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Abstract

In this paper, we introduce and study new classes of dominated multilinear oper-
ators, which we call (p;p1,--Pn; G, - . ., G,)-dominated and
(B;p1,- . Pn; G1, - .., Gy)-dominated multilinear operators defined on the tensor
product of Banach spaces. Some characterizations of this type of operators are given
and we prove some important coincidence results. As an application, we charac-
terize (p;p1, - . ., pn)-dominated multilinear operators on C(K, G) and (p; p1, .. ., pu)-
dominated multilinear operators in the sense of Dinculeanu on C(K, G), where K is a
compact Hausdorff space and G a Banach space. We also treat the connection
between an operator T and its associated operators T*, T and T# for certain classes.
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1 Introduction and background

Letne Nand E.F,G,E,,....E,, Fy,....E,,Gy,...,G, be Banach spaces over K
(K = R or C). We will denote by L(E}, ..., E,; F) the Banach space of all bounded
multilinear operators from E; X --- x E, into F equipped with the usual sup norm.
We also denote by C(K, G) the space of all continuous functions f : K — G, where
K is a compact Hausdorff space. If G = K, we write simply C(K) instead of
C(K, K). By Bg, we denote the closed unit ball of E and by E* its topological dual.
Let 1<p<oco. By ()(E) (resp. £;"(E)), we denote the Banach space of all

absolutely (resp. weakly) p-summable sequences (x;);_; in E endowed with norm

n n
G [= S Il (resp. | ey [, = sup S x) ).
i=1 ? Xx*EBpx i—1
pr = 00, wWe take ||(xi):'1:1 ||oo: ||(xl)7:l ||oo,w: suplgign‘lxi”‘
Let E ®. G be the injective tensor product, i.e., the algebraic tensor product
E ® G endowed with the injective crossnorm

e() = sup{|(u,x" ® ), |x[lp <L Mlg- <1}, w€E@G,

and E®,G its completion.
We say that [4, 19] a norm « on £ ® G is a crossnorm if it has the following
properties:

1. a(x®z) <|x||||z|]| for every x € E and z € G.
2. For every x* € E* and z* € G, the linear functional x* ® z* on ER®F is
bounded, and ||x* ® z*|| < ||x*||||z*])-

Consider 1 <p,p1,...,p, <oo with [l, = 1%] + e+ pi A multilinear operator T from
E| x --- x E, into F is called (p;p1, ..., p,)-dominated (see [3, 8, 9, 14]) if there is
a constant C > 0, such that for any finite sequences (xf)l k<) ME; (1<i<n), we
have

I . I
|red. - aia]| <cTT)ehia] - (1)
i=1 (i
The class of all (p;py,...,p,)-dominated multilinear operators from E; x --- x E,

into F is denoted by I, . (Ei,...,E,;F), which is a Banach space equipped
with the norm 7., ., (T), the smallest constant C, such that the inequality (1)
holds. The case n = 1 gives the well-known concept of p-summing operators.

Let Kj,...,K, be compact Hausdorff topological spaces. Every multilinear
operator T € L(C(K,)®,G,...,C(K,)®,G,;F) induces an associated operator
T# :C(Ky) x -+ x C(K,) — L(Gy,...,Gy,; F) defined by

T#(xl, v X )2l zn) =T R 21y vy Xy ® Z1).

The origin of this notion, for the linear case, is due to Dinculeanu [5] (T# is denoted
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Dominated multilinear operators defined... Page 3 of 19 20

by 7’ in [5, page 377]). If T : C(K)®,G — F is a bounded linear operator, then
there is a unique bounded linear operator T% : C(K) — L(G,F), such that
T(f ®z) = T#(f)(z). Swartz proved [20, Theorem 12] that T : C(K)®,G — F is
l-summing if, and only if, T# : C(K) — I1;(G, F) is 1-summing and this result
was extended by Montgomery-Smith and Saab in [12] to any L.-space. Popa [16]
gave necessary and sufficient conditions for an operator on the space C(K, G) to be
(r, p)-absolutely summing, and in [17], he generalized this result to multilinear
operators, proving that if T eIl,, ., (C(K,)@sGl e C(Kn)éan;F) is
(p;p1, - - -, pn)-dominated, then T# :C(Ky) x -+ x C(K,) —
I, p.(Gi,...,Gu; F)is (p;p1, . . ., pn)-dominated. He also proved a similar result
for multiple summing operators in [18, Theorem 1].

Let us recall the notion of (p, G)-summing linear operators introduced in [10,
Exposé I, page 1] and studied in [2, 7], which together with the results in [17] are
our main motivations for this paper. We try to generalize these notions to
multilinear operators, replacing C(K) by any Banach space E and the e-crossnorm
by any a-crossnorm.

Consider 1 <p <oo. An operator T from the injective tensor product E ®, G into
F is said to be (p, G)-summing if there exists a constant C > 0, such that, for all
finite sequence (#;), .;., in E® G, we have

1

(ZIIT ||”> <C sup (Znu ||”> 2)

where u;(x*) = 37", x* (xy)zy, for u; = 377", x; @ 2, x; € E and z; € G. By [10],
this definition is equivalent to say that: there is a probability measure u on
(Be, 6(E*, E)), such that [[T(w)[|” <CP [, [lu(x*)|["du(x*) for every u € E®, G.
This justifies that the inequality (2) remains true for the sequences in E®,G. The
smallest of such constants defines the (p, G)-norm of 7, denoted by ng(T) and the
space H[?(E ®.G,F ) of all (p, G)-summing operators is a Banach space endowed
with such norm.

Let T : E®,G — F be a bounded linear operator. We denote by T the associated
linear operator from G to £(E; F) defined by T(z)(x) = T(x®z), x € Eand z € G
(in [2] T is denote by T# = ®(T)). It was proved by Blasco and Signes in [2,
Proposition 1.4] that, if T : EQ,G — F is (p, G)-summing, then T(z) is p-summing
for all z € G.

Later in [6], Elezovi¢ introduced the following notion in the setting of tensor
product. Let o be a crossnorm on £ ® G and 1 <p< oco. An operator T from the
tensor product E ®, G into F is said to be (p, G)-summing if there exists a positive
constant C, such that, for any finite sequence (#;),.;., in E® G, we have
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1 1
(ZHT ||p> <C  sup (Zuui(x*),z*w) ,
X*€Bpx, 77 €Bg \ =1

where (u;(x"),2*) = 370", x* (x;)z" (z), for u; = 33", x;j ® 2, x;; € E and z; € G.
The smallest of such constants defines the (p, G)-norm of 7, denoted by ©¢(T) and

the space Hg(E ©,G,F) of all (p,G)-summing operators is a Banach space
endowed with such norm.

Our main focus in this paper is to develop new classes of multilinear operators on
tensor products of Banach spaces, similar to those of (p, G)-summing and (p, G)-
summing linear operators.

The paper is organized as follows. In Sect. 2, we introduce the notions of
(p;p1,-.Pn; G1, . .., Gy)-dominated and (p;p1, ..., pn; G1, . . ., G,)-dominated mul-
1

tilinear operators for 1 <p,pi,...,p, <oo with % = I}lJr o

We prove a natural analog to “Pietsch domination/factorization theorem” for
such classes as the linear case introduced and studied by Maurey in [10]. In Sect. 3,
we establish the relationship between the three classes of dominated multilinear
operators. Finally, in Sect. 4, we treat the relationship between a multilinear
operator T and its associated operators T", T and T# for the classes of summability
cited above. As a consequence, some interesting properties are given concerning
certain generalizations of the linear case.

2 Characterization of (p;ps,.. .,pn; G1,. . .,G,)-dominated
and (p; p1,. . .,Pn; G1,. . .,Gp)-dominated multilinear operators

Let o; be a crossnorm on the space E; ® G;, 1 <i<n. We introduce the following
definition for a multilinear operator 7 : E| ®,, G| X --- X E, ®,, G, — F.

Definition 2.1 Consider 1 <p,py,...,p, <oo with 119 = pl] +- 4 pl. The multilin-

ear operator 7 is said to be

L. (p;p1,---,pn; G, ., Gy,)-dominated if there exists a constant C > 0, such that

1

(St <eT wn (Swici) o

for any finite sequences uf‘ CE®G;,1<i<n 1<k<L
2. (p;p1,-..,pn; G, .., Gy,)-dominated if there exists a constant C > 0, such that

(kilumf:,.. w HF) <ol (z\ >r"’) W

.
ool llgs =
1 v

for every choice of elements uf EE®G, 1<i<n 1<k<L
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We denote by nll-% (T) and pGI‘”Gp” (T), respectively, the infimum of all

constants C in (3) and (4) and by Hg]p'{:f-, (E\ @y, Gi,....E, ®,, G;;F) and

Hg'p’l';"j”pn (E\ @y, Gi, ..., Ey ®,, Gy; F) the corresponding spaces of such multilinear

operators.

Example Consider 1 <i<n. Then, for every x; € Ef,zf € Gi and y € F, the
operator 7 =x] ® 7] ® - - ® X, ® 2, ® y defined by

KRz Q X @z @) (U1, ... tt) = (up, X; @27) - (n, Xy @ 25)y

is (p;p1,- .y Pn, G, .., Gy)-dominated and

Pege-exegoy) =yl [T
i=1

Suppose that the o; (1 <i<n) are uniform crossnorms. Let X;,Z;, E;, G; be
Banach spaces and let A; : X; — E;, B; : Z; — G; be bounded linear operators. Let
T: =A; ®y Bi : Xi®,,Zi — Ei®,,G; be the unique operator defined by
T;(a ® c) = Ai(a) ® Bi(c), such that ||T;|| < ||A]|||Bi]| (see [4, 19]).

Proposition 2.2 Let T € IIJ,% (Ey @y Gi,...,Ey @y, Gy F) and h be a

bounded linear operator from F to Y. Then

hoTo(Ty,...T,) €M% (X1 ®uy Z1y oy Xn @y Za )

PiPy 5o p,

and

iyl (ho T o (Th,..., T,)) < ||hl|mgy% (T HHA 1Bill-

Remark 2.3 The same holds for Hg‘p » (E1 @y G1y. . Ey @y, Gp; F).

Now, we characterize the (p;pi,...,pn; G, ..., G,)-dominated multilinear oper-
ators by giving the Pietsch domination theorem. For the proof, we use the full
general Pietsch domination theorem presented by Pellegrino et al. in [13].

Let Xi,..., X, Y, Eq, ..., E; be (arbitrary) non-void sets and H be a family of
mappings from X; x.--xX, to Y. Let Ki,...,K; be compact Hausdorff
topological spaces and Gy, ..., G; be Banach spaces. Suppose that the maps

Ri:Ki X E; X - X Ex x G — [0,400), j=1,...,1
S:HXE X -+ XExGy X XG, — [0,+00)

satisfy

W Birkhiuser
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(1) Foreachx' € Ejand b € Gj, with (j,1) € {1,...,t} x {1,...,k}, the mapping

(Ri) .y K= [0,00), defined by (R}), ., (¢;) = Ri(@,x",. .., x,b),
is continuous.
(2) The following inequalities hold:

Rj((pj,xl,.. b/)<;7} (q)], 7..Jck,bj)
S(f,x',...,xk,oclbl,...,oc,b’)2a1-~- o (f7 ,...,x",b',...7b’).

For Ry,...,R, and S as above and 1<p,p,...,p;<o0o with Il,:pil+-~~+i, a

Pt
mapping f € H is said to be Ry, ..., R,-S-abstract (py, ..., p;)-summing if there is a
constant C > 0, such that

! n
(ZS L l,bll,... bf)p>l ﬁsup (ZR @ l,.. l,bl’) )Il

=1 ¢;€K;

for all x§,...,x5 € Eg,b],....b} € G;and (s,j) € {1,...,k} x {1,...,1}.
Now, we can present the abstract domination theorem.

Theorem 2.4 [13, Theorem 4.6] A map f € H is Ry, ..., R,-S-abstract (p1, .. .,p;)-

summing if, and only if, there are a constant C > 0 and Borel probability measures
; on K;, such that

S(fax17~°'7x <CH</ (pj7 ~7xk7bj>pjd:uj>

for all X' € E; and b € G;, with (j,1) € {1,...,t} x {1,...,k}.

I

From the above theorem, we present the domination theorem concerning the
class of (p;p1,...,pu;Gi, ..., G,)-dominated multilinear operators.

Theorem 2.5 Let 1 <p,pi,...,pp<00 Wwith % = pll + .- +pi. A multilinear oper-

ator T: E; @y, Gy X -+ X E; ®,, G, — F is (p;p1,...,pu; G, ..., Gy)-dominated
if, and only if, there are a constant C >0 and probability measures ; on
(Bg:,0(E},E;)), such that

1/pi
il <TI( [ sl ont)) ®

forall u; € E; ® G;. Moreover, ng;,*l';:jf;"n (T) is the smallest of the constants verifying
the inequality (5).

Proof Choosing the parameters

& Birkhauser
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t=n
E=K,i=1,...,n
G =E®y,Gii=1,...,n
Ki=Bg,i=1,...,n
H = L(E| ®y, G1,....E, Ry, Gy; F)
S(Ty 21y dmyttyy e ytty) = ([T (U1, .o ytty)]]
R,'(x;f,il,...,in,u,') = Hu,-(x?)”,i: 1,...,n,

we can easily conclude that T :E®4 G X - XE, ®y G, —F is
(p;p1y -« osPn; Gi, . . ., Gy )-dominated if, and only if, it is Ry,...,R,-S-abstract

(p1,.-.,pn)-summing. Theorem 2.4 tells us that T is Ry,...,R,-S-abstract
(p1, . - ., pn)-summing if, and only if, there exist a positive constant C and proba-
bility measures y; on K;, i = 1,...,n, such that

pi

S(T,il,...,in,ul,...,un)gCH</ Ri(x;:/ll,...,;Ln7ui)pidui(xz<)> .
i=1 \/K

i

Consequently

n l/Pi
||T<u1,...,un>||pscH( / ||ui<x;f>|”fdui(xf>) |
=1 i

and this concludes the proof. [

Theorem 2.6 (Factorization theorem) Consider 1<p,pi,...,p,<oo with 117:

pi] 4+ 4+ pi“ Then, the following properties are equivalent:

1. A multilinear operator T is in HI?},]G[’;” (E1 ®y, Giy.. o, Ey ®y, Gys F).
2. There exist Banach spaces F,...,F,, (p;,G;)-summing linear operators T; €
l'[gi(Ei ®qy, Gi; F;) (1<i<n) and an n-linear mapping S € L(Fy, ..., F,;F),

such that the following diagram commutes:

E\®, G % . . . x E®,G, — F.
Tl l Tn l S /
F X . . . X F,

Proof First, we prove the converse. Let u; € E; ® G; (1 <i<n). If T has such a
factorization, we have

W Birkhiuser



20 Page 8 of 19 A. Ferradi and L. Mezrag

TGy oy un) || =S (1), - o T ()|
<IS[ T Tl17(s)
i=1

Since T; is (p;, G;)-summing, then, by Theorem 2.5 for n = 1, there is a probability
measure ; on (Bg:,o(E;, E;)), such that, for all u; € E; ® G;

1

||Ti(ui)|§ﬂ,‘,f’(Ti)</ o () || g (x ))-
By:

Consequently

||T(u1,---’un)|S|SIIHHG;'(T:‘)</B oas ;) || g )>-
i=1 E*

Therefore, by Theorem 2.5, T is (p;pi,---,Pn,G1,- .., Gy)-dominated and
i (T) < ISI TTEy my (7).

To prove the first implication, take T € Hg}]’l ,,,,, ( | ®y G1y.. Ey, ®,y, Gy F).

Therefore, there are, by Theorem 2.5, probability measures u; on (BE,-*v o(E},E;)),
such that, for all u; € E; ® G;, we have

n 1/pi
G] <<<<< n u Pi .
[P )Ilﬁnpp,..‘.,n(T)H</BE;H i (067) |l ds ))

i=1

Now, we consider the operator 70 : E; ®,, G; — L, (BE’,* ;) G[) given by T?(u;) =
u;(+) (where L [<BE;, Wi, Gi> is the space of the p;-Bochner integrable functions).
Notice that

1

] = ([t Panto)
By

< sup Hu,(xl*)H

< sup o [(ux), 2]

S O(i(ui)a

for all u; € E; ® G;. Let F; be the closure in L,,,.(BE; , I, G;) of the range of TlQ, ie.,

O—LP, (B ,4:,Gi) .
F;=T)(E; ®4 Gi) i and T;: E; ®, G; — F; be the extension operator.

Note that 7; is (p;, Gi)-summing with nGl( ;) < 1. Let Sy be the multilinear operator
defined on TY(E; ®,, G1) x -+ - X TO( ®a, Gn) by

& Birkhauser
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SQ(T?(MI), e T,(,)(Mn)) =Ty, ... uy).

This definition makes sense, because

1S0(T9 (1), ..., T (un)) || < HHT?(u»H-

It follows that Sy is continuous on TV(E; ®,, G1) X -+ x T*(E, ®,, G,) and has a
I,
unique bounded multilinear extension S to Fy X --- X F, = T?(El ®q G1) "

T o~ Lo \ Bez .G
(BET7ﬂ17G1> X oeee X Ty?(En R, Gn)L ( £ H G).

T=So(T,...,T,), where T; € TIJ/(E; ®,, G;, F;)(1<i<n), and this ends the
proof. O

Finally, note also that

Corollary 2.7 If T:E, ®y Gi X -+ X E; @y, G, — F is (p;p1,..,Pn;G1, .. -
G,)-dominated, then T admits a multilinear extension T from E; élel X e X
E,l<8?ann into F  which is (p;pi1,...,pn; G, .., G,)-dominated  and

G (T) = nii (7).

Remark 2.8 By Corollary 2.7, we can replace E; ®,, G; in Definition 2.1(1) and
Theorem 2.5 with E;©,,G;.

Now, we characterize the (p;py,...,pn; G, ..., G,)-dominated multilinear oper-
ators by giving the Pietsch domination theorem. For the proof, we use the full
general Pietsch domination theorem as in Theorem 2.5.

Theorem 2.9 Let 1 <p,pi,...,pp <00 Wwith Il) = pil + .- —&-pln. A multilinear oper-
ator T : E; ®, G X -+ X E, ®, G, — F is (p;p1,...,pn;G1,...,Gy)-dominated
if, and only if, there exist Radon probability measures y; on K; = B x Bg: and a
constant C > 0, such that, for all u; € E; ® G;, one has

n ) l/Pi
el <[t oPantia)) 6
i=1 i

Moreover, ng;,‘l":fi’,’”(T) is the smallest of the constants verifying the estimate (6).

Now, we give the factorization theorem for the class of
(p;p1,- . Pn; G, . .., Gy)-dominated multilinear operators. For the proof, we use
Theorem 1 in [6] and the same idea in Theorem 2.6. The proof will be omitted.

Theorem 2.10 Let 1 <p,pi,...,pp <00 withll, = pl] + .- —&-pi. Then, the following

assertions are equivalent:

1. An operator T € ) A

P;Pl,-m,l;ln (El ®fx1 Gl 3o ~7En ®(xn Gn;F)-

W Birkhiuser
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2. There exist Banach spaces F,...,Fy,, (p;,G;)-summing linear operators T; €
Hg"(E,- ®q, Gi; F;) (1<i<n) and an n-linear mapping S € L(Fy, ..., F,;F),
such that T admits the factorization T = So (Ty,...,T,).

Remark 2.11 As in Remark 2.8, we can replace in Definition 2.1(2), Theorems 2.9
and 2.10, E; ®,, G; with E;®, G;

3 Coincidence and inclusion properties

In this section, we investigate the relationships between various classes of
dominated multilinear operators and some coincidence results. First, since

1

1 L
sup (Z‘ fp> < sup <Z||u |p’ )
Zi* G’T“’ xi* E‘_* Hr

holds for every u;EEi®Gi, 1<i<n, 1<k<l, we obtain the following
proposition.

Proposition 3.1 If T is (p;p1,...,Pu; G1,- . ., Gn)-dominated multilinear operator,
then T is (p;p1, - - - Pu; G1; - - ., Gn)-dominated and n$h--% (T) < ng;;l""_ji’; (7).

The next theorem is one of our main results. Mimicking the same idea of [2], we
have the following result.

Theorem 3.2 Let o; be an arbitrary crossnorm on E; Q@ G;, 1<i<n. If

Hg;71,77 (E1®9€1G17 .- '7En®\%nGn§ F) H[?};l" (E1®oc] Gy, .. -7En®\ann§ F) then

E(G], “eey Gn,F) = H[?;Pl,»m,Pn(Gl? ceey Gn,F)

Moreover, prh_(_i (E1®,,G,....E,®,G;G) =

HG """ (E1 @5 G, ..., E,®, G;G) if. and only if, G is finite-dimensional.
Proof Suppose that
HGh +Cn (El®a<IGla <. ~7En®\ac,,Gn§F) HG] """ G (El®zIGla . Ené)\u,,GMF)-

PiP1yewsPn Pip1,

Let S € L(Gy,...,Gy; F). Fix Xio € Bg: (1<i<n) and consider T : E; (S?MGI X
- X E, ®\1”Gn — F given by

T(ula .. -7“11) = S(ul(xT,O)7 .. .,u,,(x;())).

So,

& Birkhauser
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1

(kZl;llTw’f,-., u ||p> (ZHS ot @) )

n )i 1/171
<|s| H( uf<x;io>H”">

i=1 k=1 l/pi
<||S||H sup (ZHM )H”")

i= 1|x||<l

and T'is (p;p1, - - ., pu; Gi, - - ., G,)-dominated multilinear operator. By hypothesis, T
is (p;p1, - - s Pn; G1, - - ., G,)-dominated, i.e., there is a positive constant C, such that

forall /€ N and uf € E; ® G; (1 <k<I, 1 <i<n), we have

(St u") <ol o (s

In particular, if we take u¥ = x;0 ® z¥ where x;0 € Bg,, (x}g,%i0) =1 (1<i<n)
and use (7), we get

1 1
1 P 1 P
(zy|s<z';,...,z';>u:;) (znmm@z';,...,xnﬁ()@zmu';)
=1 k=1
1
<efl, o, (Setenr)

=3 gl

1
1 Pi
cof] s (21<xi,o,x:><zf,zr>>"’)
=1 ool k=1

CHII e (Z’ ol )
i=1

This shows that S is (p;pi, ..., ps)-dominated and completes the proof of the first

part.
For the second part, if dim(G) is finite, the implication is obvious. The second

implication is given by the Dvoretsky—Rogers theorem. U

E*

Lemma 3.3 [15, Lemma 1] For u',...,u' € E®, G, we have

1

l P
k% *\ [P
= sup E uw,x ®z . (8)
pw X*|~,|z*|<1<k1‘< >|>

(”k)1<k<z

W Birkhiuser
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Proposition 3.4 Let o; be an arbitrary crossnorm on E; @ G;, 1 <i<n. Then

L % (Ey @y, G, . s En @5, G F) C Ty, (EY @3, G- ., Ey @3, G F).

2. T (@G, .. Ey@,Gus F) = Ty, (EY @Gy, .., Ey@,Go; F).

Proof

l. Let TEH[?},‘]‘;:j__ (Ey ®y Gi,...,E, @y, G,;F) and take a finite sequences

(”?)131{9 in E; ® G;. One has

/ % n FL:
(ZHTW’L . -,uﬁ>H”> <ngy S (DL sup <ZI |"’>
k=1 [

pi

l
ot ] s (z|<uf,x;®zr>fpf)
= * 1 \ k=1

*

n 1 i
<z (D[ sup 1<Zl<uf,u2‘>|’">~

= * <
1 ey <

Consequently, T'is (p;p1,...,p,)-dominated and 7., _, (T) < ng;’l'::jg;’x(T).
2. We can deduce this coincidence from (8).

We conclude by extending 7 to the entire space by density and the factorization
theorem. [J

Corollary 35 If an operator T €Ty, ., (E1®Gi,.. ., E,®,Gy;F), then
T & [1C1-+Gn (E1® Gi,.. ., E,®,Gy; F).

DDl ey

The following corollary is an extension of [2, Proposition 1.2].

Corollary 3.6 If

5% (E,0,G, ., Ex®,Gp; F) = My, (E1@:Gh, .., Ey@,Gyi; F),

then
,C(G],...,G”;F) :Hp;pl 77777 D ”(Gl,...,Gn;F)

and T1%+C (E1® G,..  E,©,G;G) =1, ,(E®.G,...,E,®.G;G), if and

Pip1,-
only if, G is ﬁmte dlmenszonal.

Remark 3.7 Since C(K;,G;) = C(K;)®,G; 1 <i<n (see [19]), then the space of
(p;p1, - .., pn)-dominated in the sense of Dinculeanu (see [17]) actually coincides by

(5) with Hf})G (C(K1)®,G,...,C(K,)®,G,; F) and the class of (p;pi,...,pn)-

dominated in the sense of Matos coincides by Proposition 3.4 with
g% (C(Ky)@,Gr, . . ., C(K,) ©,Gy; F).

PiP1sePn
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The following proposition is an extension of [10, Proposition 1].

Propositon 3.8 If T €T, ., (Ei,...Ex;F), then T:E;©®,Gix - X
Ené)\x,,Gn - F®\8G] ®\e e ®\éGn deﬁned by T(X[ & Ly ey Xn ® Zn) =
T(x1,.., %) Q71 ® - ®2z, is (p;p1,- . Pn; G1, . . ., Gy)-dominated.

Proof Let u; =) ", x; ® z; € E; ® G;. For z; € G, 1 <i<n, we have u;(z;) =

EJ 1x,,<z,,, > and
. _[m my,
T(uy,...,u,) =T (qu @ Z1jy - -+ anj ® an>
— =

nmi my
== T(x1]®zlja-"7xnj®2nj)
j:l j:1
my my,
= . T(xlj,...,xnj)®le®"'®an-
=1 j=1

). It follows that:

n

Consider (z},...,z;) in (G} x -+ x G}
my

T(uy,...,u ) Loy Z ZT Xy ooy Xnj <le»ny>"'<an»2:2>

m

fz ZT x11<Z1J,Zl> <an7 >xnj)

Jj=1
ny,
lej 21j,21), Z(an712>xnj)
j=1

:T(m (21)7 .. .,Mn(Zn))~

Consider now T in IL,, ., (Ei,...,E;;F) . By [9, Theorem 3.2], there exist a
constant C > 0 and probability measures y; on Bg:, 1 <i<n, such that

HT(Ml,...,Mn)H = sup ||T(ula~--7“”)(ZT7""ZZ)H
[zl Izl <1
= swp [T () (2)]
2] e [l]) <1
<efl wn ([ fulsa)Pants))
i=1 ||z |||z ]| <1\ Ber
<eTI( [ ptorancs))
This ends the proof using Corollary 2.7. .

The next result generalizes [6, Proposition 4].

W Birkhiuser
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Proposition 3.9 Let T;: G; — F; be p;-summing operators and T = idg, ® Tj,

1<i<n. If Telljl-" (E1®1,F1,...E,,(§ann;F) then To(Ty,...,T,) €

G,y G
HP1171 ..... Pn (El®o<1Gla ) n®ﬂ<nGn’F) and n[’P ----- (To (Tl" ) .’T )) <n5]];1”F;’"(T)
[T 7 (T).

Proof For 1<i<n, 1<k<I let ufzzj 1xZ®z € E; ® G;. We have for

x; € E7, the equality
Mk Mk
T () = Y (b ) Tileh) = T <Z<x;:x,ﬁ>z:;> = Ti(u} ().

J=1 J=1

From this equality, we obtain

/ ;
(;HT(TI(M’I),--.,Tn(uﬁ))H”)
<yt (O] sup (Z

i=1 ||x; ||F <1 \k=

_3
N~

pi
_ P, Fy ‘ ‘[’A
- n]’?plr-an( sup <§ :| T

1

i
<l (z| ar)’
G

This shows that T o (Ty,...,T,) is (p;p1,.--,Pn;Gi,...,G,)-dominated and

nG‘G (To(Ty,...,Ty) <mpF (T) [T, mp,(Ti), which proves the proposi-

tion. |

4 Relations with associated operators

For every multilinear operator T from E; ® G| X --- X E, ® G, into F, we denote
by T#, T and T" the associated operators from E; x - -- x E, into L(Gy, ..., G,; F),
from Gy X --- X G, into L(E},...,E,;F) and from G| ® E; X --- X G, ® E, into
F, respectively, defined by T7(xi,...,x,)(z1,..,20) = T(X1 @ 21, .. ., X0 @ Z4),
T2ty ) (X1 Xn) = T(x1 @21, o Xy ® 2) and T'(u), ... u) =
T(uy,...,u,), where u;= Zm’ Xj®z; €E;®G;, and ul= Z;":l 7j @ x5 €
G; ® E;. Clearly, T#, T and T' are multilinear operators. In this section, we try to
find some relationships between the operator 7 and their associated operators T7#, T

and T relative to the different variants of summabilities.
We recall (see [1] and [11, Remark 2.2]) that T € D;(El, .., Ey; F), the class of

all Cohen strongly p-summing n-linear operators from E;| X --- x E, into F, if there

& Birkhauser
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is a positive constant C, such that for all me N, x},...,x}” € E; and
iy, € F*, we have
. ) n_f.m ) Pi
(TG x0) i) <CH<ZI|X!II%’,> o 107 OGN ©)
i=1 \j=1 yllp <1

We equip Dy (E\,...,E,; F) with the norm d)(-), which is the smallest of the

constants C verifying (9) and with which it becomes a Banach space.
The Chevet—Saphar crossnorms are defined, for 1 <p <oo, as follows (see
[4, 19]):

dp(u) = inf{ )il 0w = ixi ®yi € E®F}

i=1

and

gp(u):inf{ (x)i ) (i) p*‘ywzu:z”:xi@yiEE@F}.

We have g, = d,,, for every p, in the sense that g,(u) = d,(u").
Proposition 4.1 Let o; be an arbitrary crossnorm on E; ® G;, 1 <i<n. Then

1. A multilinear operator T € Hf};]“j_‘ (E1®4,G1,. ..., Ea®y Gp; F) if, and only if,

T € I (G1®y,Ex, .. ., Gu®y, Eni F).
2. A multilinear operator T € D;',(E1<§§dm Gl,...,Ené)\dpnG,,;F) if, and only if,

T' € Dy(E @y, Gi, ..., E,®g, G F).
Proof
1. We can deduce this from the equality (uf(x}),z}) = ((u¥)'(x}),z;) and we

1 L
En Giye.sGu
deduce 7y (T7) = ng - (7).

2. Follows immediately from the definitions of the Chevet—Saphar norms.

Remark 4.2 Using Proposition 3.4 , we have T € Hpm ,,,,, o (Ed (§SG1,...,
E,2,G,; F) if, and only if, T € T, , (G1&E), . ..,G,@E,; F).

Remark 43 1f T € 7% (E\®,,G, ..., E,©,,G,; F) in general T' & TT51-Fr

PP, PiP1s P
(G1®,Er, - - Gn®a”E,,,F). Indeed, consider T € L(G,...,G;G) = pplG :
(R®,,G,...,R®, G;G) but T ¢ IR (G@mR...,G@%,R,G) =

I, 5. (G,..., G;G), if dim(G) is infinite.

Proposition 44 If T € 117 (E\®,,G,. .., E,®,,Gn F), then

W Birkhiuser
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1. T#(xi,....x,) is (p;p1,-..,pn)-dominated for all (xy,...,x,) € Ey X -+ X E,.
Moreover, there exist Radon probability measures y; on K; = Bg: x Bg:, such
that for all u; € E; ® G;, 1 <i<n, the following inequality holds:

n - 1/pi
np;pl,“%(T#(xl,...,x,J)ﬁCH(/K|<xi,Xf>|p'dHi(X?,zf)> .
i=1 i

2. T#:E; x - XE, =y 5 (Gi,....GyF) is (p;p1,...,py)-dominated.

Proof Since T'is (p;p1, .. .,pn; G1, - . ., G,)-dominated, by Theorem 2.9, there exist
Radon probability measures y; on K; = BE? X BGT’ such that for all u; € E; ® G,
1 <i<n, the following inequality holds:

I/Pi
Il <25 O TT( 1) )P )

1. We would like to show that T#(xy,...,x,) is (p;p1, ..., p.)-dominated for all
xi €E;, 1<i<n. Let ¥ =x;®7" € E; ®,, G; for 1<k<I. Using Holder’s
inequality, we obtain

1

1 »
(ZHT#(XI’.7xn>(zlf7'7zﬁ)’|1;'>
k=1
1 ;
_ <Z||T(x1 7z, ... xn®Z Hp>
k=1

< (T (i / [ 20) G ) [ o )Hp);

»
Il
LR
|—|
=
N

1
n l i
<0 (1) ] 1(}(2; /K »|<zf,z;‘><xi,x;f>|p"dui(x;:z7)>
1= = i
n l Plx
() (kzr<zf,z*>|"l)|<xu )P antsa) )
= i =1

(frutea)’
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This yields that T#(xi,...,x,) is (p;p1,...,p,)-dominated for all x; € E;,
1<i<n, and

1/pi
Giy.ers
np;ﬁhu--,Pu(T#(xlv"'7xn))§np1]9] ,,,,, ' </ ‘ Xiy X ‘ d:uz( Xiy % )) .
i=1

2. For the second property, we use the last inequality and Holder’s inequality
again. We deduce, for all (x’f, .. ) €E x---xE, 1<k<lI, that

’I'L

G G ! n ; 1/p]P ,
<G (ST L 1ot ants )
k=1 [i=1 i

1

n 1 pi

< (T) (Z JACED I <x:f,z:f)>
i=1 \ k=1 Y Ki

Gi,sG L ! pi z

<y (T) ( / > 1My (xi%z?))
i=1 \VKi k=1
n

<7 (M1 ‘(xf)1<k§l ,
i=1 PisW

Thus, T# : E; X -+ X E, — ,p,. . p.(G1,...,Gy; F) is (p;p1,...,pn)-domi-
nated and 7., (T#) < ng}}l_”i’,’ (T).

O

The following proposition can be proved with the same arguments as the
previous result.

Proposition 4.5 If T € I1; % (E\®,,G,. .., E,®,,G F), then

T(z1,...,22) is (P;p1,- .., pn)-dominated for all (z1,...,2,) € G X --- X G,.
T:

1
2. G X x G, =1Ly, p(Er, .. .E;F)is (p;p1,...,pn)-dominated.

Using Propositions 3.4, 4.4, and 4.5, we have the next

Corollary 4.6 If T € T, (E1®:Gi,...,E,®,Gy; F), then

1. Tis (p;p1,...,pn)-dominated and T(zy, . . .,2,) is (p;p1, ..., pu)-dominated.
2. T* is (p;p1,...,pn)-dominated and T* (xy, .. .,x,) is (p;p1,. - ., pn)-dominated.

We end this paper by the following proposition.
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Proposition 4.7 If T € 11, ~% (E\®y,G\,. .., E,©4y,Gyi F), then T(2',...,2") is

(p;p1, - . ., Pn)-dominated.

Proof Let T bein Hg}',’l““G" (E ®a1 Gy,...E, @anGn; F), then by Theorem 2.5, there

exist probability measures y; on K; = BE;, such that, for every u; € E; ® G;, we
have
AAAAA ; pi
17l <2550 TT ([ o) s ))
i=1
For u; = x; ® z; € E; ® G;, by the previous inequality, we obtain
1T (21 2a) (1) =T @21, 2 © 20) |

1/pi
< mg G ( 1(/ [l @ 2 (x ’p, i (x ))
l

1/pi
<G T TT( [ orants) )

Using Holder’s inequality, we have

(Z ”T AERRE 7Zn 17"'7x;];)||p>
! . 1/pi P %
st o e (3 11 f 16t ranen) | )
1
l pi
< T an, H 2 /K|<xmx >|”’du,-(x?‘>>
1
! Pi
<y el [T /K ;|<xf,xr>|"'du,-<x;>)
n
<m G (T an,nH

and this shows T(z1,.. . 2) is (p;p1, - - -, pn)-dominated and
Tpip1seeesPn (T(Zl, ) Zﬂ)) < n[?};l,..?pn(T) H?:l ”Zl” U

pi

1

pw
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