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Introduction

In the 1983, Atanassov created intuitionistic fuzzy sets (IFS) [3], a mathematical extension of classical

fuzzy sets [25].

Several papers for example [2, 7, 10, 21, 23, 28] have researched intuitionistic fuzzy relations (IFR),

and different structures have been studied. The characteristics that these relations satisfy are generally

referred to in the structures of intuitionistic fuzzy relations. Ordered structures, equivalence relations,

and tolerance relations are a few of the structures that have been researched. An intuitionistic fuzzy

equivalence relation (IFER) is a reflexive, symmetric, and transitive intuitionistic fuzzy relation, ac-

cording to the authors of [18]. They discuss IFERs’ characteristics and offer several illustrations.

In [18], the authors propose a theoretical framework of hierarchical structures based on intuitionistic

fuzzy tolerance relations. They use fuzzy quotient space theory to define these structures and provide

some applications.

In [9], the authors propose a clustering algorithm based on intuitionistic fuzzy relations for tree struc-

ture evaluation. They use intuitionistic fuzzy relations to construct hierarchical structures for the

evaluation of vague complicated humanistic systems.

Overall, the structures on intuitionistic fuzzy relations refer to the properties that these relations satisfy,

and they have been studied in different contexts and applications, including decision support systems,

medical diagnosis, and artificial intelligence. Some of the applications of intuitionistic fuzzy relations

are:

• Decision support systems: Intuitionistic fuzzy relations have been used in decision support sys-

tems for management, marketing, medical diagnosis, gas pipeline networks, and transporta-

tion [1]. They have been used to model complex systems and provide decision-making tools

that take into account the uncertainty and imprecision of the data.

• Medical diagnosis: Intuitionistic fuzzy sets have been used in medical diagnosis to model the

uncertainty and vagueness of the medical data [17]. They have been used to develop decision-

making tools that can assist medical professionals in diagnosing diseases and recommending

treatments.

• Artificial intelligence: Intuitionistic fuzzy relations have been used in artificial intelligence to

model complex systems and provide decision-making tools that take into account the uncertainty

1



and imprecision of the data [15]. They have been used in areas such as knowledge representa-

tion and reasoning.

The main objective of this memory we study the structures of the intuitionistic fuzzy relations. We

analyze the existent relations between the structures of a relation and the structures of its comple-

mentary one. We finish characterizing certain structures of intuitionistic relations according to the

structures of two concrete fuzzy relations.

This memory is organized as follows:

• In the first chapter, we recall some concepts and well-known results on fuzzy subsets.

• In the second chapter, we introduce concepts of intuitionistic fuzzy subsets

• In the last chapter, We will start by studying the relation that exists between the properties of

a relation and the properties of its complementary one. Next, we define the structures in the

intuitionistic fuzzy relations, and we also study their main properties. Besides, we analyses the

relation between the structures of R and Rc. We conclude this chapter with two theorems that

characterize the structures of the intuitionistic fuzzy relations according to the structures of the

fuzzy relations D0(R) and D1(R). And study the composition of intuitionistic complementary

fuzzy relations and its transitive closures .

University of Msila (Faculty of MI) 2 Department of Mathematics
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CHAPTER 1. GENERALITIES ON FUZZY SUBSETS 1-1. FUZZY SUBSET

1-1 Fuzzy subset

A fuzzy subset is a set containing elements that have varying degrees of membership in the set. Ac-

cording to Zadeh [25], fuzzy subsets are formally defined as follows:

Definition 1.1.1: [25] A fuzzy subset A in X is characterized by an application:

µA : X −→ [0, 1] ,

Where [0, 1] means real numbers between 0 and 1. If x an element of X , µA(x ) is the degree of

membership of x . The fuzzy subset A in X may be represented as a subset of ordered pairs of generic

element x ∈ X and its grade of membership, i.e.,

A = {〈x ,µA(x )〉 | x ∈ X} .

Example 1.1.1

Let X = {a, b, c,d} be a universal set. A1 = {〈a, 0.2〉, 〈b, 0.5〉, 〈c, 0.8〉, 〈d, 0.1〉}, A2 =

{〈a, 0.4〉, 〈b, 0.1〉, 〈c, 0.0〉, 〈d, 0.3〉} and A3 = {〈a, 0.7〉, 〈b, 0.9〉, 〈c, 0.6〉, 〈d, 1.0〉} be a fuzzy sub-

sets in X .

Notation 1-1.1. Let F(X) denoted the set of all fuzzy subsets of X .

1-2 Operations on fuzzy subsets

Since the theory of fuzzy subsets was developed as a generalization of classical set theory, it also sup-

ports operations like equality, inclusion, intersection, union, complement, addition, and multiplication

of two fuzzy subsets. The following definitions are provided for the terms associated with operations

on fuzzy subsets as follows (See [20,25])

University of Msila (Faculty of MI) 4 Department of Mathematics



CHAPTER 1. GENERALITIES ON FUZZY SUBSETS 1-2. OPERATIONS ON FUZZY SUBSETS

1-2-1 Equality and inclusion of fuzzy subsets
Definition 1.2.1: Let X be a non-empty set and let A and B two fuzzy subsets

1. We say A and B are equal. That is,

A = B if and only if µA (x ) = µB (x ) , for all x ∈ X ,

Or

A = B⇔ (A ⊆ B ∧ B ⊆ A) .

2. We say that A is included in B if and only if µA(x ) ≤ µB(x ) for all x ∈ X . In symbols A ⊆ B

⇔ µA(x ) ≤ µB(x ), for all x ∈ X .

When a fuzzy subset A is included in B, then A is called a fuzzy subset of B.

Example 1.2.1

Equality:

Let X = {1, 2, 3} and let A and B two fuzzy subsets defined by:

A = {(1,0.5), (2, 0.7), (3,0.2)},
B = {(1,0.5), (2, 0.7), (3,0.2)}

We have:

µA (1) = µB (1) = 0.5

µA (2) = µB (2) = 0.7

µA (3) = µB (3) = 0.2

Then,

µA (x ) = µB (x )⇔ A = B, for all x ∈ X .

Inclusion:

Let X = {1, 2, 3, 4, 5} and let A and B two fuzzy subsets defined by:

A = {(1, 0.5), (2,0.6), (3, 0.2), (4,0.3), (5, 0.4)},
B = {(1,0.5), (2,0.7), (3, 0.2), (4,0.8), (5, 0.6)}

We have:

µA (1) ≤ µB (1) , µA (2) ≤ µB (2) , µA (3) ≤ µB (3) , µA (4) ≤ µB (4) , µA (5) ≤ µB (5)

Then,

A ⊆ B, for all x ∈ X .

University of Msila (Faculty of MI) 5 Department of Mathematics



CHAPTER 1. GENERALITIES ON FUZZY SUBSETS 1-2. OPERATIONS ON FUZZY SUBSETS

1-2-2 Union and intersection of fuzzy subsets
Definition 2.2.1: Let X be a non-empty set and let A and B two fuzzy subsets. For all x ∈ X , the

union and the intersection are defined as follows:

Union: µA∪B (x ) = max {µA (x ) ,µB (x )}
= µA (x )∨µB (x ) ;

Intersection: µA∩B (x ) = min {µA (x ) ,µB (x )}
= µA (x )∧µB (x ) .

Example 2.2.1

Suppose we have two fuzzy subsets A and B defined over the universe of discourse {a, b, c, d}
as follows:

A = {(a, 0.2), (b, 0.3), (c, 0.6), (d, 0.6)}.
B = {(a, 0.9), (b, 0.9), (c, 0.4), (d, 0.5)}.

The union of A and B is a fuzzy subset defined as:

A∪ B = {(a, 0.9), (b, 0.9), (c, 0.6), (d, 0.6)}.
The intersection of A and B is a fuzzy subset defined as:

A∩ B = {(a, 0.2), (b, 0.3), (c, 0.4), (d, 0.5)}.

1-2-3 Complement of a fuzzy subset
Definition 3.2.1: The complement of a fuzzy subset A is denoted by Ac and is defined by :

µAc (x ) = 1−µA (x ) , for all x ∈ X .

Example 3.2.1

Let X = {a, b, c, d} and let fuzzy set A = {(a, 0.4), (b, 0.2), (c, 0.5), (d, 0.3)}. So,

µAc (a) = 1−µA (a) = 1− 0.4 = 0.6

µAc (b) = 1−µA (b) = 1− 0.2 = 0.8

µAc (c) = 1−µA (c) = 1− 0.5 = 0.5

µAc (d) = 1−µA (d) = 1− 0.3 = 0.7

The complement is:

Ac = {(a, 0.6) , (b, 0.8) , (c, 0.5) , (d, 0.7)} .

University of Msila (Faculty of MI) 6 Department of Mathematics



CHAPTER 1. GENERALITIES ON FUZZY SUBSETS 1-2. OPERATIONS ON FUZZY SUBSETS

Remark 1.2.1

Elements of X for wich A(x ) = Ac(x ) are called equilibrium boints of A.

1-2-4 Addition
Definition 4.2.1: Let X be a non-empty set and let A and B two fuzzy subsets, the addition defined

by for all x ∈ X :

µA+B (x ) = µA (x ) +µB (x )−µA (x ) ·µB (x ) .

Example 4.2.1

Let X = {a, b, c, d} and let A, B be a fuzzy subset on a set X , defined by:

A = {〈a, 0.2〉 , 〈b, 0.5〉 , 〈c, 0.4〉 , 〈d, 0.3〉} ,
B = {〈a, 0.6〉 , 〈b, 0.2〉 , 〈c, 0.3〉 , 〈d, 0.7〉} .

We have:

µA+B (a) = 0.2+ 0.6− 0.2 · 0.6 = 0.68

µA+B (b) = 0.5+ 0.2− 0.5 · 0.2 = 0.6

µA+B (c) = 0.4+ 0.3− 0.4 · 0.3 = 0.58

µA+B (d) = 0.3+ 0.7− 0.3 · 0.7 = 0.79

then, the addition for all x ∈ X :

µA+B (x ) = {(a, 0.68) , (b, 0.6) , (c, 0.58) , (d, 0.79)} .

1-2-5 Multiplication
Definition 5.2.1: Let X be a non-empty set and let A and B two fuzzy subsets, the multiplication

defined by for all x ∈ X :

µA·B (x ) = µA (x ) ·µB (x ) .

Example 5.2.1

Let X = {a, b, c, d} and let A, B be a fuzzy subset on a set X , defined by:

A = {〈a, 0.2〉 , 〈b, 0.5〉 , 〈c, 0.4〉 , 〈d, 0.3〉} ,
B = {〈a, 0.6〉 , 〈b, 0.2〉 , 〈c, 0.3〉 , 〈d, 0.7〉} .

University of Msila (Faculty of MI) 7 Department of Mathematics



CHAPTER 1. GENERALITIES ON FUZZY SUBSETS 1-3. CHARACTERISTICS OF FUZZY SUBSET

We have:

µA·B (a) = 0.2 · 0.6 = 0.12

µA·B (b) = 0.5 · 0.2 = 0.10

µA·B (c) = 0.4 · 0.3 = 0.12

µA·B (d) = 0.3 · 0.7 = 0.21

Then, the multiplication for all x ∈ X :

µA·B (x ) = {(a, 0.12) , (b, 0.10) , (c, 0.12) , (d, 0.21)} .

1-3 Characteristics of fuzzy subset

We can characterize fuzzy subsets in more detail by referring to the features used in characterizing

the membership functions.

1-3-1 The support

Definition 1.3.1: [22] Let A be a fuzzy subset on a set X . The support of A is the crisp subset on X

given by:

Supp (A) = {x ∈ X | µA (x ) > 0} .

1-3-2 The kernel
Definition 2.3.1: [22] Let A be a fuzzy subset on a set X . The kernel of A is the crisp subset on X

given by :

Ker (A) = {x ∈ X | µA (x ) = 1} .

1-3-3 The height

Definition 3.3.1: [22] Let A be a fuzzy subset on a set X . The height of A is the highest value taken

by its membership function given by:

H (A) = sup
x∈X
µA (x ) .

University of Msila (Faculty of MI) 8 Department of Mathematics



CHAPTER 1. GENERALITIES ON FUZZY SUBSETS 1-3. CHARACTERISTICS OF FUZZY SUBSET

Example 1.3.1

Let X = {a, b, c, d} and let A be a fuzzy subset on a set X , defined by:

A = {〈a, 0.3〉 , 〈b, 0.6〉 , 〈c, 0.8〉 , 〈d, 0.0〉}
Then :

Supp(A) = {a, b, c},
ker(A) = ;,
H(A) = 0.8.

Proposition 1.3.1. [11] The support and kernel of a fuzzy subset A satisfied the following :

(i) Supp(Ac) = X − ker(A);

(i i) ker(Ac) = X − supp(A).

Proof. (i)
Supp (Ac) = {x ∈ X | µAc(x ) ̸= 0}

= {x ∈ X | 1−µA(x ) ̸= 0}
= {x ∈ X | µA(x ) ̸= 1}
= {x ∈ X | x /∈ ker(A)}
= X − ker(A).

(i i)
ker (Ac) = {x ∈ X | µAc(x ) = 1}

= {x ∈ X | 1−µA(x ) = 1}
= {x ∈ X | µA(x ) = 0}
= {x ∈ X | x /∈ Supp(A)}
= X − Supp(A).

Example 2.3.1

Let X = {The European world} and let the fuzzy subset,

A = {Les pays francophones}
Defined as follows:

University of Msila (Faculty of MI) 9 Department of Mathematics



CHAPTER 1. GENERALITIES ON FUZZY SUBSETS 1-3. CHARACTERISTICS OF FUZZY SUBSET

A =



(Allemagne, 0), (Belg ique, 0.9), (Aut r iche, 0.7), (Bulg ar ie, 0.4),

(Chypre, 0.8), (C r oat ie, 0.7), (Danemar k, 0.4), (Es pagne, 0.2),

(Es t onie, 0.3), (Finlande, 0.4), (Fr ance, 1), (Gr ce, 0.7),

(Hong r ie, 0.1), (I r lande, 0.4), (I t alie, 0), (Let t onie, 0.2),

(Li t uanie, 0.1), (Luxembourg , 0.9), (Malte, 0.8), (Pay s − Bas , 0),

(Pologne, 0), (Tchquie, 0.1), (Roumanie, 0.7), (Slovaquie, 0.8),

(Slovnie, 0.7), (Sude, 0.9)


Then,

1. h(A) = 1 Donc, A est normalisé.

2.

card(A) = 0+ 0.9+ 0.7+ 0.4+ 0.8+ 0.7+ 0.4+ 0.2+ 0.3+ 0.4+ 1+ 0.7+ 0.1+

0.4+ 0+ 0.2+ 0.1+ 0.9+ 0.8+ 0+ 0+ 0.1+ 0.7+ 0.8+ 0.7+ 0.9

card(A) = 12.2

3.

Supp(A) =



(Belg ique, 0.9), (Aut r iche, 0.7), (Bulg ar ie, 0.4),

(Chypre, 0.8), (C r oat ie, 0.7), (Danemar k, 0.4),

(Es t onie, 0.3), (Finlande, 0.4), (Fr ance, 1), (Gr ce, 0.7),

(Hong r ie, 0.1), (I r lande, 0.4), (Let t onie, 0.2),

(Li t uanie, 0.1), (Luxembourg , 0.9), (Malte, 0.8),

(Pay s − Bas , 0), (Tchquie, 0.1), (Roumanie, 0.7),

(Slovaquie, 0.8), (Slovnie, 0.7), (Sude, 0.9), (Es pagne, 0.2)


4.

ker A =
¦

Fr ance
©

5.

A0.8≥ =



(Belg ique, 0.9),

(Chypre, 0.8),

(Fr ance, 1),

(Luxembourg , 0.9),

(Malte, 0.8)

(Slovaquie, 0.8),

(Sude, 0.9)


A0.8> =


(Belg ique, 0.9),

(Fr ance, 1),

(Luxembourg , 0.9),

(Sude, 0.9)


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CHAPTER 1. GENERALITIES ON FUZZY SUBSETS 1-4. CARTESIAN PRODUCT ON FUZZY
SUBSET

1-4 Cartesian product on fuzzy subset

Definition 1.4.1: [20] The cartesian product applied to n fuzzy subsets can be defined as follows:

Let µA1
,µA2

, ...,µAn
be membership functions of A1, A2, ..., An. Then, the membership degree of

(x1, x2, ..., xn) ∈ X1 × X2 × ...× Xn on the fuzzy subset A1, A2, ..., An is,

µA1×A2×...×An
(x1, x2, ..., xn) =min

�
µA1
(x1) ,µA2

(x2) , ...,µAn
(xn)
	

.

Example 1.4.1

Let X1 = {α,β}, X2 = {a, b, c} and let A, B be two fuzzy subsets defined on X1, X2 respectively

given by:
A = {〈α, 0.2〉 , 〈β , 0.7〉} ,
B = {〈a, 0.5〉 , 〈b, 0.9〉 , 〈c, 1.0〉} .

Then we have:

A× B =

¨ 〈(α, a) , 0.2〉 , 〈(α, b) , 0.2〉 , 〈(α, c) , 0.2〉 ,
〈(β , a) , 0.5〉 , 〈(β , b) , 0.7〉 , 〈(β , c) , 0.7〉

«

1-5 Fuzzy relations and composition

1-5-1 Fuzzy relation

Definition 1.5.1: [26] Let X and Y be two non-empty sets. A fuzzy relation on X × Y , denoted by

R, is defined as the fuzzy subset

R = {((x , y) ,µR (x , y)) , (x , y) ∈ X × Y} ,
Where the function µR : X × Y → [0,1] is called a membership function. It gives the degree of

membership of the ordered pair (x , y) in R associating with each pair (x , y) in X ×Y a real number

in interval [0,1].

Remark 1.5.1

A fuzzy relation R is a mapping from cartesian space X × Y to the interval [0, 1]. If X = Y we

say that R is a binary fuzzy relation in X .
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CHAPTER 1. GENERALITIES ON FUZZY SUBSETS 1-5. FUZZY RELATIONS AND COMPOSITION

Example 1.5.1

Let X = {x , y, z} and R a binary fuzzy relation defined in X as:

µR x y z

x 0.3 0.7 0.2

y 0.5 0.8 0.5

z 0.1 0.4 0.5

1-5-2 The α-cut sets and support of fuzzy relations
Definition 2.5.1: The α-cut sets and support of fuzzy relations is defined as in fuzzy subsets, i.e.,

The α-cut of a fuzzy relation R: X × Y → [0, 1] is defined as, for all x ∈ X and y ∈ Y ,

Rα = {(x , y) ∈ X × Y | R (x , y) ≥ α} .
In the same way, we define the support of a fuzzy relation S(R) as,

S (R) = {(x , y) ∈ X × Y | R (x , y) > 0} .

Example 2.5.1

Let X = {1, 2, 3} and Y = {a, b, c}. We define the fuzzy relation R as follows:

R (x , y) a b c

1 0.8 0.0 0.6

2 0.2 0.9 0.0

3 0.7 0.3 0.5

1. α-cut sets (Rα):

For α = 0.5, we want to find the elements in X × Y for which R(x , y) ≥ 0.5.

Then,

R0.5 = {(1, a), (1, c), (2, b), (3, a), (3, c)}.
2. Support of a fuzzy relation (S(R)):

The support of a fuzzy relation S(R) consists of the elements (x , y) in X × Y for which

R(x , y) is greater than 0.

Then,

S(R) = {(1, a), (1, c), (2, a), (2, b), (3, a), (3, b), (3, c)}.

University of Msila (Faculty of MI) 12 Department of Mathematics



CHAPTER 1. GENERALITIES ON FUZZY SUBSETS 1-5. FUZZY RELATIONS AND COMPOSITION

1-5-3 Composition of fuzzy relations

Definition 3.5.1: [20] Let R and S two fuzzy relations are defined on sets X , Y and Z. That is,

R ⊆ X × Y , S ⊆ Y × Z. The composition S ◦ R of two relations R and S is expressed by the relation

from X to Z and this composition is defined by the following.

For (x , y) ∈ X × Y , (y, z) ∈ Y × Z,

µS◦R (x , y) = max
y
[min {µR (x , y) ,µS (x , y)}]

= ∨y [µR (x , y)∧µS (x , y)] .

Example 3.5.1

Let X = {1,2, 3, 4}, Y = {a, b} and Z = {α,β}. Consider fuzzy relations R ⊆ X×Y and S ⊆ Y×Z,

defined by its following tables:

R a b

1 0.1 0.3

2 1.0 0.4

3 0.6 0.9

4 0.0 0.7

S α β

a 0.2 0.4

b 0.9 0.5

The composition of two relations R and S is as follows:

R ◦ S α β

1 0.3 0.3

2 0.4 0.4

3 0.9 0.5

4 0.7 0.5
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CHAPTER 1. GENERALITIES ON FUZZY SUBSETS 1-6. TYPES OF FUZZY RELATIONS

1-6 Types of fuzzy relations

Definition 1.6.1: [20] Let R be a fuzzy relation and X , Y two non-empty sets we will say that R is:

(i) Reflexive if for all x ∈ X ,

µR (x , x ) = 1.

(ii) Symmetric if for all (x , y) ∈ X × Y ,

µR (x , y) = µR (y, x ) .

(iii) Antisymmetric if for all (x , y) ∈ X ×Y ,


µR (x , y)

and

µR (y, x )

=⇒ x = y.

(iv) Transitive if for all x , y ∈ X ,

R ◦ R ⊆ R, i.e.,µR◦R(x , y) ≤ µR(x , y).

The fuzzy reflexivity, symmetry, antisymmetry and transitivity notion were first defined by Zedeh

[26].

Example 1.6.1

Let’s consider a fuzzy relation R defined on sets X and Y .

Here’s an example to illustrate the properties of fuzzy reflexivity, symmetry, antisymmetry, and

transitivity:

Let X = {1, 2, 3} and Y = {a, b, c}. We define the fuzzy relation R as follows:

R (x , y) a b c

1 0.8 0.4 0.6

2 0.2 0.9 0.1

3 0.7 0.3 0.5

(i) Reflexive:

To check for reflexivity, we need to verify if µR(x , x ) = 1 for all x in X .

µR(1,1) = 1, µR(2,2) = 1, µR(3, 3) = 1

Since the membership values of R(x , x ) for all x in X are equal to 1, the fuzzy relation R

is reflexive.
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(ii) Symmetric:

To check for symmetry, we need to verify if µR(x , y) = µR(y, x ) for all (x , y) in X × Y .

µR(1, a) = 0.8, µR(a, 1) = 0.8

µR(2, b) = 0.9, µR(b, 2) = 0.9

µR(3, c) = 0.5, µR(c, 3) = 0.5

Since the membership values of R(x, y) are equal to the membership values of R(y, x) for

all (x , y) in X × Y , the fuzzy relation R is symmetric.

(iii) Antisymmetric:

To check for antisymmetry, we need to verify if whenever µR(x , y) > 0 and µR(y, x ) > 0,

it implies that x = y .

µR(1, a) = 0.8, µR(a, 1) = 0.8

µR(2, b) = 0.9, µR(b, 2) = 0.9

µR(3, c) = 0.5, µR(c, 3) = 0.5

In all the cases where µR(x , y) > 0 and µR(y, x ) > 0, x is equal to y . Hence, the fuzzy

relation R is antisymmetric.

(iv) Transitive:

To check for transitivity, we need to verify if µR◦R(x , y) ≤ µR(x , y) for all x and y ∈ X .

R ◦ R denotes the composition of R with itself.

µR◦R(1, c) = max [min(R(1, a), R(a, c)), min(R(1, b),R(b, c))]

= max [min(0.8, 0.5), min(0.4, 0.1)]

= max(0.5,0.1) = 0.5

µR(1, c) = 0.6

µR◦R(2, b) = max [min(R(3, a),R(a, a)), min(R(3, b),R(b, a))]

= max [min(0.7,0.8), min(0.3, 0.2)]

= max(0.7, 0.2) = 0.9

µR(2, b) = 0.9

µR◦R(3, a) = max [min(R(1, a),R(a, c)), min(R(1, b),R(b, c))]

= max [min(0.8, 0.5), min(0.4, 0.1)]

= max(0.5,0.1) = 0.5
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µR(3, a) = 0.7

In all the cases where µR◦R(x , y) is not greater than µR(x , y), the fuzzy relation R is tran-

sitive.

Then, the given fuzzy relation R, it is reflexive, symmetric, antisymmetric, and transitive.

1-6-1 Fuzzy equivalence relation
Definition 2.6.1: Let X be a non-empty set.

A binary fuzzy relation R : X × X −→ [0, 1] is called a fuzzy equivalence relation in X if R is

reflexive, transitive and symmetric.

Example 2.6.1

Let X = {1, 2, 3}. We define the fuzzy relation R as follows:

R (x , y) 1 2 3

1 1 0.1 0.3

2 0.1 1 0.9

3 0.3 0.9 1

1. Reflexivity:

For a fuzzy relation to be reflexive, we need to verify if µR(x , x ) = 1 for all x in X .

µR(1,1) = 1, µR(2,2) = 1, µR(3, 3) = 1

Since the membership values of R(x , x ) for all x in X are equal to 1, the fuzzy relation R

is reflexive.

2. Symmetry:

For a fuzzy relation to be symmetric, we need to verify if µR(x , y) = µR(y, x ) for all (x , y)

in X × X .

µR(1,2) = 0.8, µR(2,1) = 0.8

µR(1,3) = 0.9, µR(3,1) = 0.9

µR(2,3) = 0.5, µR(3,2) = 0.5

Since the membership values of R(x , y) are equal to the membership values of R(y, x ) for

all (x , y) in X × X , the fuzzy relation R is symmetric.
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3. Transitivity:

For a fuzzy relation to be transitive, we need to verify if µR◦R(x , y) ≤ µR(x , y) for all x

and y in X .

µR◦R(1, 3) = max [min(R(1, 1), R(1,3)), min(R(1, 2), R(2, 3))]

= max [min(1,0.3), min(0.1,0.9)]

= max(0.3, 0.1) = 0.3

µR(1,3) = 0.3

µR◦R(2, 3) = max [min(R(2, 1), R(1,3)), min(R(2, 2), R(2, 3))]

= max [min(0.1,0.3), min(1,0.9)]

= max(0.1, 0.9) = 0.9

µR(2,3) = 0.9

µR◦R(3, 1) = max [min(R(3, 1), R(1, 1)), min(R(3, 2), R(2, 1))]

= max [min(0.3,1), min(0.9, 0.1)]

= max(0.3, 0.1) = 0.3

µR(3,1) = 0.3

In all the cases where µR◦R(x , y) is not greater than µR(x , y), the fuzzy relation R is tran-

sitive.

Then, the given fuzzy relation R, it is reflexive, symmetric, and transitive. Therefore, R is a fuzzy

equivalence relation on set X .
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Definition 3.6.1: [16] Let X be a non-empty set.

A binary fuzzy relation R : X × X −→ [0,1] is called :

(i) Fuzzy pre-order relation in X if it is a fuzzy reflexive and transitive relation.

(ii) Fuzzy partial order relation if R is fuzzy reflexive, antisymmetric and transitive.

(iii) Fuzzy total order relation if and only if either R(x , y) > 0 or R(y, x ) > 0 for all x , y ∈ X .

If R is a fuzzy partial order relation on a set X , then (X ,R) is called a fuzzy partially ordered subset

or fuzzy poset. If R is a fuzzy total order relation in a set X , then (X , R) is called a fuzzy totally

ordered set or a fuzzy chain.

1-7 Triangular norms and conorms

In this section, we will remind some basic definitions and notions concerning triangular norms and

co-norms

1-7-1 Triangular norms

Definition 1.7.1: [19] A triangular norm (t-norm for short) is a binary operation T on the unit

interval [0, 1], i.e., it is a function T : [0, 1]2 −→ [0, 1] such that for all x , y, z ∈ [0,1] the following

four axioms are satisfied :

(t1) Commutativity i.e., T(x , y) = T(y, x ) ;

(t2) Associativity i.e., T(x , T(y, z)) = T(T(x , y), z) ;

(t3) Monotonicity i.e., T(x , y) ≤ T(x , z) whenever y ≤ z ;

(t4) Boundary condition i.e., T(x , 1) = x .

Proposition 1.7.1. [8] Any t-norm T satisfies T(0, x ) = T(x , 0) = 0, for all x ∈ [0,1].

Proof. From (t4) we have T(0,1) = 0. Then from (t3) it follows that:

T (0, x ) ≤ T (0,1) = 0, for all x ∈ [0,1] ,

i.e., T(0, x ) = 0 . Then from (t1) we get T(x , 0) = 0.

University of Msila (Faculty of MI) 18 Department of Mathematics



CHAPTER 1. GENERALITIES ON FUZZY SUBSETS 1-7. TRIANGULAR NORMS AND CONORMS

Example 1.7.1

The following are the four t-norms TM ,Tp ,TD and TL given respectively by :

TM(x , y) =min(x , y), (minimum)

Tp(x , y) = x · y, (product)

TL(x , y) =max(x + y − 1,0), (Łukasiewicz t-norm)

TD(x , y) =

¨
0 if (x , y) ∈ [0,1[2,

min (x , y) Otherwise.
( drastic product )

As a formal construction, triangular conorms are dual to triangular norms.

1-7-2 Triangular conorms

Definition 2.7.1: [19] A triangular conorm (t-conorm for short) is a binary operation S on the unit

interval [0, 1], i.e., it is a function S : [0,1]2 −→ [0,1] such that for all x , y, z ∈ [0, 1] the following

four axioms are satisfied :

(s1) Commutativity : S(x , y) = S(y, x ) ;

(s2) Associativity : S(x , S(y, z)) = S(S(x , y), z) ;

(s3) Monotonicity : S(x , y) ≤ S(x , z) whenever y ≤ z ;

(s4) Boundary condition : S(x , 0) = x .

Proposition 2.7.1. [8] Any t-conorm S satisfies S(1, x ) = S(x , 1) = 1, for all x ∈ [0,1].

Proof. From (s4) we have S(1, 0) = 1 so, from (s3) it follows that:

1 = S(1, 0) ≤ S(1, x ),

Then,

S(1, x ) = 1 = S(x , 1), forall x ∈ [0,1].

Example 2.7.1

The following are the four basic t-conorms SM , Sp , SL, and SD given respectively by:
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SM(x , y) =max(x , y), (maximum )

Sp(x , y) = x + y − x · y, (probabilistic sum)

SL(x , y) =min(x + y, 1), (Łukasiewicz t-conorm, bounded sum)

SD(x , y) =

¨
1 if (x , y) ∈ [0,1[2,

max (x , y) Otherwise.
( drastic sum )

Proposition 3.7.1. [8]We have T(x , y) ≤ x ∧ y and S(x , y) ≥ x ∨ y for any t-norm T , t-conorm

S, and any x , y ∈ [0, 1].

Proposition 4.7.1. [12] Let T be a triangular norm, the mapping defines as:

S : [0,1]× [0,1] −→ [0, 1]

S(x , y) ≡ 1− T(1− x , 1− y)

Will be called dual t-conorm of T .

Remark 1.7.1

All t-norm is an intersection operator i.e., we can define A ∩T B by its membership function in

the following way :

µA∩T B(x ) = T(µA(x ),µB(x )), for all x in X .

All t-conorm is a union operator i.e., we can define A∪S B by its membership function as follow:

µA∪SB(x ) = S(µA(x ),µB(x )), for all x in X .

Example 3.7.1

Let X = {x , y, z}, let A and B be two fuzzy subsets on X given by:

A = {〈x , 0.5〉, 〈y, 0.9〉, 〈z, 1.0〉},
B = {〈x , 0.2〉, 〈y, 0.4〉, 〈z, 0.1〉}.
We define the intersection and union respectively :

(i) µA∩T B(x ) = T(µA(x ),µB(x )) =max(µA(x ) +µB(x )− 1, 0), for all x in X ,

(ii) µA∪SB(x ) = S(µA(x ),µB(x )) =min(µA(x ) +µB(x ), 1), for all x in X .

So, we get

(i) A∩T B = {〈x , 0.0〉 , 〈y, 0.3〉 , 〈z, 0.1〉} ,
(ii) A∪S B = {〈x , 0.7〉 , 〈y, 1.0〉 , 〈z, 1.0〉} .
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1-7-3 Negation fonction
Definition 3.7.1: A function N : [0,1]→ [0, 1] is called negation if :

(i) N is non-increasing i.e., x ≤ y ⇒ N(y) ≤ N(x ), for all x, y in [0, 1],

(ii) N(0) = 1 and N(1) = 0.

The negation N : [0, 1]→ [0,1] is called strict negation if :

(i) N is a continuos function,

(ii) N is a strictly decreasing function i.e., x < y =⇒ N(x ) > N(y).

The strict negation N : [0, 1]→ [0,1] is called strong negation if is a involution that is,

(i) N(N(x )) = x for x in [0, 1].

Example 4.7.1

(i) Negation function:

Let’s define the negation function N(x ) = 1− x for x in the interval [0, 1].

Properties:

1. N is non-increasing: If x ≤ y , then 1− y ≤ 1− x , which implies N(y) ≤ N(x ).

2. N(0) = 1− 0 = 1, and N(1) = 1− 1 = 0.

Therefore, the function N(x ) = 1− x satisfies the properties of a negation function.

(ii) Strict negation function:

Let’s define the strict negation function N(x ) =
p
(1− x 2) for x in the interval [0,1].

Properties:

1. N is a continuous function.

2. N is strictly decreasing: If x < y , then N(x ) > N(y), as N(x ) =
p
(1− x 2) and

N(y) =
p
(1− y2). Since x < y , it follows that x 2 > y2, and hence 1− x 2 < 1− y2.

Taking the square root,
p
(1− x 2) >
p
(1− y2), which implies N(x ) > N(y).

Therefore, the function N(x ) =
p
(1− x 2) satisfies the properties of a strict negation

function.

(iii) Strong negation function:

Let’s define the strong negation function N(x ) = 1−x for x in the interval [0,1]. Property:

1. N(N(x )) = N(1− x ) = 1− (1− x ) = x .
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Therefore, the function N(x ) = 1− x satisfies the property of a strong negation function.

Definition 4.7.1: A t-norm T and a t-conorm S are said to be dual for strict negation if they satisfy

the following formulas for all x , y ∈ [0, 1]:

S(x , y) = N(T(N(x ), N(y))).

T(x , y) = N(S(N(x ), N(y))).

Example 5.7.1

Let’s define the t-norm T and t-conorm S as follows:

T(x , y) =min(x , y) for x , y in the interval [0, 1].

S(x , y) =max(x , y) for x , y in the interval [0,1].

N(x ) = 1− x for x in the interval [0, 1].

We can verify that T and S are dual for strict negation using the given formulas:

S(x , y) = N(T(N(x ), N(y))) = N(T(1 − x , 1 − y)) = N(min(1 − x , 1 − y)) = N(1 −
max(x , y)) = 1− (1−max(x , y)) =max(x , y)

T(x , y) = N(S(N(x ), N(y))) = N(S(1 − x , 1 − y)) = N(max(1 − x , 1 − y)) = N(1 −
min(x , y)) = 1− (1−min(x , y)) =min(x , y)

Therefore, for these definitions of T , S, and N, we have S(x , y) = N(T(N(x ), N(y))) and

T(x , y) = N(S(N(x ), N(y))), satisfying the formulas for strict negation duality.
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CHAPTER 2. GENERALITIES ON INTUITIONISTIC FUZZY SUBSETS 2-1. INTUITIONISTIC
FUZZY SUBSETS

2-1 Intuitionistic fuzzy subsets

Introduction

The concept of intuitionistic fuzzy subsets has found applications in various fields where uncertainty

and imprecision are prevalent, such as decision-making, pattern recognition, expert systems, and arti-

ficial intelligence. The inclusion of a degree of hesitation in intuitionistic fuzzy subsets enables a more

realistic representation of human cognitive processes, as humans often express ambiguity or doubt in

their decision-making.

Definition 1.1.2: [5,6] Let X be a non-empty set. An intuitionistic fuzzy subset (IFS, for short) A

on X is an object of the form

A = {〈x ,µA(x ),νA(x )〉 | x ∈ X}
Where the functions:

µA : X −→ [0,1]

And

νA : X −→ [0,1]

Define the degree of membership and the degree of non-membership, of the element x ∈ X , respec-

tively, and for every x ∈ X :

0 ≤ µA(x ) + νA(x ) ≤ 1.

Figure2.1: Representation geometric of IFS

Definition 2.1.2: [5] The value of πA(x ) = 1 − µA(x ) − νA(x ), is called the degree of non-

determinacy ( or uncertainty ) of the element x to the intuitionistic fuzzy subset A. Clearly, in

the case of ordinary fuzzy subsets, πA(x ) = 0, for every x ∈ X .
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Figure2.2: The situation in the IFS case is different

Remark 1.1.2

Now, we can map this intuitionistic fuzzy subset to an L-fuzzy subset by defining the function

A : U → L as follows:

A(x ) = (µA(x ),νA(x )),

For each x in the universe of discourse U .

Example 1.1.2

[6] Let X be the set of all countries with elective governments. Assume that we know for every

country x ∈ X the percentage of the electorate that has voted for the corresponding government.

Denote it by M(x ) and let µ(x ) =
M(x )
100 (degree of membership, validity, etc.).

Let ν(x ) = 1−µ(x ).
This number corresponds to the part of the electorate who have not voted for the government.

Using only the fuzzy subset theory, we cannot consider this value in more detail. However, if

we define ν(x ) (degree of non-membership, non-validity, etc.) as the number of votes given to

parties or persons outside the government, then we can show the part of electorate who have

not voted at all or who have given bad voting-paper and the corresponding number will be

π(x ) = 1−µ(x )−ν(x ) (degree of indeterminacy, uncertainty, etc.). Thus, we can construct the

set {〈x ,µ(x ),ν(x )〉 | x ∈ X} and obviously,

0 ≤ µ(x ) + ν(x ) ≤ 1.

Example 2.1.2

Let X = {a, b}, I = {0,
1
2 , 1} ⊂ [0,1] we will find the intuitionistic fuzzy subsets of X .

For all x , y ∈ I we define the set:

℘̃ = {℘ : X −→ I2 | x + y ≤ 1}
The set of all intuitionistic fuzzy subsets of X .

So, | ℘̃ |= (| I2 |)|X |− | {(x , y) | x + y > 1} |. Consequently we need to find 36 intuitionistic
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fuzzy subsets.

A1 = {〈a, 0, 0〉 , 〈b, 0, 0〉}
A2 =
¦〈a, 0, 0〉 ,¬b, 0,

1
2

¶©
A3 = {〈a, 0, 0〉 , 〈b, 0, 1〉}
A4 =
¦〈a, 0, 0〉 ,¬b,

1
2 , 0
¶©

A5 =
¦〈a, 0, 0〉 ,¬b,

1
2 ,

1
2

¶©
A6 = {〈a, 0, 0〉 , 〈b, 1, 0〉}

A7 =
¦¬

a, 0,
1
2

¶
, 〈b, 0, 0〉©

A8 =
¦¬

a, 0,
1
2

¶
,
¬
b, 0,

1
2

¶©
A9 =
¦¬

a, 0,
1
2

¶
, 〈b, 0, 1〉©

A10 =
¦¬

a, 0,
1
2

¶
,
¬
b,

1
2 , 0
¶©

A11 =
¦¬

a, 0,
1
2

¶
,
¬
b,

1
2 ,

1
2

¶©
A12 =
¦¬

a, 0,
1
2

¶
, 〈b, 1, 0〉©

A13 =
¦¬

a,
1
2 ,

1
2

¶
, 〈b, 0, 0〉©

A14 =
¦¬

a,
1
2 ,

1
2

¶
,
¬
b, 0,

1
2

¶©
A15 =
¦¬

a,
1
2 ,

1
2

¶
, 〈b, 0, 1〉©

A16 =
¦¬

a,
1
2 ,

1
2

¶
,
¬
b,

1
2 , 0
¶©

A17 =
¦¬

a,
1
2 ,

1
2

¶
,
¬
b,

1
2 ,

1
2

¶©
A18 =
¦¬

a,
1
2 ,

1
2

¶
, 〈b, 1, 0〉©

A19 = {〈a, 0, 1〉 , 〈b, 0, 0〉}
A20 =
¦〈a, 0, 1〉 ,¬b, 0,

1
2

¶©
A21 = {〈a, 0, 1〉 , 〈b, 0, 1〉}
A22 =
¦〈a, 0, 1〉 ,¬b,

1
2 , 0
¶©

A23 =
¦〈a, 0, 1〉 ,¬b,

1
2 ,

1
2

¶©
A24 = {〈a, 0, 1〉 , 〈b, 1, 0〉}

A25 =
¦¬

a,
1
2 , 0
¶

, 〈b, 0, 0〉©
A26 =
¦¬

a,
1
2 , 0
¶

,
¬
b, 0,

1
2

¶©
A27 =
¦¬

a,
1
2 , 0
¶

, 〈b, 0, 1〉©
A28 =
¦¬

a,
1
2 , 0
¶

,
¬
b,

1
2 , 0
¶©

A29 =
¦¬

a,
1
2 , 0
¶

,
¬
b,

1
2 ,

1
2

¶©
A30 =
¦¬

a,
1
2 , 0
¶

, 〈b, 1, 0〉©

A31 = {〈a, 1, 0〉 , 〈b, 0, 0〉}
A32 =
¦〈a, 1, 0〉 ,¬b, 0,

1
2

¶©
A33 = {〈a, 1, 0〉 , 〈b, 0, 1〉}
A34 =
¦〈a, 1, 0〉 ,¬b,

1
2 , 0
¶©

A35 =
¦〈a, 1, 0〉 ,¬b,

1
2 ,

1
2

¶©
A36 = {〈a, 1, 0〉 , 〈b, 1, 0〉}

Definition 3.1.2: [8] Intuitionistic fuzzy subsets can be seen as L-fuzzy subsets by considering the

lattice L ⊆ [0,1]2 ,

L =
�
(x , y) ∈ [0,1]2 | x + y ≤ 1

	
,

where the inequality relation generating the lattice structure is defined by:

(x , y) ≤L (z, t )⇔ [x ≤ z and y ≥ t ] .

Moreover, L in this case is a complete, completely distributive lattice.
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Example 3.1.2

Let’s say that the intuitionistic fuzzy subset (µA,νA) we defined earlier has the following mem-

bership and non-membership degrees:

µA (1.60) = 0.1,µA (1.85) = 0.8,µA (2.10) = 1.0,

νA (1.60) = 0.9,νA (1.85) = 0.1,νA (2.10) = 0.0.

Then,

A (1.60) = (0.1, 0.9)

A (1.85) = (0.8, 0.1)

A (2.10) = (1.0, 0.0) .

In this example, the first component of each pair represents the degree to which the height x

can be considered tall, and the second component represents the degree to which it cannot be

considered non-tall.

2-2 Operations on intuitionistic fuzzy subsets

For two intuitionistic fuzzy subsets A and B on a set X , several operations are defined in the following

way(see [5,6]) :

• Inclusion

A ⊂ B if µA(x ) ≤ µB(x ) and νA(x ) ≥ νB(x ), for any x ∈ X .

• Complement

Ac = {〈x ,νA(x ),µA(x )〉 | x ∈ X} .
• Equality

A = B if µA(x ) = µB(x ) and νA(x ) = νB(x ), for any x ∈ X .

• Complement

Ac = {〈x ,νA(x ),µA(x )〉 | x ∈ X} .
• Empty set

A = ; if µA(x ) = 0 and νA(x ) = 1.
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• Intersection

A∩ B = {〈x , µA(x )∧µB(x ),νA(x )∨ νB(x )〉 | x ∈ X} .
• Union

A∪ B = {〈x ,µA(x )∨µB(x ),νA(x )∧ νB(x )〉 | x ∈ X} .
• Addition

A⊕ B = {x ,µA(x ) +µB(x )−µA(x ) ·µB(x ),νA(x ) · νB(x ) | x ∈ X} .
• Multiplication

A⊗ B = {x ,µA(x ) ·µB(x ),µA(x ) +µB(x )νA(x ) · νB(x ) | x ∈ X} .
Example 1.2.2

Let X = {a, b, c} and Let A, B be two intuitionistic fuzzy subsets given by:

A = {〈a, 0.3, 0.5〉 , 〈b, 0.6, 0.4〉 , 〈c, 0.9, 0.0〉} ,
B = {〈a, 0.7, 0.1〉 , 〈b, 0.8, 0.1〉 , 〈c, 1.0, 0.0〉} .

Then, we have:

A∩ B = {〈a, 0.3, 0.5〉 , 〈b, 0.6, 0.4〉 , 〈c, 0.9, 0.0〉} ,
A∪ B = {〈a, 0.7, 0.1〉 , 〈b, 0.8, 0.1〉 , 〈c, 1.0, 0.0〉} ,

Ac = {〈a, 0.5, 0.3〉 , 〈b, 0.4, 0.6〉 , 〈c, 0.0, 0.9〉} ,
Bc = {〈a, 0.1, 0.7〉 , 〈b, 0.1, 0.8〉 , 〈c, 0.0, 1.0〉} ,

A⊕ B = {〈a, 0.79, 0.05〉 , 〈b, 0.92, 0.04〉 , 〈c, 1.0, 0.0〉} ,
A⊗ B = {〈a, 0.21, 0.55〉 , 〈b, 0.48, 0.46〉 , 〈c, 0.9, 0.0〉} .

2-2-1 The support

Definition 1.2.2: [24] Let A be an intuitionistic fuzzy subset on universe X . The support of A is

the crisp subset of X given by:

Supp(A) = {x ∈ X | µA(x ) > 0 or (µA(x ) = 0 and νA(x ) < 1)} .
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2-2-2 The kernel
Definition 2.2.2: [24] Let A be an intuitionistic fuzzy subset on universe X . The kernel of A is the

crisp subset of X given by:

ker(A) = {x ∈ X | µA(x ) = 1 and νA(x ) = 0} .

Example 2.2.2

From Example 2-2 we have :

Ker(A) = ;,
Supp(A) = {a, b, c}.

2-3 Cartesian product on intuitionistic fuzzy subset

The cartesian product applied to n intuitonistic fuzzy subsets can be defined as follows:

Definition 1.3.2: Let µA1,µA2, ...,µAn be membership functions of A1, A2, ..., An. Then the mem-

bership degree of (x1, x2, ..., xn) ∈ X1 × X2 × ...× Xn on the intuitonistic fuzzy subset A1, A2, ..., An

is,
µA1×A2×...×An

(x1, x2, ..., xn) = min
�
µA1
(x1),µA2

(x2), ...,µAn
(xn)

	
= µA1

(x1)∧µA2
(x2)∧ ...∧µAn

(xn),

And the non-membership degree is,

νA1×A2×...×An
(x1, x2, ..., xn) = max

�
νA1
(x1),νA2

(x2), ...,νAn
(xn)

	
= νA1

(x1)∨ νA2
(x2)∨ ...∨ νAn

(xn).

Example 1.3.2

Let’s consider two intuitionistic fuzzy subsets A and B defined on the universe X = {1,2, 3}, with

membership and non-membership functions given by:

µA (1) = 0.8, µA (2) = 0.5, µA (3) = 0.2

νA (1) = 0.1, νA (2) = 0.3, νA (3) = 0.6

µB (1) = 0.6, µB (2) = 0.4, µB (3) = 0.3

νB (1) = 0.2, νB (2) = 0.5, νB (3) = 0.7

The Cartesian product of A and B, denoted by A×B, is a new intuitionistic fuzzy subset defined

on the universe

X × X = {(1,1), (1, 2), (1,3), (2,1), (2, 2), (2,3), (3, 1), (3,2), (3, 3)}
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The membership and non-membership functions of A× B are given by:

µA×B(1,1) =min{0.7,0.6} = 0.6, νA×B(1, 1) =max{0.1, 0.2} = 0.2

µA×B(1,2) =min{0.7,0.4} = 0.4, νA×B(1, 2) =max{0.1, 0.5} = 0.5

µA×B(1,3) =min{0.7,0.3} = 0.3, νA×B(1, 3) =max{0.1, 0.7} = 0.7

µA×B(2,1) =min{0.5,0.6} = 0.5, νA×B(2, 1) =max{0.3, 0.2} = 0.3

µA×B(2,2) =min{0.5,0.4} = 0.4, νA×B(2, 2) =max{0.3, 0.5} = 0.5

µA×B(2,3) =min{0.5,0.3} = 0.3, νA×B(2, 3) =max{0.3, 0.7} = 0.7

µA×B(3,1) =min{0.2,0.6} = 0.2, νA×B(3, 1) =max{0.6, 0.2} = 0.6

µA×B(3,2) =min{0.2,0.4} = 0.2, νA×B(3, 2) =max{0.6, 0.5} = 0.6

µA×B(3,3) =min{0.2,0.3} = 0.2, νA×B(3, 3) =max{0.6, 0.7} = 0.7

Then, we have:

A× B =


〈(1, 1), 0.6, 0.2〉 , 〈(1, 2), 0.4, 0.5〉 , 〈(1,3), 0.3, 0.7〉 ,
〈(2, 1), 0.5, 0.3〉 , 〈(2, 2), 0.4, 0.5〉 , 〈(2,3), 0.3, 0.7〉 ,
〈(3, 1), 0.2, 0.6〉 , 〈(3,2), 0.2, 0.6〉 , 〈(3,3), 0.2, 0.7〉

 .
Example 2.3.2

Let X1 = {α,β}, X2 = {a, b, c}, and let A1, A2 be two intuitionistic fuzzy subsets defined on

X1, X2 respectively given by:

A1 = {〈α, 0.2, 0.6〉 , 〈β , 0.7, 0.2〉} ;
A2 = {〈a, 0.5, 0.4〉 , 〈b, 0.9, 0.1〉 , 〈c, 1.0, 0.0〉} .

Then, we have:

A1 × A2 =

¨ 〈(α, a), 0.2, 0.6〉 , 〈(α, b), 0.2, 0.6〉 , 〈(α, c), 0.2, 0.6〉 ,
〈(β , a), 0.5, 0.4〉 , 〈(β , b), 0.7, 0.2〉 , 〈(β , c), 0.7, 0.2〉

«
.
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FUZZY RELATION

3-1 Intuitionistic fuzzy relation

Introduction

Intuitionistic fuzzy relations are a generalization of fuzzy relations that allow for the representation

of uncertainty in both membership and non-membership degrees.

Intuitionistic fuzzy relations were first introduced in a paper by Atanassov in 1986 [3] .

Since then, they have been studied extensively and have found applications in various fields, including

decision-making, pattern recognition, and image processing.

This section contains the basic definitions and properties of intuitionistic fuzzy relations which intro-

duced by Burillo and Bustince [12,13] as a natural generalization of fuzzy relation.

Definition 1.1.3: [12, 15] Let X and Y be two non-empty sets. An intuitionistic fuzzy relation

from X to Y (IFR, for short) is an intuitionistic fuzzy subset of X × Y , i.e., is an expression R given

by:

R = {〈(x , y),µR(x , y),νR(x , y)〉 | (x , y) ∈ X × Y}
Where,

µR : X × Y −→ [0,1]

And

νR : X × Y −→ [0,1]

Satisfy the condition 0 ≤ µR(x , y) + νR(x , y) ≤ 1, for every (x , y) ∈ X × Y . The value µR(x , y) is

called the degree of membership of (x , y) in R and νR(x , y) is called the degree of non-membership

of (x , y) in R.

Notation 3-1.1. We will denote by IFR(X × Y) the set of all the intuitionistic fuzzy subsets in X × Y .

Example 1.1.3

Let X = {x , y, z} and R be intuitionistic fuzzy relation on X given by:

µR x y z

x 0.2 0.5 0.1

y 0 0.4 0.7

z 1 0.6 0.6

νR x y z

x 0.6 0.4 0.3

y 0.7 0.2 0.1

z 0 0.3 0.2

Remark 1.1.3

This definition of intuitionistic fuzzy relation includes, as a particular case, binary relation and

fuzzy relation in a way similar intuitionistic fuzzy relation.
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3-1-1 Inverse of intuitionistic fuzzy relation

Definition 2.1.3: [12] Given a binary intuitionistic fuzzy relation between X and Y, we can define

R−1 between Y and X by means of

µR−1(y, x ) = µR(x , y)

νR−1(y, x ) = νR(x , y),∀(x , y) ∈ X × Y

To which we will call inverse relation of R.

Example 2.1.3

Suppose we have an intuitionistic fuzzy relation R between sets X = {1, 2, 3} and Y = {a, b, c}
defined as follows:

R = {〈(1, a), 0.7, 0.3〉 , 〈(1, b), 0.5, 0.2〉 , 〈(2, b), 0.6, 0.4〉 , 〈(3, c), 0.9, 0.1〉},
The inverse relation R−1:

µR−1(a, 1) = µR(1, a) = 0.7, νR−1(a, 1) = νR(1, a) = 0.3

µR−1(b, 1) = µR(1, b) = 0.5, νR−1(b, 1) = νR(1, b) = 0.2

µR−1(b, 2) = µR(2, b) = 0.6, νR−1(b, 2) = νR(2, b) = 0.4

µR−1(c, 3) = µR(3, c) = 0.9, νR−1(c, 3) = νR(3, c) = 0.1

Then,

R−1 = {〈(a, 1), 0.7, 0.3〉 , 〈(b, 1), 0.5, 0.2〉 , 〈(b, 2), 0.6, 0.4〉 , 〈(c, 3), 0.9, 0.1〉}.

3-2 Operations on intuitionistic fuzzy relations

Let R and P be two intuitionistic fuzzy relations from a universe X to a universe Y , for every (x , y) ∈
X × Y , we can define (see [12]).

1. R ⊆ P⇔ µR(x , y) ≤ µP(x , y) and νR(x , y) ≥ νP(x , y),

2. R ∪ P = {〈(x , y),µR(x , y)∨µP(x , y),νR(x , y)∧ νP(x , y)〉| x ∈ X , y ∈ Y} ,

3. R ∩ P = {〈(x , y),µR(x , y)∧µP(x , y),νR(x , y)∨ νP(x , y)〉| x ∈ X , y ∈ Y} ,

4. Rc = {〈(x , y),νR(x , y),µR(x , y)〉| x ∈ X , y ∈ Y} .
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Proporties 3-2.1. [12] Let R, P and Q be three intuitionistic fuzzy relations from a universe X to a

universe Y .

(i) If R ⊆ P, then R−1 ⊆ P−1,

(ii) (R ∪ P)−1 = R−1 ∪ P−1,

(iii) (R ∩ P)−1 = R−1 ∩ P−1,

(iv) (R−1)−1 = R,

(v) R ∩ (P ∪Q) = (R ∩ P)∪ (R ∩Q) and R ∪ (P ∩Q) = (R ∪ P)∩ (R ∪Q),

(vi) R ⊆ (R ∪ P), P ⊆ (R ∪ P),R ∩ P ⊆ R and R ∩ P ⊆ P,

(vii) If P ⊆ R and Q ⊆ R, then P ∪Q ⊆ R,

(viii) If R ⊆ P and R ⊆ Q, then R ⊆ p ∩Q.

Proof. (i) If R ⊆ P, then µR−1(y, x ) = µR(x , y) ≤ µP(x , y) = µP−1(y, x ) for every (x , y) of X×Y ,

analogously

νR−1(y, x ) = νR(x , y) ≥ νP(x , y) = νP−1(y, x )

For every (x , y) of X × Y .

(ii)
µ(R∪P)−1(y, x ) = µR∪P(x , y)

= µR(x , y)∨µP(x , y)

= µR−1(y, x )∨µP−1(y, x )

= µR−1∪P−1 (y, x ).

The proof for ν(R∪P)−1(y, x ) = νR−1∪P−1(y, x ) is done in a similar way.

(v) We will use the fact that ([0,1],≤,∧,∨) is a distrubitive lattice

µ(R∩(P∪Q))(x , y) = µR(x , y)∧ �µP(x , y)∨µQ(x , y)
	

= {µR(x , y)∧µP(x , y)} ∨µR(x , y)∧µQ(x , y)

= µ(R∩P)(x , y)∨µ(R∩Q)(x , y)

= µ(R∩P)∪(R∩Q)(x , y).

The proof is analogous to the previous one, in the case of:

νR∩(P∪Q)(x , y) = ν(R∩P)∪(R∩Q)(x , y).

The rest of the items are proved in a way similar to the previous ones.
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In 1986, Atanassov established different ways of changing an intuitionistic fuzzy set into a fuzzy set

and he defined the following operator:

If E ∈ IFSs(X), then

Dp(E) = {〈x ,µE(x ) + p ·πE(x ), 1−µE(x )− p ·πE(x )〉 | x ∈ X} (1.3)

With p ∈ [0,1]. Obviously, Dp(E) ∈ FSs(X).

A study of the properties of this operator (we will call it Atanassov’s operator) is made in [4,14].

Let E be an intuitionistic fuzzy set and Dp the operator given in the previous definition, then the family

of all fuzzy sets associated to E through the operator Dp , will be denoted by {Dp(E)}p∈[0,1]. It is clear

that {Dp(E)}p∈[0,1] is a totally ordered family of fuzzy sets.

It is worth pointing out that for any intuitionistic fuzzy set E:

µ(Do(E)(x ) = µE(x ), µ(D1(E)c(x ) = νE(x ) (2.3)

Are verified for every x in X , which will be used very much in the last part of this paper.

3-3 Composition of intuitionistic fuzzy relations

Definition 1.3.3: [12] Let α,β ,λ and ρ be t-norms or t-conorms not necessarily dual two-two, R ∈
IFR (X × Y ) and P ∈ I FR(Y ×Z). We will call composed relation P

α,β◦
λ,ρ

R ∈ IFR (X ×Z) to the one

defined by:

P
α,β◦
λ,ρ

R =

��
(x , z),µ

P
α,β◦
λ,ρ

R
(x , z),ν

P
α,β◦
λ,ρ

R
(x , z)

�
| x ∈ X , z ∈ Z

�
Where

µ
P
α,β◦
λ,ρ

R
(x , z) = α

y
{β [µR(x , y),µP(y, z)]}

ν
P
α,β◦
λ,ρ

R
(x , z) = λ

y
{ρ [νR(x , y),νP(y, z)]}

Whenever

0 ≤ µ
P
α,β◦
λ,ρ

R
(x , z) + ν

P
α,β◦
λ,ρ

R
(x , z) ≤ 1, forall (x , z) ∈ X × Z.

Proposition 1.3.3. [12] In the conditions of the Definition 3-3, if λ∗ and ρ∗ are respectively, the

dual forms of λ and ρ and α ≤ λ∗, β ≤ ρ∗, then

0 ≤ µ
P
α,β◦
λ,ρ

R
(x , z) + ν

P
α,β◦
λ,ρ

R
(x , z) ≤ 1, for all (x , z) ∈ X × Z.
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Proof. We know that:

µR(x , y) ≤ 1− νR(x , y), for all (x , y) ∈ X × Y

And

µP(y, z) ≤ 1− νP(y, z), for all (y, z) ∈ Y × Z

Taking as hypothesis α ≤ λ∗ and β ≤ ρ∗, we have:

β [µR(x , y),µP(y, z)] ≤ ρ∗[1− νR(x , y), 1− νP(y, z)],

α
y
{β[µR(x , y),µP(y, z)]} ≤ λ∗

y
{ρ∗[1− νR(x , y), 1− νP(y, z)]}

= 1−λ
y
{1−ρ∗ [1− νR(x , y), 1− νP(y, z)]}

= 1−λ
y
{ρ [νR(x , y),νP(y, z)]}

Therefore

α
y
{β[µR(x , y),µP(y, z)]}+λ

y
{ρ[νR(x , y),νP(x , y)]} ,

i.e.,

0 ≤ µ
P
α,β◦
λ,ρ

R
(x , z) + ν

P
α,β◦
λ,ρ

R
(x , z) ≤ 1, for all (x , z) ∈ X × Z.

Example 1.3.3

Suppose we have the following intuitionistic fuzzy relations:

R = {〈(x1, y1), 0.8, 0.2〉 , 〈(x1, y2), 0.5, 0.4〉 , 〈(x2, y2), 0.6, 0.3〉 , 〈(x2, y3), 0.9, 0.1〉}.
P = {〈(y1, z1), 0.7, 0.2〉 , 〈(y1, z2), 0.6, 0.3〉 , 〈(y2, z2), 0.4, 0.5〉 , 〈(y2, z3), 0.8, 0.1〉}.

Let’s assume that α, β , λ, and ρ are the min t-norm and max t-conorm, respectively,

to compute P
α,β◦
λ,ρ

R (x , z) for a specific (x , z) pair, let’s take (x1, z3) as an example:

P
α,β◦
λ,ρ

R (x1, z3) =

��
(x1, z3),µP

α,β◦
λ,ρ

R
(x1, z3),νP

α,β◦
λ,ρ

R
(x1, z3)

�
| x1 ∈ X , z3 ∈ Z

�
Where

µ
P
α,β◦
λ,ρ

R
(x1, z3) = α

y
{β [µR(x1, y),µP(y, z3)]}

ν
P
α,β◦
λ,ρ

R
(x1, z3) = λ

y
{ρ [νR(x1, y),νP(y, z3)]}

µ
P
α,β◦
λ,ρ

R
(x1, z3) = α

y
{β[µR(x1, y),µP(y, z3)]}

= α
y
{[β(0.8, 0.8)]}

= α
y
{[0.8]}

= 0.8
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ν
P
α,β◦
λ,ρ

R
(x1, z3) = λ

y
{ρ[νR(x1, y),νP(y, z3)]}

= λ
y
{[ρ(0.2,0.1)]}

= λ
y
{[0.2]}

= 0.2

0 ≤ 0.8+ 0.2 ≤ 1.

Therefore,

P
α,β◦
λ,ρ

R (x1, z3) = {(x1, z3) , 0.8, 0.2} .

3-4 Properties of intuitionistic fuzzy relations

We will study now the properties of intuitionistic fuzzy relations in a set X .

3-4-1 Identity relation and the complementary relation
Definition 1.4.3:

(i) The relation Í∈ IFR(X × X) is called the relation of identity if,

µ∆ (x , y) =

¨
1 if x = y

0 if x ̸= y,

ν∆ (x , y) =

¨
0 if x = y

1 if x ̸= y,

For all x , y ∈ X × X .

(ii) The complementary relation ∆c defined by

µ∆c
(x , y) =

¨
0 if x = y

1 if x ̸= y,

ν∆c
(x , y) =

¨
1 if x = y

0 if x ̸= y,

For all x , y ∈ X × X .

Remark 1.4.3

Is evident ∆ =∆−1.
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Example 1.4.3

Let’s consider the set X = {1,2, 3}.
(i) The relation of identity ∆ ∈ IFR (X × X) can be defined as follows:

△ =

〈(1,1) , 1, 0〉 , 〈(1,2) , 0, 1〉 , 〈(1,3) , 0, 1〉 ,
〈(2,1) , 0, 1〉 , 〈(2,2) , 1, 0〉 , 〈(2,3) , 0, 1〉 ,
〈(3, 1) , 0, 1〉 , 〈(3,2) , 0, 1〉 , 〈(3,3) , 1, 0〉


The membership degree µ∆(x , y) = 1 if x = y and 0 otherwise, and the non-membership

degree ν∆(x , y) = 0 if x = y and 1 otherwise for all x , y ∈ X × X .

(ii) The complementary relation ∆c ∈ IFR(X × X) can be defined as follows:

△c =


〈(1,1) , 0, 1〉 , 〈(1,2) , 1, 0〉 , 〈(1,3) , 1, 0〉 ,
〈(2,1) , 1, 0〉 , 〈(2,2) , 0, 1〉 , 〈(2,3) , 1, 0〉 ,
〈(3,1) , 1, 0〉 , 〈(3,2) , 1, 0〉 , 〈(3,3) , 0, 1〉


The membership degree µ∆c

(x , y) = 0 if x = y and 1 otherwise, and the non-membership

degree ν∆c
(x , y) = 1 if x = y and 0 otherwise for all x , y ∈ X × X .

3-4-2 Reflexivity and Antireflexivity

Definition 2.4.3: [12,15] Let R be an intuitionistic fuzzy relation on X , we will say that R is :

1. Reflexive, if for every x ∈ X , µR(x , x ) = 1. Just notice that for every x ∈ X , νR(x , x ) = 0,

2. Antireflexive, if for every x ∈ X , then

¨
µR(x , x ) = 0

νR(x , x ) = 1,
that is to say, if its complementary

Rc is reflexive.

Example 2.4.3

Suppose we have a set X = {a, b, c}, and we define an intuitionistic fuzzy relation R on X as

follows:

1. Reflexive:

µR(a, a) = 1, µR(b, b) = 0.8, µR(c, c) = 0.9

νR(a, a) = 0, νR(b, b) = 0.2, R(c, c) = 0.1

we can see that µR(a, a) = 1, µR(b, b) = 0.8, and µR(c, c) = 0.9. Since all the diagonal

elements have a membership grade of 1, the relation R is reflexive.
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2. Antireflexive:

µRc
(a, a) = 0, µRc

(b, b) = 0.2, µRc
(c, c) = 0.1

νRc
(a, a) = 1, νRc

(b, b) = 0.8, νRc
(c, c) = 0.9

We have µRc
(a, a) = 0, µRc

(b, b) = 0.2, and µRc
(c, c) = 0.1,Since all the diagonal ele-

ments have a membership grade of 0, in addition, νRc
(a, a) = 1, νRc

(b, b) = 0.8, and

νRc
(c, c) = 0.9 and the diagonal elements have a membership grade of 1. Therefore,

the complementary relation R is antireflecxive, that is to say, if its complementary Rc is

reflexive.

3-4-3 Symmetry and Antisymmetry

Definition 3.4.3: [12,15] Let R be an intuitionistic fuzzy relation on X , we will say that R is :

1. Symmetric, if R = R−1, that is, for every (x , y) in X × X ,¨
µR (x , y) = µR (y, x )

νR (x , y) = νR (y, x )

In a contrary manner we will say that it ia asymmetric.

2. Antisymmetrical intuitionistic if, for every (x , y) in X × X , x ̸= y then
µR (x , y) ̸= µR (y, x )

νR (x , y) ̸= νR (y, x )

πR (x , y) = πR (y, x ) ,

Where πR(x , y) = 1−µR(x , y)− νR(x , y).

Example 3.4.3

Suppose we have a set X = {a, b, c}, and we define an intuitionistic fuzzy relation R on X as

follows:

1. Symmetric:
µR a b c

a 1 0.5 0.7

b 0.5 0.8 0.6

c 0.7 0.6 0.9

νR a b c

a 0 0.1 0.4

b 0.1 0.2 0.3

c 0.4 0.3 0.1

From the above comparisons, we can see that for every pair (x , y) in X×X , the membership

grades and non-membership grades of R are equal to those of R−1.
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Therefore, the relation R is symmetric.

2. Antisymmetric:

µR a b c

a 1 0.9 0.6

b 0.6 0.8 0.8

c 0.5 0.7 0.9

νR a b c

a 0.0 0.1 0.2

b 0.4 0.2 0.0

c 0.3 0.1 0.1

πR(a, b) = 1− 0.9− 0.1, πR(b, a) = 1− 0.6− 0.4 ,

πR(a, c) = 1− 0.6− 0.2, πR(c, a) = 1− 0.5− 0.3 ,

πR(b, c) = 1− 0.8− 0.0, πR(c, b) = 1− 0.7− 0.1 .

From the above comparisons, we can see that for every pair (x , y) in X × X where x ̸= y , the

membership grades and non-membership grades of R are not equal to those of R−1. However,

the hesitancy grades (πR) of R are equal to those of R−1.

Therefore, the relation R is antisymmetric.

Theorem 1.4.3: [12] Let R be an element of IFR(X × X). R is antisymmetrical fuzzy intuitionistic if

and only if,

For every (x , y) ∈ X × X , x ̸= y then, µR(x , y) ̸= µR(y, x ).

Proof. As νR(x , y) = 1−µR(x , y) and πR(x , y) = 0 for every (x , y) ∈ X × X , then

µR(x , y) ̸= µR(y, x ) if and only if


µR (x , y) ̸= µR (y, x )

νR (x , y) ̸= νR (y, x )

πR (x , y) = πR (y, x ) .
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3-4-4 Perfect antisymmetrical fuzzy intuitionistic relation

Definition 4.4.3: [12] Let R be an intuitionistic fuzzy relation on X , we will say that R is Perfect

antisymmetrical fuzzy intuitionistic relation if,

For every x , y ∈ X with x ̸= y and
µR(x , y) > 0

or

µR(x , y) = 0 and νR(x , y) < 1,

Then 
µR(y, x ) = 0

and

νR(y, x ) = 1.

Example 4.4.3

Let X = {x , y, z}, let R be the intuitionistic fuzzy relation given by:

µR x y z

x 0.4 0.3 0.1

y 0.0 0.5 0.0

z 0.0 0.0 0.1

νR x y z

x 0.5 0.7 0.4

y 1 0.3 0.6

z 1 1 0.7

R is a perfect antisymmetrical intuitionistic fuzzy relation.

3-4-5 Transitivity and c-transitivity

Definition 5.4.3: [12,15] Lets take α t-conorme, β t-norme, λ t-norme and ρ t-conorme.

• We will say that R ∈ I FR(X × X) is transitive if R
α,β◦
λ,ρ

R ⊆ R.

• We will say that R ∈ I FR(X × X) is c-transitive if R ⊆ R
λ,ρ◦
α,β

R.
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3-4-6 Intuitionistic fuzzy ordering

Definition 6.4.3: [27] Let X be a non-empty crisp set and

R = {〈(x , y),µR(x , y),νR(x , y)〉 | x , y ∈ X}
Be an intuitionistic fuzzy relation on X . Then R is called an intuitionistic fuzzy ordering or a partial

intuitionistic fuzzy order if it is reflexive, transitive and perfect antisymmetrical fuzzy intuitionistic.

Example 5.4.3

Let X = {a, b, c, d}. Then the intuitionistic fuzzy relation R defined on X by

R = {〈(x , y),µR(x , y),νR(x , y)〉 | x , y ∈ X}
Where µR and νR given by the following tables :

µR a b c d

a 1.0 0.0 0.0 0.45

b 0.0 1.0 0.0 0.2

c 0.0 0.0 1.0 0.0

d 0.0 0.0 0.0 1.0

νR a b c d

a 0.0 1.0 0.25 0.3

b 0.2 0.0 0.5 0.2

c 1.0 1.0 0.0 0.6

d 1.0 1.0 1.0 0.0

Is intuitionistic fuzzy ordering on X .

Example 6.4.3

Let m, n ∈ X = {1, 2, 3, 4} and let µR, νR defined as follow :

µR (m,n) =


1, If m = n

1− m
n , If m < n

0, If m > n,

and νR (m, n) =


0, If m = n
m
2n , If m < n

1, If m > n.
The intuitionistic fuzzy relation R on X is an intuitionistic fuzzy ordering.

Now, we recall the notion of linear or total intuitionistic fuzzy ordering as follows:
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3-4-7 Intuitionistic fuzzy ordering linear or total

Now, we recall the notion of linear or total intuitionistic fuzzy ordering as follows:

Definition 7.4.3: [27] An intuitionistic fuzzy ordering R is linear (or total) on X if for every x , y ∈
X , we have:

µR(x , y) > 0 and νR(x , y) = 0

Or

µR(y, x ) > 0 and νR(y, x ) = 0.

Example 7.4.3

Let’s consider the set X = {a, b, c} and an intuitionistic fuzzy ordering R defined as:

R =


〈(a, a) , 1, 0〉 , 〈(a, b) , 0.8, 0〉 , 〈(a, c) , 0.6, 0.6〉 ,
〈(b, a) , 0.4, 0.2〉 , 〈(b, b) , 1, 0〉 , 〈(b, c) , 0, 0.7〉 ,
〈(c, a) , 0.5, 0〉 , 〈(c, b) , 0, 0.3〉 , 〈(c, c) , 1, 0〉


Let’s check the conditions for linearity or totality:

1. For the pair (a, b):

µR(a, b) = 0.8 > 0, νR(a, b) = 0

µR(b, a) = 0.4 > 0, νR(b, a) = 0.2 ̸= 0

The binary (a, b) checks the condition so that: µR(a, b) > 0 and νR(a, b) = 0.

2. For the pair (a, c):

µR(a, c) = 0.6 > 0, νR(a, c) = 0.6 ̸= 0

µR(c, a) = 0.5 > 0, νR(c, a) = 0

The binary (a, c) checks the condition so that: µR(c, a) > 0 and νR(c, a) = 0.

3. For the pair (b, c):

µR(b, c) = 0 ≯ 0, νR(b, c) = 0.7 ̸= 0

µR(c, b) = 0 ≯ 0, νR(c, b) = 0.3 ̸= 0

Binary (b, c) does not meet any of the conditions.
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Definition 8.4.3: [27] An intuitionistic fuzzy ordered set (X ,µR,νR) in which R is linear is called a

linearly intuitionistic fuzzy ordered set or an intuitionistic fuzzy chain.

Conversly, we obtain the following definition of incomparable elements.

Definition 9.4.3: [27] Let (X ,µR,νR) be a non-empty intuitionistic fuzzy ordered set and let a, b

be two elements of X . We say that a and b are incomparable in (X ,µR,νR) if,

µR(a, b) = 0 or νR(a, b) > 0

And

µR(b, a) = 0 or νR(b, a) > 0.

Definition 10.4.3: Let R be an element of IFR(X × X). β t-conorm and ρ t-norm.

(1) We will call transitive closure of R, to the minimum intuitionistic fuzzy relation
∧
R on X × X

which contains R and it is transitive. Besides

∧
R = R ∨ R

∨,∧◦∧,∨ R ∨ R
∨,∧◦∧,∨ R

∨,∧◦∧,∨ R ∨ · · · ∨ Rn.

(2) We will call c-transitive closure of R to the biggest c-transitive relation
∨
R ∈ IFR(X×X) contained

in R. Besides
∨
Rc = Rc ∧ Rc

∧,∨◦∨,∧ Rc ∧ Rc
∧,∨◦∨,∧ Rc

∧,∨◦∨,∧ R ∧ · · · ∧ Rn.

3-5 Relation between an intuitionistic fuzzy relation and its
complementary relation

We will start this section by studying the relation that exists between the properties of a relation and

the properties of its complementary one. Next, we define the structures in the intuitionistic fuzzy

relations, and we also study their main properties. Besides, we analyse the relation between the

structures of R and Rc.

We conclude this section with two theorems that characterize the structures of the intuitionistic fuzzy

relations according to the structures of the fuzzy relations D0(R) and D1(R).

Now we are going to study the composition of intuitionistic complementary fuzzy relations and its

transitive closures .
Theorem 1.5.3: Let R,P be two elements of IFR(X × X), β a t-norm and ρ a t-conorm, it is verified

that

(R
∨,β◦∧,ρ P)c = Rc

∧,ρ◦∨,β Pc.

University of Msila (Faculty of MI) 44 Department of Mathematics



CHAPTER 3. STRUCTURES ON INTUITIONISTIC FUZZY RELATIONS 3-5. RELATION BETWEEN
AN INTUITIONISTIC FUZZY RELATION AND ITS COMPLEMENTARY RELATION

Proof. As µRc
(x , z) = νR(x , z) and νRc

(x , z) = µR(x , z) for every (x , z) in X × X , we have

R
∨,β◦∧,ρ P =

¨®
(x , z),
∨

y

{β[µP(x , y),µR(y, z)]},∧
y

{ρ[νp(x , y),νR(y, z)]}
¸
| (x , z) ∈ X × X

«
.

�
R
∨,β◦∧,ρ P
�

c
=

¨®
(x , z),
∧

y

{ρ[νP(x , z),νR(x , z)]},∨
y

{β[µp(x , z),µR(x , z)]}
¸«
= Rc

∧,ρ◦∨,β Pc.

Theorem 2.5.3: Let R be an intuitionistic fuzzy relation in (X × X ) and Rc its complementary

relation, β = ∧ and ρ = ∨
∨
Rc = (

∧
R)c

holds.

Proof. We know that

R = {〈(x , y),µR(x , y),νR(x , y)〉 | (x , y) ∈ X × X},
Rc = {〈(x , y),νR(x , y),µR(x , y)〉 | (x , y) ∈ X × X},

Calculating
∧
R and

∨
Rc, we have

∧
R = R ∨ R

∨,∧◦∧,∨ R ∨ R
∨,∧◦∧,∨ R

∨,∧◦∧,∨ R ∨ · · · ∨ Rn, therefore

µ∧
R
(x , y) = µR(x , y)∨µ

R
∨,∧◦∧,∨R
(x , y)∨ · · · ∨µRn(x , y),

ν∧
R
(x , y) = νR(x , y)∨ ν

R
∨,∧◦∧,∨R
(x , y)∨ · · · ∨ νRn(x , y),

With

µ
R
∨,∧◦∧,∨R
(x , y) =
∨

z

{∧[µR(x , z),µR(z, y)]},

ν
R
∨,∧◦∧,∨R
(x , y) =
∧

z

{∨[νR(x , z),νR(z, y)]},
∨
Rc = Rc ∧ Rc

∧,∨◦∨,∧ Rc ∧ Rc
∧,∨◦∨,∧ Rc

∧,∨◦∨,∧ R ∧ · · · ∧ Rn , therefore

µ∨
Rc
(x , y) = µRc

(x , y)∧µ
Rc
∧,∨◦∨,∧Rc

(x , y)∧ · · · ∧µRn
c
(x , y) ,

ν∨
Rc
(x , y) = νRc

(x , y)∨ ν
Rc
∧,∨◦∨,∧Rc

(x , y)∨ · · · ∨ νRn
c
(x , y) ,

With

µ
Rc
∧,∨◦∨,∧Rc
(x , y) =
∧

z

{∨[µRc
(x , z),µRc

(z, y)]},

ν
Rc
∧,∨◦∨,∧Rc
(x , y) =
∨

z

{∧[νRc
(x , z),νRc

(z, y)]},
As µRc

(x , z) = νR(x , z) and νRc
(x , z) = µR(x , z), we have

µ
Rc
∧,∨◦∨,∧Rc
(x , y) =
∧

z

{∨[µRc
(x , z),µRc

(z, y)]} =∧
z

{∨[νR(x , z),νR(z, y)]} = ν
R
∨,∧◦∧,∨R
(x , y) ,
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ν
Rc

,∧,∨◦∨,∧Rc
(x , y) =
∨

z

{∧[νRc
(x , z),νRc

(z, y)]} =∨
z

{∧[µR(x , z),µR(z, y)]} = µ
R
∨,∧◦∧,∨R
(x , y) ,

Therefore

µ∨
Rc
(x , y) = µRc

(x , y)∧µ
Rc

,∧,∨◦∨,∧Rc
(x , y)∧ · · · ∧µRn

c
(x , y) = ν∧

R
(x , y)

ν∨
Rc
(x , y) = νRc

(x , y)∨ ν
Rc

,∧,∨◦∨,∧Rc
(x , y)∨ · · · ∨ νRn

c
(x , y) = µ∧

R
(x , y)

That is,
∨
Rc = {
D
(x , y),µ∨

Rc
(x , y),ν∨

Rc
(x , y)
E
| (x , y) ∈ X × Y}

= {¬(x , y),ν∧
R
(x , y),µ∧

R
(x , y)
¶ | (x , y) ∈ X × Y} = ∧

(R)c.

The next theorem establishes the relation that exists between the properties of an intuitionistic

fuzzy relation and its complementary one.

Theorem 3.5.3: R ∈ IFR(X × X )

(i) R is reflexive if and only if Rc is antireflexive,

(ii) R is symmetrical if and only if Rc is symmetrical,

(iii) R is antisymmetrical intuitionistic if and only if Rc is antisymmetrieal intuitionistic, and

(iv) R is transitive if and only if Rc is c-transitive.

Proof. It is enough to remember the definitions.

3-6 Structures in intuitionistic fuzzy relation

In this section we will have β = ∧ and ρ = ∨.
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Definition 1.6.3: A intuitionistic fuzzy relation R on the cartesian set (X × X), is called:

(1) an intuitionistic tolerance relation on X × X if R is reflexive and symmetric,

(2) an intuitionistic atolerance relation on X × X if R is symmetric and antireflexive,

(3) an intuitionistic preorder if it is reflexive and transitive,

(4) an intuitionistic order if it is reflexive, transitive and antisymmetricai intuitionistic,

(5) an intuitionistic perfect ordering if it is reflexive, transitive and perfect antisymmetrical intu-

itionistic,

(6) an intuitionistic strict order if R is antireflexive, transitive and antisymmetrical intuitionistic,

(7) an intuitionistic similarity relation on X × X if R is reflexive, symmetric and transitive, and

(8) an intuitionistic dissimilarity relation on X × X if R is symmetric, antireflexive and transitive.

We can build a definition similar to the previous one using c-transitive property, where the

structures of similarity, preorder, intuitionistic order, intuitionistic strict order, dissimilarity and in-

tuitionistic perfect order will have to willful the same properties that the ones given in the definition,

but substituting the transitive property for the c-transitive one. Whenever we use a structure respect-

ing the c-transitive property, we will specify it.

We know that [14], If R ∈ IFR(X × X ) is reflexive, then

Rn =

n−times︷ ︸︸ ︷
R
∨,∧◦∧,∨ R

∨,∧◦∧,∨ R · · · ∨,∧◦∧,∨R
With n = 1, 2, . . . , it is reflexive. Besides

Theorem 1.6.3: Let R1 be a reflexive intuitionistic fuzzy relation in X × X , then

(i) (R1)−1 is reflexive,

(ii) R1 ∨ R2 is reflexive for every R2 ∈ IFR(X × X), and

(iii) R1 ∧ R2 is reflexive if and only if R2 ∈ IFR(X × X) is reflexive.

Proof. Just notice that

µR1∨R2
(x , x ) = µR1

(x , x )∨µR2
(x , x ) = 1∨µR2

(x , x ) = 1

νR1∨R2
(x , x ) = νR1

(x , x )∧ νR2
(x , x ) = 0∧ νR2

(x , x ) = 0

µR1∧R2
(x , x ) = µR1

(x , x )∧µR2
(x , x ) = 1∧µR2

(x , x ) = µR2
(x , x )

νR1∧R2
(x , x ) = νR1

(x , x )∨ νR2
(x , x ) = 0∨ νR2

(x , x ) = vR2
(x , x ).
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Corollary 3-6.1. If R1,R2 ∈ RIF(X × X ) are intuitionistic tolerance relations, then so are R1 ∨ R2,

R1 ∧ R2 and
∧
R1.

Proof. It is enough to remember Theorem 3-6

Theorem 2.6.3: Let R1,R2 be two elements of lFR(X × X), R1 intuitionistic tolerance relation, R2

intuitionistic A similarity relation and R1 ⩽ R2, then
∧
R1 ⩽ R2.

Proof. R1 ⩽ R2 ∈ IFR(X × X), by means of the monotony of the composition of intuitionistic fuzzy

relations [14], R1
∨,∧◦∧,∨ R1 ⩽ R2, R1

∨,∧◦∧,∨ R1
∨,∧◦∧,∨ R1 ⩽ R2, . . . , as R1 is reflexive and symmetrical intu-

itionistic, by Theorem 3-6 and [14], it is fulfilled that

R1 ∨ R1
∨,∧◦∧,∨ R1 ∨ · · · ∨ Rn

Is reflexive and symmetrical intuitionistic, therefore

∧
R1 = R1 ∨ R1

∨,∧◦∧,∨ R1 ∨ · · · ∨ Rn
1 ⩽ R2 ∨ R2

∨,∧◦∧,∨ R2 ∨ · · · ∨ Rn
2 = R2.

In the section [14] is proof that if R, P ∈ IFR(X × X ) and R ⩽ P, then
∧
R ⩽

∧
P and

∨
R ⩽

∨
P. Besides, we

know that [14] if R is reflexive and transitive, then R
∨,β◦∧,ρ R.

Next theorem is proved with all this.

Theorem 3.6.3: In every intuitionistic preorder:

(i) R = R
∨,∧◦∧,∨ R

(ii) R = Rk for every k = 1, 2, . . . , are verified.

The next theorem establishes the relation that exists between the structures of R ∈ IFR(X ×X ) and

the ones of its complementary relation.

Theorem 4.6.3: Let R be an intuitionistic fuzzy relation on (X × X):

(i) R is an intuitionistic order if and only if Rc is an intuitionistic strict order respecting the c-

transitive property,

(ii) R is an intuitionistic tolerance relation if and only if Rc is an intuitionistic atolerance relation,

and

(iii) R is an intuitionistic tolerance relation if and only if
∨
Rc is an intuitionistic dissimilarity relation

respecting the c-transitive property.

Proof. It is a direct consequence of Theorem 3-5.
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Theorem 5.6.3: R ∈ IFR(X × X ) is an intuitionistic similarity relation if and only if Rc is an intu-

itionistic dissimilarity relation respecting the c-transitive property.

Proof. It is enough to remember the definition of similarity and dissimilarity relations.

3-7 Characterization of intuitionistic fuzzy structures

Next theorem gives necessary and sufficient conditions between the possible structures of the intu-

itionistic fuzzy relation R and the fuzzy relations associated to this by Atanassov’s operators for p = 0

and p = 1, (2.3). The composition that we consider for the following Theorems is R
∨,β◦∧,β∗ R, being β

any t-norm and β∗ its dual t-conorm.

With that composition, let us remember that transitivity is defined as R ⩾ R
∨,β◦∧,β∗ R and c-transitivity as

R ⩽ R
∧,β∗◦∨,β R.

Theorem 1.7.3: Let R be an intuitionistic fuzzy, relation in X × X

(i) R is an intuitionistic preorder if and only if

(a) D0(R) is a fuzzy preorder and

(b) (D1(R))c is antireflexive and c-transitive.

(ii) R is an intuitionistic similarity relation if and only if

(a) D0(R) is a fuzzy similarity relation and

(b) (D1(R))c is a fuzzy dissimilarity relation respecting the c-transitive.

Proof. In the proof we are going to use (1.3) and (2.3).

(⇒)

• If R is reflexive, then µR(x , x ) = 1 and νR(x , x ) = 0 for all x ∈ X therefore

µD0(R)(x , x ) = µR(x , x ) = 1 and µ(D0R))c(x , x ) = νR(x , x ) = 0 ∀x ∈ X , then Do(R)

is reflexive and (D1(R))c is antireflexive.

• If R is transitive, then R ⩾ R
∨,β◦∧,β∗ R, therefore

µD0(R)(x , y) = µR(x , y) ⩾
∨
z
{β[µR(x , z),µR(z, y)]}

=
∨
z
{β[µD0(R)(x , z),µD0(R)(z, y)]} = µ

D0(R)
∨,β◦∧,β∗D0(R)

(x , y),

And, therefore, D0(R) is transitive. As we have

µ(D1(R))c(x , y) = νR(x , y) ⩽
∧
z
{β∗[νR(x .z),νR(z, y)]}

=
∧
z
{β∗[µ(D1(R))c(x , z),µ(D1(R))c(z, y)]} = µ

(D1(R))c
∧,β∗◦∨,β (D1(R))c

(x , y) ,
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Then (D1(R))c is c-transitive.

• If R is a symmetrical intuitionistic relation, then µR(x , y) = µR(y, x ) and

νR(x , y) = νR(y, x ) ∀(x , y), therefore µD0(R)(x , y) = µD0(R)(y, x ) and µ(D1(R))c(x , y) =

µ(D1(R))c(y, x ), then D0(R) and (D1(R))c are symmetrical relations.

(⇐)

If D0(R) is a fuzzy preorder and (D1(R))c is an antireflexive and c-transitive relation, we get

• D0(R) is a reflexive relation and (D1(R))c is an antireflexive relation, then µD0(R)(x , x ) =

1 and νD0(R)(x , x ) = 0 ∀x ∈ X , taking into account that µR(x , x ) = µD0(R)(x , x ) = 1

and νR(x , x ) = µ(D1(R))c(x , x ) = 0 ∀x ∈ X , then R is a reflexive relation.

• As D0(R) is transitive fuzzy, then

D0 (R) ⩾ D0(R)
∨,β◦∧,β∗ D0(R)

Therefore

µD0(R) (x , y) ⩾
∨

z

{β[µD0(R)(x , z),µD0(R)(z, y)]},
As µR(x , y) = µD0(R)(x , y) ∀(x , y) ∈ X × Y , we get

µR (x , y) ⩾
∨

z

{β[µR(x , z),µR(z, y)]},
Then

µR (x , y) ⩾ µ
R
∨,β◦∧,β∗R
(x , y)]}, ∀ (x , y) ∈ X × X

(D1(R))c is c-transitive, Then

µ(D1(R))c (x , y) ⩽
∧

z

�
β∗
�
µ(D1(R))c (x , z) ,µ(D1(R))c (z, y)

�	
,

As νR(x , y) = µ(D1(R))c(x , y) ∀(x , y) ∈ X × X , then

νR (x , y) ⩽
∧

z

{β∗ [νR (x , z) ,νR (z, y)]} ,
Therefore, R is a transitive relation.

• If D0(R) is a symmetrical relation, then

∀(x , y) ∈ X × X ,µD0(R)(x , y) = µD0(R)(y, x ).

If (D1(R))c is a symmetrical relation, then

µ(D1(R))c(x , y) = µ(D1(R))c(y, x ), for every (x , y) in X × X .

Taking into account that for every (x , y) ∈ X × X

µR(x , y) = µD0(R)(x , y) and νR(x , y) = ν(D1(R))c(x , y),

The result is that R is a symmetrical relation.
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Theorem 2.7.3: If R is an intuitionistic order, then

(a) D0(R) is an order relathion and

(b) (D1(R))c is a strict order relation respecting the c-transitive property.

Proof. Reflexivity and transitivity are proved in the same way as in the previous theorem.

If R is antisymmetrical intuitionistic, then for every (x , y) ∈ X × X with x ̸= y , we get

µR(x , y) ̸= µR(y, x ), νR(x , y) ̸= νR(y, x ), πR(x , y) = πR(y, x ),

Therefore,

µD0(R)(x , y) ̸= µD0(R)(y, x ), µ(D1(R))c(x , y) ̸= µ(D1(R))c(y, x )

So that D0(R) and (D1(R))c are intuitionistic antisymmetrical relations.

The reciprocal version of this theorem is not true because of the condition πR(x , y) = πR(y, x ) of

the intuitionistic antisymmetry.

Corollary 3-7.1. Let R be an element of lFR(X × X )

(i) R is an intuitionistic preorder if and only if

(a) D0(R) is a fuzzy preorder and

(b) D1(R) is a fuzzy preorder.

(ii) R is an intuitionistic similarity relation if and only if

(a) D0(R) is a fuzzy similarity relation and

(b) D1(R) is a fuzzy similarity relation.

Proof. It is a consequence of Theorems 3-5 and 3-7.

Corollary 3-7.2. If R is an intuitionistic order, then

(a) Do(R) is a fuzzy order and

(b) D1(R) is a fuzzy order.

Proof. It is a consequence of Theorems 3-5 and 3-7.
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Conclusion

The properties of the intuitionistic fuzzy relations presented in this section show that the definition

of these properties does not always coincide with the definition of the properties of fuzzy relations. It

happens that there are properties like perfect intuitionistic antisymmetry that recover Zadeh’s perfect

antisymmetry for the case fuzzy, while intuitionistic antisymmetry does not recover Kaufmann’s anti-

symmetry for the fuzzy case.

On the other hand, Atanassov’s operators (1.3) have allowed us to characterize the structure of intu-

itionistic fuzzy relations in function with only two values of the index p, (p = 0 and p = 1), (2.3).

The study of the characterization of the structures of intuitionistic fuzzy relations from fuzzy relations

and from Atanassov’s operators (1.3) with any value of p can be found in [14]
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Abstract :

In this Memory, we examine the fuzzy intuitionistic relations’
structural elements. We examine the existing connections bet-
ween a relation’s structural components and those of its com-
plimentary component. In accordance with the structures of two
concrete fuzzy relations, we complete describing certain intuitio-
nistic relational structures.

Résumé :

Dans ce mémoire, nous examinons les éléments structuraux des
relations intuitionnistes floues. Nous examinons les connexions
existantes entre les composantes structurelles d’une relation et
celles de sa composante complémentaire. Conformément aux
structures de deux relations floues concrètes, nous complétons la
description de certaines structures relationnelles intuitionnistes.
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