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Introduction

The Gaussian Integers are complex numbers whose real and
imaginary parts are both integers. They form a ring Z [i] with nice
properties: Euclidean ring and Unique factorization domain.
The Gaussian Integers play important roles in Number Theory,
Cryptograph, Geometry of Numbers, and Coding Theory.
The goal of this work is to study some properties of the ring of Gaussian
Integers Z [i]: Constructions, Euclidean algorithm, gcd, lcm,
unique factorization, irreducible elements,... and mention some of their
applications in Number Theory ( Sum of squares, Congruences ),
Geometry ( Right triangle with rational angles and edges), and
Analysis(Arctangent Identities for π).
This work is divided into three chapters as follow:
CHAPTER ONE, discuses the fundamental algebraic structures, needed
to understand, the algebraic concept and structure of the ring of Gaussian
Integers: ring, irreducible elements, unit element, Euclidean ring,
division in a ring...
This chapter is necessary to understand the following chapters.
CHAPTER TWO is denoted to the study of the ring Z [i] of Gaussian
Integers and its properties: groub of units, irreducible element in Z [i] ,
Euclidean division ( algorithm ) in Z [i] , Unique factorization of Z [i] .
Also it gives some representations of Z [i] as a quotient ring modulo
polynomials of Z [X] .
This chapter is the core of this work.
CHAPTER THREE is an introduction to some applications of Gaussian
Integers in different areas: Number Theory ( Sum of squares,
Congruences ), Geometry ( Right triangle with rational angles and edges),
and Analysis ( Arctangent Identities for π).
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CHAPTER1

ALGEBRAIC FOUNDATIONS

1.1 Ring

Definition 1.1 A ring is a triple (R,+, .) where R is a set, and
” + ” and ” · ”, are binary operations on R ( called addition and
multiplication resbectively ) so that :

(1) (R,+) is an abelian group ( with identity denoted by 0 and the
inverse of x ∈ Rdenoted by −x )

(2) Multiplication is associative :

for all x, y, z ∈ R we have x+ ( y + z ) = ( x+ y ) + z

(3) The folowing distributive laws hold ∀ x, y, z ∈ R :

x(y + z) = xy + xz

(x+ y)z = xz + yz

Remark

(1) A ring R is commutative if xy = yx for all x, y ∈ R

(2) A ring R is unitary if there exists an unitary element for the
mulplication (·)
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Example 1.1

(1) (Z,+, ·) is a commutative unitary ring
(2) Z/nZ =

{
0, 1, ..., n− 1

}
with x = x+ nZ = {x+ nk : k ∈ Z}

(Z/nZ,+, ·) is a commutative unitary ring defined by the two following
laws:

x+ y = x+ y

x · y = x · y

(Z/nZ,+, ·) is called the ring of integers modulo n.
(3) Let Z [i] be the subset of C defined by:

Z [i] = { a+ ib ∈ C | a, b ∈ Z }
equiped with the addition and multiplication of complex numbers, the set
Z [i] is a commutative unitary ring called the ring of Gaussian integers.

1.2 Subring

Definition 1.2 A subset S of a ring R is a subring if S is a ring
under the same operations as R and the multiplicative identity of S
is the same as that of R.

Example 1.2

(1) Z, Q and R are a subrings of a ring (C,+,×)
(2) nZ = {nk | k ∈ Z} is a subring of (Z,+, .) for any n ∈ N

1.3 Units of a ring

Definition 1.3 An element u ∈ R is called a unit if it has a
multiplicative inverse: that is, there exists u′ ∈ R such that:

u u′ = u′u = 1

For a unitary ring R , denote by U(R) = R× the set

U (R) = { u ∈ R | u is a unit in R }
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It is well known that (U(R), ·) is a group called the group of unity of R.

1.4 Integral domain

Definition 1.4.1 Let R be a ring, the zero divisor is an element s ∈ R
such that s 6= 0 and there exists an element r ∈ R with r 6= 0, and
rs = 0.

for example, Z/6Z has three: (2) , (3) and (4) .

Definition 1.4.2 R is an integral domain if R contains no
zero divisors.

Definition 1.4.3 A ring R is an integral domain if R 6= {0} and for
all r, s ∈ R, if r s = 0, then either r = 0 or s = 0

Example 1.3

1) Z is an integral domain.
2) In Z/6Z, 2 is a zero divisors, then Z/6Z is not integral domain.

1.5 Quotient ring

Definition 1.5 Let R be a ring and I an ideal of R. Then the
quotient ring of R by I, denoted R/I is the ring defined by the following
binary operation:

(r + I ) + (s + I ) = (r + s) + I ∀r , s ∈ R

(r + I )× (s + I ) = (rs + I ) ∀r , s ∈ R

Example 1.4

K commutative ring
A = K [x] is the polynomial ring in x over K.
Let f(x) ∈ K [x] of degree n > 1.
I = (f(x)) = { f(x) · h(x) : h(x) ∈ K [x] } = f(x) ·K [x]
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I = (f(x)) is called the ideal generated by f(x)
K [x] /(f(x)) = {g(x) + (f(x)) : g(x) ∈ K [x] }
K [x] /(f(x)) = {a0 + a1x+ ...+ an−1x

n−1 + I | ai ∈ K, n = deg (f)}

1.5.1 The ring homomorphism

Definition 1.5.1 Let R and S be rings.

(1) A ring homomorphism is a map ϕ : R→ S satisfying

(a) ϕ(a+ b) = ϕ(a) + ϕ(b) for all a, b ∈ R, and ϕ (1R) = 1S

(b) ϕ(ab) = ϕ(a)ϕ(b) for all a, b ∈ R

(2) The kernel of the ring homomorphism ϕ, denoted kerϕ, is defined

kerϕ := {a ∈ R : ϕ(a) = 0}
(3) The image of a ring homomorphism ϕ, denoted Imϕ, is defined

Imϕ := {ϕ(a) : a ∈ R}
(4) A bijective ring homomorphism is called an isomorphism.

Example 1.5

LetR = M2 (R) be a commutative unitary ring, and S =

{(
a b
−b a

)
a, b ∈ R

}
we define: f : S → C(

a b
−b a

)
→ a+ ib

f is a ring isomorphism:

1) f is a ring homomorphism:

Let x =

(
a b
−b a

)
, y =

(
c d
−d c

)
, and x+ y =

(
a+ c b+ d
−b− d a+ c

)
we have f (x) = a+ ib, and f (y) = c+ id
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i)

f (x+ y) = (a+ c) + i (b+ d)

f (x) + f (y) = (a+ ib) + (c+ id)

= (a+ c) + i (b+ d)

then,
f (x+ y) = f (x) + f (y)

ii)

f (x · y) = (ac− bd) + i (ad+ bc)

f (x) · f (y) = (a+ ib) · (c+ id)

= ac+ iad+ icb− bd
= (ac− bd) + i (ad+ cb)

then,
f (x · y) = f (x) · f (y)

2) f is a bijective:

[x1 6= x2 ⇒ f (x1) 6= f (x2) ]⇔ f bijective

Let x1 =

(
a1 b1
−b1 a1

)
∈ S, and x2 =

(
a2 b2
−b2 a2

)
∈ S

f (x1) = f (x2)⇒ a1 + ib1 = a2 + ib2

⇒ a1 = a2 and b1 = b2

⇒ x1 = x2

Then, f is a ring isomorphism.
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1.5.2 The first isomorphism theorem

Theorem 1.5.2 (first isomorphism theorem)

Given any two rings R and S and a ring homomorphism ϕ : R −→ S,
we have
· Imϕ is a subring of S

· ker ϕ is an ideal of R

· R/ kerϕ ' Imϕ

Example 1.6

We consider the application ϕ : R [x]→ R
f (x)→ ϕ (f (x)) = f (0)

ϕ is a surjective homomorphism of a ring
we have Imϕ = R and kerϕ = (x)
then, according to the first isomorphism theorem

R/ (x) ∼= R

1.6 Ideals of a ring

Definition 1.6.1 Let R be a ring. An ideal I of R is a nonempty
subset I ⊂ R such that:
(1) I is closed under addition: if a, b ∈ I, then a+ b ∈ I
(2) The zero element of R is in I: 0 ∈ I
(3) I is closed under additive inverses: if a ∈ I, then −a ∈ I
(4) If r ∈ R and x ∈ I, then r x ∈ I and x r ∈ I. In other words, I is
closed under multiplication ( on either side ) by arbitrary ring elements.

Example 1.7

The subset nZ is an ideal in Z for n ∈ Z
we know that nZ is a subgroup of Z under addition. So I just need to
check closure under multiplication by elements of Z .
Let k ∈ Z and let nz, where x ∈ Z. Then k · (nz) = n(kz) ∈ nZ
Therefore, nZ is an ideal.
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Definition 1.6.2 Assume R is a commutative ring. An ideal I is
called a prime ideal if I 6= R and for all a, b ∈ R if ab ∈ I,
then a ∈ I or b ∈ I.

Example 1.8

(1) The ideal 6Z is not prime in Z because (2)(3) ∈ 6Z but 2 /∈ 6Z
and 3 /∈ 6Z
(2) I = (X2 + 1) is a prime ideal in Z [X] .

Proposition 1.6.3

I is a prime ideal of a commutative ring R,if and only if R/I is
an integral domain.

Proof

Suppose that I is a prime ideal and suppose (a+ I)(b+ I) = 0 + I.
Then ab+ I = 0 + I , so ab ∈ I,and so either a ∈ I or b ∈ I, thus either
a+ I = 0 + I or b+ I = 0 + I.

Conversely, Suppose R/I is an integral domain and suppose ab ∈ I.
Then (a+I)(b+I) = ab+I = 0+I so either a+I = 0+I or b+I = 0+I
and so either a ∈ I or b ∈ I.

Definition 1.6.4 A proper ideal I of a commutative ring R is a
maximal ideal of R if I 6= R and whenever J is another ideal
with I ⊆ J ⊆ R then J = I or J = R.

Example 1.9

The ideal 6Z is not maximal in Z because 6Z ( 2Z ( Z.

Proposition 1.6.5

I is a maximal ideal of a commutative ring R, if and only if R/I is
a field.

12



Proof

Suppose that I is maximal and let x+ I 6= 0 + I. Consider the set

J = {rx+ a |r ∈ R, a ∈ I }

J is an ideal of R which contains but is larger than I.
Thus J = R and so 1 = r′x+ a′ for some r′ ∈ I and so

(r′ + I)(x+ I) = r′x+ I = 1− a′ + I = 1 + I

Conversely, suppose R/I is a field and I ( J ⊆ R. Let b ∈ J with b /∈ I.
Then b+ I 6= 0 + I and so b+ I is a unit in R/I and so there is
some c+ I with (b+ I)(c+ I) = 1 + I.
Thus bc+ I = 1 + I and so 1− bc ∈ I ⊆ J . Since b ∈ J we then have
bc ∈ J ( because J is an ideal) and hence 1 ∈ J and so J = R.

Corollary 1.6.6

Any maximal ideal is a prime ideal.

Definition 1.6.7 In a ring R, the ideal (S) generated by a subset S
is the set of all finite sums of elements of the form x s y, with s ∈ S
and x, y ∈ R. If R a is commutative ring, then (S) is the set of all finite
linear combinations of elements of S with coeffi cients in R.

1.7 Principal ideal domain

Proposition 1.7 In a commutative ring R, the principal ideal
generated by a ∈ R is the set (a) = Ra of all multiples of a.

Definition 1.7 A principal ideal domain or PID is a domain in which
every ideal is principal.

Example 1.10

1) Any ideal of Z is a principal.
2) (4, 6) = 4Z+ 6Z = 2Z ⊂ (2)
3) Any comutative field is a principal ideal domain

13



1.7.1 irreductible element

Definition 1.7.1 An element q of a domain R is irreducible when q
is not zero or a unit, and q = ab implies that a is a unit or b is a unit.

Example 1.11

1) For A = Z , a = 3, U (A) = {−1, 1}
Let a = bc, such that b ∈ Z and c ∈ Z

b | 3⇒ b = −1, 1, 3,−3

b = −1, 1⇒ b ∈ U (Z)

b = −3, 3⇒ c = −1, 1⇒ c ∈ U (Z)

Then, 3 is irreducible in Z.

Proposition 1.7.2 Let K be a field. In the ring K [x] we have:
(1) every polynomial of degree 1 is irreducible;
(2) a polynomial of degree 2 or 3 with no root in K is irreducible;
(3) If K = C, a polynomial is irreducible if and only if it has degree 1.

Example 1.12

Let A = Q [x] the ring of Q [x] and f (x) = x2 − 3 a polynomial in Q [x] .
U (Q [x]) = U(Q) = Q\ {0}
We will show that f (x) is irreducible in Q [x] :

(1) f 6= 0 and f /∈ U(Q)

(2) Assume that x2 − 3 = g (x) · h (x) with g, h ∈ Q [x]
such that deg (f) = deg (g) + deg (h)

if

x2 − 3 = (ax+ b)(cx+ d), a 6= 0, c 6= 0

x2 − 3 = acx2 + (ad+ bc)x+ bd
ac = 0

ad+ bc = 0
bd = −3

a, b, c, d ∈ Q

 the system is impossiple over Q

14



The polynomial x2 − 3 is irreducible in Q [x] .

1.7.2 Least common multiple and a greatest common divisor

Let R be a commutative unitary ring.
Let a and b two elements of R.

Definition 1.7.2 A greatest common divisors of a and b if it exists, is
an element δ in R such that,

{ax+ by | xy ∈ R} = (δ)

Example 1.13

1) Let A = Z, (4) + (6) = (2) , δ = 2
2) A = Q [x] , (x2 − 1) + (x2 − 2x+ 1) = (x− 1)

Theorem 1.7.2 In a principal ideal domain R, every a, b ∈ R have
a least common multiple and a greatest common divisor. Moreover,
m = lcm(a, b) if and only if Rm = Ra ∩Rb, and d = gcd(a, b)
if and only if Rd = Ra+Rb. In particular, d = gcd(a, b) implies
d = xa+ yb for some x, y ∈ R.

1.8 Euclidean domain

Definiton 1.8.1 The ring A is said to be an Euclidean domain if :

(1) A is an integral domain
(2) There is a mapping v : A− {0} → N such that for each a ∈ R
and b 6= 0 ∈ R, ∃ q r ∈ R such that a = bq + r, where either
( r = 0 or v(r) ≺ v(b)).

Proposition 1.8.2

Every Euclidean domain is a principal ideal domain .
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1.9 Unique factorization domain

Definition 1.9.1 A unique factorization domain is a domain R
in which:

(1) every element other than 0 and units, is a product of irreducible
elements of R
(2) if two products p1p2 ... pm = q1q2 ... qn of irreducible elements of R
are equal, then m = n and the terms can be indexed so that pi = qi
for all i.

Proposition 1.9.2

Any principal ideal domain is a unique factorization domain.
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CAPTER 2

THE RING OF GAUSSIAN INTEGERS

The Gaussian Integers are the set of complex numbers of the forme
a+ bi,where a and b are integers and i is the complex number satisfying
i2 = −1. The set of all Gaussian Integers are denoted by Z [i].
i.e.,

Z [i] = {a+ bi | a, b ∈ Z} .

2.1 The Ring of Z [i]

Definition 2.1.1 Z [i] is a ring since it is closed under addition and
multiplication of complex numbers:

(x+ iy) + (p+ iq) = (x+ p) +i(y + q)

(x+ iy) (p+ iq) = (xp− yq) +i (xq + yp)

· Z [i] is a subring of the ring (C,+,×) .

Definition 2.1.2 The ring Z [i] is a commutative ring if and only if
αβ = βα such that α = (a+ bi) and β = (c+ di), for all α, β ∈ Z [i] .

2.2 The norm

Definition 2.2.1 The norm of a Gaussian integere α = x+ iy is

N (α) := |α|2 = x 2+y2

for example, N (2 + 7i) = 22 + 72 = 53.

17



Lemma 2.2.2 The norm N : Z [i]→ N is a multiplicative function:
for α and β in Z [i] , N (αβ) = N (α)N (β)

Proof Let α, β ∈ Z [i] such that α = x+ iy and β = u+ iv, then

N (αβ) = (xu− yv)2 + (xv + yu)2

=
(
x2 + y2

) (
u2 + v2

)
= N (α)N (β)

2.3 Units in Z [i]

Definition 2.3.1 A Gaussian integer u is said to be a unit if it has a
multiplicative inverse.
That is u ∈ Z [i] is a unit if and only if there exists v ∈ Z [i] such that
uv = 1 .

Proposition 2.3.2 A Gaussian integer u is a unit
if and only if N (u) = 1 .
Furthermore, u is a unit if and only if u ∈ {−1, 1, − i, i} .

Proof Suppose u ∈ Z [i] is a unit.
Then, there exists x ∈ Z [i] such that ux = 1.
Taking the norm of this equation we find that

N (ux) = N (u)N (x) = 1

Hence N (u) = 1.

Conversely, suppose u ∈ Z [i] such that N (u) = 1.
Thene, if u = a+ bi for a, b ∈ Z

N (u) = N (a+ ib) = a2 + b2 = 1

So the set of solutions to a2 + b2 = 1 in Z× Z is:

{(1, 0) , (0, 1) , (−1, 0) , (0,−1)}
Thene u ∈ {±1, ± i} is a unit of Z [i] .
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2.4 Associates elements

Definition 2.4.1 Let α, β ∈ Z [i] are said to be associates if α = βu
for some unit u.
That is α = ikβ for some positive integer k.
We note that associates have the same norm since:

α = ikβ ⇒ N (α) = N
(
ik
)
N (β) = N (β)

2.5 Ideals in Z [i]

Definition 2.5.1 Let β ∈ Z [i] . We define the ideal of β to be the set
of all Z [i] multiple of β :

(β) := { βx | x ∈ Z [i] }
From this definition, it follows that β | α if and only if α ∈ (β) .
We also see that if u ∈ Z [i] is a unit then (u) = Z [i] .

2.5.1 Representation of Z [i] as a quotient ring

Let ϕ be the mapping ϕ : Z [X] −→ C
f (x) −→ f(i)

Proposition 2.5.1

ϕ is a ring homomorphism with kernel kerϕ = (x2 + 1)
and image Imϕ = Z [i] .

Proof

ϕ (f (x) + g (x)) = ϕ ((f + g) (x)) = (f + g) (i)

= f (i) + g (i)

= ϕ (f (x)) + ϕ (g (x))

ϕ (f (x) g (x)) = ϕ (f (x))ϕ (g (x))

ϕ (1) = 1

19



we have

Imϕ = {f (i) | f ∈ Z [X]}
For f (x) = a0 + a1X + · · ·+ anX

n for some ai ∈ Z, n ∈ N

f (i) = a0 + a1i+ a2i
2 + · · ·+ ani

n such that i2 = −1, i3 = −i, i4 = 1,
i5 = i, i6 = −1, i7 = −i, i8 = 1

f (i) = a0 + a1i− a2 − a3i+ a4 + · · ·+ ani
n

f (i) = (a0 − a2 + a4 + · · ·) + i (a1 − a3 + a5 + · · ·)

f (i) = a+ ib for some a, b ∈ Z, f (i) ∈ Z [i]

Imϕ = { f (i) | f ∈ Z [X] } = Z [i]

kerϕ = { f (x) ∈ Z [X] | f (i) = 0 } = (X2 + 1)

p (x) = X2 + 1 −→ p (i) = 0⇒ p (x) ∈ kerϕ
⇒ (p (x)) ⊂ kerϕ · · · (∗)

f(x) ∈ kerϕ ⊂ Z [X]
f(x) = (X2 + 1)q(x) + r(x) deg r ≤ 1
f(i) = 0 and r(i) = 0
r(x) = aX + b, r(i) = 0
r(i) = ai+ b = 0⇒ a = 0 or b = 0
r(x) = 0
Thene, f(x) = (X2 + 1)q(x) such that q(x) ∈ Z [x]
f(x) ∈ (X2 + 1) = (p (x))

kerϕ ⊂ (p (x)) · · · ·(∗∗)
From (∗) and (∗∗)

kerϕ = (p(x)) =
(
X2 + 1

)
Proposition 2.5.1

We have Z [i] ∼= Z [x] / (x2 + 1)
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Proof

Let ϕ the homomorphism defined as in proposition.
According to the first isomorphism theorem

Z [X] / kerϕ ∼= Imϕ

Z [X] /
(
X2 + 1

) ∼= Z [i]

This means that each Gaussian integer a+ ib | a, b ∈ Z.
Can be represented as a polynomial a+ bx in Z [x] modulo x2 + 1.

2.5.2 Matrix representation of Gaussian integers

Let Ψ be the mapping Ψ : Z [i] 7−→M2 (Z)

a+ ib 7−→
(
a −b
b a

)

we have, ker Ψ = {0} and Im Ψ =

{(
a −b
b a

)
| a, b ∈ Z

}
According to the first isomorphism theorem

Z [i] ∼= Im Ψ

Ψ (1) =

(
1 0
0 1

)
and Ψ (i) =

(
0 −1
1 0

)
for example,

Let x = 1 + i 7−→ 1 + x mod X2 + 1 7−→
(

1 −1
1 1

)
and y = 2− i 7−→ 2− x mod X2 + 1 7−→

(
2 1
−1 2

)
x+ y = 3 7−→ (1 + x) + (2− x) mod X2 + 1

7−→ 3 mod X2 + 1

7−→
(

3 0
0 3

)
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x · y = 3 + i 7−→ (1 + x) (2− x) mod X2 + 1
7−→ −x2 + x+ 2 mod X2 + 1
7−→ − (−1) + x+ 2 mod X2 + 1
7−→ 3 + xmod X2 + 1

7−→
(

3 −1
1 3

)
2.6 Divisibility in Z [i]

Definition 2.6.1 Given α, β ∈ Z [i] .
We write α|β ⇐⇒ ∃γ such that β = γα.

Example 2.1

since (14− 3i) = (4 + 5i) (1− 2i) , 4 + 5i divides 14− 3i.

Theorem 2.6.2 A Gaussian integer α = a+ bi is divisible by
an ordinary integer c if and only if c | a and c | b in Z.

Proof To say c | (a+ bi) in Z [i] is the same as a+ bi = c (m+ ni)
for some m,n ∈ Z, and that is equivalent to a = cm and b = cn,
or c | a and c | b.

Theorem 2.6.3 For α, β in Z [i] , if β | α in Z [i] then N (β) | N (α)
in Z.

Proof Write α = βγ for γ ∈ Z [i] . Taking the norm of both sides,
we have N (α) = N (β)N (γ) . This equation is in Z, so it shows
N (β) | N (α) in Z.

Corollary

If α ∈ Z [i] and N (α) is prime in N, then α is irreducible in Z [i] .

Proof

Let α ∈ Z [i] such that N (α) = p prime in N. then α /∈ U (Z [i])
and α 6= 0. Suppose α = βγ in Z [i] .
Then N (α) = N (β) ·N (γ) . This implies either N (β) = 1
( and hence β ∈ U (Z [i]) ) or N (γ) = 1 (and hence γ ∈ U ([0]) ).
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Thus α is irreducible in Z [i] .

2.7 The Euclidean division theorem in Z [i]

Theorem 2.7.1 Let α, β ∈ Z [i] with β 6= 0. Then ∃ γ, ρ ∈ Z [i]
for which α = βγ + ρ and N (ρ) < N (β) .

· The norm gives the required notion that the remainder ρ be smaller
than the divisor β.

Proof Since N (ρ/β) = N (ρ) /N (β) , our job is to find ρ such that
N (ρ/β) < 1. and we want ρ/β = α/β − γ.
it is enough for us to find any γ ∈ Z [i] within distance 1 of α/β.
Let γ be any suitable value and define ρ = α− βγ, whence

N (ρ) = N (α− βγ) = N (α/β − γ)N (β) < N (β)

Example 2.2

Let α = 4 + 5i and β = 3. Then α/β = (4 + 5i) /3
4 + 5i = 3 (1 + 2i) + (1− i) N (ρ) = 2.

2.8 The Euclidean algorithm in Z [i]

2.8.1 The greatest common divisors in Z [i]

Definition 2.8.1 Given α, β ∈ Z [i] , consider the set S = {κα + λβ : κ, λ ∈ Z [i]}
A greatest common divisor δ of α and β is a non-zero element of S
with minimal norm.
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Theorem 2.8.1

Let α, β ∈ Z [i] be non-zero. Recursively apply the division, starting
with this pair, and make the divisor and remainder in one equation the
new divident and divisor in the next, provided the remainder is not zero:

α = βγ1 + p1, N (p1) < N (β)

β = p1γ2 + p2, N (p2) < N (p1)

p1 = p2γ3 + p3, N (p3) < N (p2)

·
·
·

The last non-zero remainder is a greatest common divisor of α and β.

Example 2.3

We show 4 + 5i that and 4− 5i, and which are conjugates,
are relatively prime in Z [i] :

4 + 5i = (4− 5i) i− (1− i)
4− 5i = − (1− i) (−4)− i

− (1− i) = −i (1 + i) + 0

The last non-zero remainder is a unit, 4 + 5i and 4− 5i are
relatively prime.
Here’s an example where the greatest common divisor is not a unit.
Let α = 11 + 3i and β = 1 + 8i.
Then

11 + 3i = (1 + 8i) (1− i) + 2− 4i

1 + 8i = (2− 4i) (−1 + i)− 1 + 2i

2− 4i = (−1 + 2i) (−2) + 0
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so a greatest common divisor of α and β is −1 + 2i.

Corollary 2.8.2 For non-zero α and β in Z [i] , let δ be a greatest
common divisor produced by Euclid’s algorithm. Any greatest
common divisor of α and β is a unit multiple of δ.

Theorem 2.8.3 Let δ be any greatest common divisor of two non-zero
Gaussian integers α and β. Then δ = αx+ βy for some x, y ∈ Z [i] .

2.9 Gaussian prime and irreducible elements

Corollary 2.9.1 The non-zero Gaussian integers α and β are
relatively prime if and only if we can write

1 = αx + βy

for some x, y ∈ Z [i] .

Proof If α and β are relatively prime, then 1 is a greatest
common divisor of α and β, so 1 = αx+ βy for some x, y ∈ Z [i] ,
then any common divisor of α and β is a divisor of 1, and thus is
a unit. That says α and β are relatively prime .

Example 2.4

Let α = 10 + 91i and β = 7 + 3i . By Euclid’s algorithm ,

α = β (6 + 11i) + 1− 4i,

β = (1− 4i) (2i) +−1 + i,

1− 4i = (−1 + i) (−3 + i)− 1,

−1 + i = −1 (1− i) + 0,

so the last non-zero remainder is −1. That tells us α and β
are relatively prime.
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−1 = 1− 4i− (−1 + i) (−3 + i)

= 1− 4i− (β − (1− 4i) (2i)) (−3 + i)

= (1− 4i) (1 + (2i) (−3 + i))− β (−3 + i)

= (1− 4i) (−1− 6i) + β (3− i)
= (α− β (6 + 11i)) (−1− 6i) + β (3− i)
= α (−1− 6i) + β (− (6 + 11i) (−1− 6i) + 3− i)
= α (−1− 6i) + β (−57 + 46i)

we can negate to write 1 as a Z [i] combination of α and β :

1 = α (1 + 6i) + β (57 + 46i) .

Definition 2.9.2 Let π be a Gaussian integer such that N (π) > 2
( π 6= 0 and not a unit ).
· π is a Gaussian prime if π | αβ =⇒ π | α or π | β.
· π is irreducible if π = αβ =⇒ α or β is a unit.

Proposition 2.9.3

π is a Gaussian prime ⇐⇒ π is irreducible.

Proof
suppose π is a Gaussian prime and that π = αβ. Certainly π | αβ.
Since π is prime we assume that π | α. But then α = πγ for some γ ∈ Z [i] ,
whence

π = αβ = πγβ ⇒ 1 = γβ

This says that β is a unit and so π is irreducible.

Conversely, suppose π is irreducible and that π | αβ.
Let δ = κπ + λα = gcd (π, α) . Then δ divides both π, α.
But π is irreducible, whence δ is a unit or a unit multiple of π.
- If δ is a unit , then δβ = κπβ + λαβ is divisible by π. But δ is a unit,
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so π | β.
- If δ is a unit multiple of π, then π | α.

Example 2.5

1) N (2) = 4, 2 is not a Gaussian prime, since 2 = (1 + i) (1− i) .
However, both factors 1± i are Gaussian primes, since N (1± i) = 2
is prime.

2.10 Unique factorization domain

Definition 2.10.1 An integral domain is a unique factorisation
domain ( UFD for short ) if each non-zero element a ∈ A is expressible
in the form

α = εp1· · ·pr
where ε is a unit, and p1 · · · pr are irreducibles, and if moreover
this expression is unique up to order and multiplication by units.
i.e., if

α = ε′p ′1· · ·p ′s
then r = s, and ( p′i and pi are associates ).
If r > 1 we could of course ε with one of the irreducible.

Theorem 2.10.2 Z [i] is a Unique Factorisation Domain.

Proof If z ∈ Z [i] is a product of irreducibles, the assertion
is true.
If not, then z is not a unit and is not irreducible, suppose z = wt
Thus, w and t are not a units.
Then by induction on N (z) :

N (z) = N (w)N (t)⇒ N (w) , N (t) < N (z)

Hence w, t are products of irreducibles.
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CHAPTER 3

SOME APPLICATIONS

3.1 The sum of squares

Let n ∈ N, we will study the proplem of existing of a, b ∈ N such that
n = a2 + b2. Let Σ be the set:

Σ =
{
n ∈ N | n = a2 + b2; a, b ∈ N

}
Proposition 3.1.1

if n ≡ 3(mod 4) we have n /∈ Σ.

Proof

if a is even then, a2 ≡ 0 mod 4,
if a is odd, a2 ≡ 1 mod 4.
Then a2 + b2 ≡ 0, 1, 2(mod 4).

Lemma 3.1.2

p ∈ Σ⇔ p is not irreducible in Z [i] .

Proof

If p = a2 + b2, p = (a+ ib) (a− ib) and a, b 6= 0.
Thene,(a+ ib), (a− ib) /∈ Z [i]∗ , so that p is not irreducible.

Conversely, if p = zz′ with z, z′ 6= ±1, ±i, so N (p) = N (z)N (z′) = p2

and N (z) , N (z′) 6= 1, N(z) = p, thene p ∈ Σ.
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Proposition 3.1.3 The number n ∈ N is expressible as a sum of two
squares if and only if each rational prime p ≡ 3 mod 4 occurs to an even
power in n.

Proof Suppose first n is the sum of two squares. We show by induction
on n that it must have the stated form.
Suppose

n = x2 + y2 = (x+ iy) (x− iy)

and suppose p | n, where p ≡ 3 mod 4. Then

p | x+ iy or p | x− iy
In either case

p | x and p | y
But p2 | n and we can divide the equation by p2 :

n | p2 = (x | p)2 + (y | p)2

But now the result for n follows from that for n | p2.
Now suppose that n has this form, say

n = 2epe11 · · · perr q
2f1
1 · · · q2fss

Where p1, · · ·, pr are primes ≡ 1 mod 4 and q1, · · ·, qs are primes ≡ 3 mod 4.
Each rational prime pi splits into conjugate primes, say

p = πiπi

Let

θ = m+ in = (1 + i)e πe11 · · · πerr q
f1
1 · · · qfss

Then

29



N (θ) = m2 + n2

= N (1 + i)eN (1 + i)eN (π1)
e1 · · ·N (πr)

er N (q1)
f1 · · ·N (qs)

fs

= 2epe11 · · · perr q
2f1
1 · · · q2fss

= n.

Example 3.1
Since

2317 = 7 · 331,

7 occurs just once in 2317 is not the sum of two squares.
But

2009 = 7 · 7 · 41

Here 7 occurs twice, while 41 ≡ 1 mod 4. Hence 2009 is the
sum of two squares.
Our argument shows that if

2009 = m2 + n2

then
7 | m,n

If we set
m = 7a, n = 7b

then

41 = a2 + b2

Now it is easy to see that a, b = 5, 7 (if we restrict to positive solutions),
i.e.,

2009 = 352 + 402

The argument also gives the number of ways of expressing a number as
the sum of two squares.
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3.2 congruences in Z [i]

Definition 3.2.1

Two Gaussian integers α and β are said to be congruent modulo a
Gaussian number µ if µ | (α− β) .
We write,

α ≡ β( modµ).

For example, 1 + 12i ≡ 2− i mod 3 + i, we subtract and divide:

(3 + i) | (1 + 12i− (2− i)) = (3 + i) | (13i− 1) = 1 + 4i

The congruences modulo µ is a compatible relation with respect to
addition and multiplications defenid in Z [i]:
If α ≡ α′modµ, and β ≡ β′modµ
Then α + β ≡ α′ + β′modµ

αβ ≡ α′β′modµ.

A Gaussian integer can be reduced modulo α, if α 6= 0, to get a congruent
Gaussian integer with small norm by dividing by α and using the
remainder.

Example 3.2 Let’s compute (3 + 2i)2 mod (4 + i) .
Since (3 + 2i)2 = 5 + 12i and 5 + 12i = (4 + i) (2 + 3i)− 2i,
we have (3 + 2i)2 ≡ −2imod (4 + i) .

Theorem 3.2.1 If π is a prime in Z [i] , then αβ ≡ 0 mod π if and
only if α ≡ 0 mod π or β ≡ 0 modπ.

Theorem 3.2.2 For α and β in Z [i] with β 6= 0, αx ≡ 1 mod β is
solvable if and only if α and β are relatively prime in Z [i] . If α and β
are relatively prime then any linear congruence αx ≡ γmod β has a
unique solution.
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Example 3.3

This congruences (1 + 8i)x ≡ 1 mod (11 + 3i) has not solvable,
since 1 + 8i and 11 + 3i have a common factor of −1 + 2i by example 2.3

Example 3.4

This congruences (7 + 3i)x ≡ 1 mod (10 + 91i), has a solution
7 + 3i and 10 + 91i are relatively prime.
Moreover, by using Euclid’s algorithm

(7 + 3i) (57− 46i) + (10 + 91i) (1 + 6i) = 1

so a solution is x = 57− 46i.

Proposition 3.2.3 For a, b and c in Z, a ≡ bmod c in Z if and only
if a ≡ bmod c in Z [i] .
And we write

c | (a− b) in Z⇔ c | (a− b) in Z [i]

Example 3.5

Let π = 3, which is prime in Z [i] . Take α = i.
Then απ−1 = i2 = −1, but −1 is not congrunent 1 mod 3,
so απ−1 is not congrunent 1 modπ.

3.3 Arctangent Identities for π

The Gregory series for arctangent:

arctanx = x− x3/3 + x5/5− x7/7 + x9/9− · · ·, |x| ≤ 1

putting x = 1, we get
π/4 = arctan 1

to yield Leibniz’s series

π/4 = 1− 1/3 + 1/5− 1/7 + 1/9− · · ·
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utilize the xn terms in Gregory’s series and have been instrumental
in the calculation of π.

π = r arctanx

Lemma 3.3.1 Let z 6= 0 be a Gaussian integer. There is a natural
number n such that zn is real if and only if z lies on one of the
four lines in C :

Im z = 0 ,Re z = Im z ,Re z = 0 , and Re z = − Im z .

Proof Let n = 1, 2, or 4. let zn = m ∈ Z where 0 6= z = a+ ib.
Where z is a nonunit and is primitive, that is, gcd (a, b) = 1. In this case,
let w be any Gaussian prime divisor of z. Then w | m and so w | m = m,
since m is real. As w is a Gaussian prime that divides m = zn,
we see that w | z.

· If w is a Gaussian prime dividing z, and w and w are not associates,
then ww ∈ Z divides z.

As z is primitive, the fact implies that z is a product of Gaussian primes,
each of which is an associate of its conjugate. Let v = c+ id be such
a Gaussian prime factor of z.
As v and v are associates, we see that c = 0, d = 0, or c = ±d.
The first two cases are not possible, since z is primitive.
The third case implies c = ±1 since v is prime.
It follows that v is an associate of 1 + i and z = u (1 + i)l for some unit
u and natural number l.
Throughout this section k ∈ Z and n ∈ N.

Corollary 3.3.2 The only rational values of tan kπ/n are 0 and ±1.

Proof Suppose tan kπ/n = b/a where b ∈ Z and a ∈ N. Thene

kπ/n = arg (a+ ib)⇒ kπ = arg (a+ ib)n ∈ Z
and so argument of a+ ib,namely kπ/n, is an integer multiple of π/4
by the lemma.
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Corollary 3.3.3 Identities of the form kπ = n arctanx with x rational
have x = 0 or x = ±1. In particular, π = 4 arctan 1 is the most effi cient
such identity for computing π using Gregory’s series.

Proof Given kπ/n = arctanx, apply tan and use the previous
corollary. Multiple-angle rational arctangent identities for π have
the form

kπ/n =

l∑
j=1

mj arctan bj/aj (1)

where all variables are rational integers. It is natural to assume, without
loss of generality, That n ∈ N, gcd (k, n) = 1, gcd (m1, · · ·,ml) = 1,
the values | bj/aj | are distinct, and that for all j : mj ∈ N, bj 6= 0, aj ∈ N,
and gcd (aj, bj) = 1. We note that k = 0.

Corollary 3.3.4 If (1) holds, then kπ/n = jπ/4 for some integer j.
In particular n = 1, 2, or 4.

Proof Modulo 2π we have

kπ/n =
l∑

j=1

mj arctan bj/aj =
l∑

j=1

mj arg (aj + ibj) = arg
l∏

j=1

(aj + ibj)
mj

Let z denote the product above. Then zn is real and so arg z = kπ/n
is a multiple of π/4 by the lemma.

Corollary 3.3.5 A right triangle with rational acute angles and rational
legs is a 45− 45− 90 triangle.
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Proof Suppose triangle ABC has a right angle at C , rational legs
a and b opposite the angles at A and B respectively, and the angle
β at B is a rational multiple of π. Then tan β = b/a is rational and
equals +1 by corollary 3.3.1,
since side lengths are positive. Therefore, β = π/4.
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Conclusion

In this work, we have studied some properties of the ring of Gaussian
Numbers Z [i]: Constructions, Euclidean algorithm, gcd, lcm,
unique factorization, irreducible elements,... and mention some of their
application in Number Theory ( Sum of squares, Congruences ),
Geometry ( Right triangle with rational angles and edges), and
Analysis(Arctangent Identities for π).
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Abstract

The goel of this work is to study some properties of the ring of Gaussian Numbers Z[i] :
complex numbers whose real and imaginary parts are both integers (in z ) . These properties
are related to the algebraic structure of the ring : construction, Euclidean algorithm, gcd, lcm,
unique factorization. Finaly , we mention some of their applications in Number Theory,
geometry, and Analysis
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Résumé

Le but de ce travail est d’étudier certaines propriétés de l’anneau des nombres de Gauss Z[i] :
des nombres complexes dont les parties réelles et imaginaires sont toutes deux des entiers
(dans Z). Ces propriétés sont liées à la structure algébrique de l’anneau : construction,
algorithme Euclidean, pgcd, ppcm, anneau factoriels. Enfin, nous mentionnons quelques-unes
de leurs applications en Théorie des Nombres, Géométrie et Analyse.
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