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Abstract
In this paper, we introduce and study new classes of dominated multilinear oper-

ators, which we call ðp; p1; . . .; pn;G1; . . .;GnÞ-dominated and

ð~p; p1; . . .; pn;G1; . . .;GnÞ-dominated multilinear operators defined on the tensor

product of Banach spaces. Some characterizations of this type of operators are given

and we prove some important coincidence results. As an application, we charac-

terize ðp; p1; . . .; pnÞ-dominated multilinear operators on CðK;GÞ and ðp; p1; . . .; pnÞ-
dominated multilinear operators in the sense of Dinculeanu on CðK;GÞ, where K is a

compact Hausdorff space and G a Banach space. We also treat the connection

between an operator T and its associated operators Tt; ~T and T# for certain classes.
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1 Introduction and background

Let n 2 N and E;F;G;E1; . . .;En;F1; . . .;En;G1; . . .;Gn be Banach spaces over K

(K ¼ R or C). We will denote by LðE1; . . .;En;FÞ the Banach space of all bounded

multilinear operators from E1 � � � � � En into F equipped with the usual sup norm.

We also denote by CðK;GÞ the space of all continuous functions f : K ! G, where
K is a compact Hausdorff space. If G ¼ K, we write simply CðKÞ instead of

CðK;KÞ. By BE, we denote the closed unit ball of E and by E� its topological dual.
Let 1� p\1. By ‘npðEÞ (resp. ‘n;wp ðEÞ), we denote the Banach space of all

absolutely (resp. weakly) p-summable sequences ðxiÞni¼1 in E endowed with norm

ðxiÞni¼1

�
�

�
�
p

p
¼
Xn

i¼1

xik kpðresp. ðxiÞni¼1

�
�

�
�
p

p;w
¼ sup

x�2BE�

Xn

i¼1

x�; xih ij jpÞ:

If p ¼ 1, we take ðxiÞni¼1

�
�

�
�
1¼ ðxiÞni¼1

�
�

�
�
1;w

¼ sup1� i� n xik k.
Let E �e G be the injective tensor product, i.e., the algebraic tensor product

E � G endowed with the injective crossnorm

eðuÞ ¼ sup u; x� � z�h ij j; x�k kE� � 1; z�k kG� � 1
� �

; u 2 E � G;

and E b�eG its completion.

We say that [4, 19] a norm a on E � G is a crossnorm if it has the following

properties:

1. aðx� zÞ� kxkkzk for every x 2 E and z 2 G.
2. For every x� 2 E� and z� 2 G�, the linear functional x� � z� on E � F is

bounded, and kx� � z�k� kx�kkz�k.

Consider 1� p; p1; . . .; pn\1 with 1
p ¼ 1

p1
þ � � � þ 1

pn
. A multilinear operator T from

E1 � � � � � En into F is called ðp; p1; . . .; pnÞ-dominated (see [3, 8, 9, 14]) if there is

a constant C[ 0, such that for any finite sequences ðxki Þ1� k� l in Ei ð1� i� nÞ, we
have

ðTðxk1; . . .; xknÞÞ
l
k¼1

�
�
�

�
�
�
p
�C

Yn

i¼1

ðxki Þ
l
k¼1

�
�
�

�
�
�
pi;w

: ð1Þ

The class of all ðp; p1; . . .; pnÞ-dominated multilinear operators from E1 � � � � � En

into F is denoted by Pp;p1;...;pnðE1; . . .;En;FÞ, which is a Banach space equipped

with the norm pp;p1;...;pnðTÞ, the smallest constant C, such that the inequality (1)

holds. The case n ¼ 1 gives the well-known concept of p-summing operators.

Let K1; . . .;Kn be compact Hausdorff topological spaces. Every multilinear

operator T 2 LðCðK1Þ b�eG1; . . .; CðKnÞ b�eGn;FÞ induces an associated operator

T# : CðK1Þ � � � � � CðKnÞ ! LðG1; . . .;Gn;FÞ defined by

T#ðx1; . . .; xnÞðz1; . . .; znÞ ¼ Tðx1 � z1; . . .; xn � znÞ:

The origin of this notion, for the linear case, is due to Dinculeanu [5] (T# is denoted
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by T 0 in [5, page 377]). If T : CðKÞ b�eG �! F is a bounded linear operator, then

there is a unique bounded linear operator T# : CðKÞ �! LðG;FÞ, such that

T f � zð Þ ¼ T# fð Þ zð Þ. Swartz proved [20, Theorem 12] that T : CðKÞ b�eG �! F is

1-summing if, and only if, T# : CðKÞ �! P1 G;Fð Þ is 1-summing and this result

was extended by Montgomery-Smith and Saab in [12] to any L1-space. Popa [16]

gave necessary and sufficient conditions for an operator on the space CðK;GÞ to be

(r, p)-absolutely summing, and in [17], he generalized this result to multilinear

operators, proving that if T 2 Pp;p1;...;pnðCðK1Þ b�eG1; . . .; CðKnÞ b�eGn;FÞ is

ðp; p1; . . .; pnÞ-dominated, then T# : CðK1Þ � � � � � CðKnÞ !
Pp;p1;...;pnðG1; . . .;Gn;FÞ is ðp; p1; . . .; pnÞ-dominated. He also proved a similar result

for multiple summing operators in [18, Theorem 1].

Let us recall the notion of (p, G)-summing linear operators introduced in [10,

Exposé I, page 1] and studied in [2, 7], which together with the results in [17] are

our main motivations for this paper. We try to generalize these notions to

multilinear operators, replacing CðKÞ by any Banach space E and the e-crossnorm
by any a-crossnorm.

Consider 1� p\1: An operator T from the injective tensor product E �e G into

F is said to be (p, G)-summing if there exists a constant C[ 0, such that, for all

finite sequence ðuiÞ1� i� n in E � G; we have

Xn

i¼1

T uið Þk kpF

 !1
p

�C sup
x�2BE�

Xn

i¼1

ui x
�ð Þk kpG

 !1
p

; ð2Þ

where uiðx�Þ ¼
Pmi

j¼1 x
�ðxijÞzij, for ui ¼

Pmi

j¼1 xij � zij; xij 2 E and zij 2 G. By [10],

this definition is equivalent to say that: there is a probability measure l on

ðBE� ; rðE�;EÞÞ, such that T uð Þk kp �Cp
R

BE�
uðx�Þk kpdl x�ð Þ for every u 2 E �e G.

This justifies that the inequality (2) remains true for the sequences in E b�eG. The

smallest of such constants defines the (p, G)-norm of T, denoted by pGp ðTÞ and the

space PG
p ðE b�eG;FÞ of all (p, G)-summing operators is a Banach space endowed

with such norm.

Let T : E b�eG ! F be a bounded linear operator. We denote by ~T the associated

linear operator from G to LðE;FÞ defined by ~TðzÞðxÞ ¼ Tðx� zÞ, x 2 E and z 2 G

(in [2] ~T is denote by T# ¼ UðTÞ). It was proved by Blasco and Signes in [2,

Proposition 1.4] that, if T : E b�eG ! F is (p, G)-summing, then ~TðzÞ is p-summing

for all z 2 G:
Later in [6], Elezović introduced the following notion in the setting of tensor

product. Let a be a crossnorm on E � G and 1� p\ 1: An operator T from the

tensor product E �a G into F is said to be ð~p;GÞ-summing if there exists a positive

constant C, such that, for any finite sequence ðuiÞ1� i� n in E � G, we have
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Xn

i¼1

T uið Þk kpF

 !1
p

�C sup
x�2BE� ;z�2BG�

Xn

i¼1

ui x
�ð Þ; z�h ij jp

 !1
p

;

where huiðx�Þ; z�i ¼
Pmi

j¼1 x
�ðxijÞz�ðzijÞ, for ui ¼

Pmi

j¼1 xij � zij; xij 2 E and zij 2 G.

The smallest of such constants defines the ð~p;GÞ-norm of T, denoted by pG~p ðTÞ and
the space PG

~p ðE b�aG;FÞ of all ð~p;GÞ-summing operators is a Banach space

endowed with such norm.

Our main focus in this paper is to develop new classes of multilinear operators on

tensor products of Banach spaces, similar to those of (p, G)-summing and ð~p;GÞ-
summing linear operators.

The paper is organized as follows. In Sect. 2, we introduce the notions of

ðp; p1; . . .; pn;G1; . . .;GnÞ-dominated and ð~p; p1; . . .; pn;G1; . . .;GnÞ-dominated mul-

tilinear operators for 1� p; p1; . . .; pn\1 with 1
p ¼ 1

p1
þ � � � þ 1

pn
.

We prove a natural analog to ‘‘Pietsch domination/factorization theorem’’ for

such classes as the linear case introduced and studied by Maurey in [10]. In Sect. 3,

we establish the relationship between the three classes of dominated multilinear

operators. Finally, in Sect. 4, we treat the relationship between a multilinear

operator T and its associated operators Tt, ~T and T# for the classes of summability

cited above. As a consequence, some interesting properties are given concerning

certain generalizations of the linear case.

2 Characterization of ðp;p1,. . .,pn;G1,. . .,GnÞ-dominated
and ð~p; p1,. . .,pn;G1,. . .,GnÞ-dominated multilinear operators

Let ai be a crossnorm on the space Ei � Gi, 1� i� n. We introduce the following

definition for a multilinear operator T : E1 �a1 G1 � � � � � En �an Gn ! F.

Definition 2.1 Consider 1� p; p1; . . .; pn\1 with 1
p ¼ 1

p1
þ � � � þ 1

pn
. The multilin-

ear operator T is said to be

1. ðp; p1; . . .; pn;G1; . . .;GnÞ-dominated if there exists a constant C[ 0, such that

Xl

k¼1

T uk1; . . .; u
k
n

� ��
�

�
�
p

F

 !1
p

�C
Yn

i¼1

sup
x�ik k

E�
i

� 1

Xl

k¼1

uki x�i
� ��

�
�
�
pi

Gi

 ! 1
pi

ð3Þ

for any finite sequences uki 2 Ei � Gi, 1� i� n; 1� k� l.
2. ð~p; p1; . . .; pn;G1; . . .;GnÞ-dominated if there exists a constant C[ 0, such that

Xl

k¼1

T uk1; . . .; u
k
n

� ��
�

�
�
p

F

 !1
p

�C
Yn

i¼1

sup
z�ik k

G�
i

; x�ik k
E�
i

� 1

Xl

k¼1

uki x�i
� �

; z�i
� �	
	

	
	
pi

 ! 1
pi

ð4Þ

for every choice of elements uki 2 Ei � Gi, 1� i� n; 1� k� l.
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We denote by pG1;...;Gn
p;p1;...;pn

ðTÞ and pG1;...;Gn

~p;p1;...;pn
ðTÞ, respectively, the infimum of all

constants C in (3) and (4) and by PG1;...;Gn
p;p1;...;pn

ðE1 �a1 G1; . . .;En �an Gn;FÞ and

PG1;...;Gn

~p;p1;...;pn
ðE1 �a1 G1; . . .;En �an Gn;FÞ the corresponding spaces of such multilinear

operators.

Example Consider 1� i� n. Then, for every x�i 2 E�
i ; z

�
i 2 G�

i and y 2 F, the

operator T ¼ x�1 � z�1 � � � � � x�n � z�n � y defined by

ðx�1 � z�1 � � � � � x�n � z�n � yÞðu1; . . .; unÞ ¼ u1; x
�
1 � z�1

� �

� � � un; x
�
n � z�n

� �

y

is ð~p; p1; . . .; pn;G1; . . .;GnÞ-dominated and

pG1;...;Gn

~p;p1;...;pn
ðx�1 � z�1 � � � � � x�n � z�n � yÞ ¼ yk k

Yn

i¼1

x�i
�
�
�
� z�i
�
�
�
�:

Suppose that the ai (1� i� n) are uniform crossnorms. Let Xi; Zi;Ei;Gi be

Banach spaces and let Ai : Xi �! Ei; Bi : Zi �! Gi be bounded linear operators. Let

Ti ¼ Ai �ai Bi : Xi�ai Zi �! Ei�aiGi be the unique operator defined by

Ti a� cð Þ ¼ Ai að Þ � Bi cð Þ, such that Tik k� Aik k Bik k (see [4, 19]).

Proposition 2.2 Let T 2 PG1;...;Gn
p;p1;...;pn

ðE1 �a1 G1; . . .;En �an Gn;FÞ and h be a

bounded linear operator from F to Y. Then

h � T � T1; . . .; Tnð Þ 2 PZ1;...;Zn
p;p

1
;...;pn

ðX1 �a1 Z1; . . .;Xn �an Zn; YÞ

and

pZ1;...;Znp;p
1
;...;pn

h � T � T1; . . .; Tnð Þð Þ� hk kpG1;...;Gn
p;p1;...;pn

Tð Þ
Yn

i¼1

Aik k Bik k:

Remark 2.3 The same holds for PG1;...;Gn

~p;p1;...;pn
ðE1 �a1 G1; . . .;En �an Gn;FÞ.

Now, we characterize the ðp; p1; . . .; pn;G1; . . .;GnÞ-dominated multilinear oper-

ators by giving the Pietsch domination theorem. For the proof, we use the full

general Pietsch domination theorem presented by Pellegrino et al. in [13].

Let X1; . . .;Xm; Y , E1; . . .;Ek be (arbitrary) non-void sets and H be a family of

mappings from X1 � � � � � Xm to Y. Let K1; . . .;Kt be compact Hausdorff

topological spaces and G1; . . .;Gt be Banach spaces. Suppose that the maps

Rj : Kj � E1 � � � � � Ek � Gj ! ½0;þ1Þ; j ¼ 1; . . .; t

S : H� E1 � � � � � Ek � G1 � � � � � Gt ! ½0;þ1Þ




satisfy

Dominated multilinear operators defined… Page 5 of 19    20 



(1) For each xl 2 El and b 2 Gj; with ðj; lÞ 2 f1; . . .; tg � f1; . . .; kg, the mapping

Rj

� �

x1;...;xk ;b
: Kj ! ½0;1Þ, defined by Rj

� �

x1;...;xk ;b
uj

� �

¼ Rj uj; x
1; . . .; xk; b

� �

,

is continuous.

(2) The following inequalities hold:

Rj uj; x
1; . . .; xk; gjb

j
� �

� gjRj uj; x
1; . . .; xk; b j

� �

S f ; x1; . . .; xk; a1b1; . . .; atbt
� �

	 a1 � � � atS f ; x1; . . .; xk; b1; . . .; bt
� �

:

(

For R1; . . .;Rt and S as above and 1� p; p1; . . .; pt\1 with 1
p ¼ 1

p1
þ � � � þ 1

pt
, a

mapping f 2 H is said to be R1; . . .;Rt-S-abstract p1; . . .; ptð Þ-summing if there is a

constant C[ 0, such that

Xn

i¼1

S f ; x1i ; . . .; x
k
i ; b

1
i ; . . .; b

t
i

� �p

 !1
p

�C
Yt

j¼1

sup
uj2Kj

Xn

i¼1

Rj uj; x
1
i ; . . .; x

k
i ; b

j
i

� �pj

 ! 1
pj

for all xs1; . . .; x
s
n 2 Es; b

j
1; . . .; b

j
n 2 Gj and ðs; jÞ 2 f1; . . .; kg � f1; . . .; tg:

Now, we can present the abstract domination theorem.

Theorem 2.4 [13, Theorem 4.6] A map f 2 H is R1; . . .;Rt-S-abstract p1; . . .; ptð Þ-
summing if, and only if, there are a constant C[ 0 and Borel probability measures
lj on Kj, such that

S f ; x1; . . .; xk; b1; . . .; bt
� �

�C
Yt

j¼1

Z

Kj

Rj uj; x
1; . . .; xk; b j

� �pj
dlj

 ! 1
pj

for all xl 2 El and b 2 Gj; with ðj; lÞ 2 f1; . . .; tg � f1; . . .; kg:

From the above theorem, we present the domination theorem concerning the

class of ðp; p1; . . .; pn;G1; . . .;GnÞ-dominated multilinear operators.

Theorem 2.5 Let 1� p; p1; . . .; pn\1 with 1
p ¼ 1

p1
þ � � � þ 1

pn
: A multilinear oper-

ator T : E1 �a1 G1 � � � � � En �an Gn ! F is ðp; p1; . . .; pn;G1; . . .;GnÞ-dominated
if, and only if, there are a constant C[ 0 and probability measures li on
ðBE�

i
; rðE�

i ;EiÞÞ; such that

kTðu1; . . .; unÞkF �C
Yn

i¼1

Z

BE�
i

ui x
�
i

� ��
�

�
�pi

Gi
dli x

�
i

� �

 !1=pi

ð5Þ

for all ui 2 Ei � Gi: Moreover, pG1;...;Gn
p;p1;...;pn

ðTÞ is the smallest of the constants verifying
the inequality (5).

Proof Choosing the parameters
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t ¼ n

Ei ¼ K; i ¼ 1; . . .; n

Gi ¼ Ei �ai Gi; i ¼ 1; . . .; n

Ki ¼ BE�
i
; i ¼ 1; . . .; n

H ¼ L E1 �ai G1; . . .;En �an Gn;Fð Þ
S T ; k1; . . .; kn; u1; . . .; unð Þ ¼ T u1; . . .; unð Þk k
Ri x

�
i ; k1; . . .; kn; ui

� �

¼ kui x�i
� �

k; i ¼ 1; . . .; n;

8

>>>>>>>>>>><

>>>>>>>>>>>:

we can easily conclude that T : E1 �a1 G1 � � � � � En �an Gn ! F is

ðp; p1; . . .; pn;G1; . . .;GnÞ-dominated if, and only if, it is R1; . . .;Rn-S-abstract
ðp1; . . .; pnÞ-summing. Theorem 2.4 tells us that T is R1; . . .;Rn-S-abstract
ðp1; . . .; pnÞ-summing if, and only if, there exist a positive constant C and proba-

bility measures li on Ki, i ¼ 1; . . .; n; such that

S T ; k1; . . .; kn; u1; . . .; unð Þ�C
Yn

i¼1

Z

Ki

Ri x
�
i ; k1; . . .; kn; ui

� �pidliðx�i Þ
� � 1

pi

:

Consequently

kTðu1; . . .; unÞkF �C
Yn

i¼1

Z

Ki

kui x�i
� �

kpidli x�i
� �

� �1=pi

;

and this concludes the proof. h

Theorem 2.6 (Factorization theorem) Consider 1� p; p1; . . .; pn\1 with 1
p ¼

1
p1
þ � � � þ 1

pn
: Then, the following properties are equivalent:

1. A multilinear operator T is in PG1;...;Gn
p;p1;...;pn

ðE1 �a1 G1; . . .;En �an Gn;FÞ:
2. There exist Banach spaces F1; . . .;Fn; ðpi;GiÞ-summing linear operators Ti 2

PGi
pi

Ei �ai Gi;Fið Þ ð1� i� nÞ and an n-linear mapping S 2 L F1; . . .;Fn;Fð Þ,
such that the following diagram commutes:

E1 �a1 G1 � : : : � En �an Gn �!T F:

T1 # Tn # S %
F1 � : : : � Fn :

Proof First, we prove the converse. Let ui 2 Ei � Gi ð1� i� nÞ. If T has such a

factorization, we have
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Tðu1; . . .; unÞk k ¼ S T1 u1ð Þ; . . .; Tn unð Þð Þk k

� Sk k
Yn

i¼1

Ti uið Þk k:

Since Ti is ðpi;GiÞ-summing, then, by Theorem 2.5 for n ¼ 1, there is a probability

measure li on ðBE�
i
; rðE�

i ;EiÞÞ, such that, for all ui 2 Ei � Gi

Ti uið Þk k� pGi
pi

Tið Þ
Z

BE�
i

uiðx�i Þ
�
�

�
�
pi
dliðx�i Þ

 ! 1
pi

:

Consequently

Tðu1; . . .; unÞk k� Sk k
Yn

i¼1

pGi
pi

Tið Þ
Z

BE�
i

uiðx�i Þ
�
�

�
�
pi
dliðx�i Þ

 ! 1
pi

:

Therefore, by Theorem 2.5, T is ðp; p1; . . .; pn;G1; . . .;GnÞ-dominated and

pG1;...;Gn
p;p1;...;pn

ðTÞ� Sk k
Qn

i¼1 p
Gi
pi

Tið Þ:
To prove the first implication, take T 2 PG1;...;Gn

p;p1;...;pn
ðE1 �a1 G1; . . .;En �an Gn;FÞ:

Therefore, there are, by Theorem 2.5, probability measures li on ðBE�
i
; rðE�

i ;EiÞÞ,
such that, for all ui 2 Ei � Gi, we have

kTðu1; . . .; unÞk� pG1;...;Gn
p;p1;...;pn

ðTÞ
Yn

i¼1

Z

BE�
i

ui x
�
i

� ��
�

�
�pi
Gi
dli x

�
i

� �

 !1=pi

:

Now, we consider the operator T0
i : Ei �ai Gi ! Lpi BE�

i
; li;Gi


 �

given by T0
i uið Þ ¼

uið�Þ (where Lpi BE�
i
; li;Gi


 �

is the space of the pi-Bochner integrable functions).

Notice that

T0
i uið Þ

�
�

�
� ¼

Z

BE�
i

uiðx�i Þ
�
�

�
�
pi
dliðx�i Þ

 ! 1
pi

� sup
x�ik k� 1

uiðx�i Þ
�
�

�
�

� sup
x�ik k� 1; z�ik k� 1

uiðx�i Þ; z�i
� �	
	

	
	

� aiðuiÞ;

for all ui 2 Ei � Gi. Let Fi be the closure in LpiðBE�
i
; li;GiÞ of the range of T0

i , i.e.,

Fi ¼ T0
i ðEi �ai GiÞ

Lpi ðBE�
i
;li;GiÞ

and Ti : Ei �ai Gi ! Fi be the extension operator.

Note that Ti is ðpi;GiÞ-summing with pGi
pi

Tið Þ� 1. Let S0 be the multilinear operator

defined on T0
1 E1 �a1 G1ð Þ � � � � � T0

n En �an Gnð Þ by

   20 Page 8 of 19 A. Ferradi and L. Mezrag



S0 T0
1 u1ð Þ; . . .; T0

n unð Þ
� �

¼ T u1; . . .; unð Þ:

This definition makes sense, because

S0 T0
1 u1ð Þ; . . .; T0

n unð Þ
� ��

�
�
��

Yn

i¼1

T0
i uið Þ

�
�

�
�:

It follows that S0 is continuous on T0
1 E1 �a1 G1ð Þ � � � � � T0

n En �an Gnð Þ and has a

unique bounded multilinear extension S to F1 � � � � � Fn ¼ T0
1 E1 �a1 G1ð Þ

Lp1

BE�
1
; l1;G1


 �

� � � � � T0
n En �an Gnð ÞLpn BE�n ;

ln;Gn

� �

. Finally, note also that

T ¼ S � T1; . . .; Tnð Þ, where Ti 2 PGi
pi

Ei �ai Gi;Fið Þð1� i� nÞ, and this ends the

proof. h

Corollary 2.7 If T : E1 �a1 G1 � � � � � En �an Gn �! F is ðp; p1; . . .; pn;G1; . . .;

GnÞ-dominated, then T admits a multilinear extension T̂ from E1 b�a1G1 � � � � �
En b�anGn into F which is ðp; p1; . . .; pn;G1; . . .;GnÞ-dominated and

pG1;...;Gn
p;p1;...;pn

ðTÞ ¼ pG1;...;Gn
p;p1;...;pn

ðT̂Þ.

Remark 2.8 By Corollary 2.7, we can replace Ei �ai Gi in Definition 2.1(1) and

Theorem 2.5 with Ei b�aiGi.

Now, we characterize the ð~p; p1; . . .; pn;G1; . . .;GnÞ-dominated multilinear oper-

ators by giving the Pietsch domination theorem. For the proof, we use the full

general Pietsch domination theorem as in Theorem 2.5.

Theorem 2.9 Let 1� p; p1; . . .; pn\1 with 1
p ¼ 1

p1
þ � � � þ 1

pn
: A multilinear oper-

ator T : E1 �a1 G1 � � � � � En �an Gn ! F is ð~p; p1; . . .; pn;G1; . . .;GnÞ-dominated
if, and only if, there exist Radon probability measures li on Ki ¼ BE�

i
� BG�

i
and a

constant C[ 0, such that, for all ui 2 Ei � Gi; one has

kTðu1; . . .; unÞkF �C
Yn

i¼1

Z

Ki

ui; x
�
i � z�i

� �	
	

	
	
pi
dli x

�
i ; z

�
i

� �
� �1=pi

: ð6Þ

Moreover, pG1;...;Gn

~p;p1;...;pn
ðTÞ is the smallest of the constants verifying the estimate (6).

Now, we give the factorization theorem for the class of

ð~p; p1; . . .; pn;G1; . . .;GnÞ-dominated multilinear operators. For the proof, we use

Theorem 1 in [6] and the same idea in Theorem 2.6. The proof will be omitted.

Theorem 2.10 Let 1� p; p1; . . .; pn\1 with 1
p ¼ 1

p1
þ � � � þ 1

pn
: Then, the following

assertions are equivalent:

1. An operator T 2 PG1;...;Gn

~p;p1;...;pn
ðE1 �a1 G1; . . .;En �an Gn;FÞ:
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2. There exist Banach spaces F1; . . .;Fn; ð~pi;GiÞ-summing linear operators Ti 2
PGi

~pi
Ei �ai Gi;Fið Þ ð1� i� nÞ and an n-linear mapping S 2 L F1; . . .;Fn;Fð Þ,

such that T admits the factorization T ¼ S � T1; . . .; Tnð Þ.

Remark 2.11 As in Remark 2.8, we can replace in Definition 2.1(2), Theorems 2.9

and 2.10, Ei �ai Gi with Ei b�aiGi.

3 Coincidence and inclusion properties

In this section, we investigate the relationships between various classes of

dominated multilinear operators and some coincidence results. First, since

sup
z�ik k

G�
i

; x�ik k
E�
i

� 1

Xl

k¼1

uki x�i
� �

; z�i
� �	
	

	
	
pi

 ! 1
pi

� sup
x�ik k

E�
i

� 1

Xl

k¼1

uki x�i
� ��

�
�
�
pi

Gi

 ! 1
pi

holds for every uij 2 Ei � Gi, 1� i� n, 1� k� l, we obtain the following

proposition.

Proposition 3.1 If T is ð~p; p1; . . .; pn;G1; . . .;GnÞ-dominated multilinear operator,

then T is ðp; p1; . . .; pn;G1; . . .;GnÞ-dominated and pG1;...;Gn
p;p1;...;pn

ðTÞ� pG1;...;Gn

~p;p1;...;pn
ðTÞ:

The next theorem is one of our main results. Mimicking the same idea of [2], we

have the following result.

Theorem 3.2 Let ai be an arbitrary crossnorm on Ei � Gi; 1� i� n: If

PG1;...;Gn

~p;p1;...;pn
ðE1 b�a1G1; . . .;En b�anGn;FÞ ¼ PG1;...;Gn

p;p1;...;pn
ðE1 b�a1G1; . . .;En b�anGn;FÞ then

LðG1; . . .;Gn;FÞ ¼ Pp;p1;...;pnðG1; . . .;Gn;FÞ:

Moreover, PG;...;G
~p;p1;...;pn

ðE1 b�a1G; . . .;En b�anG;GÞ ¼
PG;...;G

p;p1;...;pn
ðE1 b�a1G; . . .;En b�anG;GÞ if, and only if, G is finite-dimensional.

Proof Suppose that

PG1;...;Gn

~p;p1;...;pn
ðE1 b�a1G1; . . .;En b�anGn;FÞ ¼ PG1;...;Gn

p;p1;...;pn
ðE1 b�a1G1; . . .;En b�anGn;FÞ:

Let S 2 LðG1; . . .;Gn;FÞ. Fix x�i;0 2 BE�
i
ð1� i� nÞ and consider T : E1 b�a1G1 �

� � � � En b�anGn ! F given by

Tðu1; . . .; unÞ ¼ Sðu1ðx�1;0Þ; . . .; unðx�n;0ÞÞ:

So,
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Xl

k¼1

Tðuk1; . . .; uknÞ
�
�

�
�
p

F

 !1
p

¼
Xl

k¼1

Sðuk1ðx�1;0Þ; . . .; uknðx�n;0ÞÞ
�
�
�

�
�
�

p

F

 !1
p

� Sk k
Yn

i¼1

Xl

k¼1

uki ðx�i;0Þ
�
�
�

�
�
�

pi

 !1=pi

� Sk k
Yn

i¼1

sup
x�ik k� 1

Xl

k¼1

uki ðx�i Þ
�
�

�
�
pi

 !1=pi

and T is ðp; p1; . . .; pn;G1; . . .;GnÞ-dominated multilinear operator. By hypothesis, T
is ð~p; p1; . . .; pn;G1; . . .;GnÞ-dominated, i.e., there is a positive constant C, such that

for all l 2 N and uki 2 Ei � Gi (1� k� l, 1� i� n), we have

Xl

k¼1

Tðuk1; . . .; uknÞ
�
�

�
�
p

F

 !1
p

�C
Yn

i¼1

sup
z�ik k

G�
i

; x�ik k
E�
i

� 1

Xl

k¼1

uki x�i
� �

; z�i
� �	
	

	
	
pi

 ! 1
pi

: ð7Þ

In particular, if we take uki ¼ xi;0 � zki where xi;0 2 BEi
, hx�i;0; xi;0i ¼ 1 ð1� i� nÞ

and use (7), we get

Xl

k¼1

Sðzk1; . . .; zknÞ
�
�

�
�
p

F

 !1
p

¼
Xl

k¼1

Tðx1;0 � zk1; . . .; xn;0 � zknÞ
�
�

�
�
p

F

 !1
p

�C
Yn

i¼1

sup
z�ik k

G�
i

; x�ik k
E�
i

� 1

Xl

k¼1

xi;0 � zki ; x
�
i � z�i

� �	
	

	
	
pi

 ! 1
pi

�C
Yn

i¼1

sup
z�ik k

G�
i

; x�ik k
E�
i

� 1

Xl

k¼1

xi;0; x
�
i

� �

zki ; z
�
i

� �	
	

	
	
pi

 ! 1
pi

�C
Yn

i¼1

sup
z�ik k

G�
i

� 1

Xl

k¼1

zki ; z
�
i

� �	
	

	
	
pi

 ! 1
pi

:

This shows that S is ðp; p1; . . .; pnÞ-dominated and completes the proof of the first

part.

For the second part, if dimðGÞ is finite, the implication is obvious. The second

implication is given by the Dvoretsky–Rogers theorem. h

Lemma 3.3 [15, Lemma 1] For u1; . . .; ul 2 E �e G; we have

uk
� �

1� k� l

�
�
�

�
�
�
p;w

¼ sup
x�k k; z�k k� 1

Xl

k¼1

uk; x� � z�
� �	
	

	
	
p

 !1
p

: ð8Þ
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Proposition 3.4 Let ai be an arbitrary crossnorm on Ei � Gi; 1� i� n: Then

1. PG1;...;Gn

~p;p1;...;pn
ðE1 b�a1G1; . . .;En b�anGn;FÞ 
 Pp;p1;...;pnðE1 b�a1G1; . . .;En b�anGn;FÞ.

2. PG1;...;Gn

~p;p1;...;pn
ðE1 b�eG1; . . .;En b�eGn;FÞ ¼ Pp;p1;...;pnðE1 b�eG1; . . .;En b�eGn;FÞ.

Proof

1. Let T 2 PG1;...;Gn

~p;p1;...;pn
ðE1 �a1 G1; . . .;En �an Gn;FÞ and take a finite sequences

ðuki Þ1� k� l in Ei � Gi. One has

Xl

k¼1

Tðuk1; . . .; uknÞ
�
�

�
�
p

 !1
p

� pG1;...;Gn

~p;p1;...;pn
ðTÞ

Yn

i¼1

sup
x�ik k; z�ik k� 1

Xl

k¼1

uki x�i
� �

; z�i
� �	
	

	
	
pi

 ! 1
pi

¼pG1;...;Gn

~p;p1;...;pn
ðTÞ

Yn

i¼1

sup
x�ik k; z�ik k� 1

Xl

k¼1

uki ; x
�
i � z�i

� �	
	

	
	
pi

 ! 1
pi

� pG1;...;Gn

~p;p1;...;pn
ðTÞ

Yn

i¼1

sup
u�ik k

Ei�ai Gið Þ� � 1

Xl

k¼1

uki ; u
�
i

� �	
	

	
	
pi

 ! 1
pi

:

Consequently, T is ðp; p1; . . .; pnÞ-dominated and pp;p1;...;pnðTÞ� pG1;...;Gn

~p;p1;...;pn
ðTÞ.

2. We can deduce this coincidence from (8).

We conclude by extending T to the entire space by density and the factorization

theorem. h

Corollary 3.5 If an operator T 2 Pp;p1;...;pnðE1 b�eG1; . . .;En b�eGn;FÞ; then

T 2 PG1;...;Gn
p;p1;...;pn

ðE1 b�eG1; . . .;En b�eGn;FÞ:

The following corollary is an extension of [2, Proposition 1.2].

Corollary 3.6 If

PG1;...;Gn
p;p1;...;pn

ðE1 b�eG1; . . .;En b�eGn;FÞ ¼ Pp;p1;...;pnðE1 b�eG1; . . .;En b�eGn;FÞ;

then

LðG1; . . .;Gn;FÞ ¼ Pp;p1;...;pnðG1; . . .;Gn;FÞ

and PG;...;G
p;p1;...;pn

ðE1 b�eG; . . .;En b�eG;GÞ ¼ Pp;p1;...;pnðE1 b�eG; . . .;En b�eG;GÞ; if and

only if, G is finite-dimensional.

Remark 3.7 Since CðKi;GiÞ ¼ CðKiÞ b�eGi 1� i� n (see [19]), then the space of

ðp; p1; . . .; pnÞ-dominated in the sense of Dinculeanu (see [17]) actually coincides by

(5) with PG1;...;Gn
p;p1;...;pn

ðCðK1Þ b�eG1; . . .; CðKnÞ b�eGn;FÞ and the class of ðp; p1; . . .; pnÞ-
dominated in the sense of Matos coincides by Proposition 3.4 with

PG1;...;Gn

~p;p1;...;pn
ðCðK1Þ b�eG1; . . .; CðKnÞ b�eGn;FÞ.

   20 Page 12 of 19 A. Ferradi and L. Mezrag



The following proposition is an extension of [10, Proposition 1].

Proposition 3.8 If T 2 Pp;p1;...;pnðE1; . . .;En;FÞ; then T : E1 b�a1G1 � � � � �
En b�anGn ! F b�eG1 b�e � � � b�eGn defined by Tðx1 � z1; . . .; xn � znÞ ¼
Tðx1; . . .; xnÞ � z1 � � � � � zn is ðp; p1; . . .; pn;G1; . . .;GnÞ-dominated.

Proof Let ui ¼
Pmi

j¼1 xij � zij 2 Ei � Gi. For z
�
i 2 G�

i , 1� i� n, we have uiðz�i Þ ¼
Pmi

j¼1 xij zij; z
�
i

� �

and

Tðu1; . . .; unÞ ¼T
Xm1

j¼1

x1j � z1j; . . .;
Xmn

j¼1

xnj � znj

 !

¼
Xm1

j¼1

� � �
Xmn

j¼1

Tðx1j � z1j; . . .; xnj � znjÞ

¼
Xm1

j¼1

� � �
Xmn

j¼1

Tðx1j; . . .; xnjÞ � z1j � � � � � znj:

Consider z�1; . . .; z
�
n

� �

in G�
1 � � � � � G�

n

� �

. It follows that:

Tðu1; . . .; unÞ z�1; . . .; z
�
n

� �

¼
Xm1

j¼1

� � �
Xmn

j¼1

Tðx1j; . . .; xnjÞ z1j; z
�
1

� �

� � � znj; z
�
n

� �

¼
Xm1

j¼1

� � �
Xmn

j¼1

Tðx1j z1j; z
�
1

� �

; . . .; znj; z
�
n

� �

xnjÞ

¼Tð
Xm1

j¼1

x1j z1j; z
�
1

� �

; . . .;
Xmn

j¼1

znj; z
�
n

� �

xnjÞ

¼Tðu1 z�1
� �

; . . .; un z�n
� �

Þ:

Consider now T in Pp;p1;...;pnðE1; . . .;En;FÞ . By [9, Theorem 3.2], there exist a

constant C[ 0 and probability measures li on BE�
i
; 1� i� n; such that

Tðu1; . . .; unÞ
�
�

�
� ¼ sup

z�
1k k;...; z�nk k� 1

Tðu1; . . .; unÞ z�1; . . .; z
�
n

� ��
�

�
�

¼ sup
z�
1k k;...; z�nk k� 1

Tðu1 z�1
� �

; . . .; un z�n
� �

Þ
�
�

�
�

�C
Yn

i¼1

sup
z�
1k k;...; z�nk k� 1

Z

BE�
i

ui x
�
i

� �

; z�i
� �	
	

	
	
pi
dli x

�
i

� �

 ! 1
pi

�C
Yn

i¼1

Z

BE�
i

ui x
�
i

� ��
�

�
�
pi
dli x

�
i

� �

 ! 1
pi

:

This ends the proof using Corollary 2.7. h

The next result generalizes [6, Proposition 4].
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Proposition 3.9 Let Ti : Gi ! Fi be pi-summing operators and Ti ¼ idEi
� Ti;

1� i� n: If T 2 PF1;...;Fn
p;p1;...;pn

ðE1 b�a1F1; . . .;En b�anFn;FÞ; then T � ðT1; . . .; TnÞ 2
PG1;...;Gn

~p;p1;...;pn
ðE1 b�a1G1; . . .;En b�anGn;FÞ and pG1;...;Gn

~p;p1;...;pn
ðT � ðT1; . . .; TnÞÞ� pF1;...;Fn

p;p1;...;pn
ðTÞ

Qn
i¼1 ppiðTiÞ:

Proof For 1� i� n, 1� k� l, let uki ¼
Pmik

j¼1 x
k
ij � zkij 2 Ei � Gi. We have for

x�i 2 E�
i , the equality

Tiðuki Þðx�i Þ ¼
Xmik

j¼1

x�i ; x
k
ij

D E

TiðzkijÞ ¼ Ti
Xmik

j¼1

x�i ; x
k
ij

D E

zkij

 !

¼ Tiðuki ðx�i ÞÞ:

From this equality, we obtain

Xl

k¼1

TðT1 uk1
� �

; . . .; Tn ukn
� �

Þ
�
�

�
�
p

 !1
p

� pF1;...;Fn
p;p1;...;pn

ðTÞ
Yn

i¼1

sup
x�ik k

E�
i

� 1

Xl

k¼1

Tiðuki Þðx�i Þ
�
�

�
�
pi

Fi

 ! 1
pi

¼ pF1;...;Fn
p;p1;...;pn

ðTÞ
Yn

i¼1

sup
x�ik k

E�
i

� 1

Xl

k¼1

Tiðuki ðx�i ÞÞ
�
�

�
�
pi

Fi

 ! 1
pi

� pF1;...;Fn
p;p1;...;pn

ðTÞ
Yn

i¼1

ppiðTiÞ sup
x�ik k

E�
i

; z�ik k
G�
i

� 1

Xl

k¼1

uki x�i
� �

; z�i
� �	
	

	
	
pi

 ! 1
pi

:

This shows that T � ðT1; . . .; TnÞ is ð~p; p1; . . .; pn;G1; . . .;GnÞ-dominated and

pG1;...;Gn

~p;p1;...;pn
ðT � ðT1; . . .; TnÞÞ� pF1;...;Fn

p;p1;...;pn
ðTÞ

Qn
i¼1 ppiðTiÞ, which proves the proposi-

tion. h

4 Relations with associated operators

For every multilinear operator T from E1 � G1 � � � � � En � Gn into F, we denote

by T#, ~T and Tt the associated operators from E1 � � � � � En into LðG1; . . .;Gn;FÞ,
from G1 � � � � � Gn into LðE1; . . .;En;FÞ and from G1 � E1 � � � � � Gn � En into

F, respectively, defined by T#ðx1; . . .; xnÞðz1; . . .; znÞ ¼ Tðx1 � z1; . . .; xn � znÞ,
~Tðz1; . . .; znÞðx1; . . .; xnÞ ¼ Tðx1 � z1; . . .; xn � znÞ and Ttðut1; . . .; utnÞ ¼
Tðu1; . . .; unÞ, where ui ¼

Pmi

j¼1 xij � zij 2 Ei � Gi, and uti ¼
Pmi

j¼1 zij � xij 2
Gi � Ei. Clearly, T

#, ~T and Tt are multilinear operators. In this section, we try to

find some relationships between the operator T and their associated operators T#, ~T
and Tt relative to the different variants of summabilities.

We recall (see [1] and [11, Remark 2.2]) that T 2 Dn
pðE1; . . .;En;FÞ, the class of

all Cohen strongly p-summing n-linear operators from E1 � � � � � En into F, if there
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is a positive constant C, such that for all m 2 N; x1i ; . . .; x
m
i 2 Ei and

y�1; . . .; y
�
m 2 F�, we have

kðhTðx j
1; . . .; x

j
nÞ; y�j iÞk1 �C

Yn

i¼1

Xm

j¼1

kx j
i k

pi
Ei

 ! 1
pi

sup
kykF � 1

kðy�j ðyÞÞkp� : ð9Þ

We equip Dn
pðE1; . . .;En;FÞ with the norm dnpð�Þ, which is the smallest of the

constants C verifying (9) and with which it becomes a Banach space.

The Chevet–Saphar crossnorms are defined, for 1� p�1, as follows (see

[4, 19]):

dp uð Þ ¼ inf xið Þni¼1

�
�

�
�
p�;w

yið Þni¼1

�
�

�
�
p
: u ¼

Xn

i¼1

xi � yi 2 E � F

( )

and

gp uð Þ ¼ inf xið Þni¼1

�
�

�
�
p

yið Þni¼1

�
�

�
�
p�;w

: u ¼
Xn

i¼1

xi � yi 2 E � F

( )

:

We have gp ¼ dtp, for every p, in the sense that gp uð Þ ¼ dp utð Þ.

Proposition 4.1 Let ai be an arbitrary crossnorm on Ei � Gi; 1� i� n: Then

1. A multilinear operator T 2 PG1;...;Gn

~p;p1;...;pn
ðE1 b�a1G1; . . .;En b�anGn;FÞ if, and only if,

Tt 2 PE1;...;En

~p;p1;...;pn
ðG1 b�a1E1; . . .;Gn b�anEn;FÞ:

2. A multilinear operator T 2 Dn
pðE1 b�dp1

G1; . . .;En b�dpn Gn;FÞ if, and only if,

Tt 2 Dn
pðE1 b�gp1

G1; . . .;En b�gpn Gn;FÞ:

Proof

1. We can deduce this from the equality huki ðx�i Þ; z�i i ¼ hðuki Þ
tðx�i Þ; z�i i and we

deduce pE1;...;En

~p;p1;...;pn
ðTtÞ ¼ pG1;...;Gn

~p;p1;...;pn
ðTÞ:

2. Follows immediately from the definitions of the Chevet–Saphar norms.

h

Remark 4.2 Using Proposition 3.4 , we have T 2 Pp;p1;...;pnðE1 b�eG1; . . .;

En b�eGn;FÞ if, and only if, Tt 2 Pp;p1;...;pnðG1 b�eE1; . . .;Gn b�eEn;FÞ:

Remark 4.3 If T 2 PG1;...;Gn
p;p1;...;pn

ðE1 b�a1G1; . . .;En b�anGn;FÞ in general Tt 62 PE1;...;En
p;p1;...;pn

ðG1 b�a1E1; . . .;Gn b�anEn;FÞ. Indeed, consider T 2 LðG; . . .;G;GÞ ¼ PG;...;G
p;p1;...;pn

ðR b�a1G; . . .;R b�anG;GÞ but Tt 62 PR;...;R
p;p1;...;pn

ðG b�a1R; . . .;G b�anR;GÞ ¼
Pp;p1;...;pnðG; . . .; G;GÞ, if dimðGÞ is infinite.

Proposition 4.4 If T 2 PG1;...;Gn

~p;p1;...;pn
ðE1 b�a1G1; . . .;En b�anGn;FÞ; then
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1. T#ðx1; . . .; xnÞ is ðp; p1; . . .; pnÞ-dominated for all ðx1; . . .; xnÞ 2 E1 � � � � � En:
Moreover, there exist Radon probability measures li on Ki ¼ BE�

i
� BG�

i
, such

that for all ui 2 Ei � Gi; 1� i� n; the following inequality holds:

pp;p1;...;pnðT#ðx1; . . .; xnÞÞ�C
Yn

i¼1

Z

Ki

xi; x
�
i

� �	
	

	
	
pi
dli x

�
i ; z

�
i

� �
� �1=pi

:

2. T# : E1 � � � � � En ! Pp;p1;...;pnðG1; . . .;Gn;FÞ is ðp; p1; . . .; pnÞ-dominated.

Proof Since T is ð~p; p1; . . .; pn;G1; . . .;GnÞ-dominated, by Theorem 2.9, there exist

Radon probability measures li on Ki ¼ BE�
i
� BG�

i
, such that for all ui 2 Ei � Gi,

1� i� n, the following inequality holds:

kTðu1; . . .; unÞkF � pG1;...;Gn

~p;p1;...;pn
ðTÞ

Yn

i¼1

Z

Ki

ui x
�
i

� �

; z�i
� �	
	

	
	
pi
dli x

�
i ; z

�
i

� �
� �1=pi

:

1. We would like to show that T#ðx1; . . .; xnÞ is ðp; p1; . . .; pnÞ-dominated for all

xi 2 Ei; 1� i� n. Let uki ¼ xi � zki 2 Ei �ai Gi for 1� k� l. Using Hölder’s

inequality, we obtain

Xl

k¼1

T#ðx1; . . .; xnÞ zk1; . . .; z
k
n

� ��
�

�
�
p

F

 !1
p

¼
Xl

k¼1

Tðx1 � zk1; . . .; xn � zknÞ
�
�

�
�
p

F

 !1
p

� pG1;...;Gn

~p;p1;...;pn
ðTÞ

Xl

k¼1

Yn

i¼1

Z

Ki

zki ; z
�
i

� �

xi; x
�
i

� �	
	

	
	
pi
dli x

�
i ; z

�
i

� �
� � 1

pi

" #p !1
p

� pG1;...;Gn

~p;p1;...;pn
ðTÞ

Yn

i¼1

Xl

k¼1

Z

Ki

zki ; z
�
i

� �

xi; x
�
i

� �	
	

	
	
pi
dli x

�
i ; z

�
i

� �

 ! 1
pi

� pG1;...;Gn

~p;p1;...;pn
ðTÞ

Yn

i¼1

Z

Ki

Xl

k¼1

zki ; z
�
i

� �	
	

	
	
pi

 !

xi; x
�
i

� �	
	

	
	
pi
dli x

�
i ; z

�
i

� �

 ! 1
pi

� pG1;...;Gn

~p;p1;...;pn
ðTÞ zki

� �

1� k� l

�
�
�

�
�
�
pi;w

Yn

i¼1

Z

Ki

xi; x
�
i

� �	
	

	
	
pi
dli x

�
i ; z

�
i

� �
� � 1

pi

:
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This yields that T#ðx1; . . .; xnÞ is ðp; p1; . . .; pnÞ-dominated for all xi 2 Ei,

1� i� n, and

pp;p1;...;pnðT#ðx1; . . .; xnÞÞ� pG1;...;Gn

~p;p1;...;pn
ðTÞ

Yn

i¼1

Z

Ki

xi; x
�
i

� �	
	

	
	
pi
dli x

�
i ; z

�
i

� �
� �1=pi

:

2. For the second property, we use the last inequality and Hölder’s inequality

again. We deduce, for all ðxk1; . . .; xknÞ 2 E1 � � � � � En; 1� k� l, that

Xl

k¼1

pp;p1;...;pnðT#ðxk1; . . .; xknÞÞ
� �p

 !1
p

� pG1;...;Gn

~p;p1;...;pn
ðTÞ

Xl

k¼1

Yn

i¼1

Z

Ki

xki ; x
�
i

� �	
	

	
	
pi
dli x

�
i ; z

�
i

� �
� �1=pi

" #p !1
p

� pG1;...;Gn

~p;p1;...;pn
ðTÞ

Yn

i¼1

Xl

k¼1

Z

Ki

xki ; x
�
i

� �	
	

	
	
pi
dli x

�
i ; z

�
i

� �

 ! 1
pi

� pG1;...;Gn

~p;p1;...;pn
ðTÞ

Yn

i¼1

Z

Ki

Xl

k¼1

xki ; x
�
i

� �	
	

	
	
pi
dli x

�
i ; z

�
i

� �

 ! 1
pi

� pG1;...;Gn

~p;p1;...;pn
ðTÞ

Yn

i¼1

xki
� �

1� k� l

�
�
�

�
�
�
pi;w

:

Thus, T# : E1 � � � � � En ! Pp;p1;...;pnðG1; . . .;Gn;FÞ is ðp; p1; . . .; pnÞ-domi-

nated and pp;p1;...;pnðT#Þ� pG1;...;Gn

~p;p1;...;pn
ðTÞ:

h

The following proposition can be proved with the same arguments as the

previous result.

Proposition 4.5 If T 2 PG1;...;Gn

~p;p1;...;pn
ðE1 b�a1G1; . . .;En b�anGn;FÞ; then

1. ~Tðz1; . . .; znÞ is ðp; p1; . . .; pnÞ-dominated for all ðz1; . . .; znÞ 2 G1 � � � � � Gn:

2. ~T : G1 � � � � � Gn ! Pp;p1;...;pnðE1; . . .;En;FÞ is ðp; p1; . . .; pnÞ-dominated.

Using Propositions 3.4, 4.4, and 4.5, we have the next

Corollary 4.6 If T 2 Pp;p1;...;pnðE1 b�eG1; . . .;En b�eGn;FÞ; then

1. ~T is ðp; p1; . . .; pnÞ-dominated and ~Tðz1; . . .; znÞ is ðp; p1; . . .; pnÞ-dominated.
2. T# is ðp; p1; . . .; pnÞ-dominated and T#ðx1; . . .; xnÞ is ðp; p1; . . .; pnÞ-dominated.

We end this paper by the following proposition.
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Proposition 4.7 If T 2 PG1;...;Gn
p;p1;...;pn

ðE1 b�a1G1; . . .;En b�anGn;FÞ; then ~Tðz1; . . .; znÞ is

ðp; p1; . . .; pnÞ-dominated.

Proof Let T be inPG1;...;Gn
p;p1;...;pn

ðE1 b�a1G1; . . .;En b�anGn;FÞ, then by Theorem 2.5, there

exist probability measures li on Ki ¼ BE�
i
, such that, for every ui 2 Ei � Gi; we

have

kTðu1; . . .; unÞkF � pG1;...;Gn
p;p1;...;pn

ðTÞ
Yn

i¼1

Z

Ki

ui x
�
i

� ��
�

�
�
pi

Gi
dli x

�
i

� �
� �1=pi

:

For ui ¼ xi � zi 2 Ei � Gi, by the previous inequality, we obtain

k ~Tðz1; . . .; znÞðx1; . . .; xnÞk ¼kTðx1 � z1; . . .; xn � znÞk

� pG1;...;Gn
p;p1;...;pn

ðTÞ
Yn

i¼1

Z

Ki

xi � zi x
�
i

� ��
�

�
�
pi

Gi
dli x

�
i

� �
� �1=pi

� pG1;...;Gn
p;p1;...;pn

ðTÞ
Yn

i¼1

zik k
Yn

i¼1

Z

Ki

jx�i ðxiÞj
pidli x

�
i

� �
� �1=pi

:

Using Hölder’s inequality, we have

Xl

k¼1

k ~Tðz1; . . .; znÞðxk1; . . .; xknÞk
p

 !1
p

� pG1;...;Gn
p;p1;...;pn

ðTÞ
Yn

i¼1

zik k
Xl

k¼1

Yn

i¼1

Z

Ki

xki ; x
�
i

� �	
	

	
	
pi
dli x

�
i

� �
� �1=pi

" #p !1
p

� pG1;...;Gn
p;p1;...;pn

ðTÞ
Yn

i¼1

zik k
Yn

i¼1

Xl

k¼1

Z

Ki

xki ; x
�
i

� �	
	

	
	
pi
dli x

�
i

� �

 ! 1
pi

� pG1;...;Gn
p;p1;...;pn

ðTÞ
Yn

i¼1

zik k
Yn

i¼1

Z

Ki

Xl

k¼1

xki ; x
�
i

� �	
	

	
	
pi
dli x

�
i

� �

 ! 1
pi

� pG1;...;Gn
p;p1;...;pn

ðTÞ
Yn

i¼1

zik k
Yn

i¼1

xki
� �

1� k� l

�
�
�

�
�
�
pi;w

;

and this shows ~Tðz1; . . .; znÞ is ðp; p1; . . .; pnÞ-dominated and

pp;p1;...;pnð ~Tðz1; . . .; znÞÞ� pG1;...;Gn
p;p1;...;pn

ðTÞ
Qn

i¼1 zik k. h
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6. Elezović, N.: ~p-summing operators defined on tensor products of Banach spaces. Glas. Mat. Ser.

III(24), 327–338 (1989)

7. Kislyakov, S.V.: Absolutely summing operators on the disc algebra. Algebra i Analiz 3, 1–77 (1991)

8. Matos, M.C.: On a question of Pietsch about Hilbert–Schmidt multilinear mappings. J. Math. Anal.

Appl. 257, 343–355 (2001)

9. Matos, M.C.: On multilinear mappings of nuclear type. Rev. Mat. Complut. 6, 61–81 (1993)

10. Maurey, B.: Rappels sur les operateurs sommants et radonifiants. Seminaire Maurey-Schwartz

1973/1974, Exposé No I
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