F,; F) such

that the following diagram commutes

Ei®4, Gl X . . . X Ey®u G, — F
F X . . . X F,

Proof. First we prove the converse. Let u; € E; ® G; (1 <i < n). If T"has such a

factorization, we have

1T vw)ll = 1S (T3 (@), T ()]
< [SITLIT: ()]

Since T} is (p;, G;)-summing then, by Theorem[2.2.6|for n = 1, there is a probability

measure ji; on (Bgs, o(E;, E;)) such that, for all u; € F; ® G;,
1

i ()™ dui(fv;k)) :

B*
2

IT: ()| < 755 (T2) ( i
Consequently,
n
duxx:)) -
Therefore, by Theorem Tis (p;p1,-- - Pn Gi, ..., Gy)-dominated and 7525 (T') <
51 11 =85 (7).

To prove the first implication, take 7" € [1G 1 G’; (B ®a, G1, ..oy By R, Gy F).

pip1,---5p

E*
[

I, < 151 T (T ( L e

So, there are, by Theorem probability measures p; on (Bg:, o(E], E;)) such

that, for all u; € E; ® G;, we have

n 1/pi
D) < 7 :(T)H(A o () adws;f)) .
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Now we consider the operator T : E;®,,G; — Ly, (B B Mis GZ-) givenby T (u;) =
u;(+) (Where L,, (B By i Gi) is the space of the p;-Bochner integrable functions).

Notice that

1

= ( J,, G dm(xb)

< sup flui(z)||
<1

17 (u;)

%

< sup [(ui(x7), 27)]
otz <

< ay(uy;),

for all u; € E; ® G,. Let F; be the closure in L, (B B i G;) of the range of 77,

N
Z

Ly, (BE;‘ i, Gl

ie, F; = TY(E; ®q4, Gy) ) and T;: E; ®,, G; — F; be the extension oper-

ator. Note that 7; is (p;, G;)-summing with ng (T;) < 1. Let Sy be the multilinear

operator defined on 77 (E; ®,, G1) X -+ X T? (E,, ®,,, G,) by
SO (Tlo (ul)’7TT(L)(un)) = T(“h‘"a”ﬂ)'
This definition makes sense because

77 (ws)| -

-

I
—

It follows that Sy is continuous on 7Y (B} ®q4, G1) X -+ x T? (E, ®,, G,) and has

]

a unique bounded multilinear extension S to

)LPI <BETHU’1’G1> )Lpn (BE;‘L,:U"HJG”)

Fyx o x By =T (By ©ay Gy X -+ X TO(Ey @a, Gy

Finally, note also that T = S o (Ty,...,T,), where T; € 11§ (E; ®q, Gi, F;) (1 < i <

O

n), and this ends the proof.

Corollary 2.2.8. If T : E1®,,G1 %X+ - X E,®4, Gy — Fis (p;p1, ..., 0n; G, ..., Gy)-
dominated, then T admits a multilinear extension T from E1&,,G1 X -+ X E,®4, Gy

A

into F which is (p; p1, ..., pn; G1, - . ., Gy)-dominated and 751 CGn (T) = g&1Cn (),

pPip1,---5Pn pip1,--5Pn
Remark 2.2.9. By Corollary we can replace E; ®,, G; in Definition 2.2.7]
[2.2.1) and Theorem.2.6|with E;&.,,G;.
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Now, we characterize the (p; p1, ..., pn; G1, . .., G,)-dominated multilinear op-
erators by giving the Pietsch domination theorem. For the proof we use the full

general Pietsch domination theorem as in Theorem 2.2.6

Theorem 2.2.10. Let 1 < p,pi,...,p, < oo with | = - +--- + L. A multilinear
operator T' : By ®q, G1 X -+ - X E,, ®q, G = Fis (D;p1, .., pn; G1, - . ., Gy)-dominated
if, and only if, there exist Radon probability measures ji; on K; = Bg: x Bg: and a

constant C' > 0 such that, for all u; € E; ® G;, one has

n ) 1/pi
1T, wn)lle < CTT ([ it @ )P dpier,2) - 29)
=1 @

Moreover, w5 (T is the smallest of the constants verifying the estimate @

pp1,---,Pn

Now, we give the factorization theorem for the class of (p; p1, ..., pn; G1, ..., Gy)-
dominated multilinear operators. For the proof, we use Theorem 1 in [25] and the

same idea in Theorem [2.2.7] The proof will be omitted.

Theorem 2.2.11. Let 1 < p,py,...,pn < 00 with % = pil 4ot pin. Then, the following
assertions are equivalent:

1) An operator T € 1151 (Ey @4, Gh, ..., By ®@a, G F).

2) There exist Banach spaces Fi, ..., F,, (p;,Gi)-summing linear operators T; €

Hg" (E; ®a, Gi; F;) (1 < i < n)and an n-linear mapping S € L(F,..., F,; F) such

that T admits the factorization T = S o (11, ...,T,).

Remark 2.2.12. As in Remark we can replace in Definition (2.2.T) (2.2.),
Theorem and Theorem2.2.11}, E; ®,. G; with E;®,,G;.
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2.3 Coincidence and inclusion properties

In this section, we investigate the relationships between various classes of domi-

nated multilinear operators and some coincidence results. Firstly, since

1
pi \ "
G

holds for every u§ € EE®dG;,1 <i<mn 1<k <l weobtain the following

u; ()

.
||Zz'

7

L,
sup (i|<u§<x;‘>,z:>’”)“s sup (i\
Ef«gl ZSl k=1

. o k=1
i

proposition.

Proposition 2.3.1. If T is (p;p1, ..., pn; G1, - .., Gyn)-dominated multilinear operator
then T is (p; p1, . ... pn; G, - . ., Gn)-dominated and G (T) < wg;,’l';jﬁ; (T).

The next theorem is one of our main results. Mimicking the same idea of [9],

we have the following result.

Theorem 2.3.2. Let o; be an arbitrary crossnormon E; @ G;, 1 <i <n. If

Hgl """ Gn <E1®Q1G1, ey En@)anGn; F) = HGl 7777 Gn (E1®Q1G17 SR 7En®anGn; F)

Pip1,--5Pn PiP1s--5Pn

then

E(le--aGn;F):Hp;pl 77777 pn(Gl,...,Gn;F)‘

Moreover 5% (B180,G, ..., B,@4,G; G) =S¢ (B184,G,. .., £;,@4,G;G)

Pp1,--Pn

if, and only if, G is finite-dimensional.
Proof. Suppose that

Hgl """ o (El®a1G17 ) En@anGn; F) = LG Cn (E1®OA1G17 .. 7En®anGn; F)

PiP1;---Pn PiP1,---,Pn

Let S € L(Gy,...,Gy; F). Fix 2 € Bg: (1 <i < n)and consider T: E,®,,G; x

oo X By®a, G, — F given by

T(uy, ... up) = S(ur(wy ), - unl(2,0))-
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So,

(et alf) = (3 [stuteton o uteo]})

k

n I . 1/pi
<8I (Z (a: )
=1 \k=1

uz (:C;k[))

n l . 1/pi
<ISITT sup (Z it (a) )
k=1

=i J= <1

and T'is (p; p1, - .., pn; G, - . ., G, )-dominated multilinear operator. By hypothesis
Tis (p;p1,-.-,pPn; Gi,...,G,)-dominated, i.e., there is a positive constant C' such
that foralll e Nand v* € E; @ G; (1 < k < 1,1 <i < n)we have

(St otl) <efi o (Sloeen)

z* x¥
1 k2

’”) "6

G*’ E*S
7 [

In particular, if we take uf = x; o ® 2 where 2,y € Bg,, (2], 2:0) =1 (1 < i < n)

and use , we get

|=

1
l P l p
k k([P _ k k([P
£ 56t ) = (e o B
k=1 k=1
1
n l & L\ |Pi P;
*
< CHl sup k21‘<xi7o®zi,xi®zi>
1= * ., xr .<1 =
g Gi Ei )
< C su Tio, T {27, zF
p ,05 4g IRt
=1 || 2l <1 \k=1
g 7 I g* =
a1
n ! k Di P
< CII sup Z]<ZZ> :
k=1

st o

This shows that S is (p; p1, . . . , pn)-dominated and completes the proof of the first
part.

For the second part, if dim(G) is finite the implication is obvious. The second

implication is given by the Dvoretsky-Rogers theorem. O

Lemma 2.3.3. [48, Lemma 1] For v, ... ,u' € E ®. G, we have

l
[COI N P
- = k=1

pw |z, ]lz*]I<1

3=

) . 2.7)
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Proposition 2.3.4. Let «; be an arbitrary crossnorm on E; ® G;, 1 <i < n. Then,

DI G;;;(El@)mGl,...,En@)anGn;F)CHp;pl on(B1@0, Gy, .. Bpy®a, Gy F).

DiP1ye-sPn N\ L@ Ly ) TR Ty ) = P

) UG (B1®.Gh, ..., By®.Gp; F) =Ty, (E1®:G, ... En®.Gy; F).

PiP1,-ey DPn

Proof. 1) LetT € [IG1Cn (B ®a, G, - .., E,®,, Gn; F) and take a finite sequences

PiP1---Pn

(uf)lgkgl in Ez X Gz One has

1
(St b)) < wmGo s |
k=1 = <1

x¥
k2

----- Gn
DiD15e01Dn (T) I1 sup (
1

=

*
z
) i l|=

(AN
3
Q

N(gisase <
Consequently 7' is (p; p1, . . ., pn)-dominated and 7, ., (1) < 7r§1 """ G (T).

2) We can deduce this coincidence from (2.7).

We conclude by extending 7' to the entire space by density and the factoriza-

tion theorem. m

Corollary 2.3.5. If an operator T € 1, , (E1®.Gy, ..., E,&.G,; F), then T €
HGl ””” Gn (E1®EG1, RPN En®an; F)

PpP1,---,Pn

The following corollary is an extension of [9} Proposition 1.2].

Corollary 2.3.6. If
qu 77777 Gz (E1®€G17 cee 7En®€Gn; F) = Hp;p1 ..... Dn, (E1®5G17 ety En®an; F>7
then
E(Gl,---aGn;F):Hp;pl _____ p"(Gl,...,Gn;F>

and 11G-C  (F1®.G, ..., B,@:.G;G) =,y . (B18.G, ..., E,®.G;G), ifand only

PiP1,-ey Dn

if, G is finite-dimensional.
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Remark 2.3.7. Since C(K;, G;) = C(K;)®.G; 1 < i < n (see [55]), then the space of
(p;p1, - - ., pn)-dominated in the sense of Dinculeanu (see [50]) actually coincides
by 2.4) with II§1:+C» (C(K1)®.Gy, . .., C(K,)®.Gy; F) and the class of (p; pi, . . ., pn)-

PPy

dominated in the sense of Matos coincides by Proposition with

55 (C(K) @G, ..., C(K) @G F).

piP1;---s Pn
The following proposition is an extension of [38, Proposition 1].

Proposition 2.3.8. If T € I, . (E1, ..., By F), thenT: E1®4,Gi X X E,®@q, Gy —

.....

FR.G\®. - .G, defined by T(x1 @ 21, ..., 2, @2,) = T(21,...,7,) @21 @+ ® 2,

is (p;p1,---,0n; Gi, . .., Gp)-dominated.

Proof. Let u; = Xf T ® 25 € B ® Gy For 2f € Gf, 1 <i < n, wehave u;(z) =
j=1

m;
> wij (25, 2]) and

J=1

3

H
=
=
=
2
1
=

mn
Z L1y X Rlgre s lenj ®an)
]:

T

mi My
= > -3 T(:L‘lj®21j,-~7$nj®znj)
PR =
mi Mn
= Zl .ZlT(xljw”uxnj)®le®“'®znj'
=l 4=

Consider (z7,...,2)in (G} x --- x G). It follows that

T(uy, ... up) (25,...,28) = j%l - nf T(x1js -y Tng) (Z15, 25) -+ (Zngy 205)
= - -g T(esy (20 0) - s 220 )
= TS o {a70) m; (s 22) ;)
= T () s (7))

Consider now 7 in I, . (E1, ..., E,; F). By [37, Theorem 3.2], there exist a

.....

constant C' > 0 and probability measures p; on B g, 1 <i<mn, such that
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HT(ul,...,un)H = sup HT(ul,...,un) (2f,...,25)
21 || llz5ll<1
= sup T (ur (27) - un ()]
2 [ |25 ]1<1
1
< Off s (f Mo (o) 2P d (e )

1

< CH (J s @)l s (a) ™
This ends the proof by using Corollary O

The next result generalizes [25, Proposition 4].

Proposition 2.3.9. Let T;: G; — F; be p;-summing operators and T; = idg, @ T},

. Fi,..., F,
1 <i<n IfT € TG

(El@)th R 7En®anFn;F)/ then T o (Tl, C. ,Tn) €

Hgl 7777 Cin (E]_®O!1G17 . ,En®o¢nGn; F) and 7T€;1 ..... Cin (TO(Tlv s >T7l)) < 7TF1 ’’’’’ an (T) ﬁ Tp; <T‘Z)
=1

PipP1,--5Pn P,P1;--Pn PiP1;---5P

Proof. For1 < i <mn,1 <k <[ letuf = kafj@@zfj € E; ® G;. We have for
=

x} € EY, the equality

n [ __
< s (1) 11 supq(ZHTi(uf)(xz‘)

=1

.
Z;

l
z|

k=1

n
_ PR
= T (T) I1 sup <
¥ <1
;

X
%

< PP (D) [[m (1) sup <i\<uf(azf),z§>
<1

Z, B x>
i 7

This shows that To(T'y,...,T,)is (P; p1, ..., pn; G1, . . ., G,)-dominated and Wg;’l"'.'ji}; (To

(T1,...,Ty)) < wllon (T) 1] mp,(T;), which proves the proposition. O

=1
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2.4 Relations with associated operators

For every multilinear operator 7" from £; ® G x --- x E,, ® G, into F' we denote
by 7%, T and T" the associated operators from F; x - - - X E, into L(G4,...,Gn; F),
from Gy x---x G, into L(E, ..., E,; F) and from G; ® By x - - - X G, ® E,, into F, re-
spectively, defined by T# (1, ..., ) (21, ..., 2n) = T(X1 @ 21, oo, Tn @ 21), T(zl, s Zn)
(1, 0y ) = T(21 @ 21,y 00y Ty @ 2,) and TH(ut, ... uh) = T(uy, ..., u,), where u; =
%1 T ® z; € B ® G, and vl = gl zi; @ 1;; € G; ® E;. Clearly T%, T and T*
;_re multilinear operators. In this js_ection, we try to find some relationships be-
tween the operator T and their associated operators 7#, T and T* relative to the

different variants of summabilities.

We recall (see [6] and [39, Remark 2.2]) that T' € Dy(FEy, ..., E,; F), the class

of all Cohen strongly p-summing n-linear operators from F; x --- x E, into F,
if there is a positive constant C' such that for all m € N, z},...,2" € E; and
Yy, ...,y € F*, we have

1

%) i sup [[(y; (W)llp=-  (2.8)

lyllr<1

(T, ad), )k < Cf[1 (i [E%

We equip D} (Ey, . .., E,; F') with the norm d7(-), which is the smallest of the con-
stants C verifying and with which it becomes a Banach space.
The Chevet-Saphar crossnorms are defined, for 1 < p < oo, as follows (see

[22, 55]):

dy () = inf { @)l [, s u = E @y e o F

and

gy () = inf {21 ], 1501

p*w:u:in(@yiEE@F}.
’ i=1

We have g, = d!, for every p, in the sense that g, (u) = d, (u').
p P y p p
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Proposition 2.4.1. Let «; be an arbitrary crossnorm on E; @ G;, 1 < i < n. Then

1) A multilinear operator T' € Hp p’l';.'."7 (B1®a,G1, - . ., Bp®@aq, Gy F) if, and only if,
Tt e T o (G @0, By, .., G0, B F).

2) A multilinear operator T € Dy (E1®a, G1, . . ., En®a,, Gu; F) if, and only if, T* €

D;(El®gp1 Gl, ey En®gpnGn7 F)

Proof. 1) We can deduce this from the equality (uf(z}),2;) = ((uf)!(x}), 2;) and

we deduce w54 (Tt = g5bCn (),

2) Follows immediately from the definitions of the Chevet-Saphar norms. [J

Remark 2.4.2. Using Proposition, wehaveT € Il,,,, ., (E1®.G4, ..., E,2.Gp; F)

.....

if, and only if, T* € I1,.,,. . (G1®.Ey, ..., G,@.E,; F).

Remark 2.4.3. Let o; be an arbitrary crossnormon E; @ G, 1 < i < n. If T €

GO (B1®a, G, . . ., Bn®a, Gr; F)ingeneral T! ¢ T151En (G1®g, 1, . . ., Gp®a, Ey; F).

PiP1se-ey PiP1se-es
Indeed, consider T' € L(G, ..., G;G) = IG:-¢  (R®q,G, ..., R,,G;G) but T ¢
[ER  (GRR, ..., G0, R;G) =, 5. (G, ..., G;G), if dim(G) is infinite.

Proposition 2.4.4. If T € pr """ " (B\®a, Gy, ..., By®@g, G F), then:
1) T#(x1,...,2,) 18 (p;p1, - . -, pn)-dominated for all (x1,...,x,) € Ey X --- X E,.
Moreover, there exist Radon probability measures ji; on K; = B B X Be: such that for all

u; € B; ® G;, 1 < i < n, the following inequality holds:

1/ps
Tpip1 ..., pn(T#(xl’ <CH(/ |$z, z pld#z( Z;, z)) .

on (G, ... Gy F) s (p;pa, - - ., pn)-dominated.

,,,,,,

Proof. Since T is (p;p1, ..., Pn; Gi, ..., Gy)-dominated, by Theorem there
exist Radon probability measures ; on K; = Bg: X Bg: such that for all u; €

E; ® G;, 1 <i < n, the following inequality holds:

1/pi
Gi,.,
Il < S 0 TT (oo o a3,20)
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1) We would like to show that T#(z1,...,x,) is (p;p1,. .., pn)-dominated for
allz; € E;, 1 < i <n.Letu =2, ®2F € E; ®,, G; for 1 <k <. Using Holder’s

inequality, we obtain

1

" dss (a7, z:));"]p) p

1

i=1

< T (T) (Z (0

< G1 ,,,,, Gn T 7 k * ] * Pzd ) * * E
< Tl ( >1:I1 kz_:lle <Zi72i><x27$i> i (27, 27)
1= = l N
e w pi ; Pi
< w1 1T (fm (k21!<2£“7z2*> )|<xi7xz‘>” dpi <w:,z:>)
1= =
Gy Gp " i %
< @ () | I Ui N o) dp (a7, 20))”

This yields that T#(zy,. .., x,) is (p;p1, .. ., pn)-dominated for all z; € F;, 1 <i <

n, and

+# G1,...,Gn - *\ |Pi * % L/pi
By (1) € 7 (0T ([ Nmad P d ot 2))

2) For the second property, we use the last inequality and Holder’s inequality

again. We deduce, for all (zf,...,2%) € By x --- x E,, 1 <k <, that

Thus T#: By X -+ X E, — Wy 5 (G1,...,Gn; F) is (p;p1, - - ., pn)-dominated

and 7., p, (T#) < 721 """ G (T). O
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The following proposition can be proved with the same arguments as the pre-

vious result.

Proposition 2.4.5. If T € Hg;}';ffi;;(E1®alG1, o By®a, G F), then

DT (21,...,2,) 08 (p;p1, ..., pn)-dominated for all (zy,...,2,) € Gy X -+ x Gy,

DT: Gy x X Gy — My o (Br,y ..o Egs F) is (p;p1, - . . , pn)-dominated.

Using Proposition Proposition and Proposition we have the

next

Corollary 2.4.6. If T € 11, ., (E1®.G, . .., E,®.G,; F), then
1) Tis (p;p1, . .., pn)-dominated and T(z,, . .., 2,) is (p; p1, - . . , pn)-dominated.

2) T# is (p;p1, ..., pn)-dominated and T# (xy, ..., x,) is (p;p1, ..., pn)-dominated.
We end this chapter by the following proposition.

Proposition 2.4.7. If T € TIG0Cn (E,®,,Gy, . .., Ey®a, Gn; F), then T(2', ..., 2")

PiP1;--5Pn

is (p;p1, - .., pn)-dominated.

Proof. Let T be in GO (E1®,,Gy, ..., E,®a,Gy; F), then by Theorem

PiP1,-ey DPn

there exist probability measures j; on K; = B B such that, for every u; € E; ® G},

we have

n _ 1/pi
1T, )| < 7 (1) ] ( /K s ()12 ds (xi)> |
=1 i

For u; = x; ® z; € E; ® G, by the previous inequality, we obtain

T (21, zn) (@1, z0)]|

T (21 ® 21, ., Tp @ 2,)||

n * i * 1/pi
< 775})’1 '''''''' ?p (1) il;ll (le |z; ® 2; () gi dp; (2 ))

L L " ) " 1/pi
< 775},’1',"'.’3;2 (T) il;ll HZzH Z,l;ll (le |xz (l’z) Pidu, (% )) .
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Using Holder’s inequality, we have

3=

(i ||T<zl,...,zn><x‘f,...,xz>up)

T (i [t

|—

L Pi S\ 1/Pi PP
< wGm f1 s i) ")

1
1
n n l Di P;
< wpa B 10 T (£ (otir) " du o)
i=1 =1 \ k=1
1
n n l Di Py
< aGy G (D) T (1l 1T (S, 3 (28, 27)[™ dp (27)
P i=1 =1 k=1
Gi,....Gn T ( k)
S 7TP31171 ..... pn(T)z'l;Il”ZZ”il;Il Ty 1<k<l pi,w7
and this shows T'(zy, ..., z,) is (p; p1, . . . , pn)-dominated and Tppr,...pn (T(2, ...

n
mZ G (@) [ =)
1=

pp1,---,Pn
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CHAPTER 3

WEAKLY MID SUMMING MULTILINEAR
OPERATORS

This chapter is divided into four sections. In the first section, we recall some
basic definitions and notations concerning sequences Banach spaces. We give in
the second section, the definition and properties concerning the linear weakly
mid p-summing operators. We introduce in the next section (section 3), a multi-
linear version of weakly mid-p-summing operators for which the resulting vector
space is a Banach ideal of multilinear operators. Finally, in last section we prove

a natural analogue of Pietsch domination theorem of this new class.
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Karn and Sinha in [30] by using the notion of mid p-summabe (operator p-
summability), they introduced the class of weakly mid-p-summing (sequentially
p-limited) operators. There are many attempts available in the literature to study
the ideal of weakly mid p-summing operators in different textures, see [14} 30,
27, 21]]. Recently, Baweja and Philip in [12] studied some aspects of the opera-
tor ideal of weakly mid p-summing operators using the theory of tensor prod-
ucts. This concept led them to a new space of summability between p-summable
and weakly p-summable sequeces. A bounded linear operator 7' : X — Y be-
tween Banach spaces is weakly mid p-summing if it sends weakly p-summable
sequences to mid p-summable sequences. Equivalently by Theorem 4.4 [30],
SoT : X — {,is p-summing for all bounded linear operator S from Y to ¢,. The
aim of this chapter is to study the multilinear version of weakly mid-p-summing

operators by considering the (p;, . .., p,)-dominated multilinear operators S o T

3.1 Notation and preliminaries

Definition 3.1.1. [30,[14] A sequence (z;)52, in a Banach space X is said to be mid-
p-summable,1 < p < oo, if ((z},(;));2,)72, € £p(¢,) whenever (z;,)72, € £)(X7).
The space of all such sequences shall be denoted by /(X which is a Banach
space under the norm
1
Ity = _sup (i e mw) .
(@R)nz1€Bew (x*) \j=1n=1

The relationships between the various sequence spaces are given by [14]

p(X) G G(X) G G(X), with [[(27)52 lep < 11(25)52 lmiap < 1(25)524]lp, for
all ()2, € £,(X). If p < g, then for every Banach space X, (7"/(X) C ;"(X)
and

1(%5)52 1 [[miag < [1(25)521 lmidp-
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Given Banach spaces E and F, the symbol £ < F means that E is a linear
subspace of F' and |z|r < |z|g, for every x € E. A class of vector-valued se-
quences S, or simply a sequence class S, is a rule that assigns to each £ € BAN a
Banach space S(F) of E-valued sequences such that coo(E) C S(F) < l+(FE) and
llenlls) = 1, for any n.

The sequence class S(F) is said to be: finitely determined if for any sequence
(z;)52, € EN, (2;)32, € S(E) if and only if sup,, [|(x;)}_, ||s(z) < oo and in this case,
1(25)52 lls(e) = supy, [|[(2;)5_, |s(z). Linearly stable if for every u € L(E; F) it holds
that (u(z;))52, € S(F), whenever (z;)%2, € S(F) and |[u : S(E) — S(F)|| = ||lu],

where @ is the induced linear operator given by ((7;)52,) = (u(z;))3,;.

Example 3.1.2. The sequence classes (oo (-) = (2,(-) = €22%(-), £y(-), €¥(-), £p(-) and

() (1 < p < o0) are linearly stable and finitely determined (see [13] 14]).

Definition 3.1.3. [13| Definition 3.1] Let m € N and X3, ..., X,,; Y be sequence
classes. A multilinear operator T’ € L(E, ..., E;,; F) is (X4, ..., X Y)-summing if
(T(xj,...,27"));2, € Y(F) whenever ()52, € X;(E;), i = 1,...,m. In this case we

write T € Lx, . x,,.v(E1, ..., Ep; F).

-----

The following proposition describes how to works the transformation of vector-

valued sequences by multilinear operators.

Proposition 3.1.4. [13, Proposition 2.4] Let m € N and X,,..., X,,;Y be sequence
classes. If the sequence classes X1, ..., X,,, and Y are finitely determined, then the follow-
ing condition are equivalent for a given T € L (Ey, ..., E,; F)

.....

(ii) The induced map T - X1(Ey) X - - X X (Ep) — Y (F) given by,
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is a well-defined continuous multilinear operator.

(i11) There is a constant C' > 0 such that

||(T($;, sy L ))] 1||Y < CHH (31)

for every k € N and for all finite sequences ;r:; eFE,j=1. ki=1..m.

In this case,

=inf{C: holds} .

Given sequence classes X, ..., X,,; Y, we say that X;(K) - - - X,,,(K) < Y (K) if

(AL---A™)% | € Y(K) and

J

1A -+ AP allvee < TTIHOG)E
i=1
whenever (X))72, € X;(K),i=1,...,m.

Theorem 3.1.5. [13, Theorem 3.6] Let m € Nand Xy, ..., X,,, Y be linearly stable se-
quence classes such that X;(K)--- X,,(K) Jdy Y (K). Then (Lx,... x,vs I'llx1. x0v)

is a Banach ideal of multilinear operators.

3.2 Linear weakly mid p-summing operators

The following definition was given by Karn and Sinha in [30, Definition 4.1] and
[14] Definition 2.1].

Definition 3.2.1. Let 7'be in £(X;Y). For 1 < p < oo, we say that 7" is weakly
mid-p-summing, if (T'(x;))32, € £7"(Y') whenever (z;);2, € (2(X). The set of all

weakly mid-p-summing operators from X into Y will be denoted by W;"(X,Y).

The weakly mid p-summing operators characterized by the following theorem

[14, Theorem 2.3].
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Theorem 3.2.2. The following conditions are equivalent

1) T is weakly mid p-summing.

2) The induced map T - (9(X) — £9(Y) given by f((xj)‘j?‘;l) = (T'(r;))52, is a
well-define and continuous linear operator.

3) The induced map T : (4(X) — (YY) given by T((z;)2,) = (T(z;))2, isa

j=1
well-define and continuous linear operator.
4) (T(x;))52, € 7"(Y) whenever ()32, € (4(X)

5) There is a constant B > 0 such that
I(T(5) 721 lmiap < Bll(25)5Z1llwp,  for any (z;)52, € 6(X).
6) There is a constant C' > 0 such that
(T ()i llmiap < Cl(@5)5=illwps  for amy (z;)f— C X,

7) There is a constant C' > 0 such that

1T (5), yn))nz)5 ) < Ol (5) 2l 1 (W7) 21 o

forany (x;)%2, € £(X), and every (y;)p, € £ (Y*) .

Moreover,

w™(T) = ||T|| = |T|| = inf{B : 5 holds} = inf{C : 6 holds} = inf{C" : 7 holds}.

p

Theorem 3.2.3. The class (W', w}%) is a Banach operator ideal

The weakly mid p-summing operators characterized by the following theorem

see [30, Theorem 4.4].

Theorem 3.2.4. Let T be in L(X;Y). For 1 < p < oo, the following are equivalent:
1) T is weakly mid p-summing.

2) SoT ell,(X;4,) forevery S € L(Y;1,).
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3)ToU € Ity Y) for every U € L({y; X), 1/p+1/p* = 1 (where 11% is the dual
ideal of 11, ).

Moreover w"*(T) = It,(T'), where
lt,(T) =sup{m,(SoT):S €LY, |S] <1}
Theorem 3.2.5. The class (W, It,) is a Banach operator ideal

Theorem 3.2.6. Let T € L(X;Y")
DIFT € TI(X,Y) (& T* € M,(Y*, X*), then T € Wrid(X;Y).
)T €M, (X,Y), then T € Wm4(X;Y).

3.3 Weakly mid summing multilinear operators

Now, we extend the definition of weakly mid p-summing linear operators to the

multilinear operators.

Definition 3.3.1. Let 1 < p,py,-+- ,pm < cowith 1/p = 1/py + -+ + 1/pp. A
multilinear operator 7" : X; x --- x X,,, = Y is weakly mid-(py, . .., p,)-summing
if SoT €1l .. p. (X1, -+, Xy {p) for every S € L(Y;(,). The set of all weakly
mid-(py, ..., pm)-summing operators from X; x --- x X,, into Y will be denoted
by Wi

;s Pm (X17 e 7Xm; Y) we define

Uty p(T) = sup{mp, . p. (SoT):S € L(Y;L,),|S|| <1}

Question 3.3.2. The class of (W4 It .. ,.) is Banach ideal of multilinear opera-

tors?

We will answer on this question in the last of this section.

Replacing Y in [27, Definition 2.1] by ¢, we have the following lemma.
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Lemma 3.3.3. Let (v;)32, € ¢;(X). The following are equivalent.
1- ()52, € i (X).

2- (S(xj))32, € Ly(Ly) forall S € L(X;(,). Moreover
1(25)521 lmiap = sup{[[(S((z;))58, [ + 5 € LIX;6), [|S]] < 15

The following proposition characterize the weakly mid-(p, . .., p,,)-summing

operators.

Proposition 3.3.4. For T' € L( Xy, - ,X,,;Y), the following statements are equivalent
1- T is weakly mid-(py, . . ., py,)-summing operator.

2- (T(x},- -+ ,a7)52, € 6r(Y) whenever (25)22, € €% (X;) 1 < i <m.

Proof. We take T' € W,, ... .. (X1, , X,,;Y), then by the definition of weakly

mid-(p1, . .., pm)-summing we have SoT € 11, ... , (X3, -+, X, £,) forevery S €

L(Y; (), this equivalent by definition of (pi, . . ., pn)-dominated (SoT'(zj, - - - , x7"))52

(L) for every (24)22, € £¥(X;), 1 < i < n and for every S € L(Y;{,) equiv-

alently (S o T'(zj,---,27"))2, € L,(f,) for every S € L(Y;{,) and for ev-
ery (¢)2, € 2 (X;), 1 <4 < nhence (T'(zj,---,27"))32, € £7"(Y) for every

(%)32, € £3(X;), 1 <i <n.This complete the proof. L

As 7(.) and £(.) are finitely determined (Example3.1.2), then the next the-

orem is immediate consequences of Proposition[3.1.4,

Theorem 3.3.5. For T' € L( Xy, -, X,; Y), the following statements are equivalent

1-T e W;fff‘f’pm(Xl, ey X3 Y.
2- The induced map T = 02 (X1)x- - -x 0% (X,) = 074Y) given by T((z})2,, -+, (272
(T(xj, -~ ,27))52, is a well-defined continuous multilinear operator.
3- There is a constant C' > 0 such that for any z, ...,z € X;, (1 < i < m), we have
(T (5, - &) 5=t miae < C TLI5) 521 .- (3-2)
=1
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3'- there is a constant C' > 0 such that for any (%)%, € €2 (X;), (1 < i < m) we have
TG ) bias < O TN 3)

Moreover, w. = (T) = ||T|| = |T| = inf{C : 3 holds } = inf{C': 3' holds}.

Theorem 3.3.6. The class (W;’fid b ()) is a Banach ideal of multilinear map-

pings.

Proof. As (¥ (K) = (,,(K) and £7"*(K) = £,(K) are linearly stable sequence classes

and since 1/p = 1/p; + - -+ + 1/p,, we obtain

So, from Theorem [3.1.5|it follows that (W]Z’fid oo W (.)) is a Banach ideal of

multilinear operators. O
We finish this section solving a problem left open in the first section.

Proposition3.3.7. For T e Wd | (Xy,---, X, Y), we havelty, .., (T) = wy.  (T).

7pm( - P17 5Pm

Proof. Let T € Wy | (X1,---, X;n;Y) and S € L(Y;(,) with ||S|| < 1. Here

o
we use that the spaces ¢(Y*) and L(Y;/,) are canonically isometrically isomor-
phic via the correspondence y* = (y;)p2; € 6/ (Y™) = Sy € L(Y;4,), Sy (y) =
(yr(y)), [22, Proposition 8.2(2)]. So there exists (y)r, € B (v+) such that

S(y) = (yi(y)).—, for every y € Y. Thus

(%)),
J j=1

forevery (%)%, € €% (X;). Therefore ST € I, ..., (X1, -+, Xpn; £p) and wy, ... p,,, (T) <

00 1/p 0o oo 1/p .
(ZIHST(x}w--,x?)Hi) =(Zz\<y;,:r(x;,...,x7)>\”) <l (DT

j=1n=1 i=1 w,p;

ltp, ... p,.(T). From

1/p

0o 00 1/p o
(Z Z ‘(y;, 71<.T]17 R 7x;71>>‘p) — (z:l HSCT(J]}7 ce 73;;1)“2) S 7TP1,~~~,pm(SOT) 1_[1

j=1n=1

we obtain lty, .., (1) < wy, ... p,. (T), proving that lt,, .. , (T) = wy, .. p,. (T). O
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Now we solve it in the affirmative: Since lty, ..., (T) = wy'®. (T for every

Xy, -+, Xm; Y), we obtain the following Theorem.

Theorem 3.3.8. The class (Wg}ffﬂpm, Ups....om ()) is a Banach ideal of multilinear map-

pings.
3.4 Pietsch domination theorems

Theorem 3.4.1. [21, Theorem 4.8] Let T € L(X;Y). The following statements are
equivalent:

(a) T is weakly mid-p-summing.

(b) There are a constant C' > 0 and a regular Borel probability measure ;1 on Y** such

that y
0 P 1/p
(Z Iy*(T(wj))lp) <C ( /B - ™ (y" )P du(y**)) (3.4)
forall y* € By~ and all (z;)32, € £;)(X).

(c) There are a constant C' > 0 and a reqular Borel probability measure ;v on By« such

that )
k /p 1/p
(Z |y*<T<a:j>>|”) <o ([, ora)

forally* € Y*, xq,--- 2 € X.

Theorem 3.4.2. Let T' € L( X1, -, X,; Y). The following statements are equivalent.
(a) T is weakly mid-(p1, . .., pm)-summing

(b) There are a constant C' > 0 and a regular Borel probability measures y; on Bxx such

1/pi
i .
dp(x; ))

that,

o' (x7)

T(xl oo ™| < I
Iso7(e!, 2 < O] (/BX?
forall S € L(Y;¢,),2" € X;.

(c) There are a constant C' > 0 and a regular Borel probability measures ji; on Bx such
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that,

e 1/p m
* 1. m\\ |p <
(S 107 —C.H</BX3
forall (yp)p, € Ly(Y™),x" € X.

Proof. (a) = (b)UT € Lty . (X1, -, X3 Y), wehave SoT : Xy x---xX,, = ¢,

is (p1,...,pm)-dominated. Therefore, there are a constant C' > 0 and a regular
Borel probability measures p; on By such that,

2" (x7)

m 1/Pz'
||SoT(x1’... vxm)HSCH(/B pldu(ﬁ))
i=1 xx

forall ' € X; and forall S € L(Y;4,). (b) = (c¢) For S € L(Y;{,). So there exists
(yp)oey € £4y(Y™) such that S(y) = (y;(y)),—, for every y € Y. Thus

[e'e) 1/1’
1S 0T, o )| = (Z e T, ,xm>>|f°)
n=1

forall z; € X;, i.e,

S o) <ol (]

=1

for all (y;)p2, € (¥(Y*), 2" € X;. (¢) = (a) Let (zj,---,27") € (X1 X --- X X;)

VR

(1 < j < k) wehave form (3.5)

m

S i apyr <o

=1

HCH)

p/Dpi
i .
dpi(x; )) :

By Holder’s inequality (3%, [T, (X )P)/P < T, (SE_ (AP VP, XL > 0) we
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obtain

k oo 1/p k. m

j=1n=1

VAN
Q
s
e

1/p;
i ()" d <x:>)
i=1 Xrj=1
1 k
< OH H(%)g—l”wpz
=1

We deduce ((T(e}, - a7), yi))ia )i € Gylty) whenever (y)i, € £(Y"),

()b, € o(Xy), e, (T(x},--- ,27)k_, € £7(Y) whenever (z})F_, € (¥ (X;).

Jj/j=1 Jo g /=1 J

]

Corollary 3.4.3. Let T' € L(X;Y'). The following statements are equivalent.
(a) T is weakly mid-p-summing
(b) There are a constant C' > 0 and a reqular Borel probability measure j on By~ such

that
1/p

. 1/p
Sl se(f b ra)
j:1 By**

forall y* € Y* and all (x;)32, € £;)(X).

(c) There are a constant C' > 0 and a reqular Borel probability measures p on Bx- such

that,
3 p 1/p

forall (y;)p2, € £3(Y™), v € X.
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CHAPTER 4

MULTILINEAR MID SUMMING
OPERATORS AND APPLICATIONS

Our results in this chapter are presented as follows. In first section , we re-
call important results and definitions to be used later. In section 2, we intro-
duce and investigate a new ideal of strongly mid p-summing operators. We
present a characterization given by a summability property. We also prove the
related dual result. We study Banach space X for which idx € II", idx € D"
and D,(¢,; X) = L({,; X). We also prove, X has the p-Dunford-Pettis prop-
erty if and only if X* has the p-Dunford-Pettis property. In section 3, we in-
troduce the notion of absolutely mid (p,...,p,)-summing multilinear opera-

tors. The original motivation for our section is to give a multilinear version of

Kwapieni’s factorization theorem for (py,...,p,)-dominated multilinear opera-
__ Tymad mid mid
tors. I, . p, = 100 o OV, ., W),
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4.1 Strongly mid summing linear operators

Botelho, Campos and Santos [14] introduced the concept of absolutely mid p-
summing operators. For 1 < p < oo, an operator 7' € £L(X;Y") is absolutely mid
p-summing if (T'(z;))32, € £,(Y) whenever (z;)22, € (7"*(X). Equivalently, if

there is a positive constant C' such that

(T ()52 1y < Cll ()7 lmiasp

for all (z;)52, € £;"(X). The space of these operators from X into Y denoted by
II"4(X;Y'), is a Banach space under the norm 7"%(T') which is the infimum of
all C' > 0 that satisfy the above inequality.

Now, we introduce the concept of strongly mid p-summing linear operators
as a characterization of the conjugates of absolutely mid p*-summing linear oper-

ators.

Definition 4.1.1. Let 1 < p < oco. A mapping T' € L(X;Y) is strongly mid p-

summing if there exist a constant C' > 0 such that

(T (), 4505zl < Cll )5 ol (7=t lmia e (4.1)

for any (z;)%_, € X and (y7)*_, C Y*. We denote by D;"¥(X;Y") the space of all
strongly mid p-summing operators from X to Y. The least C for which holds
will be denoted by d7**(T'). From this definition it is clear to see that D,(X;Y) C

Dy(X;Y) and d)"(T) < do(T) for all T € D,(X;Y).

For T € £(X;Y), the induced map ¢r : X x Y* — K given by pr(z,y*) =
(I'(z),y*) for all z € X and y* € Y™ is a continuous bilinear operator. Using
the abstract approach of [13] and [14, Proposition 1.9], we can see that the next

proposition is an immediate consequences of [13, Proposition 2.4].
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Proposition 4.1.2. Let T' € L(X;Y), the following assertions are equivalent.

1)T € DII(X;Y).

2) (er(x;,y7))32, € b1 whenever (x;)32, € £,(X) and (y7)52, € €74 (Y™).

3) The induced map @7 : £,(X) x LHUY™) — (4 given by @r((x;)32, (¥7)521) =
(¢r(7j,y7))52, is a well-defined and continuous bilinear operator.

4) There exists a constant C > 0 such that

(25, 95))5% 1 < Cll(23)72 111752 lmia.pe- (4.2)

for any (x;)32, € £,(X) and (y})32, € rid(y™),

5) There exists a constant C > 0 such that

1o (s, 57)) 51l < Cll ()= lpll (5= lmiape - (4.3)

for any k € Nand any (z;)_, C X, (y;)_., € Y*. Moreover, d;*/(T) = ||¢z] =
inf{C : holds} = inf{C : (4.3) holds}.

Theorem 4.1.3. (D;(X;Y'),d;"(-)) is a Banach operator ideal.

Proof. Using the abstract framework, notation and language [13], we find that
a linear operator T is strongly p-summing if and only if 7 is (,(.)002(.); 6y)-

summing. Since 1/p + 1/p* = 1 we obtain

HGAD 1l < T3l [AF) 521 e, 000 = T3 lep20) [(AF)524

emid(K)

Therefore, (,(K)((K) = £,(K)(,- (K) <% ¢,. In addition, all the sequence classes
involved are linearly stable (see [14, Proposition 1.10]). So, from [13, Theorem 3.6]

it follows that (D}*¢, d7""(.)) is a Banach operators ideal. O

In the next theorem, we will show that the absolutely mid p-summing linear
operators is the adjoint of the strongly mid p-summing linear operators. It will be

useful throughout this section.
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Theorem 4.1.4. Let 1 < p < o0, T € L(X;Y). Then T € Dy"(X;Y) if and only if

% mid [\ *. Y * mid mid (rx
T* € IEP4(Y™; X*). Moreover, dy*(T) = i *(T™).

Proof. Assume that T' € D;"(X;Y). For (z;)32, € {,(X) and (y;);2, € £¥4(Y™).
We have

(T (), y50)52lh = 1CT (), 20)52 e < & (T ()32 1 ()32 i e

by taking the supremum over the unit ball in /,(X’) we obtain

1T (y5))52 o < ClIY;) 521 lmia.pe

Therefore, T*: Y* — X* is absolutely mid p*-summing and 7//'*(T*) < d7"*(T).
Conversely, let T* € TI7¥*(Y*; X*). By Holder’s inequality we have, for (z;);2, €
0p,(X) and (y7)52, € (YY),

ST () )] < )l )

J=1

v < T 16l 7)) 52 i

Thus T is strongly mid p-summing and d**(T) = m2(T™). O

The following corollary which is a straightforward consequence of the pre-

ceding theorem and Theorem 2.8 in [14].
Corollary 4.1.5. Let 1 < p < oo, T € L(X;Y). IfT* € D(Y*; X*) then T €

mid .
mmid( X Y).

Recall that an operator ideal Z(X;Y) is surjective if 7' € Z(X;Y') whenever
To@ € I(Xo;Y), where Q : Xo — X is a quotient map. As consequence of
Theorem [14, Proposition 2.8] and [43] Section 4], we obtain the following

proposition.

Proposition 4.1.6. The operator ideal (D}, d"') is surjective.
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The Dvoretzky-Rogers theorem (see [24]) states that the Banach space X is of
finite dimensional if, and only if, idy is p-summing. Now we will give a result in
this context.

We say that a Banach space X is a weak mid p-space (or has p-Dunford-Pettis
property see [30]) if £7(X) = ¢2(X) and it is a strong mid p-space if (7(X) =

0,(X).

The next result is a reformulation of [14}, Theorem 2.7].

Theorem 4.1.7. Let 1 < p < oo. Then the following are equivalent.
1) X is a strong mid p-space.

2)idx € TIM(X; X).

3) L(X;Y) = II"(X;Y) for every Banach space Y .

4) L(Y; X) = 1I"(Y; X)) for every Banach space Y .

5) X is a subspace of L,(1) for some Borel measure fu.
Corollary 4.1.8. If X** is a strong mid p-space then X is a strong mid p-space.
Proof. Is a direct consequence of Theorem [4.1.7/and [14) Proposition 2.8]. O

If we replace X by X* in the precedent theorem, we have by Theorem

and Theorem [.1.7] the next dual theorem.

Theorem 4.1.9. The following properties are equivalent:
1) X* is a strong mid p*-space.

2) idx € DX, X).

3) L(X;Y) = Dy(X;Y) for every Banach space'Y'.

4) L(Y; X) = Dy"(Y; X) for every Banach space'Y .

5) idx- € (X" X*).

6) L(X*Y) =1II(X*,Y) for every Banach space'Y .
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7) L(Y; X*) = II4(Y'; X*) for every Banach space'Y .

8) X* is a subspace of L,+(yt) for some Borel measure .

From [14, Theorem 2.6] and [30, Theorem 3.7], we have the following equiva-

lences for 1 < p < cc.

Theorem 4.1.10. The following assertions are equivalent.
1) X has the p-Dunford-Pettis property.

2) IM(X;Y) = IL(X;Y) for every Banach space Y .

3) (X3 4y) = Tp(X3 4y) = LX)

4) Dp*(ép*;X*) »C(Ep*7X*).

As consequence of Theorem and Theorem 4.1.4, we have.

Theorem 4.1.11. The following properties are equivalent.
1) X* has the p-Dunford-Pettis property.
2) DY X) = Dy (Y; X)) for every Banach space Y .

(Y5
3) IM4(X* Y™*) = IL,(X*; Y™) for every Banach space Y .
D I3 L) = (X5 6,) = L(X*50,).

(£pr

5) D1({ye: X) = Dy (b X) = L{Ly; X).

6) Dp+(Lye; X) = L(Lp; X).

Corollary 4.1.12. X** has the p-Dunford-Pettis property if and only if X has the p-
Dunford-Pettis property.

Theorem 4.1.13. X* has the p-Dunford-Pettis property if and only if X has the p-

Dunford-Pettis property.

Proof. By [30] Corollary 3.9], if X** has the p-Dunford-Pettis property, then X* is
too, and consequently X has the p-Dunford-Pettis property. On the other hand,
by a Corollary if X has the p-Dunford-Pettis property, then X** it is also.

O
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4.2 Kwapien’s factorization theorem for dominated mul-
tilinear operators

In this section we extend to multilinear operators the concept of absolutely mid p-
summing linear operators, for which the resulting vector space IT""?  of the ab-
solutely mid (py, . . ., pi)-summing is a Banach ideal of multilinear operators. The
original motivation for our section is to give a multilinear version of Kwapieni’s
factorization theorem for (py,. .., p,,)-dominated multilinear operators such that
I, p = H;T;(.i..,pm e (W}’]l”d, ey W;”"fd).

Now, we state our definition.

Definition 4.2.1. Let 1 < p,pi,...,py < 0o with J = -+ ... + L. A mapping
T € L(Xy,...,Xm;Y)isabsolutely mid (pi, . . ., pp)-summing if (T'(z}, ..., 27")); €

(,(Y') whenever (2}); € (77(X;), i =1,...,m.

Xy, ..., X Y) be the space of all absolutely mid (pi,...,pm)-
summing operators from X; x ... x X,,, toY.

As (7(.) and £,(.) are finitely determined (Example 3.1.2), then the next the-

orem is immediate consequences of Proposition[3.1.4|

Proposition 4.2.2. For T' € L(X1,...,X,,;Y) the following conditions are equivalent.
(a) T is absolutely mid (p., . .., pm)-SUmming.
(b) The induced map T : 07(X,)x. . .x(m4(X,,) — £,(Y) given by T((x})32,, -+, (z7)2,) =

Jj=b J/i=1

(T(xj, -~ ,27))52, is a well-defined continuous multilinear operator.

(c) There is a constant C' > 0 such that for any %, ..., z} € X;, (1 < i < m), we have

(T, - 275zl < C TINS5 lmia- (4.4)
i=1
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(d) There is a constant C' > 0 such that for any (})52, € £7(X;), (1 < i < m) we have

(T (5, - - 27)2a e < CTTINES) 2 midpi- (4.5)
i=1

.....

As a direct consequence of [14, Propositionl.4], we have the next proposition.

Proposition 4.2.3. For T € L(Xy,...,X,;Y)and 1/p = 1/p1 + ... + 1/ppm. If

X1, 0, X Y) and 7™ (T) <

P1;---sPm

pings.
Proof. As (7" (K) = {,,(K) are linearly stable sequence classes and since 1/p =

1/p1 + -+ 1/p, we obtain
G (K) - £ (K) = by, (K) -+ 6, (K) = £,(K).

So, from Theorem it follows that (I 7mid | ())is a Banach ideals of
multilinear operators.

]

Definition 4.2.5. [44] Definition 5] Let m € N and let (Z;, «;(+)) (i = 1,...,m) be
Banach ideals of bounded linear operators and (M, 3(-)) be a Banach ideal of
continuous multilinear operators. We say that 7' € L£(Xj, ..., X,,;Y) belongs to
Mo (14, ..., L,) (X, ..., X;n; Y) if there exist Banach spaces Y3, ..., Y, R, € Z; (i =
1,...,m)and S € M(Yy,....,Y,,;;Y) such that T = S o (Ry, ..., R,,). In this case, we

define ||T|| pmo(z,,...7,,) = inf{B(S) [Ti%, a;s(R;)}, where the infimum is taken over

.....

all factorizations of T" as above.
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We continue by recalling the notion of weakly mid p-summing. An opera-
tor T € L(X;Y) is weakly mid p-summing if (T'(z;));2, € ¢"*(Y") whenever

(z7)52, € £ (X) (see [30, 14] for more details).

Theorem 4.2.6. Every (py, ..., pm)-dominated multilinear operator factors through abso-
lutely mid (p, ..., pm)-summing multilinear operator and weakly mid p;-summing linear

operators (1 < i < m), that is,

_ Trmid mid mid
propm = 11 o (W s W ).

p1 )

Proof. Firstly, we get to prove that IV o W . Wrid) C T, ..

Let S : Yy X ... xY,, — Y be an absolutely mid (py, ..., p,)-summing and
let R; : X; — Y, be a weakly mid p;,-summing operators. We prove that 7' =
So(Ry,....Ry) : X1 x...x X, = Yis (p1, ..., pm)-dominated multilinear operators.

Let (25)_, C X;. We have

(T (5, 27) izl = (S © (Ra(@j), .o Bin(25))) 5l

m
<amid () TT IS @) 5y pemia
=1
< il (Sl Ry HH

o (T) < 7 (S)umid( Ry wmid(R,,).

~~~~~ Pm p1 Pm

Then T'is (p1, ..., pm)-dominated and 7,

.....

Secondly, we prove that Il C II"  o(Wyid . Wmid) LetT e Il p,, (X1, ..

We have by Theorem m T = So(Ry,...,R;). Now we show that S is ab-
solutely mid (py, ..., p)-summing. Let (y]) °, € Em’d(Y;). As Y] is closed sub-
space of Ly, (u;), from [14, Theorem 1.2] we have (y2)52, € £, (Y;). Thus, as
S is continuous multilinear and Loy Ot )itn() = L™ (see [13, equation 5]),
then (S(yj,....,yJ"));2; € £,(Y). This proves that S € I  (V1,..,Y;,;Y). We

now prove that R; = Jp,[1, (x,) © Ix, is weakly mid p;-summing operators. Let
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(2%)52, € 2 (X;), since J,, is absolutely p;-summing we have

I(Ri(25)) 3 lmidp: = [1(J;
< ||<in|IXi(Xi)<]Xi(x§)))§il
< |’(IXz(x;)>_;>il”w»pz

< 15)52 1w

Ix, (Xi) (]Xz (x;)));‘;l Hmid,pi

Pi

Then R; is weakly mid p;-summing and w]"*(R;) < 1. O

Corollary 4.2.7. Let T € L(X1,....Xn;Y). Then T is (pi, ..., pm)-dominated if and
only if there exist Banach spaces Y1, ..., Y,,, weakly mid p;-summing operators R; €
L(X;;Y;) and a absolutely mid (py, ..., py,)-summing multilinear operator S € L(Y1, ..., Y, Y)

such that T = So(Ry, ..., Ry,). Moreover my, ., (T') = inf{x"  (S) I, wy"*(R;) :

P

-----

T=So0(Ri,... R}
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CHAPTER 5

RELATIONSHIPS BETWEEN 7' AND VT
FOR CERTAIN SOMMABILITIES

Let SB(X,Y) be the set of all bounded sublinear operators from a Banach
space X into a complete Banach lattice Y; which is a pointed convex cone not
salient in Lipo (X, Y'). In this chapter, we are interested in studying the relation-
ship between T" and its subdifferential VT’ (the set of all bounded linear operators
u : X — Y such that u(z) < T'(x) for all z in X); concerning certain notions of
Lipschitz summability. We also answer negatively a question posed previously
concerning this type of relation in the sublinear case. For this, we introduce and
study a new concept of summability in the category of Lipschitz operators, which
we call “super Lipschitz p-summing operators”. We prove some characterizations in

terms of a domination theorem and some properties of this notion.
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Introduction

The notion of p-summing linear operators goes back to Grothendieck in the 1950s,
but just in 1967 and 1968, the classical works of Pietsch [54] and Lindenstrauss-
Pelczyniski [34] clarified Grothendieck’s precious ideas and contributed clearly to
the vigorous development of this notion. Recently, Lipschitz versions of differ-
ent types of summing linear operators were investigated by several authors such
as [16], [18], [191, [26], [57], [42] and [59] among others. The first paper is due to
Farmer and Johnson [26]. They introduced the notion of Lipschitz p-summing op-
erators and showed that is really a good generalization of the concept of linear p-
summing operators [26, Theorem 2]. This notion marked the beginning of the the-
ory of nonlinear summability. Motivated by the importance of this theory, several
authors have developed and studied different concepts of summability. Chen and
Zheng introduced in [19] (strongly) Lipschitz p-integral and p-nuclear operators.
In [16] Chavez-Dominguez introduced the notion of Lipschitz (r, p, ¢)-summing
operators and Lipschitz (g, p)-mixing in [17]. Independently, Yahi, Achour and
Rueda [59] and Saadi [57] introduced and studied the class of Lipschitz strongly
p-summing operators. The first authors introduced the notion of summing Lips-
chitz conjugates and (p, )- summability with an appropriate factorization. They
characterized also those Lipschitz operators whose Lipschitz conjugates are ab-
solutely p-summing. The chapter is organized as follows. In section 1, we recall
some basic definitions and properties concerning Banach lattices and sublinear
operators. In section 2, we study the Lipschitz p-summing sublinear operators
and we introduce the class of Lipschitz super p-summing sublinear operators.
We characterize this type of operators by giving a domination theorem. Also, we
give some properties concerning this class. We study the relationship between

T and u in VT concerning this type of summability and we answer negatively a
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question posed in [5] relative to the linear case, which is: 7" is p-summing if, and
only if, u is p-summing for all v in VI'? The first implication was shown in [5] and
the reciprocal remained open. Here we answer this negatively. Finally, we look in
section 3 at the other types of summability. We are interested to the notion of Lip-
schitz p-dominated operators introduced in [19]. We show that if 7" is Lipschitz
p-dominated sublinear operator, then V1" C II, (X,Y’). We prove in Proposition
below, if T" is in D (X,Y’) (the space of positive strongly p-summing sub-
linear operators) for 1 < p < oo, we have u positive strongly p-summing for all
uin VT and hence u* is positive p*-summing with 7% (u*) < 2d} (T'). We also
demonstrate that v is positive p-summing for all v in VT (1 < p < 2) whenever T

is in Df (X, Ly (2, 1)) with 0 (u) < Cd} (T').
5.1 Definitions, notations and properties

Unless otherwise stated X, Y, Z will always real Banach spaces. As customary,
Bx denotes the closed unit ball of X and X* its topological linear dual. Now,
we are going to introduce some terminology concerning the Banach lattices. For
more details, the interested reader can consult the references [35], 41]].

We recall the abstract definition of Banach lattice. Let X be a Banach space. If X
is a vector lattice and ||z|| < ||y|| whenever |z| < |y| (|z| = sup{z, —z}) we say
that X is a Banach lattice. If the lattice is complete, we say that X is a complete
Banach lattice. Note that this implies obviously that for any x € X the elements
x and |z| have the same norm. We denote by X = {x € X : 2 > 0}. An element
x of X is positiveif x € X .

The dual X* of a Banach lattice X is a complete Banach lattice endowed with the
natural order

] < zy <= (a],x) < (x5,x), Vre X, (5.1)
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where (.,.) denotes the bracket of duality.

By a sublattice of a Banach lattice X we mean a linear subspace E of X so that
sup {z,y} belongs to E whenever z,y € E. The canonical embedding i : X —
X** such that (i(x), z*) = (z*, z) of X into its second dual X** is an order isometry
from X onto a sublattice of X**, see [35, Proposition 1.a.2]. If we consider X as a

sublattice of X** we have for z1, 15 € X
1 < g = (w1,27) < (30,27), Vo' e X, (5.2)

Let K be a compact space. The space C' (K) is a Banach lattice, it is a complete
Banach lattice if K is a Stonian compact space. The L, (1 < p < co0) are complete
Banach lattices and any reflexive Banach lattice is a complete Banach lattice.

For the convenience of the reader, we give in this section some elementary
definitions and fundamental properties relative to sublinear operators. For more

details see [5, 33].
Definition 5.1.1. A mapping 7" from a Banach space X into a Banach lattice " is
said to be sublinear if for all z,y in X and AinR,, we have

= M (z) (i.e., positively homogeneous),
(i) T(x+y) < T(x)+T(y) (i.e.,subadditive).

The operator T is said to be superlinear if 7" is positively homogeneous and
superadditive (i.e., T'(zr +y) > T (x) + T (y) for all z,y in X (i.e.,—7T is sublin-
ear). Note that the sum of two sublinear operators is a sublinear operator and the

multiplication by a positive number is also a sublinear operator. Let us denote by
SL(X,Y) = {sublinear mappings T : X — Y }
and we equip it with the natural order induced by Y
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We will note by VT the subdifferential of 7', which is the set of all linear operators
u : X — Y such that u(z) < T'(x) for all z in X. We know (see [5]) that VT
is not empty if Y is a complete Banach lattice and 7'(z) = sup{u(x):u e VT},
moreover, the supremum is attained (i.e., for all x in X there is u, € VT such
that, T'(z) = u,(x)). If Y is simply a Banach lattice then VT is empty in general

(see [33]). As a consequence
u€ VT <— —T(—x) <u(zx) <T(x), VrelX. (5.4)

Proposition 5.1.2. Let T be a sublinear from a Banach space X into a Banach lattice Y .
Then, the following properties are equivalent.

1) The operator T is continuous on X.

(1)

(2) The operator T is continuous in 0.

(3) There is a constant C' > 0 such that forall x € X, || T(z)| < C'|[|z|.
(4)

4) The operator T is Lipschitz i.e., |T(x) —T(y)|| < K ||z —y||, for some positive

constant K.

Proof. The proof is in general like the linear case. For (3) implies (4), we have

T(@) =Tl <T@ =y + Ty —2)]. (5.5)
and this concludes the proof. O

In both cases, we say that 7" is bounded and we put
17N = sup{[[T(2)[| : llzllx = 1}
Immediately, we have for all z € X

IT@) < sup fu(@)]l < [T(@)[| + [T (=) (5.6)

ueV

and consequently
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7)) < sup flull < 277 57)

This gives the following result: let C' be a positive constant, then the operator 7" is
bounded and ||T'|| < C'if, and only if, forallu € VT, |ju|| < C.

We will denote by SB(X,Y") the set of all bounded sublinear operators from

X into Y. The set SB(X,Y) is a pointed positive convex cone of Lip,(X,Y’) but

not salient and the great vector space in SB(X,Y) is
SB(X,Y)N(=SB(X,Y)) =B(X,Y).

We denote also by Lip,(X,Y") the Banach space of Lipschitz functions T : X — Y
such that 7'(0) = 0 with pointwise addition and the Lipschitz norm Lip(.) is given

by

Lip(T) = sup I} <‘9’2 - yTH(y)H'

We use the shorthand X# := Lip,(X) := Lip,(X,R). The closed unit ball Bx# of
X# is a compact Hausdorff space for the topology of pointwise convergence on

X. We can define a preorder on Lip,(X, Y) by setting
Tr<SifS-TeSBX)Y).
Remark 5.1.3. We have by Proposition[5.1.2} for T’ € SB (X,Y)
17| < Lip(T) < 2|[T]|.
In addition if 7" is symmetric (i.e., 7' (z) = T'(—z) for all z in X), then
17| = Lip(T).

In the sequel, we can see SB (X, Y') as a cone in (Lip, (X, Y'), Lip(.)). We denote
by
ASB(X,Y)=8SB(X,Y)-SB(X,Y)
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the subspace of Lip,(X,Y’) spanned by SB(X,Y), i.e.

ASB (X, Y) = {Tl - T2 : Tl,TQ €SB (X, Y)} .

Remark 5.1.4. For all 7" in ASB(X,Y) there is ¢y € SB(X,Y) and ¢r super
linear such that o7 < T < 97 and ¢r (—x) = ¢_7 (z) (resp. ¢Yr (—z) = Y_r (x))

for all z in X. We define o7, ¢y by
Yr(z) =T (z) + Ta(—x) or(z)=-Ti(-z) - Ta(x).

where T' =T, — Ts.

5.2 Lipschitz p-summing sublinear operators

We start by giving some standard notations. We denote by ||.||, the norm on I, of
a sequence of real numbers. For a sequence of vectors (z;); in a Banach space X,
its strong p-norm is the /,-norm of the sequence (||z;||); and we denote its weak
p-norm (cf. [22]) by
(@)= swp @ @),

We denote respectively these spaces by [, (X) and I (X) (I (X) and [}* (X) if
we take finite sequences (7;)1<i<, C X). We know (see [24]) that [, (X) = I (X)
(the symbol = indicates that two Banach spaces are isometrically isomorphic) for
some 1 < p < oo if, and only if, dim (X) is finite. If p = oo, we have I (X) =
12, (X). We have also if 1 < p < oo, I (X) = B(l,-, X) isometrically (where p* is

the conjugate of p i.e. - + ]% = 1). In other words, let v : [, — X be a linear

1
p
operator such that v (¢;) = z; (namely v = > e; ® z;, e; denotes the unit vector
1
(

basis of 1,) then [[v]| = () |5 x) -
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Analogously for a sequence ();); of real numbers and (z;); , (z}); of points in X,
we denote their weak Lipschitz p-norm (not really a norm because there is no
linear structure) by

wp () (@i (@)) = sup [|[(INF (Flad) = Flab) |

feBX#

(5.8)

Inspired by the useful concept of absolutely summing operators, J. Farmer
and W.-B. Johnson introduced in [26] the following definition. This is a good
generalization of the concept of linear p-summing operators, since it is shown in
[26] that the Lipschitz p-summing norm of a linear operator is the same as its

p-summing norm.

Definition 5.2.1. A Lipschitz operator 7' between X, Y is called Lipschitz p-summing
(1 <p < o0),if thereis a positive constant C' such that forall nin N, (), ;. , (¥i)1<i<,,

in X and (a;),,., in R*, we have

We denote by IT (X, Y) the Banach space of all Lipschitz p-summing operators

1

(af (T(w0) =~ T(w)

< Cuwy ((as), ()i, (Y)i) - (5.9)

p

from X into Y (1 < p < o0). The Lipschitz p-summing (1 < p < oo) norm, 7} (T
of T is the smallest constant C' verifying (5.9).

Notice that for any embedding j : Y — Z, we have n/ (T') = 7} (jT) and

mh (T) = sup {wlf (T/Xo) : X, finite dimensional subspace of X }
XoCX

Also, we can omit in the definition the sequence (a;),,,, in R, and we restrict to
a; = 1 (see [26] for an implicit proof).

Now, we proceed to generalize (5.7) to the notion of Lipschitz p-summing
operators, i.e., we study the following question: let C' be a positive constant, then
the operator 7' € SB(X,Y') is Lipschitz p-summing and 7 (T') < C'if, and only if,

forallu € VT, |1, (u)|| < C? This question is difficult for us, but we can resolve it
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partially by introducing a new intermediary notion of summability which we call
“Lipschitz super p-summing operators”. Also, we answer negatively a question
posed in [5] in the linear case, i.e., if T"is “p-summing” 1 < p < oo in the sense of
definition below (Definition , then for all v in VT, u is p-summing and the

reciprocal is false.

Definition 5.2.2. A map 7" in ASB(X,Y) is called Lipschitz super p-summing
(1 <p < 00),if thereisa positive constant C such that forall nin N, (z:), ;. , (¥i)1<i<p

in X and (a;),,,, in R*, we have

We denote by IT'* (X, Y") the space of the Lipschitz super p-summing (1 < p < oo)

(az;T(ﬂfi - yz))

< Cwl ((a:), ()i, (¥i)1) - (5.10)

p

in ASB(X,Y) and by 7/* (T') , the Lipschitz super p-summing norm of 7’; which
is the smallest constant C' verifying (5.10).

Notice that for any embedding j : Y — Z, we have n* (T') = 7* (jT') and

7ls (T) = sup {Hf (T'/Xo) : Xo finite dimensional space of X }

XoCX

Also, we can omit in the definition the sequence (a;), ..., in R, and we restrict to

(11'21.

Remark 5.2.3. By (5.5). Let T € SB(X,Y) if T'isin II}*(X,Y) then T'is in I} (X, Y')

and 7} (T') < 2n)* (T) . The converse is false see Example 1 below.

Now we are ready to give the Pietsch domination theorem. The proof follows

in an analogous way of [26, Theorem 1].

Theorem 5.2.4. Let 1 < p < oo. Let X be a Banach space and Y be a Banach lattice.
The following properties are equivalent for T in ASB(X,Y’) and a positive constant C.

(a) The mapping T is Lipschitz super p-summing and 7}* (T) < C.
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(b) There is a probability p on Bx# such that

[un

xX#

- nl<c(f, 15 -ram) Ga)

forall x,yin X.

Proof. The proof is the same than that used in the Lipschitz p-summing case. [

As an immediate consequence, we have an inclusion result and some compo-

sition properties of our class.

Proposition 5.2.5. Let 1 < p < g < oo. If T': X — Y is Lipschitz super p-summing,

then T is Lipschitz super q-summing and =}* (T) < wl* (T).

Proposition 5.2.6. Let S : £ — X be a bounded linear function and T in I1* (X, Y").

Then, T o SisinI1.* (E,Y ) and w}* (T o S) < «l* (T) || 5]
Proof. Let x,y be in X. Then

I(T 0 S) (z =y
= TS (x) =Sl

< apr ) ([ 1) - S @ au )

=

S =

< @ISl o -s0rao)

Where g (z) = f(lig(ﬁc)) . Therefore, T o S is Lipschitz super p-summing and
rh* (T 8) < 7t (T) S]]
This ends the proof. O

Proposition 5.2.7. Consider S in 11}* (X,Y') and let u be in B*(Y, Z) (Z is a Banach

lattice). Then, wo S'is in IIL* (Y, Z) and nl* (w0 S) < |jul| 7}* (S).
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Proof. Let x,y be in X. Then

[(woS)(z =yl < ullllS(z -y

< Ml ) ([ 156 - S0P )

3=

This implies that, uoS is Lipschitz super p-summing and 7} (v 0 S) < ||T'|| wl* (5).

O

Proposition 5.2.8. Let X be a Banach and Y be a complete Banach lattice. Let T be a
bounded sublinear operator from X intoY. Suppose that T'is Lipschitz super p-summing
(1 < p < o0). Then forall S € SB(X,Y) such that S < T, S is Lipschitz super p-

summing.

Proof. By (5.3), we have for all z,y in X, S(z —y) < T (z —y) and =S (z —y) <

T (y— ). Thus |S (x —y)| <|T (x — y)|+|T (x — y)|. Using , wegetl# (S) <
2rls (T). O

p

Corollary 5.2.9. If T' is Lipschitz super p-summing (1 < p < o0), then forallu € VT,

u 1S p-summing.

Letnow 7' : X — Y be a sublinear operator between a Banach space X and a

Banach lattice Y.

Definition 5.2.10. We will say that 7" is “p-summing” (1 < p < oo, we write
T € I1,(X,Y)), if there exists a positive constant C' such that for every n in N the
mappings

T,: 1'% (X) — YY)

p

(x;) — (YY)

are uniformly bounded by C. We put in this case

m(T) = sup | T,
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If T is linear, then from the closed graph theorem, it is p-summing if, and only

if, it satisfies that for every infinite sequence (z,), .y in X, we have

(Z (&, x) P < oo, VEE X*) — Z T (z,)|” < . (5.12)

neN neN

Proposition 5.2.11. Let u be a bounded linear operator from a Banach space X into a
Banach lattice Y and 1 < p < oo. Then, the notions of Lipschitz super p-summing,
L Ls

Lipschitz p-summing and p-summing coincide and , (u) = 7, (u) = 7" (u).

Proof. We have 7, (u) =« (u) by [26, Theorem 2] and 7 (u) = 7* (u) because u

p

is linear. O

By the weak Dvoretzky-Rogers Theorem which state that: every infinite di-
mensional Banach space X contains a weakly p-summable (1 < p < oo) sequence
which fails to be strongly p-summable (see [24, Theorem 2.18]). We then have the

following corollary.

Corollary 5.2.12. Let X be a Banach lattice. Then, the following properties are equiva-
lent.

(1) The identity is in TI,*(X, X)

(2) The identity is in I} (X, X).
(3) The identity is in I1,(X, X).
(4)

4) The space X is of finite dimensional.

Proof. The assertions (1) (2) and (3) are equivalent by Proposition The

assertion (2) is equivalent to (4) by the weak Dvoretzky-Rogers Theorem. O

We study in the Lipschitz case, the following question posed in [5]: Does u
is Lipschitz p-summing (i.e., p-summing) for every u in VT if, and only if, 7" is

p-summing sublinear operator (this question was inspired by ??eqn6))? (For the
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linear case, we have shown that, if 7" is p-summing then u is p-summing for every
uw in VT. The converse has remained open. In this paper, we ask this question

and we prove that the reciprocal is false by the following example.

Example 5.2.13. Let X be a Banach space of infinite dimensional and consider the
map 7: X — R defined by T'(x) = ||z||. The operator 7" is a bounded sublinear

operator. The set

VT ={u e B(X,R) C Bx+,u <T}

is in I1,(X,R) and 7, (u) < ||T||. But 7" is not p-summing. Indeed, suppose the
contrary, then there is an absolute positive constant C' such that for all n» in N and

for all (z;),,, in X, we have

Z |z:]|” < C? sup Z’f(%’)’p-
i1

§€Bxx =1
This implies that the Id x is p-summing and by (5.12), we have for every infinite
sequence (z;) in X
DY g an)lP <00, VEEXT| =D |lz,” < oo
neN neN

This contradicts the weak Dvoretzky-Rogers Theorem.

Remark 5.2.14. Let X be a Banach space and Y be a Banach lattice. The notions of
p-summing and Lipschitz p-summing do not coincide on SB(X,Y). The opposite

makes our problem trivial.

Let X be a Banach space of infinite dimensional. The sublinear operator T
defined on X by 7' (z) = ||z is not p-summing by Example[5.2.13|but is Lipschitz

p-summing. Indeed, for (z;), <i<ns (vi), <i<nin X, we have

64



CHAPTER 5. RELATIONSHIPS BETWEEN T AND VT FOR CERTAIN
SOMMABILITIES

3=

M=

;

- (Sl - ||yz-|r|p);

=1

T (2:) — T<yz»>|p)

1

3l

- (St - pwr)’

1=

(where f; (.) = ||.||; which is a Lipschitz function and Lip(f;) < 1)
< sw (S -rwr)

feByx \i=1
We can add that the sublinear operator 7' is not super Lipschitz p-summing. In
fact, suppose that there exists C' > 0 such that for every {z;},;.., {Vi};<;c,in X,

we have

D=

(it wr)
= (i)
< Cowp (iu(xi)—f(ynv’);.

feByxy \i=1

3=

This implies that Idy is Lipschitz p-summing and consequently by Corollary
is p-summing. This contradicts the weak Dvoretzky-Rogers.

The following proposition studies the link between v € V1" and T, for T' Lip-

schitz super p-summing.

Proposition 5.2.15. Let X be an arbitrary Banach space and Y be a complete Banach
lattice. Consider T in SB(X,Y). For 1 < p < oo, if T is in II.* (X,Y'), then VT C

117 (X,Y). The converse is false in general.

Proof. Let T bein II}* (X,Y). We have

lu@ =)l < [T =yl + Ty -2)|
< 2l (T) (S, 1 (@) = F @) dp(f))

RSl

N
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Hence uis ITI)* (X,Y) = IT, (X, Y) and m,(u) < 27)%(T). According to the previous
result the opposite is false.
Consider 7: X — R defined T'(x) = ||z|| . Then T is a bounded sublinear opera-

tors. We have

u e B(X,R) C s
VT:{ X (ug)T }CHP(X,R)CH£ (X,R).

Thus VT C II*(X,R) but T is not Lipschitz super p-summing. Suppose that T
is Lipschitz super p-summing, then there is a positive constant C' such that for

every n in N, (xi>1§i§n7 (yi)lgign in X, we have

(Z -t

- (Sta-ur)
(by Corollary[5.2.12) < sup 1Cf () = F)il, -

EBX#

This implies that dim (X) is finite and hence contradiction. O

problem. For which spaces X,Y we have IL'* (X, Y) = II} (X,Y)?
problem Let X be a Banach lattice (for example X = L,). Is the Lipschitz
operator
T7: X — X
r +— T(x)=|z|

Lipschitz p-summing for some p?

5.3 Relationship between 7' and v € VT for other
types of summability

We give now the notion of Lipschitz p-dominated operators introduced by D.
Chen and B. Zheng in [17]. A Lipschitz mapping 7' : X — Y between Banach

spaces X and Y is Lipschitz p-dominated (1 < p < o0) if there exist a Banach
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space Z and a linear operator L in I1,(X, Z) such that
1T (x) =T ) <[ L(z—y) |, Ve,yelX. (5.13)

The class of all Lipschitz p-dominated operators between X and Y is denoted
by D}(X,Y). For T in D}(X,Y), we set d}(T) to be the infimum of m,(L), the
infimum being taken over all the above Z and L. Let T sublinear operator, if

T'(0) = 0 we have the following reformulation
1T (@ —y) IS L(z—y) |, VryelX

Indeed, if we replace in (5.13) « by + — y and y by 0, we will have || 7' (z — y) ||<]|
L(r—1y) |, Vz,y € X. For the converse, by we have | T (z) — T (y) ||I<||

2(w—y) |, VryeX

Proposition 5.3.1. Let X be an arbitrary Banach space and Y be a complete Banach
lattice. Consider T in SB(X,Y). If T is in DL(X,Y) for 1 < p < oo then, T is p-
summing in the sense of Definition and hence T' is Lipschitz super p-summing,

which implies that T' is Lipschitz p-summing.

Proof. From [17, Theorem 3.2], there is a regular Borel probability measure p on

Bx- such that for all z,y € X, we have

3=

I - Tl <) ([l - colane) . Gy

X *

3=

If we take y = 0, we obtain || (z)|| < d}(T) </ 1&(x) [P du (5)) . Replace in the
B

X*

precedent inequality = by x — y, we get

RS

Tl < @@ ([, lee-nran©)

< 0 ([l - P auo)
By using Remark we finish the last implication. O]
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Proposition 5.3.2. Let X be an arbitrary Banach space and Y be a complete Banach
lattice. Consider T' in SB(X,Y). Then, if T is in D};(X, Y) for 1 < p < oo, we have

VT C D}(X,Y) and consequently VT C II} (X,Y).

Proof. Using (5.5) and (5.6), we have for all u in VT

[u(z =)l < NT(x =) + Ty —2)|

and hence by (5.14)

D=

el < 250 ([, lele-nPane)”

ecouse 7(0)=0) < 25(7) [ le(o) ~ )P d€))

This implies that v is p-summing and consequently is Lipschitz p-summing. [

The definition of ”Lipschitz strongly p-summing operators” was introduced in-
dependently by [57] and [59]. We deduce in the same spirit from that used in,

[32] the following definition.

Definition 5.3.3. A Lipschitz map 7" : X — Y between a Banach space X and a
Banach lattice Y is latticially Lipschitz strongly p-summing (1 < p < o0) if there is
a constant C' > 0, such that forall n € N, (2;),,c,,, (7)1, M X, (4) i), IN YT

and (A\;), ., in Ry, we have Y

SN (@) = T ) i < € (Sndes =P} s 10Dl 619

i1 B,

If T sublinear, then this definition is equivalent by (5.5)) to

1

DN NT (2 —23) yi) < C (ZM i — x§||p> sup  [|({y;", ™)
i=1

=1 B,

l;*
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We denote by D% (X, E) the class of all latticially Lipschitz strongly p-summing
operators from X into E and d//, (T) the smallest C such that (5.15) holds. This
generalizes the definition introduced by [20] in the linear case. If T" is linear, then

we have D&

sp (X, E) =D, (X, F) because Bx# is not involved in the definition.

Remark 5.3.4. Blasco in [11] introduces this definition under the name positive
strongly p-summing but the sup of second member is taken on all the ball By--.

This two definitions are the same.

Indeed, we have for a Banach lattice X and (z;), ., C X

=

M=
£
T
S
=

sup <Z|<xz, )|p)p = sup sup (

(E*GB)(.* i=1 T GBX (OZI)GBZ

N————

s
Il

=~
™= =
8
3
8
*

—

= sup sup
*€Bxx (i) EBy

067,)€8+ T EBX*

= sup sup
(O‘z €B; *&7 GBX

(
= |
(j¢>

>
I
2
3 .
&*
\/ ~_— ~——

/\
IIM:
£
33

= swp (£l );’.

x*EBXi =1
Let T' € Lip, (X; E) and v : [; — Y™ be a linear operator (=>bounded). The
Lipschitz operator 7' is strongly Lipschitz p-summing if, and only if,

n

ST () - T(a) (e < € (ZA s :czu”)p ol

i=1 =1

This is equivalent (see [57] and [59]) to Pietsch’s domination theorem; which is:
there exist a constant C' > 0 and a Radon probability ;1 on By« such that for all

x,x’ € X and y* € Y*, we have

[(T(x) =T ('), y") < Clle =2 1yl 1, 8y (5.16)

Moreover, in this case
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%, (T) =inf {C > 0: forall C verifying (516)} .
We give the following definition introduced in [4] and its domination theorem.
Definition 5.3.5. Let 1 < p < +4o00. A linear operator v : X — Y between a
Banach space X and a Banach lattice Y is positive strongly p-summing if there exists

a constant C' > 0, such that for all finite sets (z;)]; C X and (y;)7, C Y, we

have

=

n

> It |<c(znxznp) sup (z vy
=1

— **GB;**

(5.17)

\_/
3=

Where Bf.. = {y** € By« : y*™* > 0} = By« N Y™

The class of all positive strongly p-summing operators between X and Y is
denoted by D (X,Y). The infimum of all the constant C' in (5.17) defines the
norm df on D (X,Y). We have D (X,Y) = B(X,Y).

The reformulation in continuous term by [4, Theorem 4.13] is : there exists a
positive constant C' > 0 and Radon probability measure ;. on By~ such that for

allz € X and y* € Y*, we have

1
e

[(u(x), y")| < Clz]] / ly L ™) du(y™) | (5.18)

B

Moreover, in this case

4 (u) = inf{C, satisfying 5.18) }.
Proposition 5.3.6. Let X be an arbitrary Banach space and Y be a complete Banach
lattice. Consider T'in SB(X,Y). Then, if T'is in D (X,Y) for 1 < p < oo, we have u
positive strongly p-summing for all v in VT and hence u* is positive p*-summing and

o (u*) < 2dF (7).
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Proof. We have by (u(z),y*) < (T (z),y*) and (u(—z),y*) < (T (-z),y")
for all y* in Y. This implies that |[(u (z) ,y*)| < |(T'(z),y*)| + (T (=z),y*). And

hence by using (5.18))

[(u(z),y")| < 2d) (T) ||| (E/ ly* (y™)” dpe (y**))

Yo
for all y* in Y. Consider (z;)7_, C X and (y;);-, C Y*. By using Holder inequal-

ity, we have

é}l [(u (), ;)|

IN

24 (T) & |l (Bf i ()1 dp <y**>)
1= Y Kk
1

o

2d; (T) ( : ) (iimf** i (y*)”" dps (zf‘*))p

VAN
M=
B
—

IN
BO
o8

+
=

M=

B

—

AN
no
S,

+
=

M=

B}

=

N——

1 s

P n * *ok * ok !
Ealr)” (s S0 b 008 )
i=1 Y** EBy s+ 1=1 By s

=

( sup ilyi(y**)lp*>p

y**EBy**ZII

< 2dy (T)

y** GB;**ZZI

1 p
£ i)’ ( sup 32 (7 (4))’ ) .
We immediately have u positive strongly p-summing from (5.17) and therefore
dy(u) < 2d; (T). The characterization (5.18) of positive strongly p-summing lin-

ear operators yields for all z € X and y* € Y* that

Y

[(u(@),y")| < 2d; (T) ||| / (ly (™))" dp (™)

Bi**

and thus

'U*‘ —

[wu N < 245 el | [ (1)) du ™)

B;**
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Hence
lu )l < 245 (@) | [ Q' ) du(y™)
B
This implies by [4, Proposition 3.4] that u* is positive p*-summing and 7. (u*) <

2+ (T). O

For the convenience of the reader, we recall the classical Khintchine inequality.
Let D = {—1,+1}" equipped with its uniform probability measure 1 and its Borel
o-algebras B (i is the normalized Haar measure on the compact group D). Let
(¢i,7 > 1) be a sequence of independent +1-valued random variables on (D, 53, ;1)
with p{w: &; (W) = +1} = p{w g (w) = =1} = 5 (&, : D — {—1,+1} is the i-th
coordinate). These are Bernoulli random variables. Let now 0 < p < oo and let

aq, ..., a, € C. Then, the Khintchine inequality is

4, (il%?)é < </D >

n
ZO[@&‘Z' (w)
=1 =1

p

dp <w>) <B, (Z |ai|2)2 (5.19)

=1

for some constants A,, B, > 0 depending only on p. It is clear to see that A, =

By =1and A, =1whenp >2, B, =1whenp < 2.

Theorem 5.3.7. Let X be an arbitrary Banach space. Consider T in SB(X, Lo (€2, 1)).
Then, if T is in D (X, Ly (2, u)) for 1 < p < 2, we have u positive p-summing for all
win VT and w} (u) < 247" B,d} (T). Where Ay, B, are the constants of Khintchine

inequality.

Proof. Start first by L, (Q, ) = 1Y (N € N) and consider v : X — 1§ in VT,
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where T' € SB(X,1Y). Given (z;)?_, C X .. We have
3 )
((e;) is the canonical basis of 1)
n N 9 %
= X X Ku(zi),e))l
=1 \y=1
AN 2 3
= S [ ]S wlw) e)es @) duw)
=1 D |57=1
1 n N .
< A (St () @) ) du @)
D \i=1 j=1
N
n N Z u’ (ej) €j (w)
1 J=1
< Af /D ; Z:lu* (ej)ej (w) <ZL‘Z', ~ > du (w)
- > u (e5) €5 (w)
7j=1
We have by Proposition that u* is positive p*-summing and 2dY, , (7). Thus,

by [60] and [4, Proposition 3.4] there is a regular Borel-Radon probability » mea-

sure on B}y such that
2

/
/

1
e

S ()5 @)

! dpt (w))

p dp (w)>

3

u* (j]éejﬁj (w)>

< () ( L ([Eeeola) @ <a>)
< 2 (T) (/D [ <j§16j€j(w)7Oé>p*du(w)du(a))

Using Fubini’s theorem and Khintchine inequality we get

‘@*‘ —

Y
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) ) X
/D/B+ <j§1€j5j (w) 704> dp (w) dv (@)
N P ”
< (L L{[Een @) a@ae
N P -
< (L L[(Ben@.a) awae

In conclusion, the preceding inequalities yield 7" (u) < 2A;'Bd} (T) and hence

m (u) < 247" Bd} (T). This ends the proof. O
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Résumé : Dans cette thése, nous avons introduit et étudié les
opératéurs multilinéaires (p,G)-sommants, (p’,G)- sommants,
absolument mid p-sommants et faiblement mid p- sommants.
Nous avons aussi étudié certaines propriétés relationnelles entre
les opératéurs sous linéaires Lipschitz p-sommant et leurs sous
différentiels. Plusieurs propriétés de caractérisation ont été
données.

Les mots clés: opératéurs (p,G)- sommants, opératéurs (p,G)-
sommants, opératéurs absolutely mid-p-sommants, opératéurs
faiblement mid-p-sommant, opérateur sous linéaire , opérateur
multi-linéaire, opératéur Lipschitzien, théoréme de domination-
factorisation.

Abstract : In this thesis, we have introduced and studied the
multilinear operators (p,G)-summing, (p,G)-summing, absolutely
mid-p-summing and weakly mid-p-summing. We have also
studied some conexion properties between the sublinear Lipschitz
p-summing operators and their subdifferentials. Several
characterization properties have been given.

Key words: (p,G)-summing operators, (p,G)-summing operators,
absolutely mid-p-summing operators, weakly mid-p-summing
operators, sublinear operator, multilinear operator, Lipschitz
operator, domination-factorization



	Introduction
	Introduction

	Preliminaries
	Sequences spaces
	Linear operator ideals
	Definition
	Examples

	Ideals of multilinear mappings
	Definition
	Example


	Dominated multilinear operators defined on tensor products of Banach spaces
	Introduction and background
	Characterization 
	Coincidence and inclusion properties
	Relations with associated operators

	Weakly mid summing multilinear operators
	Notation and preliminaries
	Linear weakly mid p-summing operators
	Weakly mid summing multilinear operators
	Pietsch domination theorems

	Multilinear mid summing operators and applications
	Strongly mid summing linear operators
	Kwapien's factorization theorem for dominated multilinear operators

	Relationships between T and T for certain sommabilities
	Definitions, notations and properties
	Lipschitz p-summing sublinear operators
	Relationship between T and uT for other types of summability


