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Notation

We introduce the necessary notations and definitions that are used later on.

LF(Q) = {u : Q) —» R measurable : [ulf € Ll(Q)} with 1 <p < co.
el =(jﬁmwmﬁ

0
L*(Q) = {u : Q - R measurable and 9C : |u(t)| < C a.e on Q}.
(|| =inf{C : [u(t)] < C a.e on Q}.

C(Q) : space of continuous functions on €.

C5 (0, +00) : the space of infinitely differentiable functions with compact support in (0, +o0).

H . Hilbert space.
(¢, . duality bracket.
(,.) . inner product.

H"(0,1) ={uel?0,1):[u?eL*0,1) Vi< m).
Hy(0,1) : the completion of D(0,1) in H"(0, 1).

C[0, T] = {u : [0, T] — Ris continuous}.
l[ulleo = sup |u(f)].
te[0,T]
X : dual topology .
D(A) : domain of definition of an unbounded operator A.
R(A) : image of A which is also noted by ImA
L(X,Y) : set of continuous linear applications.
X =Y : wewrite X = Y to mean that X is included in Y and

the canonical injection of X into Y is continuous.
X << Y : to imply that X is included in Y and that the canonical injection of X
into Y is compact.

U, = uy : U, converge weakly to ug.
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ie. that is to say.

a.e. almost everywhere.

dF derivative in the sense of Frechet which is also noted by F’.

dcF derivative in the sense of Gateaux which sometimes is also noted by F’.
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Introduction

Ifferential equations are among the most fundamental mathematical tools that emerged to
D describe complexe natural and physical phenomena.
They represent the relation between a function and its derivatives with respect to an independent
variable, and they are widely used to model various processes in physics, engineering, economics,
and biology. Their importance lies in providing a precise mathematical language for representing
the dynamics of systems and continuous changes over time or space.
The study of differential equations dates back to the seventeenth century, during the scientific
revolution. Isaac Newton and Gottfried Leibniz were among the pioneers who founded calculus,
which provided the essential framework for defining and analysing such equations.
In the eighteenth and nineteenth centuries, mathematicians such as Euler, Lagrange, and Laplace
contributed significantly to the development of mathematical analysis and the introduction of
functional spaces by mathematicians.
Such as Hilbert and Sobolev, it became possible to deal with more general solutions, known as
weak solutions, that is, solutions that remain strictly positive.
Within the domain educated, such mathematical modeling of natural and biological phenomena
where the variables represent physical quantities that can not assume negative values, such as
density, temperature, population size, or chemical concentration.
Consequently, investigating the existence, multiplicity and stability of positive solution for higher-
orders differential equations has become a central topic that bridges both theoretical foundations
and practical applications. This dissertation includes three chapters:

The first chapter is preliminaries which contains some basic tools which we frequently use later.
We have mottoed the chapter by sections, the first section contains some notions about Banach

operators such as Continuity of operators, Lower semi continuous functions , Differentiability in
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Banach spaces and Lebesgue and Sobolev spaces . We have presented in the second section an va
present the Critical point theory such as Mountain Pass Theorem.
Then, in the second chapter, we discuss the existence of positive solutions for following the

singular linear boundary problem of higher order:

(-1)"u"(x) = Ap(x)u(x), x€(0,1)
“”{wm»szn=q i=0,...,m-1 (1)

where m > 1, p € C(0, 1), and it may be singular at x =0 or x = 1.

Finally, in the last chapter we study some existence results of positive solutions for following a
singular boundary problem of higher order
Finally, in the last chapter, we studied the existence of positive solutions to the following singular

boundary value problem:

(—1)"u®™ = p(t) f(u(t)), te€(©,1),
(NL){ W00) = u®(1) =0,  i=0,.,m—1, (2)

where the function p(t) can be singular at times t = 0 or ¢t = 1. The analysis of this problem
relies on variational methods. This is the subject of Yujun Cui’s work in [4]. The author sought
solutions in the Sobolev space and used an injection theorem that plays an important role in
proving the results.

The first eigenvalue (LP) associated with the first eigenfunction ¢ plays an important role
in proving the main results.
The first result assures us that the problem (NL) admits a positive solution under the following

assumption:

(Hi) fo<M<fy <fy <+o0

With,
t t
fo = hItIl) %nf Q, fo =limsup #,
t—0
t t
fo = litm+inf @, for = limsup @

t—+o00

For the proof, we used the minimization theorem.
The second result assures us that the problem (NL) has a unique positive solution under the

following hypotheses:

(Hi) fy <M < fo < fi<+0
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1-s

(Hz) p20,peC(0,1), It €(0,1), p(t) > 0 and lim g2l p(t)dt = 0,

S
(H3) f>0and f € C[0, +00).
For the proof, we used Mountain pass theorem where the two conditions (H;), (H3) are used to

prove the condition (P.S), while the condition (H;) is used to prove the geometric conditions.

For the last result concerning problem (NP), we obtained a bounded positive solution, using
an approximate problem and again, we used the principle of minimization under the following

hypothesis:
(H4) f(;— < /\1 <f0; Sfo-; = +o00.

This work was supported by providing an illustrative example of the two studied problems



Chapter 1

Some preliminaries

1.1 Operators on Banach spaces

Let X and Y be two normed Banach spaces.

Definition 1.1. (Linear bounded operator)|f]
Let A be a linear operator such that D(A) = X et R(A) C Y. We say that A is bounded if it is

bounded on the unit ball E(O, 1), i.e. If the set
laxil: xeX, <1},

is bounded.
According to this definition, if A is bounded, there exists a constant ¢ > 0 such that for all x where

|lx]| <1, we have the inequality

[|Ax]| < c.

Definition 1.2. (Dual space)|f]
The set of continuous linear functionals, defined on a normed vector space, constitutes a vector

4



Chapter 1. Some preliminaries

space. It is called dual of the space X and we denote X".

Equipped X* with the norm

Ifllx = sup Kfu), VYfeX

ueX||ul|<1

X provided with this norm is a Banach space and we have the inequality
Kf,wl < fllxllullx, YfeX, VueX

Definition 1.3. (Weak convergence ) It is said that a sequence (u,) € X converges weakly to
u, if
vf € X*/<f/un> B <f/u>

and we write u, — u.

Proposition 1.1. [7] Let (u,) be a sequence of X. We have
1. If u, — u, so u, — u.
2. If u, — u, so (uy,) is bounded and ||u|| < linriigfllunll.

Proposition 1.2. |7/ When X is of finite dimension, a sequence (u,) converges weakly if and only

if it converges strongly.
Theorem 1.1. |7/ A Banach space X is reflexive if and only if its closed ball is weakly compact.

Corollary 1.1. /7] If X is a reflexive Banach space then any bounded sequence {u,} C X with

|u,]] £ M, contains a subsequence which converges weakly to an element u € X satisfying ||u|| < M.

1.1.1 Continuity of operators

We will consider operators T from X into Y and we will give a definition concerning the properties
of the continuity of T.

The easy notion is the following
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Definition 1.4. The operator T : X — Y is said to be continuous at u, if for any sequence
{u,} € X which converges to u, (T(u,)), Converges to T(u).

T is called continuous on Q C X if T is continuous at any point u € €.

Definition 1.5. An operator T : X — Y is said to be compact if it is continuous and has the

property, for any (u,) bounded in X, the sequence (T(u,)) admits a convergent subsequence.

Definition 1.6. Let (X, ||.]1) and (Y, ||.|l.) two Banach spaces. An operator T : X — Y is said to
be completely continuous if it is continuous, and the image of any bounded set of X is relatively

compact in Y.

1.1.2 Lower semicontinuous functions

Definition 1.7. 1. The functional f : X — R is said to be lower semi-continuous (l.s.c) at the

point uy, if whenever sequence {u,} C X such that u, — uy, it follows
f(uo) < liminf f(uy,).
n—oo

2. The functional f : X — R is said to be weakly lower semi-continuous (w.l.s.c.) at the point

Uy, if whenever sequence {u,} C X such that u, — uy, it follows
f(up) < liminf f(u,).

3. The functional f is said to be upper semi-continuous (u.s.c.) at the point up, if whenever

sequence {u,} C X such that u, — uy, it follows

f(up) = limsup f(uy).

n—
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4. The functional f is said to be weakly upper semi-continuous (w.u.s.c.) at the point ug, if

whenever sequence {u,} C X such that u, — ug, it follows

f(up) > limsup f(uy,).
Example 1.1. Let the functional ¢ be defined on a Hilbert space H as follows

@ :u— ull?,

then @ is weakly lower semi-continuous (w.l.s.c.).

Indeed, let (u,), such that u, — u, show that
lull> < lim inf ||u,,||.
n—+oo
We obtained

J— 2 = J— j—
7
|1,y — u| (Uy — 1, Uy — 1)

llall? = 2(tt, 1) + ||l = O,
We know that H* = H, and u, — u, so

Vu € H: (u,,u) = (u,u) = |jull
It follows that

lulP? < lim inf [ju,|[%.
n—+o0

1.1.3 Differentiability in Banach spaces

we introduce some definitions and fundamental properties Fréchet differentiability Let X and

Y be two Banach spaces, U an open of X.
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Definition 1.8. Let u € U, and ¢ : U — Y. We say that ¢ is differentiable at the point u if there

exists a continuous linear mapping A € L(X,Y) such that
R(h) = o(u +h) —p(u)—A.h, forhe X, issmall,

then

R(h
—( ) — 0 when ||k >0 i.e.
[IF]|
Ve >0, 36 >0 such that if ||k|lx <0, then ||R(h)|ly < €|lhl|x.

If such an application A € L(X,Y) exists, it is necessarily unique. We note by
A=dpu)or A" =¢'.

It is called differential (in the sense of Fréchet) from ¢ in u, or a linear application tangent to ¢
in u. In the absence of differentiable additional precision will mean in the following differentiable

in the sense of Fréchet.

Examples 1.1. 1. If ¢(u) = c. Then ¢ Fréchet differentiable and de(u) = 0, Yu.
2. IfAe LIXY) A(u+h)—A(u) = Ah and so dA(u) = A, Yu € X.

3. If X = H is a space of Hilbert and ¢(u) = lull?> = (u, u) then dp(u)h = 2{u, h).

Therefore we have all the classical properties.

1.1.4 Gateaux differentiability

Let us begin by defining the notion of directional derivative

Definition 1.9. Let o : U —> Y, ue U, ve X and v # 0.
We call the directional derivative in u of ¢ in the direction v, denoted d,@(u), the limit where it

exists

t —

8
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The notion of directional derivative is thus an extension of the notion of partial derivative. If ¢ is

Fréchet differentiable, then for all v € X the directional derivative in the direction v is given by

dop(1t) = dop(u)v.

Indeed  @(u + tv) = p(u) + de(u)(tv) + R(tv).

Then

p(u+ tvt) — o) _ dp(u)(0) + R(:v)’ R(ttv)

— 0, when t — 0.

Definition 1.10. We say that ¢ : U — Y is Gateaux differentiable in u (G-differentiable in u), if
there exists a continuous linear mapping A from X to Y, ( A € L(X,Y)) such that for any v € X,
the directional derivative of ¢ in u in the direction v exists and is equal to A(v), i.e.

Pl + 1) — p(u) _
t

dop(u) = ltlrro1 Aw), t—>0,YueX
It is then verified that, if such an application A exists, it is unique. We notice
A =dcp(u).

Proposition 1.3. 3] If ¢ is differentiable Fréchet in u, it is Gateauz differentiable in u and

dep(u) = do(u).

The reciprocal is false in general, yet in finite dimension.

Example 1.2. Let ¢ R> > R

2

2
@(x,y)=[x4+yz], if y#0

o(x,0)=0

G-differentiability does not imply the continuity of ¢ ! (while of course differentiability in the sense
of Fréchet implies).
On the other hand, if we know that ¢ is C' in the sense of Gateaux, then ¢ is Fréchet differentiable

on U and the two notions coincide and we have
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Theorem 1.2. /3/,/19]
If o : U =Y is Gateaux differentiable in an open neighborhood U C X, of u and dgp : U — X" is

continuous at u, then @ is Fréchet differentiable at u and the two derivatives at u coincide, i.e.,
¢’ (v) =dcp(v), VYvel

Definition 1.11. Let uy € X. We say that u is a local minimum for ¢ if there exists 6 > 0 such
that

@(uo) < @(v), Vv € B(ug,0), v # up.
Definition 1.12. Let ¢ : X — R U {+0co}. We say that ¢ is coercive if
@) = 400, when [[u|| = +oo; i.e.

VA >0, dB > 0, such that [[u|| > B implies ¢(u) > A.

1.1.5 Lebesgue and Sobolev spaces

Let Q an open of R, and (QQ, M, dt) denote a measure space, where M is a 0— algebra in Q.
We assume that f : () — R is a measurable function and integrable function. We shall often

write f f instead of f f, and we shall also use the notation
Q

1fllise = f FBldt, or [Ifll = f £l

Theorem 1.3. (Lebesgue’s Dominated Convergence Theorem)/7]

Let (f,) be a sequence of functions in L' that satisfy

(@) (fu) = f a.e. on Q.

(b) There is a function ¢ € L'(Q) such that for all n, |f,(t)] < g(t), a.e. on Q. Then

felQ) and |fi—fllp =0, n— .

10
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Definition 1.13. Let p € R with 1 < p < oo, we put
LP(Q)={f:Q—> R, measurable and |[f[f € LY(Q)}.

1
We notice ||fll = f f()Pdt)", and |||y is a norm.

Q

Definition 1.14. We put
L¥(Q) ={f:Q—> R, measurable and 3C:|f(f)]| < C, a.e on Q}.

We notice

IfllLs =1inf{C: [f(H)| < C, a.e on Q}

Theorem 1.4. [7]

1 1
The space LT is reflexive for 1 < p < oo, and its dual is L7 such that — + — =1

Theorem 1.5. (Cauchy-Schwarz inequality) /7]

Let f and g € L*(Q). Then we have

(i< [y ( [0

Theorem 1.6. (Holder’s inequality)/7]
1 1
Let 1 < p < +o0, we denote by q the conjugate exponent, I; + E = 1. Assume that f € LF(Q)) and

g € L1(Q) with1 <p < +oo. Then
(i) fgeLYQ) and

(ii) f Ifel < ( f Iflp)’l’( f |g|q)% = 111l l1gl,.

Theorem 1.7. (Hardy’s Inequality)/17]

Suppose that u € H'(0, +00). So we have

+00 —+00
f ‘@fdx < f ' (x)Pdx.
0 X 0

11
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Theorem 1.8. (Minkowski inequality)/17]

Let f € IP(RN x RY), where 0 < p < +00. So we have

[fw | f Sy ] < fR | fR fe ] dy.

Theorem 1.9. (Dirichlet formula)/7]
Let Oy = [a,b],Q = [c,d], —c0o <a<b <00, —00<c<d< o0 andlet f(x,y) be a measurable
function defined on Oy X Q. If at least one of the integrals

fdxé[f(x,y)dy, fdy(!f(x,y)dx,f f f(x, y)dxdy,

O QD U1 Xy

1s absolutely convergent then they coincide.

The following particular case of Fubini’s theorem holds, namely

& Qf Fx, iy = Qf ay Qf fx,ix= |  f iy

(0}

assuming that one of these integrals is absolutely convergent. The latter relation is called the

Dirichlet formula.

Lemma 1.1. (Fatou’s lemma)|7]

Let (f,) be a sequence of functions in L' that satisfy

1. for alln, f, >0 a.e. on Q

2. supffn < +oo.

For almost all t € Q we set f(t) = liminf f,(t) < +oco0. Then f € L' and

ffsliirl}?fffn.

12
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1.2 Critical point theory

Definition 1.15. Let ¢ be a differentiable functional from X to R. A point u € X is said to be

critical for ¢ if and only if

dp(u) = 0.

Definition 1.16. Let the functional ¢, of class C' be defined on X. A critical value of ¢, is a

number ¢ € IR, such that there exists u € X, with

o) =c, dop)=0.

If we are able to determine a critical value, we have proved the existence of a critical point,

in some situations it is useful to introduce the following definitions and theorems.

Definition 1.17. (Minimizing sequence) A minimizing sequence of a functional ¢ : X —

] — 00, +00] is a sequence (1) such that

lim ¢(u,) = in)g(p(u)

n—+oo

Theorem 1.10. /4]

Let @ be a functional defined on a reflexive Banach space X. Assume
(i) @ is coercive, i.e., p(u) = +oo for ||u|| — +oo,
(i1) @ is weakly lower semi-continuous.

Then @ is bounded from below on X, and achieved its infimum at some point uy. If, moreover, ¢

is Gateauz-differentiable at ug, then @'(up) = 0.

Theorem 1.11. (Minimization theorem)/14]

For the functional ¢ : M € X — [—00,+00] with M # 0, m}? @(u) = a has a solution in case the
ue

following conditions hold :

13



Chapter 1. Some preliminaries

(i) X is a real reflexive Banach space,
(i) M is bounded and weak sequentially closed,

(1i1) @ is weak sequentially lower semi-continuous on M.

1.2.1 Palais-Smale’s sequence and condition

Definition 1.18. [17]
Let X be a Banach space and ¢ : X - R a Cl-functional. We say that @ satisfies the Palais-Smale

condition, denoted (P.S), if any sequence (u,) in X such that
(p(up)) is bounded, and ¢’(u,) = 0,as n — +oo (1.1)

admits a convergent subsequence.

Any sequence satisfying (El]) is called a Palais-Smale sequence.

Definition 1.19. [17]

Let X be a Banach space and ¢ : X — R a C'— functional, and ¢ € R. The functional ¢ is said to
satisfy the (local) Palais-Smale condition at the level ¢, denoted by (P.S),, if any sequence (u,) in
X such that

o(u,) = c, and ¢'(u,) = 0,as n — +oo. (1.2)

admits a convergent subsequence.

Theorem 1.12. [3/Let X be a reflexive Banach space, and @ a functional defined on X such that
1. @ is (w.ls.c),
2. The minimizing sequence of @ is bounded on X,

Then @ achieves its infimum on X.

14
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Theorem 1.13. [1§/
Let X be a Banach space and ¢ : X — R a C'= functional that is bounded from below, and let
c= ig{lfgo. Assume that @ satisfies (P.S).. Then there exists u € X such that

¢(u) = infpv), and @'(u)=0. (1.3)
Theorem 1.14. (Mountain Pass Theorem)|18]
Let ¢ € CYX,R) satisfy the Palais-Smale condition. Assume that there exists up,uy € X, and a
bounded neighborhood Q) of uy satisfying uq, ¢ Q and

max{p(uo), p(u1)} < viefalg ¢(v).

Then there exists a critical value of @, that is there exists u € X such that ¢'(u) = 0 and ¢(u) >

max{@(uo), p(u1)}.

1.2.2 Classical compactness theorem

Theorem 1.15. (Ascoli-Arzéla)/J]
Let (fu) be a sequence of real functions defined on a compact metric space (X,d). We assume that

the sequence (f,) has the following two properties:
(1) (fn) is equicontinuous, i.e.,

Ye>0,dn>0,Vx,ye X, Vn e N:d(x,y) < n = |fu(x) — fu(y)| < &.

(2) The sequence (fu(x))n is bounded for all x € X.
Then there exists a subsequence of (f,) that converges to a continuous function f in C(X, R).

Theorem 1.16. (Rellich’s theorem)/7]
If Q is a regqular bounded open of class Ct, then of any bounded sequence of H'(Q) we can extract a

convergent subsequence in L2(Q) we say that the canonical injection of HY(Q) in L*(Q) is compact.

15



Chapter 2

Positive solutions of higher-order

singular linear boundary value problems

In this chapter, we study some existence results of positive solutions for the singular linear boundary
problem of higher order equation (@).To obtain our results, we use the variational method and
the minimization theorem. We choose as an example the article [4] that was published by the

author Y. Cui in (2011).

2.1 Preliminaries

We consider the following problem:

(2.1)

(=1)"u®)(x) = Ap(x)u(x), x€(0,1)
u"0) = u?(1) =0, i=0,...,m-1

where m > 1, p € C(0,1), and it may be singular at x = 0 or x = 1. We seek a positive classical

solution for (Ell)

2.1.1 The basic hypothesis

The hypothesis on p in this memory is (P), where:

16



Chapter 2. Positive solutions of higher-order singular linear boundary value problems

1. p>0,p€C(0,1),Ix € (0,1),p(x) >0,
1—s
2. and lirrol sz’”_lf p(t)dt = 0.
2.2 Variational construction of our problem

2.2.1 The appropriate spaces of our problem

In what follows, we will use the weighted space L?, defined as:

1
L= {u | f p(s)u?(s)ds < +oo}
0
1 2
llullez = (L p(s)uz(s)ds) .

We also need the Sobolev space Hy', whose norm is denoted by ||.||ng :

1 2
2
lllrgy = ( f | (s)ds| )
0

H{' is the completion of C;(0, 1) with respect to this norm.

with the norm:

2.2.2 Somme embedding theorems in the Sobolev space H{'(0,1)

The study of Sobolev space embedding theorems are often interpreted as continuous or compact
injections from one functional space into another. In fact, every embedding can be regarded as an
injection that preserves additional structure such as continuity or compactness.

Continuous injections guarantee that boundedness in the input space, while compact injections
ensure the existence of convergent subsequences. These results are fundamental in variational
methods, since they allow the passage from weak to strong convergence and thus ensure the

applicability of critical point theory to boundary value problems.
Proposition 2.1. 1. The space Hy' continuously embeds into C!, that is: Hy — cl.

2. The space Hy' compactly embeds into C!, that is: Hf —— o

17



Chapter 2. Positive solutions of higher-order singular linear boundary value problems

Proof. 1. Let u € Hy'. By the Cauchy-Schwarz inequality:

j;x u'(s)ds| < j;x [u'(s)| ds
< (j: 12ds)% (f: Iu’(s)lzds)

< Cillullyy < Cillulle.

u(x)| =

1
2

Because ||u||H(1) < ||u||H(z), Thus, we have:

lulle = sup [u()| < Cillullp < Callully (*)
x€(0,1)

which means Hé < C. Similarly, by the Cauchy-Schwarz inequality, we have:

fu”(s)ds Sf [u”(s)| ds

0 0

g( f 12ds) ( f |u”(s)|2ds) < Cullullg.
0 0 ’

' (x)] =

Thus,

1l = sup [u(x)| < Clulle (*%)
x€(0,1)

From (H) and (@), we obtain:
lluller = max (fulle + l[w'llc) < Csllully
x€(0,1) 0

This implies that H% — CL.

By induction, we can show that Hj' — C"™ ! and since C'— C™!, Vie{l,...,m—1}, we

conclude that Hy < o
2. Let B be the unit ball in Hj'. We show that 8 is relatively compact. We verify:

(a) B is uniformly bounded, which follows from (1).

18



Chapter 2. Positive solutions of higher-order singular linear boundary value problems

(b) B is equicontinuous. Indeed, for any u € B, we have:

XD XD
f u'(s)ds Sf |t (s)| ds
X1 X1
s( f 12ds) ( f Iu’(s)lzds)
X1 X1 .
1 . ’ 2 :
- |x2—x1|z( f () ds)
X1
) 1
< —x? (f ' (s) ds)
0

1 1
= |2 = xal? [[uellp < oz = 242 [faell g

lu (x2) — u (x1)] <

NI

1
< |x; —x1|2 — 0, whenx; — x;

O
1-s
Theorem 2.1. 1. Hy is continuously injected into LIZj if s¥m1 p(t)dt is bounded when
S
s—0,
2. HY' is compactly injected into L; if
1-s
lsi_r)rolszm_1 p(t)dt =0 (2.2)

S
Proof. In what follows, we will prove the injection theorem Ell To simplify the presentation, we

assume that the problem (El!) has only one singular point at x = 0, that is, p € C(0, 1].

Step 1: Continuous injection

We will show that this injection is continuous. It is easy to see that

x 2 X
|u(m—1)(x)|2 — (f u(’”)(s)dS) < xf |u(’")(s)|2 ds < x||u||§181
0 0

By recurrence, we have

2i—-1
WP < el i=1,2,.m
_21_1(1,_1)! HS”’ —1,4,..., .

19



Chapter 2. Positive solutions of higher-order singular linear boundary value problems

By a change of variable, we also have

1 1 1
u(x) = xf u' (61x)do, = xf [Gle u” (610-x) d@z] do,
0 0 0

_ (2.3)

1 1
= _’)Cm_1 f ce f Ll(m_l) (91 . Qm_l.X) X QT_ZQ?_3 e Qm_zdem_l e d@l
0 0
From Hardy’s inequality and Minkowski’s inequality (See Theorems (@) and () in chapter

I) and for 6 € (0, 1], we obtain

1 1
0 2 2 ) 1 1 (m-1) 2 2
[f dx] = f ff 4 (91'“Qm_lx)GT_ZQT_?’...Qm_dem—1...d91 dx
0 o [Jo 0 X
1 O
<L
0 0

u(x)

xm

1 1 (m-1)
f . f 4 1.6, 1%) 9’1”_295”_3 i O0p0dOpyq...dO;
0 0

2 13
dx‘ d0,,_4
X

IA

l/l(m_l) (61 ce Qm_l.X)
X

IA

2 12
dx} d61 N d@m_l

il

1

-1 3
< f|u<m)(x)|2dxl doy ... d0y-1 < |ulle
[ JO
(2.4)
and
0 2 %

u'(x)

[ fo i dx] < Nl (235)

By integration by parts, we have for € > 0,

1 1 1 1
fp(x)uZ(x)dx:uz(e)f p(’l’)d’[+2f u’(x)u(x)(f p(T)dT)dx (2.6)

I 1 12

1
From , , and x> (s)ds < +oo, for the first term I; of , we get
p

L < callulfy (2.7)
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Chapter 2. Positive solutions of higher-order singular linear boundary value problems

For the second term I, of equation (@)7 we have

1
IzSsz
0
1
SCz(f
0

2
< callulfy

u(x)

xm

w(x)
xm—l

z)% (fol

From (@) and (@), and by taking the limit as € — 0, we get

dx

u(x)

xm

' (x)
xm—l

1
2)2

lll < cllullgy.

(2.8)

(2.9)

where ¢ = +4/c1 + ¢, so we have a continuous injection Hj < L;, provided that the quantity

1
x2m1 f p(s)ds < +oo, remains bounded.

Step 2: Compact injection

We will now show that this injection is compact.

1 1
Suppose now that x> f p(s)ds — 0 as x*"* f p(s)ds — 0. Let (u,) C Hy' be a bounded

sequence. We can assume that (u,,) converges uniformly to a function u in C'(0,1).

We obtain from (@)

1 1 1
f p(0) [1n(x) = u(x) dx = 2 f (7, (x0) = 1’ (x)) (un () — () ( f P(T)dT) dx
0 0 x

I3

1
Since lirr(} x2m-1 f p(s)ds = 0, then, for all € > 0, there exists 6 > 0 such that:
X— X

21

(2.10)



Chapter 2. Positive solutions of higher-order singular linear boundary value problems

1
0 < 321 f p(s)ds < ¢ for 0 < x < 6. From (2.4), (£.5), we have

1
[;<<2 —u'(x)||un(x) — u(x)| (f p(T)dT) dx
0
2, (%) = ' (x)] | ) (%)
-2 [ [ ( f p(T)df)
1
+2 — ' ()| (x) — u(x)|( f p(’[)dT) dx
o x

0 (0) = W)

un(x) B M(X)
X

2 \2
dx)

oo [ [

1
+C, j; |1y (x) = (O)l(x) — a(x)| dx

<2¢ ||uy

—u HC(O p ln = ttllcy)

1
Thus, f p(x) |, (x) — u(x)P dx — 0 as n — +oo. O
0

2.2.3 The Euler-Lagrange functional

In what follows, the variational method is used (see [7]).

For everything u € H(l)(O, 1) we define the functional | of Euler-Lagrange associated our problem

(21) y: 1 1
=3 [ 20-5 [ ponom

U
e 1
Here, in the linear problem, we put f(u) = u, so, F(u) dsz f(s)ds = §u2'
0
Since p, G, and f they are positive, Thus,

1
u(x) = % fo G(x,s)p(s)u*(s)ds > 0, Vx € (0,1).
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2.3 Eigenvalue problem

2.3.1 Existence of positive solution via minimization theorem

Theorem 2.2. Let

TN
A= inf fo |u (x)| dx

w1 p 0 (x)dx
Then, Ay > 0 is attained if () is satisfied.

Proof. We now show that if (@) is verified, then A; > 0 is attained (see [B]).
Step 1: The minimizing sequence is bounded. For a fixed u € H{, we define I;(u) =

||u||%{6,l, L(u) = ||u||i§ And we define the functional quotient | : Hy' — R by

_ hi(w)
J(u) = )
We have
Ay = uief}{%, J(u)

Poincaré’s inequality immediately gives A; > 0. Let (1,,) be a minimizing sequence. Clearly,
(Juyl) is also a minimizing sequence for |, so we can assume that u,(x) > 0 almost everywhere in

(0,1). Since the functional | is homogeneous of degree zero, i.e.,
J(su) = J(u), for each s € IR,

we can normalize u, by setting ||un||L§ =1 for all n.
Then, we see that I;(u,), the norm of u, in Hy', must be bounded independently of 7, because
(1), is a minimizing sequence, i.e., nl—i>IPOO J(u,) = uierzl{fm J(u) = A4, so the sequence (J (1)), is bounded
0
in R, and since | (u,) = IIunIIf{g, this implies that (u,) is bounded in Hy'.
Step 2: | is (Ls.c).
By Sobolev’s embedding (Theorem 2.1), we deduce, by passing to subsequences, that:
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Chapter 2. Positive solutions of higher-order singular linear boundary value problems

e u, — uin Hy'(0,1),
e u, = uin L%0,1),
« L[*0,1) almost everywhere in (0, 1).

In particular, |[u|l;2 = 1 and u,(x) > 0 almost everywhere in (0, 1).

Then, by the lower semi-continuity of the norm, we have
A < J(w) = L(w) < liminf I (u,) = iminf [ (u,) = A,
n n

which means | is (L.s.c). Therefore, by Theorem ([1.12), | attains its infimum, so there exists

@1 € Hj) such that ¢; # 0 and

[

2
HY

J(p1) = A = 5
ol

The proof of the theorem is complete. O

2.4 Green’s Function

We now give the formula for the Green function of the boundary problem (?77).

Theorem 2.3. /6]

The Green function of the boundary problem @z’s given by

P(x, s) 0<x<s<1
G(x,s) = (2.11)
P(x,s) + ﬂ(x —s)" 1l 0<s<x<1
2m —1)! T
where
m=1 gM=j=1ym+j

P(x,s) =

1 .
s (=1l — = 1)1 J - (2.12)
]:
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Furthermore, the Green’s function can be written in the following integral form.:

1 fx(l—s) . .
_ ™ N (t+s—x)""dt, 0<x<s<1,
— 112
G(x,s) = 4 m =D Jo (2.13)
1 s(1—x) . .
S — =l 4 x — s)"d <s<x<1
[(m—l)!lzfo " (T +x—5) 7, 0<s<x<
Proof. Step 1: We show that equation () is verified.
Let h(x) € (0,1). Then the following linear boundary value problem:
(-D)"u® = h(x), x€(0,1)
(2.14)
u0)=u?1)=0, i=0,...,m—-1
admits a unique solution u(x) which is defined by:
1
u(x) = f G(x,s)h(s)ds, 0<x<1 (2.15)
0
Since u € C*™(0,1), we have the following expression:
2m—1 ; X
_ ax' =" 2m—1
u(x) = Z;‘ o mfo (x — )" h(s)ds, 0<x<1 (2.16)
By virtue of the boundary conditions in (), ie.,
u0)y=0, i=0,...,m—-1
we obtain:
Ao =01 = ... =0y =0
By virtue of the other boundary conditions, i.e.,
u91)=0, i=0,....,m-1
we also have the system:
Ay, A+l Aom-1
+ o
(m=j)! (m+1-))! 2m—-1-)!
(2.17)
(G

1
D _ o\2m=1-j — . 3
+(2m —-1-= ])| j(: (1 S) h(S)dS 0, 0< j <m-1
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Chapter 2. Positive solutions of higher-order singular linear boundary value problems

Thus, using Cramer’s rule, we obtain:

Dj+1

amﬂ':T, j:O,l...,m—l

where D is the determinant of the coefficient matrix of system (), and Dy, for 1 <k < m,

o _\T
is the determinant of D when the k™ column of D is replaced by (hl,hl, .. .,hm) , where:

hi = ((Zn:)mz;'f(l " h(s)ds, i=1,...,m (2.18)

Dj+1 .
Now, we will compute D and R for j=0,1,...,m—-1.

1 1 1 1

m! (m+1)! @m-2)! 2m-1)!

1 1 . 1 1
(m—1)! m! @2m-3)! (2m-2)!

D=

11 o

2! 3! m! (m+1)!

1 L 1 r

1! 2! (m—1)! m!

Let L; be the iii-th row of D multiplied by (2m — 1 —i). Then, replacing L; by L; — Li;1, we
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Chapter 2. Positive solutions of higher-order singular linear boundary value problems

obtain:
2m—-2){(m—-1) (2m—2)I(m—-2) 10
m! (m+1)!
2m-3)(m-1) (2m-3)(m-2) 10
(m—1)! m!
D =
ml(m —1) m!(m — 2)
2! 3! 1o
m! m! m!
1 20 O (m-1)!
m!
=(m-1)m-2)!...2 }(m—l)! 1‘
m—1
- (H i!].
i=1

We can prove this result by induction. Similarly, we can obtain for all j =0,1,2,...,m?1,

(4D i eyl e =
D]-+1:f0( _1)']' Z —s) h(s)dsx[ H 1!]

=0 i#m—j—1

Djn _ fl (m+ Pt
D ~ Jy (m—1)!

j ‘(_1)]'_1 . m—1 ' m—l.
x;cjm+i(1—s) h(s)ds x Hl” /[( z!ﬂ

and

which simplifies to

D]'+1_ 1 (m+]) - ;
D ‘fo -1 m—j -1 ”XZC

/1

].
G — i)l

— 5)"*h(s)ds

where Cj. = are the binomial coefficients. Thus, we obtain for j =0,1,...,m -1,

e (m + j)! .
%”i£MPDWm4—mS”

i Ci(=1)

x (1—s)" Z { N TEE s)h(s)ds

i=

(2.19)
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Chapter 2. Positive solutions of higher-order singular linear boundary value problems

so we can write u(x) as follows:

B S L (m + j)ls" 11 — )™ ! (-1 ) —
ux) = Z m+ ) [fo m =1t Z Cim= (1 = s)'h(s)ds

j=0 i=0

+mz1f@SWWMs
(i LD
f ( (m—1)!! ;4 i+ ———(1—s)' | h(s)ds

(2m D f(x s)*" L h(s)ds

O S R R Gl o DT RN o ) "
_fo (m—1)!j! Z(; i+ —— (-8 + m(ﬁC—S)2 ' h(s)ds

= =
1
+ f
X

We define:

'M

~
o

3
-

— m+jm—1—j1_ m J 11
P9 g (D)

(m—1)!! Im+1i

=0

i=

(1-y9) ]h(s)ds.

P — \y 1 g j-1 m+] CZ( 1)] l m+i
(x's)_]zz;d(m—l)!j!(m—j—l)' XZ mri 00

L G- 1)] Z . 1 .
Using the binomial formula ; T l) —g)" = I (1 — 7)™ }(=1)d7, we obtain:
1 1
P m—j—l m+j 1— m=1¢_ ]d 29
(x5 = Z(m S e )

Then, from (R.16) - () and for an arbitrary h(x), we conclude that:

P(x,s), 0<x<s<1
G(x,s) = (2.21)

_1\m
1) (x—sy1, 0<s<x<1

2m —1)!
Step 2: We show that () is verified.

P(x,s) +

Since:

j 1)] i

1
Z TETR _ ) = f (1 - )" Y(~1)dr

i=
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we have:

P(x,s) = xm( 1)'f (1-1)"™ 12 '(m ><( xt)ls" I dt

j=0
= X" - 1)' i f (1 -7 Z Cl | X (=xt)s" T ldr

- (m 1)' 3 f (1-7)" ! x[s - (tx)]" 'dt

= (m—l)'(m 1)'f[x(l—f)’“1><[(s—x)+x(1—f)]’” Ydr

For a fixed x, let u = x(1 — 1), then the above expression is rewritten as:

1 R m-1
P(x,s) = e f(; u" (u+s—x)"""du. (2.22)
Let v =u+s—x, and s, x are fixed. Then, () will be of the form
1 = m-1 1 0 m-1
[(m_l)!]z\[s—x " (x—s+0) dv:[(m—l)!]zlﬁ " (x—s+0)" do

— f " Hx —s + v)m_ldvl
0

Let v = (s — x)A. Then,
S—X _1\m=1{a _ +\2m-1 1
1 ] f Um—l(x — 5+ Z])m—ldv — ( 1) (S 3;) f /\m—l(l _ A)m_ldA
0 0

[(m - D] [(m - D]
_ (_1)m(x_s)2m—1 fl /\m—l(l _ A)m_ldA (223>
[(m =D Jo
By using integration by parts, it is easy to obtain
1
_ _ -DIP
m-1 1= A)" 1 — [(7’}’[—
j(; AT = A" dA @m = 1]
Thus, () will be of the form
D" =9 g ey < G =9
L i AT =)A= on-1 (x >s) (2.24)
By combining the results from () to (), we obtain
1 fx(l s) . .
T ™ (t+s—x)""dt, 0<x<s<l1
G(x,s) = L =D Jo (2.25)
1 (1-x)s . .
WL‘ Tm_(T+X—S)m_dT, 0<s<x<1
O
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Lemma 2.1. Let
P(x) =

1xm(l —x)"

n(s) =

Then for all x,s € (0,1), we have

1 m m
RS

P()n(s) < Glx,s) < n(s)

P(x) We can prove this result by induction. Similarly, we can obtain for all

1 : m-l gy
_ (m+ Pt i =~ me+i iz 1
D]'+1 = —]'S ] ; C] — (1 ) I’l(S)dS X Hm—

, (m—1)j! =

and
Di _ (F !,y ] (1)" i i 1!
D ~J m-Dy° Z;- IR Ty

which simplifies to

Dji B 1 (m+ j)! - ( 1) ji o
5 ), 1XZ -5 (s

. i1
where Czl = ] ,]_ B are the binomial coefficients. Thus, we obtain for j =0,1,...,m —
(m + )t m—j— m j (=) i
el = f Do 47 ZO:CJ' i 4TS,
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so we can write u(x) as follows:

m+] (m ]) g m 1(_) - i
e S e

+ (z(ml)”; f(x—s)zm Yh(s)ds

1 m=1 x"HgmiTH (1 — )™ / (-1 i
=f2[ . Z;‘Cfm (1~ s)h(s) |ds

1=

(2(7; )n; f(x s)*" L h(s)ds

m+]sm j- 1 —S)m j ( 1) i i
‘fOV]ZO (m — 1)|]| Zo im + (1 s)'h(s)ds

i=

_ xm+]Sm—]—1(1_S)m j ( 1) —i ;
+fx ; ——F ZO‘C] (1= ) h(s)ds

i=

For A = ; we also have

[(m = )1’

M1 _ M (1 _ g\ < < me _ o\
2m—1x 1 =x)"s"(1-9)" <G(x,s) < As"'(1 —s)

Proof. By applying the binomial formula and integrating term by term in (), we obtain

1 v x(1 = syt
mzcm—l(s_x) i) 0<x<s<l1
Cts) = (2.26)

)Zm 1

[s(1-x
e 1>]zZCm1<x—s> e 0<s<rsl

Lower bound for G(x, s) by replacing 2m —1 —i with 2m —1 in () and using the binomial
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formula, we obtain

Glx,s) > 4 [0 = 1)!]12(2711 —qy (=)0 - )", 0<x<s<1,
[(m — 1)!]12(2711 — 1)(X(1 -8))" (s(1-x)", 0<s<x<l.
Glx,s) > 4 (M = 1)!]12(2m A" A =), 0sxss<d,
,8) >
[(m — 1)!]12(2771 - 1)xm(1 —x)"(1-s9)"s", 0O0<s<x<l
= P()1(s)

Upper bound for G(x,s) On the other hand, by replacing 2m — 1 — j with 1 in (R.26) and

applying the binomial formula again, we obtain

1
xm(1 _ X)m_l(l _ S)msm—1, 0<xr<s<l1
EENIE
G(x,s) < [(m
G 10—, 0 <<
X
EU(S), 0<x<s<1
<
1-x
T516), 0<s<x<1
<1(s)

2.5 Positive classical solution and weak solution for linear

problem (LP)

In what follows, the variational method is used for obtained our results (see [{]).
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2.5.1 The Euler-Lagrange functional

def

We define f(u) =0, if u < 0. Let F be the primitive function of f, i.e., F(u) = f f(s)ds. There
0

fore, for everything u € H(l)(O, 1) we define the functional | by:

1 1
Jw =5 fo H P - A fo POOF(u(x))dx.

ot [ 1
Here, in the linear problem (LP), we put f(u) = u, so, F(u) Lf f f(s)ds = Euz. Thus,
0

1 1
J(u) = % j(: " (x) —% j; p(x)u*(x)dx.

Since p, G they are positives, then:
1
u(x) = f G(x,s)p(s)u(s)ds >0, Vxe€(0,1).
0

Lemma 2.2. Let

fol |u('")(x)|'2 dx
Ay = ir&fm 1

¥y PR

Then there exists a function ¢ € Hy', @ >0, such that
1 2

~ fo |go(’”)(x)| dx
Tl

[, )@ (x)dx

Al 7 vx E (O/ 1)

and @ satisfies

(-1)"p®"(x) = Ap(0)p(x), x€(0,1)

(2.27)
»9(0) = (1) = 0, i=0,...,m—-1
Proof. -1 Existence: The existence of a minimizer ¢ is a consequence of Theorem @, and
@ satisfies the weak form of ()7 ie.,
1 1
f @™ (x)o"™ (x)dx = Ay f p(X)p(x)v(x)dx, Yove Hy (2.28)
0 0

By regularity theory, from (2.2§), we obtain the problem () Obviously, @ is also the

solution of the integral equation:

1
) = Ay fo Glx, IpE)p(s)ds
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-1 Uniqueness: Let w be the solution of the following equation:

(D" (x) = Aip@)lp)], x € (0,1)
(2.29)

©0?(0) = 0?(1) = 0, i=0,...,m-1
Then,

= lp)I.

1
M fo Glx, p(s)p(s)ds

1
w(x) = Ay f Glx, s)pElp(s)lds >
0
On the other hand, let
1 2
. fo |u(m)(x)| dx
=i

uelm 1 2
P p) () (x)dx
Then u is attained; indeed, consider the space L§'+ defined by

1
L = {u | f p(x) (u (%)) dx < +oo} ,  where u* = max{u, 0}
0

Now, consider the functional | defined as follows:

J:Hy - R

2
I
2,

2,+
LP

From the proof of Theorem @ (see chapter 3), let u € Hf', be fixed. Define I;(u) = IIMII%m and
0

lull

lu

Ir(u) = IIullig, then

_ Ii(u)
J(u) = )

Thus, we have
u = inf Ju)

Note that H{'(0,1) < Ly*(0,1), since
u(x) < lu(x)l, VYxe(0,1)
and since

(u* (0)* < u@P = (ux)?, VYxe(0,1)
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it follows that
1 1
f p(0) (* ()P dx < f p(x) () elx (2.30)
0 0

Thus, from (), we obtain ||u||i2,+ < ||u||iz, meaning LZ — L§’+. Since Hj' <> L; — L;%’Jr,
4 P

we conclude that

Hy ese 27 (2.31)

Poincaré’s inequality immediately gives u > 0.

Let (u,) be a minimizing sequence. Clearly, (Ju,|) is also a minimizing sequence for |, so we
may assume that u,(x) > 0 almost everywhere in (0, 1).

Since the functional | is homogeneous of degree zero, we can normalize u, by setting for
all n € ll\T,IIunIIZ%+ = 1. Next, we observe that I;(u,), the norm of u, in Hj, must be bounded
independently of n, since (u,) is a minimizing sequence, i.e., %1_1}‘1; J(u,) = uier}Ifn J(u) = u Thus, the

0

L7
sequence (J(u,)), is bounded in R, and since J(u,) = ——, this implies that (u,) is bounded in

lloall?
n L§'+

HY'.
By Sobolev’s embedding theorem (R.31]), we deduce that, passing to subsequences,
« u, — uin Hy'(0,1),
e U, — U in Lffr(O, 1),

o uy(x) = u(x) almost everywhere in (0, 1).

In particular, I(#) = 1 and u,(x) > 0 almost everywhere in (0, 1).

By the weak lower semi-continuity of the norm, we have

p < J(u) =Lu) < lirr}qinfll (u,) = lirr}linf](un) u
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Chapter 2. Positive solutions of higher-order singular linear boundary value problems

This means that | is weakly lower semi-continuous (w.l.s.c). Thus, by Theorem ([l.12), |

attains its infimum, i.e.,

Y117,
Y € Hf suchthat p= > -
TS
p
Consequently, ¢ € Hjf' satisfies the weak form
1 1
f Y ()0 (x)dx = f p(x) (") (x)v(x)dx, Vv e H (2.32)
0 0

1
It is evident that f p(x) (u*)? (x)dx > 0, and we obtain p > Ay because () gives
0

1 2 1
+ 2
o< [ o) avs [ oy [ s

> .
. 1f01 |u(m)(X)|2 dx fol p()(u(x))2dx
I p) (ur(x))? dx

Thus, it follows that

1

oy [ ol dx o [ o dx )

) @) dx [ pu)ydy
Similarly, we have
1
P = fo Glx,s)p(s) () ()ds

m 1 _ m 1
- (2mx—(1>[<;)_ﬁ)z]2 fo s"(1=5)"p(s) (¥7) (s)ds > 0

(2.33)

Then, we obtain p = A;. Indeed,
1 1
y[) p)P(s)w(s)ds < ‘uj(: p(s) (W) (s)w(s)ds, (Y minimizer )
1
= f Y(s)w™(s)ds
0
1
= [ pOepes
1
< Alfo p(s)Y(s)w(s)ds, ( since w > |¢)
Thus, y < Ay and y = Ay. From (), it follows that ¢(x) > 0, Vx € (0,1). O
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Chapter 3

Positive solutions of higher-order

singular boundary value problems

For works related to singular boundary problems, see references ([9], [10], [11], [12]) and those

cited therein

3.1 Preliminaries

We consider the following problem:

(3.1)

(=1)"uP"(x) = Ap(x) f(u(x)), x€(0,1)
u0) =u(1) =0, i=0,....,m-1

where m > 1, p € C(0,1), and it may be singular at x = 0 or x = 1. We seek a positive classical

solution for ((El!))

3.1.1 The basic hypothesis

We assume same hypothesis on p as in chapter 2, and donet by (P), where:

1. p>0,p€C(0,1),Ix € (0,1),p(x) >0,
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Chapter 3. Positive solutions of higher-order singular boundary value problems

1-s

p(t)dt =0

2. and limg?" !
s—0 s

For the nonlinear function f, we assume:

(F): f>0and f € C[0, +c0), and we define:

fo =lim 1Onf flu ) fo =limsup M
U= x—0
foo =1lim +inf f(uu) foy = limsup %

3.2 Variational construction of our problem

3.2.1 The appropriate spaces of our problem

Use the same Hilbert spaces as in chapter two, we will use the weighted space L;, defined as:

1
L; = {u | f p(s)u2(s)ds < +oo}
0
1 3
llullzz = (f p(S)u2(s)ds) .
0

We also need the Sobolev space Hy', whose norm is denoted by ||.||ng :

: !
2
el = ( f 1" (s)ds| )
0

H' is the completion of C;'(0, 1) with respect to this norm.

with the norm:

3.2.2 The Euler-Lagrange functional

For everything u € Hy(0,1) we define the functional | by:

1 1
J6) =3 [ WmE =1 [ peoraeos

We define f(u) =0, if u <0, and let F be the primitive function of f, i.e., F(u) L f f(s)ds. Since

they are positive, then according operational writing the problem (El!) equivalent to:
1
u(x) = f G(x,s)p(s)F(u(s))ds >0, Vxe€(0,1).
0
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Chapter 3. Positive solutions of higher-order singular boundary value problems

Lemma 3.1. Suppose that (P) and (F) are satisfied. | is well defined on Hy' and is of class cl.

The Freshet derivative of | has the following form:

1 1
J' (), p) = f u(m)(x)(p(m)(x)dx - f p(x) f(u(x))p(x)dx, Yo € Hy (3.2)
0 0

Proof. Step 1: We show that the functional | is Gateaux differentiable. Let ¢ € Hf' and t € R,

then we have

N e [ I 1
J(u +te) = J(u) = f|(u+tg0) |dx fp(x)P(u+tq0)dx 2f0|u |dx+£p(x)l—“(u)dx

1
(tzf |(p(m)| +2tf (m) (m))dx—f p()[F(u + te) — F(u) | dx
0
1
=5 (t‘Z‘f0 |(p(’”)|2 + 2tf(; u(’”)qo(’”)) dx — tfo p(x)f(u + Otp)pdx

where 0 < 8(x) < 1,Vx € (0,1). Furthermore :

J(u + tg) = J(u)
t

<dG](u)/ §0> = %1_1’)1(’)1

1 1
= f u™(x)p" (x)dx — f p(x) f(u(x))p(x)dx, Yo € HY'
0 0
Step 2: We show that the functional dg] is continuous.

Let (u,), C Hy such that u, — u as n — +oo, then we have
1 1 1
—_ - (m) (m) _ _ (m) (m)
(dc] (un) = dcJ(u), @) fo ()™ (x)dx fo p(x) f (un(x)) p(x)dx f; u™ ()™ (x)dx
1
d
+ [ o gt

1 1
= fo (4" () = u (x)) ™ (x)ebx - fo p) (f (un(x)) = fu(x)) p(x)dx

Since the function f is continuous, we have
(dc] (un) —dc](u), ) >0, as  n— +oo, Vo € HY
That is, dgJ € C' (HS”,IR), hence we conclude that | is Fréchet differentiable.

1 1
That is, {dcJ(u), ) = (J'w), @) = | u" ()™ @)dx~ | po)f(()px)dx, Ve € Hy.
0 0
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Chapter 3. Positive solutions of higher-order singular boundary value problems

3.2.3 Classical Solution and Weak Solution

In what follows, the variational method is used (see [7]).
U
We define f(u) =0, if u < 0. Let F be the primitive function of f, i.e., F(u) Cl:eff f(s)ds
0

Since they are positive, then:
1

u(x) = f G(x,s)p(s)f(u(s))ds >0, Vxe(0,1).
0

Definition 3.1. A function u is called a classical solution of the boundary problem (El!) if u e

C*110,11 N C?"(0,1) and satisfies both the equation and the boundary conditions.

3.3 Existence results for nonlinear problem (NP) under

the conditions f3 < +oo
Theorem 3.1. Suppose that (P) and (F) are satisfied. Suppose further that:
fo <M <fo<SfiS+e (3.3)

or

fo <M< fy S fy <+o0 (3.4)
Then, the boundary problem (El!) admits a classical positive solution.

First, we verify condition (P.S).

Lemma 3.2. Suppose that (P),(F) are verified and let fi < A < fo < foi < 400 or fi < A <

fo < fo < oo, then | satisfies the Palais-Smale (P.S) condition.

Proof. Let (u,) be a Palais-Smale (P.S) sequence, then we have
1 1
{J (), ) = f u™ ()™ (x)dx — f p(X)f (Uy(x) p(¥)dx — 0, n— 400, Yo eH!' (3.5)
0 0
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Chapter 3. Positive solutions of higher-order singular boundary value problems

Step 1: f satisfies the sublinear condition.

Since fi < +co and f; < 400, then there exists a constant ¢ such that
0<fu)<cul, 0<Fu) < f ' f(s)ds < cu.
0
Indeed, from the hypothesis fJ, < +oo, for € > 0, there exists M > 0, such that
fw) < (f&+e)u, u>=M
And from the hypothesis fOJr < +o00, for € > 0, there exists 6 > 0, such that
fu) < (f0+ + 8)u, u<o
Let ¢; = max {f; +e, fy + e}, then we have
f(u) <ciu, Yu€[0,06]U[M,+00)
Since the function f(u) —ciu is continuous on [6, M], there exists a constant c, such that
fu)—ciu<c, uelo,M]

that is,
fu) <cu+c, ueloM]

+
Thus, for all ¢ > 0c1 + G2

, we obtain

fu) <cuu+cy<cu, VYuel0,+o0)

Step 2: The sequence (| uh LZ) is bounded. Indeed, if | U ||,» is not bounded, then there exists a
P P

sub-sequence of (u,) also denoted by (u,), such that lim ”u:;”Lz = +o00.
P

n—+oo

We define v, = so that ||v,|l;2 = 1.

letullz2”

Taking ¢ = v, in (@), we get that ||Un||Hgl is bounded.
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Chapter 3. Positive solutions of higher-order singular boundary value problems

Since

1
u sz,ﬂm)dx:f p(x) f (uy,) v,dx
P 0

1
I
0

£ ()
ol = f PO o

fpw|wL

1, 3
( f p(x) (uh) dx) ( f p(x) (v,) dx) , Cauchy-Shwartz
0 0

and also

X
locill;

=1 =1

<c.

Suppose that v, — v in Hf', then v, — v in C(0,1) and in I?, U+||L2 =1. From (@), we get

1
f o (™ ()dx = f px )f Cn)) (3.6)
0

il

We first consider the case fy < Ay < fo < fif < +co. Let ¢ > 0 and f — ¢ > Ay, and we
choose a constant M > 0 such that f(u) > (fo —€)u,Vu > M.

Let ¢ € HY and ¢ > 0. From (@), we get
L0 ) ' f(““’t”L% U”)
f v, (x)@™dx = f px)—————qdx
0 0 ||”n||L§

u+

n

(il ) (Il =)
= () ——— L pdx + f () ——— L pdx
ﬁu;”%vﬁmp il v ||11;||L’2771,,2Mp il v

(el )
> [ e (e o) N~
||uf;||szn<M Uy Lg ||u,11||L;27vn2M
1
> (fo—e) f px)oldx — f p(x)ot i (3.7)
0 ||u+||L2w,<M

Let n — 400, we get:

1 1
f 0" (x)p™dx > (f — €) f p(x)otpdx, Yo eH), ¢ >0
0 0
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Chapter 3. Positive solutions of higher-order singular boundary value problems

In particular, let ¢ be the minimizer in Lemma El!, then

1 1 1 1
A f p(x)vtpdx > Ay f p(x)vpdx = f oM (x)p™dx > (fs, — €) f p(x)v* pdx
0 0 0 0
This implies that v™ = 0. Consequently, ||v+|| ;2 =0, which is a contradiction.
P

Now, suppose that fi < Ay < fy < fg < +00. Let € > 0 and f + ¢ < Ay.. Similar to (@),

we obtain:

1 1
f o (x)Mdx < (ff + ¢€) f p(x)v} dx + ¢ f p(x)v; pdx
0 0 I

U:{”L%UnSM

And as n — 400, we have:

1 1
f v(’”)(x)go(’”)dx <(fi+ e)f p(xX)v;(x)px)dx, VYo e H), ¢ >0 (3.8)
0 0

Taking ¢ = v* in (@), and by the definition of A;, we obtain:

1 1 1
+12 NG + +12
A1j0‘ p(x) (v") dxsj; |(v) | dxs(fm+e)j; p(x) (v*)" dx

1
Since f p(x) (ZJ+)2 dx = 1, we obtain a contradiction, i.e. ( u) Lz) is bounded. Step 3: We
0 4

now show that the sequence (u,) satisfies the (P.S) condition. From Step 2, we know that |, 12
P

is bounded. Taking ¢ = u, in (@) and noting that | f ()

< cu;;, we obtain a bound on el -
Let u, — u in HJ. By the embedding theorem El], we can assume that u,, — u in L;, and

since f (u,) = f(u) in L;%, then from (@) applied to u, — u in Hf. we get
1
J
1
J

By applying the Cauchy-Schwarz inequality, we obtain:

1 1
fo p(x)f (un —u) (uy — u) dx fo VP f (uy — 1) \p(x) 1y — u) dx

1 ) 3 oAl 3
f p(x) |f (uy — u)| dx) (f p(x) (u, — u)? dx)
0 0

1 2
= i:mmvﬁm—uﬁdﬁ et = 1l

KT Gt = 10) 1y =) = | ||t — )™

2 1
dx — n— n—u)d
X jo‘p(x)f(u u) (u, —u)dx |

2
< (u — )™ dx |+

1
fo p(x) f (uy — 1) (1, — u) dx

IA
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Chapter 3. Positive solutions of higher-order singular boundary value problems

Since
L L
U, —u—0= f(u,—u) — f(0)=0
we obtain )
2
f |(un—u)(m)| dx - 0,in n—> +oo
0
Hy' .
=u, — U in n—+o0o
This means that | satisfies the Palais-Smale (P.S) condition. O

3.3.1 Existence of positive solution by Mountain Pass Theorem under

the conditions fS < A < f < ff < +o0

In what follows, we will prove theorem @ in the case where f3 < 400 using a variational method,
particularly by the Mountain Pass Theorem () We note that the condition (P.S) has already

been proven in the lemma @ above. It remains to verify the following geometrical conditions:

1. There exist constants a, p > 0 such that J(u) > « for all u with ||u||H6n =p.

2. There exists an element e; such that [(e;) <0 and ||€1||H6n > .

Proof. Step 1: Verifying Condition (i).

Let € > 0, and assume f; + ¢ < Ay. Then, there exists ¢ > 0 such that:

Fu) Y ﬁ ' f(s)ds > %( fi +e)ut, Y0<u<o.

For p < 1,||u||H0m = p, we have:

1 1
T(u) = % fo (™) dx - fo p(0)F()dx

1 1
% fo (u(m))2 dx — % (f0+ + g)fo p(x)u?(x)dx
1
2

(1 - %) fo 1 (u) dx

1 fo +e )
(1 p» )p > 0.

2
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Chapter 3. Positive solutions of higher-order singular boundary value problems

N~

T+e
Thus, setting a = (1 _Fo

T )pz, we obtain:

Ju)za YueH), luluy =p

This confirms that | satisfies condition (i).
Step 2: Verifying Condition (ii)

Let ¢ be the eigenfunction from Lemma @ Given the assumption f_ > A;, we have:
F(u) o fﬂf(s)ds > %(f;, -&)u*—C, VYu>0.
0
Indeed, if f, > Ay, then
Ve >0,dM > 0, such that : f(u) > (fo —e)u, Yu=M

Since
F(u) d;ff f(s)ds > %(f;, -&)u?, Yu>M
0
1

and given that the function F(u) — 5 (fo —€) u* is continuous on (0, M], there exists a constant
C > 0, such that:

F(u) — %(f; - u>>-C, VYue (0,M]
Thus, it follows that:
[pys 2
F(u) > E(f“’ —&)u"—C, VYue(0,+o0)
Moreover, we have:
1 1 1 1
[ pwrec= 5 - o) [ perprax-c [ peos
0 0 0

-5 (=9t —c [ pods
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Chapter 3. Positive solutions of higher-order singular boundary value problems

Thus, for T > 0, we have:
1 ) 1
J(Ty) = —Tz f (™) dx - f pO)F(Tep)dx
0 0

1 1 1
%Tzf ((p("’))2 dx — 1T2 (fa - e)f p(x)(p)*dx + C\fo‘ p(x)dx

. |(p|| )
= STl - —T2 (fo— &) —2 4 cf p(x)dx
)+ Cf p(x)dx

1 fo—¢ ”
§||(P||§134 (1 T ) <0, VeeH]

1
2T2|| ||Hm (1 —

Since

Then, we can choose e; = T1¢ and T; sufficiently large such that:

%Tfllgollf{g (1 Y ) + Cf p(x)dx < 0

That is,

J(e1) <0, et llexllgy =Ty > p

Now, by the Mountain Pass Lemma, we define:

c= 1nf sup J(y(x))

Vel ve(0,1)

where
={y1yec(0,1,Hy), 70 =0,7(1) = Tip}
¢ > a is a critical value of ], and | admits a critical point u with J(u) = ¢, u is a classical positive

solution to our boundary problem (El!) O

3.3.2 Existence of positive solution for nonlinear problem via mini-
mization theorem under the conditions f < A; < fy < ff < 400

Proof. In this case, we will use the minimization theorem.
Step 1: We show that the functional | is coercive, meaning J(u) — +oco when ”u”HS" — 4o00. We
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Chapter 3. Positive solutions of higher-order singular boundary value problems

use a contradiction argument.

Suppose there exists a sequence (u,) C Hy', such that llttnllpy — 400 but (1) < 1 < +o0.

u
Let v, = ———, so that ||v]’ 2 =1and
L P
P

1 1
v Jn) =3 [ ax= [ pwF o

zf
>—
0

ufqm)

1
2
dx — L) d
x fo p(x) (un(x))” dx

+
u?’l

2
Dividing by | 2 We get
4

1
f p(x) 10D 4 s o)+ 21,
. 2

2
u+
o1,

1
Let € >0 and fJ + ¢ < Ay, and choose a constant M > 0 such that F(u) < 5 (ff +e)u?, Vu >

M. Thus, we have

! u%z(x) 1 ! 2 2
d < = + ., + d + d
j(; p(x) x < = (fi+ &)ﬁ p(x) (v;)" dx + cfu p(x) (vy;)" dx

4112
{7 ”Lf, " L2on<M

If we assume v, — © in L;, then f 1 p(x) (v+)2 dx—1and Ay < fJ +¢, which is a contradiction.
0
Step 2 : We show that | is weakly lower semi-continuous.
Let (u,) be a sequence weakly converging to u in H{j'(0,1). meaning u, — u, quand
Let (u,) be a sequence weakly converging to u in Hj'(0, 1), meaning u, — u

As n — +o00, we have:
llellpy < lim inf||un||16n (see example (I.1) in Chapter I)
n—-+oo

According to the embedding theorem El], the sequence (u,) converges uniformly to u on

[0,1]. Therefore, we have:

1

1
lim p(x)F (uy(x)) dx = f p(x)F(u(x))dx
> Jo 0

n—+
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Chapter 3. Positive solutions of higher-order singular boundary value problems

We conclude that:
J(u) < imiinf ] (e,,)
Thus | is weakly lower semi-continuous (w.l.s.c), and by Theorem (), J has a minimizer
Uo.
Step 3 : It remains to show that the trivial solution u# = 0 is not a local minimizer, which implies
that ug is a nontrivial classical positive solution.

Let ¢ be the eigenfunction from Lemma @, then we have:

1 1
f |(p(’”)|2 dx = A4 f p(x)p*dx
0 0

For sufficiently small ¢ > 0, we define:

J(op) = f [ dx - f POF@)x
Let € > 0 and suppose f, — & > A;. We choose a constant ¢ > 0 such that:

1/ 2
F(u) > E(fo —e)u , YO<u<o
As a result, we obtain:
J(op) < a f |(p<m>| dx— = (fy - ¢) f p(x)p>(x)dx
T — (f‘ - e) Plpl?
2 Hy 24, VO Hy

I T fo —¢
= EU ||(p||H6,, (1 - T <.0

3.3.3 Existence of a positive solution via minimization theorem under
the condition fI = +oo
Theorem 3.2. Suppose that (P) is satisfied. Suppose further that:

foo =400 (3.9)
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Chapter 3. Positive solutions of higher-order singular boundary value problems

Then, the boundary problem @ admits a classical positive solution.
Proof. We consider the case f; <Ay < f, < ff = +00. For 6 > 0, we define:

Ay = inf —=

E m _6
w0 pauP(xdx

where As; — A; as 6 — 0. There exists a function ¢s € H, that satisfies @s(x) > 0,x € (0,1),

1 1-5
f " ()0 ™dx = Ay f p(X)ps(x)o(x)dx, ©ve H
0 5
To prove the existence of such As and @5, we define the functional:

J:H' - R
2
HI'(0,1)

= 2
”u”Lg(é,l—a)

lull
u

According to the proof of Theorem @, for a fixed u € Hy', we define I;(u) = IIMIIE,,,, L(u) =
0

2 )
||u||L%(6,1_6), so that:

_ hi(w)
- L(u)

J(u)
Thus,
As = uleflyfgi J(u)

We note that H'(0,1) <>« L2(5,1 = ), since:

1-5 1
f p()u?(x)dx < f p()u?(x)dx
5 0

Hence lullzo1-s < lllizq), ie-, L2(0,1) = Ly(5,1 = ), Since H{'(0,1) <> L3(0,1), it
follows that:
H{'(0,1) <= L2(0,1) < L2(5,1 - 6) (3.10)
By Poincaré’s inequality, we immediately obtain As > 0. Let (u,) be a minimizing sequence.
Clearly, (|u,|) is also a minimizing sequence for |, so we can assume u,(x) > 0 almost everywhere
in (0,1).
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Since the functional | is homogeneous of degree zero, we can normalize u,, by setting ||u||i2 (615)
265,

1, for all n.

Next, we observe that I1(u,), the norm of u, in Hy, must be bounded independently of nnn,
since (u,), is a minimizing sequence, i.e., , lim J(u,) = ir}{f J(u) = As so the sequence (J(uy)), is
n—+00 ueHy
bounded in R. Since (u,) = ||un||f{m, this implies that (u,) is bounded in Hf'.
0

By the Sobolev embedding (), we deduce, by passing to subsequences, that:
e u, — uin Hy'(0,1),
o Uy — uin L3(5,1-0),
o u,(x) = u(x) almost everywhere in (0, 1)

In particular, I,(u#) = 1 and u,(x) > 0 almost everywhere in (0, 1).
Then, by the weak lower semicontinuity of the norm, we have

As < J(u) = [(u) < liminfI; (u,) = liminf] (u,) = As,

n

That is, | is lower semicontinuous. By Theorem (), J attains its infimum, so there exists

@s € Hy' such that ¢s # 0 and

2
m(0,1)
HO

les|
]((Pé) = /\5 = >
”@5||L,2,(5,1—5)

To show that As — Ay, let @ be the eigenfunction from Lemma @ Then,
11 o2 1 o2
b le[dx )y o™ dx
1-0 1
[ p@er@dx [7 px)g(x)dx

A< As < — Ay, as 0 — 0.

We choose 6 small enough so that As < f , and there exists x € [§,1— 8] such that p(x) # 0.

(o]

We choose M, A such that:

. /\5<A<f;3,
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oML - o)
. > > 7
f(u) > Au when u > P—
We define a function
Au-M)+fM), u=M
g(u) =
f(u), us<M

_ oMM - o)™ _ .
It is easy to see that g(u) > Au when u > WM By the previous result, there exists

a solution u that satisfies

(=D)"u®(x) = p(o)gu(x)), x€(0,1)

(3.11)
u"(0) = u?(1) = 0, i=0,...,m-1
or the weak form
1 1
[ e = [ pwguempwas, v e
0 0
According to (), we have
1
u(x) = f G(x, s)p(s)g(u(s))ds
0
ml — x)m 1
> U0 fo Gz, Sp(e)gu(s))ds
_ X1 -x)"
= TM(T) Vx, T € (O 1) (312)
since G(x, s) > uG(T s), Vx,1,s€(0,1)

We show that the solution u of () satisfies 0 < u < M and is thus a solution of (@)

Suppose this is not true, meaning [|ullco1) > M. By (), we have u(x) > %M for

x € [6,1 6] and g(u(x)) > Au(x) for x € [6,1 = 0].
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Now, for all v € H{,v > 0, we have

1 1
f U (o () = f PO
0 0
1-0
> [ pogtuoneis
1-6
> A d
> fé PO

In particular, choosing v = @5, the minimizer which is the eigenfunction associated with As,

we get
1-6 1-6

1
As p(x)u(x)@s(x)dx = f u(m)(x)(pgm)(x)dx > A p()u(x)ps(x)dx
5 0 5
1-5
This implies thatAs f p)u(x)ps(x)dx = 0 and since p(x)u(x)@s(x) = 0 in [6,1 — 6], this is
5

a contradiction.

We have shown that m(oax) u < M and u is the desired solution for our original problem. 0O
x€(0,1

3.4 Application

In numerous articles that have addressed the problem with singular boundary conditions (Ell) (see

[8]), the following hypothesis is made:

1
f p(1)T"(1 = 7)"d7 < +o0 (3.13)
0

We note that () implies (P). Another sufficient condition for (P) to be true is the fol-
lowing;:
lim s*"p(s) = lim(1 - 5)"p(s) = 0 (3.14)
Next, we provide an estimation of A;. For convenience, we always assume that () is sat-
isfied. Without loss of generality, let us assume that ¢, the normalized positive eigenfunction
corresponding to Ay, satisfies [lgllyr = @(xo) = 1, then:

1

1
1=q(x)— Al‘f; G (xo0,5) p(s)p(s)ds < /\1]0‘ G (xo,8) p(s)ds

x€(0,1)

1 1
<A maxf G(x,s)p(s)ds < AlAf s"(1 —s)"p(s)ds.
0 0
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Chapter 3. Positive solutions of higher-order singular boundary value problems

Thus

1 -1
A 2> (Af s"(1 - s)mp(s)ds)
0

13
On the other hand, it is easy to see that there exists x; € [Z' Z] such that ¢ (x1) = m11r31 p(x) >
13

3"A

0 et G(xy,8) > msm X (1 —=38)" for all s € (0,1), hence

1 i
@ (x) = Alfo G (x1,5) p(s)p(s)ds > Al\ﬁ G (x1,5) p(s)p(s)ds

> A (x1) f; G (x1,5) p(s)ds = A4 ﬁ(p (x1) j; s"™(1 = s)"p(s)ds.

Consequently,
3"A
M| ——m——
'= ((Zm —1)16™ f

1 -1
m 2 (Af s"(1 - s)mp(s)ds) <A
0

3 -1
A ! de
> (mﬁ s"(1 —S)mp(s)ds) :fM1

Example 3.1. We consider

3 -1
s"(1 - s)’”p(s)ds)

Thus, we have

1 -2-3 c
@) — — (y — o2 2
u(x) Zn(x x) u(1+1+u2), x€(0,1)

(3.15)
u(0) —u(l) —u'(0)—u'(1) =

where ¢ > 511, We define

1+ u?

p(x) = 1(x x)z_%, f(u):u(1+ ¢ )

Then, we have

-1
( 2(1 5)%p (s)ds) -2
-1
2
((4 3114)1162 2(1—5)21?(8)015) ~ 512
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Also  fy =fy=1+ce(512,4+),fi=1€(0,2), A €][2,512], since

1 1 _— _1 B 1\
m; = - i s72(1 —s) 2ds :(En) =2, and

1 _1 _1
IRV K 1 2 1
- rizfo[z(“z)] 1-3(+3) ‘dx) ONx=2-7
1
here x = 25 — =
where x S >
3 1 i
do(Zx—x=]|=~512
M, (162X27IX2) >

This implies that condition (@) is satisfied. Consequently, according to theorem El], the boundary

value problem () has a classical positive solution.
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Conclusion

In this dissertation, we studied the existence of positive solutions for higher-order singular boundary
value problems. The work was based on variational methods and on the results established by
Yujun Cui.

First, we presented the mathematical tools required for our study, including Banach and
Sobolev spaces, lower semi-continuity, critical point theory, the minimization theorem, and the
Mountain Pass Theorem.

Next, we investigated a higher-order singular linear boundary value problem. By constructing
an appropriate variational framework and studying the associated eigenvalue problem, we proved
the existence of a positive solution. The Green function associated with the problem was also
established and used to derive qualitative properties of the solutions.

Finally, we considered a nonlinear higher-order singular boundary value problem. Using vari-
ational techniques, minimization methods, and the Mountain Pass Theorem, we obtained several
existence results for positive solutions under different assumptions on the nonlinear term. An
illustrative example was presented to demonstrate the applicability of the theoretical results.

The results obtained in this work contribute to the study of singular higher-order boundary
value problems and highlight the effectiveness of variational methods in proving the existence of
positive solutions.

As a perspective, it would be interesting to investigate multiplicity results, uniqueness con-
ditions, and the existence of positive solutions for more general classes of higher-order singular

differential equations.
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Abstract

This dissertation is devoted to the study of positive solutions for higher-order singular boundary value prob-
lems using variational methods.
The studied problems are:

(=1)"u®"(x) = Ap(x)u(x), x€(0,1)

and
(—1)"u®(x) = p(x) f(u(x)), x€(0,1)

with suitable boundary conditions.

In the first chapter, we presented some preliminaries from functional analysis and variational methods.
In the second chapter, we studied the linear problem and proved the existence of positive solutions using
minimization techniques and Green’s function. Finally, in the third chapter, we investigated the nonlinear
problem and established existence results by using variational methods and the Mountain Pass Theorem.
Keywords: Variation method. Critical point. Existence of solutions. Higher order. Palais-Smale condition.
Minimization theory. Mountain Pass theorem.
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(=1)"u®"(x) = Ap(x)u(x), x€(0,1)

(=1)"u®"(x) = p(x) f(u(x)), x€(0,1)
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