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Notation

We introduce the necessary notations and definition which are used in the sequel..

H Hilbert space.

E Banach space.

X' The dual topology X.

Q Open set of R.

LP(Q) = {u : 0 — R mesurable : [, |ulPdz < oo with 1 <p < o0, }
lullee = (Jo lu(x)Pdz)”.

L>*(Q)  ={u:Q — R mesurable and 3C : |u(x)| < C a.e in Q}.

|| w|| Lo =inf{C : Ju(z)| < C a.ein Q}.

C () Continuous function space in €.

D(A) Domain of definition of a bounded operator A.
< .,.>  Define a scalar product.
L(X,Y) Set of continuous linear applications.

a.e. Almost everywhere.

RY Euclidean space of dimension N, where N is a nonzero natural number.
x Vector in RN,z = (21, 29, ..., 7n),2; ER, 1 <4 < N.

dx Lebesgue measure in N-dimensional space.

00 =1 boundary of Q.

|E| Or mes(E) measure of the set E.

|| Hilbert norm .

XE Characteristic function of set F.

ou

Outward normal derivative.

fan— f  Denotes that the sequence {f,} converge to f .

fn— f  Denotes that the sequence {f,} converge weakly to f.
Supp ©v  Support of the function wu.

Jo f(x)dx Integral of f in ) with respect to the Lebesgue measure .

Julp = Jo [u()[Pda]'"" = JulL».
D(Q) Space of infinitely differentiable functions on ) with compact support in €.
Vu(z) = (%(w),...,%(x)).

du |2 du |? 1/2




Introduction

In this memory we detail the paper [I§]. Who speaks about the existence of entropy and renor-

malized solutions in a function space for nonlinear parabolic equations.

Considering the following equations system:

ou .
871 — div(A; (uy, Vuy))
— div((k1u1 + 51’2U2 + 5173U3)VU1 + 5172U1VUQ + (5/173U1VU3)
= —o(uy,uz,u3) — piuy + f in Qr,
ou .
072 — div(Ay(ug, Vuy))
— div((dg,lul + k2u2 + (52,3U3)VU2 + 5§’1u2Vu1 + (5;73UQVU3)
= o(uy, ug, u3z) — ouy — pigus + g in Qp,
ou .
a—; — div(As(ug, Vug))
— diV(((SgJUl + 537211,3 + k5U3)VU3 + 5&71U3VU1 -+ 5&72U3VU2)

= oup — pizuz +h in Qr,
With the initial and boundary conditions

ui(x,0) = u;p(z) in 2, i=1,2,3,

wi(z,t) =0 on Y ,i=1,23,
T

Where Qr = Q x (0,7), >7p =02 x (0,T), and T > 0.
It is worth mentioning that to prove the existence of renormalized and entropy solutions to this

system , we are in need of the following hypotheses.



The divergence form operator A;(s,¢) : R x RY — R is a Caratheodory function (that is,it is
continuous with respect to s and () such that
(H1)  Ai(s,¢)¢ > a4[¢]?, for every ¢ € RN, where o > 0 and i = 1,2, 3,

(H2)  For any k > 0, there exists 8, > 0 and a function Cy(z,t) € L*(Qr) such that

[ Ai(s, Q) < Crla,t) + Bil¢l 1 = 1,2,3,

(H3)  [Ai(s,Q) = Ai(s, ONIC =12 0,0 =1,2,3,
(H4) uip(r) € LN(Q),i=1,2,3,

(H5)  f(x,t), g(x,t), h(z,t) € LY(Qr).

We are going to prove the existence of the weak and entropy solutions of the problem. To do this,
we will approximate the problem by using the Faedo-Garalkin method, then we will prove some
estimates uniform on the sequence of solutions of these problem, once this is done the linearity
of the operator, as well as the boundedness and the continuity of the operator, we will make it

possible to pass to the limit, thus finding the solution.

This memory is devided into three chapters as follows:

The first chapter is dedicated to giving some basic definitions and results with functional analysis
tools essential to the achievement of the objectives for the study of the problem. For example we
recall L? and H spaces, and some theorems (Lebesgue convergence, weak convergence, Fatou,...).

Then the Faedo-Garalkin method, and model example.

In the second chapter, we gives some inequalities of problems in the nonlinear limit with

examples, that help us to prove the existence of the problem .

Finally, in the third chapter, we proof the existence of the renormalized and entropy

solutions of nonlinear parabolic system in ).



CHAPTER 1

Preliminaries and basic tools

The purpose of this first chapter is to present a number of analytical tools that will be used

throughout this memory. we will also take the opportunity to introduce the main notations.

1.1 Functional spaces

1.1.1 Lebesgue spaces

An LP space is a space of functions for which the p-th power of their absolute value is Lebesgue
integrable. L spaces are also called Lebesgue spaces.
Let © be an open subset of R and let p be a real number greater than or equal to 1. The Lebesgue

space LP(§2) is defined as:
LP(Q) ={u: Q2 — R is measurable and /Q lu(x)|” < oo}
We equip it with the following norm
ey = ol = ([ @P)” . p=1
By L*>(Q2) we denote the set
L*(Q) ={u:Q — R measurable ,3M >0 |u(z)|<M a.e}
It is equipped with the following

[ull oo =inf{M >0:[u| <M ae in Q}



The space L*(Q) is a Hilbert space with the inner product
) = d
(u,v)2.0 /Q uvdz

Remark 1.1. Let 1 <p < oo, be denoted by p’ the conjugate exponent of p

Let 1 < p < oo.Then the dual space of LP(Q) is L (€2).

1.1.2 Hilbert spaces
The Hilbert space H'() is defined as:

HY(Q) = {U e L2(Q) : g“ c L2(Q),i=1,2, N}
Z;

Where 2% is the derivative of v.
ox;

The space H'() is equipped with the scalar product

ou v
(u,v) = /Q (uv + ; or, 8:51-) dx

It is equipped with the following norm

o=} (45 (2)) ]

Remark 1.2. Let u € H'(Q). The function u belongs to H}(Q) if and only if u = 0 in ON.




1.2 Main Convergence theorems

Theorem 1.1. (Fischer-Riesz): The set LP ([a, b, ||||p) with 1 <p < 00 is a Banach space.
Lemma 1.1. (Divergence and Green’s formulas): Let Q be a domain in RY, and n(z) its

exterior normal. Let u and v be two reqular functions, and w be a vector field defined on ). Then

/divw dr = | wmndo (Divergence formula)
0 G

ou
Au), =— [ Vu.V / —
/Q( u), dx /Q u.Vov dr + o o do  (Green formula)

Theorem 1.2. (Rellich-Kondrachov):[13] Let Q2 be a bounded open set of RY and p > 1. If

p < N then for any q such that 1 < q < p* (with 1% = %— % ), the injection of Wy(Q) in L(Q)

is continuous and for all ¢ such that 1 < q < p* the injection is compact, that is the bounded of
WyP(Q) are relatively compact in LI(S2).

Definition 1.1. Let (u,) be a sequence of measurable functions on Q and u a measurable function

on €.

1. The sequence (u,) convergente almost everywhere on  to u if and only if

meas{x € Q : u,(x) does not converge to u(x)} =0

2. The sequence (uy,) is said to be Cauchy in measure if for every € >0 and every n > 0, there

exists ng € N such that for all m,n > ng, so

meas{z € Q : |u,(z) —u(z)| >n} <e

Lemma 1.2. [23] Let (u,) be a sequence of measurable functions of Q in RN .If (u,) of Cauchy in

measure then there exists a sub-sequence of (u,) converge almost everywhere.



Lemma 1.3. [22] Let f be a strictly positive measurable function. then for every e > 0, there

exists 0 > 0 such that for every measurable A C (), we have
/ fdx <6 = meas(A) <e (1.1)
A

Lemma 1.4. [11)] Let (u,,) the sequence in LP(Q) with 1 < p < co. Suppose that
1. (uy) is bounded in LP(X).
2. u, > u a.e. onfl

Then, u, — u in LI(Y), for all 1< q < p and weakly in LP(Q), i.e.,

lim [ w,vdr = / wdr Vv e LP(Q)
Q Q

n—oo

Theorem 1.3. (Fatou’s Lemma [13]): Let (u,) be a sequence of non-negative measurable
function on Q. Then

lim inf u,, (x)dx < liminf | u,(x)dz
Q n—oo n—oo (e}

Theorem 1.4. (Giuseppe Vitali Convergence Theorem [12] ): Let p € [1,00] and (f,) be

a sequence of functions in LP(S) such that
1. fu—f a.e in Q

2. (fn) equal-integration in ), i.e. Ve > 0,30 >0, VE C Q with |E| <, such that

/ fo(@)Pdz <e, WneN
FE

limsup [ |fu(z)[Pde =0, VneN
|[E|=0 JE

Then
fel?(Q) and f, — f in LP(Q) strongly

10



Theorem 1.5. (Lebesgue’s Dominated Convergence Theorem [13]): Let p € [1,00[, and

(un) be a sequence of functions in LP(Q)) such that

1. u, > u ae in €
2. There is a function v € LP(Q) satisfying
lun ()| <wv(x) ae nQ VYneN

Then u, — u in LP(QY), that is

ue LP(Q), and |fup—ulppg =0 as n—oo

1.2.1 Weak convergence

Definition 1.2. Let E be a Banach space, E' its dual, and (.,.) the duality of EFE'.

We say that the sequence (z,,) in E weakly converges to x € E if and only if:

lim (f,2,) — (f.2), ¥f€E

We denote this as
Tp —x mE
Proposition 1.1. 1. If x, — x strongly then z, — z in E.

2. If ¥, =~z in E then |xz,|g is bounded.

3. If x, — x, weakly in E, and f, — x strongly in E'. Then
<fmxn>—><f7x> as m — +00

Theorem 1.6. Let E be a reflexive Banach space. Then, for any bounded sequence (x,), C F,

there exists a sub-sequence on index that convergente weakly in F.

11



1.3 Faedo-Galerkin method for a nonlinear boundary
problem

Let © be an open bounded set of RY and I" his border, we have

Put Autlufu=f on Q=0x]0,T[ (P.1)
(P):{ u=0 on ¥ =TIx]0,T] (P.2)
u(z,0) = ug(z), 3(z,0) =wi(z) VzeQ (P.3)

Where u, f represent the displacement vector, the density of external forces respectively and uy,

uy and p > 0 are data. A is an operator defined by

Au= =51 2 (e, )22) (A1)
Qij € Cl(ﬁX]O,TD, Qi = Qj; Vi, j (A2)

Sr a2 GG > (G +(2), a>0,(ER (A3)

The aim of this work is to search for a function v = u(z,t); = € Q, t €]0,T] that has a real values
solution of the problem (P) under certain hypotheses (H). In order to pose the problem, and to
have the tools to resolve it, we have need to introduce some notions and some functional spaces

that we will use later.
We define the space V' by
V = HS(Q) N LP(Q) (1.2)

Where p = p+2. The norm of space V' is [[v[| g1 (q) +|v|1r (o) that is a Hilbert space. Let’s remember

that

H; () = adhesion of D(2) in H' ()

:{UeHl(Q); v =0 1in F}

12



Where H'(2) is a sobolev space of order 1 given as follows

0|22 + f,| o |2 " o] (1.3)
= 1 .
LQ(Q) Pt 8IZ LQ(Q) H(Q)

Then we have

H}(©) € L) ",

if n>3,

N[
3=

Q=

So that V = Hg(Q) if p < -5
Lemma 1.5. The space V' defined in (1.2) is separable (i.e admits a dense countable set)

Now we introduce the functions spaces in x and t. Let X be a Banach space defined by

f:]0,T[— X measurable and such that

(0,73 X) = T ISR < 00 i 1< p < oo
1A llzro,rx) =
sup ess || f(f)]|x < oo if p= o0,

Which is a complete space. Naturally we have LP(0,T; LP(2)) = LP(Q).

Lemma 1.6. If f € LP(0,T;X) and % € LP(0,T;X)(1 < p < 0), then f is after possible

modification on a set of zero measure of (0,T'), coutinuous of [0,T] — X.

Lemma 1.7. (Gronwall lemma): Let f € L=(0,T), g € L*(0,T) and f(t) >0, g(t) > 0.

if f(t) <c—+ /OT f(s)g(s)ds; then f(t) < cexp (/OTg(s)ds>

Notation 1.1. To simplify the writing, we pose that

2
ou ,  O%u "

u(z,t) =u;  f(z,t) = f; aziﬁ @:U

[l o) = llulls llullzr@) = luly;

We are now able to precisely formulate the problem (P), to study it, we will need the following

13



hypotheses:
f € IXQ) (H.1)

(H): S up€ H(Q)NLPQ), p=p+2 (H.2)
u € L*(Q) (H.3)
1.3.1 Existence and uniqueness

Variational formulation

Multiplying the equation (P.1) by v € V, and integrating on €2, then using Green’s formula we

obtain the following variational formulation:

(w'(t),v) + a(u(t), v) + (ju®)’u(t),v) = (f,v); YveV, (1.5)
Where
a(u,v) = (Au,v) = lzléaij(x,t)giggzdx,

The application a : V' x V' — R is a continuous and coercive bilinear form. Indeed, according to

(A.3) for ¢; = g—;, we find that

" Ou
a(u,u) > 041/52; |axi |2dx = 041|Vu|§

But according to poincaré inequality[I3] we have

au,u) > on|Vuly > ofjul® (1.6)

1. Existence

Theorem 1.7. Under the hypotheses (H), the problem (P) admits a solution u

u € L(0,T; Hy(2) N LP(K2)) (1.7)
ou - 9
i € L>=(0,T; L*(2)) (1.8)

14



Remark 1.3. The two expressions u(x,0) = ug(x) and v'(x,0) = ui(z) have a meaning.
Indeed, for (1.7),(1.8) and Lemma 1.6 we conclude that u is continuous for [0,T] — L*(Q) so that
u(z,0) = ug(x) has a meaning.

To verify that u/'(z,0) = ui(x) have a meaning, we must use the equation (P.1) wich is written

2
‘3;; = f 4 Au— |ulfu (1.9)

As Ae L(HYQ)); H1(Q)) we have Au € L>(0,T; H(Q)) and

/ 1 1
lul’u € L>(0,T; LP () with —+ — =1,

p D
So that
0*u - B ,
o € L*(0,T; L*(Q)) + L>(0,T; H () + L* (Q))
Hence
azu 00 -1 /

Which joins (1.8), by the lemma (1.6), that 2% is continuous for [0,T] — H~'(Q) + L' (Q), so

v (2,0) = uy(z) has a meaning .

proof of Theorem 1.7

The proof is based on the Faedo-Galerkin method, we detail (6) which consists of the following

three steps:
e Search for approximate solutions.
e A priori estimates are established on these approximate solutions.

e We pass to the limit, because of compactness properties (in the non-linear terms).

Example

15



Assume

y=co+cxt e’ +esrd,  y0)=1

:>1:CO+C1XO+C2XO+63XO :>C0:1
=1l=c4+c1 X0+cxXx0+c3x0 =c=1
yl)=2=2=cy+c1+cat+cz =c1=1—cy—c3

=Y = 1+ (1 — Co —03)$+02$2 +03$3

y=1l+r+c(z®—z)+e3(x® —2) (1)
dy 2
== 1420 — 1) + c3(32° — 1)
x
d2
éd—ag = 2¢y + b6zC3
Then
3d%y dy
——=-8=0
dx dx

3(2¢y + 6wes) — (1 + (20 — 1) +¢3(32° — 1)) +8 =0

= (7T —22) +c3(182 =322 + 1) + 7T=0 oo (2)
/Olwi-(02(7—2x)+c3(18x—3x2+1)+7:0):0:> wy =1° —x, wy=2"—2x
i:1,w1::c2—ac:>/Ol(xz—x)(02(7—2x)+03(18x—3x2+1)+7:0):0
= /01 co(7T—22) (2% — 2) + e3(182 — 32* + 1)(2° — ) + T(2* —2) =0
= o+ 1051605 = —10/67  covveee...... (3)
i:2,w2:.rg—x:/01(x3—x)(02(7—2x)—|—03(18x—3x2+1)+7:0):0
= 204cy = —1075 oo (4)

For (1),(2),(3) and (4), we have

co = —0,905, cs = —0,146

16



CHAPTER, 2

Some Inequalities used in Parabolic and

Elliptic Equations

The Cauchy inequality is the familiar expression
2ab < a* + b
This can be proven very simply: noting that (a — b)? > 0, we have
0 < (a—b)*=a®—2ab+ b

which, after rearanging terms, is precisely the Cauchy inequality. In this note, we prove Young’s
inequality, which is a version of the Cauchy inequality that lets the power of 2 be replaced by
the power of p for any 1 < p < oo From Young’s inequality follow the Minkowski inequality (the

triangle inequality for the [P-norms), and the Holder inequalities.

2.1 Young’s inequality

For all non-negative real numbers a, b and every 1 < p < co, then we have

p_laﬁ%—}bp
p

ab <

17



The first thing to note is Young’s inequality is a far-reaching generalization of Cauchy’s inequality.

p=1 _

In particular, if p = 2, then % == %, and we have Cauchy’s inequality:

1 1
b< —a®+ =b*
a _2a —1—2

Normally to use Young’s inequality one chooses a specific p, and a and b are free-floating quantities.

For instance, if p = 5, we get

ot

ab < —ai + =0’

Ot W~
(SN

Before proving Young’s inequality, we require a certain fact about the exponential function.

Lemma 2.1. (The interpolation inequality for e¢”): Ift € [0,T], then

eta+(17t)b S tea _|_ (1 _ t)@b

Proof.  The equation of the secant line through the points (a,e?) and (b, €’) on the graph of
e® is precisely

t — (ta+ (1 —t)b, te® + (1 — t)e)

Obviously the graph of this line intersects the graph of % at precisely two points: (b, €”) when t = 0,
and (a, e®) when t = 1. To parametize the graph of e” so that the x— value of this parametrization

and that of the parametrization of the secant line are the same, we use

t — (ta+ (1 —t)b, eler(1=00)

But because e* is concave up, any secant line lies above the graph in between the points of

intersection. This means precisely that the y-values of these two parametrized curves obey

6ta+(1—t)b S tea + (1 o t)eb

Which was to be proved.

18



Theorem 2.1. (Young’s inequality): Assume a and b are real numbers, and p > 1. Then

— ap%l%—lbp
p p

abgp

Proof. There are a number of conceptually different ways to prove this inequality. Our

method will use Lemma 2.1. Writing

ab = 6log a+logb

-1 -1 1
= Exp b= P loga+<1—p ) — | logb ],
p p—1 p 1—E=

From Lemma 2.1. we get

Example 2.1. For any a,b > 0,p,q € R\ {0}, % + % =1, it yields that

I X
ab< T+ ifp>1
p q

and
a?  b?
ab> —+ —, ifp<l,p#0
p q
We have
ab = elnab _ 6% lnap-&—%lan < }elnal’ + lelan _ lap + lbq
p q p q

19



2.2 Minkowski’s Inequality

Theorem 2.2. If1 < p < oo, then whenever f,g € vy we have

1F+glle <1 fllp+ llglls

Proof.  To prove that || f+gll, < ||fll,+1lgll, , we will replace g by tg, and use the observation

that
Ld
I1F +gllo =11l = [ ZI1F +tgllde

Ld
111+ gl = 161l = [ Z (1l + gl

And then all we need to prove is that

d d
— t < — t
SIF + gl < SO+ tlglh)

which is actually simpler. Note that the right side of (2.3) is just ||Y]|, .

Computing the left side is slightly tougher:

d d [ v

- ¢ _ C— tgl?

dt|!f+ 9l o <i§:1ﬁ|f 9il )
1—

=2 oo
= (i | fi — t9i|p> ' SO = tailP "t sgn(fi — tgi)- g
=1 =1

= f = tglly P> 1 fi = tgsl”™ " sgn(fi — tgi)- v
=1

But of course sgn(f; —tg;). g; < |gi|, so we have

d (| fi — tgil ot
—||f +tgll, < ( i
il il =2\, ) 1

20
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To proceed from here, we manipulate this expression so that eventually we can use Young’s

inequality to our advantage. We have

d = teil \" Lo
gl <3 (ol oLy

tall ||g|| X

[ fi —tgil ;) |9l
-5 (i) %

lgll>”

When p = 1 we get directly that

d o0
ZIf+tglli <3 lal
=1

= llgll

d
= 2 (Il +tlgll)

As desired. When 1 < p < oo we apply Young’s inequality to get

oo )
d p—1 ([ |fi—tgil U 1 gl
£W+WMSZ e L) I =

; t =
i=1 ||f 9|| Hng
|fz tgi|p |gl|
) z%u AL ?ﬂm
p—1< lol, <& )
== |fz _t91’ - |gz
> =t = =D

Finally note that 3332, | fi — tg;|” equals precisely [|g|[5. Therfore

d p—1 ||g||p L1
—If +tgll, < ( ALf =gl gliy

p—1
=—9llp T+ =Illg
p 11l pH I

= llgll

Therefore, as desired, we have proved that

d d
— t < — t
ZIF +tgll, < 2171, + tlgll,)

21



As the theorem follows from (2.1) and (2.2).

Example 2.2. Ifp > 1, then

(/Q!Hg\pdfc) <(/ \flpdw) +(/ \g\pdx)

It yields that

1
(/Q]f—i—g\pd:c>p— sup Q]f—l—g\goda:

llellq=1

< suw | ([flo+1gle) do

llellg=1
< sup [ |f|,dz+ sup ]g]wdx
llellg=1 52 llellg=1

([ !f!”dw) +( rgrpdx)

2.3 Holder’s inequality

Theorem 2.3. If f, g € v, then
Zfzgz < HfH ”gHP

Proof. By Young’s inequality we have

io: fz |gz|
= !fH—HQHp i= A1z llgll
i 29—1|f|1”1 1|9z'\p
P ||f||p 1 PHQH§
1 2 0
Z| Z|91|p
p 1 pll ||$z
Hprj 1
—1 1
=2 ~ 4 -
P P
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Thus we have shown that

HfoHngZfzg’ Zum

HQHP

<1

So after multiplying both sides by ||| _=_|lg|l,, we get
=

> figi < IIF1l 2 llgll,
i=1

Which was to be proved.

Example 2.3. The following is a problem from Royden and Fitzpatrick’s Real Analysis book.

We find the values of the parameter X for wich
lim f/ fla)dz =0, Yf e L?[0,1]

By Holder’s inequality

= [ pade < 2

So if X\ < 1 —1/p, the limit holds. For the case, X > 1 — 1/p, we can consider the following

counterezample, f(x) = \x*~L. It is simple to see that f € LP[0,1], but
1 €
7/ At dr =1
e* Jo

Finally in the case A =1 — 1/p the limit is zero.
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2.4 Poicaré inequality

Theorem 2.4. Let Q a bounded subset of RN, when 1 < p < oo, 3C > 0, Yu € H}, we have

ullzr) < | Vullzro)

Proof.  Since 2 is bounded we have for any j € {1,2,...,n} and u € H}

9
p — . p
[ 1ul dx—/(zaxj(xj)|u| da

= —p/ij|u|p_13gn(u)uzjdx

< c/ P~ V| de
Q
For some constant C' > 0.Now noticing that

1
=+

1
=1
P ()

It follows by Holder’s inequality that

p=1 1
Julley < € ([ (7o) ™ ([ (Vupds)”

= [|ullZoey | Vel o)
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CHAPTER 3

Renormalized and Entropy Solutions of

Nonlinear Parabolic Systems

In this chapter, we study the existence of renormalized and entropy solutions of nonlinear parabolic

systems in ).

3.1 Positions of the problem

Let © a bounded domain in RY with boundary 91, we have the following parabolic system

B
% — div(A, (ur, V)

— div((k:lul + 5172'&2 + 5173U3)VU1 + (5/172U1VU2 + 5/173U1VU3)

= —o(u1,u2,u3) — piur + f in Qr,

ou )
372 — div(As(us, Vo))

— div((52,1u1 —+ kQUQ + 52’3U3)VU2 -+ (%JUQVUl + 5;73UQVU3) (31)

= o (uq, ug, uz) — Quy — flots + g in Qr,

0 )
% — div(As(us, Vug))

— diV((ngUl —+ (5372'&3 + ngg)VUg -+ (5éjlu3Vu1 + (5{;7QU3VUQ)

= ous — pzug +h in Qr,

With the initial and boundary conditions

ui(x,0) = u;p(z) in 2, i=1,2,3,
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u;(x,t) =0 on Z ,i=1,2,3,
T

Where Qr = Q x (0,T), >p =02 x (0,T), and T > 0.

It is worth mentioning that to prove the existence of renormalized and entropy solutions to system
(3.1), we are in need of the following hypotheses.

The divergence form operator A4;(s,¢) : R x RY — R is a Caratheodory function (that is,it is
continuous with respect to s and () such that

(H1)  Ay(s,0)C > a4[¢]?, for every ¢ € RN, where o > 0 and i = 1,2, 3,

(H2)  For any k > 0, there exists 8, > 0 and a function Cy(z,t) € L?(Qr) such that
|Ai(57 C)| < Ck($7t) + 5k|C’7Z = 17 2,3,

(H3)  [Ai(s,¢) — Ai(s, ¢)][C = ¢'1 2 0,i =1,2,3,
(H4)  w;o(x) € LY(Q),i=1,2,3,
(H5)  f(z,1),9(x,t), h(z,t) € L'(Qr).
We define the truncation function that we have used after that we give the definition of the

renormalized solutions and the entropy solutions of the reaction-diffusion system with cross-
diffusion terms (3.1).
k if 2>k
Ti(z) =19 2 if |2| <k
—k if 2 < -k

~ z if |z| <k

k| — & if |2 >k
3.2 Renormalized and Entropy solutions

Definition 3.1. A renormalized solution of (3.1) is a triple function (uy,us,us) satisfying the

following conditions wuy,us,uz >0 for a.e. in (x,t) € Qr. Fori=1,2,3,
i € L(0,75 LY(Q)) N C([0,T], L'(%Y)),

26



Ty(w) € L*(0,T; HY(Q), for any k > 0,

/ Ai(ug, V) dedt — 0 as n — oo,
{n<Jui|<n+1}

For all S(u;) € C®°(R) with supp S’ compact,

88(’&1)
ot

— dz’v(S'(ul)((k’lul + ug + ’LL3>VU1 -+ U1VU2 + u1Vu3))

— diU(S/(Ul)Al (Ul, Vul)) + s"(ul)Al(ul, Vul)Vul

+ S”(ul)((/ﬁul “+ ug + U3)VU1 -+ U1VUQ -+ u1Vu3)Vu1

= (-O'(Ul, UQ,Ug) — uy + f)S/(U1> m D/(QT),

S(ug)
ot

— dw(S'(uQ)((ul -+ k2u2 + Ug)VUQ + uQVul —+ UQVU?,))

Q

— diU(S/(Ug)AQ<U2, VUQ)) + S”(UQ)AQ(UQ, VUQ)VUQ

(3.2)
+ S//(Ug)((’ul + k’QUg -+ Ug)VUQ + u2Vu1 + UQVU;)))VUQ

= (o(uy,uz,uz) — oug — poug + ¢)S'(uz) in D'(Qr),

— di’U(S/(Ug)Ag(Ug, VU3)) + S”(Ug)Ag(Ug, VU,3)VU3

— dlU(S/(Ug)(<U1 -+ U2 + I{J3U3>VU3 + ’LL3VU1 —+ u3Vu2))
+ S/’(u3)((u1 + uo + k)gUg)VUg + U3VU1 + u3Vu2)Vu3

= (oug — p3uz + h)S'(uz) in D'(Qr),

And the initial conditions S(u;(z,0)) = S(u;o(x)),i = 1,2,3, in Q hold.

Definition 3.2. An entropy solution of (3.1) is a triple function (uq,us, u3) satisfying the following

conditions, that is, fori=1,2,3,

u; € L°°(0,T; L () N C([0,T7], L' (2))
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For any k > 0 and for all ¢; € CH(Q7) with ¢; =0 in >,

/ Ti(uy — ¢1)(T)dx — / Ty (ur — ¢1)(0)dz +/ (P12, Ti(ur — ¢1))dt
+ /Q Al (Ul, Vul)VTk(ul — ¢1)d$dt + /Q ((k:lul + U2 + U3)VU1 + u1Vu2
+ U1VU3)VTk(U1 — le)dxdt

s (—o(ur,u2,us) — paur + f)Te(wr — ¢1)dadt,
T

/Q%k(UQ — ¢2)(T)dx — /Q%k(uz — ¢2)(0)dz + /OT<¢2t7Tk:(u2 — ¢2))dt

+ 0 AQ(UQ, VUQ)VTk(Ug — ¢2)d.ﬁlﬁdt + 4 ((Ul + k’QUQ -+ Us)VUQ + ’LLQV’LLl

+ UQVUg)VTk (UQ - QZSQ)dIdt

= 0 (U(u17 Uz, Ug) — QUo — [2Ug + g)Tk(UQ — ¢2)d$dt,
T

/Tk uz — ¢3)(T dl‘—/ Tr(uz — ¢3)(0 diﬁ'—i‘/ (P31, Ti(uz — ¢p3))dt
+ 9 Ag(Ug, VU3)VTk(U3 — ¢3)d$dt + /Q ((u1 + uo + kg’dg)vu?, + u3Vu1
+ ’LL3V’LL2)VTk (U3 - qbg)dl'dt

= /Q (oup — pzus + h)Ty(uy — ¢1)dzdt,
T

It should be remarked that as far as the equivalence between the renormalized and entropy

solutions of reaction-diffusion system with cross-diffusion terms is concerned.

Theorem 3.1. Under the hypotheses (H1) — (Hb), there ezists a renormalized solution of (3.1)

in the sense of Definition 3.1

Theorem 3.2. Under the hypotheses (H1) — (H5), the renormalized solution of (3.1) is also an

entropy solution of the same system in the sense of Definition 3.2.

Remark 3.1. The renormalized solution of (3.1) is equivalent to the entropy solution of given

cross-diffusion epidemic system (3.1).
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3.3 Approximation problem

In this section, first we introduce an approximation problem for the given reaction-diffusion system

(3.1) and then we prove the existence of solutions of the approximation problem.

For € > 0, let us introduce the following approximations on the data:

(H6) f< g5 hc e L*(Qr) and f€ — f,g° — g and h¢ — h a.e. in Q7 and strongly in L'(Qr) as €

tends to zero.

(H7)  ufy € L*(),i = 1,2,3, and u§y — w0, = 1,2,3, a.e. in Q and strongly in L'(Q) as €

tends to zero.

8u1€

ot
+ FF(uf) Vg + F (uf) Vusg)

= div(Ay(uf, Vi) — div((k 7 () + F7(uh) + F (ug)) Vg

= _U(ui> Ug, ug) - ﬂlui + fe in QTa

8u2€
ot
+ F(ug) Vi + FF (u) V)

= div(As(uy, Vug)) — div((FF () + ko F (uh) + FF (uf)) Vs

o € € € € € € .
= U(Up U27U3) — QUgy — iUy + g in Qr,
8u36

ot
+ F(ug) Vg + FEF (ug) V)

— div(As(ug, Vus)) — div((F7(us) + F7(uh) + ks F (ug)) Vs

= ou5 — psus + h°  in Qr,

With the initial and boundary conditions

ui(7,0) = ujo(r) inQ, i=1,23,

uf(z,t) =0 on » , i=1,2,3,
T

Where F*(a) = max(0, —%).

’ 1+€lal
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Lemma 3.1. Assume that us, € L2(Q),1 =1,2,3, and f¢, g%, h¢ € L*(Qr). Then the approzima-

tion problem (3.3) admits a unique weak solution
ug € L(0,T; L*(Q)) N L*(0,T; Hy () N C([0, T], L*(Q)), i =1,2,3,
With u$, € L*(0,T; H1(Q)) such that, for any ¢; € L*(0,T; H}(Q)), 1 =1,2,3,

T
/0 (O, 1)t + /Q A (uS, Vi)V dadt

+ / (041,1VU§ + OZLQVU; + 04173VU§)V¢1 dxdt

= / ( O'(Ui, u;a Ug) - Mlui + f€>¢1 dl‘dt,

\

(8tu2, o)dt + /Q Ao (S, V)V by dat
T
+ / (042 1Vu1 + Qo 2VU2 “+ Qg 3Vu3)ng2 dxzdt

- / (w5, s, 5) — ouy — pray + )6 vt

\

<3tu3,¢>3 Yt +/ As(u§, Vug)V s ddt
+ / (31 Vais + a2V, + a5 Vs Vs dadt

= / (ous — psus + h)psdxdt,
Qr

Proof. The proof of this lemma is not new, we present here a self-contained sketch of the
proof for the sake of simplicity and readability. For more details regarding this proof, one can refer
the article [4] and some details related to the following method see [8]. Here the proof is relies on
using the Faedo-Galerkin approximation method.

Now we look for the finite-dimensional approximate solutions to problem (3.3) in the form of

sequences {us, }, i =1,2,3, defined for ¢ > 0 and x € Q by

n

u:’,n = Z Ci,n,l(t>wl ($); 1= ]., 2, 3,

=1
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our aim is to determine the set of coefficients {C;,,;};-;, @ = 1,2,3, such that for m =1,2,....,n

/Qﬁtuinwmda: + /Q Ay (us,,, Vui ) Vw,de

+ / (11, VU, + 12, Vus, + a13,Vug, ) Vw,dr

= / O (U] UG s Us ) — f1UY y, + [ )Wind,

/Q(‘?tu;nwmd:v + /Q Ag(uy,,, Vus,,)Vw,dr

+ /Q(OéQ’anuin + 200, Vs, + a3, Vug, )V, dr (3.4)

— [ (00 0 05,0) = 05, = ot + gV

/Qatugmwmdx + /QAg(Ug’n, Vug,, ) Vwn,de

+ /Q(oz&lmVuin + azpnVuy, + 33, Vus,, ) V,de

= /Q(QUS,n — Haty , + h)wndz,
Where a5 = ki 5 (ug,) + 30, 0 FF(u,,), for i = 1,2, 3, and with initial conditions ug,, (x,0) =
us o, (7) = 30y Cipna(0)wi(z), @ = 1,2,3. Further it should be remarked that the above form of

the basis satisfies the required boundary conditions of the approximation problem (3.3). Now,

(3.4) can be rewritten in the form

Clnml / Ay (ui,,, Vui , ) Vwn,de
. /Q (11 VU, + 012, VS, + 0130 VS, ) Vipda
— [ (=0t 05) = puvi, + e
= G (6, {CL i oy {Comnib iy A i }imy)

i . € €
2,n,m(t) - /Q AQ(“Q,n? qu,n)vwmdQJ
_ /Q(O‘?,anuin + a2 Vg, + agjgynVugﬁn)Vwmdx
€ € € € € €
- /Q(O-(U’l,'m U ns u3,n) — QUg p, — H2Ug p +9 )wde

- Ggl(ty {Cl,n,l}?:p {CZ,n,l}ln:p {03,7171}7:1)7
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Chrum®) = = || As(u Vs ) Ve
— | (@310 Vs, + a2, Vit , + 3,V ) Vit
— /Q(ngn — paug,, + h)wydx
= G5 (6, A{C by A Coma o {Csma 1),
Let p € (0,7) and set U = [0, p]. Choose r > 0 large enough so that the ball B, C R" contains

{C;,1(0)},i = 1,2,3; then set V = B, The components of G; can be bounded on U x V, from

(H1— HT), we obtain

|G71n(t7 {Ol,n,l}?:p {02,71,1}?:17 {03,n,l}?:1)|

< ([ 1A Cungn, 3 Copn V) Pde) 2| [T, ) V2
=1 =1

k 2
+(1:)

(13 CraaVunPde) ([ [V [2de)2
Q3 Q
1 n
+ ([ 1Y ConaVenrPda) 2
€ Q3
([ 13 ComaVunlda) ([ [V Pde) 2
A — Q
+ (014 )| 13 Cupanfda)72)( | o *d)"?
=1

+ (/Q |f6]2da:)1/2(/9 |wm|2dx)1/2

< c(r,n)

Where the constant depends only on r and n. Similarly one can easly obtain
|G;n(t7 {Cl,n,l}7:17 {CQ,n,l}?:p {CS,n,l}?:1)| S C(Ta n)a

|ng(t7 {Cl,n,l}7:17 {027n,l}ln:1a {03,n,l}7:1)| S C(ra n)a

Then the standard ODE theory shows that {C;,;},_,, i = 1,2,3, respectively satisfies (3.4) for
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a.e t € [0, p"). Moreover we have

Clna(t)

= Coat)+ [ GHTACk (M) s AConan (D) AConan (DY),

Cona(t)

= Coa®) + [ o {Crnm(7) Vot AComin () g AComan (DY)

Cs,(1)

= Cont0) + [ G ACs (M1 ACanin ()i AC ()Y
This proves that the functions (uf,,,u5,,us,) are well-defined and approximate solutions to the
problem (3.3) on [0, o). Set ¢;n(,t) = D1 bini(t)wi(z),i = 1,2,3, where the coefficients b; ;.

i = 1,2, 3, are absolutely continuous functions. Then, from (3.4), the approximate solutions satisfy

the weak formulation

/Q s, 1 s + /Q Ay (S, Vs )V da

+ /Q(aLl,nVujn + 120V, + a13,Vus ) Vo ndr

= [ (=0 gt 5 ) = s, + )V,

/Q O G il + /Q Ay (U, VG, )V i

+ /9(042,1,nvui,n + Q220 VU, + Q23, VU3, )V nd (3.5)
— [ (0 0 65,) = 05, — a5, + §) V2l

/Q S b3 il + /Q As(us,,, VS, )V s

+ /9(043,1,nvuin + 30, Vuy, + as3,Vus,,)Vos,dr

- /Q(QUS,TL - /’L3u§,n + he)v¢3,ndx7

From now on, T is an arbitrary time in the existence interval [0, p') of Faedo-Galerkin solutions.

Take ¢in = u§,,,i = 1,2,3, respectively in (3.5) and using, Gronwall’s lemma,
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And Young’s inequality, we obtain

. €
||ui,nHLoo(0’r1~—v;L2(Q)) + HULTLHLQ(O,;—‘;H&(Q)) = “

10| Fllo (W 050, u50)220r) < €

L2(0,T;H-1(0))
For some constant ¢ > 0 and 7 = 1,2, 3,. Moreover one can easily show, using similar approach of
[4] with the above estimates, the global existence of approximate solutions of the problem (3.3).
Hence, from the above arguments as n — oo, for ¢ = 1,2, 3, we obtain

ug,, — u;  weakly-* in L>(Qr),

uS, —uS a.ein Qp and strongly in L*(Qr),

ul, —uS  weakly in L*(0,T; H}(Q)),

i,n

Ai(us,, Vus,,) = n; weakly in L*(Qr),

,M)

€
&tum

— QS weakly in L*(0,T; H (),

Using similar type of arguments as in [5], with the monotonicity assumption on A;, we can show
that A;(u$, Vus) = n;,i = 1,2,3. Since the solutions u$ € L?(0,T; H}(Q)) N L>(0, T; L*(Q)),
i = 1,2,3, using the approximation problem, we conclude that u¢ € C([0,T], L*(R2)),i = 1,2, 3.

This established the existence of weak solutions (u{, u$, u§) of the regularized problem (3.3).

95 (ug)
ot

Lemma 3.2. Under hypotheses (H6) and (HT), the functions Ty (u$) and i =1,2,3, are

bounded in L*(0,T; H3 () and L' (Q7) N L*(0,T; H*(2)) respectively.

Proof. Taking T (u$) as a test function in the first equation of (3.3) and integrating over

Q; = Q x (0,t), we obtain
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/ ui Tr(uf)dxds + / A (uf, Vug) VT (uf)dxds
Q¢ Q1

+ /Q (o1 1Vu§ + a1 2Vu§ + ay 3Vus) VT (u))dr ds
= Q <_U(ui7 ug? ug) - :ului + fE)Tk(uDdde’

N (3.6)
/QTk(ui)(t)dHal/Q VT (u)[2da ds
n /Q (@11 VS + 1o VG + an s V) VT (us ) da ds

< [ et )@+ [ (~o(us,ug.u5) = s + f)Tu(f)dds

Similarly by considering the second and third equations of (3.3), we obtain

/Q%k(ug)(t)dx +0z2/Q |V Ty (u) Pde ds
+ /Q (21 VS + o, a VG + g5 V) VT (u) der ds
< [ Tulus) @)+ [ (o(us w5, u5) — o5 — poviy + 67Ty s

N (3.7)
/Q T () (t)d + /Q V() P ds

n /Q (a1 Vs + a2V + a3Vl VT (uS)dz ds

< /Q To(us o) (x)dz + /Q (0us — g + BT (us)dx ds

Summing the above three inequalities and using the Young’s inequality, the properties of the
functions f€, g¢, ¢, u5 (), = 1,2, 3, 0 (uf, us, ug), (3.4), the boundedness of approximate solutions

with the definition of the functions T p(us),i =1,2,3, we have
/ VT3 (u)2dz ds < e, (3.8)
Q:

For i = 1,2,3, and any constant ¢ > 0. This proves that Tj(u$),7 = 1,2,3, are bounded in

L*(0,T; H}(©)). Now, multiplying the first equation of (3.3) by S’(uf), we obtain
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95(ui)

= div(S"(ug) Ay (uf, Vui)) — 8" (u) A1 (uf, Vu]) Vug

ot
+ div(S"(ug) (on 1 Vug + a1 2Vus + ag 3Vus)) (39)
— S"(ug) (o 1 Vug + a1 2Vug + ag 3Vus) Vg
+ 8" (uy) (—o(ug, uy, ug) — mus + f°).
This may be rewritten in thr following way by using the definition of Ty (u$),i = 1,2, 3,
95(us)
ot

= div (S (uy) Ar (Th(uy), VTi(uy))) = 8" (u) Ay (Te(us), VT (ug)) VT (uf)

+ div(S"(ug) (b F (Ti(u5)) + F&(T(uh)) + F7(Ti(u))) VT (u5)

+ FH (T () VTi(uh) + B (Ty(u) VT () — 8" () ((ha B (T () (3.10)

+ F(Th(uh) + F (T (u$)) VT (ui) + F7(Ti(ui)) VT (uh)
+ F (T3 (u}) VT (u5)) VT (uf)

+ (=0 (Th(uy), Ti(us), Tr(ug)) — mTe(uy) + )5 (uh).

85 (uS)
ot

For any S € C*(R) with supp S" compact,(3.10) shows that is bounded in L'1(Qr) N

L*(0,T; H (), from the result (3.8). Similar arguments on asa(?i) ,1=1,2,3, proves the desired

result. This completes the proof.
Lemma 3.3. The solutions (uf,u$, u§) of the reqularized problem (3.3) are non negative.

Proof.  To prove the non-negativity of the solutions, we consider u; ¢ = sup(—us,0),7 = 1,2, 3.

Now, multipliying the first equation of (3.3) by —Tx(uj ©) and integrating over 2, we obtain

d ~

= [ T ®de + [ A, Vur )T e + [ (ki () + F ()
+ FF(uz))Vur + F (ur ) Vuy© + F(up ) Vg ) VT (uy ©)de

= [ (=olur uy uz) = s + ) = s + )

d T —€ —€ —€ —€

= | Ty e+ ar | (VT Pde+ [ ((kaF () + FF ()

+ 5 (ug ) Vg + FE (u )V, + FE (u) Vg Y VT (ug ) de
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< [ (ot ut uy) + s + T ) da.

By considering —T(us ), =Tk (u3 ©) respectively as the test functions of the other two equations of
(3.3), the definition of the functions o(uf,us,us), f¢, ¢%, h¢, and finally from the non-negativity of

the terms of the LHS in resulting inequalities, we obtain
d [~ , _. ,
—/ Ti(u; ) (t)dx <0, fori=1,2,3.
dt Ja
The non-negativity of the initial conditions u;g,7 = 1,2, 3, with the above inequalities prove the

non-negativity of the solutions (u, u$, u$).

Definition 3.3. Let us define the Lipschitz continuous function

0 if |z <mn,
On(2) = Tny1(2) = Tu(2) = ¢ (|2| = n)sgn(z)  if n<|z| <n+1,

sgn(z) if |z| >n+ 1.

Remark 3.2. From the above definition, one can easily understand that the function ©(z) satisfies

1©0(2)|| o) < 1, for any n>1and ©O(z) — 0, for any z when n — oo.

3.4 Passage to the limit

Lemma 3.4. The Lipschitz continuous function ©,(u;),i = 1,2,3, for somen > 0 and € > 0
satisfies

Jim lim sup/ / e (us, Vui)Vus deds =0
n<|ug <n+1

e—0

And O, (u;) = 0, fori=1,2,3, strongly in L*(0,T; H}(Q)) as n — .

Proof.  Using ©,(u$) as a test function in the first equation of (3.3) and integrating over €2

)
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and then over (0,t), we have

[ Sutu) e+ [ A, Vi) V6, (u5) dods
+ /Q (a1,1Vui + a1 2Vus + a1 3Vus) VO, (uf) drds (3.11)

= | (ol s us) — s + £)0,(us) dads + [ 6, (ut o(x))dz,

For almost all ¢ in (0,7") and € < Since (:)n(ui) > 0,i=1,2,3, for all x € €2, by taking in

_1
n+1"

account of (3.4), we obtain the inequality

/ Ay (4, VS ) VO, (uf) dads
9r . (3.12)
< [, (kw5 8) s+ F)O, () drds + | O, (uS o)),

For all t in (0,7") and € < n%rl For any subsequences u( still denoted by uf,i = 1,2, 3), Lemma
3.2 shows that

(ui7u§7u§) — (uly Ug, ’LL3) a.e in QT?
Te(us) — Ty(u;) weakly in L*(0,T; Hy(Q)),i = 1,2, 3, 313
3.13
O, (uf) — O, (u;) weakly in L*(0,T; Hy(Q)),i = 1,2,3,
as € = 0 for any £ > 0 and n > 1. From (H2),
| A (T (uf), VI (u5))] < Oz, t) + Bl VIk(ug)|, i=1,2,3,

Where Cy, € L*(Qr). It shows that A;(Ty(uS), VTi(uf)),i = 1,2, 3, is bounded inL?(Qr). Therfore,

Ai(Ty (1), VT (1)) — mix weakly in L*(Qr),i =1,2,3, (3.14)
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as € — 0 where n;x € L*(Qr),7 = 1,2,3. From (3.6), (3.7) with Lemma 3.2 we obtain

3 ~
3 /Q Th(u)(t)dz < / (o(uS, s, uS) + w4+ F)Ti(us) dods
=1 T

+ [ (ol u ) + s + )T dads
T

3 ~
+ /Q (ouS + gl + B To(us) dads + 3 /Q T (us o)) da.
T =1

Using the boundedness of the solutions (uf,u,u§), Lemma 3.2, the properties of

o(ug, ug,us), <, g% he, and Young’s inequality, we obtain
3 ~
> [ Tulu))(t)da
=178
3
< O + k(1N 20p) + 1922000 + 17 20y + D luio (@)l 120

i=1

where C} is a constant independent of €. Taking liminf as € tends to zero in the above estimate

and using (3.13) and Lemma 3.2, we obtain
3 ~
> [ Tulw)(t)da
=174
3
< Ce+ k(12 gr) + 9l nr@ry + 1Rl i gry + 2 Iuio(@)l 1 q));
i=1

By using the definition of %k(ul), we deduce that

3 k‘2
Sk [ il 8)lde < G+ = meas(@) + (1 o) + 19100
=1
, (3.15)
+ 1Al prgr + 2 1uio (@)1 )
=1

For almost all ¢ in (0, 7). This proves that u; € L>(0,T; L*(2)),7 = 1,2,3. Now equation (3.12)
with (3.13) proves that

39



/ A (u, Vui)VO,,(u]) deds
t (3.16)

/ (o(ug, uy, us) + prug + f)O,(uy) deds +/Q(:)n(u170(x))dx.

t

IA

Using (H1), VO, (u]) = X{n<jus|<nt1y VUi and the weak convergence in (3.13), we obtain

al/Q IVO,,(u1)|*dxds
t (3.17)

§/ (o(ug, uy, us) + prug + f)@n(ul)dxds+/Q(5n(u170(x))dx.

Since O,,(u1) — 0, as n — oo shows that ©,,(u;) — 0, weakly in L*(0,T; H}(©2)). This leads to

the right-hand side of each term of (3.17), that is,

/ (o(ug, uy, u5)On(uy) drds — 0, /Q p1u1 O, (ur) deds — 0,

/ fOn(uy)dzds — 0,
Q¢

as n — o0 and |[©n(u1,0)||11(qy < [lurollf1(q) impliying that Jq én(ul,g)d:v — 0 as n — oo which
follows from the Lebesgue convergence theorem. Hence, passing to the liminf in (3.16) and (3.17),

we obtain

t
lim lim sup / / e, A0 V) VO, () drds = 0.
n ul n

n=o0 50
O,(u;) — 0, strongly in L*(0,T; H}(Q2)) as n — oo. Similarly, by considering O, (u$), 0, (us)
respectively test functions in the second and third equations of (3.3) and by adopting the above

type of arguments to prove that for : = 1,2, 3,

lim hmsup/ / e } (ug, Vu) VO, (u5) deds — 0,
n<|uf|<n+1

e—0

(3.18)
O, (u;) — 0, strongly in L*(0,T; Hy(2)) as n — oo.

This proves the desired result of the Lemma.
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Definition 3.4. We define the time reqularization of the function, for i =1,2,3, by
(T (us)) 'y/ =0T (ui(x, 5))ds,

- u;(x, s if s>0,
Where wu;(z,s) = (25) /

U@o(l’) Zf s < 0.
Let us consider the unique solution (Ty(u;)), € L=(Q7)NL*(0,T; Hy(2)) of the monotone problem

o (Tuu) + (Tilw))y — Tilw)) =0 in Q.
(3.19)

(T (i, 0)))y = (Th(uio(x)) in €,
fory >0 and k > 0. From (3.19) and Lemma 3.2, we have 2(T},(w;)), € L*(0,T; H} ().
Remark 3.3. For i = 1,2,3, we have (Ti(w;))y — Ti(u;)) a.e in Qr, weak-* in L>(Qr) and

strongly in L*(0,T; H} () as v — oo and also

(T3 (ui) )yl oo @y < max([[Th(wi)) | 2o @) [Tk (wi0)) || oo () < K

for any v >0 and k > 0.

Lemma 3.5. Let k > 0 be fized and S be an increasing C*(R) function such that S(z) = z for

|z| <k with suppS" compact. Then, fori=1,2,3,

88

t

(us) — (Th(w;))y) dzdsdt > 0.

e—0

The proof of the above Lemma is similar to that of the Lemma in [7], and is omitted here.
Lemma 3.6. For i = 1,2,3, n;x, as defined in (3.14), the subsequences u$ (still denoted by us)

satisfy

limsup/ / ), VT (u5))VTi(us)dedsdt

e—0 (320)
< ; i .

_/0 o, Nk VT (u;)dedsdt
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Proof.  Let S, be a sequence of increasing C'*°(R) functions such that

Sn(2) =2z, for |z| <n,

(3.21)
suppS,, C [— (n+1),(n+ 1)}, S]II7(R) < 1.
Multiply the first equation of (3.3) by S/ (u§) to obtain
ann ue : ! € € € 1 € € € €
L) (5 08) A, V) — S0 A, )
+ div(S] (u]) (a1 1 Vu] + a1 2 Vus + aq 3Vus)) (3.22)

— SZ(UE)(OQJVUE —+ OzLQVu; -+ a1,3Vu§)Vu§

+ 8 (u) (—o (ug, ug, ug) — puy + f°).

From (3.22), we understand that aS”aiui) € LY(Qr)+ L*(0,T; H(Q)). For fixed k > 0,7 > 0, and

e > 0, we set

WE = To(u) — (Te(w))y, i =1,2,3, (3.23)

Multipliying,(3.22) by W, and integrating over @; x (0,T), we obtain

/ 3Sn(u§)
Q

ot Wi,ydﬂﬁdet:Il+[2+[3+I4+[5, (324)

Where

IL=- /Q St (uS) Ay (uS, Vu§ ) VW da dsdt,

L=— /Q SU(u$) Ay (u§, V) Vs Wi, dads dt,

I = — /Q St (u) (@11 Vs + ar 9 Vg + aq 5 Vus) VWS da dsdt,
Li=— /Q S (u) (11 VU + 12 Vs + a1 5 V) Vs Wi deds dt,
Iy = || S (o, v ) — o + )W deds

Where Q = Q; x (0,T). By (3.23) for fixed v > 0, W — Tp.(u;) — (Tr(wi))4, i = 1,2, 3, weakly in

L*(0,T; H(Q2)) as € > 0. By Remark 3.3, we conclude that ||V

i’Y”LOO(QT) < 2k, for any € > 0
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and vy > 0. This boundedness of Wy _ shows that for fixed v > 0, Wy, — Ti(u;) — (Th(us))5,
i=1,2,3, a.e in Qp and L>®(Qr) weak™ as € > 0.
By the definition of S,,, we have supp S/ C [—=(n+1),(n+ 1)] U [n, (n+ 1)], for any n > 1.

As a consequence

Lo < TNS"]| oo () IV

. Aq(ul, Vui)Vui dz ds,
mHLoo(QT) /{(x’t)m<|u€1|<n+1} 1(ug, Vui)Vui dz ds

for any n > 1,e < n%rl and v > 0. From ||wa||Loo(QT) < 2k and (3.21), we easily obtain

lim sup lim sup |I3| < c¢lim sup Ay (uf, Vui)Vui dzds,
~y—+00 e—0 e—0 {(z,t)n<|uf|<n+1}

for any n > 1, where the constant ¢ depends on 1" and k. Hence, by Lemma 3.4, we achieve that

lim limsuplimsup [ S} (u})A;(uf, Vui)VuiWy _ drdsdt = 0. (3.25)
Q )

N0 yo00 0

For some n > 1, I3 can be rewritten as

= [ S (R F (Tra () 4+ B (T (1)) F (T (05) V()

Y (Tt (05)) Vo () 4+ FF (T () V Ty () VIVE,, ddis i,

a.e in Qr. Since supp S, C [-(n+ 1), (n + 1)], for i = 1,2,3, the definition of F(u$) andthe
results (3.13) lead to S/ (u$)F (Thi1(us)) — Sh(u1)Thi1(u;) a.e in Qr and in L®°(Qr) weak™ as
€ — 0. This proves

lim ]3
e—0

= /Q Sy () (k1 Tga (ur) + Ty (u2) + Toga (uz)) Vg (ur)

+ D1 (ur) VT g1 (u2) + Togr (w1) Vs (u3)) (VTk(ur) — V(Tk(wr))y) dedsdt,
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for any v > 0. By using the remark 3.3, this leads to

lim lim [ 5] (u})(a1,1Vu§ + a1 2Vu§ + ay 3Vug) VWY dadsdt = 0. (3.26)

Y= e—=0JQ

Similarly, we can show that

7ll)ngo lim ; Sh(u) (a1 Vu§ 4+ o o Vu§ + oy sVusg) Vus Wi dedsdt = 0,

(3.27)
lim lim [ 5] (u})(o(u, us, ug) + pu) Wy, dedsdt = 0.

Y00 e=0.JQ

Since fS! (u$) € L*'(Qr), (3.13) and Remark 3.3 lead to

lim lim /Q oS (U)W dudsdt = 0. (3.28)

Y—00 €—0

Consequently, from Lemma 3.5 and the definition of W7, we have

lim lim OS5 (uj)
Y=o e—0 ./ ot

VVi7 drdsdt > 0 for any n > k. (3.29)
It is easy to understand that, from (3.25) — (3.28) along with (3.24) and (3.29), we obtain

lim lim I; = lim lim [ 5] (u])A;(uf, Vui) VWY dedsdt < 0. (3.30)

Y—00 e—0 Y0 e—=0JQ

Since

S () A (ug, Vuy) VT (us) = Ay (u, Vuy) VT (uf)

for k < 1 and k < n because of the definition of S, and from (3.30), we obtain

limsup [ Aj(uf, Vui)VTi(ui)drdsdt
Q

e—0

< lim lim [ S (u])A;(uf, Vu)) V(T (uf)),dzdsdt  for k < n.

Y0 e=0JQ
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For e < 1/(n+ 1), we know that
Sp(up) Ar(ug, Vuy) = 8, (u)) A (Tosa (ug), Vg (u5))

a.e in Q. Due to (3.14), we have S (u$) A; (Thi1(uS), Vi1 (u$)) — S’ (u1)n1 1 weakly in L2(Qr
Q ( ) n\U1 +1\U; +1 (U n M+

as € — 0. This help us to prove that, for any n <1,

lim lim [ S) (u})A;(uf, Vu])V(Tk(u)), dedsdt

Y—00 e—0 Q

= /QS;(ul)m,nHVTk(ul)dmdsdt (3.31)

= /Q M1 VI () dedsdt.

For any k& < n, we have

AT (u), Vi1 () x(ug <) = Ar(Ti(uy), VI (ul))x(ug<i) a-e in Qr.

The above equation with (3.13) and (3.14) implies that Mt L(fug <y = Tok(fug <y 8- in
Qr — {|uf| = k} for k < n as € — 0. Therfore, (3.31) becomes

limsup [ A (Ti(uS), VTi(wS))VTi(uS) de ds dt = /Q VT (ur) da ds dt.
Q

e—0

Similar arguments as we used to obtain the previous equation lead to, for i = 1,2, 3,

limsup | Ai(Te(uS), VI () VT (uS) d ds dt = / 16V T () da ds dt.
Q Q

e—0
This completes the proof of the Lemma.

Lemma 3.7. For any k > 0 and i =1,2,3, we have

limsup [ [Ai(Tk(u5), VTk(ug)) — Aj(Te(us), VTi(u;))]
e—0 Q (332)

X [VTi(u;) — VTi(w;)] dedsdt = 0.
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Proof.  The monotone assumption (H3) shows that, for i = 1,2, 3,

limsup [ [Ai(Th(u5), VTi(ug)) — Aj(Te(us), VTi(u;))]
e—0 Q (333)
X [VTi(u;) — VTg(u;)] dedsdt > 0

for any £ > 0. We remark that (H2) and first result of (3.13) implies that
Ai(T(u7), VTi(wi)) = Ai(Ti(wi), V(i)

a.e in Qr as € — 0 and that A;(Tyx(uS), VTk(u;)) < Ci(z,t) + Be|VTk(u;)| a.e. in Qp, uniformly

with respect to €. Then, by Lemma 3.6, (3.13) and (3.14), we have, for i = 1,2, 3,

limsup | [Ai(Te(uf), VT (ug)) — Ai(Th(u5), V()]
X [VTi(u;) — VTg(u;)] dedsdt =0

This completes the proof.

Lemma 3.8. For fited k > 0 and i = 1,2,3, we have
nik = Ai(Te(wi), VIi(w;))  a.e in Qr,

Ai(T(uf), VT (u)) VT (uf) — A (T (us), VIk(wi)) VT (u;)  weakly in LN(Qr).
Proof. Forany £ >0and 0 < € < %, from Lemma 3.6, convergence (3.13) implies that, for

i=1,2,3,

lim sup Ai(Tk(uj),VTk(ug))VTk(ug)dxdsdt:/ Nk VT (u;)dedsdt
Q Q

e—0

Using Minty’s type arguments and (3.13),(3.14), from the above equation we obtain
Ap(Ti(us), VI (u;)) = nig, for i = 1,2,3, and any k& > 0. This proves the first result of the

present Lemma.
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For any k > 0,7" < T, Lemma 3.7 shows that, for i = 1,2, 3,
[Ai(Te(u5), VI (ug)) — Ai(Th(w), VI (ui)] [V (uf) — VT(ui)] — 0

Strongly in L'(Q x (0,7")), as € — 0. By (3.13) and with the first result of this Lemma, for

1 =1,2,3, we obtain

Ai(Te(u5), VT (u5)) VT (us) = Ai(Ti(ui), VTk(w;)) VT (1) weakly in L'(Qr),
Ai(Ty(us), VT (wi)) VT (1) — Af(Th(ug), VTi(w;)) VT (u;)  weakly in LYQr),

ATy (us), VT (wi) ) VT (us) — Ai(Ti(us), VTi(us))VTe(u;)  strongly in LY(Qr),

as € — 0. Hence
Ai(Ty(uf), VI (7)) VT (ug) — Ai(Th(wi), VT (i) VT ()

Weakly in L'(Q x (0,7")), for any 7" < T as € — 0. According to the definition of the function

Ai(s,¢) and f, g, h, the assummptions hold true for all time T. Hence
Ai(Te (), VT () VT (ug) = Ai(Th(us), VI (i) VT (i)

weakly in L'(Qr) holds.

Lemma 3.9. For anyn >0, and 1= 1,2, 3,

/ Ai(ui, Vu))Vudedt — 0 as n — 0.
{(z,t)eQr;n<|u;|<n+1}
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Proof. Fori=1,2,3,

lim A;(us, Vu§)Vug de dt

=0 J{(z,)€Qrin<|us|<n+1}

= lin% Ai(ug, Vu§)V (Thgq (uf) — Tp(us)) de dt
€E—> Q
= Ai(ui, Vu )V T 1 (u;) de dt — / Ai(ui, Vu )VT,, (u;) dz dt
Qr T

:/ Ai(u;, Vu)Vuydz dt for any n > 0.
{(z,t)€Qrn<|u; | <n+1}

Using Lemma 3.4 and from the above equality, we have

/ Ai(ui, Vu;)Vu;dedt — 0 as n — oo.
{(@H)€Qrm<ui] <n+1}

This completes the proof.

3.5 Existence of Renormalized Solutions

Proof of the Theorem 3.1 From system (3.3), we have

855?) — div (S (uf) Ay (uf, Vup)) + S (u§) A (u, V) Vg

— div(S"(u])(on 1 Vug + a1 2Vus + ag 3Vus))
+ S"(ui)(aLqui + OéLQVU; + 05173VU§)VU§
= (_U(uiv ug? ug) - :ului + fE)S/(ui)v

S(é;ig) — div(S'(us) Ag(usy, Vuy)) + 5" (u) Az (us, Vus)Vus

S

— div(S"(uy) (a1 Vug + azaVus + az3Vus))
+ SH(UE)(CYQJVU; + OKQQVUE + 04273VU§)VU§

= (o (uf, uy, ug) — ous — pauy + )5 (u5),

48



0S(u$)
ot

— div(S'(u§) (az 1 Vu] + az 2 Vus§ + az 3Vus))

— div (5" (ug) As(us, Vug)) + 5" (uh) As(us, Vug) Vg

+ 5" (ug) (a3 1 Vus + az o Vuy + az 3Vus) Vug

= (ouy — psu + h)S' (ug),
Since S is a bounded and continuous function with supp S’ C [—k, k], using the boundedness of
S"(u;),i = 1,2,3, along with the results (3.13), (3.14), using the hypotheses (H5), (H6), (H7) and
the Lemma 3.8, 3.9, we conclude that the equations (3.2) of Definition 3.1 hold. By Lemma 3.2
and Aubin type Lemma, we obtain that S(u(z,0)) = S(u§y(x)),i = 1,2, 3, converges to S(us (7))

strongly in H~1*(Q), where s < inf(2 Then (H4), (H7) and the smoothness of S prove the

1)

strong convergence in L'(Q). Hence we conclude that S(u;(z,0)) = S(uio(z)),i = 1,2,3. This

establishes the existence of renormalized solutions of the reaction-diffusion system (3.1).

3.6 Existence of entropy Solutions

Proof of the theorem 3.2 Take Ty (uf — ¢;),7 = 1,2,3, as the test functions, respectively in the
equations (3.2) and for k > 0,¢; € C'(Q7) with ¢; = 0,7 = 1,2,3, in 3. Now, integrating the
equation (3.2) over Qr, we obtain
T
/0 (S, To(us —¢1))dt+/Q A (uS, VS )V Te(u — é1)da dt
T
+ /Q (1 VS + 1oV + a5 Vs VTi(us — oy )dz dt
T
= (_0(71’;7 u;, ug) - Mlui + fﬁ)Tk<ui - (bl)dxdt?
or (3.34)

T
/ <u2t7Tk’( ¢2 dt+/ AQ Ugavug)VTk( sz)dxdt

/ (0] 1VU1 “+ Qg QVUQ “+ Qg 3Vu3)VTk( ¢2)dl’ dt

/ o(uf, uy, u3) — ousy — pguy + g°) T (uy — ¢2)dz dt,
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T
/O (S, T (s — ) dt+/ Ay, Vus) VT (us — bs)da dt
+ /Q (a3,1Vu§ + a372Vu§ + CY373VUJ§)VT]§(U§ — gbg)dx dt
= /Q (ous — psus + h°) Ty (us — ¢3)dx dt,

Note that, if L =k + [|¢1 1 (g, and uf, = (ui — ¢1)¢ + ¢1s; we have

/ A, VS VT (uS — dr)da dt

T

= /s Ay (T (u)), VT (u)))VTi(u] — ¢1)dxdt.

[t Tids — o)t (3:39

= [ Tu(us = o0)(T)dx = [ Tu(us = 61)(0)da

T
+ [ 0w TlTuws) - o)t
From (3.35), the first equation of (3.34) can be re-written as

[ Tutws = o0)(T)da — [ Tulus = 61)(0 d:c+/ (bres Te(T1(u5) — 1))t

+/, A(Tp(uy), VIL(u))) V(T (uy) — ¢1)dx dt

+ p <061’1VTL(’U€) + OCLQVTL(U;) + 05173VTL(U§)>VT]€(TL(U§) — (bl)dx dt

= Jo, (Totu, v, ug) — uuy + f)Ti(uy — gr)dwdt.

Using the fect that %k is Lipschitz continuous, (H7) and tha results (3.13), we obtain

/Tk d:L“—>/Tk uy — ¢1)(T)dx

/Qmu; — 61)(0)dz — /Q%k(ul — $1)(0)dz, as e — 0.
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Finally, by considering the strong convergence of f¢,(3.13), (3.14), and the definition of o (u{, u$, u§)

and the Lemma 3.8, we obtain the following result by extracting the limit as e — 0

/Tk uy — ¢1)(T dx—/Tk (ur — ¢1)(0 d$+/ (D16, Ti(ur — ¢n))dt
+ / Al(ul, VU1>VT]€(U1 - ¢1)d1‘ dt

or (3.36)
+ /Q (kvun + us + ug) Vaur + w1 Vg + 1w Vug) Vi (ur — o )da dt

= /s (—o(uy, ug, uz) — pruy + f)Tr(uy — ¢1)dxdt.
T

Similar arguments on the other two equations of the (3.34) lead to

[ Ttz = 62)(1)do = [ Tz = 6)(0)d +/ (o, Tl — o))t

+ /QT Ay (ug, Vug) VT (uy — ¢o)dxdt + /QT((ul + koug + uz)Vus + usVuy
+ usVuz) VT (ug — ¢o)dzdt

= QT(U(Uh Ug, Ug) — QUg — pots + §) Ty (ug — ¢o)da dt,

/Q%k(u?) — ¢3)(T)dx — /Q%k(ui’» — ¢3)(0)dz + /OT<¢3t,Tk:(U3 — ¢3))dt

+ /QT As(us, Vuz)VTi(uz — ¢3)dx dt + /QT((ul + us + ksuz)Vug + usVuy

+ UgVUg)VTk (Ug — ¢3)dI dt

= /Q (ous — psus + h) Ty (us — ¢3)dz dt,
T

for all k > 0 and for i = 1,2,3,¢; € C'(Qr) with ¢; = 0 in 37. This completes the existence of

entropy solutions of the system (3.1)
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Abstract

In this work, we study the existence of renormalized and entropy (weak) solutions of nonlinear

parabolic system defined by

0 , . .
% — div(Ay(uy, Vuy) — div(kyuy + f(u)) = —o(uy, ug, uz) — pug + f in Qp

The same equations with us and usz. The method of solving our problem consist of obtaining local
estimates for suitable approximate problems and then passing to the limit.
This problem is taken from the article [I8], that is published in 2013. Which will be used in

detailed proofs.

Résumé

Dans ce travail, nous étudions I’éxistence de la solution entropique et renormalisation (faible) d’un

system parabolique non linéaire défini par

0
% — div(A1(ur, Vug) — div(kyuy + f(u)) = —o(ur, ug, ug) — pyug + f dans Qr

Les mémes équations avec us et us. La méthode de résolution de notre probleme consiste a obtenir
des estimations locales pour des problemes approximatifs appropriés puis a passer a la limite.
Ce probléme est pris a partir de larticle [I8], qui est publié dans 2013. Qui sera utilisé dans les

preuves détaillées.
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