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Introduction

The changes are happening all around us. Some of them are natural (yesterday it was
not raining, today it is), and some are man-made (last year there was no house standing in
this place, now there is a house). The relationships between the quantities that participate
in the "change" are called functions, and the differential equation is a mathematical equality
that relates some functions to their derivatives. Solving them means finding these func-
tions. After that, these functions are used to make our clocks tick the right time, and our
planes don’t fall, ...etc. In other words, partial differential equations are used in many fields.

In particular, many interesting physical phenomena such as viscoelasticity, genetic
polarization in dielectrics, cluster dynamics or heat flow in real conductors, to name a few,
are modeled by partial differential equations. Which are influenced by the past values of
one or more variables in play so-called equations with memory. This type of equation is
characterized by non local character, due to the presence of the memory term given by the
time convolution of the unknown function against a suitable memory kernel.

The memory term may can produce an exponential stability for a viscoelastic problem of
wave equation with past history [7] [8]. But it is not strong enough only on one equation to
obtain this result for coupled systems, this result has been discussed by many authors [I] [9].
In [13] Cordeiro et all considered a coupled system of wave equations with past history given
by

—+o0
uy — Au + / g(s)Au(t —s) ds+av =0, in Qx (0,+00), (1)
0
v — Av+au=0, in Q x (0,4+00),
u=v=0, on T x(0,+00),
(U(.’E, 0)7’0(3770)) = (UO(.'E),’U()(.T)), in Qa
(’th(l’, O)a 'Ut(.’b, 0)) = (Ul(fb), U1 (SC)), in .

Where 2 is an open bounded set of R™ with smooth boundary I". The above model can
be used to describe the evolution of a system consisting of two elastic membranes subject to

an elastic force that attracts one membrane to the other with coefficient o > 0, with the
+oo
following memory term [ g(s)Au(t — s) ds. Cordeiro et all showed the lack of exponential
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~ o~ o~
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0
decay. On the other hand, they proved that the solution of this system decays polynomially
with optimal rate t3.

In this work, we will also consider the following viscoelastic coupled system with past
history acting on both equations:



g — Au + / 9(8)Au(t — s) ds+av =0, in Q x (0,40c0), (6)
L

v — Av + / g(8)Av(t — s) ds+au=0, in £ x (0,4+00), (7)
0

u=v=0, on I'x(0,+00), (8)

(u(z,0),v(x,0)) = (ug(z),vo(x)), in Q, (9)

(ue(z,0),v¢(x,0)) = (ur(x),vi1(x)), in Q. (10)

Then, we will see the effect of the memory term in this system @—. For that, we
divide our work in two chapters.

In the first chapter, we consider a coupled system @— of wave with past history.
Under certain hypotheses on the kernel g, we show the global existence and uniqueness
of solutions by using the semigroup theory. Finally, we obtain the exponential decay of
semigroup associated solution using Greahart-Priiss’ theorem, see [12]. [12].

In the second chapter, we consider the system (I)-(5) and we will follow the result of [I3],
as we have explained some details in their proofs. We discuss the existence and uniqueness
of the solution using semigroup theory with the same hypotheses on the kernel g. Then,
we show the lack of exponential decay using Priiss’s results [I2]. Finally, we prove that the

system is polynomially stable giving an optimal decay rate using the result of Borichev and
Tomilov [2].



Chapter 1

Exponential stability for a
viscoelastic coupled system with
past history of wave equations

Contents
. Problem statement| . . . . . ... . ... L 3
(1.2 Well-posedness of the problem| . . . . . ... ... ... ... .. .. 4
(1.3 Exponential stability] . . . .. ... ... 0o oo 13

In this chapter, we consider a viscoelastic coupled system for two wave equations with
past history acting in two equations. Under certain conditions, we prove the global existence
and uniqueness of the solution. Besides, we obtain the exponential stability of the solution

1.1 Problem statement

Let © be an open bounded set of R™ with smooth boundary I'. The object of this chapter
is to study the existence and the exponential stability of the following system

+oo
Uy — A+ / g(s)Au(t —s) ds+av =0, in Qx (0,+00), (1.1)
.
v — AV + / g(8)Av(t — s) ds+au=0, in £ x (0,4+00), (1.2)
0
u=v=0, on I'x(0,+00), (1.3)
(u(z,0),v(z,0)) = (up(z),v0(x)), in Q, (1.4)
(ug(x,0),v4(x,0)) = (ur(z),v1(x)), in Q. (1.5)

Where s > 0 is a fixed delay parameter, and « is a positive real number. The equations (|1.4))
and (1.5 are the initial conditions, with ug, u1, v and vy are given.



1.2. Well-posedness of the problem

In the study of the system (1.1)-(1.5), we will need to make some suitable hypotheses on
the kernel g to achieve the desired results.

Hypotheses :
As in [I0], we assume that the kernel g satisfies the following hypotheses
° g(s) >0,

e g€ CI(RY) N LL(RY),
e 3 qop, g1 > 0 such that;

—qo9(s) < ¢'(s) < —qug(s), vt > 0. (1.6)

Remark 1.1.1. There are real functions that verify the above-mentioned hypotheses. For
example we can take g(t) = e7#t.

These hypotheses allow us to introduce the Hilbert space LZ(R*; Hj(Q)) (Hilbert space
of H}(Q)-value functions on RT), endowed with the inner product

+oo
(f, h)Lg(R+;Hé(Q)) = / g(s)/Vf (z,8) - Vh(x,s) dx ds. (1.7)
0 Q
And from the hypotheses, we can write
+oo
by = / g(s) ds < 4o0.
0

1.2 Well-posedness of the problem

In this section, we study the existence and uniqueness of solutions for the system
-. To do this, we reformulate it as a Cauchy linear problem by adding a new
unknown. Then, we use the theory of the semigroup and we base ourselves on the theorem
of Lumer-Phillips and Theorem .

Our first step will be to transform the system (1.1)-(1.5). For that we introduce as in [4]
and [5], the new variables n = n'(s) and v = +!(s), the relative history of u and v respectively

n=n'(s) = ul(t) —u(t —s),

and

where s>0. Then, we have

ne = ug(t) du 7 _ du
dr’ " dr’
and
dv dv
Tt = Ut(t) T Vs = .

Hence, we get the equations

Nt +1s —ug =0, in Q x (0,400),



1.2. Well-posedness of the problem

Y +vs — v =0, in QX (O,+oo),
With the initial conditions
(., 8) =up(.) —u(.,—s), in Q x (0,4+00),
Y(.,8) =vo(.) —v(.,,—s), in Qx(0,+00).
And, putting

Bo=1—0by>0.
Then from where the system — turns into the system

+00

g — BoAu — / g(8)An(s) ds+av =0, in Q x (0,400), (1.8)
0
+o00

v — BoAv — / 9(8)Ay(s) ds+au=0, in Qx(0,+00), (1.9)
0

e +ns —ug =0, in Qx(0,400), (
Yt+vs—ve =0, in Qx(0,+00), (
u=v=n"(s) =7%(s) =0, on T x (0,+00), Vs >0, (1.12
(u(z,0),v(x,0)) = (ug(x),vo(x)), in Q, (
(ug(z,0),v(x,0)) = (ur(x),v1(x)), in Q, (
Mo(.,8) =up(.) —u(.,—s), in Qx(0,400), (
Yo(-y8) =vo(.) —v(., —s), in Qx(0,400). (1.16
Remark 1.2.1. The conditions , and s, means that we took the initial conditions
in past history in which the phenomenon occurred.

We study the existence and uniqueness of solutions for the system (1.8)-(1.16)). And to
give an accurate formulation of the evolution problem we introduce the product Hilbert
spaces

H = Hi(Q) x L*(Q) x H3(Q) x L*(Q) x L§(R+;H5(Q)) X L§(R+;H5(Q))

endowed with the following inner product

(U,V)H:ﬁo/Vul-Vﬁdx +/qungx+ﬁo/VU3-V%dm—l—/wﬁdm—i—a
Q Q Q Q

—+o0 —+o0

/(u173+U371) d:ch/ g(s)/Vu5(a:,5) Vs (z,s) dx d5+/ g(s)/Vuﬁ(x,s) Vg (z,s) dx ds.
Q 0 Q 0 Q
(1.17)
For all, U = (uy,ug, u3, ug, us, ug)’, V = (vi,v2,v3,v4,vs5,06) " € H.
Now, we write the system — as a Cauchy linear problem in Hilbert space H.
We take U = (u,us,v,v4,m,7)" € H, and we define the operator A : D(A) C H — H given
as follows

0o I 0 0 0 0
BoA 0 —al 0 T, O
A_| 0 0 0 100
—al 0 BA 0 0 T,
0 I 0 0 -8, 0

0 0 I 0 0 -d |



1.2. Well-posedness of the problem

With domain
+oo

D(A) = { (u,0,0,9%,m,7)" € H; Bou+ / g(s)n(s) ds € H}(Q) N H?(Q)
0

+oo

¢ € Hy(Q), Bov + / 9(s)(s) ds € Hy(Q) N H*(Q), ¢ € Hj (), n and v € D(T)
0
where
+oo
Tz= / g(s)Az(s) ds, Vz e D(T),
0
with

D(T ) ={z € LL(RT; Hy(Q)); 2z € L2(RY; Hy(Q)), 2(0) =0}.
Remark 1.2.2. ns and v, are the distributional derivative of 7, v with respect to the internal
variable s, respectively.
Remark 1.2.3. We have D(A) is dense in H.
Thus, the system (L.8)-(L.16) can be rewritten in the following

(1.18)

U () = AU(E), V>0,
U(0) = U,

where Up= (ug,u1,vo, v1, WOaVO)T eMn.

Our goal now is to show that problem ([1.18) is well positioned in terms of existence and
uniqueness of solutions and this is what the following theorem ensured.

Theorem 1.2.4. The operator A is the infnitesimal generator of Co— semigroup of contractions
over the Hilbert space H. Thus, for any initial data Uy € H, the problem has a unique
weak solution U € C(RY; H).

Moreover, if Uy € D(A), then the solution U € C(RT; D(A)) N CL(RY; H).

Proof. We will use the Lumer-Phillips theorem and the theorem . For this
purpose, we need the following two steps:
Step 1. A is dissipative.

For any U = (u,us,v,vs,n,v)T € D(A), using the inner product , we get

(AU U) 4 = U, U)oy, = Bo [ Vuy - VT do + [ upty de+ Bo [ Vo - VU do + [ vuv; da
Q Q Q Q

+00 +oo
—|—a/(uﬁ+vtﬂ)daj—|—/ g(s)/Vm(x,s)-dex ds—!—/ g(s)/V’yt(x,s)-dea: ds.
Q 0 Q 0 Q
Substituting g, v, n¢ and 7, from , , and respectively, getting
400
(AU, U),, = ﬂo/Vut~Vﬂ dac—i—/(BOAu—l— / g(s)An(s) ds—av)u; dx—&—BO/Vvt-V@ dx+
Q Q 0 Q
+oo
/([B’OAU—F/ g(s)Avy(s) ds—au)vy da:—l—oz/(uﬁ—!—vtﬂ) dx+

Q 0 Q

O\«é»

g(s)/V(ut—ns(s))V@dx ds
Q



1.2. Well-posedness of the problem

+oo
+ / g(s) /V(vt —7s(8)) - V(s) dx ds.

0 Q

Using Green’s formula, we obtain
+00
(AU U),, = 50/Vut -V dx —ﬁo/VuVuT dx —a/mTt dx — / g(s)/VnVuT dz ds
Q Q Q 0 Q
+o0o
—|—ﬂ0/Vvt-Vi dm—ﬁO/VUVdem—/ g(s)/V’yVTt dx ds—a/uvﬁda:—i—a/(uﬁ—kvtﬂ) dz+
Q Q 0 Q Q Q

+oo +oo +o0o

/g(s)/VutVWS) dx ds — /g(s)/Vns(s)-V@ dx ds + /g(s)/VvtVTs) dx ds
0 Q 0 Q 0 Q
— 709(8) /V'ys(s) ~V@ dx ds,
0 Q

after simplifying, we get

(AU, U),, = BO/VUt~Vﬁ da:fﬂ()/ Vu; - Vu d:c+60/Vvt~V@ da:fﬂg/Vvt - Vo d:c+a/(uﬁ+vtﬂ) dx
Q

Q Q Q Q
—+oo +oo
—a/(uﬁ—i— via) dx + / g(s)/VutV@ dz ds — / g(s)/VutV@ dx ds
Q 0 Q 0 Q
+00 +oo oo

—|—O/g(s)Q/VvtV’y(s) dz ds—o/g(s)Q/VvtVW(s) dz ds—o/g(s)Q/Vns(s)-Vn(s) dx ds
+o0

- / 9(s) Q/ Vy(s) - VA(s) da ds.

Then

—+o0 —+oo

(AU Uy, = — / g(s)/Vns(s)-V@dx ds—/ g(s)/vvs(s).v@ dx ds+2iTm (BO/Vut-Vu da
0 Q Q Q

0

+00 +oo

+ /Vvt - Vv dx + oz/(uﬁ—&—vtﬂ) dzr + / g(s)/Vutvw dz ds + / g(s)/VvtV@ dz ds) .
Q Q 0 Q 0 Q

Taking its real part, we arrive at

+oo —+oo

Re (At = [ 9(5) [ V() Vi) dods [ gls) [ 9rul)- V9) do ds
Q Q

0 0

+oo
1

— =5 [ a5 Qv + 1)) do ds.
0 Q

7



1.2. Well-posedness of the problem

Integrating by parts, we get

+oo 40
Re (At sy = | =251 [(9(s)? +19()) +§ [ 96 [0 v P do ds
Q 0 Q
= S [4waF +192OP) do - 5 1im_g(s) [(Va) +(92()) da
Q Q
7
+5 [ 96 [T + 92 da ds.
0 Q

From the previous hypothesis on g we have, g(+o0) = 0. And since 7,7 € H}(2), and n(0) =
~(0) = 0. Then,

@/(IW(WHW( ) )da:—%sgrf os )/(|Vn(s)|2+(|V7(s)\2) d =0,
@ Q
as a result .
R@W/”Um:% /9( )/(IW $)I + |VA(s)[%) da ds.
0 Q

Using (|1.6]), getting
+
Re (AU U),, < %/ /|vn )2+ [Vy(s)?) da ds < 0.
0

Therefore, A is a dissipative operator.

Step 2. For all A > 0, (A — A) is maximal.
For this, let F' = ( f1, fo, f3, f1, f5, f¢)T be an element of H. We show that there exists
unique U = (u, p,v,v,n,v)T € D(A) such that

(M — AU =

then, in terms of its components, we can write

Au— @ = fi, (1.19)
+oo
Ao — BoAu — / g(s)An(s) ds + av = fo, (1.20)
0
o — 1= fi, (1.21)
—+o0
Ay — BoAv — / 9(s)Av(s) ds + au = fu, (1.22)
0
A +ns — @ =[5, (1.23)
M+ — ¢ = fe. (1.24)

The equation (|1.23)) is ordinary differential equation of the first order, and the solution to its
homogeneous equation is given by

n(s) = Ce™*, with C is a constant.

8



1.2. Well-posedness of the problem

Then, we use the method of the variation of the constant, so the general solution of the
differential equation is given by 1(s) = C(s)e™**, and since n(0) = 0, then C(0) = 0. After
simplifications, we have

C'(s) = (f5 + 9)e™,

therefore
C.9) = CO) + [(fslm) +9N¥dr = [ filmidr+ () [ ar
0 0 0
Hence, the result will be as follows,
_ @ _ ,—As AT
n(.,s) = 3 (I—e )+ [ e f5(.,7) dT. (1.25)
0

Substituting ¢ from (1.19) and » from (|1.25)) into (1.20)), getting

+oo S
Vu-afi=podutav— [ oA 1)+ [N () dr) ds = g
0 0
then
Ny — B,Au+ av = hy, (1.26)
where
oo ( —As 1) y
e _
hi =Afi + fo+ / g(s)[fAfl + /e’\(T_S)Af5(T) dr] ds.
0 0

+oo
With 8, = 8o+ [ g(s)(1— e~*%) ds > 0, is a positive constant in virtue of |D and be
0

(1 — e=*%) positive.
On the other hand, we also have the equation (|1.24]) is ordinary differential equation of
the first order. Thus, in the same way we find

S

v(.,8) = ?(1 —e ™) +/e)‘Tf6(.,7') dr. (1.27)
0
Substituting ¢ from and ~ from into , we get
Mo — B, Av + au = ha, (1.28)
where
T ( —As 1) s
e~ —
ho = Afs + f1+ / g(s)[fAfg + /EA(T_S)A]CG(T) dr] ds.
0 0

First we prove that u,v € Hy'(Q2). To do this, multiplying (1.27), (1.28)) by @, ¥ respectively,
and integrating over 2. Then using Green’s formula, we arrive at

N [qui de+ By [o Vu- Vi de + o [ vi de = <h17ﬂ>H—1(Q)><Hé(Q)

, V(a,0) e V.
A [ vbde + By [ Vo - Vi do + o [ ub do = <h271~)>H*1(Q)><H§(Q)

(1.29)



1.2. Well-posedness of the problem

Next, the sum of the equations in ([1.29)) gives the following variational formulation:
a((u,v), (4, 9)) = L(@,9), ¥ (4,0) € Hy(Q) x HH(Q),

where «a is bilinear form and L is linear form, defined as
a((u,v), (a,0)) = )\2/ ull d:c—|—,39/ Vu-Vi da:+/\2/ v dx—|—ﬂg/ Vou-Vo dm—|—a/ (vi4uv) dx,
Q Q Q Q Q

end
L(@,0) = (h1, @) g1y xmp @) T h2, D g1y xmi), ¥V (@,0) €V.

With V = Hy'(Q) x HyH(Q) is a Hilbert space equipped with the norm
2 2 2
[(w, )y = [lul” +[loll", ¥ (u,v) € V.

Now we will use Lax-Milgram’s theorem to prove the existence and uniqueness of the
solutions (u,v) € V. For this we prove

1.The coercivity of a

We have, for all (u,v) € V,

a((u,v), (u,v)) :)\2/ Jul® dx+)\2/ |v|? dx+ﬁg/ Vu)? d:v—l—ﬁg/ |Vol? dx—|—2a/ uv dx
Q Q Q Q Q

2 2 2 2
= M lully + A [[vll3 + By llull” + Bg [[oll” + QG/QW dz.

Using the Young’s inequality, we find for all £ > 0,

«
a(a,0), (0)) 2 Xl + 52 ol + By [l + 3, ol = ae [ do=2 [ |of do

(0%
= (\ —ae) [lull; + (3 — Z) oll3 + Bg llull® + By o]

2
If @ < A2, we can choose ¢ € (32, /\Z) where A2 — ae and \? — < are positive. And if o > A2,
2 o«

we can choose € € (%, {z) where A2 — ae and A2 — < are positive. Then we can find € > 0,
such that A* — ae and A\* — ¢ are positive.

Therefore and for the chosen e, we have
2 2
a((u,v), (u,v)) = By ([lull” + [lv]”)
2
> By [ (u, )|y -
So we have the coercivity.
2.The continuity of a
Using the Cauchy-Schwarz’s inequality, we get
la((u,v), (@, )] < X lully [ally + A2 vl [19]l, + By lull |1l

21 ~12 ~ ~
+8 [l 12117 + aflvlly [[ally + e flully [2]l; -

Then, we find that

la((u,v), (@, )] < C(llull |all + ol 2] + [lvl @] + [ o]

10



1.2. Well-posedness of the problem

< C(llull + el Nal + [12])

< Clitu, o)y 1@, o)l

where C' is a positive constant. So we have the continuity.
3.The continuity of L.
Using the Cauchy-Schwarz’s inequality, we get

\L(a,0)] < C([[all + [o])

<Cl@o)ly,

where C' is a positive constant. So we have the continuity of L .

Thus, through Lax-Milgram’s theorem (A.3.7)), we obtain the existence and uniqueness of
u,v € HE (). Then from (L.19) and (L.21)), we have ¢, ¢ € H} (). Hence, from (L.25) and
we guarantee the existence and uniqueness of n and ~.

Now we will prove that 7,y € D(T ). First, we prove that n € D(T ).
From ([1.23)), we have

AVN(t, s) + Vns(t, s) = Vo(t) + Vfs(t, s),
by multiplication to Vn(¢,s) and integrating on 2, getting

)\/|Vn(t,s)\2 dm+/ Vn(t, s)Vns(t, s) de = /Vn(ts)Vgo(t) dsc—i—/ Vn(s)(t, s)V f5(t, s)dz.
Q Q Q Q

Using Cauchy-Schwart’s inequality for the second term to the left of the above equality,
we get

A / Vit )P de + / Vi(t,$)Vina(t,s) i < |ln(s)] el + [n()] [1£5(3)]]-
Q Q

After using Young’s inequality, we find for all € > 0,
/\/IVU(t,S)\2 dm+/VTi(t,5)VUs(t, s) de < e ()| + K o] +e In(s)[1*+Kae | f5(s)]1*,
Q Q

then, we have for all € > 0,

(1= 22)AIn(s)||* +/Vﬁ(8)(t78)vns(t75) de < K. ||gl|* + Ko [|f5(s)]* -
Q

Now, by multiplication to g and integrating on (0, +00), getting for all £ > 0,

“+o0 +oo —+o0 —+oo

(1-20)A / o(s) Il ds+ / o(s) / Vn(t, $)Vns(t,s) do ds < Ky / 9(3) lgll? ds+ Ko / o(s) 1 f5]1? ds

0 0 Q 0 0

Iy

2 2
< K(llell” + 11 £5112,),

11



1.2. Well-posedness of the problem

where K = max(K1:bg, K2:). On the other hand, we have

+oo
— 1 d 2
b=y [ a5 [ ds s
0 Q

Integrating by parts and using (|1.6]), we obtain

+oo
q1 2
L= g(s)nll” ds.

Hence, getting for all € > 0,

—+o0 —+o0

(=22 [ )l ds+ % [ o) Il ds < Kol + 1515,

0 0

then, we have for all € > 0,

q
(A=2xe = D) Inll3,, < K(lgl* + 1£513,,)-

We choose € where (A —2eA — 4-) > 0, then we obtain

2 2 2
1nll2,y < CUlell” + 11 f51l3,4);

where C'is a positive constant. From where it follows that n € LZ(R*; Hj(€)).
Now from ([1.23)), we obtain

Vns =V fs+ Vo — AVn,

then,
Vsl < [Vl + V5| + [Vl

Using Young’s inequality and integrating on €2, getting
2 2 2 2
InslI” < 21f5]1° + 4 llll” + 4X [~

by multiplication to g and integrating on (0, +c0), we find

2 2 2 2
1sll2,g < 211512, + 400 llI” + 4 Il 4

g —

2 2 2
< O fsll2, + llell” + lnllz,g)-

Where C is a positive contant.
Hence,
ns € L3 (R™; Hg(Q).

From (L.25), we have 7(0) = 0, then n € D(T). Next we will prove that v € D(T).

From (|1.24]), we have

AVA(L, 8) + Vs(t, s) = Vb (t) + Vfs(t, s).
By following the same steps of the previous proof, we arrive at

2 2 2
7112, < CLlR™ + [1fsll2,q),

12



1.3. Exponential stability

and
2 2 2 2
[7sll2,4 < Ca(llfell2, + 1917+ 171l5,4),

with Ciand Cy are positive constants.

Hence,
7,7 € Ly(RY; H(92)).

Now from (1.27)), we have v(0) = 0.
In the end, we have proved that v € D(T ). And in the last step we still have to proof

that
+oo +oo

Bou + / g(s)n(s) ds and v + / a(s)2(s) ds € H*(9).

0

0
From ([1.20) and , we obtain
+oo
A+ [ gloh(s) ds) =g+ av— fa

0

and
+oo

A+ [ glshr(s)ds) = aw+ au — f
0

Hence and from where it follows that

“+o0 +o0
Bou+ / o(5)n(s) ds, fov + / g(s)1(s) ds € L3(9).
0 0
Then, getting
+00 +oo
B+ / o(s)n(s) ds, Bov + / 9(s)1(s) ds € H2(9).
0 0

Thus, (A — A) is maximal.
Then, thanks to the Lumer-Phillips theorem (A.2.10|) the operator A generates a Cy-
A.29)

semigroup of contractions on H. Therefore, theorem ( guarantees that the Cauchy
problem ([1.18) has a unique solution. The proof is complete. |

1.3 Exponential stability

In this section, we will show the exponential stability of (I.18)). The method that we will
use in the following theorem is based on the Gearhart-Priiss theorem (A.2.11]).

We found in the previous section that the operator A generates a Cp-semigroup of
contractions S(t) = e on H. Here we will show that S(t) is exponentially stable, which is
assured by the following theorem.

Theorem 1.3.1. The semigroup associated to the problem S(t) is exponentially stable,
i.e., there exist positive constants M, m such that

”S(t)”[,(ﬂ) < Mefmt, with M < 1.

13



1.3. Exponential stability

Proof. We will use the theorem (A.2.11)). First, we prove that iR = {i : 8 € R} C p(A). It
is equivalent to prove that iR No(A) = @. Using contradiction arguments. Suppose that ¢\
is imaginary eigenvalue of 4. Then, we have

AU = i\U,

where U = (u, ,v,1,1,7)T € H. So, we have

(N — AU = 0,
that is,
idu— =0, (1.30)
+o0
iAp — foAu — / g(s)An(s) ds + av = 0, (1.31)
0
i — =0, (1.32)
+oo
i) — BoAv — / g(8)A~(s) ds + au =0, (1.33)
0
iMm+ns—e=0, (1.34)
Ny +s — ¢ =0. (1.35)

In the previous section we take F' = 0. Than, we arrive at
a((u,v), (4,0)) =0, V (4,9) € Hy(Q) x H} ().

Since we have the bilinear form a is continuous and coercive on H}(£2). Then, Lax-Milgram’s
theorem give us u = v = 0. From ([1.30))-(1.32]), we get ¢ = t» = 0. And then getting
n=v=0.

Hence, U = 0, here we have a contradiction. Thus, we have iR C p(A). The next step
consists to proof that

. . 1
l‘z)\rlrliup |(GAT — A) HL(H) < +o0. (1.36)
o0

We use the argument contradiction again to prove that, suppose that ([1.36|) is not true. Than
there exists a sequence A, € R with i\, € p(A) and |\,| — +00, such that

(| (i — A — 400, as n — +00.

I

This means that,
(@A — Al 23y = 0, as n — +o0,

that is, there exists also a sequence of complex function Uy, = (Un, Pn, Vs Y, T, Yn) L € D(A)
with || U, ||;, = 1 such that

(i — AUy, — 0 in H, as n — +o0, (1.37)
i.e.,
iIAlUn — @n — 0 in Hy(Q), (1.38)
+o00
iIAnpn — BoAu, — / g(8)An,(s) ds + av, — 0 in L*(), (1.39)
0
iIMyUn — P — 0 in Hy(Q), (1.40)

14



1.3. Exponential stability

+o0
Ay — BoAv, — / 9(8) A, () ds + au, — 0 in L*(9), (1.41)
0
AT + Ot — n — 0 in L2(RT; HY(Q)), (1.42)
iAnYn + OsYn — ¥ = 0 in L2(RT; H(Q)). (1.43)

Now taking the inner product (1.17)) of (i\,I — A)U,, with U,, and then taking its real part,
we get
Re ((iAnd — A)Upn,Up )y = Re (idnd — Uy, Upn)y — Re (Aln, Un )y,

= —Re (AU, U),, .
Then

’ oo
1

Re (AT — Ay, Un)y = — / 7 (s) /(|vnn|2 +1Vym]?) da ds.
0 Q

From (|1.37), and as U,, is bounded in H, we have
Re ((iAI — AUy, Upn)5 — 0 in R.

Using (1.6]), we get

oo

a
2

o+

9(s) /(\VnnF + |Vnl?) dz ds — 0,
Q

then, we find that

N — 0 in L2(RT; Hy (Q)). (1.44)
Yn — 0 in LZ(RY; Hy (). (1.45)
Thus, it follows that
Nn — 0 in HY(Q). (1.46)
Yo = 0in HY(Q). (1.47)

On the other hand, taking the inner product of (1.38) with Bou, in H}(Q), we obtain

<(2>\nun - @n)a/@0u7z> =1\ [0 / ‘vun|2 dx — Bo <§0nvun> .
Q

From (1.38), and as u,, is bounded in H}(Q), we have
((iApun, — n), Boun) — 0. (1.48)

Now, taking the inner product of (1.39) with ¢,, in L?(Q) and using Green’s formula, we get

+oo
<(i)\n<pn — BoAu, — / g(8)An,(s) ds + avy,), <,0> =i\, / |80n|2 dx + Bo (tn, pn) +
0 2 Q

+o00

/ g(S) <77na <Pn> ds + « <Un7 @n>2 :
0

15



1.3. Exponential stability

From ([1.40)), and as ¢,, is bounded in H{(2), we have

+oo
<(i)\ngon — BoAu, — / g(s)Any(s) ds + avy,), <p> — 0. (1.49)

0 2

From and ( -, we find

. (0%
(6o [ [Funf? da+ / fonl? da) + 22T, o) + 2 (o),
Q n
+ — / (N, ) ds — 0. (1.50)

We can deduce from {D that du,, — E‘p” — 04n HZ(2) . On the other hand, we have

_n

n

1
nil — N n § - 07
w2l

it follows that - ||<pn|| is bounded. By using , the last term in li converges to zero.
Than,

2
i(Bo / |Vun|2 dx + / |<,0n|2 dx) + —/\ﬁofm(wn,(pn}) + )\g (Vs @n)e — 0. (1.51)
Q

And with the same steps, takmg the inner product of (1.40) with Byv,, in Hg(Q), then adding
it to the inner product of (1.41)) with ¢, in L?(Q) and using Green’s formula, we get

L (),

ﬁo/|wn| dw+/\wn 0)+ 20T, ) + 2

+—/ ) (Yns ) ds — 0. (1.52)

From 1' we deduce that % [l is bounded. By using 1) the last term in (|1.52))
converges to zero. Hence,

[0
it [ [Vonf? da+ / 0l do) + 20T ) + 2 () 5 0. (153)
Q n
Now we want to arrive at y
Pn n
— — H; (9
NN —0in 0( ).

For this, we will show that £, %, in LZ(R*; HG(Q)), and this is clear because we have

n

n
lionlla,g = bo I3

and

[¥nll2,g = bo

16



1.3. Exponential stability

Then, taking the inner product of (| - ) with £ and using that £= is bounded in
LE(R+7 HO (Q))7 we get

+

/ lgnll ds — 0.

0
Therefore, we have
“+o0 “+oo
i 1 bo 2
= [ ) thon) ds 55 [ 9() Outiarion) ds = S lgal” 0. (154)
0 "0 "

By using 1' and the fact that /\% lln|l is bounded, we have that the first term of li
converges to zero. This yields

+oo
— <5 [ 9(8) (90, n) ds — 0. (1.55)

I

The second term (I7) in (L.55)) converges to zero. Indeed, we have

400
1
L= [ 960 () s
"0
Integrating by parts, getting
+o00
1 /
L = 2 g (8) (M, n) ds.
0

From 1} there exist a positive real number C' > 0 such that ‘g/(s)‘ < Cyg(s), (where
C > ¢ and —C < qp). Then, we obtain

Using Cauchy Schwarz’s formula, we obtain

“+oo
C
01< oy [ ol | 52| as
0
+

’wn
)\’VL

- |Acn| /Oo( 5(s) Imall) ( 5(s)

=
[N




1.3. Exponential stability

From where, we have

Cvbo || ¢n
|)‘n‘ An

Using again that ﬁ lon |l is bounded and 1D then |I;| — 0. This with 1} leads to

|| <

I 70 ll2,g -

% 0 in H(Q). (1.56)

Now, taking the inner product 4) of 1} with f—n and using that il\’—" is bounded in
L3(R*; HY(9), we get

+oo +oo
. oo\ i 1
<(7'>\n7n + 857n - qun)a )\n>2’g - E 0/ 9(5) <7n7"/)n> dS + E O/ 9(5) <897n7wn> dS
_ /009(5) [nll? ds — 0 (L57)
)\% n . .

0

By using ([1.47) and + |[¢n | is bounded, we have that the first term of (1.57) converges to
zero. Then, getting

S |
A2
0

Yu

bo N

9(8) (0sYn, ¥n) ds — 0. (1.58)

I

In the same way as before, we can show that

|I2] < ﬁ’;/%

From (1.45)) and as )% It || is bounded, then |I3| — 0. Hence,

% — 0 in HL (). (1.59)

Now, since u,, and v,, are bounded in Hg () and by using (1.56)) and (1.59)), we obtain that
the last two terms in (1.51)) and (1.53)) converges to zero. Thus,

ﬁo/|Vun|2 dz+/|<pn\2 dr — 0,
Q Q

Tn
An

[ mllag -

and

ﬁo/|an|2 dw+/|wn\2 dz — 0.
Q Q

Then
Up, Vp — 0. in H(Q).

Using Cauchy—Schwarz’s and Poincaré’s inequalities, we get
[ (tn, vn)| < K [un[ lvall =0,

with K is a positive constant. Now from what we found, getting

I I/lm||§{ :60/|Vun|2 d:c—|—/\<pn|2 dz+50/|an|2 dz+/|1/1n|2 dz +2aRe [{(uy, vp)| +
Q Q Q Q
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1.3. Exponential stability

I 1nll5.g + 1 mll2,y = 0

And this contradicts because we have || le||3_t = 1. Therefore, the proof is achieved.
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Chapter 2

Optimal polynomial decay for a
viscoelastic coupled system of
wave equations with past history
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In this chapter, we consider a viscoelastic coupled systems of two wave equations with
past history acting only in one equation. Under certain conditions, we study the global
existence and uniqueness of the solution. After that, we prove the lack of exponential decay.
Finally, we show that the system is polynomially stable with rate t=2. Moreover we show
that the rate is optimal.

2.1 Global existence

Here we will proof the existence and uniqueness of the following system

+oo

g — Au + / g($)Au(t —s) ds+av =0, in £ x (0,+00), (2.1)
0

v — Av+oau =0, in Q x (0,+00), (2.2)

u=v=0, on I'x(0,+400), (2.3)

(u(z,0),v(z,0)) = (up(z),vo(x)), in Q, (2.4)

(ug(x,0),v4(x,0)) = (ur(z),v1(x)), in Q. (2.5)

For the study of the system (2.1])-(2.5), and in the same way with the system (1.1])-(1.5) we

introduce the new variable n = n’(s), the relative history of u

n=n'(s) = u(t) —u(t —s), where s> 0.
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2.1. Global existence

We will take the same assumptions to the kernel g that we considered in the first chapter.

And we also put
+oo

Bo=1— [ g(s) ds >0,
/

then the system (2.1])-(2.5) can be rewritten as

+o0
upr — PoAu — / g(s)An(s) ds+aov =0, in Q x (0,400), (2.6)

0
v —Av+oau =0, in Qx(0,+00), (2.7)
ne+ns—ur =0, in Qx(0,+0), (2.8)
u=v=n"(s)=0, on T x(0,+00), Vs >0, (2.9)
(u(z,0),v(x,0)) = (uo(x),vo(z)), in Q, (2.10)
(ue(x,0),v¢(x,0)) = (ur(x),v1(x)), in Q, (2.11)
No(.,s) =up(.) —u(.,—s), in Qx(0,+00). (2.12)

Now, to give an accurate formulation of the evolution problem we introduce the product
Hilbert spaces

H =H; () x L*(Q) x Hy(Q) x L*(Q) x LZ(R™; Hj(Q))

endowed with the following inner product

(U, V) = BO/VUyVW dx —|—/ U Ty dx—|—/ Vusz-Vug d:z:—|—/ o dm+a/(u1@+u;),vﬁ) dr+
Q Q Q

+oo
/g(s)/V%(x,s) - Vs (x, s) dx ds. (2.13)
0 Q
Where U = (u1,uz, uz, ug, us)", V = (v1,v2,v3,v4,05)" € H
We take U = (u, us,v,vs,n)T € H, then the system (2.6)-(2.12)) becomes

{ Up(t) = BU(t), Vt>0, (2.14)

U(0) = U,

where Uy= (uo, u1,v0,v1,7m0)7 € H, and the operator B is defined by B: D(A) ¢ H — H

0 I 0 0 0]
BoA 0 —al 0O T
B = o 0 0 I 0
—al 0 A 0 O
0 I 0 0 o, |
With domain
+00
D(B) = { (u,p,v,9%,n)7T € H; Bou+ / g(s)n(s) ds € HY(Q) N H*(Q)
0
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2.1. Global existence

¢ € Hy(Q), v € Hy(Q), n € D(T)}.

And
+oo

ﬂr:/g@ﬂmw>w,VneDUw,
0

where
D(T ) = {n € L;(R*; Hy(Q)); ns € LF(R"; Hy(2)), n(0) =0} .

Remark 2.1.1. We have D(A) is dense in H.

The existence of the solution of the problem (2.14) is ensured in the following theorem.
Theorem 2.1.2. The operator B is the infnitesimal generator of Co- semigroup of contractions
over the Hilbert space H. Thus, for any initial data Uy € H, the problem has a unique

weak solution U € C(RT; H).
Moreover, if Uy € D(B), then the solution U € C(RT; D(B)) N CHRT; H).

Proof. We use the Lumer-Phillips theorem to show that, B is generates a strongly continuous
semigroup {7'(t)},~ -

Step 1. B is dissipative. For U = (u, us,v,v;,1)T € D(B), using the inner product (2.13)),
we get

(BU,U) = U, U) :ﬂo/Vut~VH dx—i—/uttm dx+/Vvt~V6 d:c—f—/vttTt dx
Q Q Q

Q
+o0
+a/(uﬁ+vtﬂ) dx + / g(s)/Vnt(x,s) -Vn(x,s) dx ds.
Q 0 Q
Substituting us, vy and 7 from , , and (2.8) respectively, getting
+oo
(BU,U) = Bo/Vut-Vﬂ dx+/(ﬁ0Au+/ g(s)An(s) ds—av)ug da:—i—/ Vu-Vo dx—i—/(Av—ozu)vT dx
Q Q 0 Q Q
+oo
—l—a/(utﬁ—&— ve) dx + / g(s)/V(ut —ns(s)) - Vn(s) dz ds.
Q 0 Q

Using Green’s formula, we obtain

+oo

(BU,Z/O:ﬁO/Vut'VE dx—ﬁo/VuVuT d:r—oz/mTt dx — /g(s)/VthVn dx ds
Q Q Q Q

0

+oo

—|—/VUnyd:c—/VUVUTdm—a/uvﬁdx—ka/(uﬁ—kvtﬂ) da:+/g(s)/VutV@dx ds
Q Q Q Q 0 Q

.
!M$JWM$VWQMM-
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2.1. Global existence

After simplifying, we get
—+oo

(BU,U) = — /g(s)/Vns(s)-V@dm ds+2iIm(Bo/Vut-Vﬂdx—|—/ Vvt~V6dx+a/(utﬁ+vtﬂ) dz
0 Q Q Q

+oo

+ / Q(S)Q/VutVn(s) dx ds).

0

Taking its real part, we arrive at

“+o0

+oo
Re (BU,U) = — / g(s)/vns(s)-v@ dx ds = f% /g(s)%/|V7](s)|2 dx ds.
0 Q

0 Q

Integrating by parts, we have

+o00 +o0
Re (BU,U) = —%g(s)/\vn(s)ﬁ d;z:] +% /g’(s)/|vn(s)|2 du ds
Q 0 0 Q

1
0)/|V77(O)|2 da:—§ ET g(s)/|V77( dx + - / /|V77 dx ds.
Q )

From the previous hypotheses on g we have,

1
/|V77 w—fhmg /|Vn dx =0,

1
Re (BU,U) =3 / /|V77 dx ds.

as a result

Using (1.6]), we have

Re (BU,U) < _5 9(s) / IVn(s))? da ds < 0.
0 Q

Then, B is a dissipative operator.
Step 2. for all A > 0, (A — B) is maximal. For this, let F = (f1, fo, f3, f1, f5)T € H
We show that there exists unique U = (u, p,v,1,n)T € D(B) such that

(M —B)U =F,
then, we can write

Au— ¢ = fi1, (2.15)

+oo
No = fou— [ gs)n (5)ds + av = fa (2.16)

0

Ao — 1) = fs, (2.17)
A — Av + au = fy, (2.18)
A +ns —¢ = fs. (2.19)
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2.1. Global existence

We note that the equation (2.19)) is ordinary differential equation of the first order, and the
solution to its homogeneous equation is given by

n(s) = Ce ™, with C is a constant.
Then, we use the method of the variation of the constant, so the general solution of the
differential equation is given by 7(s) = C(s)e™**. After simplifications, we get

S S S

Ol s) = C0)+ /(f5(., 2+ o())eMdr = /eASff)(.,T)dT + w(.)/e*s dr.

0 0 0

Hence, the general solution of the differential equation is given by

S

n(.,s) = #(1 —e ) + /e)‘Tf5(.,'r) dr. (2.20)
0
Now, from ([2.15) getting ¢ = Au — f1. Substituting ¢ and 7 into (2.17)), we have
+0o0 S
2 Au — fl —As A(T—s) _
A u—Afi = BoAu+av — Q(S)A[f(l—e )+ [ e f5(7) dr] ds = fa,
0 0
then
Ny — B,Au+ av = k. (2.21)
Where
+00 S
(e—)\s — 1) A(T—s)
ki =Xfi+ fo+ g(s)[fAfl + [e Afs(T)dr] ds,
0 0
“+ o0
and By = Bo+ [ g(s)(1 —e**) ds > 0. Substituting ¢ from (2.18) into ([2.19)), gives us
0
Ay — Av + au = k. (2.22)
Where
ky = fa+Afs.

First we prove that u,v € H}(2). To do this, multiplying (2.21)) and (2.22)) by @, © respectively,
and integrating over 2. Then using Green’s formula, we arrive at

N [qui dx+ By [, Vu- Vi dz + o [, v do = <k1,ﬂ>H,1(Q)XHé(Q)

Y(a,0) e V.
A [yvbde + [, Vv-Vi+ do+a [ ub do = (k2, D) -1 (@) x 13 ()

(2.23)
The sum of the equations in ([2.23)) gives the following variational formulation:

a((u,v), (@,0)) = L(a,9), ¥ (@,0) € H(Q) x H} (),

where a is bilinear form and L is linear form, defined as

a((u,v), (4,0)) = )\2/

udl dx—l—ﬂg/ Vu-Vi d:b+/\2/ v dx—i—/ V-V dw—&—a/(vﬂ—i—uﬁ) dx,
) Q Q Q Q

end
L(ﬁvfj) = <k17a>H*1(Q)><Hé(Q) + <k2»1~)>H*1(Q)><H(}(Q) , v (fl’?f)) ev.
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2.1. Global existence

With V = HE(Q) x HL(Q)

Now we will use Lax- Milgram’s theorem to prove the existence and uniqueness of the
solutions (u,v) € V. For this we prove

1.The coercivity of a

We have

a((u,v), (u,v)) :)\2/ |ul? dac—|—/\2/ |v]? dx—i—ﬁg/ |Vul? dx—i—/ Wik dx+2a/ wv dx
Q Q o Q o

= 2 Jull2 4 N2 [ol2 + By llull? + [lo]® + 20 / wv d.

Using the Young’s inequality, we find

Ve >0, al(u,o). () = X ull A% ol Byl + oI~ e [ fuf’ da=2 [ Jof do

> (% — 0e) [l + (3~ 2) oll3 + 8y Jull> + ol
and as in the first chapter we can find € > 0, such that (A> — ae) and (A\? — ) are positive.
Therefore and for the chosen e, we have
a((u, ), (u,v)) = By llull* + |||

> Cll(u, )|y,

with C' = min(8,,1). So we have the coercivity.
2.The continuity of a
Using the Cauchy-Schwarz’s inequality, we get
la((u,v), (@, )] < X lully [all, + A2 [|v]l; [19]l, + By lull |1l

2 1~12 ~ ~
o™ ol + allvlly @l + [l [|19]; -

Then, we get

|a((u, v), (@, 0)] < C(lull l[a]l + [Jo[ D] + ol @l + lu] 15])
< C (ffull Mol (llal + f12])

< Cll(w, v)lly (@ o)y,

with C' is a positive constant. So we have the continuity.
3.The continuity of L.
Using the Cauchy-Schwarz’s inequality, we get
|L(a,0)] < C(llal + |o]])
< Cll(@ 0)lly

where C' is a positive constant. Then we have the continuity of L .
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2.2. Lack of exponential decay

Thus, through Lax- Milgram’s theorem, we obtain the existence and uniqueness of

u,v € H(2). Consequently from (2.15) and (2.18), we get ¢, ¥ € H}(Q2). Hence, the

existence and uniqueness of 7. And now we will prove that n € D(T ).

From ([2.19)), we have
AV (t, s) + Vns(t,s) = V(t) + Vs(t, s).
In the same way as in the first chapter, we find that

2 2 2
2.9 < Clllell™ + [1f5ll2,4),

In

and

2 2 2 2
2. < Cllfsll2 + Il + lInllzg),

where C'iand Cy are positive constants. Then

Hns

1, ns € Ly(R™5 Hy (Q)).

From (2.20)), we have n(0) = 0. Hence, we have proved that n € D(7 ). And in the end, we
will prove that

+oo
v, Bou + / g(s)n(s) ds € H*(Q).
0
From (2.17) and (2.19)), we obtain
+oo

A(Bou + / g(s)n(s)ds) = Ao + av — fa,
0

and
Av =X+ au — fy.

Hence and from where it follows that

+oo

A(Bou + / g(s)n(s) s) and Av € L*(Q),
0

then
+oo

v and Sou + / g(s)n(s) ds € H*(Q).
0
Thus, (A — B) is maximal.

Therefore, by Lumer-Phillips theorem (A.2.10) we get that B generates a strongly
continuous semigroup {7'(t)},-, of contraction in the space H# and according to theorem
(A.2.9) the Cauchy problem (2.14) admits a unique solution. The proof is complete. |

2.2 Lack of exponential decay

Our starting point is to show that the semigroup associated to the system ([2.6]) - is
not exponential stable. To show this we will use the Priiss’s theorem (A.2.10)) to prove the
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2.2. Lack of exponential decay

lack of exponential stability.

To do this, let us consider the spectral problem:

—Aw,, = AWy, 1in Q
NVm >0 (2.24)

Wy, =0 onl

where {A,},,5, 1s real sequence, and check that ml—iﬁ-boo)\m = +o00.

The following theorem explains the results to be obtained in this section.

Theorem 2.2.1. Let T'(t) be Co—semigroup of contractions generated by A. Then T(t) is not
exponentially stable.

Proof. For proof, we will use the theorem (A.2.11)). Suppose that
iR={if:p R} C p(B).
And we will prove that there exists a sequence of imaginary number A, € p(B), such that

|(AmI =B — 400, as m — +00.

)71”5(%)

This means that, prove that there exists a sequence of complex numbers A, € p(B) and a
sequence of data Fy, = ( fr, f2,f3, fm. [2)T € H, with [|Fy, |, < 1, such that
|AmI = B) 'Fpnl,, = [l Unmllzy — 400,
where Uy, = (U, Pms Vms Yy )T € D(B) not bounded, and
Al = B)Uy, = F,. (2.25)

To simplify the notation we will omit m. Then, the equation (2.25)) is equivalent to

iu—@ = fl,

+oo
iNp — BoAu— [ g(s)An(s) ds + av = f?,

0
iV — 1/} = f37
i) — Av 4+ au = f2,
i +ns —¢ = f°.

Taking f! = f2 = f>=0and f 2 = f 4 = w,,, then we obtain ¢ = i\ and ¢ = i\v,
hence the above system becomes

(2.26)

+oo
—MNu— BoAu— [ g(s)An(s) ds+ av = wy,,
0

—2\20 — Av + au = w,,, (2.:27)

iAn +ns — ¢ = 0.
We look for solutions of the form
U= AWy, UV =DWp, p=CWnm, ¥=dw,, nx,s)="5(8)Wn,

where a,b,c,d € R and ~(s) depend on A. Now from (2.24]) and (2.27)), we get a , b, y(s)

satisfy
“+o0
=X2a+ Boadm + A [ g(s)v(s) ds+ab=1,
0

N4 Awb+aa =1, (2.28)

vg 4+ iy —ida = 0.
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2.3. Polynomial decay and optimally result

Solving the third equation which of (2.28)), we get v(s) = Ce~"* 4a, with C is a constant
and since n(0) = 0, then we get

v(s) = a — ae™.
Therefore, we have
+oo 400 oo
/ g(s)y(s) ds = / g(s)(a — ae™%) ds = aby — a / g(s)e™™* ds.
0 0 /

Now, choosing A = v/, then from the second equation of li we obtain @ = +

"

Substituting a into the first equation of (2.28)), getting

“+oo
Am (1 — Am ‘ 1
b= 7( 5 Po) - — / g(s)e”‘sds—i——.
«@ @ @
0
Hence, we find
iV Am
==
and
Mn(1=F0)  Am T
d =i/ A m( 5 0 —m/g(s)ei)‘sds—&——).
@ « «
0

Recalling that

we get

||<p||§ = o:;’ because we have |[wy, ||, = 1.

Therefore, we get

A
. 2 . 2 . m
> — 1 .
Than
I Z/Im||3{ — 400, as m — +oo.
Thus, there is no exponential stability. This completes the proof. |

2.3 Polynomial decay and optimally result

In this section we study the polynomial decay associated to the system (2.6) -(2.12)) and
subsequently we find the optimal rate of decay.

We have as the operator B generate a Cy — semigroup 7'(¢) of contraction on H. Thus
according to the Lumer-Phillips theorem, the solution of — U that verifies the
resolvent equation

(M —B)U=F, withAeRand F el,
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2.3. Polynomial decay and optimally result

that is,
A — @ = fi, (2.29)
iAp — BoAu — Tn+ av = fa, (2.30)
i — = fs, (2.31)
M) — Av + au = fy, (2.32)
iAn+ns — ¢ = [ (2.33)

In the next step we shall show three important lemmas to proof the main result.

Lemma 2.3.1. The solutions of the system (@)-, satisfy

+oo
/Q / o(s) [V ds di < KNP Ul |l

Where K is a positive constant and |[A| > 1.

Proof. Multiplying the equality (2.30) by ¥ and integrating by parts on €2, we get

+oo
z)\/|<p| dx—i—Bo/Vquodw—Fa/vgodx—f—// Vanodsdx—/fggodx
=1 =15

(2.34)
Substituting ¢ given in (2.29)) into I; and I, we have
I = —Mﬁo/ lul® da —50/ Vu.Vf dr. (2.35)
Q Q
And
I, = —i)\a/ vu dx — a/ v.f1 da. (2.36)
Q Q

Now, substituting ¢ given in (2.33) into I3, getting

+o0 +o0 +oo
I3 = —i)\/ / g(s)|Vn|? ds dx—|—/ / g(s) Vn.V1s ds dz—/ / g(s) V.V fs ds dx.
aJo aJo aJo

Integrating by parts, we obtain

+o0 +oo +oo
:—z/\// |V77\ dsdx—f// s)|Vn? ds do— // 5) Vn.Vfs ds dx.

(2.37)
After Substituting (2.35)) and ( into , we arrive at

+o0 Foo
z)\/ lo|? do— z)\ﬂo/ u|® dz— Ma/vud;c z)\// s) |Vn|? dsdx—f// s)|Vn|? ds da

—ﬂo/Vquldx+a/vf1dx+//+oo Van5dsdx+/f2<pdx (2.38)

Taking the real part on the left side of the above equality, we find

+oo +too
—f// s) [Vn[? dsdx—ﬁo/ Vu.Vfi dx+oz/vf1 der// s)Vn.Vfs dsd:ch/ fop dx.
Q

Using (1.6 on the right side, we find

/ / 5)|Vn|* ds dz < ﬂo/ Vu.Vfi dx—|—a/ A da:+/ /+°° ) V.V f5 ds da:+/ fop dx.

29



2.3. Polynomial decay and optimally result

On the other hand we have

1 N

[ s o asar= [ [t w0060 VE) ds

then after using the Cauchy-Schwartz’s and Poincaré’s inequalities, we get

2)g ||f5

+oo
q1 2
L[ 90 ds de < Bl 30+ @l Ul + il 1ol + ol 12l

Hence, we find

“+o0
q
51 /Q/O 9(s) [Vn* ds dx < Bo |Ully, [1F 1y, + C Uy, 1F 15y + 21Ul [ Fllyg

where C' is a positive constant. As a result, we have

+oo
AA 9(s) [V ds dx < K [Ully, | Flly

with K is a positive constant. Now, for all [A\| > 1, we can write that

—+o0
L[; o(s) [Vl ds dz < K N2 Ul |1, -

The proof is complete.

Lemma 2.3.2. For any € > 0, there exists a positive constant K. such that

BO/ |Vul? dm—i—/ Vol? dac—&—a/(u@—i—vﬂ) dx
Q Q Q

2 2 2
S/Q(Wl + |9l )dfc+fbo/Q|VU| dx + K| A || Ullyy 1 Fllpg + K| Ul [1F 1y, -

Proof. Multiplying the equalities (2.30) and (2.32)) by @ and v respectively, then integrating
by parts on 2 and summing up the results, we get

+oo
i/\/ ou dx—|—ﬂo/ [Vul® da:+a/ vl dx—l—// g(8)VnVa ds dx
Q Q Q aJo

+i)\/ YT dx+/ IVo)? dx+a/ u.T dx = / f*u dx+/ ' da. (2.39)
Q Q Q Q Q
Substituting \u given in (2.29) and i\v given in (2.31) into (2.3)), we find

R “+oo
—/ o(@+ f1) dx—|—ﬂ0/ \Vul> dz + a/ vu dx—!—/ / 9(s)Vn(s)Vu ds dx
Q Q Q aJo

7/Q¢@+F) da:+/Q\Vv|2 d:c+a/ﬂu@da::/gf2ﬂdx+/gf4idx.

Then, we have

+oo
,BO/Q|VU|2 dz—l—/ﬂ|V1}|2 das—l—a/g(vﬂ—kuﬁ) dz:/(2(|<p|2+|1/1\2) d:c—/ﬁ/o g9(s)Vn(s)Vuds dx
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2.3. Polynomial decay and optimally result

+/Q<pﬁdx+/gf2ﬂdx+/ﬂwﬁdw+/ﬂf4@d:v-

Hence, getting

“+00
ﬂo/ |Vul® dm+/ |Vol? d:c+a/(m+u@) dz < /(|go|2+|112\2) dx+// g(s)| V|| V| ds dx
Q Q Q Q QJo

+/\¢|’F’ dx+/\f2\|ﬂ| da:+/|¢|’ﬁ’ dm+/|f4\|@| dz.
Q Q Q Q
Now, using Cauchy—Schwarz’s inequality, we find

+oo
oo [ 1Vl dat [ Vol dova [ utun)do < [ (ol +l0P) dot [ (o)l ful ds
Q Q Q Q 0

Fell F A+ A2 I all + 0l 2+ A2 0l

then, we arrive at

“+oo
oo [ 1Vl dat [ Vo dova [ @urun)de < [ (o) dos [ gl ul ds
Q Q Q Q 0

Iy

FEC(JU g 1115, -

And now using Young’s inequality on 14, we get

ves 0, 1= [ g€l <l ds.
According to lemma , we have

Ve >0, Lo < Ko A (U]l [Pl + ebo [[ull?,

where K. is a positive constant. Then our conclusion follows. |

Lemma 2.3.3. Under the conditions of the previous lemma, we have
bo 2 - 2 2 2
2/, lo|” du<e Q(|u| + [07) da + KA Ullg [[Flly + K Ul (1],

and 1 K
(2 _ M) / I do < KA | Ul [l + K || Ullsg |Flly

with |\ > 1 large enough.

+oo
Proof. Multiplying the equation (2.33) by f g(s) ds ¥ and integrating on 2, we find
0

—+oo +oo +oo

in [ 96) [ ntsr deds o [ 1ol dot [ o(s) [ ntpdnas= [ os) [ futspards

Is

On the other hand, noting that

+oo —+oo

O/g(s)/ﬂns(s)w du ds = — O/g/(s)/gn(s)go dx ds.
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2.3. Polynomial decay and optimally result

Substituting iAp from (2.30) into Is and using Green’s formula, we obtain

—+oo —+oo +oo
0

3 [ 1o =g [ o) [ VaVaddsta / o) [ sy do ds— / 9 (6) [ nisyp o ds

+oo 2 +oo

+/Q O/Q(S)VU(S) ds dx ds — O/g(s)/ﬂn(s)ﬁ)(s) de.

Using (1.6) and by following the same steps of the previous proofs, we arrive at that, for all
e >0,

bo
3 [ 1ol do < [ (uf o) dot Kl + K Ul Pl

where K is a positive constant and |A] > 1. Using the lemma (2.3.2)), follows the first
inequality. To show the second inequality, we substitute the equation (2.29)) into (2.33)). This
gives,

AN — i u+ns = f5 — f1. (2.40)
Substitute u given in (2.28)) into (2.40]). Then, we get,
ixan — Ao — iAAv + ans = o fs — f1) + i)y (2.41)
+o0

Multiplying the equation (2.41) by [ ¢(s) ds ¢ and integrating on Q and proceeding as to
0

obtain the first estimate, we have

1 K
3 1 do < o [ da o KR L Ul P+ K Ul 1P

where K is a positive constant and |A| > 1. From where follows the second inequality. The

proof is now complete.
|

The next theorem is one of the main results in this chapter.

Theorem 2.3.4. The semigroup associated to the system (@- s polynomially stable
and

K
1T ()Uolly, < 7i Ul ps) -
Moreover, this result is optimal.

Proof. Choosing £ > 0 small enough and for |A| > 1 large enough, and from lemmas (2.3.1)),
(2.3.2)) and (2.3.3]), we get

+oo
. /Q / 9() [V ds dz < K A2 [Ullyg 1l

oBO/Q|Vu|2 d:z:Jr/Q |Vo|? dx+a/ﬂ(u@+vﬂ) dx < /Q(|<,0|2+|1M2) Ao+ K A2 || Ul | F o+ K | Ul | F 5y

bo
o 3 [ 1l du < KNP Il 1Pl + K [l IF e

and .
2
o 5 [ 10 do < KNP [l Pl + K [0l [ Pl
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2.3. Polynomial decay and optimally result

as € — 0, and |A\| = +o0.

On the other hand, we have

Tl = 13, = 5o [ 196 dot [ (o + 1o dos [ Vo dota [ atom) do
Q Q Q Q

+oo
+// g(s) |V|* ds da.
Jo

1413, < KNP Ul [l + K Uy Il -

From where it follows that

where K is a positive constant. Using Young’s inequality, we get
Ve>0, (Ul < el Ully+ KA IFI5 + K || Ul + Ko I FIl3,
after choosing € where 1 — (1 + K) > 0, we find
415, < KL+ I IE,
with K = maxz(Kie, Ka.). Since [A| > 1, then we have 1+ |A|* < 2|A|%. Hence,
[U]l,, < KA [|F|ly,, with K is a positive constant.

That can be written as

(A - B < K|A]?,

)_1H£(7-L)
that is

(A —B = KO(I\*), as A\ — +oc. (2.42)

-1
) ||L'(’H)
Now, using the theorem (A.2.12)), then the condition ([2.42) is equivalent to

ISWB | g5y = KO (t7), s t = 4o

_ K
= ||S(t)8 IHE(H) < ﬁ’ as t — +o0,
then, we have
IswB'Fll,, _ K
"t < —  VF eH,(with||F|,, #0), ast— +oo
1l Vi "

= HAS’(15)871F||H < K |Fll,, ast— +oc.

NG
Taking F' = BUy, we find

K
S(t)U < — ||1BUy|,, -
1S(E)Uolly < 7 1BUs I
And as B : D(B) — H, is a continuous operator, then
[BUolly < C |Uollps), with C is a positive constant.

We finally get

K
1T (U |5 < 7i [Uollp(s), where K is a positive constant.
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2.3. Polynomial decay and optimally result

Therefore the solution decays polynomially.

We prove now that the rate of decay is optimal, we will argue by contradiction. Suppose

that the rate = can be improved; for example that the rate is t7== for some 0 < & < 2, it’s
mean

K
1T ()Uolly, < e Ul ps) -
From the theorem (A.2.13)), we get

lim |\ TR\ - B

< +oo, with iR C p(B).
[A|—=+o0

)71H£(H)

But this does not happen, and for proof that let us consider the spectral problem:

—Aw, = Atw, inQ
V>0, (2.43)

w, =0 onl

where {A,}, 5, s real sequence, and check that Z—%T An = +00. We will show that there

n
exists a sequence of values ), such that

P |(AnI—B — 400, as n — +00.

) e

It is equivalent to prove that there exists a sequence (A,) C R with li7+n [An| = 400 and a
n—-+00

sequence of data Fj, € H, with ||F},[|,, < 1, such that

lim M| 7272 [\l = B) LR, = Jim Al 722 a3, — o0,

n—+4o0
where U,, € D(B) not bounded, and

M\ — B)U, = F,.
Following the same steps as in the proof of theorem with choosing A = A2, we get

)\2
loallo = 22,

then, we have
)\2
| Ul 2 llpall, = 2.
Hence, getting

—24-£
[An] =72 ([Unlly =

Al ®
— — 400, as n — +00.
«

Therefore the rate cannot be improved. The proof is now complete. |
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Conclusion

In this memory, two coupled systems of wave equations with past history terms are
considered. In the first one, we assumed the past history terms in both equations. Moreover,
in the second system we took the past history term, only in one equation. Under suitable
hypotheses on the kernel, we showed the global existence and uniqueness of solutions by
using semigroup theory. Taking into account the Gearhart-Priiss theorem, the exponential
stability of the first system is concluded. However, we proved the lack of exponential decay
to the second system by using the recent results due to Borichev-Tomilov, which allows us to
deduce the optimal polynomial decay.
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Appendix A

Basic concepts in Semigroup of
linear operators

Contents
A1 Unbounded operators| . . . . . . . . ... L Lo 36
1A.2 Semigroup on a Hilbert space| . . . . . .. ... ... .00 36
1A.3 Principal theorems and inequalities| . . . . . . . .. .. ... ... ... 39

A.1 Unbounded operators

Let H be a Hilbert space equipped with the inner product (.,.)y; and the norm |||y, and
A is a linear mapping from D(A) C H into H, where D(A) is the domain of A.
Definition A.1.1. The resolvent set p(.A) of an operator A is the set
p(A) ={\ € C| A — A is inversible} .
The spectrume of operator A, denoted o(.A), is the complement of the resolvent set p(.A)
o(A) ={X € C| A is an eigenvalue},
this means that for all A € o(A) there exists a nonzero ¢ € H, such that Ap = A\p.

Corollary A.1.2. The resolvent set p(A) is open, and the spectrume is closed.
Definition A.1.3. [11] Let A be a linear operator on H. A is dissipative if and only if

Vo € D(A), Re(Ap, )y <O0.

A.2 Semigroup on a Hilbert space

Definition A.2.1. [I1] A family {T'(t)},-, of bounded linear operators on H is a semigroup
of bounded linear operator when the following conditions hol:
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A.2. Semigroup on a Hilbert space

(1) T(0) =1, (I is the identity operator on H).

(i) T(t+ s) = T(t)T(s) for every t,s > 0 (the semigroup property).

If tli?g%] IT(t) = || £y = O, then we say that T'(t) is uniformly continuous.
—

Example A.2.2. We consider the Banach space ¢P, p > 1 defined by

= (xn)nGN*; Z |xn‘p < +00
n>1

Equipped with the norm
2l = | D lnl”
n>1

We define a family of linear operators {T'(t)},, by
T(t)w, = e “'a,, Y, € P, ¥Vt >0, with {an},>; is a positive number sequence.

If t =0, we have
T(0)x, =z, = z,,

then T(0) = Idg. And,

Vit,s>0; T(t+ s)z, = e )y, = e ante=nsy  — T()T(s)x,,

then
T(t+s)=Tt)T(s), Yr, € P, Vi,s>0.

So {T'(t)},~ is a semigroup of bounded linear operators on the space £P.

Definition A.2.3. [11] Let A be a linear operator, defined by

— +
Ao — lim Ttz —x _d T(t)x
t—0+ t dt

, forxz € D(A),

t=0

with T
D(A) = {z e X: lim % exists} :

t—0t

We say that A is the infinitesimal generator of the semigroup T'(¢), and D(A) is the domain
of A.

Theorem A.2.4. Let T'(t) and S(t) two uniformly continuous semigroups bounded linear
operators, if

then T'(t) = S(t), V t > 0.

Definition A.2.5. [I1] A semigroup {7'(t)},~ of bounded linear operators on H is a strongly
continuous semigroup of bounded linear operators if

lim ||T(t)p — —0.
tgggH ) — ¢lly

A strongly continuous semigroup of bounded linear operators on H will be called a semigroup
of class Cy or simply a Cy— semigroup.
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A.2. Semigroup on a Hilbert space

Theorem A.2.6. [11] Let T(t) be a Co— semigroup. There exist constants w > 0 and M > 1
such that
[T ()]l < Me®*, ¥Vt >0.

Definition A.2.7. [I1] We say that a Co-semigroup {T'(t)},- is of contraction if

IT(t)s <1 VE>0.
Definition A.2.8. (Cauchy abstract homogeneous problem) Let A be a linear operator from
D(A) C H into H, the initial value problem

U'(t) = AU(t), ¥t >0,

(1) = AU() "
U(O) - UOa

says an abstract homogeneous Cauchy problem associated with A, with Uy € H.

Theorem A.2.9. [T1] Let A be the infinitesimal generator of T(t), a Co— semigroup on H.
For any initial data Uy € H, the problem has a unique weak solution U € C(RT;H).
Moreover, if Uy € D(A), then the solution

Ue CRT;D(A)NCHRY;H).

Theorem A.2.10. (Lumer-Phillips)[11)]. Let A be a linear operator with dense domain D(A)
in H.

(a) If A is dissipative and there is Ao > 0 such that (Aol — A) is mazimal, then A is the
infinitesimal generator of a Cy—semigroup of contractions on H.

(b) If A is the infinitesimal generator of a Co— semigroup of contractions on H, then
(Aol — A) is mazimal for all A > 0, and A is dissipative. Moreover, for every x € D(A),
Re(Azx,z) <O0.

Theorem A.2.11. (Gearhart-Priiss)[12] Let {T(t)},~, be a Co— semigroup of contractions
on Hilbert space H. Then T(t) is exponentially stable if and only if

(i) The resolvent set p(A) of A contains the imaginary axis iR C p(A).
(1) lim sup ||(iA] — A)*IHE(H) < +o0.
[A|—=+o0
Theorem A.2.12. [2] Let {T'(t)},~, be a bounded Cy—semigroup on a Hilbert space H with

generator A such that iR C p(A). Then for a fixed a > 0 the following conditions are
equivalent:
(i) ||(isI — A)’1||£(A) =O(]s|*), ass— +oo.

(i6) | TOA |y =0 (£7), ast— -+

Theorem A.2.13. [6] Let T'(t) be a Co— semigroup of contractions of linear operators on
Hilbert space H, with infinitesimal generator A such that iR C p(A). If

K
|T(t)Uolly < B [Uollp(ay, where Kand B are positive constants.
Then we have that for any € > 0 there exists a C. > 0 such that
1 -1
e |(AT = A4) HL(H) <C..
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A.3. Principal theorems and inequalities

A.3 Principal theorems and inequalities

Let be Q an open bounded set of R™ with smooth boundary T'.

Theorem A.3.1. (Holder’s inequality) Let 1 < p < +o00, and q its conjugate exponent.
Assume that f € LP(Q) and g € LY(S2), then fg € L'(Q) and

[ 1t@g(@) dx <171, Il
Q

Corollary A.3.2. (Cauchy-Schwart’s inequality) By taking p = q = 2, we obtain

/ [f(@)g(x)] dz < ||l llgll, -
Q

Theorem A.3.3. (Young’s inequality) Let a,b two real numbers. we have, ¥V & > 0
lab| < ea® + K. b*.

Theorem A.3.4. (Poincaré’s inequality) we assume that  is a bounded open set of R™. Then
there exists a positive constant C' (dependent on ) such that

lell < C V|, Vo€ Hj(9Q).

Lemma A.3.5. ( Green’s formula) Let Q a bounded open set of R™ with a smooth boundary
I. foru e H*(Q) and v € H' (), we have

/Auv dx:/@v dF—/Vqu dx.
Q o Ov Q

Remark A.3.6. If v € H(Q), then Green’s formula is reduced to

/ Auv dr = —/ VuVv dx.
Q Q

Theorem A.3.7. (Lax Milgram’s theorem)[3] Let a be a bilinear, continuous and coercive
form. Then for allv € H (Dual space of H), there exists a unique uw € H such that

a(u,v) = (u,v), Vv e H.
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Abstract:

In this work, two coupled systems for two wave equations have been
considered; In the first system we have made the past history in two equations,
however in the second system we have considered the past history only in the
first equation. Under some hypotheses in given data we have showed the global
existence and uniqueness of solutions of two systems by using the semigroup
theory. After, we have proved the exponential decay for the first system and for
the second system we have obtained the lack exponential decay of solutions,
consequently we have got the optimal polynomial decay.

Keywords: Coupled system of wave equations, Exponential decay, Optimal
polynomial decay, Semigroup theory, Past history.

Résumeé:

Dans ce travail, deux systemes couplés pour les équations d'onde ont été
considérés, dans le premier systeme nous avons pris des termes de retard dans
les deux équations, cependant dans le second systeme nous avons considéré un
terme de retard uniquement dans la premiere équation. Sous certaines
hypothéses sur les données, nous avons montré l'existence globale et l'unicité
des solutions de deux systémes en utilisant la théorie de semi-groupes. En suite,
nous avons prouvé la décroissance exponentielle pour le premier systeme et
pour le second systeme nous avons perdu la décroissance exponentielle des
solutions, par contre nous avons obtenu la décroissance polynomiale optimale.

Mots-clés: Systéme couplé pour les équations d'ondes, Décroissance
exponentielle, Décroissance polynomiale optimale, Théorie de semigroupes,
Terme de retard.
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