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Introduction

Fractional calculus is a mathematical branch which investigates the properties of

derivatives and integrals of non-integer orders (also known as fractional derivatives and

integrals, briefly differ-integrals). The interested readers in the subject should refer to the books

( Samko et al. 1993 [18], Podlubny 1999 [9], Kilbas et al. 2006 [1], Diethelm 2010 [11]).

The differential equations of fractional order are generalizations of classical differential

equations of integer order ; they are increasingly used in such fields as fluid flow, control

theory of dynamical systems, diffusive transport akin to diffusion, probability and statistics...

etc. The boundary value problem of fractional differential equations is recently approached by

various researchers ([15], [12], [21], [16], [17]).

This thesis consists in studying the existence of solutions for partially disturbed hyper-

bolic functional differential equation withe fractional order, The results obtained are based on

some fixed point theorems (Banach’s contraction principal, the Leray-Schauder non linear al-

ternative and Burton-Kird’s theorem ).

This memory consists of an introduction and three chapters .

The first chapter will be devoted to the basic notions and fundamental results of the theory

of functional analysis, a reminder and some preliminary concepts will be introduced such as

the Gamma function, the Beta function, which plays an important role in the theory of fractio-

nal calculus, and basic notions related to fractional calculus such as :

fractional integration, fractional derivation in the Rieman-Liouville , Caputo and katugampola

sense , which are the most used .

In the second chapter, the question of the existence of the solution for the following perturbed

problem will be addressed :
(cDr0u)(x, y) = f(x, y, u(x,y)) + g(x, y, u(x,y)) (x, y) ∈ J

u(x, y) = φ(x, y) (x, y) ∈ J̃

u(x, 0) = ϕ(x), u(0, y) = ψ(y), (x, y) ∈ J.
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where cDr0 is a fractional Caputo derivative of order r = (r1, r2), f, g : J × C([−α, 0] ×
[−β, 0],R) −→ R , φ ∈ C([−α, 0]× [−β, 0],R) , ϕ ∈ [0, a] −→ R,

ψ ∈ [0, b] −→ R are given function .

We presents a result based on a Burton-Kirk fixed point theorem for the sum of two operators (a

contracting operator,a completely continuous operator) . And finally we present an illustrative

example.

In the same way of second chapter we have studied the following perturbed problem :


(cDr,ρ0 u)(x, y) = f(x, y, u(x,y)) + g(x, y, u(x,y)) (x, y) ∈ J

u(x, y) = φ(x, y) (x, y) ∈ J̃

u(x, 0) = ϕ(x), u(0, y) = ψ(y), (x, y) ∈ J.

where cDr,ρ0 is a fractional caputo-Katugampola derivative of order r = (r1, r2), f, g : J ×
C([−α, 0]× [−β, 0],R) −→ R , φ ∈ C([−α, 0]× [−β, 0],R) , ϕ ∈ [0, a] −→ R, ψ ∈ [0, b] −→ R are

given function

Also, we end this chapter with an illustrative example .

vi



CHAPITRE 1

BASIC DEFINITIONS OF FRACTIONAL
CALCULUS

In this chapter we introduce the fundamental concepts, fundamental definitions and

results of fractional calculus (Gamma and Beta functions, Riemann-Liouville, Caputo, Katu-

gampola, fractional integral and derivative).

1.1 Special Functions

1.1.1 Gamma Euler function

Definition 1.1.1 ([1]). The Gamma Euler function is a function which naturally extends the

factorial to real numbers , and even complex numbers.

We define the Gamma function by

Γ(z) =

∫ +∞

0

tz−1e−tdt, (z ∈ C, Re(z) > 0).

With tz−1 = e(z−1) ln t.

Exemple 1.1.1.

1. Γ(1) =
∫ +∞

0
e−tdt = 1.

2. Γ(1
2
) =

∫ +∞
0

t
1
2
−1e−tdt =

∫ +∞
0

t−
1
2 e−tdt = 2

∫ +∞
0

e−τ
2
dτ =

√
π.

(setting the variable change t = τ 2)

Lemma 1.1.1 ([1]). The Gamma function is a class C∞ function on R∗+, (resp. holomorphic on the

half-plane z ∈ C, Re(z) > 0) and

∀k ∈ N∗, ∀z ∈ R∗+(resp, z ∈ C, Re(z) > 0)

Γk(z) =

∫ +∞

0

(lnt)ktz−1e−tdt.

8



1.1. SPECIAL FUNCTIONS 9

properties 1.1.1. For all z ∈ C, Re(z) > 0, n ∈ N, we have

1.Γ(z + 1) = zΓ(z).

2.Γ(n) = (n− 1)!.

3.Γ(n+
1

2
) =

(2n)!
√
π

4n n!
.

Remark 1.1.1. The determination of the Gamma function for non-integer negative values by

the formula

Γ(z) =
Γ(z + 1)

z
,

and the transition from one interval to another (-1,0), (-2,-1), (-3,-1),...

The Gamma function does not exist for integer negative values.

Exemple 1.1.2.

1. Γ(−1
2
) =

Γ(− 1
2

+1)

− 1
2

=
Γ( 1

2
)

− 1
2

= −2
√
π.

2. Γ(−3
2
) =

Γ(− 3
2

+1)

− 3
2

=
Γ(− 1

2
)

− 3
2

= −2
√
π

− 3
2

= 4
√
π

3
.

1.1.2 Beta function

Definition 1.1.2 ([1]). The function of Beta is a type of integral of Euler defined by

B(p, q) =

∫ 1

0

tp−1 (1− t)q−1dt (p, q ∈ C, Re(p) > 0, Re(q) > 0).

For all p, q ∈ C, with Re(p) > 0, Re(q) > 0, we have

B(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
.

Remark 1.1.2.

B(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
=

Γ(q)Γ(p)

Γ(q + p)
= B(q, p), (p, q ∈ C, Re(p) > 0, Re(q) > 0)

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.2. FRACTIONAL INTEGRAL 10

1.2 Fractional integral

This section will be devoted to elementary definitions and basic concepts relating to fractio-

nal calculation such as :

fractional Riemann-Liouville integration and fractional katugampola integration, the fractio-

nal derivation in the Riemann-Liouville sense , Caputo and katugampola, which are the most

used.

Definition 1.2.1 ([7]). Let Ω = [a, b] (0 < a < b < ∞) be a finite interval on the half-axis R+ ,

and the parameter 0 ≤ γ < 1.

1. We denote by C[a, b] the space of continuous functions g on Ω with the norm

‖g‖C = maxx∈Ω |g(x)| .

2. The weighted space Cγ,ρ[a, b] of function g on (a, b] is defined by

Cγ,ρ[a, b] =

{
g : (a, b] −→ R :

(
xρ − aρ

ρ

)γ
g(x) ∈ C[a, b]

}
.

Where 0 ≤ γ < 1 and with the norm

‖g‖Cγ,ρ =

∥∥∥∥(xρ − aρρ

)γ
g(x)

∥∥∥∥
C

= maxx∈Ω

∣∣∣∣(xρ − aρρ

)γ
g(x)

∣∣∣∣ .
Where C0,ρ[a, b] = C[a, b].

1.2.1 Riemann-Liouville Fractional Integral

Definition 1.2.2 ([1]). Let f : [a, b]→ R a function defined on [a, b] such that f ∈ L1([a, b]).

The fractional integral of Riemann-Liouville to the left of order α > 0 of f is defined by :

(Iαa+f)(t) =
1

Γ(α)

∫ t

a

(t− s)α−1f(s)ds, ∀t ∈ [a, b].

In the same way we define the fractional integral of Riemann-Liouville to the right of order

α > 0 by :

(Iαb−f)(t) =
1

Γ(α)

∫ b

t

(t− s)α−1f(s)ds, ∀t ∈ [a, b] .

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.2. FRACTIONAL INTEGRAL 11

Function defined on R+ et R.

∀t ∈ R+; (Iα0+f)(t) =
1

Γ(α)

∫ t

0

(t− s)α−1f(s)ds.

∀t ∈ R; (Iα+f)(t) =
1

Γ(α)

∫ t

−∞
(t− s)α−1f(s)ds.

proposition 1.2.1. For α > 0 , β > 0, we have

1.
(
Iαa+(t− a)β−1

)
(t) = Γ(β)

Γ(α+β)
(t− a)α+β−1.

2.
(
Iαb−(b− t)β−1

)
(t) = Γ(β)

Γ(α+β)
(b− t)α+β−1.

Theorem 1.2.1 ([1]). If f ∈ L1([a, b]), then Iαa+f exist for all α > 0 and Iαa+ ∈ L1([a, b]).

proposition 1.2.2 ([1]). Let α > 0, β > 0, and f ∈ L1([a, b]). Then

Iαa+I
β
a+f(t) = Iβa+I

α
a+f(t) = Iα+β

a+ f(t).

Proof we have

Iαa+I
β
a+f(t) =

1

Γ(α)

∫ t

a

(t− τ)α−1

(
1

Γ(β)

∫ τ

a

(τ − s)β−1f(s)ds

)
dτ,

=
1

Γ(α)Γ(β)

∫ t

a

∫ τ

a

(t− τ)α−1(τ − s)β−1f(s)dsdτ,

=
1

Γ(α)Γ(β)

∫ t

a

f(s)

∫ t

s

(t− τ)α−1(τ − s)β−1dτds.

Setting the variable change u = τ−s
t−s , so

Iαa+I
β
a+f(t) =

1

Γ(α)Γ(β)

∫ t

a

f(s)(t− s)α+β−1

(∫ t

s

(1− u)α−1uβ−1du

)
ds,

=
1

Γ(α)Γ(β)

∫ t

a

f(s)(t− s)α+β−1B(α, β)duds,

∣∣∣∣B(α, β) =
Γ(α)Γ(β)

Γ(α + β)

∣∣∣∣ ,
=

1

Γ(α)Γ(β)

Γ(α)Γ(β)

Γ(α + β)

∫ t

a

f(s)(t− s)α+β−1ds,

=
1

Γ(α + β)

∫ t

a

(t− s)α+β−1f(s)ds,

= Iα+β
a+ f(t).

1.2.2 Katugampola Fractional Integral

Definition 1.2.3 ([7]). Let f : [a, b]→ R a function defined on [a, b] such that f ∈ L1([a, b]).

The fractional integral of Katugampola to the left of order α > 0 of f is defined by :

(ρIαa+f)(t) =
ρ1−α

Γ(α)

∫ t

a

sρ−1(tρ − sρ)α−1f(s)ds, ∀t ∈ [a, b], ρ > 0.

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.3. MIXED FRACTIONAL INTEGRAL 12

In the same way we define the fractional integral of Katugampola to the right of order α > 0

by :

(ρIαb−f)(t) =
ρ1−α

Γ(α)

∫ b

t

sρ−1(sρ − tρ)α−1f(s)ds, ∀t ∈ [a, b], ρ > 0.

proposition 1.2.3 ([7]). Let α > 0, β > 0, ρ > 0 and f ∈ L1([a, b]). Then

ρIαa+ρI
β
a+f(t) = ρIβa+

ρIαa+f(t) = ρIα+β
a+ f(t).

proposition 1.2.4 ([7]). For α ≥ 0 , β > 0, we have

1.
[
ρIαa+

(
tρ−aρ
ρ

)β−1
]

(t) = Γ(β)
Γ(α+β)

(
tρ−aρ
ρ

)α+β−1

.

2.
[
ρIαb−

(
bρ−tρ
ρ

)β−1
]

(t) = Γ(β)
Γ(α+β)

(
bρ−tρ
ρ

)α+β−1

.

Lemma 1.2.1 ([7]). For α > 0 ρIαa+ maps C[a, b] into C[a, b].

Lemma 1.2.2 ([7]). Let α > 0 and 0 ≤ γ < 1. Then ρIαa+ is bounded from Cγ,ρ[a, b] into Cγ,ρ[a, b].

Lemma 1.2.3 ([7]). Let α > 0 and 0 ≤ γ < 1. If γ ≤ α, Then ρIαa+ is bounded from

Cγ,ρ[a, b] into C[a, b].

1.3 Mixed Fractional integral

1.3.1 Mixed Riemann-Liouville Integral

Definition 1.3.1. [[10]] Let r1, r2 > 0 and r = (r1, r2) for f ∈ L1(J,R)

The left-sided mixed Riemann-Liouville integral of order r of f is defined by :

(Ir0f)(x, y) =
1

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1f(s, t)dsdt.

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.4. FRACTIONAL DERIVATIVES 13

1.3.2 Mixed Katugampola Integral

Definition 1.3.2. let r1, r2 > 0 , ρ > 0 and r = (r1, r2) for f ∈ L1(J,R)

The left-sided mixed Katugampola integral of order r of f is defined by :

(ρIr0f)(x, y) =
ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1f(s, t)dsdt.

1.4 Fractional derivatives

There are several definitions of fractional derivatives, we present in this section the defini-

tions of the fractional derivatives of Rieman-Liouville , Caputo as well as Katugampola which

ara the most used

1.4.1 Riemann-Liouville Fractional derivative

Definition 1.4.1 ([1]). Let α > 0, and n = [α]+1. The fractional derivative of Riemann-Liouville

to the left of order α is defined by :

(Dαa+f)(t) =
1

Γ(n− α)

dn

dtn

∫ t

a

(t− s)n−α−1f(s)ds, ∀t ∈ [a, b].

In the same way we define the fractional derivative of Riemann-Liouville to the right of order

α > 0 by :

(Dαb−f)(t) =
(−1)n

Γ(n− α)

dn

dtn

∫ b

t

(s− t)n−α−1f(s)ds, ∀t ∈ [a, b] .

proposition 1.4.1 ([1]). For α ≥ 0 , β > 0, we have

1.
(
Dαa+(t− a)β−1

)
(t) = Γ(β)

Γ(β−α)
(t− a)β−α−1.

2.
(
Dαb−(b− t)β−1

)
(t) = Γ(β)

Γ(β−α)
(b− t)β−α−1.

1.4.2 Caputo Fractional Derivative

Definition 1.4.2 ([1]). Let α > 0, and n = [α] + 1. The fractional derivative of Caputo to the left

of order α is defined by :

(cDαa+f)(t) =
1

Γ(n− α)

∫ t

a

(t− s)n−α−1f (n)(s)ds, ∀t ∈ [a, b].

In the same way we define the fractional derivative of Caputo to the right of order α > 0 by :

(cDαb−f)(t) =
(−1)n

Γ(n− α)

∫ b

t

(s− t)n−α−1f (n)(s)ds, ∀t ∈ [a, b] .

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.4. FRACTIONAL DERIVATIVES 14

proposition 1.4.2. For α ≥ 0 , β > 0, we have

1.
(
cDαa+(t− a)β−1

)
(t) = Γ(β)

Γ(β−α)
(t− a)β−α−1 , β > n

2.
(
cDαb−(b− t)β−1

)
(t) = Γ(β)

Γ(β−α)
(b− t)β−α−1 , β > n

1.4.3 Katugampola Fractional Derivative

Definition 1.4.3 ([7]). Let α > 0, ρ > 0, and n = [α] + 1. The fractional derivative of katugam-

pola to the left of order α is defined by :

(ρDαa+f)(t) =
ρ1−n+α

Γ(n− α)

(
t1−ρ

d

dt

)n ∫ t

a

sρ−1(tρ − sρ)n−1−αf(s)ds, ∀t ∈ [a, b].

In the same way we define the fractional derivative of katugampola to the right of order α > 0

by :

(ρDαb−f)(t) =
(−1)nρ1−n+α

Γ(n− α)

(
t1−ρ

d

dt

)n ∫ b

t

sρ−1(sρ − tρ)n−α−1f(s)ds, ∀t ∈ [a, b] .

proposition 1.4.3 ([7]). For α ≥ 0, β > 0, ρ > 0 , we have,

1.
[
ρDαa+

(
tρ−aρ
ρ

)β−1
]

(t) = Γ(β)
Γ(α+β)

(
tρ−aρ
ρ

)α−β−1

.

2.
[
ρDαb−

(
bρ−tρ
ρ

)β−1
]

(t) = Γ(β)
Γ(α+β)

(
bρ−tρ
ρ

)α−β−1

.

Theorem 1.4.1. (See [20]). Let α ∈ C, Re (α) ≥ 0, n = [Re (α)] and ρ > 0. Then, for t > a,

1. lim
ρ→1

(ρDαa+f) (t) =
1

Γ (n− α)

(
d

dt

)n ∫ t

a

f (s) ds

(t− s)α−n+1 (1.1)

2. lim
ρ→0+

(ρDαa+f) (t) =
1

Γ (n− α)

(
t
d

dt

)n∫ t

a

(
ln
t

s

)n−α−1

f (s)
d

ds
(1.2)

Theorem 1.4.2 ([7]). Let α > 0, β > 0, ρ > 0, such that : 0 < α, β < 1 and f ∈ L1([a, b]). Then

ρDαa+ρD
β
a+f(t) = ρDβa+

ρDαa+f(t) = ρDα+β
a+ f(t).

Univ of M’sila Darboux problem for perturbed partial differential equation of fractional order



1.5. MIXED FRACTIONAL DERIVATIVES 15

1.4.4 Caputo-Katugampola Fractional Derivative

Definition 1.4.4 ([7]). Let α > 0, ρ > 0 and n = [α] + 1. The fractional derivative of Caputo-

Katugampola to the left of order α is defined by :

(cDα,ρa+ f)(t) =
ρα−n+1

Γ(n− α)

∫ t

a

s(ρ−1)(1−n)(tρ − sρ)n−α−1f (n)(s)ds, ∀t ∈ [a, b].

In the same way we define the fractional derivative of Caputo-Katugampola to the right of

order α > 0 by :

(cDα,ρb− f)(t) =
(−1)nρα−n+1

Γ(n− α)

∫ b

t

s(ρ−1)(1−n)(sρ − tρ)n−α−1f (n)(s)ds, ∀t ∈ [a, b] .

proposition 1.4.4 ([7]). For α ≥ 0, β > 0, ρ > 0, we have,

1.
[
cDα,ρa+

(
tρ−aρ
ρ

)β−1
]

(t) = Γ(β)
Γ(α+β)

(
tρ−aρ
ρ

)α−β−1

.

2.
[
cDα,ρb−

(
bρ−tρ
ρ

)β−1
]

(t) = Γ(β)
Γ(α+β)

(
bρ−tρ
ρ

)α−β−1

.

Theorem 1.4.3 ([7]). Let x ∈ C1([a, b]). Then , the Caputo-Katugampola fractional derivatives cDα,ρa+
andcDα,ρb− exist and are continuous on the interval [a, b]. Moreover,
cDα,ρa+ = 0 at t = a , and cDα,ρb− = 0 at t = b.

1.5 Mixed Fractional derivatives

1.5.1 Mixed Caputo fractional derivatives

Definition 1.5.1. [[10]] let r1, r2 > 0 and r = (r1, r2) for f ∈ L1(J,R)

The Caputo fractional order derivative of order r of f is defined by :

(cDr0f)(x, y) =

(
I1−r

0

∂2

∂x∂y
f

)
(x, y),

=
1

Γ(1− r1)Γ(1− r2)

∫ x

0

∫ y

0

(x− s)−r1(y − t)−r2 ∂
2f

∂s∂t
dsdt.

1.5.2 Mixed Caputo-Katugampola fractional derivatives

Definition 1.5.2. let r1, r2 > 0 and r = (r1, r2) for f ∈ L1(J,R)

The Caputo-Katugampola fractional order derivative of order r of f is defined by :

(cDr,ρ0 f)(x, y) = ρI1−r
0

(
t1−ρs1−ρ ∂2

∂x∂y
f

)
(x, y).
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1.6 Some fixed point theorem

In this section we have based on the different tools and results of the functional analysis

theory used thereafter : Banach fixed point theorem , equicontinuity, Burton-Kirk theorem ,

Arzela-Ascoli theorem ,...

Definition 1.6.1. we call Banach space (E, ‖.‖E) any normed and complete vector space for the

distance deduced from the norm.

Let J = [0, a]× [0, b], a, b > 0 and (E, ‖.‖E) a Banach space .

We denote by C(J,R) the Banach space of the continuous functions from J in E with the norm :

‖u‖ = sup(x,y)∈J ‖u(x, y)‖E .

Definition 1.6.2. A continuous function f : J × E −→ E defined on an open J × U of R× E is

called lipschitizienne if :

∀u1, u2 ∈ U, and x, y > 0 ∃ c > 0, such that :

‖f(x, y, u1)− f(x, y, u2)‖E ≤ c ‖u1 − u2‖E .

Also if 0 < c ≤ 1 , f is said to be contracting.

Exemple 1.6.1. f(x, y, u) = xyu(x, y), x, y ∈ [0, a]; a > 0 is of lipschitz type .

Indeed , ∀ u1, u2 ∈ U, and x, y > 0,

|f(x, y, u1)− f(x, y, u2)| ≤ a2 |u1 − u2| .

Corollary 1.6.1. Let f be a function of class C1 on a bounded open J × U of R× E
(The function f and its partial derivative ∂f

∂u
with respect to u are continuous in a bounded=⇒bounded )

then, f is lipschitizienne .

Definition 1.6.3. Let be E and F two Banach spaces and f : E −→ F a function.

— f is said to be compact if the image f(E) is relatively compact in F .

— f is said to be completely continuous if it is continuous and the image of all bounded of

E is relatively compact in F .
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Theorem 1.6.1. (Banach fixed point theorem .See [[14]])

Let (F, d) a complete metric space and f : F −→ F a strictly contractual map i.e., there is 0 < c < 1

such that , for all u, v ∈ F
d(f(u), f(v)) < cd(u, v).

Then there is a unique fixed point u0 i,e :

f(u0) = u0.

Theorem 1.6.2. (Schaefer’s fixed point theorem. See [13]) .........

Let E be a Banach space, and F : E → E a completely continuous operator. If the set

S = {u ∈ E : u = µFu, for someµ ∈ (0, 1)} ,

is bounded, the F has fixed points.

Theorem 1.6.3. (Nonlinear alternative Leray-Schouder type [3])

Let X a Banach space , U an open of a convex part D of X and 0 ∈ U . Assume that,

N : Ū −→ D is a continuous and compact operator .

Then, only one of the following proposition is satisfied :

(S1) N has a fixed point in Ū ,

(S2) there exists v ∈ (0, 1) and u ∈ ∂U with u = vN(u).

Theorem 1.6.4. (Burton-Kirk theorem[2] ) ()

Let X be a Banach space and F,G : X −→ X two operators satisfying :

1. G is a contraction and,

2. F is completely continuous.

Then either

(S1) the operator equation u = F (u) +G(u) has a solution, or

(S2) the set ε = (u ∈ X : u = λF (u) + λG(u
λ
)) is unbounded for λ ∈ (0, 1).

Lemma 1.6.1. (Ascoli-ArzelÃ lemma [8])

Let A ⊂ C(J,R) .A is relatively compact (i,e Ā is compact )if and only if :

1. A is uniformly bounded .

2. A is equicontinuous .

In the sequel we use the following version of Gronwall’s lemma for two independent va-

raibles and singular kernel .
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Lemma 1.6.2. (Gronwall’s lemma [17])

Let v : J −→ [0,∞) be a real function and w(.,.) be a non negative , locally integral funtion on J. If

there are constants c > 0 and 0 < r1, r2 < 1 such that

v(x, y) ≤ w(x, y) + c

∫ x

0

∫ y

0

v(s, t)

(x− s)r1(y − t)r2
dsdt,

Then there exists a constant k = k(r1, r2) such that ,

v(x, y) ≤ w(x, y) + ck

∫ x

0

∫ y

0

w(s, t)

(x− s)r1(y − t)r2
dsdt,

for every (x, y) ∈ J.
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CHAPITRE 2

DARBOUX PROBLEM FOR PERTURBED OF
CAPUTO FDE

In this chapter we study the following perturbed problem :

(cDr0u)(x, y) = f(x, y, u(x,y)) + g(x, y, u(x,y)), (x, y) ∈ J (2.1)

u(x, y) = φ(x, y), (x, y) ∈ J̃ (2.2)

u(x, 0) = ϕ(x), u(0, y) = ψ(y). (x, y) ∈ J (2.3)

Where J = [0, a]× [0, b] , J̃ = [−α, a]× [−β, b]\[0, a]× [0, b], a, b, α, β > 0

f, g : J × C([−α, 0]× [−β, 0],R) −→ R , φ ∈ C([−α, 0]× [−β, 0],R) , ϕ ∈ [0, a] −→ R,

ψ ∈ [0, b] −→ R are given function

We denote by u(x,y) the element of C([−α, 0]× [−β, 0],R) defined by :

∀(s, t) ∈ [−α, 0]× [−β, 0]

u(x,y)(s, t) = u(x+ s, y + t)

Next we consider the following nonlocal initial value problem :

(cDr0u)(x, y) = f(x, y, u(x,y)) + g(x, y, u(x,y)), (x, y) ∈ J (2.4)

u(x, y) = φ(x, y), (x, y) ∈ J̃ (2.5)

u(x, 0) + A(u) = ϕ(x), u(0, y) +B(u) = ψ(y). (x, y) ∈ J (2.6)

where f , g , φ, ψ are as in the problem (2.1)-(2.3) and A, B : C(J,R) −→ R are continuous

functions.

19
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2.1 Fundamental lemma

Lemma 2.1.1. [17] Let f ∈ L1(J,R) . A function u ∈ C(J,R) is a solution of problem :

(cDr0u)(x, y) = f(x, y), (x, y) ∈ J (2.7)

u(x, 0) = ϕ(x), u(0, y) = ψ(y). (x, y) ∈ J (2.8)

With

ϕ(0) = ψ(0),

if and only if u(x, y) satisfies

u(x, y) = µ(x, y) + Ir0(f)(x, y). (x, y) ∈ J (2.9)

Where

µ(x, y) = ϕ(x) + ψ(y)− ϕ(0).

Proof : (see[17])

Let u(x, y) be a solution of problem (2.7)-(2.8). Then, we have

I1−r
0 (D2

xyu)(x, y) = f(x, y),

hence, we obtain

Ir0(I1−r
0 (D2

xyu)(x, y)) = (Ir0f)(x, y),

Then

I1
0D

2
xyu(x, y) = (Ir0f)(x, y),

since

I1
0D

2
xyu(x, y) = u(x, y)− u(x, 0)− u(0, y) + u(0, 0),

we have

u(x, y) = µ(x, y) + (Ir0f)(x, y).

Now let u(x,y) satisfy (2.9). It is clear that u(x,y) satisfies (2.7)-(2.8).
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Corollary 2.1.1. Let f : J × C ([−α, 0] × [−β, 0] , R)→ R,
(
x, y, u(x,y)

)
7→ f

(
x, y, u(x,y)

)
.

The function u ∈ C ([−α, a]× [−β, b] , R) is a solution of problem (2.1)-(2.3) if and only if u satisfies

the equation

u (x, y) =
1

Γ (r1) Γ (r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1f
(
s, t, u(s,t)

)
dsdt

+ ϕ (x) + ψ (y)− ϕ (0) ,

for almost all (x, y) ∈ J and the condition (2) on J̃

2.2 Existence of solutions

Definition 2.2.1. A function u ∈ C([−α, a] × [−β, b],R) is said to be a solution of (2.1)-(2.3) if u

satisfies Eqs.(2.1) and (2.3) on J and the condition (2.2) on J̃ .

Now, we present the conditions for the existence of solutions to the problem (2.1)-(2.3).

Theorem 2.2.1. [17] Assume that the following hypotheses are verified :

( H1) f, g : J × C([−α, 0]× [−β, 0],R) are jointly continuous.

( H2) There existe k > 0 such that for (x, y) ∈ J

|g(x, y, u)− g(x, y, v)| ≤ k ‖u− v‖C ,

for any u, v ∈ C([−α, 0]× [−β, 0],R).

( H3) There existe p, q ∈ C(J,R+) such that :

|f(x, y, u)| ≤ p(x, y) + q(x, y) ‖u‖C ,

for (x, y) ∈ J and u ∈ C([−α, a]× [−β, b],R).

if
kar1br2

Γ(r1 + 1)Γ(r2 + 1)
< 1. (2.10)

Then the IVP (2.1)-(2.3) has at least one solution on[−α, a]× [−β, b]
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Proof : consider the operators F, G : C([−α, a] × [−β, b],R) −→ C([−α, a] × [−β, b],R)

defined by :

F (u)(x, y) =

 φ(x, y) (x, y) ∈ J̃

µ(x, y) + 1
Γ(r1)Γ(r2)

∫ x
0

∫ y
0

(x− s)r1−1(y − t)r2−1f(s, t, u(s,t))dsdt (x, y) ∈ J,

and

G(u)(x, y) =

 0 (x, y) ∈ J̃
1

Γ(r1)Γ(r2)

∫ x
0

∫ y
0

(x− s)r1−1(y − t)r2−1g(s, t, u(s,t))dsdt (x, y) ∈ J.

Then the problem of finding the solution of the IVP (2.1)-(2.3) is reduced to finding the solution

of the operator equation

F (u)(s, t) +G(u)(s, t) = u(s, t), (s, t) ∈ J

we will shall show that the operators F and G satisfy all the condition of theorem(3.5).

The proof will be given in several steps.

Step 1 : F is continuous

Let (un) be a sequence such that un −→ u inC([−α, a]×[−β, b],R).Let η > 0 such that ‖un‖∞ ≤ η.

Then

|F (un)(x, y)− F (u)(x, y)| ≤ 1

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1
∣∣f(s, t, un(s,t))− f(s, t, u(s,t))

∣∣ dsdt
≤ 1

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1sup(s,t)∈J
∣∣ f(s, t, un(s,t))

−f(s, t, u(s,t))
∣∣ dsdt

≤
∥∥f(., ., un(.,.) − f(., ., u(.,.)

∥∥
∞

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1dsdt

≤ ar1br2

r1r2Γ(r1)Γ(r2)

∥∥f(., ., un(.,.) − f(., ., u(.,.)

∥∥
∞ .

Since f is a continuous function, we have

‖F (un)− F (u)‖∞ ≤
ar1br2

Γ(r1 + 1)Γ(r2 + 1)

∥∥f(., ., un(.,.) − f(., ., u(.,.)

∥∥
∞ −→ 0 as n −→∞.
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Step 2 : F maps bounded sets into bounded sets in C.

Indeed , for any η∗ > 0,there existe l > 0 such that, for each u ∈ Bη∗ = [u ∈
C([−α, a]× [−β, b],R) : ‖u‖∞ ≤ η∗], we have ‖F (u)‖∞ ≤ l .

By (H3) we have for each (x, y) ∈ J :

|F (u)(x, y)| ≤ |µ(x, y)|

+
1

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1
∣∣f(s, t, u(s,t))

∣∣ dsdt
≤ |µ(x, y)|

+
‖p‖∞ + ‖q‖∞ η∗

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1dsdt.

Thus

‖F (u)‖∞ ≤ ‖µ‖∞ +
‖p‖∞ + ‖q‖∞ η∗ar1br2

Γ(r1 + 1)Γ(r2 + 1)
= l.

Step 3 : F maps bounded sets into equicontinuous sets in C

Let (x1, y1), (x2, y2) ∈ (0, a] × (0, b], x1 < x2, y1 < y2, Bη∗ be a bounded set of C([−α, a] ×
[−β, b],R)as in Step 2 , and let u ∈ Bη∗ . Then

|F (u)(x2, y2)− F (u)(x1, y1)| ≤ |µ(x2, y2)− µ(x1, y1)|

+
1

Γ(r1)Γ(r2)

∫ x1

0

∫ y1

0

[
(x2 − s)r1−1(y2 − t)r2−1

−(x1 − s)r1−1(y1 − t)r2−1
] ∣∣f(s, t, u(s,t))

∣∣ dsdt
|F (u)(x2, y2)− F (u)(x1, y1)|+ 1

Γ(r1)Γ(r2)

∫ x2

x1

∫ y2

y1

[(x2 − s)r1−1(y2 − t)r2−1
∣∣f(s, t, u(s,t))

∣∣ dsdt
≤ |µ(x2, y2)− µ(x1, y1)|

+
‖p‖∞ + ‖q‖∞ η∗

Γ(r1)Γ(r2)

∫ x1

0

∫ y1

0

[
(x1 − s)r1−1(y1 − t)r2−1

−(x2 − s)r1−1(y2 − t)r2−1
]
dsdt

+
‖p‖∞ + ‖q‖∞ η∗

Γ(r1)Γ(r2)

∫ x2

x1

∫ y2

y1

(x2 − s)r1−1(y2 − t)r2−1dsdt

≤ |µ(x2, y2)− µ(x1, y1)|+ ‖p‖∞ + ‖q‖∞ η∗

Γ(r1 + 1)Γ(r2 + 1)
[ (x2 − x1)r1(y2 − y1)r2

+xr11 y
r2
1 − xr12 y

r2
2 ] +

‖p‖∞ + ‖q‖∞ η∗

Γ(r1 + 1)Γ(r2 + 1)
(x2 − x1)r1(y2 − y1)r2

≤ |µ(x2, y2)− µ(x1, y1)|

+
‖p‖∞ + ‖q‖∞ η∗

Γ(r1 + 1)Γ(r2 + 1)
[2(x2 − x1)r1(y2 − y1)r2 + xr11 y

r2
1 − xr12 y

r2
2 ].
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As x1 −→ x2, y1 −→ y2 the right-hand side of the above inequality tends to zero.As a conse-

quence of steps 1 to 3 together with the Arzela-Ascoli theorem .

We can conclude that F : C([−α, a] × [−β, b],R) −→ C([−α, a] × [−β, b],R) is continuous and

completely continuous.

Step 4 : G is a contraction.

Let u, v ∈ C([−α, a]× [−β, b],R). Then

for each (x, y) ∈ J we have :

|G(u)(x, y)−G(v)(x, y)| ≤ 1

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1
∣∣g(s, t, u(s,t))− g(s, t, v(s,t))

∣∣ dsdt
≤ 1

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1k ‖u− v‖∞ dsdt

≤ k ‖u− v‖∞
Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1dsdt

≤ kar1br2

Γ(r1 + 1)Γ(r2 + 1)
‖u− v‖∞ .

Which by (2.10) , implies that G is contraction.

Step 5 :A priori bounds.

Now it remains to show that the set

ε =
{
u ∈ C(J,R) : u = λF (u) + λG(

u

λ
),∀ 0 < λ < 1

}
.

Is bounded.

Let u ∈ ε, then

u = λF (u) + λG(
u

λ
).

∀ 0 < λ < 1. Thus for each (x, y) ∈ J we have :

u(x, y) = λµ(x, y) + λ
Γ(r1)Γ(r2)

∫ x
0

∫ y
0

(x− s)r1−1(y − t)r2−1f(s, t, u(s,t))dsdt

+
λ

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1g(s, t,
u(s,t)

λ
)dsdt.
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This implies by ( H2) and ( H3) that , for each (x, y) ∈ J

|u(x, y)| ≤ |µ(x, y)|+ ‖p‖∞
Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1
∥∥u(s,t)

∥∥
C
dsdt

+
‖q‖∞

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1dsdt

+
λ

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1
∣∣∣g(s, t,

u(s,t)

λ
)− g(s, t, 0)

∣∣∣ dsdt
+

λ

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1 |g(s, t, 0)| dsdt

≤ |µ(x, y)|+ ‖p‖∞
Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1
∥∥u(s,t)

∥∥
C
dsdt

+
‖q‖∞

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1dsdt

+
k

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1
∥∥u(s,t)

∥∥
C
dsdt+

g∗ar1br2

Γ(r1 + 1)Γ(r2 + 1)
.

Where g∗ = sup(s,t)∈J |g(s, t, 0)| .
We consider the function τ defined by

τ(x, y) = sup {|u(s, t)| : 0 ≤ s ≤ x, 0 ≤ t ≤ y} , 0 ≤ x ≤ a, 0 ≤ y ≤ b

Let (x∗, y∗) ∈ [−α, x]× [−β, y] such that

τ(x, y) = |u(x∗, y∗)| , (x∗, y∗) ∈ J

then by the previous inequality, we have for (x, y) ∈ J

τ(x, y) ≤ |µ(x, y)|+ ar1br2(‖q‖∞ + g∗)

Γ(r1 + 1)Γ(r2 + 1)
+

(‖p‖∞ + k)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1τ(s, t)dsdt.

If (x∗, y∗) ∈ [−α, a]× [−β, b] , then

τ(x, y) = ‖φ‖C .

And the previous inequality holds.

Then from lemma (1.6.2) there exists k∗ = k∗(r1, r2) such that we have

τ(x, y) ≤ |µ(x, y)|+ ar1br2(‖q‖∞ + g∗)

Γ(r1 + 1)Γ(r2 + 1)
+

(‖p‖∞ + k)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

(x− s)r1−1(y − t)r2−1dsdt.

≤ |µ(x, y)|+ ar1br2(‖q‖∞ + g∗)

Γ(r1 + 1)Γ(r2 + 1)
+
k∗(‖p‖∞ + k)ar1br2

Γ(r1 + 1)Γ(r2 + 1)

= R∗.
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Since for every (x, y) ∈ J ∥∥u(x,y)

∥∥
C
≤ τ(x, y).

We have

‖u‖∞ ≤ max(‖φ‖C , R
∗)

= A.

This shows that the set ε is bounded . as a consequence of theorem (1.6.4) , we deduce that

F +G has a fixed point u which is a solution to problem (2.1)-(2.3) .

Now, we present (without proof )two existence results for the nonlocal problem (2.4)-(2.6) .

Definition 2.2.2. [17] A function u ∈ C([−α, a]× [−β, b],R) is said to be a solution of (2.4)-(2.6)

if u satisfies Eqs (2.4)and (2.6) on J and the condition (2.5) on [−α, 0]× [−β, 0].

Theorem 2.2.2. [17] Assume ( H1)-( H2)and following conditions :

(H’
1) there existe k̃ > 0 such that

|A(u)− A(v)| ≤ k̃ ‖u− v‖∞ ∀ u, v ∈ C(J,R).

(H”
1) there existe k∗ > 0 such that

|B(u)−B(v)| ≤ k∗ ‖u− v‖∞ ∀ u, v ∈ C(J,R).

Hold if

k̃ + k∗ +
kar1br2

Γ(r1 + 1)Γ(r2 + 1)
< 1.

Then there exists at least one solution for IVP(2.4)-(2.6) on [−α, a]× [−β, b].

Theorem 2.2.3. [17] Assume ( H1)-( H3) and following conditions :

(H’
3) there existe d̃ > 0 such that

|A(u)| ≤ d̃(1 + ‖u‖∞)∀ u ∈ C(J,R).

(H”
3) there existe d∗ > 0 such that

|B(u)| ≤ d∗(1 + ‖u‖∞)∀ u ∈ C(J,R).

Hold if (2.10) is satisfied, then there exists at least one solution for IVP(2.4)-(2.6) on [−α, a]× [−β, b].
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2.3 Example

We consider the following perturbed problem such that : J = [0, 1] × [0, 1], J̃ = [−1, 1] ×
[−2, 1]\[0, 1]× [0, 1]

(cDr0)(x, y) =
1 + 3ex+y+2(|u(x− 1, y − 2)|+ 2)

3ex+y+2(|u(x− 1, y − 2)|+ 2)
if(x, y) ∈ J (2.11)

u(x, y) = x+ y (x, y) ∈ J̃ (2.12)

u(x, 0) = x, u(0, y) = y2, (x, y) ∈ J (2.13)

Set

f(x, y, u(x,y)) =
|u(x− 1, y − 2)|+ 2

1 + |u(x− 1, y − 2)|
(x, y) ∈ J,

and

g(x, y, u(x,y)) =
1

3ex+y+2(1 + |u(x− 1, y − 2)|)
(x, y) ∈ J.

For each u, ū ∈ R and (x, y) ∈ J we have

∣∣g(x, y, u(x,y))− g(x, y, ū(x,y))
∣∣ ≤ ‖u− ū‖C

3e2
.

Hence condition ( H2) is satisfied with k = 1
3e2

.

we shall that condition (2.10) holds with a = b = 1 . Indeed

1

3e2Γ(r1 + 1)Γ(r2 + 1)
< 1.

Which is satisfied for each (r1, r2) ∈ (0, 1]× (0, 1]. Also the function f is continuous on J× [0,∞)

and

|f(x, y, w)| ≤ |w|+ 2 ∀(x, y) ∈ J × [0,∞)

Thus conditions ( H1) and ( H3) hold.

The theorem (2.2.1) implies that the problem (2.11)-(2.13) has a solution on [−1, 1]× [−2, 1]

(see [17]).
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CHAPITRE 3

DARBOUX PROBLEM FOR PERTURBED OF
CAPUTO-KATUGAMPOLA FDE

In this chapter we study the following perturbed problem :

(cDr,ρ0 u)(x, y) = f(x, y, u(x,y)) + g(x, y, u(x,y)), (x, y) ∈ J (3.1)

u(x, y) = φ(x, y), (x, y) ∈ J̃ (3.2)

u(x, 0) = ϕ(x), u(0, y) = ψ(y). (x, y) ∈ J (3.3)

Where J = [0, a]× [0, b] , J̃ = [−α, a]× [−β, b]\[0, a]× [0, b], a, b, α, β, ρ > 0

(cDr,ρ0 u) is the fractional Caputo-Katugampola derivative of order r = (r1, r2) ∈ (0, 1] × (0, 1]

f, g : J × C([−α, 0]× [−β, 0],R) −→ R , φ ∈ C([−α, 0]× [−β, 0],R) , ϕ ∈ [0, a] −→ R,

ψ ∈ [0, b] −→ R are given function.

Next we consider the following nonlocal initial value problem :

(cρDr0u)(x, y) = f(x, y, u(x,y)) + g(x, y, u(x,y)), (x, y) ∈ J (3.4)

u(x, y) = φ(x, y), (x, y) ∈ J̃ (3.5)

u(x, 0) + A(u) = ϕ(x), u(0, y) +B(u) = ψ(y). (x, y) ∈ J (3.6)

Where f , g , φ , ψ are as in the problem (3.1)-(3.3) and A, B : C(J,R) −→ R are continuous

functions.

28
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3.1 Fundamental lemma

Lemma 3.1.1. Let f ∈ L1(J,R) . A function u ∈ C(J,R) is a solution of problem :

(cρDr0u)(x, y) = f(x, y), (x, y) ∈ J (3.7)

u(x, 0) = ϕ(x), u(0, y) = ψ(y). (x, y) ∈ J (3.8)

With

ϕ(0) = ψ(0),

if and only if u(x,y) satisfies

u(x, y) = µ(x, y) + ρIr0(f)(x, y). (x, y) ∈ J (3.9)

Where

µ(x, y) = ϕ(x) + ψ(y)− ϕ(0).

Proof : Let u(x, y) be a solution of problem (1.7)-(1.8).Then, we have :

ρI1−r
0 (t1−ρs1−ρD2

xyu)(x, y) = f(x, y),

hence, we obtain
ρIr0(ρI1−r

0 (t1−ρs1−ρD2
xyu)(x, y)) = (ρIr0f)(x, y),

then
ρI1

0 (t1−ρs1−ρD2
xyu)(x, y) = (ρIr0f)(x, y),

since
ρI1

0 (t1−ρs1−ρD2
xyu)(x, y) = u(x, y)− u(x, 0)− u(0, y) + u(0, 0),

we have

u(x, y) = µ(x, y) + (ρIr0f)(x, y).

Now let u(x, y) satisfy (3.9). It is clear that u(x, y) satisfies (3.7)-(3.8).
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Corollary 3.1.1. Let f : J × C ([−α, 0] × [−β, 0] , R)→ R,
(
x, y, u(x,y)

)
7→ f

(
x, y, u(x,y)

)
.

The function u ∈ C ([−α, a]× [−β, b] , R) is a solution of problem (3.1)-(3.3) if and only if u satisfies

the equation

u (x, y) =
ρ(1−r1)+(1−r2)

Γ (r1) Γ (r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1f (s, t) dsdt

+ ϕ (x) + ψ (y)− ϕ (0) .

For almost all (x, y) ∈ J and the condition (2) on J̃ .

3.2 Existence of solutions

Definition 3.2.1. A function u ∈ C([−α, a] × [−β, b],R) is said to be a solution of (3.1)-(3.3) if u

satisfies Eqs.(3.1) and (3.3) on J and the condition (3.2) on J̃ .

Now, we present the conditions for the existence of solutions to the problem (3.1)-(3.3).

Theorem 3.2.1. Assume that the following hypotheses are verified :

( H1) f, g : J × C([−α, 0]× [−β, 0],R) are jointly continuous.

( H2) There existe k > 0 such that for (x, y) ∈ J

|g(x, y, u)− g(x, y, v)| ≤ k ‖u− v‖C .

For any u, v ∈ C([−α, 0]× [−β, 0],R).

( H3) There existe p, q ∈ C(J,R+) such that :

|f(x, y, u)| ≤ p(x, y) + q(x, y) ‖u‖C .

For (x, y) ∈ J and u ∈ C([−α, a]× [−β, b],R).

If
kaρr1bρr2ρ(1−r1)+(1−r2)

ρ2Γ(r1 + 1)Γ(r2 + 1)
< 1. (3.10)

Then the IVP (3.1)-(3.3) has at least one solution on[−α, a]× [−β, b].
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Proof : consider the operators F, G : C([−α, a] × [−β, b],R) −→ C([−α, a] × [−β, b],R)

defined by :

F (u)(x, y) =


φ(x, y) (x, y) ∈ J̃

µ(x, y) + ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x
0

∫ y
0
sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1f(s, t, u(s,t))dsdt (x, y) ∈ J.

and

G(u)(x, y) =


0 (x, y) ∈ J̃

ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x
0

∫ y
0
sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1g(s, t, u(s,t))dsdt (x, y) ∈ J.

Then the problem of finding the solution of the IVP (3.1)-(3.3) is reduced to finding the solution

of the operator equation

F (u)(s, t) +G(u)(s, t) = u(s, t), (s, t) ∈ J

we will shall show that the operators F and G satisfy all the condition of Burton-Kirk theorem .

The proof will be given in several steps.

Step 1 : F is continuous

Let (un) be a sequence such that un −→ u inC([−α, a]×[−β, b],R).Let η > 0 such that ‖un‖∞ ≤ η.

Then

|F (un)(x, y)− F (u)(x, y)| ≤ ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1

×
∣∣f(s, t, un(s,t))− f(s, t, u(s,t))

∣∣ dsdt
≤ ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ a

0

∫ b

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1

× sup(s,t)∈J
∣∣f(s, t, un(s,t))− f(s, t, u(s,t))

∣∣ dsdt
≤
ρ(1−r1)+(1−r2)

∥∥f(., ., un(.,.) − f(., ., u(.,.)

∥∥
∞

Γ(r1)Γ(r2)

×
∫ a

0

∫ b

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1dsdt

≤ aρr1bρr2ρ(1−r1)+(1−r2)

ρ2r1r2Γ(r1)Γ(r2)

∥∥f(., ., un(.,.) − f(., ., u(.,.)

∥∥
∞ .

Since f is a continuous function, we have

‖F (un)− F (u)‖∞ ≤
aρr1bρr2ρ(1−r1)+(1−r2)

ρ2Γ(r1 + 1)Γ(r2 + 1)

∥∥f(., ., un(.,.) − f(., ., u(.,.)

∥∥
∞ −→ 0 as n −→∞.
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Step 2 : F maps bounded sets into bounded sets in C.

Indeed , for any η∗ > 0, there existe l > 0 such that, for each u ∈ Bη∗ = [u ∈
C([−α, a]× [−β, b],R) : ‖u‖∞ ≤ η∗], we have ‖F (u)‖∞ ≤ l .

By ( H3) we have for each (x, y) ∈ J,

|F (u)(x, y)| ≤ |µ(x, y)|+ ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1
∣∣f(s, t, u(s,t))

∣∣ dsdt
≤ |µ(x, y)|+ ‖p‖∞ + ‖q‖∞ η∗ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ a

0

∫ b

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1dsdt,

thus

‖F (u)‖∞ ≤ ‖µ‖∞ +
‖p‖∞ + ‖q‖∞ η∗aρr1bρr2ρ(1−r1)+(1−r2)

ρ2Γ(r1 + 1)Γ(r2 + 1)
= l.

Step 3 : F maps bounded sets into equicontinuous sets in C

Let (x1, y1), (x2, y2) ∈ (0, a] × (0, b], x1 < x2, y1 < y2, Bη∗ be a bounded set of C([−α, a] ×
[−β, b],R) as in Step 2 , and let u ∈ Bη∗ .Then

|F (u)(x2, y2)− F (u)(x1, y1)| ≤ |µ(x2, y2)− µ(x1, y1)|+ ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

×
∫ x1

0

∫ y1

0

[(xρ2 − sρ)r1−1(yρ2 − tρ)r2−1

− (xρ1 − sρ)r1−1(yρ1 − tρ)r2−1]sρ−1tρ−1
∣∣f(s, t, u(s,t))

∣∣ dsdt
+
ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x2

x1

∫ y2

y1

[(xρ2 − sρ)r1−1(yρ2 − tρ)r2−1]sρ−1tρ−1

×
∣∣f(s, t, u(s,t))

∣∣ dsdt
≤ |µ(x2, y2)− µ(x1, y1)|+ ‖p‖∞ + ‖q‖∞ η∗ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

×
∫ x1

0

∫ y1

0

sρ−1tρ−1[(xρ1 − sρ)r1−1(yρ1 − tρ)r2−1

− (xρ2 − sρ)r1−1(yρ2 − tρ)r2−1]dsdt+
‖p‖∞ + ‖q‖∞ η∗ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

×
∫ x2

x1

∫ y2

y1

sρ−1tρ−1(xρ2 − sρ)r1−1(yρ2 − tρ)r2−1dsdt

≤ |µ(x2, y2)− µ(x1, y1)|+ ‖p‖∞ + ‖q‖∞ η∗ρ(1−r1)+(1−r2)

ρ2Γ(r1 + 1)Γ(r2 + 1)

× [(xρ2 − x
ρ
1)r1−1(yρ2 − y

ρ
1)r2−1 + xρr11 yρr21 − xρr12 yρr22 ]

+
‖p‖∞ + ‖q‖∞ η∗ρ(1−r1)+(1−r2)

ρ2Γ(r1 + 1)Γ(r2 + 1)
(xρ2 − x

ρ
1)r1−1(yρ2 − y

ρ
1)r2−1

≤ |µ(x2, y2)− µ(x1, y1)|+ ‖p‖∞ + ‖q‖∞ η∗ρ(1−r1)+(1−r2)

ρ2Γ(r1 + 1)Γ(r2 + 1)

× [2(xρ2 − x
ρ
1)r1−1(yρ2 − y

ρ
1)r2−1 + xρr11 yρr21 − xρr12 yρr22 ].
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As x1 −→ x2, y1 −→ y2 the right-hand side of the above inequality tends to zero. As

a consequence of steps 1 to 3 together with the Arzela-Ascoli theorem . we can conclude

thatF : C([−α, a] × [−β, b],R) −→ C([−α, a] × [−β, b],R) is continuous and completely conti-

nuous.

Step 4 : G is a contraction.

Let u, v ∈ C([−α, a]× [−β, b],R). Then , for each (x, y) ∈ J we have :

|G(u)(x, y)−G(v)(x, y)| ≤ ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1

×
∣∣g(s, t, u(s,t))− g(s, t, v(s,t))

∣∣ dsdt
≤ ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ a

0

∫ b

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1k ‖u− v‖∞ dsdt

≤ k ‖u− v‖∞ ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ a

0

∫ b

0

sρ−1tρ−1(xρ − sρ)r1−1(y − t)r2−1dsdt

≤ kaρr1bρr2ρ(1−r1)+(1−r2)

ρ2Γ(r1 + 1)Γ(r2 + 1)
‖u− v‖∞ .

Which by (3.10) , implies that G is contraction

Step 5 : A priori bounds.

Now it remains to show that the set

ε =
{
u ∈ C(J,R) : u = λF (u) + λG(

u

λ
),∀ 0 < λ < 1

}
.

Is bounded.

Let u ∈ ε, then

u = λF (u) + λG(
u

λ
).

∀ 0 < λ < 1. Thus for each (x, y) ∈ J we have :

u(x, y) = λµ(x, y) +
λρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1f(s, t, u(s,t))dsdt

+
λρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1g(s, t,
u(s,t)

λ
)dsdt.
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This implies by ( H2) and ( H3) that , for each (x, y) ∈ J

|u(x, y)| ≤ |µ(x, y)|+ ‖p‖∞ ρ
(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1
∥∥u(s,t)

∥∥
C
dsdt

+
‖q‖∞ ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1dsdt

+
λρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ −ρ t)r2−1
∣∣∣g(s, t,

u(s,t)

λ
)− g(s, t, 0)

∣∣∣ dsdt
+
λρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1 |g(s, t, 0)| dsdt

≤ |µ(x, y)|+ ‖p‖∞ ρ
(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1
∥∥u(s,t)

∥∥
C
dsdt

+
‖q‖∞ ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1dsdt

+
kρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1
∥∥u(s,t)

∥∥
C
dsdt

+
g∗aρr1bρr2ρ(1−r1)+(1−r2)

ρ2Γ(r1 + 1)Γ(r2 + 1)
.

Where g∗ = sup(s,t)∈J |g(s, t, 0)| .
We consider the function τ defined by :

τ(x, y) = sup {|u(s, t)| : 0 ≤ s ≤ x, 0 ≤ t ≤ y} .0 ≤ x ≤ a, 0 ≤ y ≤ b

Let (x∗, y∗) ∈ [−α, x]× [−β, y] such that

τ(x, y) = |u(x∗, y∗)| , (x∗, y∗) ∈ J

then by the previous inequality, we have for (x, y) ∈ J

τ(x, y) ≤ |µ(x, y)|+ aρr1bρr2ρ
(1−r1)+(1−r2)(‖q‖∞ + g∗)

ρ2Γ(r1 + 1)Γ(r2 + 1)

+
(‖p‖∞ + k)ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1τ(s, t)dsdt.

If (x∗, y∗) ∈ [−α, a]× [−β, b] ,then

τ(x, y) = ‖φ‖C .

And the previous inequality holds.
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Then from lemma (1.6.2) there exists k∗ = k∗(r1, r2) such that we have

τ(x, y) ≤ |µ(x, y)|+ aρr1bρr2(‖q‖∞ + g∗)ρ(1−r1)+(1−r2)

ρ2Γ(r1 + 1)Γ(r2 + 1)

+
(‖p‖∞ + k)ρ(1−r1)+(1−r2)

Γ(r1)Γ(r2)

∫ x

0

∫ y

0

sρ−1tρ−1(xρ − sρ)r1−1(yρ − tρ)r2−1dsdt

≤ |µ(x, y)|+ aρr1bρr2(‖q‖∞ + g∗)ρ(1−r1)+(1−r2)

ρ2Γ(r1 + 1)Γ(r2 + 1)
+
k∗(‖p‖∞ + k)aρr1bρr2ρ(1−r1)+(1−r2)

ρ2Γ(r1 + 1)Γ(r2 + 1)

= R∗.

Since for every (x, y) ∈ J ∥∥u(x,y)

∥∥
C
≤ τ(x, y).

We have

‖u‖∞ ≤ max(‖φ‖C , R
∗)

= A.

This shows that the set ε is bounded . As a consequence of theorem (1.6.4), we deduce that

F +G has a fixed point u which is a solution to problem (3.1)-(3.3) .

Now, we present (without proof ) two existence results for the nonlocal problem (3.4)-(3.6)

Definition 3.2.2. A function u ∈ C([−α, a] × [−β, b],R) is said to be a solution of (3.4)-(3.6) if u

satisfies Eqs (3.4)and (3.6) on J and the condition (3.5) on [−α, 0]× [−β, 0].

Theorem 3.2.2. Assume ( H1)-( H3) and following conditions :

(H’
1) there existe k̃ > 0 such that

|A(u)− A(v)| ≤ k̃ ‖u− v‖∞ ,∀ u, v ∈ C(J,R)

(H”
1) there existe k∗ > 0 such that

|B(u)−B(v)| ≤ k∗ ‖u− v‖∞ ,∀ u, v ∈ C(J,R)

hold if

k̃ + k∗ +
kaρr1bρr2ρ(1−r1)+(1−r2)

ρ2Γ(r1 + 1)Γ(r2 + 1)
< 1.

Then there exists at least one solution for IVP(3.4)-(3.6) on [−α, a]× [−β, b].
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Theorem 3.2.3. Assume ( H1)-( H3) and following conditions :

(H’
3) there existe d̃ > 0 such that

|A(u)| ≤ d̃(1 + ‖u‖∞).∀ u ∈ C(J,R)

(H”
3) there existe d∗ > 0 such that

|B(u)| ≤ d∗(1 + ‖u‖∞).∀ u ∈ C(J,R)

Hold if (3.10) is satisfied, then there exists at least one solution for IVP(3.4)-(3.6) on [−α, a]× [−β, b].

3.3 Example

We consider the following perturbed problem such that : J = [0, 1] × [0, 1], J̃ = [−1, 1] ×
[−2, 1]\[0, 1]× [0, 1]

(cDr0)(x, y) =
1 + 4ex+y+3(|u(x− 1, y − 2)|+ 2)

4ex+y+3(|u(x− 1, y − 2)|+ 2)
, if(x, y) ∈ J (3.11)

u(x, y) = x+ y, (x, y) ∈ J̃ (3.12)

u(x, 0) = x, u(0, y) = y2. (x, y) ∈ J (3.13)

Set

f(x, y, u(x,y)) =
|u(x− 1, y − 2)|+ 2

1 + |u(x− 1, y − 2)|
, (x, y) ∈ J

and

g(x, y, u(x,y)) =
1

4ex+y+3(1 + |u(x− 1, y − 2)|)
. (x, y) ∈ J

For each u, ū ∈ R and (x, y) ∈ J we have

∣∣g(x, y, u(x,y))− g(x, y, ū(x,y))
∣∣ ≤ ‖u− ū‖C

4e3
.
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Hence condition ( H2) is satisfied with k = 1
4e3

. we shall that condition (3.10) holds with

a = b = ρ = 1. Indeed

1

4e3Γ(r1 + 1)Γ(r2 + 1)
< 1.

Which is satisfied for each (r1, r2) ∈ (0, 1]× (0, 1]. Also the function f is continuous on J× [0,∞)

and

|f(x, y, w)| ≤ |w|+ 2 ∀(x, y) ∈ J × [0,∞).

Thus conditions ( H1) and ( H3) hold.The theorem(3.2.1) implies that the problem (3.11)-(3.13)

has a solution on [−1, 1]× [−2, 1].
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General conclusion

In this memory we considered the existence of solutions of some Darboux problems of partial

hyperbolic differential equations disturbed fractional. Sufficient conditions for the existence of

the solutions of our problems have been given.
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Résumé :

L’ objectif de cette mémoire est étudier l’existence des solutions de problème de Darboux pour les
équations aux dérivées partielles perturbées avec order fractionnaire. Ces résultats sont basés

sur un théorème à point fixe pour la sommes des opérateurs de contraction et compact.
Nous concluons les résultats obtenus par des exemples illustratifs.

Mots-Clés : Problème de Darboux, équations différentielles fonctionnelles, order fractionnel, solution,

mixte Riman-Liouville intégrale, mixte Katugampola intégral, dérivées fractionnaires de Caputo,

dérivées fractionnaires de Katugampola, pint fixe.

................

Abstract :

T he objective of this memory is to study the existence of solution for Darboux problem for per-
turbed partial differential equations of fractional order. These results are based on a fixed-point

theorem for the sum of contraction and compact operators.
We conclude the results obtained by illustrative examples.

Keywords : Darboux problem, functional differential equations, solution, left-sided mixed

Riman-Liouville integral, Caputo fractional order derivative, Katugampola fractional order derivative,

fixed point.
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