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Notation

We introduce the necessary notations and definition which are used in the sequel..

H Hilbert space.
E Banach space.
X ′ The dual topology X.
Ω Open set of R.
Lp(Ω) =

{
u : Ω→ R mesurable :

∫
Ω |u|pdx ≤ ∞ with 1 ≤ p <∞.

}
‖u‖Lp =

( ∫
Ω |u(x)|pdx

) 1
p .

L∞(Ω) = {u : Ω→ R mesurable and ∃C : |u(x)| ≤ C a.e in Ω}.
‖u‖L∞ = inf{C : |u(x)| ≤ C a.e in Ω}.
C(Ω) Continuous function space in Ω.
D(A) Domain of definition of a bounded operator A.
< ., . > Define a scalar product.
L(X, Y ) Set of continuous linear applications.
a.e. Almost everywhere.
RN Euclidean space of dimension N , where N is a nonzero natural number.
x Vector in RN , x = (x1, x2, ..., xN), xi ∈ R, 1 ≤ i ≤ N .
dx Lebesgue measure in N -dimensional space.
∂Ω = Γ boundary of Ω.
|E| Or mes(E) measure of the set E.
|.| Hilbert norm .
χE Characteristic function of set E.
∂u
∂t

Outward normal derivative.
fn → f Denotes that the sequence {fn} converge to f .
fn ⇀ f Denotes that the sequence {fn} converge weakly to f .
Supp u Support of the function u.∫

Ω f(x)dx Integral of f in Ω with respect to the Lebesgue measure .
|u|p = [

∫
Ω |u(x)|pdx]1/p = |u|Lp .

D(Ω) Space of infinitely differentiable functions on Ω with compact support in Ω.
∇u(x) =

(
∂u
∂x1

(x), ..., ∂u
∂xN

(x)
)
.

|∇u| =
[∣∣∣ ∂u
∂x1

∣∣∣2 + ...+
∣∣∣ ∂u
∂xN

∣∣∣2]1/2
.
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Introduction

In this memory we detail the paper [18]. Who speaks about the existence of entropy and renor-

malized solutions in a function space for nonlinear parabolic equations.

Considering the following equations system:

∂u1

∂t
− div(A1(u1,∇u1))

− div((k1u1 + δ1,2u2 + δ1,3u3)∇u1 + δ′1,2u1∇u2 + δ′1,3u1∇u3)

= −σ(u1, u2, u3)− µ1u1 + f in QT ,

∂u2

∂t
− div(A2(u2,∇u2))

− div((δ2,1u1 + k2u2 + δ2,3u3)∇u2 + δ′2,1u2∇u1 + δ′2,3u2∇u3)

= σ(u1, u2, u3)− %u2 − µ2u2 + g in QT ,

∂u3

∂t
− div(A3(u3,∇u3))

− div((δ3,1u1 + δ3,2u3 + k3u3)∇u3 + δ′3,1u3∇u1 + δ′3,2u3∇u2)

= %u2 − µ3u3 + h in QT ,

With the initial and boundary conditions

ui(x, 0) = ui,0(x) in Ω, i = 1, 2, 3,

ui(x, t) = 0 on
∑
T

, i = 1, 2, 3,

Where QT = Ω× (0, T ), ∑T = ∂Ω× (0, T ), and T > 0.

It is worth mentioning that to prove the existence of renormalized and entropy solutions to this

system , we are in need of the following hypotheses.
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The divergence form operator Ai(s, ζ) : R × RN −→ RN is a Caratheodory function (that is,it is

continuous with respect to s and ζ) such that

(H1) Ai(s, ζ)ζ ≥ αi|ζ|2, for every ζ ∈ RN , where αi > 0 and i = 1, 2, 3,

(H2) For any k > 0, there exists βk > 0 and a function Ck(x, t) ∈ L2(QT ) such that

|Ai(s, ζ)| ≤ Ck(x, t) + βk|ζ|, i = 1, 2, 3,

(H3) [Ai(s, ζ)− Ai(s, ζ ′)][ζ − ζ ′] ≥ 0, i = 1, 2, 3,

(H4) ui,0(x) ∈ L1(Ω), i = 1, 2, 3,

(H5) f(x, t), g(x, t), h(x, t) ∈ L1(QT ).

We are going to prove the existence of the weak and entropy solutions of the problem. To do this,

we will approximate the problem by using the Faedo-Garalkin method, then we will prove some

estimates uniform on the sequence of solutions of these problem, once this is done the linearity

of the operator, as well as the boundedness and the continuity of the operator, we will make it

possible to pass to the limit, thus finding the solution.

This memory is devided into three chapters as follows:

The first chapter is dedicated to giving some basic definitions and results with functional analysis

tools essential to the achievement of the objectives for the study of the problem. For example we

recall Lp and H spaces, and some theorems (Lebesgue convergence, weak convergence, Fatou,...).

Then the Faedo-Garalkin method, and model example.

In the second chapter, we gives some inequalities of problems in the nonlinear limit with

examples, that help us to prove the existence of the problem .

Finally, in the third chapter, we proof the existence of the renormalized and entropy

solutions of nonlinear parabolic system in Ω.
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Chapter 1

Preliminaries and basic tools

The purpose of this first chapter is to present a number of analytical tools that will be used

throughout this memory. we will also take the opportunity to introduce the main notations.

1.1 Functional spaces

1.1.1 Lebesgue spaces

An Lp space is a space of functions for which the p-th power of their absolute value is Lebesgue

integrable. Lp spaces are also called Lebesgue spaces.

Let Ω be an open subset of RN and let p be a real number greater than or equal to 1. The Lebesgue

space Lp(Ω) is defined as:

Lp(Ω) = {u : Ω −→ R is measurable and
∫

Ω
|u(x)|p <∞}

We equip it with the following norm

‖u‖Lp(Ω) = ‖u‖p =
(∫

Ω
|u(x)|p

) 1
p

, p ≥ 1

By L∞(Ω) we denote the set

L∞(Ω) = {u : Ω −→ R measurable ,∃M > 0 |u(x)| ≤M a.e}

It is equipped with the following

‖u‖∞,Ω = inf{M > 0 : |u| ≤M a.e in Ω}
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The space L2(Ω) is a Hilbert space with the inner product

(u, v)2,Ω =
∫

Ω
uvdx

Remark 1.1. Let 1 ≤ p ≤ ∞, be denoted by p′ the conjugate exponent of p

i.e.
1
p

+ 1
p′

= 1

Let 1 ≤ p ≤ ∞.Then the dual space of Lp(Ω) is Lp′(Ω).

1.1.2 Hilbert spaces

The Hilbert space H1(Ω) is defined as:

H1(Ω) =
{
v ∈ L2(Ω) : ∂v

∂xi
∈ L2(Ω), i = 1, 2, ..., N

}

Where ∂v
∂xi

is the derivative of v.

The space H1(Ω) is equipped with the scalar product

〈u, v〉 =
∫

Ω

(
uv +

∑
X

∂u

∂xi

∂v

∂xi

)
dx

It is equipped with the following norm

‖v‖H1(Ω) =
∫

Ω

v2 +
∑
X

(
∂v

∂xi

)2
 dx

 1
2

Remark 1.2. Let u ∈ H1(Ω). The function u belongs to H1
0 (Ω) if and only if u = 0 in ∂Ω.
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1.2 Main Convergence theorems

Theorem 1.1. (Fischer-Riesz): The set Lp
(
[a, b], ‖.‖p

)
with 1 ≤ p <∞ is a Banach space.

Lemma 1.1. (Divergence and Green’s formulas): Let Ω be a domain in RN , and n(x) its

exterior normal. Let u and v be two regular functions, and w be a vector field defined on Ω. Then

∫
Ω
divw dx =

∫
∂Ω
w.n dσ (Divergence formula)

∫
Ω

(∆u)v dx = −
∫

Ω
∇u.∇v dx+

∫
∂Ω

∂u

∂n
v dσ (Green formula)

Theorem 1.2. (Rellich-Kondrachov):[13] Let Ω be a bounded open set of RN and p ≥ 1. If

p < N then for any q such that 1 ≤ q ≤ p∗ (with 1
p∗

= 1
p
− 1

N
), the injection of W 1,p

0 (Ω) in Lq(Ω)

is continuous and for all q such that 1 ≤ q ≤ p∗ the injection is compact, that is the bounded of

W 1,p
0 (Ω) are relatively compact in Lq(Ω).

Definition 1.1. Let (un) be a sequence of measurable functions on Ω and u a measurable function

on Ω.

1. The sequence (un) convergente almost everywhere on Ω to u if and only if

meas{x ∈ Ω : un(x) does not converge to u(x)} = 0

2. The sequence (un) is said to be Cauchy in measure if for every ε > 0 and every η > 0, there

exists n0 ∈ N such that for all m,n ≥ n0, so

meas{x ∈ Ω : |un(x)− u(x)| > η} ≤ ε

Lemma 1.2. [23] Let (un) be a sequence of measurable functions of Ω in RN .If (un) of Cauchy in

measure then there exists a sub-sequence of (un) converge almost everywhere.
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Lemma 1.3. [22] Let f be a strictly positive measurable function. then for every ε > 0, there

exists δ > 0 such that for every measurable A ⊂ Ω, we have

∫
A
f dx ≤ δ ⇒ meas(A) ≤ ε (1.1)

Lemma 1.4. [11] Let (un) the sequence in Lp(Ω) with 1 < p <∞. Suppose that

1. (un) is bounded in Lp(Ω).

2. un → u a.e. on Ω

Then, un → u in Lq(Ω), for all 1 ≤ q < p and weakly in Lp(Ω), i.e.,

lim
n→∞

∫
Ω
unv dx =

∫
Ω
uv dx ∀v ∈ Lp′(Ω)

Theorem 1.3. (Fatou’s Lemma [13]): Let (un) be a sequence of non-negative measurable

function on Ω. Then ∫
Ω

lim inf
n→∞

un(x)dx ≤ lim inf
n→∞

∫
Ω
un(x)dx

Theorem 1.4. (Giuseppe Vitali Convergence Theorem [12] ): Let p ∈ [1,∞[ and (fn) be

a sequence of functions in Lp(Ω) such that

1. fn → f a.e. in Ω

2. (fn) equal-integration in Ω, i.e. ∀ε > 0, ∃δ > 0, ∀E ⊂ Ω with |E| ≤ δ, such that

∫
E
|fn(x)|pdx ≤ ε, ∀n ∈ N

Or

lim sup
|E|→0

∫
E
|fn(x)|pdx = 0, ∀n ∈ N

Then

f ∈ Lp(Ω) and fn → f in Lp(Ω) strongly
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Theorem 1.5. (Lebesgue’s Dominated Convergence Theorem [13]): Let p ∈ [1,∞[, and

(un) be a sequence of functions in Lp(Ω) such that

1. un → u a.e. in Ω

2. There is a function v ∈ Lp(Ω) satisfying

|un(x)| ≤ v(x) a.e. in Ω ∀n ∈ N

Then un → u in Lp(Ω), that is

u ∈ Lp(Ω), and ‖un − u‖Lp(Ω) → 0 as n→∞

1.2.1 Weak convergence

Definition 1.2. Let E be a Banach space, E ′ its dual, and 〈., .〉 the duality of EE ′.

We say that the sequence (xn) in E weakly converges to x ∈ E if and only if:

lim
n→∞

〈f, xn〉 −→ 〈f, x〉, ∀f ∈ E ′

We denote this as

xn ⇀ x in E

Proposition 1.1. 1. If xn → x strongly then xn ⇀ x in E.

2. If xn ⇀ x in E then ‖xn‖E is bounded.

3. If xn ⇀ x, weakly in E, and fn −→ x strongly in E ′. Then

〈fn, xn〉 −→ 〈f, x〉 as n −→ +∞

Theorem 1.6. Let E be a reflexive Banach space. Then, for any bounded sequence (xn)n ⊂ E,

there exists a sub-sequence on index that convergente weakly in E.
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1.3 Faedo-Galerkin method for a nonlinear boundary

problem

Let Ω be an open bounded set of RN and Γ his border, we have

(P ) :



∂2u
∂t2

+ Au+ |u|ρu = f on Q = Ω×]0, T [ (P.1)

u = 0 on ∑ = Γ×]0, T [ (P.2)

u(x, 0) = u0(x), ∂u
∂t

(x, 0) = u1(x) ∀x ∈ Ω (P.3)

Where u, f represent the displacement vector, the density of external forces respectively and u0,

u1 and ρ > 0 are data. A is an operator defined by


Au = −∑n

i,j=1
∂
∂xi

(
aij(x, t) ∂u∂xj

)
(A.1)

aij ∈ C1(Ω×]0, T [), aij = aji ∀i, j (A.2)∑n
i,j=1 aij(x, t)ζiζj ≥ α(ζ2

1 + ...+ ζ2
n), α > 0, ζ ∈ R (A.3)

The aim of this work is to search for a function u = u(x, t); x ∈ Ω, t ∈]0, T [ that has a real values

solution of the problem (P ) under certain hypotheses (H). In order to pose the problem, and to

have the tools to resolve it, we have need to introduce some notions and some functional spaces

that we will use later.

We define the space V by

V = H1
0 (Ω) ∩ Lp(Ω) (1.2)

Where p = ρ+2. The norm of space V is ‖v‖H1
0 (Ω)+|v|Lp(Ω) that is a Hilbert space. Let’s remember

that

H1
0 (Ω) = adhesion of D(Ω) in H1(Ω)

=
{
v ∈ H1(Ω); v = 0 in Γ

}

12



Where H1(Ω) is a sobolev space of order 1 given as follows

(
|v|2L2(Ω) +

n∑
i=1
| ∂v
∂xi
|
2

L2(Ω)

)1/2

= ‖v‖H1(Ω) (1.3)

Then we have 
H1

0 (Ω) ⊂ Lq(Ω);
1
q

= 1
2 − 1

n
if n ≥ 3,

(1.4)

So that V = H1
0 (Ω) if ρ ≤ 4

n−2

Lemma 1.5. The space V defined in (1.2) is separable (i.e admits a dense countable set)

Now we introduce the functions spaces in x and t. Let X be a Banach space defined by

Lp(0, T ;X) =


f :]0, T [→ X measurable and such that

‖f‖Lp(0,T ;X) =


(
∫ T
0 ‖f(t)‖pX)1/p <∞ if 1 ≤ p <∞;

sup ess ‖f(t)‖X <∞ if p =∞,


Which is a complete space. Naturally we have Lp(0, T ;Lp(Ω)) = Lp(Q).

Lemma 1.6. If f ∈ Lp(0, T ;X) and ∂f
∂t
∈ Lp(0, T ;X)(1 ≤ p ≤ ∞), then f is after possible

modification on a set of zero measure of (0, T ), coutinuous of [0, T ]→ X.

Lemma 1.7. (Gronwall lemma): Let f ∈ L∞(0, T ), g ∈ L1(0, T ) and f(t) ≥ 0, g(t) ≥ 0.

if f(t) ≤ c+
∫ T

0
f(s)g(s)ds; then f(t) ≤ c exp

(∫ T

0
g(s)ds

)

Notation 1.1. To simplify the writing, we pose that

u(x, t) = u; f(x, t) = f ; ∂u

∂t
= u′; ∂2u

∂t2
= u′′

‖u‖H1
0 (Ω) = ‖u‖; ‖u‖Lp(Ω) = |u|p;

We are now able to precisely formulate the problem (P), to study it, we will need the following
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hypotheses:

(H) :


f ∈ L2(Q) (H.1)

u0 ∈ H1
0 (Ω) ∩ Lp(Ω), p = ρ+ 2 (H.2)

u1 ∈ L2(Ω) (H.3)

1.3.1 Existence and uniqueness

Variational formulation

Multiplying the equation (P.1) by v ∈ V , and integrating on Ω, then using Green’s formula we

obtain the following variational formulation:

(u′′(t), v) + a(u(t), v) + (|u(t)|ρu(t), v) = (f, v); ∀v ∈ V, (1.5)

Where

a(u, v) = (Au, v) =
n∑

i,j=1

∫
Ω
aij(x, t)

∂u

∂xj

∂v

∂xi
dx,

The application a : V × V → R is a continuous and coercive bilinear form. Indeed, according to

(A.3) for ζi = ∂u
∂xi

, we find that

a(u, u) ≥ α1

∫
Ω

n∑
i=1
| ∂u
∂xi
|2dx = α1|∇u|22

But according to poincaré inequality[13] we have

a(u, u) ≥ α1|∇u|22 ≥ α‖u‖2 (1.6)

1. Existence

Theorem 1.7. Under the hypotheses (H), the problem (P ) admits a solution u

u ∈ L∞(0, T ;H1
0 (Ω) ∩ Lp(Ω)) (1.7)

∂u

∂t
∈ L∞(0, T ;L2(Ω)) (1.8)
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Remark 1.3. The two expressions u(x, 0) = u0(x) and u′(x, 0) = u1(x) have a meaning.

Indeed, for (1.7), (1.8) and Lemma 1.6 we conclude that u is continuous for [0, T ]→ L2(Ω) so that

u(x, 0) = u0(x) has a meaning.

To verify that u′(x, 0) = u1(x) have a meaning, we must use the equation (P.1) wich is written

∂2u

∂t2
= f + Au− |u|ρu (1.9)

As A ∈ L(H1
0 (Ω));H−1(Ω)) we have Au ∈ L∞(0, T ;H−1(Ω)) and

|u|ρu ∈ L∞(0, T ;Lp′(Ω)) with 1
p

+ 1
p′

= 1,

So that
∂2u

∂t2
∈ L2(0, T ;L2(Ω)) + L∞(0, T ;H−1(Ω) + Lp

′(Ω))

Hence
∂2u

∂t2
∈ L∞(0, T ;H−1(Ω) + Lp

′(Ω))

Which joins (1.8), by the lemma (1.6), that ∂u
∂t

is continuous for [0, T ] → H−1(Ω) + Lp
′(Ω), so

u′(x, 0) = u1(x) has a meaning .

proof of Theorem 1.7

The proof is based on the Faedo-Galerkin method, we detail (6) which consists of the following

three steps:

• Search for approximate solutions.

• A priori estimates are established on these approximate solutions.

• We pass to the limit, because of compactness properties (in the non-linear terms).

Example

3d2y

dx
− dy

dx
− 8 = 0 0 ≤ x ≤ 1, y(0) = 1
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Assume

y = c0 + c1x+ c2x
2 + c3x

3, y(0) = 1

⇒1 = c0 + c1 × 0 + c2 × 0 + c3 × 0 ⇒ c0 = 1

⇒1 = c0 + c1 × 0 + c2 × 0 + c3 × 0 ⇒ c0 = 1

y(1) = 2 = 2 = c0 + c1 + c2 + c3 ⇒ c1 = 1− c2 − c3

⇒y = 1 + (1− c2 − c3)x+ c2x
2 + c3x

3

y = 1 + x+ c2(x2 − x) + c3(x3 − x) .............(1)

⇒dy

dx
= 1 + c2(2x− 1) + c3(3x2 − 1)

⇒d2y

dx2 = 2c2 + 6xc3

Then
3d2y

dx
− dy

dx
− 8 = 0

3(2c2 + 6xc3)− (1 + c2(2x− 1) + c3(3x2 − 1)) + 8 = 0

⇒ c2(7− 2x) + c3(18x− 3x2 + 1) + 7 = 0 .............(2)∫ 1

0
wi · (c2(7− 2x) + c3(18x− 3x2 + 1) + 7 = 0) = 0⇒ w1 = x2 − x, w2 = x3 − x

i = 1, w1 = x2 − x⇒
∫ 1

0
(x2 − x)(c2(7− 2x) + c3(18x− 3x2 + 1) + 7 = 0) = 0

⇒
∫ 1

0
c2(7− 2x)(x2 − x) + c3(18x− 3x2 + 1)(x2 − x) + 7(x2 − x) = 0

⇒ c2 + 10516c2 = −10/67 .............(3)

i = 2, w2 = x3 − x⇒
∫ 1

0
(x3 − x)(c2(7− 2x) + c3(18x− 3x2 + 1) + 7 = 0) = 0

⇒ 204c3 = −1075 .............(4)

For (1), (2), (3) and (4), we have

c2 = −0, 905, c3 = −0, 146
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Chapter 2

Some Inequalities used in Parabolic and

Elliptic Equations

The Cauchy inequality is the familiar expression

2ab ≤ a2 + b2

This can be proven very simply: noting that (a− b)2 ≥ 0, we have

0 ≤ (a− b)2 = a2 − 2ab+ b2

which, after rearanging terms, is precisely the Cauchy inequality. In this note, we prove Young’s

inequality, which is a version of the Cauchy inequality that lets the power of 2 be replaced by

the power of p for any 1 < p < ∞ From Young’s inequality follow the Minkowski inequality (the

triangle inequality for the lp-norms), and the Hölder inequalities.

2.1 Young’s inequality

For all non-negative real numbers a, b and every 1 < p <∞, then we have

ab ≤ p− 1
p

a
p
p−1 + 1

p
bp
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The first thing to note is Young’s inequality is a far-reaching generalization of Cauchy’s inequality.

In particular, if p = 2, then 1
p

= p−1
p

= 1
2 , and we have Cauchy’s inequality:

ab ≤ 1
2a

2 + 1
2b

2

Normally to use Young’s inequality one chooses a specific p, and a and b are free-floating quantities.

For instance, if p = 5, we get

ab ≤ 4
5a

5
4 + 1

5b
5

Before proving Young’s inequality, we require a certain fact about the exponential function.

Lemma 2.1. (The interpolation inequality for ex): If t ∈ [0, T ], then

eta+(1−t)b ≤ tea + (1− t)eb

Proof. The equation of the secant line through the points (a, ea) and (b, eb) on the graph of

ex is precisely

t→ (ta+ (1− t)b, tea + (1− t)eb)

Obviously the graph of this line intersects the graph of ex at precisely two points: (b, eb) when t = 0,

and (a, ea) when t = 1. To parametize the graph of ex so that the x− value of this parametrization

and that of the parametrization of the secant line are the same, we use

t→ (ta+ (1− t)b, eta+(1−t)b)

But because ex is concave up, any secant line lies above the graph in between the points of

intersection. This means precisely that the y-values of these two parametrized curves obey

eta+(1−t)b ≤ tea + (1− t)eb

Which was to be proved.

18



Theorem 2.1. (Young’s inequality): Assume a and b are real numbers, and p > 1. Then

ab ≤ p− 1
p

a
p
p−1 + 1

p
bp

Proof. There are a number of conceptually different ways to prove this inequality. Our

method will use Lemma 2.1. Writing

ab = elog a+log b

= Exp

p− 1
p

p

p− 1 log a+
(

1− p− 1
p

) 1
1− p−1

p

 log b
,

From Lemma 2.1. we get

ab ≤ p− 1
p

Exp

(
p

p− 1 log a
)

+
(

1− p− 1
p

)
Exp

 1
1− p−1

p

 log b


= p− 1
p

Exp

(
p

p− 1 log a
)

+ 1
p
Exp (p log b)

= p− 1
p

a
p
p−1 + 1

p
bp.

Example 2.1. For any a, b > 0, p, q ∈ R \ {0} , 1
p

+ 1
q

= 1, it yields that

ab ≤ ap

p
+ bq

q
, if p > 1

and

ab ≥ ap

p
+ bq

q
, if p < 1, p 6= 0

We have

ab = eln ab = e
1
p

ln ap+ 1
q

ln bq ≤ 1
p
eln ap + 1

q
eln bq = 1

p
ap + 1

q
bq

19



2.2 Minkowski’s Inequality

Theorem 2.2. If 1 ≤ p <∞, then whenever f, g ∈ νF we have

‖f + g‖p ≤ ‖f‖p + ‖g‖p

Proof. To prove that ‖f+g‖p ≤ ‖f‖p+‖g‖p , we will replace g by tg, and use the observation

that

‖f + g‖p − ‖f‖p =
∫ 1

0

d

dt
‖f + tg‖pdt (2.1)

‖f‖+ ‖g‖p − ‖f‖p =
∫ 1

0

d

dt
(‖f‖p + t‖g‖p)dt (2.2)

And then all we need to prove is that

d

dt
‖f + tg‖p ≤

d

dt
(‖f‖p + t‖g‖p) (2.3)

which is actually simpler. Note that the right side of (2.3) is just ‖Y ‖p .

Computing the left side is slightly tougher:

d

dt
‖f + tg‖p = d

dt

( ∞∑
i=1
|fi − tgi|p

) 1
p

=
( ∞∑
i=1
|fi − tgi|p

) 1−p
p ∞∑

i=1
|fi − tgi|p−1. sgn(fi − tgi). gi

= ‖f − tg‖1−p
p .

∞∑
i=1
|fi − tgi|p−1. sgn(fi − tgi). yi

But of course sgn(fi − tgi). gi ≤ |gi|, so we have

d

dt
‖f + tg‖p ≤

∞∑
i=1

(
|fi − tgi|
‖f − tg‖p

)p−1

|gi|
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To proceed from here, we manipulate this expression so that eventually we can use Young’s

inequality to our advantage. We have

d

dt
‖f + tg‖p ≤

∞∑
i=1

(
|fi − tgi|
‖f − tg‖p

)p−1 |gi|
‖g‖

p−1
p

p

‖g‖
p−1
p

p

=
∞∑
i=1

(
|fi − tgi|
‖f − tg‖p

‖g‖
1
p
p

)p−1

.
|gi|
‖g‖

p−1
p

p

When p = 1 we get directly that

d

dt
‖f + tg‖1 ≤

∞∑
i=1
|gi|

= ‖g‖1

= d

dt
(‖f‖1 + t‖g‖1)

As desired. When 1 < p <∞ we apply Young’s inequality to get

d

dt
‖f + tg‖p ≤

∞∑
i=1

p− 1
p

(
|fi − tgi|
‖f − tg‖p

‖f‖
1
p
p

)(p−1) p
p−1

+ 1
p

 |gi|
‖g‖

p−1
p

p


p

= p− 1
p

∞∑
i=1

|fi − tgi|p
‖f − tg‖pp‖f‖p + 1

p

∞∑
i=1

|gi|p
‖g‖p−1

p

= p− 1
p

(
‖g‖p

‖f − tg‖pp .
∞∑
i=1
|fi − tgi|p

)
+ 1
p

(
1

‖g‖p−1
p

.
∞∑
i=1
|gi|p

)

Finally note that ∑∞i=1 |fi − tgi|p equals precisely ‖g‖pp. Therfore

d

dt
‖f + tg‖p ≤

p− 1
p

(
‖g‖p

‖f − tg‖pp .‖f − tg‖
p
p

)
+ 1
p

(
1

‖g‖p−1
p

.‖g‖pp
)

= p− 1
p
‖g‖p + 1

p
‖g‖p

= ‖g‖p

Therefore, as desired, we have proved that

d

dt
‖f + tg‖p ≤

d

dt
(‖f‖p + t‖g‖p)
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As the theorem follows from (2.1) and (2.2).

Example 2.2. If p > 1, then

(∫
Ω
|f + g|pdx

) 1
p ≤

(∫
Ω
|f |pdx

) 1
p

+
(∫

Ω
|g|pdx

) 1
p

It yields that

(∫
Ω
|f + g|pdx

) 1
p

= sup
‖ϕ‖q=1

∫
Ω
|f + g|ϕdx

≤ sup
‖ϕ‖q=1

∫
Ω

(|f |ϕ + |g|ϕ) dx

≤ sup
‖ϕ‖q=1

∫
Ω
|f |ϕdx+ sup

‖ϕ‖q=1

∫
Ω
|g|ϕdx

=
(∫

Ω
|f |pdx

) 1
p

+
(∫

Ω
|g|pdx

) 1
p

2.3 Hölder’s inequality

Theorem 2.3. If f, g ∈ νF , then
∞∑
i=1

figi ≤ ‖f‖ p
p−1
‖g‖p

Proof. By Young’s inequality we have

∞∑
i=1

fi
‖f‖ p

p−1

gi
‖g‖p

≤
∞∑
i=1

|fi|
‖f‖ p

p−1

|gi|
‖g‖p

≤
∞∑
i=1

p− 1
p

|fi|
p
p−1

‖f‖
p
p−1
p
p−1

+ 1
p

|gi|p
‖g‖pp


= p− 1

p

1

‖f‖
p
p−1
p
p−1

∞∑
i=1
|fi|

p
p−1 + 1

p

1
‖g‖pp

∞∑
i=1
|gi|p

= p− 1
p

+ 1
p
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Thus we have shown that

1
‖f‖ p

p−1
‖g‖p

∞∑
i=1

figi =
∞∑
i=1

fi
‖f‖ p

p−1

gi
‖g‖p

≤ 1

So after multiplying both sides by ‖f‖ p
p−1
‖g‖p, we get

∞∑
i=1

figi ≤ ‖f‖ p
p−1
‖g‖p

Which was to be proved.

Example 2.3. The following is a problem from Royden and Fitzpatrick’s Real Analysis book.

We find the values of the parameter λ for wich

lim
ε→0+

1
ελ

∫ ε

0
f(x)dx = 0, ∀f ∈ Lp[0, 1]

By Hölder’s inequality

1
ελ

∫ ε

0
f(x)dx ≤ 1

ελ
‖f‖

pε
1−1/p

= ‖f‖
pε

1−1/p−λ

So if λ < 1 − 1/p, the limit holds. For the case, λ > 1 − 1/p, we can consider the following

counterexample, f(x) = λxλ−1. It is simple to see that f ∈ Lp[0, 1], but

1
ελ

∫ ε

0
λxλ−1dx = 1

Finally in the case λ = 1− 1/p the limit is zero.
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2.4 Poicaré inequality

Theorem 2.4. Let Ω a bounded subset of RN , when 1 < p <∞, ∃C > 0, ∀u ∈ H1
0 , we have

‖u‖Lp(Ω) ≤ ‖∇u‖Lp(Ω)

Proof. Since Ω is bounded we have for any j ∈ {1, 2, ..., n} and u ∈ H1
0

∫
Ω
|u|pdx =

∫
Ω

∂

∂xj
(xj)|u|pdx

= −p
∫

Ω
xj|u|p−1sgn(u)uxjdx

≤ C
∫

Ω
|u|p−1|∇u|dx

For some constant C > 0.Now noticing that

1
p

+ 1(
p
p−1

) = 1

It follows by Hölder’s inequality that

‖u‖pLp(Ω) ≤ C
(∫

Ω
(|u|p−1)

p
p−1dx

) p−1
p
(∫

Ω
|∇u|pdx

) 1
p

= ‖u‖p−1
Lp(Ω)‖∇u‖Lp(Ω)
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Chapter 3

Renormalized and Entropy Solutions of

Nonlinear Parabolic Systems

In this chapter, we study the existence of renormalized and entropy solutions of nonlinear parabolic

systems in Ω.

3.1 Positions of the problem

Let Ω a bounded domain in RN with boundary ∂Ω, we have the following parabolic system

∂u1

∂t
− div(A1(u1,∇u1))

− div((k1u1 + δ1,2u2 + δ1,3u3)∇u1 + δ′1,2u1∇u2 + δ′1,3u1∇u3)

= −σ(u1, u2, u3)− µ1u1 + f in QT ,

∂u2

∂t
− div(A2(u2,∇u2))

− div((δ2,1u1 + k2u2 + δ2,3u3)∇u2 + δ′2,1u2∇u1 + δ′2,3u2∇u3)

= σ(u1, u2, u3)− %u2 − µ2u2 + g in QT ,

∂u3

∂t
− div(A3(u3,∇u3))

− div((δ3,1u1 + δ3,2u3 + k3u3)∇u3 + δ′3,1u3∇u1 + δ′3,2u3∇u2)

= %u2 − µ3u3 + h in QT ,

(3.1)

With the initial and boundary conditions

ui(x, 0) = ui,0(x) in Ω, i = 1, 2, 3,

25



ui(x, t) = 0 on
∑
T

, i = 1, 2, 3,

Where QT = Ω× (0, T ), ∑T = ∂Ω× (0, T ), and T > 0.

It is worth mentioning that to prove the existence of renormalized and entropy solutions to system

(3.1), we are in need of the following hypotheses.

The divergence form operator Ai(s, ζ) : R × RN −→ RN is a Caratheodory function (that is,it is

continuous with respect to s and ζ) such that

(H1) Ai(s, ζ)ζ ≥ αi|ζ|2, for every ζ ∈ RN , where αi > 0 and i = 1, 2, 3,

(H2) For any k > 0, there exists βk > 0 and a function Ck(x, t) ∈ L2(QT ) such that

|Ai(s, ζ)| ≤ Ck(x, t) + βk|ζ|, i = 1, 2, 3,

(H3) [Ai(s, ζ)− Ai(s, ζ ′)][ζ − ζ ′] ≥ 0, i = 1, 2, 3,

(H4) ui,0(x) ∈ L1(Ω), i = 1, 2, 3,

(H5) f(x, t), g(x, t), h(x, t) ∈ L1(QT ).

We define the truncation function that we have used after that we give the definition of the

renormalized solutions and the entropy solutions of the reaction-diffusion system with cross-

diffusion terms (3.1).

Tk(z) =


k if z ≥ k

z if |z| ≤ k

−k if z ≤ −k

∼
T k(z) =

∫ z

0
Tk(s)ds =


z2

2 if |z| ≤ k

k|z| − k2

2 if |z| ≥ k

3.2 Renormalized and Entropy solutions

Definition 3.1. A renormalized solution of (3.1) is a triple function (u1, u2, u3) satisfying the

following conditions u1, u2, u3 ≥ 0 for a.e. in (x, t) ∈ QT . For i = 1, 2, 3,

ui ∈ L∞(0, T ;L1(Ω)) ∩ C([0, T ], L1(Ω)),
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Tk(ui) ∈ L2(0, T ;H1
0 (Ω)), for any k ≥ 0,

∫
{n≤|ui|≤n+1}

Ai(ui,∇ui) dxdt→ 0 as n→∞.

For all S(ui) ∈ C∞(R) with supp S ′ compact,

∂S(u1)
∂t

− div (S ′(u1)A1(u1,∇u1)) + s′′(u1)A1(u1,∇u1)∇u1

− div (S ′(u1)((k1u1 + u2 + u3)∇u1 + u1∇u2 + u1∇u3))

+ S ′′(u1)((k1u1 + u2 + u3)∇u1 + u1∇u2 + u1∇u3)∇u1

= (−σ(u1, u2, u3)− µ1u1 + f)S ′(u1) in D′(QT ),
∂S(u2)
∂t

− div (S ′(u2)A2(u2,∇u2)) + s′′(u2)A2(u2,∇u2)∇u2

− div (S ′(u2)((u1 + k2u2 + u3)∇u2 + u2∇u1 + u2∇u3))

+ S ′′(u2)((u1 + k2u2 + u3)∇u2 + u2∇u1 + u2∇u3)∇u2

= (σ(u1, u2, u3)− %u2 − µ2u2 + g)S ′(u2) in D′(QT ),
∂S(u3)
∂t

− div (S ′(u3)A3(u3,∇u3)) + s′′(u3)A3(u3,∇u3)∇u3

− div (S ′(u3)((u1 + u2 + k3u3)∇u3 + u3∇u1 + u3∇u2))

+ S ′′(u3)((u1 + u2 + k3u3)∇u3 + u3∇u1 + u3∇u2)∇u3

= (%u2 − µ3u3 + h)S ′(u3) in D′(QT ),

(3.2)

And the initial conditions S(ui(x, 0)) = S(ui,0(x)), i = 1, 2, 3, in Ω hold.

Definition 3.2. An entropy solution of (3.1) is a triple function (u1, u2, u3) satisfying the following

conditions, that is, for i = 1, 2, 3,

ui ∈ L∞(0, T ;L1(Ω)) ∩ C([0, T ], L1(Ω))
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For any k > 0 and for all φi ∈ C1(QT ) with φi = 0 in ∑
T ,

∫
Ω

∼
T k(u1 − φ1)(T )dx−

∫
Ω

∼
T k(u1 − φ1)(0)dx+

∫ T

0
〈φ1t, Tk(u1 − φ1)〉dt

+
∫
QT
A1(u1,∇u1)∇Tk(u1 − φ1)dxdt+

∫
QT

((k1u1 + u2 + u3)∇u1 + u1∇u2

+ u1∇u3)∇Tk(u1 − φ1)dxdt

=
∫
QT

(−σ(u1, u2, u3)− µ1u1 + f)Tk(u1 − φ1)dxdt,∫
Ω

∼
T k(u2 − φ2)(T )dx−

∫
Ω

∼
T k(u2 − φ2)(0)dx+

∫ T

0
〈φ2t, Tk(u2 − φ2)〉dt

+
∫
QT
A2(u2,∇u2)∇Tk(u2 − φ2)dxdt+

∫
QT

((u1 + k2u2 + u3)∇u2 + u2∇u1

+ u2∇u3)∇Tk(u2 − φ2)dxdt

=
∫
QT

(σ(u1, u2, u3)− %u2 − µ2u2 + g)Tk(u2 − φ2)dxdt,∫
Ω

∼
T k(u3 − φ3)(T )dx−

∫
Ω

∼
T k(u3 − φ3)(0)dx+

∫ T

0
〈φ3t, Tk(u3 − φ3)〉dt

+
∫
QT
A3(u3,∇u3)∇Tk(u3 − φ3)dxdt+

∫
QT

((u1 + u2 + k3u3)∇u3 + u3∇u1

+ u3∇u2)∇Tk(u3 − φ3)dxdt

=
∫
QT

(%u2 − µ3u3 + h)Tk(u1 − φ1)dxdt,

It should be remarked that as far as the equivalence between the renormalized and entropy

solutions of reaction-diffusion system with cross-diffusion terms is concerned.

Theorem 3.1. Under the hypotheses (H1) − (H5), there exists a renormalized solution of (3.1)

in the sense of Definition 3.1

Theorem 3.2. Under the hypotheses (H1) − (H5), the renormalized solution of (3.1) is also an

entropy solution of the same system in the sense of Definition 3.2.

Remark 3.1. The renormalized solution of (3.1) is equivalent to the entropy solution of given

cross-diffusion epidemic system (3.1).
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3.3 Approximation problem

In this section, first we introduce an approximation problem for the given reaction-diffusion system

(3.1) and then we prove the existence of solutions of the approximation problem.

For ε > 0, let us introduce the following approximations on the data:

(H6) f ε, gε, hε ∈ L2(QT ) and f ε → f, gε → g and hε → h a.e. in QT and strongly in L1(QT ) as ε

tends to zero.

(H7) uεi,0 ∈ L2(Ω), i = 1, 2, 3, and uεi,0 → ui,0, i = 1, 2, 3, a.e. in Ω and strongly in L1(Ω) as ε

tends to zero.

∂u1
ε

∂t
− div(A1(uε1,∇uε1))− div((k1F

+
ε (uε1) + F+

ε (uε2) + F+
ε (uε3))∇uε1

+ F+
ε (uε1)∇uε2 + F+

ε (uε1)∇uε3)

= −σ(uε1, uε2, uε3)− µ1u
ε
1 + f ε in QT ,

∂u2
ε

∂t
− div(A2(uε2,∇uε2))− div((F+

ε (uε1) + k2F
+
ε (uε2) + F+

ε (uε3))∇uε2

+ F+
ε (uε2)∇uε1 + F+

ε (uε2)∇uε3)

= σ(uε1, uε2, uε3)− %uε2 − µ2u
ε
2 + gε in QT ,

∂u3
ε

∂t
− div(A3(uε3,∇uε3))− div((F+

ε (uε1) + F+
ε (uε2) + k3F

+
ε (uε3))∇uε3

+ F+
ε (uε3)∇uε1 + F+

ε (uε3)∇uε2)

= %uε2 − µ3u
ε
3 + hε in QT ,

(3.3)

With the initial and boundary conditions

uεi(x, 0) = uεi,0(x) in Ω, i = 1, 2, 3,

uεi(x, t) = 0 on
∑
T

, i = 1, 2, 3,

Where F+
ε (a) = max(0, a

1+ε|a|).
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Lemma 3.1. Assume that uεi,0 ∈ L2(Ω), i = 1, 2, 3, and f ε, gε, hε ∈ L2(QT ). Then the approxima-

tion problem (3.3) admits a unique weak solution

uεi ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1
0 (Ω)) ∩ C([0, T ], L2(Ω)), i = 1, 2, 3,

With uεit ∈ L2(0, T ;H−1(Ω)) such that, for any φi ∈ L2(0, T ;H1
0 (Ω)), i = 1, 2, 3,

∫ T

0
〈∂tuε1, φ1〉dt+

∫
QT
A1(uε1,∇uε1)∇φ1 dxdt

+
∫
QT

(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3)∇φ1 dxdt

=
∫
QT

(−σ(uε1, uε2, uε3)− µ1u
ε
1 + f ε)φ1 dxdt,∫ T

0
〈∂tuε2, φ2〉dt+

∫
QT
A2(uε2,∇uε2)∇φ2 dxdt

+
∫
QT

(α2,1∇uε1 + α2,2∇uε2 + α2,3∇uε3)∇φ2 dxdt

=
∫
QT

(σ(uε1, uε2, uε3)− %uε2 − µ2u
ε
2 + gε)φ2 dxdt,∫ T

0
〈∂tuε3, φ3〉dt+

∫
QT
A3(uε3,∇uε3)∇φ3 dxdt

+
∫
QT

(α3,1∇uε1 + α3,2∇uε2 + α3,3∇uε3)∇φ3 dxdt

=
∫
QT

(%uε2 − µ3u
ε
3 + hε)φ3 dxdt,

Proof. The proof of this lemma is not new, we present here a self-contained sketch of the

proof for the sake of simplicity and readability. For more details regarding this proof, one can refer

the article [4] and some details related to the following method see [8]. Here the proof is relies on

using the Faedo-Galerkin approximation method.

Now we look for the finite-dimensional approximate solutions to problem (3.3) in the form of

sequences {uεi,n}, i = 1, 2, 3, defined for t ≥ 0 and x ∈ Ω by

uεi,n =
n∑
l=1

Ci,n,l(t)wl(x), i = 1, 2, 3,
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our aim is to determine the set of coefficients {Ci,n,l}nl=1, i = 1, 2, 3, such that for m = 1, 2, ..., n,

∫
Ω
∂tu

ε
1,nwmdx+

∫
Ω
A1(uε1,n,∇uε1,n)∇wmdx

+
∫

Ω
(α1,1,n∇uε1,n + α1,2,n∇uε2,n + α1,3,n∇uε3,n)∇wmdx

=
∫

Ω
(−σ(uε1,n, uε2,n, uε3,n)− µ1u

ε
1,n + f ε)wmdx,∫

Ω
∂tu

ε
2,nwmdx+

∫
Ω
A2(uε2,n,∇uε2,n)∇wmdx

+
∫

Ω
(α2,1,n∇uε1,n + α2,2,n∇uε2,n + α2,3,n∇uε3,n)∇wmdx

=
∫

Ω
(σ(uε1,n, uε2,n, uε3,n)− %uε2,n − µ2u

ε
2,n + gε)wmdx,∫

Ω
∂tu

ε
3,nwmdx+

∫
Ω
A3(uε3,n,∇uε3,n)∇wmdx

+
∫

Ω
(α3,1,n∇uε1,n + α3,2,n∇uε2,n + α3,3,n∇uε3,n)∇wmdx

=
∫

Ω
(%uε2,n − µ3u

ε
3,n + hε)wmdx,

(3.4)

Where αi,i,n = kiF
+
ε (uεi,n)+∑3

j=1,j 6=i F
+
ε (uεj,n), for i = 1, 2, 3, and with initial conditions uεi,n(x, 0) =

uεi,0,n(x) := ∑n
l=1 Ci,n,l(0)wl(x), i = 1, 2, 3. Further it should be remarked that the above form of

the basis satisfies the required boundary conditions of the approximation problem (3.3). Now,

(3.4) can be rewritten in the form

C ′1,n,m(t) = −
∫

Ω
A1(uε1,n,∇uε1,n)∇wmdx

−
∫

Ω
(α1,1,n∇uε1,n + α1,2,n∇uε2,n + α1,3,n∇uε3,n)∇wmdx

−
∫

Ω
(−σ(uε1,n, uε2,n, uε3,n)− µ1u

ε
1,n + f ε)wmdx

=: Gm
1 (t, {C1,n,l}nl=1, {C2,n,l}nl=1, {C3,n,l}nl=1),

C ′2,n,m(t) = −
∫

Ω
A2(uε2,n,∇uε2,n)∇wmdx

−
∫

Ω
(α2,1,n∇uε1,n + α2,2,n∇uε2,n + α2,3,n∇uε3,n)∇wmdx

−
∫

Ω
(σ(uε1,n, uε2,n, uε3,n)− %uε2,n − µ2u

ε
2,n + gε)wmdx

=: Gm
2 (t, {C1,n,l}nl=1, {C2,n,l}nl=1, {C3,n,l}nl=1),
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C ′3,n,m(t) = −
∫

Ω
A3(uε3,n,∇uε3,n)∇wmdx

−
∫

Ω
(α3,1,n∇uε1,n + α3,2,n∇uε2,n + α3,3,n∇uε3,n)∇wmdx

−
∫

Ω
(%uε2,n − µ3u

ε
3,n + hε)wmdx

=: Gm
3 (t, {C1,n,l}nl=1, {C2,n,l}nl=1, {C3,n,l}nl=1),

Let ρ ∈ (0, T ) and set U = [0, ρ]. Choose r > 0 large enough so that the ball Br ⊂ Rn contains

{Ci,n,l(0)}, i = 1, 2, 3; then set V = Br The components of G1 can be bounded on U × V , from

(H1−H7), we obtain

|Gm
1 (t, {C1,n,l}nl=1, {C2,n,l}nl=1, {C3,n,l}nl=1)|

≤ (
∫

Ω
|A1(

n∑
l=1

C1,n,lwl,
n∑
l=1

C1,n,l∇wl)|2dx)1/2(
∫

Ω
|∇wm|2dx)1/2

+ (k1 + 2)
ε

(
∫

Ω
|
n∑
l=1

C1,n,l∇wl|2dx)1/2(
∫

Ω
|∇wm|2dx)1/2

+ 1
ε
((
∫

Ω
|
n∑
l=1

C2,n,l∇wl|2dx)1/2

+ (
∫

Ω
|
n∑
l=1

C3,n,l∇wl|2dx)1/2(
∫

Ω
|∇wm|2dx)1/2

+ (σ1 + µ1)(
∫

Ω
|
n∑
l=1

C1,n,lwl|2dx)1/2)(
∫

Ω
|wm|2dx)1/2

+ (
∫

Ω
|f ε|2dx)1/2(

∫
Ω
|wm|2dx)1/2

≤ c(r, n)

Where the constant depends only on r and n. Similarly one can easly obtain

|Gm
2 (t, {C1,n,l}nl=1, {C2,n,l}nl=1, {C3,n,l}nl=1)| ≤ c(r, n),

|Gm
3 (t, {C1,n,l}nl=1, {C2,n,l}nl=1, {C3,n,l}nl=1)| ≤ c(r, n),

Then the standard ODE theory shows that {Ci,n,l}nl=1, i = 1, 2, 3, respectively satisfies (3.4) for
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a.e t ∈ [0, ρ′). Moreover we have

C1,n,l(t)

= C1,n,l(0) +
∫ t

0
Gl

1(τ, {C1,n,m(τ)}nm=1, {C2,n,m(τ)}nm=1, {C3,n,m(τ)}nm=1)dτ,

C2,n,l(t)

= C2,n,l(0) +
∫ t

0
Gl

2(τ, {C1,n,m(τ)}nm=1, {C2,n,m(τ)}nm=1, {C3,n,m(τ)}nm=1)dτ,

C3,n,l(t)

= C3,n,l(0) +
∫ t

0
Gl

3(τ, {C1,n,m(τ)}nm=1, {C2,n,m(τ)}nm=1, {C3,n,m(τ)}nm=1)dτ,

This proves that the functions (uε1,n, uε2,n, uε3,n) are well-defined and approximate solutions to the

problem (3.3) on [0, ρ′). Set φi,n(x, t) = ∑n
l=1 bi,n,l(t)wl(x), i = 1, 2, 3, where the coefficients bi,n,l,

i = 1, 2, 3, are absolutely continuous functions. Then, from (3.4), the approximate solutions satisfy

the weak formulation

∫
Ω
∂tu

ε
1,nφ1,ndx+

∫
Ω
A1(uε1,n,∇uε1,n)∇φ1,ndx

+
∫

Ω
(α1,1,n∇uε1,n + α1,2,n∇uε2,n + α1,3,n∇uε3,n)∇φ1,ndx

=
∫

Ω
(−σ(uε1,n, uε2,n, uε3,n)− µ1u

ε
1,n + f ε)∇φ1,ndx,∫

Ω
∂tu

ε
2,nφ2,ndx+

∫
Ω
A2(uε2,n,∇uε2,n)∇φ2,ndx

+
∫

Ω
(α2,1,n∇uε1,n + α2,2,n∇uε2,n + α2,3,n∇uε3,n)∇φ2,ndx

=
∫

Ω
(σ(uε1,n, uε2,n, uε3,n)− %uε2,n − µ2u

ε
2,n + gε)∇φ2,ndx,∫

Ω
∂tu

ε
3,nφ3,ndx+

∫
Ω
A3(uε3,n,∇uε3,n)∇φ3,ndx

+
∫

Ω
(α3,1,n∇uε1,n + α3,2,n∇uε2,n + α3,3,n∇uε3,n)∇φ3,ndx

=
∫

Ω
(%uε2,n − µ3u

ε
3,n + hε)∇φ3,ndx,

(3.5)

From now on,
∼
T is an arbitrary time in the existence interval [0, ρ′) of Faedo-Galerkin solutions.

Take φi,n = uεi,n, i = 1, 2, 3, respectively in (3.5) and using, Gronwall’s lemma,
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And Young’s inequality, we obtain

‖uεi,n‖L∞(0,
∼
T ;L2(Ω))

+ ‖uεi,n‖L2(0,
∼
T ;H1

0 (Ω))
≤ c,

‖∂tuεi,n‖L2(0,
∼
T ;H−1(Ω))

+ ‖σ(uε1,n, uε2,n, uε3,n)‖L2(QT ) ≤ c,

For some constant c > 0 and i = 1, 2, 3,. Moreover one can easily show, using similar approach of

[4] with the above estimates, the global existence of approximate solutions of the problem (3.3).

Hence, from the above arguments as n→∞, for i = 1, 2, 3, we obtain

uεi,n ⇀ uεi weakly-* in L∞(QT ),

uεi,n → uεi a.e in QT and strongly in L2(QT ),

uεi,n ⇀ uεi weakly in L2(0, T ;H1
0 (Ω)),

Ai(uεi,n,∇uεi,n) ⇀ ηi weakly in L2(QT ),

∂tu
ε
i,n ⇀ ∂tu

ε
i weakly in L2(0, T ;H−1(Ω)),

Using similar type of arguments as in [5], with the monotonicity assumption on Ai, we can show

that Ai(uεi ,∇uεi) = ηi, i = 1, 2, 3. Since the solutions uεi ∈ L2(0, T ;H1
0 (Ω)) ∩ L∞(0, T ;L2(Ω)),

i = 1, 2, 3, using the approximation problem, we conclude that uεi ∈ C([0, T ], L2(Ω)), i = 1, 2, 3.

This established the existence of weak solutions (uε1, uε2, uε3) of the regularized problem (3.3).

Lemma 3.2. Under hypotheses (H6) and (H7), the functions Tk(uεi) and ∂S(uεi)
∂t

, i = 1, 2, 3, are

bounded in L2(0, T ;H1
0 (Ω)) and L1(QT ) ∩ L2(0, T ;H−1(Ω)) respectively.

Proof. Taking Tk(uε1) as a test function in the first equation of (3.3) and integrating over

Qt = Ω× (0, t), we obtain
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∫
Qt
uε1sTk(uε1)dxds+

∫
Qt
A1(uε1,∇uε1)∇Tk(uε1)dxds

+
∫
Qt

(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3)∇Tk(uε1)dxds

=
∫
Qt

(−σ(uε1, uε2, uε3)− µ1u
ε
1 + f ε)Tk(uε1)dxds,∫

Ω

∼
T k(uε1)(t)dx+ α1

∫
Qt
|∇Tk(uε1)|2dxds

+
∫
Qt

(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3)∇Tk(uε1)dxds

≤
∫

Ω

∼
T k(uε1,0)(x)dx+

∫
Qt

(−σ(uε1, uε2, uε3)− µ1u
ε
1 + f ε)Tk(uε1)dxds

(3.6)

Similarly by considering the second and third equations of (3.3), we obtain

∫
Ω

∼
T k(uε2)(t)dx+ α2

∫
Qt
|∇Tk(uε2)|2dxds

+
∫
Qt

(α2,1∇uε1 + α2,2∇uε2 + α2,3∇uε3)∇Tk(uε2)dxds

≤
∫

Ω

∼
T k(uε2,0)(x)dx+

∫
Qt

(σ(uε1, uε2, uε3)− %uε2 − µ2u
ε
2 + gε)Tk(uε2)dxds∫

Ω

∼
T k(uε3)(t)dx+ α3

∫
Qt
|∇Tk(uε3)|2dxds

+
∫
Qt

(α3,1∇uε1 + α3,2∇uε2 + α3,3∇uε3)∇Tk(uε3)dxds

≤
∫

Ω

∼
T k(uε3,0)(x)dx+

∫
Qt

(%uε2 − µ3u
ε
3 + hε)Tk(uε3)dxds

(3.7)

Summing the above three inequalities and using the Young’s inequality, the properties of the

functions f ε, gε, hε, uεi,0(x), i = 1, 2, 3, σ(uε1, uε2, uε3), (3.4), the boundedness of approximate solutions

with the definition of the functions
∼
T k(uεi), i = 1, 2, 3, we have

∫
Qt
|∇Tk(uεi)|2dxds ≤ c, (3.8)

For i = 1, 2, 3, and any constant c > 0. This proves that Tk(uεi), i = 1, 2, 3, are bounded in

L2(0, T ;H1
0 (Ω)). Now, multiplying the first equation of (3.3) by S ′(uε1), we obtain
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∂S(uε1)
∂t

= div(S ′(uε1)A1(uε1,∇uε1))− S ′′(uε1)A1(uε1,∇uε1)∇uε1

+ div(S ′(uε1)(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3))

− S ′′(uε1)(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3)∇uε1

+ S ′(uε1)(−σ(uε1, uε2, uε3)− µ1u
ε
1 + f ε).

(3.9)

This may be rewritten in thr following way by using the definition of Tk(uεi), i = 1, 2, 3,

∂S(uε1)
∂t

= div(S ′(uε1)A1(Tk(uε1),∇Tk(uε1)))− S ′′(uε1)A1(Tk(uε1),∇Tk(uε1))∇Tk(uε1)

+ div(S ′(uε1)((k1F
+
ε (Tk(uε1)) + F+

ε (Tk(uε2)) + F+
ε (Tk(uε3)))∇Tk(uε1)

+ F+
ε (Tk(uε1))∇Tk(uε2) + F+

ε (Tk(uε1))∇Tk(uε3)))− S ′′(uε1)((k1F
+
ε (Tk(uε1))

+ F+
ε (Tk(uε2)) + F+

ε (Tk(uε3)))∇Tk(uε1) + F+
ε (Tk(uε1))∇Tk(uε2)

+ F+
ε (Tk(uε1))∇Tk(uε3))∇Tk(uε1)

+ (−σ(Tk(uε1), Tk(uε2), Tk(uε3))− µ1Tk(uε1) + f ε)S ′(uε1).

(3.10)

For any S ∈ C∞(R) with supp S ′ compact,(3.10) shows that ∂S(uε1)
∂t

is bounded in L11(QT ) ∩

L2(0, T ;H−1(Ω)), from the result (3.8). Similar arguments on ∂S(uε1)
∂t

, i = 1, 2, 3, proves the desired

result. This completes the proof.

Lemma 3.3. The solutions (uε1, uε2, uε3) of the regularized problem (3.3) are non negative.

Proof. To prove the non-negativity of the solutions, we consider u−εi = sup(−uεi , 0), i = 1, 2, 3.

Now, multipliying the first equation of (3.3) by −Tk(u−ε1 ) and integrating over Ω, we obtain

d

dt

∫
Ω

∼
T k(u−ε1 )(t)dx+

∫
Ω
A1(u−ε1 ,∇u−ε1 )∇Tk(u−ε1 )dx+

∫
Ω

((k1F
+
ε (u−ε1 ) + F+

ε (u−ε2 )

+ F+
ε (u−ε3 ))∇u−ε1 + F+

ε (u−ε1 )∇u−ε2 + F+
ε (u−ε1 )∇u−ε3 )∇Tk(u−ε1 )dx

=
∫

Ω
(−σ(u−ε1 , u−ε2 , u−ε3 )− µ1u

ε
1 + f ε)− µ1u

ε
1 + f ε)

d

dt

∫
Ω

∼
T k(u−ε1 )(t)dx+ α1

∫
Ω
|∇Tk(u−ε1 )|2dx+

∫
Ω

((k1F
+
ε (u−ε1 ) + F+

ε (u−ε2 )

+ F+
ε (u−ε3 ))∇u−ε1 + F+

ε (u−ε1 )∇u−ε2 + F+
ε (u−ε1 )∇u−ε3 )∇Tk(u−ε1 )dx
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≤
∫

Ω
(σ(u−ε1 , u−ε2 , u−ε3 ) + µ1u

ε
1 + f ε)Tk(u−ε1 )dx.

By considering −Tk(u−ε2 ),−Tk(u−ε3 ) respectively as the test functions of the other two equations of

(3.3), the definition of the functions σ(uε1, uε2, uε3), f ε, gε, hε, and finally from the non-negativity of

the terms of the LHS in resulting inequalities, we obtain

d

dt

∫
Ω

∼
T k(u−εi )(t)dx ≤ 0, for i = 1, 2, 3.

The non-negativity of the initial conditions u−εi,0 , i = 1, 2, 3, with the above inequalities prove the

non-negativity of the solutions (uε1, uε2, uε3).

Definition 3.3. Let us define the Lipschitz continuous function

Θn(z) = Tn+1(z)− Tn(z) =


0 if |z| ≤ n,

(|z| − n)sgn(z) if n ≤ |z| ≤ n+ 1,

sgn(z) if |z| ≥ n+ 1.

Remark 3.2. From the above definition, one can easily understand that the function Θ(z) satisfies

‖Θ(z)‖L∞(R) ≤ 1, for any n ≥ 1 and Θ(z)→ 0, for any z when n→∞.

3.4 Passage to the limit

Lemma 3.4. The Lipschitz continuous function Θn(ui), i = 1, 2, 3, for some n > 0 and ε > 0

satisfies

lim
n→∞

lim sup
ε→0

∫ t

0

∫
(n≤|uεi |≤n+1

Ai(uεi ,∇uεi)∇uεi dxds = 0

And Θn(ui)→ 0, for i = 1, 2, 3, strongly in L2(0, T ;H1
0 (Ω)) as n→∞.

Proof. Using Θn(uεi) as a test function in the first equation of (3.3) and integrating over Ω
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and then over (0, t), we have

∫
Ω

∼
Θn(uε1)(t)dx+

∫
QT
A1(uε1,∇uε1)∇θn(uε1) dxds

+
∫
QT

(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3)∇Θn(uε1) dxds

=
∫
QT

(−σ(uε1, uε2, uε3)− µ1u
ε
1 + f ε)Θn(uε1) dxds+

∫
Ω

∼
Θn(uε1,0(x))dx,

(3.11)

For almost all t in (0, T ) and ε < 1
n+1 . Since

∼
Θn(uε1) ≥ 0, i = 1, 2, 3, for all x ∈ Ω, by taking in

account of (3.4), we obtain the inequality

∫
QT
A1(uε1,∇uε1)∇Θn(uε1) dxds

≤
∫
QT

(σ(uε1, uε2, uε3) + µ1u
ε
1 + f ε)Θn(uε1) dxds+

∫
Ω

∼
Θn(uε1,0(x))dx,

(3.12)

For all t in (0, T ) and ε < 1
n+1 . For any subsequences uεi( still denoted by uεi , i = 1, 2, 3), Lemma

3.2 shows that

(uε1, uε2, uε3)→ (u1, u2, u3) a.e in QT ,

Tk(uεi) ⇀ Tk(ui) weakly in L2(0, T ;H1
0 (Ω)), i = 1, 2, 3,

Θn(uεi) ⇀ Θn(ui) weakly in L2(0, T ;H1
0 (Ω)), i = 1, 2, 3,

(3.13)

as ε→ 0 for any k > 0 and n ≥ 1. From (H2),

|Ai(Tk(uεi),∇Tk(uεi))| ≤ Ck(x, t) + βk|∇Tk(uεi)|, i = 1, 2, 3,

Where Ck ∈ L2(QT ). It shows that Ai(Tk(uεi),∇Tk(uεi)), i = 1, 2, 3, is bounded inL2(QT ). Therfore,

Ai(Tk(uεi),∇Tk(uεi)) ⇀ ηi,k weakly in L2(QT ), i = 1, 2, 3, (3.14)
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as ε→ 0 where ηi,k ∈ L2(QT ), i = 1, 2, 3. From (3.6), (3.7) with Lemma 3.2 we obtain

3∑
i=1

∫
Ω

∼
T k(uεi)(t)dx ≤

∫
QT

(σ(uε1, uε2, uε3) + µ1u
ε
1 + f ε)Tk(uε1)dxds

+
∫
QT

(σ(uε1, uε2, uε3) + µ1u
ε
1 + f ε)Tk(uε1)dxds

+
∫
QT

(%uε2 + µ3u
ε
3 + hε)Tk(uε3)dxds+

3∑
i=1

∫
Ω

∼
T k(uεi,0(x))dx.

Using the boundedness of the solutions (uε1, uε2, uε3), Lemma 3.2, the properties of

σ(uε1, uε2, uε3), f ε, gε, hε, and Young’s inequality, we obtain

3∑
i=1

∫
Ω

∼
T k(uεi)(t)dx

≤ Ck + k(‖f ε‖L2(QT ) + ‖gε‖L2(QT ) + ‖hε‖L2(QT ) +
3∑
i=1
‖ui,0(x)‖L2(Ω)),

where Ck is a constant independent of ε. Taking lim inf as ε tends to zero in the above estimate

and using (3.13) and Lemma 3.2, we obtain

3∑
i=1

∫
Ω

∼
T k(ui)(t)dx

≤ Ck + k(‖f‖L1(QT ) + ‖g‖L1(QT ) + ‖h‖L1(QT ) +
3∑
i=1
‖ui,0(x)‖L1(Ω)),

By using the definition of
∼
T k(ui), we deduce that

3∑
i=1

k
∫

Ω
|ui(x, t)|dx ≤ Ck + k2

2 meas(Ω) + k(‖f‖L1(QT ) + ‖g‖L1(QT )

+ ‖h‖L1(QT ) +
3∑
i=1
‖ui,0(x)‖L1(Ω)),

(3.15)

For almost all t in (0, T ). This proves that ui ∈ L∞(0, T ;L1(Ω)), i = 1, 2, 3. Now equation (3.12)

with (3.13) proves that
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∫
Qt
A1(uε1,∇uε1)∇Θn(uε1)dxds

≤
∫
Qt

(σ(uε1, uε2, uε3) + µ1u1 + f)Θn(u1)dxds+
∫

Ω

∼
Θn(u1,0(x))dx.

(3.16)

Using (H1),∇Θn(uε1) = χ{n≤|uε1|≤n+1}∇uε1 and the weak convergence in (3.13), we obtain

α1

∫
Qt
|∇Θn(u1)|2dxds

≤
∫
Qt

(σ(uε1, uε2, uε3) + µ1u1 + f)Θn(u1)dxds+
∫

Ω

∼
Θn(u1,0(x))dx.

(3.17)

Since Θn(u1) → 0, as n → ∞ shows that Θn(u1) → 0, weakly in L2(0, T ;H1
0 (Ω)). This leads to

the right-hand side of each term of (3.17), that is,

∫
Qt

(σ(uε1, uε2, uε3)Θn(u1)dxds→ 0,
∫
Qt
µ1u1Θn(u1)dxds→ 0,

∫
Qt
fΘn(u1)dxds→ 0,

as n → ∞ and ‖Θn(u1,0)‖L1(Ω) ≤ ‖u1,0‖L1(Ω) impliying that
∫

Ω
∼
Θn(u1,0)dx → 0 as n → ∞ which

follows from the Lebesgue convergence theorem. Hence, passing to the lim inf in (3.16) and (3.17),

we obtain

lim
n→∞

lim sup
ε→0

∫ t

0

∫
{n≤|uε1|≤n+1}

A1(uε1,∇uε1)∇Θn(uε1)dxds→ 0,

Θn(u1) → 0, strongly in L2(0, T ;H1
0 (Ω)) as n → ∞. Similarly, by considering Θn(uε2),Θn(uε3)

respectively test functions in the second and third equations of (3.3) and by adopting the above

type of arguments to prove that for i = 1, 2, 3,

lim
n→∞

lim sup
ε→0

∫ t

0

∫
{n≤|uεi |≤n+1}

Ai(uεi ,∇uεi)∇Θn(uεi)dxds→ 0,

Θn(ui)→ 0, strongly in L2(0, T ;H1
0 (Ω)) as n→∞.

(3.18)

This proves the desired result of the Lemma.
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Definition 3.4. We define the time regularization of the function, for i = 1, 2, 3, by

(Tk(ui))γ = γ
∫ t

−∞
eγ(s−t)Tk(ui(x, s))ds,

Where ui(x, s) =


ui(x, s) if s > 0,

ui,0(x) if s < 0.
Let us consider the unique solution (Tk(ui))γ ∈ L∞(QT )∩L2(0, T ;H1

0 (Ω)) of the monotone problem

∂

∂t
(Tk(ui))γ + γ(Tk(ui))γ − Tk(ui)) = 0 in QT ,

(Tk(ui(x, 0)))γ = (Tk(ui,0(x)) in Ω,
(3.19)

for γ > 0 and k > 0. From (3.19) and Lemma 3.2, we have ∂
∂t

(Tk(ui))γ ∈ L2(0, T ;H1
0 (Ω)).

Remark 3.3. For i = 1, 2, 3, we have (Tk(ui))γ → Tk(ui)) a.e in QT , weak-* in L∞(QT ) and

strongly in L2(0, T ;H1
0 (Ω)) as γ →∞ and also

‖(Tk(ui))γ‖L∞(QT ) ≤ max(‖Tk(ui))‖L∞(QT ), ‖Tk(ui,0))‖L∞(Ω)) ≤ k

for any γ > 0 and k ≥ 0.

Lemma 3.5. Let k ≥ 0 be fixed and S be an increasing C∞(R) function such that S(z) = z for

|z| ≤ k with suppS ′ compact. Then, for i = 1, 2, 3,

lim
n→∞

lim sup
ε→0

∫ T

0

∫
Qt

∂S(uεi)
∂t

(Tk(uεi)− (Tk(ui))γ)dxdsdt ≥ 0.

The proof of the above Lemma is similar to that of the Lemma in [7], and is omitted here.

Lemma 3.6. For i = 1, 2, 3, ηi,k, as defined in (3.14), the subsequences uεi (still denoted by uεi)

satisfy

lim sup
ε→0

∫ T

0

∫
Qt
Ai(Tk(uεi),∇Tk(uεi))∇Tk(uεi)dxdsdt

≤
∫ T

0

∫
Qt
ηi,k∇Tk(ui)dxdsdt.

(3.20)
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Proof. Let Sn be a sequence of increasing C∞(R) functions such that

Sn(z) = z, for |z| ≤ n,

suppS ′n ⊂ [− (n+ 1), (n+ 1)], ‖S ′′n‖∞L (R) ≤ 1.
(3.21)

Multiply the first equation of (3.3) by S ′n(uε1) to obtain

∂Sn(uε1)
∂t

= div(S ′n(uε1)A1(uε1,∇uε1))− S ′′n(uε1)A1(uε1,∇uε1)∇uε1

+ div(S ′n(uε1)(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3))

− S ′′n(uε1)(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3)∇uε1

+ S ′n(uε1)(−σ(uε1, uε2, uε3)− µ1u
ε
1 + f ε).

(3.22)

From (3.22), we understand that ∂Sn(uε1)
∂t

∈ L1(QT ) +L2(0, T ;H−1(Ω)). For fixed k > 0, γ > 0, and

ε > 0, we set

W ε
i,γ = Tk(uεi)− (Tk(ui))γ, i = 1, 2, 3. (3.23)

Multipliying,(3.22) by W ε
i,γ and integrating over Qt × (0, T ), we obtain

∫
Q

∂Sn(uε1)
∂t

W ε
1,γ dxdsdt = I1 + I2 + I3 + I4 + I5, (3.24)

Where

I1 = −
∫
Q
S ′n(uε1)A1(uε1,∇uε1)∇W ε

1,γ dxdsdt,

I2 = −
∫
Q
S ′′n(uε1)A1(uε1,∇uε1)∇uε1W ε

1,γ dxdsdt,

I3 = −
∫
Q
S ′n(uε1)(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3)∇W ε

1,γ dxdsdt,

I4 = −
∫
Q
S ′′n(uε1)(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3)∇uε1W ε

1,γ dxdsdt,

I5 =
∫
Q
S ′n(uε1)(−σ(uε1, uε2, uε3)− µ1u

ε
1 + f ε)W ε

1,γ dxdsdt,

Where Q = Qt × (0, T ). By (3.23) for fixed γ > 0,W ε
i,γ ⇀ Tk(ui)− (Tk(ui))γ, i = 1, 2, 3, weakly in

L2(0, T ;H1
0 (Ω)) as ε > 0. By Remark 3.3, we conclude that ‖W ε

i,γ‖L∞(QT ) ≤ 2k, for any ε > 0
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and γ > 0. This boundedness of W ε
1,γ shows that for fixed γ > 0,W ε

i,γ ⇀ Tk(ui)− (Tk(ui))γ,

i = 1, 2, 3, a.e in QT and L∞(QT ) weak* as ε > 0.

By the definition of Sn, we have supp S ′′n ⊂ [−(n+ 1), (n+ 1)] ∪ [n, (n+ 1)], for any n ≥ 1.

As a consequence

|I2| ≤ T‖S ′′‖L∞(R)‖W ε
i,γ‖L∞(QT )

∫
{(x,t);n≤|uε1|≤n+1}

A1(uε1,∇uε1)∇uε1 dxds,

for any n ≥ 1, ε ≤ 1
n+1 and γ > 0. From ‖W ε

1,γ‖L∞(QT ) ≤ 2k and (3.21), we easily obtain

lim sup
γ→∞

lim sup
ε→0

|I2| ≤ c lim sup
ε→0

∫
{(x,t);n≤|uε1|≤n+1}

A1(uε1,∇uε1)∇uε1 dxds,

for any n ≥ 1, where the constant c depends on T and k. Hence, by Lemma 3.4, we achieve that

lim
n→∞

lim sup
γ→∞

lim sup
ε→0

∫
Q
S ′′n(uε1)A1(uε1,∇uε1)∇uε1W ε

1,γ dxdsdt = 0. (3.25)

For some n ≥ 1, I3 can be rewritten as

I3 =
∫
Q
S ′n(uε1)((k1F

+
ε (Tn+1(uε1)) + F+

ε (Tn+1(uε2)) + F+
ε (Tn+1(uε3))∇Tn+1(uε1)

+ F+
ε (Tn+1(uε1))∇Tn+1(uε2) + F+

ε (Tn+1(uε1))∇Tn+1(uε3))∇W ε
1,γ dxdsdt,

a.e in QT . Since supp S ′n ⊂ [−(n + 1), (n + 1)], for i = 1, 2, 3, the definition of F+
ε (uεi) andthe

results (3.13) lead to S ′n(uε1)F+
ε (Tn+1(uεi)) → S ′n(u1)Tn+1(ui) a.e in QT and in L∞(QT ) weak* as

ε→ 0. This proves

lim
ε→0

I3

=
∫
Q
S ′n(u1)((k1Tn+1(u1) + Tn+1(u2) + Tn+1(u3))∇Tn+1(u1)

+ Tn+1(u1)∇Tn+1(u2) + Tn+1(u1)∇Tn+1(u3))(∇Tk(u1)−∇(Tk(u1))γ)dxdsdt,
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for any γ > 0. By using the remark 3.3, this leads to

lim
γ→∞

lim
ε→0

∫
Q
S ′n(uε1)(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3)∇W ε

1,γ dxdsdt = 0. (3.26)

Similarly, we can show that

lim
γ→∞

lim
ε→0

∫
Q
S ′′n(uε1)(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3)∇uε1W ε

1,γ dxdsdt = 0,

lim
γ→∞

lim
ε→0

∫
Q
S ′n(uε1)(σ(uε1, uε2, uε3) + µ1u

ε
1)W ε

1,γ dxdsdt = 0.
(3.27)

Since fS ′n(uε1) ∈ L1(QT ), (3.13) and Remark 3.3 lead to

lim
γ→∞

lim
ε→0

∫
Q
f εS ′n(uε1)W ε

1,γ dxdsdt = 0. (3.28)

Consequently, from Lemma 3.5 and the definition of W ε
1,γ, we have

lim
γ→∞

lim
ε→0

∫
Q

∂Sn(uε1)
∂t

W ε
1,γ dxdsdt ≥ 0 for any n ≥ k. (3.29)

It is easy to understand that, from (3.25)− (3.28) along with (3.24) and (3.29), we obtain

lim
γ→∞

lim
ε→0

I1 = lim
γ→∞

lim
ε→0

∫
Q
S ′n(uε1)A1(uε1,∇uε1)∇W ε

1,γ dxdsdt ≤ 0. (3.30)

Since

S ′n(uε1)A1(uε1,∇uε1)∇Tk(uε1) = A1(uε1,∇uε1)∇Tk(uε1)

for k ≤ 1
ε

and k ≤ n because of the definition of Sn and from (3.30), we obtain

lim sup
ε→0

∫
Q
A1(uε1,∇uε1)∇Tk(uε1)dxdsdt

≤ lim
γ→∞

lim
ε→0

∫
Q
S ′n(uε1)A1(uε1,∇uε1)∇(Tk(uε1))γ dxdsdt for k ≤ n.
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For ε ≤ 1/(n+ 1), we know that

S ′n(uε1)A1(uε1,∇uε1) = S ′n(uε1)A1(Tn+1(uε1),∇Tn+1(uε1))

a.e in Q. Due to (3.14), we have S ′n(uε1)A1(Tn+1(uε1),∇Tn+1(uε1)) ⇀ S ′n(u1)η1,n+1 weakly in L2(QT )

as ε→ 0. This help us to prove that, for any n ≤ 1,

lim
γ→∞

lim
ε→0

∫
Q
S ′n(uε1)A1(uε1,∇uε1)∇(Tk(uε1))γ dxdsdt

=
∫
Q
S ′n(u1)η1,n+1∇Tk(u1)dxdsdt

=
∫
Q
η1,n+1∇Tk(u1)dxdsdt.

(3.31)

For any k ≤ n, we have

A1(Tn+1(uε1),∇Tn+1(uε1))χ(|uε1|≤k) = A1(Tk(uε1),∇Tk(uε1))χ(|uε1|≤k) a.e in QT .

The above equation with (3.13) and (3.14) implies that η1,n+1χ(|uε1|≤k) = η1,kχ(|uε1|≤k) a.e in

QT − {|uε1| = k} for k ≤ n as ε→ 0. Therfore, (3.31) becomes

lim sup
ε→0

∫
Q
A1(Tk(uε1),∇Tk(uε1))∇Tk(uε1)dxdsdt =

∫
Q
η1,k∇Tk(u1)dxdsdt.

Similar arguments as we used to obtain the previous equation lead to, for i = 1, 2, 3,

lim sup
ε→0

∫
Q
Ai(Tk(uεi),∇Tk(uεi))∇Tk(uεi)dxdsdt =

∫
Q
ηi,k∇Tk(ui)dxdsdt.

This completes the proof of the Lemma.

Lemma 3.7. For any k > 0 and i = 1, 2, 3, we have

lim sup
ε→0

∫
Q

[Ai(Tk(uεi),∇Tk(uεi))− Ai(Tk(uεi),∇Tk(ui))]

× [∇Tk(uεi)−∇Tk(ui)] dxdsdt = 0.
(3.32)
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Proof. The monotone assumption (H3) shows that, for i = 1, 2, 3,

lim sup
ε→0

∫
Q

[Ai(Tk(uεi),∇Tk(uεi))− Ai(Tk(uεi),∇Tk(ui))]

× [∇Tk(uεi)−∇Tk(ui)] dxdsdt ≥ 0
(3.33)

for any k ≥ 0. We remark that (H2) and first result of (3.13) implies that

Ai(Tk(uεi),∇Tk(ui))→ Ai(Tk(ui),∇Tk(ui)),

a.e in QT as ε → 0 and that Ai(Tk(uεi),∇Tk(ui)) ≤ Ck(x, t) + βk|∇Tk(ui)| a.e. in QT , uniformly

with respect to ε. Then, by Lemma 3.6, (3.13) and (3.14), we have, for i = 1, 2, 3,

lim sup
ε→0

∫
Q

[Ai(Tk(uεi),∇Tk(uεi))− Ai(Tk(uεi),∇Tk(ui))]

× [∇Tk(uεi)−∇Tk(ui)] dxdsdt = 0

This completes the proof.

Lemma 3.8. For fixed k ≥ 0 and i = 1, 2, 3, we have

ηi,k = Ai(Tk(ui),∇Tk(ui)) a.e in QT ,

Ai(Tk(uεi),∇Tk(uεi))∇Tk(uεi) ⇀ Ai(Tk(ui),∇Tk(ui))∇Tk(ui) weakly in L1(QT ).

Proof. For any k > 0 and 0 < ε < 1
k
, from Lemma 3.6, convergence (3.13) implies that, for

i = 1, 2, 3,

lim sup
ε→0

∫
Q
Ai(Tk(uεi),∇Tk(uεi))∇Tk(uεi)dxdsdt =

∫
Q
ηi,k∇Tk(ui)dxdsdt

Using Minty’s type arguments and (3.13), (3.14), from the above equation we obtain

Ak(Tk(ui),∇Tk(ui)) = ηi,k, for i = 1, 2, 3, and any k ≥ 0. This proves the first result of the

present Lemma.
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For any k ≥ 0, T ′ < T, Lemma 3.7 shows that, for i = 1, 2, 3,

[Ai(Tk(uεi),∇Tk(uεi))− Ai(Tk(uεi),∇Tk(ui))] [∇Tk(uεi)−∇Tk(ui)]→ 0

Strongly in L1(Ω × (0, T ′)), as ε → 0. By (3.13) and with the first result of this Lemma, for

i = 1, 2, 3, we obtain

Ai(Tk(uεi),∇Tk(uεi))∇Tk(ui) ⇀ Ai(Tk(ui),∇Tk(ui))∇Tk(ui) weakly in L1(QT ),

Ai(Tk(uεi),∇Tk(ui))∇Tk(uεi) ⇀ Ai(Tk(ui),∇Tk(ui))∇Tk(ui) weakly in L1(QT ),

Ai(Tk(uεi),∇Tk(ui))∇Tk(ui)→ Ai(Tk(ui),∇Tk(ui))∇Tk(ui) strongly in L1(QT ),

as ε→ 0. Hence

Ai(Tk(uεi),∇Tk(uεi))∇Tk(uεi) ⇀ Ai(Tk(ui),∇Tk(ui))∇Tk(ui)

Weakly in L1(Ω × (0, T ′)), for any T ′ < T as ε → 0. According to the definition of the function

Ai(s, ς) and f, g, h, the assummptions hold true for all time T. Hence

Ai(Tk(uεi),∇Tk(uεi))∇Tk(uεi) ⇀ Ai(Tk(ui),∇Tk(ui))∇Tk(ui)

weakly in L1(QT ) holds.

Lemma 3.9. For any n ≥ 0, and i = 1, 2, 3,

∫
{(x,t)∈QT ;n≤|ui|≤n+1}

Ai(ui,∇ui)∇ui dxdt→ 0 as n→∞.
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Proof. For i = 1, 2, 3,

lim
ε→0

∫
{(x,t)∈QT ;n≤|ui|≤n+1}

Ai(uεi ,∇uεi)∇uεi dxdt

= lim
ε→0

∫
Q
Ai(uεi ,∇uεi)∇(Tn+1(uεi)− Tn(uεi))dxdt

=
∫
QT
Ai(ui,∇ui)∇Tn+1(ui)dxdt−

∫
QT
Ai(ui,∇ui)∇Tn(ui)dxdt

=
∫
{(x,t)∈QT ;n≤|ui|≤n+1}

Ai(ui,∇ui)∇ui dxdt for any n ≥ 0.

Using Lemma 3.4 and from the above equality, we have

∫
{(x,t)∈QT ;n≤|ui|≤n+1}

Ai(ui,∇ui)∇ui dxdt→ 0 as n→∞.

This completes the proof.

3.5 Existence of Renormalized Solutions

Proof of the Theorem 3.1 From system (3.3), we have

∂S(uε1)
∂t

− div(S ′(uε1)A1(uε1,∇uε1)) + S ′′(uε1)A1(uε1,∇uε1)∇uε1

− div(S ′(uε1)(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3))

+ S ′′(uε1)(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3)∇uε1

= (−σ(uε1, uε2, uε3)− µ1u
ε
1 + f ε)S ′(uε1),

∂S(uε2)
∂t

− div(S ′(uε2)A2(uε2,∇uε2)) + S ′′(uε2)A2(uε2,∇uε2)∇uε2

− div(S ′(uε2)(α2,1∇uε1 + α2,2∇uε2 + α2,3∇uε3))

+ S ′′(uε2)(α2,1∇uε1 + α2,2∇uε2 + α2,3∇uε3)∇uε2

= (σ(uε1, uε2, uε3)− %uε2 − µ2u
ε
2 + gε)S ′(uε2),
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∂S(uε3)
∂t

− div(S ′(uε3)A3(uε3,∇uε3)) + S ′′(uε3)A3(uε3,∇uε3)∇uε3

− div(S ′(uε3)(α3,1∇uε1 + α3,2∇uε2 + α3,3∇uε3))

+ S ′′(uε3)(α3,1∇uε1 + α3,2∇uε2 + α3,3∇uε3)∇uε3

= (%uε2 − µ3u
ε
3 + hε)S ′(uε3),

Since S is a bounded and continuous function with supp S ′ ⊂ [−k, k], using the boundedness of

S ′′(ui), i = 1, 2, 3, along with the results (3.13), (3.14), using the hypotheses (H5), (H6), (H7) and

the Lemma 3.8, 3.9, we conclude that the equations (3.2) of Definition 3.1 hold. By Lemma 3.2

and Aubin type Lemma, we obtain that S(uεi(x, 0)) = S(uεi,0(x)), i = 1, 2, 3, converges to S(uεi,0(x))

strongly in H−1,s(Ω), where s < inf(2, N
N−1). Then (H4), (H7) and the smoothness of S prove the

strong convergence in L1(Ω). Hence we conclude that S(ui(x, 0)) = S(ui,0(x)), i = 1, 2, 3. This

establishes the existence of renormalized solutions of the reaction-diffusion system (3.1).

3.6 Existence of entropy Solutions

Proof of the theorem 3.2 Take Tk(uεi − φi), i = 1, 2, 3, as the test functions, respectively in the

equations (3.2) and for k > 0, φi ∈ C ′(QT ) with φi = 0, i = 1, 2, 3, in ∑
T . Now, integrating the

equation (3.2) over QT , we obtain

∫ T

0
〈uε1t, Tk(uε1 − φ1)〉dt+

∫
QT
A1(uε1,∇uε1)∇Tk(uε1 − φ1)dxdt

+
∫
QT

(α1,1∇uε1 + α1,2∇uε2 + α1,3∇uε3)∇Tk(uε1 − φ1)dxdt

=
∫
QT

(−σ(uε1, uε2, uε3)− µ1u
ε
1 + f ε)Tk(uε1 − φ1)dxdt,∫ T

0
〈uε2t, Tk(uε2 − φ2)〉dt+

∫
QT
A2(uε2,∇uε2)∇Tk(uε2 − φ2)dxdt

+
∫
QT

(α2,1∇uε1 + α2,2∇uε2 + α2,3∇uε3)∇Tk(uε2 − φ2)dxdt

=
∫
QT

(σ(uε1, uε2, uε3)− %uε2 − µ2u
ε
2 + gε)Tk(uε2 − φ2)dxdt,

(3.34)
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∫ T

0
〈uε3t, Tk(uε3 − φ3)〉dt+

∫
QT
A3(uε3,∇uε3)∇Tk(uε3 − φ3)dxdt

+
∫
QT

(α3,1∇uε1 + α3,2∇uε2 + α3,3∇uε3)∇Tk(uε3 − φ3)dxdt

=
∫
QT

(%uε2 − µ3u
ε
3 + hε)Tk(uε3 − φ3)dxdt,

Note that, if L = k + ‖φ1‖L∞(QT ) and uε1t = (uε1 − φ1)t + φ1t; we have

∫
QT
A1(uε1,∇uε1)∇Tk(uε1 − φ1)dxdt

=
∫
QT
A1(TL(uε1),∇TL(uε1))∇Tk(uε1 − φ1)dxdt.∫ T

0
〈uε1t, Tk(uε1 − φ1)〉dt

=
∫

Ω

∼
T k(uε1 − φ1)(T )dx−

∫
Ω

∼
T k(uε1 − φ1)(0)dx

+
∫ T

0
〈φ1t, Tk(TL(uε1)− φ1)〉dt.

(3.35)

From (3.35), the first equation of (3.34) can be re-written as

∫
Ω

∼
T k(uε1 − φ1)(T )dx−

∫
Ω

∼
T k(uε1 − φ1)(0)dx+

∫ T

0
〈φ1t, Tk(TL(uε1)− φ1)〉dt

+
∫
QT
A1(TL(uε1),∇TL(uε1))∇Tk(TL(uε1)− φ1)dxdt

+
∫
QT

(α1,1∇TL(uε1) + α1,2∇TL(uε2) + α1,3∇TL(uε3))∇Tk(TL(uε1)− φ1)dxdt

=
∫
QT

(−σ(uε1, uε2, uε3)− µ1u
ε
1 + f ε)Tk(uε1 − φ1)dxdt.

Using the fect that
∼
T k is Lipschitz continuous, (H7) and tha results (3.13), we obtain

∫
Ω

∼
T k(uε1 − φ1)(T )dx→

∫
Ω

∼
T k(u1 − φ1)(T )dx,

∫
Ω

∼
T k(uε1 − φ1)(0)dx→

∫
Ω

∼
T k(u1 − φ1)(0)dx, as ε→ 0.
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Finally, by considering the strong convergence of f ε, (3.13), (3.14), and the definition of σ(uε1, uε2, uε3)

and the Lemma 3.8, we obtain the following result by extracting the limit as ε→ 0

∫
Ω

∼
T k(u1 − φ1)(T )dx−

∫
Ω

∼
T k(u1 − φ1)(0)dx+

∫ T

0
〈φ1t, Tk(u1 − φ1)〉dt

+
∫
QT
A1(u1,∇u1)∇Tk(u1 − φ1)dxdt

+
∫
QT

((k1u1 + u2 + u3)∇u1 + u1∇u2 + u1∇u3)∇Tk(u1 − φ1)dxdt

=
∫
QT

(−σ(u1, u2, u3)− µ1u1 + f)Tk(u1 − φ1)dxdt.

(3.36)

Similar arguments on the other two equations of the (3.34) lead to

∫
Ω

∼
T k(u2 − φ2)(T )dx−

∫
Ω

∼
T k(u2 − φ2)(0)dx+

∫ T

0
〈φ2t, Tk(u2 − φ2)〉dt

+
∫
QT
A2(u2,∇u2)∇Tk(u2 − φ2)dxdt+

∫
QT

((u1 + k2u2 + u3)∇u2 + u2∇u1

+ u2∇u3)∇Tk(u2 − φ2)dxdt

=
∫
QT

(σ(u1, u2, u3)− %u2 − µ2u2 + g)Tk(u2 − φ2)dxdt,∫
Ω

∼
T k(u3 − φ3)(T )dx−

∫
Ω

∼
T k(u3 − φ3)(0)dx+

∫ T

0
〈φ3t, Tk(u3 − φ3)〉dt

+
∫
QT
A3(u3,∇u3)∇Tk(u3 − φ3)dxdt+

∫
QT

((u1 + u2 + k3u3)∇u3 + u3∇u1

+ u3∇u2)∇Tk(u3 − φ3)dxdt

=
∫
QT

(%u2 − µ3u3 + h)Tk(u3 − φ3)dxdt,

for all k > 0 and for i = 1, 2, 3, φi ∈ C ′(QT ) with φi = 0 in ∑
T . This completes the existence of

entropy solutions of the system (3.1)
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[12] H. Brézis. Functional Analysis, Sobolev Spaces and Partial Differential Equations. Springer,

New York, 2011.
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Abstract

In this work, we study the existence of renormalized and entropy (weak) solutions of nonlinear

parabolic system defined by

∂u1

∂t
− div(A1(u1,∇u1)− div(k1u1 + f(u)) = −σ(u1, u2, u3)− µ1u1 + f in QT

The same equations with u2 and u3. The method of solving our problem consist of obtaining local

estimates for suitable approximate problems and then passing to the limit.

This problem is taken from the article [18], that is published in 2013. Which will be used in

detailed proofs.

Résumé
Dans ce travail, nous étudions l’éxistence de la solution entropique et renormalisation (faible) d’un

system parabolique non linéaire défini par

∂u1

∂t
− div(A1(u1,∇u1)− div(k1u1 + f(u)) = −σ(u1, u2, u3)− µ1u1 + f dans QT

Les mêmes équations avec u2 et u3. La méthode de résolution de notre problème consiste à obtenir

des estimations locales pour des problèmes approximatifs appropriés puis à passer à la limite.

Ce problème est pris à partir de l’article [18], qui est publié dans 2013. Qui sera utilisé dans les

preuves détaillées.
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