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Introduction

Fractional calculus is a mathematical branch which investigates the properties of
derivatives and integrals of non-integer orders (also known as fractional derivatives and
integrals, briefly differ-integrals). The interested readers in the subject should refer to the books
( Samko et al. 1993 [18], Podlubny 1999 [9], Kilbas et al. 2006 [1], Diethelm 2010 [11]).

The differential equations of fractional order are generalizations of classical differential
equations of integer order; they are increasingly used in such fields as fluid flow, control
theory of dynamical systems, diffusive transport akin to diffusion, probability and statistics...
etc. The boundary value problem of fractional differential equations is recently approached by
various researchers ([15], [12]], [21], [16], [17]).

This thesis consists in studying the existence of solutions for partially disturbed hyper-
bolic functional differential equation withe fractional order, The results obtained are based on
some fixed point theorems (Banach’s contraction principal, the Leray-Schauder non linear al-
ternative and Burton-Kird’s theorem ).

This memory consists of an introduction and three chapters .

The first chapter will be devoted to the basic notions and fundamental results of the theory
of functional analysis, a reminder and some preliminary concepts will be introduced such as
the Gamma function, the Beta function, which plays an important role in the theory of fractio-
nal calculus, and basic notions related to fractional calculus such as :
fractional integration, fractional derivation in the Rieman-Liouville, Caputo and katugampola
sense , which are the most used .

In the second chapter, the question of the existence of the solution for the following perturbed

problem will be addressed :
(“Dyu)(z,y) = f(2, 4, u@y) + 9(x, ¥, uy)  (,9) € J
u(z,y) = dla,y) (v,y) €]

u(z,0) =p(x), u0,y)=vy), (z.y)€



where °Dj is a fractional Caputo derivative of order r = (ry,r2), f,g : J x C([—, 0] X
~8,0,R) — R, ¢ € C[-a,0] x [-8,0LR), p € [0,a] — R,
Y € [0,b] — R are given function .
We presents a result based on a Burton-Kirk fixed point theorem for the sum of two operators (a

contracting operator,a completely continuous operator) . And finally we present an illustrative

example.

In the same way of second chapter we have studied the following perturbed problem: :

(CDS’pu) (1:’ y) = f(CU, Y, u(m,y)) + g(x, Y, u(x,y)) (I7 y) €J

u(z,y) = d(z,y) (v,y) €J
U(ZB,O) = 90($), U(O,y) = ¢(y)v (5873/) €J

where “D(” is a fractional caputo-Katugampola derivative of order r = (r1,r3), f,g : J X
C([-a,0] x [-8,0],R) — R, ¢ € C([—,0] x [-5,0,R), ¢ € [0,a] — R, ¢ € [0,0] — Rare
given function

Also, we end this chapter with an illustrative example .

vi



CHAPITRE 1

BASIC DEFINITIONS OF FRACTIONAL
CALCULUS

In this chapter we introduce the fundamental concepts, fundamental definitions and
results of fractional calculus (Gamma and Beta functions, Riemann-Liouville, Caputo, Katu-

gampola, fractional integral and derivative).

1.1 Special Functions

1.1.1 Gamma Euler function

Definition 1.1.1 ([1]). The Gamma Euler function is a function which naturally extends the
factorial to real numbers, and even complex numbers.

We define the Gamma function by
+oo
I(z) = / Foletdt, (2 € C, Re(z) > 0).
0

With tz—l — e(z—l)lnt'

Exemple 1.1.1.

LT(1)=[etdt=1.

2. T'(3) = O+oo t2letdt = f0+oo t=2e~tdt = 2fo+oo e " dr = /7.

(setting the variable change t = 72)

Lemma 1.1.1 ([1]). The Gamma function is a class C* function on R*, (resp. holomorphic on the
half-plane z € C, Re(z) > 0) and
Vk € N*, Vz e R (resp, z € C, Re(z)>0)

“+o00
Ik (z) = / (Int)E et
0



1.1. SPECIAL FUNCTIONS 9

properties 1.1.1. Forall z € C, Re(z) >0, n € N, we have

3.T(n+ %) = (ZZL)L:'/E

Remark 1.1.1. The determination of the Gamma function for non-integer negative values by

the formula
P(z) = I'(z+ 1)7

z

and the transition from one interval to another (-1,0), (-2,-1), (-3,-1),...

The Gamma function does not exist for integer negative values.

Exemple 1.1.2.
1 1
1. T'(—3) = Al 72;1) = Ff?! =27
r(-2+1 r-1 o /x =
2. T(=3) = <_2%+>: <_§> — %f:%

1.1.2 Beta function

Definition 1.1.2 ([1]). The function of Beta is a type of integral of Euler defined by

1
B(p,q) :/ "~ (L—t)""dt (p,q € C, Re(p) >0, Re(q)>0).
0
Forall p, ¢ € C, with Re(p) >0, Re(q) > 0, we have

L(p)T'(q)

o = gy

Remark 1.1.2.

B(p,q) = = = B(q,p), (p,q€C, Re(p) >0, Re(q)>0)

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.2. FRACTIONAL INTEGRAL 10

1.2 Fractional integral

This section will be devoted to elementary definitions and basic concepts relating to fractio-
nal calculation such as :
fractional Riemann-Liouville integration and fractional katugampola integration, the fractio-
nal derivation in the Riemann-Liouville sense , Caputo and katugampola, which are the most

used.

Definition 1.2.1 ([7]). Let Q = [a,b] (0 < a < b < o) be a finite interval on the half-axis R*,
and the parameter 0 <y < 1.

1. We denote by Ca, b] the space of continuous functions g on €2 with the norm

9]l = mazzeq lg(z)] -

2. The weighted space C., ,a, b] of function g on (a, b] is defined by

P — af

C'%p[a,b]—{g:(a,b] —>R:( )vg(a:)eC[a,b]}.

(5 o

Where 0 < v < 1 and with the norm

x? —af\”
o, = [ (“5) ot

Where Cj ,[a,b] = C|a, b].

= MaTzeq
c

1.2.1 Riemann-Liouville Fractional Integral

Definition 1.2.2 ([1]). Let f : [a,b] — R a function defined on [a, b] such that f € L'([a, b]).
The fractional integral of Riemann-Liouville to the left of order a > 0 of £ is defined by :

T2 N0 = g [ =9 s, e o]

In the same way we define the fractional integral of Riemann-Liouville to the right of order

a>0by:
1

a&mw:ﬁgla—$avww,w6mw

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.2. FRACTIONAL INTEGRAL 11

Function defined on R* et R.

Ve RY, (T3 f)(t) = P(la) / (t — )7 f(s)ds.
Vi eR; (I¢ —ﬁ (t—s)*""f(s)

proposition 1.2.1. Fora >0 , 5 > 0, we have

1 (Z2(t - 0)P) (1) = ;o8 (1 — )i,

2 (Tg (6= 177") () = F 6 — )

Theorem 1.2.1 ([1]). If f € L'([a,b]), then I f existforall o >0 and I% € L'([a,b]).
proposition 1.2.2 ([1]). Let a > 0, 8> 0, and f € L'([a,b]). Then
IO T f(t) = T T8 f(t) = 07 £(1),

Proof we have

o 78 f(t) = F%) / (= 7y (ﬁ / C(r = s f(s)ds) ir.
1

== [ — 1) N1 = )P f(s)dsdr
- | = s,
—; t S t — 7)Y = )% Ydrds
= w16 [ = s s

78

Setting the variable change u = SO

If+f a)lf / f(s)(t —s)>tF-1 (/:(1 — u)“‘_luﬁ_ldu) ds,

1 R TV (0] ()
~ e | SO = Bl sy duds, | BGa. ) - LT,
1 (04 — g)etBlgs
a)F (a+6 /f s
a+ﬁ 1
a—i—ﬁ / f(s)ds
IOH-ﬁ

1.2.2 Katugampola Fractional Integral

Definition 1.2.3 ([7]). Let f : [a,b] — R a function defined on [a, b] such that f € L'([a, b]).
The fractional integral of Katugampola to the left of order a > 0 of f is defined by :

-«

(PZE () = ﬁ(a) / sPL (P — sP)* L f(s)ds, Yt € [a,b], p>0.

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.3. MIXED FRACTIONAL INTEGRAL 12

In the same way we define the fractional integral of Katugampola to the right of order a > 0

by :

11—«

b
(P f)(t) = ?‘(a) /t sP71(sP — t°)* 1 f(s)ds, Yt € [a,b], p>0.

proposition 1.2.3 ([7]). Leta >0, >0, p>0 and f € L'([a,b]). Then
PTENTY. (1) = PTPTe F () = T (1),

proposition 1.2.4 ([7]). Fora >0 , > 0, we have

B—1 a+8-1
ez (5)" = i ()

i _ B—1 r _ a+p—1
2" (bpptp> ] (t) = F(Offr)ﬁ) <bpﬂtp> ‘

Lemma 1.2.1 ([7]). For a > 0 *Z%, maps Cla,b] into Cla,b).

Lemma 1.2.2 ([7]). Let o« > 0 and 0 <~ < 1. Then *PZ%, is bounded from C. ,[a,b] into C, ,[a,b].
Lemma 1.2.3 ([7]). Let « > 0 and 0 < v < 1. Ifyv < «a, Then PI?, is bounded from
C, pla, b] into Cla,b].

1.3 Mixed Fractional integral

1.3.1 Mixed Riemann-Liouville Integral

Definition 1.3.1. [[10]] Let ry, 7, > 0and r = (r1,79) for f € L'(J,R)

The left-sided mixed Riemann-Liouville integral of order r of f is defined by :

(T ) () = W / ' / M — sy y — 07 (s, st

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.4. FRACTIONAL DERIVATIVES 13

1.3.2 Mixed Katugampola Integral

Definition 1.3.2. let 7, o >0, p>0and r = (ry,m) for f € L'(J,R)

The left-sided mixed Katugampola integral of order r of f is defined by :
p(1—71)+(1—7"2)

(PZi )z, y) = W /OI /Oy SP—ltp—l(g;P — sp)m—l(yp — tp)rg—lf(s, t)dsdt.

1.4 Fractional derivatives

There are several definitions of fractional derivatives, we present in this section the defini-
tions of the fractional derivatives of Rieman-Liouville , Caputo as well as Katugampola which

ara the most used

1.4.1 Riemann-Liouville Fractional derivative

Definition 1.4.1 ([1]). Let @« > 0, and n = [a]+1. The fractional derivative of Riemann-Liouville

to the left of order « is defined by :

«a 1 d ' n—a—1
(Dgr () = m%/a (t—s) f(s)ds, Vt € la,b].
In the same way we define the fractional derivative of Riemann-Liouville to the right of order
a>0by:
D790 = L [ iyt s, e fa
b” - T(n—a)dtm /, § ok ol

proposition 1.4.1 ([1]). Fora >0 , > 0, we have

2. (Dg(b—1)P7") () = aiy (b — 1)L,

1.4.2 Caputo Fractional Derivative

Definition 1.4.2 ([1]). Let @ > 0, and n = [a] + 1. The fractional derivative of Caputo to the left

of order « is defined by :
1 ¢
(DLN0O = Frm / (t— 5)"o 1 £ (s)ds, Vi € [a, )]
In the same way we define the fractional derivative of Caputo to the right of order a > 0 by :
(“Dy- f)(t) = T / b(s — 1) W (s)ds, Vit € [a,b].
I'(n—a) /,

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.4. FRACTIONAL DERIVATIVES 14

proposition 1.4.2. Fora >0 , > 0, we have
L (Dot —a)’™) () = ;i (t — @)™ [ B>n

I(5—a)
2. (Dp(b—1)") (1) = s (b= )1 B >m

1.4.3 Katugampola Fractional Derivative

Definition 1.4.3 ([7]). Leta >0, p > 0, and n = [a] + 1. The fractional derivative of katugam-
pola to the left of order « is defined by :

1—-n+4a

(D2 £)(1) = ) (t%) / (1 sy f(s)ds, Vi € (b

I'n—«
In the same way we define the fractional derivative of katugampola to the right of order a > 0

by :
(_1)np17n+a

D0 = o

d\" [°

<t1_p—) / sPH(s? — P f(s)ds, Yt € [a,b].
dt .

proposition 1.4.3 ([7]). For a« >0, >0, p >0, we have,

[ B—1 a—pB-1
1. pD3+ <tﬂ;aﬂ> :| (t) _ F(Foff_)ﬁ) <tﬁ;aﬂ> .

i B—1 a—pB-1
2 o (=) o= ey o)

Theorem 1.4.1. (See [20]). Let o € C, Re (o) > 0,n = [Re («)] and p > 0. Then, for t > a,

Lliny ("D3 f) (1) = ﬁ (%) / t % (1.1)
2. lim ("D} ) () = e (t%) / t (m é)f (5) (12)

Theorem 1.4.2 ([7]]). Let a >0, 8> 0,p >0, suchthat: 0 <c«, 8<1 and f € L'([a,b]). Then

pr:+pD§+f(t) = PDf+ng+f(t) = pID:rBf(t)'

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.5. MIXED FRACTIONAL DERIVATIVES 15

1.4.4 Caputo-Katugampola Fractional Derivative

Definition 1.4.4 ([7]). Leta > 0, p > 0 and n = [a]| + 1. The fractional derivative of Caputo-
Katugampola to the left of order « is defined by :

a—n—+1 t
(“DEL)(E) = h/{l se=DU=n) (o _ gpyn—a—l ¢ () ds V't € [a, D).
In the same way we define the fractional derivative of Caputo-Katugampola to the right of

order a > 0 by :

(_1)npa—n+1

b
(p=1)(A=n) (gp _ ppyn—a=1r(n)(g\q t bl .
Fl [ A — e ), i e [

(‘D f)(t) =
proposition 1.4.4 ([7]). For « >0, 8> 0, p > 0, we have,

[ B—1 a—pB-1
c, tP—af _ I'®» tP—af
1 o (e52) " 0 gz (52)

i B—1 a—pB-1
2. |y (25 ](t):F(FOEf)ﬁ) ()"

Theorem 1.4.3 ([7]). Let x € C'([a,b]). Then , the Caputo-Katugampola fractional derivatives “D’’

and“D,"" exist and are continuous on the interval [a,b]. Moreover,
‘Dif=0at t=a, and Dy’ =0 at t =b.

1.5 Mixed Fractional derivatives

1.5.1 Mixed Caputo fractional derivatives

Definition 1.5.1. [[10]] letry, ro > 0and r = (ry,ry) for f € L*(J,R)
The Caputo fractional order derivative of order r of f is defined by :

2

“Def ) = (2 883 1) @),

Ly OPf
F(l —r)I'(1 —79) / / —1) (f)satdet.

1.5.2 Mixed Caputo-Katugampola fractional derivatives

Definition 1.5.2. let 7, ro > 0and r = (r1,ry) for f € L'(J,R)

The Caputo-Katugampola fractional order derivative of order r of f is defined by :

62
(D D) = 2 (17000 ) (o)

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.6. SOME FIXED POINT THEOREM 16

1.6 Some fixed point theorem

In this section we have based on the different tools and results of the functional analysis
theory used thereafter : Banach fixed point theorem , equicontinuity, Burton-Kirk theorem ,

Arzela-Ascoli theorem ,...

Definition 1.6.1. we call Banach space (£, ||.|| ;) any normed and complete vector space for the
distance deduced from the norm.
Let J =[0,a] x [0,b], a, b>0 and (E,|.||z) a Banach space .

We denote by C(J, R) the Banach space of the continuous functions from ] in E with the norm :

lull = sup@yes l[u(z y)l s -

Definition 1.6.2. A continuous function f : J x £ — E defined on an open J x U of R x E'is
called lipschitizienne if :

Yuy, us € U, and =, y >0 3 ¢ >0, such that:

||f(35,y,u1) - f(xvyaU'Q)HE S c ||U1 - u2||E :
Alsoif 0 < ¢ <1, fissaid to be contracting.

Exemple 1.6.1. f(z,y,u) = zyu(x,y), =, y € [0,a]; a > 0is of lipschitz type .
Indeed ,V wuy,us € U, and x, y >0,

‘f(x7y7ul> - f(l',y,UQ)‘ g a/2 ‘ul - u2| .

Corollary 1.6.1. Let f be a function of class C* on a bounded open J x U of R x E
(The function f and its partial derivative g—i with respect to u are continuous in a bounded—bounded )

then, fis lipschitizienne .

Definition 1.6.3. Let be £/ and F' two Banach spaces and f : F — F' a function.
— [ is said to be compact if the image f(F) is relatively compact in F'.
— f is said to be completely continuous if it is continuous and the image of all bounded of

F is relatively compact in F'.

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.6. SOME FIXED POINT THEOREM 17

Theorem 1.6.1. (Banach fixed point theorem .See [[14]])
Let (F, d) a complete metric space and f : F — F a strictly contractual map i.e., thereis 0 < c <1
such that , forallu, ve F

d(f (), f(v)) < cd(u, v).

Then there is a unique fixed point uy ie:

f(Uo) = Up-

Theorem 1.6.2. (Schaefer’s fixed point theorem. See [[13]])

Let E be a Banach space, and F : E — E a completely continuous operator. If the set
S={u€FE:u=puFu, forsomep € (0,1)},
is bounded, the F has fixed points.

Theorem 1.6.3. (Nonlinear alternative Leray-Schouder type [3])

Let X a Banach space , U an open of a convex part D of X and 0 € U. Assume that,
N : U — D is a continuous and compact operator .

Then, only one of the following proposition is satisfied :

(S1) N has a fixed point in U,

(S2) there exists v € (0,1) and v € OU with u = vN(u).

Theorem 1.6.4. (Burton-Kirk theorem[2] ) ()

Let X be a Banach space and F,G : X — X two operators satisfying :
1. G is a contraction and,
2. F'is completely continuous.

Then either

(S1) the operator equation u = F'(u) + G(u) has a solution, or

(S2) theset e = (u € X : u = AF(u) + AG(})) is unbounded for X € (0,1).

Lemma 1.6.1. (Ascoli-ArzelA lemma [8]])

Let A C C(J,R) .A is relatively compact (i,e A is compact )if and only if :
1. Ais uniformly bounded .

2. Ais equicontinuous .

In the sequel we use the following version of Gronwall’s lemma for two independent va-

raibles and singular kernel .

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.6. SOME FIXED POINT THEOREM 18

Lemma 1.6.2. (Gronwall’s lemma [17])
Let v : J — [0, 00) be a real function and w(.,.) be a non negative , locally integral funtion on J. If

there are constants ¢ > 0 and 0 < ry, r9 < 1 such that

v(x,y) <w(z,y) + c/ox /Oy . :)Sf’(?j)_ o dsdt,

Then there exists a constant k = k(ry,ry) such that ,

v(z,y) <w(z,y)+ ck /Ox /Oy - :)15;9(7;)_ e dsdt,

for every (x,y) € J.

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



CHAPITRE 2

DARBOUX PROBLEM FOR PERTURBED OF
CAPUTO FDE

In this chapter we study the following perturbed problem :

(“Dou)(z,y) = f(@,Y, Uay) + 9(2, ¥, Uwy)), (T,y) €J 2.1)
u(z,y) = o(x,y), (v,y)€] (2.2)
u(z,0) =), uw0,y)=v¢y). (z,y)eJ (2.3)

Where J = [0,a] x [0,0], J = [—a,a] x [-5,b]\[0,a] x [0,b], a, b, o, B>0
f,9:JxC(]—a,0] x [-8,0,R) — R, ¢ € C([~,0] x [-5,0],R), ¢ €[0,a] — R,
Y € [0,b] — R are given function
We denote by u(, ) the element of C([—a, 0] x [—/3, 0], R) defined by :
V(s,t) € [—a,0] x [-5,0]

Uz (5, 1) = u(z + s,y + 1)

Next we consider the following nonlocal initial value problem :

(CDSU)(xv y) = f(ZL’, Y, u(x,y)) + g(:r, Y, u(:}c,y))7 (QT, y) €J (24)
u(z,y) = o(x,y), (v,y)€] (2.5)
u(@,0) + A(u) = ¢(z), u(0,y)+ B(u) =¢(y). (z,y)€J (2.6)

where [, g, ¢, 1 are as in the problem R.I)-2.3) and A, B : C(J,R) — R are continuous

functions.

19



2.1. FUNDAMENTAL LEMMA 20

2.1 Fundamental lemma

Lemma 2.1.1. [T7] Let f € L'(J,R) . A function u € C(J,R) is a solution of problem :

(“Dou)(z,y) = f(x,y), (x,y) €J (2.7)
u(z,0) = p(x), u0,y) =¢(y). (v,y)€J (2.8)
With
©(0) = (0),
if and only if u(x,y) satisfies
u(z,y) = p(x,y) + I(f)(z,y). (z,y) €J (2.9)

Where
w(z,y) = o) +¥(y) — ¢(0).

Proof : (see[17])
Let u(z, y) be a solution of problem (2.7)-(2.8). Then, we have

Iy (D2 u)(z,y) = f(z,y),

hence, we obtain
151y~ (D2,u)(z,y) = (15 f)(z, y),

Then
LDy u(z,y) = (I f)(@,y),
since
Iy D3 yul@,y) = u(z,y) — u(w,0) — u(0,y) + u(0,0),
we have

u(z,y) = pu(z,y) + (I f)(z,y).

Now let u(x,y) satisfy (2.9). It is clear that u(x,y) satisfies (2.7)-(2.8).

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order
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Corollary 2.1.1. Let f : J x C ([—a,0] x [=53,0],R) = R, (,y, U@y)) = [ (2, Y, Uy))-
The function u € C ([—«, a] X [—8,b], R) is a solution of problem [2.1)-(2.3) if and only if u satisfies
the equation

u (xa y) / / Tl 1 - t)rQilf (S t u (55t ) dsdt

+<,0(

for almost all (z,y) € J and the condition (2) on .J

2.2 Existence of solutions

Definition 2.2.1. A function u € C([—«, a] x [—f,b],R) is said to be a solution of (2.1)-(2.3) if u

satisties Eqs. and on ] and the condition on J.

Now, we present the conditions for the existence of solutions to the problem (2.1)-(2.3).

Theorem 2.2.1. [17] Assume that the following hypotheses are verified :
(Hy) f, g:JxC([—a,0] x [-5,0],R) are jointly continuous.
(H;) There existe k > 0 such that for (z,y) € J

|g($,y,U) - g(x,y,v)| < k Hu - UHC’

forany u, v e C([—a,0] x [-f,0],R).
( H3) There existe p, q € C(J,R,) such that :

|f(z,y,w)| < p2,y) + a(z,y) [lullo,
for (z,y) € Jand uw € C([—a,a] x [-f,0],R).
if
ka™ b
F(’T‘l + 1)F(’I"2 + 1)

<1. (2.10)

Then the IVP (2.1)-(2.3) has at least one solution on[—«, a] x [—/3, b]

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order
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Proof : consider the operators F, G : C([—a,a] x [-3,b],R) — C([—a,a] x [-5,b],R)
defined by :

o(x,y) (z,y) € J
F(u)(z,y) = ) B
w(z,y) ) fo J (@ =)y — ) f (s, b u )dsdt (x,y) € J
and
0 (z,y) € J
G(u)(z,y) = . vy » »
o Jo Jo @ — )"y — ) g(s b uge ) dsdt (z,y) € J.

Then the problem of finding the solution of the IVP (2.1)-(2.3) is reduced to finding the solution

of the operator equation
F(u)(s,t) + G(u)(s,t) = u(s,t), (s,t)eJ

we will shall show that the operators F and G satisfy all the condition of theorem(3.5).

The proof will be given in several steps.

Step 1: F is continuous

Let (u,) be a sequence such that u,, — win C'([—a, a] x[—/, b], R).Let > 0 such that ||u,| <7
Then

un)(x7y) - F( )( )‘ = F 7,2 / / ?"1 1 - t)mil |f(87t7 un(S,t)) - f(S,t, u(S,t))‘ dsdt

— 1“ Tl T2 / / Tl 1 - t)r2715up(s,t)€{] ‘ f<S7 tu un(s,t))
— (5,1, usy } )| dsdt

Hf(-a-aun(., - o U 7"1 1 ro—1
< F(rl / / (y —t)™ dsdt

rlbrg
Hf oy W b)) (77“(,)”00

- T1 TQF(Tl
Since f is a continuous function, we have

a™ b

17 ) = Pl < f0—Drm 71

£ ttney = f( ey, — 0 as n— oo,
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Step 2 : F maps bounded sets into bounded sets in C.
Indeed , for any 7. > O,there existe [ > 0 such that, for each v € B, = [u €

C([~aya) x [~6,BLR) : [ull, <), wehave | F(u)], <.

By (H3) we have for each (z,y) € J :

| F(u)(z, y)|<|u93y

o), -

r11

)21 }f(s, t, u(s,t))| dsdt

< |p(x,y)|
+||p|| +||Q|| // J11y — £y dsdt.
Thus | Il
|p|| + ||| ma™ b
1F ()l < Il = 1.

C(ri+ D(re + 1)

Step 3 : F maps bounded sets into equicontinuous sets in C

Let (z1,y1), (w2,y2) € (0,a] x (0,b], z1 < x2, 11 < y2, By» be a bounded set of C([—«,a] x
[—5,b],R)as in Step 2, and let u € B,» . Then
|F(u)(z2,y2) — F(u)(z1,11)| < (2, y2) — plx1, 11)|
1 1 Y1 1 _1
+ o Ty — 8)" M yy — 1)
toren ) (e
_<$1 - S)Tl_l(yl t>r2_1:| |f(87t, u(s,t))‘ dsdt
1 T2 Y2 1 1
s ) / (2 — 5 g — £ | £ (5.t o) dsct
7"1 7“2 z1
< |M($2,y2) $1;y1
+
+ HpH HqH / / 7‘1 1(y1 . t)’r‘g—l
—(5132—3)’”1 1(y )2 dsdt
||PH + l|all . 7
< o o0 OO _ T1 _ 72
= |u(x2,y2) :u(xhyl)l + F(Tl + 1)1-\(7,2 + 1) [(xQ xl) (yQ yl)
1Pl + gl n*
1,72 r1,,T2 (o) x _ 71 _ 72
—{—1’1 U1 Ty Yo ] + F(Tl + 1)F(T2 + 1) (3:2 :Ul) (yQ yl)
< e, y2) — (2, y1)|
poo+ qoon* T r1,,72 T1,,T2
[Pl + lal 2(x2 — 21)™ (Y2 — y1)"™ + 21"y — 25y’

F(Tl + 1)F(T2 + 1)

Univ of M’sila
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As 1y — 9,91 — y» the right-hand side of the above inequality tends to zero.As a conse-

quence of steps 1 to 3 together with the Arzela-Ascoli theorem .
We can conclude that F' : C([—«,a] x [-5,0],R) — C([—a,a] x [-f,b],R) is continuous and

completely continuous.

Step 4 : G is a contraction.

Letu, v € C(|—a,al x [—f,b],R). Then
for each (z,y) € J we have :

Glu)(x,y) ()(xy>|_”1 //
7"1 7”2// Tll
knu—vn // o ooy

< /’{:a”br2
- F(T’l + 1>F(7’2 + 1)

Which by (2.10) , implies that G is contraction.
Step 5 :A priori bounds.

[ = vl -

Now it remains to show that the set

- t)TQ_l ‘g(S, ta u(s,t)) - 9(57 ta U(s,t))| dsdt
— )"k |ju — ||, dsdt

— 1) dsdt

e = {uGC’(J,R):u:)\F(u)qL)\G(%),V 0< A< 1}.

Is bounded.
Letu € ¢, then

w=\F(u) + )\G(% .

vV 0 < A < 1. Thus for each (z,y) € J we have :

u(z,y) = Mz, y) + 5 S m) fo fo x—8)" My — )2 (s, t, ugs)dsdt

r 1 ro—1 u(svt)
Ty — 1) t, —=)dsdt.
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This implies by ( H,) and ( Hj;) that, for each (z,y) € J
< ||pH r1 1 - ro—1 d d
[ula, )| < n(@ )| + 1555 07 gl dsdt

||Q|| / / 7‘1 1 _t)rg—ldsdt
['(ry)

7"1 1 ro—1 Usit)y ’
7"1 (r2) // —1) ‘9(3% )\) g(s,t,0)| dsdt

s)Hy — )t t,0)| dsdt
o // = gl 1.0) s

§|u(w,y)|+ ”p” () // )"y =)= ugsn || dsdt

||q|| / / r1 1 _t)’r‘gfldsdt
7"2

B B g*arlbrz
+— z— ) Ny — )2 g, dsdt + .
T(r )T () /0 /0 (z=9)" "y =0 lugnlle Tl + 1T (ra £ 1)

Where ¢* = SUP(st)ed l9(s,t,0)].

We consider the function 7 defined by
T(z,y) = sup{|u(s,t)] :0<s<z,0<t<y},0<x<a,0<y<b
Let (z*,y*) € [—«, z] x [0, y| such that
T(z,y) = [ul@,y")|, («",y") € J

then by the previous inequality, we have for (z,y) €

a" b2 (|lgll,, + 9*) HPH / / I 1
< 7“1 T2 )
T(z,y) < |z, y)| + T + D0(r 1) — )27 (s, t)dsdt

If (x*,y*) € [—,a] x [-3,b], then
7(2,y) = [[¢llc-
And the previous inequality holds.

Then from lemma (1.6.2) there exists k* = k*(r1,15) such that we have

a"b"(|lgll . +9%) ||p|| % .
7(r,y) < |M<x’y)|+r(r1+1)F(r2+l) / / Sy — )2 dsdt
ab™(llql|, + 9" k* P Ja" b
< |z, y)| + ([l ) (II ||

F(Tl + 1)F(T2 + 1) F(Tl + 1)F<T2 + 1)
= R"
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Since for every (z,y) € J
ey e < 7(2,9).

We have

[ull oo < maz(llolle, BT)

= A

This shows that the set ¢ is bounded . as a consequence of theorem (1.6.4) , we deduce that
F + G has a fixed point u which is a solution to problem (2.1)-(2.3) .
Now, we present (without proof )two existence results for the nonlocal problem (2.4)-(2.6) .

Definition 2.2.2. [17] A function u € C([—«, a] x [0, b], R) is said to be a solution of (2.4)-(2.6)
if u satisfies Eqs (2.4)and on J and the condition (2.5) on [—«, 0] x [—£, 0].

Theorem 2.2.2. [17] Assume ( Hy)-( Hy)and following conditions :
(H',) there existe k > 0 such that

|A(u) — A(w)| < kflu—v|| Y u,v € C(J,R).
(H',) there existe k* > 0 such that
|B(u) — B(v)| < k" lu—v|| Y u, veC(J,R).
Hold if
ka™ b

<
F(’T‘l + 1)F(7"2 -+ 1)
Then there exists at least one solution for IVP(2.4)-(2.6) on [, a] x [—f,b].

k+ k" + 1.

Theorem 2.2.3. [17] Assume ( Hy)-( H3) and following conditions :
(H'3) there existe d > 0 such that

[A(w)| < d(1+ [[ul| )V ueC(R).
(H';) there existe d* > 0 such that
|B(u)| < d*(1+ ||lul[ )V v e C(JR).

Hold if is satisfied, then there exists at least one solution for IVP(2.4)-(2.6) on [—«,a] x [—f3,b].
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2.3 Example

We consider the following perturbed problem such that : J = [0,1] x [0,1],J = [~1,1] x
[_27 1]\[()’ 1] X [07 1]

_ 13" (Ju(z — 1,y — 2)[ +2)

cpr — 1 2.11
( 0)<$,y) 36$+y+2(|u(ac—1,y—2)|+2) Zf(x7y) €J ( )
u(z,y) =xz+y (v,y) € J (2.12)
w(z,0) =z, u(0,y)=y*, (v,y)e] (2.13)
- u )
o ju(r—Ly—=2)[+2
f(xvyuu(x,y)> - 1+ |U(I . 17y — 2)| (l’,y) € Ju
and
1
g(%?lau(z,y)) — 36x+y+2(1 + |U(I _ 17y _ 2)|) <I7y) € J
Foreachu, u € Rand (z,y) € J we have
|u — Z_LHC

‘g(x,y,U(z,y)) - g(x>y7ﬁ(a:,y))| < 32

Hence condition ( H,) is satisfied with & = ﬁ

we shall that condition (2.10) holds with a = b = 1. Indeed

1

< 1.
3e2I'(ry + D)(rg + 1)

Which is satisfied for each (ry,r2) € (0,1] x (0, 1]. Also the function f is continuous on J x [0, c0)
and

|f (2, y,w)| < w|+2 V(z,y) € Jx[0,00)

Thus conditions ( H;) and ( H3) hold.

The theorem (2.2.1) implies that the problem (2.11)-(2.13) has a solution on [—1, 1] x [—2, 1]
(see [17]).
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CHAPITRE 3

DARBOUX PROBLEM FOR PERTURBED OF

CAPUTO-KATUGAMPOLA FDE

In this chapter we study the following perturbed problem :

(CDS,IJU) (l’, y) = f(xa Y, u(m,y)) + g(x, Y, u(:}c,y))v ($, y) €J

u(z,y) = o(x,y), (x,y)eJ

u(z,0) = p(x), u0,y) =¢(y). (v,y)€J

Where J = [0,a] x [0,0], J = [=a,a] x [=3,b]\[0,a] x [0,8], a, b, a, B, p>0

(“Dy’u) is the fractional Caputo-Katugampola derivative of order r = (r1,r2) € (0,1] x

f,9:JxC(]—,0] x [-5,0],R) — R, ¢ € C([—«,0] x [-5,0],R), ¢ € [0,a] — R,
Y € [0,b] — R are given function.

Next we consider the following nonlocal initial value problem :

(CpDSU)(IE, y) = f(xv Y, u(x,y)) + g(w, Y, u(x,y))a (ZL’, y) €J

u(z,y) = d(x,y), (x,y)eJ

u(z,0) + A(u) = (z),  u(0,y) + Bu) = P(y). (z,y) €J

(3.1)

(3.2)

(3.3)

(0,1]

(3.4)
(3.5)

(3.6)

Where f, g, ¢, 1 are as in the problem (3.1)-(3.3) and A, B : C(J,R) — R are continuous

functions.

28
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3.1 Fundamental lemma

Lemma 3.1.1. Let f € L'(J,R) . A function u € C(J,R) is a solution of problem :

(Dou)(z,y) = f(z,y),  (v,y) € 37)
u(,0) = p(x),  u(0,y) =4¢(y). (r.y)eJ (3.8)
With
(0) = ¥(0),
if and only if u(x,y) satisfies
ule,y) = ule,y) + "L ()(z.y). (v,y) €/ (39)

Where
u(z,y) = o) +¥(y) — ¢(0).

Proof : Let u(x, y) be a solution of problem (1.7)-(1.8).Then, we have:
Iy (s DL u) (2, y) = flzy),

hence, we obtain
P (PLy (s P D2 ) () = (VL f) (),

then
Iy (t' s P D2 u) (2, y) = (PL5 f) (2, y),
since
pI& (tl_psl_ngyu) (l’, y) = U(:L‘, y) - U,(J}, O) - U(O, y) + u<0a 0)7
we have

u(z,y) = p(z,y) + ("Zo f)(z,y).

Now let u(x,y) satisfy (3.9). Itis clear that u(z,y) satisfies (3.7)-(3.8).
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Corollary 3.1.1. Let f : J x C ([—a,0] x [=3,0], R) = R, (2,9, uuy) — f (2, ¥, Uay)-
The function u € C ([—«, a] x [—,b], R) is a solution of problem (3.1)-(3.3) if and only if u satisfies

the equation

u (z, p(l " 17"2)// P=1p=1 (g P\ L e _ ypyr2—t
y) = st ) (y? — 7)) f (s,1) dsdt
()+w<

For almost all (x,y) € J and the condition (2) on J.

3.2 Existence of solutions

Definition 3.2.1. A function u € C([—a, a] x [—f,b],R) is said to be a solution of (3.1)-(3.3) if u

satisties Eqs. and on ] and the condition on J.

Now, we present the conditions for the existence of solutions to the problem (3.1)-(3.3).

Theorem 3.2.1. Assume that the following hypotheses are verified :
(Hy) f.g:J x C([—a,0] x [—0,0],R) are jointly continuous.
(H;) There existe k > 0 such that for (z,y) € J

|g([L’,y,’LL) - g(m,y,v)| < k HU - UHC :

Foranyu, v € C([—a,0] x [-3,0],R).
(H3) There existe p,q € C(J,R) such that :

|f(@,y,u)] < ple,y) +q(z,y) [Jull -

For (z,y) € Jand uw € C(|—a, a] x [-f,0],R).

If

k'aprl bﬂr2 p(l_Tl)J’_(l_rz)

p?T(ry + D) (ry + 1)

<1. (3.10)

Then the IVP (3.1)-(3.3) has at least one solution on[—«, a] x [—/3,b).
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Proof : consider the operators F, G : C([—

defined by :
¢(r,y)
F(u)(x,y) = R o1
w(z,y) + 2 TTOT(2) Jo Jo 8771t
and
0
G(u)(z,y) =

(1 r1)+(1- T2)

T(r)T (2 fo fo sP~ 1P (P — sP) T (yP

A

&,(I] X [_6’ b]7R) — C([—a,a] X [_ﬁvaR)

(z,9)

)2 f (80t ugsn)dsdt (z,y)

(x,y) € J

— P2 g (s, b usy )dsdt  (x,y) € J.

Then the problem of finding the solution of the IVP (8.1)-(3.3) is reduced to finding the solution

of the operator equation

F(u)(s,t) + G(u)(s,t) = u(s,t),

(s,1)

cJ

we will shall show that the operators F and G satisfy all the condition of Burton-Kirk theorem .

The proof will be given in several steps.

Step 1: F' is continuous

Let (u,) be a sequence such that u,, — uin C([—«, a] x [/, b], R).Let > 0 such that ||u,||, <

Then

P (2, 9) — Flu)(e, )| < Mm”//y%l

|f3tunst

stust ’dsdt

17‘1 +(1—r2)
[
T(r))0(ra)

X SUP(s,t)e }f S, t, un(st))
AT

)y — 1y

)y — gyt

(st ugsp ! )| dsdt

)|l

IN

F(Tl)r(rz)

/ / p—1yp—1 Ip )Tl—l(yp_tﬂ

ap’rlbprgp(l r1)+(1—r2)

f Yt
p2riral’(r)T(12) ” (
Since f is a continuous function, we have
aPm pr2p(1—7”1)+(1—7’2)
1F(un) — F(u)] | T

<= pL'(ry + D0(rg + 1)

)2 tdsdt

Un(.,.) — f(7 7u(v)Hoo ’

u('7')||oo — 0 as n — oo.

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order

eJ

€ J



3.2. EXISTENCE OF SOLUTIONS 32

Step 2 : F' maps bounded sets into bounded sets in C.
Indeed , for any 7. > 0, there existe I > 0 such that, for each u € B,, = [u €
O[~aa] x [-A,BL,R) : |lul, < n.], we have |F(u)], <1
By ( H3) we have for each (z,y) € J,

1 1 +(1 TQ
F(u)(e,9)] < )|+ P / / P (2P — PV — )| f (s, o) ddt
(]. 1 +(1 1“2
< |u(,y)| + ”p ”°°+”I‘{|(|Tl>” 4 / / ST (@ — )N (Y — 1) s,
thus

IPlloe + llgllo n*a?" 072 ptt—r ()
1P ()] < Nl DT
Step 3 : F' maps bounded sets into equicontinuous sets in C

=1.

Let (z1,11), (22,92) € (0,a] x (0,b], z1 < z2, ¥ < y2, B, be a bounded set of C([—«,a]
[—5,b],R) asin Step 2, and let w € B,» .Then

(1=r1)+(1-72)
P

P _F < T ()
F ()2 92) = F ()@, 90)] < ez, ) = plar )|+ P s

/ / P -y

)T 1(y — Py sPm e 1|f S, b, usy)) | dsdt

]. 1 +(l TQ y2
_|_ / / rl 1(y§ o tp)rzfl]spfltpfl
z1

’f s,t,u (s.4)) ‘dsdt

1Pl + llgllgg 7 p" 00 r2)
< o0
|/L x27y2> /L(l’ N )’ + F(Tl)F(TQ)

/ /y1 P~ 1tp 1 )Tl—l(yf o tp)rg—l

+ [l oo )
o pyr1i—1 o ro— 1d dt HpHoo o8
=)y =) + T(r)T(r2)

/ / sPm 1 sPY1 T (yh — )2 M dsdt

1Pl + llgllog npt 0 r2)
pQF(rl + 1)F(7”2 + 1)
x [(ah — a) N yh — yf) T+ "y — 2l s
1P/l + gl mpt 0=

+ o8 o) l,p _ xp ri—1l¢, p _ o Pp\r2—1
p2F<T1—|—1)F(T2—|—1> ( 2 1) (yQ yl)

< ’ﬂ(i@,yz) - N(l"l,yl)’ +

IPlle + llgllog n*pt =m0+ )
p?L(ry + DI'(ra + 1)

x [2(xh — &))" M wh — yl) T 4 2 — s

< (w2, y2) — p(w1,y1)| +
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As x1 — w3, y1 — yo the right-hand side of the above inequality tends to zero. As
a consequence of steps 1 to 3 together with the Arzela-Ascoli theorem . we can conclude
thatF' : C([—a,a] x [-8,b],R) — C(|—a,a] x [-f,b],R) is continuous and completely conti-
nuous.

Step 4 : GG is a contraction.

Letu, v € C(|[—a,a] x [-f,b],R). Then, for each (z,y) € J we have:

1 —r1)+(1-7r2)
Gu)(a) =GN < G [ [Tt @ — st oy

‘gstu(st) g(s,t,v(0) }dsdt
1 —r1)+(1-7r2)
/ / sP=i sP) T (y? — )2 |lu — vl| dsdt

k’Hu—UH ptimrHor) _ _
< pltpl p\r1—1 _trg 1ddt
< Tk I / Yy — 0y

kapmbprg (1- 7"1)+(1 r2)

Ju— |-

- pQF(Tl + 1)F<7"2 + 1)
Which by (3.10) , implies that G is contraction
Step 5 : A priori bounds.

Now it remains to show that the set
U
e = {u € C(LR) tu= AF(u) £ AG(3),¥ 0 < A < 1}.

Is bounded.
Let u € ¢, then
w=\F(u) + AG(%).

vV 0 < A < 1. Thus for each (z,y) € J we have:

(1 r1)+(1—r2)
u(z,y) = Az, y) + “——— p / / st @l — P) T (yP — )2 (80t ugs gy )dsdt

A 1 7'1 1 7‘2
+ et / / R L VO

t, “i’” Vdsdt.
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This implies by ( Hy) and ( H;) that, for each (z,y) € J

1 r1)+(1—r2)
e )| < o) + P [ / ST = P 1) [ | s
2)
(1 1 +(1 7‘2
+ Hq“ p / / P~ 1tp 1 >r1—1<yp _tp)rg—ldsdt
)\ (1- r1)+(1 7“2) U(s
+ p / / P (@ = ) ) (st ) 9(s,1,0)| dsdt
)\p 1 r1)+ (1-7r2)
+ / / PP (@ — s (P — )27 g (s, t, 0)| dsdt
HpH ptrtiire) —1yp-1 -1 -1
< |z, y)| + 20 P 8” M @ — )y — )2 |ue || o dsdt
[(ry)
(1—rq +(1 r2)
+ Hq“ p / / P~ 1tp 1 >r171(yp _tp)rgfldsdt
(1 T1 1 7“2)
g p / / 110 — )Ly — 127 |, sl

g apmbpm (1 r1)+(1—rz2)
P2l (ry + DI (g + 1) '

Where g* = SUP(s,t)eJ |g<37 L, O)| :

We consider the function 7 defined by :
T(z,y) = sup{lu(s,t)[: 0< s <z, 0<t<y}.0<2<a0<y<b
Let (z*,y*) € [—a, z] x [0, y] such that
T(w,y) = Ju(@®, y )], (=7, y") € J

then by the previous inequality, we have for (z,y) € J

a’™ bp’""’”(l_”)+(1_’”2)(||QI| +9)

p?L(ry + 1)I(ra + 1)

(2, y) < |u(z, y)| +

(I[pll 1 —rrlor) 1 1
- °°F<r / / Pl l( sP) T (yP — )2 (s, ) dsdt.
1

If (2*,y*) € [—o,a] x [-f,b] ,then
(z,y) = ¢l -

And the previous inequality holds.
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Then from lemma (1.6.2) there exists k* = k*(r1,75) such that we have

aprlbp"'Q(”qH g*)p(l_r1)+(1_r2)
2F<7‘1 + 1 7’2 + 1)

(2, y) < |z, y)| +

(”p” 1 —rHlom) p—14p— 1 p\T1—=1/,p _ yp\r2—1
+ F( sPT ST yP — 7)™ dsdt
<m@yW+”WWMH IO (], + B
- ’ p*(ry + 1)F(r2 +1) pQF(Tl + 1) (ry + 1)
= R"

Since for every (z,y) € J
vl < 7(z,p)-

We have

[ull o < maz((|¢ll, BY)
= A

This shows that the set ¢ is bounded . As a consequence of theorem (1.6.4), we deduce that
F' + G has a fixed point u which is a solution to problem (3.1)-(3.3) .
Now, we present (without proof ) two existence results for the nonlocal problem (3.4)-(3.6)

Definition 3.2.2. A function u € C([—a, a] x [—£3,b],R) is said to be a solution of (3.4)-(3.6) if u
satisfies Eqs (3.4)and (3.6) on J and the condition (3.5) on [—a, 0] x [—43,0].

Theorem 3.2.2. Assume ( H1)-( H3) and following conditions :
(H ;) there existe k > 0 such that

[A(u) = A()| <k lu =],V u,v € C(JR)
(H';) there existe k* > 0 such that
B(u) — BO)| < k" u—oll, ¥ u,v € C(J,R)

hold if
5 kaprlbprzp(l—rl)—l—(l—rg)
k+k*+ < 1.
IO2F(T'1 + 1)F('I"2 + 1)

Then there exists at least one solution for IVP(3.4)-(3.6) on [—a, a] x [—f3, ).
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Theorem 3.2.3. Assume ( Hy)-( H3) and following conditions :
(H5) there existe d > 0 such that

|Aw)| < d(1+ |Jull )Y ue C(J,R)
(H'3) there existe d* > 0 such that
|B(u)| < d*(1+ ||lull,).Y uwe C(JR)

Hold if is satisfied, then there exists at least one solution for IVP(3.4)-(3.6) on [—c, a] x [—3,b].

3.3 Example

We consider the following perturbed problem such that : J = [0,1] x [0,1],J = [~1,1] x
[_27 1]\[07 1] X [07 1]

14 (e — 1y~ 2)[ +2)

“Dr = ' 11
( 0)(1’,y) 4€x+y+3(|U($—1,y—2)|+2) ) Zf(l',y) €J (3 )
wz,y)=z+y, (z,y)€ (3.12)
w(z,0) =z, w(0,y)=y" (z,y)€J (3.13)
- u )
ulx — 1,y —2)|+2
T - 5 5 J
f(xayau( ,y)) 1+|U($—1,y—2)‘ (I y)e
and
1
T - . s J
g(.flf,y,u( ,y)) 4€x+y+3(1+‘U($—1,y—2)D (:E y) €
For each u, u € Rand (z,y) € J we have
| u —ﬂHc.

‘g(x7yvu(l“,y)> - g(x7y7a(x,y))| S 463
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Hence condition ( Hy) is satisfied with k = 5. we shall that condition (3.10) holds with
a=0b=p=1. Indeed

1

<1
4e3T(ry + D)0(rg + 1)

Which is satisfied for each (ry,75) € (0,1] x (0, 1]. Also the function f is continuous on J x [0, o)

and
|f(x,y,w)| < |w|+2 Y(z,y) € J x[0,00).

Thus conditions ( Hy) and ( H3) hold.The theorem(3.2.1) implies that the problem (3.11)-(3.13)

has a solution on [—1, 1] x [-2, 1].
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General conclusion

In this memory we considered the existence of solutions of some Darboux problems of partial
hyperbolic differential equations disturbed fractional. Sufficient conditions for the existence of

the solutions of our problems have been given.
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Résumé :

) objectif de cette mémoire est étudier I’existence des solutions de probleme de Darboux pour les
équations aux dérivées partielles perturbées avec order fractionnaire. Ces résultats sont basés

sur un théoreme a point fixe pour la sommes des opérateurs de contraction et compact.

Nous concluons les résultats obtenus par des exemples illustratifs.

Mots-Clés : Probleme de Darboux, équations différentielles fonctionnelles, order fractionnel, solution,
mixte Riman-Liouville intégrale, mixte Katugampola intégral, dérivées fractionnaires de Caputo,

dérivées fractionnaires de Katugampola, pint fixe.

Abstract :

he objective of this memory is to study the existence of solution for Darboux problem for per-
turbed partial differential equations of fractional order. These results are based on a fixed-point

theorem for the sum of contraction and compact operators.

We conclude the results obtained by illustrative examples.

Keywords : Darboux problem, functional differential equations, solution, left-sided mixed
Riman-Liouville integral, Caputo fractional order derivative, Katugampola fractional order derivative,

fixed point.
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