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Notations

e () domain in R".

¢ 002 boundary of (2.

e L*(Q) space of square integrable functions.

o L2 (Q2) weighted square integrable function space.
e [? The space of sequences such that: 3% |z,|> < cc.
e (f.g), weighted inner product of f and g.

e w(z) weight function.

e Jo# Jacobi polynomial of degree n.

e GI(x,t) generating function of Legendre polynomials.
¢ I, sequence of subspaces of the Hilbert space H.
o P, E, Hilbert direct sum of the subspaces E,.

e ¢,, orthonormal basis element.

e ||ul|; denotes the Euclidean norm.

e (u,v) inner product in Hilbert space.

e H Hilbert space.

o dist(f, K) distance from f to the set K.

e P, orthogonal projection onto M.

e H* dual space of H.

e Ay Laplacian operator.

e 24 partial derivative.

e ¢ normal derivative on 0.

e P, (z) or L,(z) Legendre polynomial of degree n.

e 1/(t) mother wavelet.



e ),,(t) continuous wavelet.

e ;. (1) discrete wavelet.

e U(z) vector of Legendre wavelets.

¢ /] number of polynomials.

e  level of resolution.

e n translation parameter.

e §;; Kronecker delta.

e ¢! transpose of the vector e.

e UT transpose of the matrix (or vector) V.

e E transformed matrix.



Introduction

rthogonal polynomials are a very vast branch of mathematics, of theoretical physics,
and of mathematical physics. These polynomials have been a subject of study for
a long time. At the beginning of the 19th century, more precisely in 1939, orthogo-
nal polynomials received their first detailed study in [5]. Sequences of orthogonal polynomi-
als appeared as solutions of equations in mathematical physics, particulary partial differential
equations. Among the most important classical orthogonal polynomials, we mention Jacobi,
Tchebyshev, Legendre, Hermite, etc.
Ordinary differential equations (ODEs) and partial differential equations (PDEs) are at the ori-
gin of the description of many natural phenomena in physics, chemistry, and biology...
We have several numerical methods to solve these equations, among which we cite the finite
difference method, the finite element method, or iterative methods.
This cannot be done without efficiency in programming, since real systems are very complex,
and require efficiency in the choice of the algorithm.
One of the solution methods, which is beginning to impose itself, is the Legendre Wavelet
method. It was used in 2000 by M. Razzaghi and S. Yousefi [12] for solving variational prob-
lems in one dimension. The same authors applied it to solve an optimal control problem [12]. It
has also been used for solving integro-differential equations such as the Fredholm integration
equation.
In this work we will study Legendre polynomials and their classical properties (Rodriguez for-
mula, generating function, orthogonality), and the use of these polynomials to solve partial
differential equation by the Legendre wavelet method.

Our dissertation is organized into three chapters:

7
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® In the first chapter, we will study some essential notions concerning differential equations,
Hilbert spaces, orthogonal polynomial...etc, and many properties that will be used later in this
work.

® In the second chapter, we introduces some essential notions on the Legendre polynomials.
First, we present the Legendre differential equation. Then, we present the usual definitions for
these polynomials and we cite some classical properties.

® In the last chapter, we study one-dimensional Legendre wavelets, as is known wavelets play
a very important role in mathematical analysis, especially in the numerical solution of differen-
tial equations or patial differential equations.

® Finally, this work highlights the importance of Legendre polynomials and wavelets as pow-

erful tools in the study and numerical solution of differential equations.

©2026, A. AMRIOU On Legendre Polynomials and Their Applications



CHAPTER 1

GENERALITIES ON ORTHOGONAL
POLYNOMIALS

U n this chapter, we will study some essential notions concerning differential equations,
Hilbert spaces, orthogonal polynomial...etc, and many properties that will be used later
in this work.

1.1 First-Order Differential Equations

Definition 1.1. An equation of the form
F(z,y,y) =0

where y is a function of x and is the unknow, is called a first-order differential equation

Separable Equations
They are of the form

The general solution is given by

[twas= [g@ds since =

Homogeneous Equations
They are of the form

The general solution is given by
z = Cef)



1.2. LINEAR EQUATIONS : 10

Where C € R and G(t)zf% (to prove it, weput y=tr = dy =tdr+ zdt).

1.2 Linear Equations:

They are of the form
Y +yf(z) =g(x) (1.1)

1.2.1 Integration of the Homogeneous Equation

(i.e., without a right-hand side)
y +yf(z)=0.

It is a separable variables equations. The general solution is given by

y—Ce @i CeR

1

1.2.2 Integration of the Complete Equation (1.1)

Ya = Yy + Yo
~~ ~~~ ~~~
general solution of general solution of without the second member particular solution of

How do we find yq ?

e By inspection ( by simple observation).
Otherwise

e By the method of variation of constants .

Method of variation of constants
We put yo(z) = C(z)y:1(x). After computation, we obtain

yo(z) = e~ [ /@) dz. /g(x)eff(@dm dz.

Example 1.1. : Integrate

vy —2y=1x (—x isa particular solution)

1.2.3 Bernoulli Equations

They are of the form
Y +yf(z) =y"g(x)

©2026, A. AMRIOU On Legendre Polynomials and Their Applications



1.3. SECOND- ORDER DIFFERENTIAL EQUATIONS 11

e y =0, is a particular solution .

a = 0, complete linear equation .

e a = 1, linear equation without second member .

a0, a#l, y#0; weput z=y"“.
Then we obtain,

a7+ 2f (@) = glo)

Thus, we are in the linear case.

Example 1.2. : Integrate.
vy — vy = yilna.

1.3 Second- Order Differential Equations

A second-order differential equation is any relation of the form F(z,y,y’,y"”) = 0 between the
variable z, the function g(x), and its first two derivatives .

Example 1.3. v + wy = 0 admits for solution on R the function ¢;(z) = sinwz and ¢ (x) =

COsSwx

e One will admit that under certain conditions a second order differential equation admits
an infinity of solutions depending on two arbitrary constants : y = ¢(x, A1, \2).
The set of these solutions constitues the general integral and represents the equation of a family
of curves depending on two parameters : which are called integral curves. A particular integral
is obtained by imposing initial conditions. Most often they present the mselves in the form
y(xo) = yo and y'(zo) = Y.
In this case, the curve is subjected to two conditions : to pass through a point (x¢,y,) and to
have a given coefficient of tangency yj,.
Equations not Containing y
Let F(x,y',y") = 0. One sets y = z(z), the equation becomes then F'(z, z, 2’') = 0.

Example 14. 3" + 3 = 0.

©2026, A. AMRIOU On Legendre Polynomials and Their Applications



1.4. LINEAR SECOND-ORDER DIFFERENTIAL EQUATIONS 12

we puty’ =z = 2 + 22 = 0. we have

dz
1
= — =+ X
V4
1
= 2=
T+ o
dy 1

dr =+ x

=y = In(x + o) + yo.
( zo and yy being constants).

Equations not Containing x
F(y,vy',y") = 0, and if one considers that ¢’ is a function of y, we may set and the equation then
becomes, with y as the new variable, a First-order equation in z. Let ... or ... and by integrating

with respect to ...

1.4 Linear Second-Order Differential Equations

Definition 1.2. A linear Second- order differential equation is an equation of the form :
a(x)y” + b(z)y + c(z)y = f(x), where a(x),b(z),c(x), and f(x) are functions. Associated with
this equation is the equation without right-hand side, called the homogeneous equation :

a(x)y” +b(x)y’ + c(z)y = 0. (H)

We have the following fundamental theorem.

Theorem 1.1. The general solution is obtained by adding to a particular solution of the complete equa-

tion, the general solution of the homogeneous equation (H) .

Yo = Yyp + Yu-

1.4.1 Linear Equations with Constant Coefficients

They are of the form
ay" + by +cy= f(xr) where a,b,ceR (1.2)

Homogeneous Equations (i.e., f(z) = 0).
We look for the general solution in the form, y = €"*. We replace y by €™ in without the

©2026, A. AMRIOU On Legendre Polynomials and Their Applications



1.4. LINEAR SECOND-ORDER DIFFERENTIAL EQUATIONS 13

right-hand side, we obtain

e (ar* +br+c)=0« ar*+br+c =0.
——

characteristic equation (*)

e (*) Has two distinct real roots r; and 75
Let y; = e"* and y» = €"*. The general solution of equation without the right-hand
side is.
y=Ciyi + Coy; C1,C € R

e 1, and ry are complex numbers
r =a+1i8, ry=a—if. The general soluion of the homogeneous equation is .

e (Cy cos fr + Cy sin fx)
= C1e*" cos B + Cee™ sin fx

=Ciyr + Coyn; C1,C2 € R

e (*) Has a double root
The solution is of the form, y = z(x)e™. We replace y by its value in without the right-
hand side, we find z = Cy2+ (5, C; and C; € R. The general solution of the homogeneous
equation is
Chixe™ + Che™
=Ciy1 +Coy; C1,C2 €R

Complete Equation (i.e., f(z) # 0)

Ya = Yy + Yo
~~~ S~~~ ~~~
general solution of Gneral solution of without right-hand side ~ Particular solution of

Case where f(z) € R,[X]

e ¢ # 0. We replace y by a polynomial of degree n, then we identify.
e ¢ =0,b# 0. We replace y by a polynomial of degree n + 1, then we identify.

e c=0,b=0,a# 0. We integrate f(z) twice in succession .

Case where f(z) = e**P,(x).

We look for the particular solution by setting y = e** P(z) ( P polynomial) . is written
aP” + P'(2aa + b) + P(ac® + ba + ¢) = B,(x).

We are in the first case.

Case where f(z) = Acosax + Bsinaz; a,A and B in R.

©2026, A. AMRIOU On Legendre Polynomials and Their Applications
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14

e o is not a root of the characteristic equation. We look for y, in the form
yo = A’ cos ax + B’ sin ax.

e ia is root of the characteristic equation ( necessarily simple).

We look for 3, in the form

yo = x(A’ cos ax + B'sin ax).

In the general case, to integrate equation (1.2), we apply the method of variation of constants.

Let y be the general solution of (1.2)) without the second member (= y = Cyy; + Cayz) .
We look for a particular solution by the method of variation of constants. We se

y = Ci(z)yi(w) + Co(x)ya(w) with  Ci(z)y + Cy(x)y2 = 0.
After calculation, we obtain

ayy + byg + cyo
= C (ay] + by; + cy1) +Cs (ayy + byy + cyo) +C1(x)yy () + Co(2)yy(x)

(. N i

~~
=0 =0

= f(=).

We will therefore have two equations with two unknowns

Cl(z)y(z) + Cy(x)ya(z) =0
Ci(2)ys (x) + Ch(a)yh(z) = L

This system has one and only one solution because y; and y, are linearly independent .

Example 1.5. Integrate v + y = xsinx.

1.y +y=0=y=Csing+Cycosx
Y1 Y2

(r’+1=0 <« ri=i7ry=—1).

) Ci(z)sinz + Ci(z) cosz =0

Ci(x)cosz — C)(x)sinz = xsinx

©2026, A. AMRIOU On Legendre Polynomials and Their Applications



1.5. HILBERT SPACES 15

= (integration by parts)
Ci(z) = —iwcos2z + §sin’z + C)

Cs(z) = —3(xsin2x + § cos 2z — 2?) 4+ Oy

1
1
Ya

= Cysinaz + Cycosx + Cy(z) sinz 4+ C(x) cos

sin

1
= (—x cos2x + §sin2x+C’1) _ ot

1
(msin2x+§c052x—x2—|—C’2), Cy and C; in R.

1.5 Hilbert Spaces

1.5.1 Definitions and Elementary Properties. Projection onto a Closed Con-

vex Set

Definition 1.3. Let H be a vector space. A scalar product (u, v) is a bilinear form on H x H with
values in R (i.e., a map from H x H to R that is linear in both variables) such that

(u,v) = (v,u) Yu,v € H (symmetry),
(u,u) >0 Yue H (positive),

(u,uy =0 <= u=0 (definite).

Let us recall that a scalar product satisfies the Cauchy-Schwarz inequality

N|=
(NI

lu, v] < (u,u)? (v,v)2, Yu,v € H.

It follows from the Cauchy-Schwarz inequality that the quantity

1
[ull g = {u,u)?

is a norm.

Definition 1.4. A Hilbert space is a vector space H equipped with a scalar product such that i/

is complete for the norm || || .

Basic example L?((2) equipped with the scalar product

(w.0) = | uta)ola)dn,

©2026, A. AMRIOU On Legendre Polynomials and Their Applications



1.6. THE DUAL SPACE OF A HILBERT SPACE 16

is a Hilbert space. In particular, [? is a Hilbert space.

Theorem 1.2. (projection onto a closed convex set) Let K C H be a nonempty closed convex set.
Then for every f € H there exists a unique element u € K such that

I = ullyy = min |11 — vl = dist(f, ) (13)
Moreover, w is characterized by the property
vue K and (f—u,v—u) <0, Yv€ek. (1.4)

Corollary 1.1. Assume that M C H is a closed convex subspace. Let f € H. Then u = Py(f) is
characterized by

ueM and (f—u,v)=0, Yvell

Moreover, Py is a linear operator, called the orthogonal projection.

Proof. See [4] O

1.6 The Dual Space of a Hilbert Space

It is very easy, in a Hilbert space, to write down continuous linear functionals. Pick any f € H,
then the map v — (f, u) is a continuous linear functional on H. It is a remarkable fact that all

continuous linear functionals on H are obtained in this fashion:

Theorem 1.3. (Riesz-Fréchet representation theorem) Given any L € H* there exists a unique
f € H such that
L(u) = (f,u), YueH.

Moreover;

1 £1l = 1Ll g -
Proof. See [4] ]
Definition 1.5. A bilinear form a: H x H — R is said to be

(i) continuous if there is a constant C' such that

la(u, v)] < Cllull vl Vu,v e H,

(ii) coercive if there is a constant « > 0 such that

a(v,v) > avl*, Vv e H.

©2026, A. AMRIOU On Legendre Polynomials and Their Applications



1.7. HILBERT SUMS. ORTHONORMAL BASES 17

Theorem 1.4. (Stampacchia) Assume that a(u,v) is a continuous coercive bilinear form on H. Let
K C H be a nonempty closed and convex subset. Then, given any ¢ € H*. There exists a unique
element u € K such that

a(u,v —u) > (p,v—u) Yve K. (1.5)

Moreover, if a is symmetric, then u is characterized by the property

veK

uwe K and %a(u,u) — (¢, u) = min {%a(v,v) — (9, U>} . (1.6)

Proof. See [4] O

Corollary 1.2. (Lax-Milgram) Assume that a(u,v) is a continuous coercive bilinear form on H. Then,

given any ¢ € H*. There exists a unique element uw € H such that
a(u,v) = (p,v) Yve H. (1.7)

Moreover, if a is symmetric, then w is characterized by the property

ue H and %a(u,u) — (¢, u) = min {%a(v,v) - (gb,v)} . (1.8)

veK

Proof. See [4] H

1.7 Hilbert Sums. Orthonormal Bases

Definition 1.6. Let (E,),>1 be a sequence of closed subspaces of H. One says that H is the
Hilbert sum of the E,,’s and one writes H = @, E,, if

(a) the spaces E, are mutually orthogonal, i.e.,

(u,v) =0 YueE, Yve€E, m%#n,

(b) the linear space spanned by | J~ | E,, is dense in H.
Theorem 1.5. Assume that H is the Hilbert sum of the E,,’s. Given u € H, set

u, = Pg,u

and

3

Sn = U -
k=1

©2026, A. AMRIOU On Legendre Polynomials and Their Applications



1.7. HILBERT SUMS. ORTHONORMAL BASES 18

Then we have

lim S, =u (1.9)

and .
Z lug|* = |u|®>  ( Bassel-Parseval’s identity). (1.10)

k=1

It is convenient to use the following lemma.

Lemma 1.1. Assume that (v,,) is any sequence in H such that

(U, vn) =0 Vm #n, (1.11)
> ul* < 0. (1.12)
k=1
set .
Sn = Z Vk -
k=1
Then
S = lim S, exists
n—oo
and, moreover,
1S =" Juel* (1.13)
k=1
Proof. See [4] O

Definition 1.7. A sequence (e,),>1 in H is said to be an orthonormal basis of H if it satisfies the
following properties:
i len] =1 ¥n and (em,e,) =0 Vm#n,
(ii) the linear space spanned by e,, s is dense in H .
Corollary 1.3. Let (e,,) be an orthonormal basis. Then for every w € H, we have
U = 2 (u,ex)ex, Le., u= nll_)IIolo ;(u,ek)ek

1

and
o
ul = [(u, )
k=1

Conwversely, given any sequence («,) € 12, the series Y- | agex, converges to some element v € H such
that (u,e) =y, Vkand [u)® = 3230, ab.

©2026, A. AMRIOU On Legendre Polynomials and Their Applications



1.8. FROBENIUS METHOD 19

Proof. See [4] H
Theorem 1.6. Every separable Hilbert space has an orthonormal basis.

Proof. See [4] m

1.8 Frobenius Method

In this section, we will study the Frobenius method to solve certain differential equations

Theorem 1.7. [15] Consider a differential equation of Fuchs types

a(z) @y

y'+ =y + —5y =0, (1.14)
T x

Where the functions
a(z) =ap+amx + ...,
b(z) =by+ bz + ...,

Are analyticon —R < x < R. Ifryand ro (11 > r2) are the roots of the characteristic equation (also

called the indicial equation)
r? + (ag — 1)1 +by =0 (1.15)
Then equation (1.14) always admit a solution of the form
+oo
yi(z) = 2™ Z Cmx™ = 2" (co + 11 + cx® 4 ..), g # 0, (1.16)

m=0

The radius of convergence of equation (??) is at least R. The form of the second solution depends on the
difference r1 — ro. We distinguish three cases
Case1:if 0 < ry — 1y is not an integer, then

“+oo
yo(z) = 2™ Z ca™ ey #0. (1.17)
m=0

Case 2 : if r1 =1y, then

+o00
y2(z) = y1(x) In(z) + 2" Z Apx™, >0, A #0
m=1

©2026, A. AMRIOU On Legendre Polynomials and Their Applications



1.8. FROBENIUS METHOD 20

Case 3 : if 0 <1 — 1y = p, a positive integer, then

+00
y2(x) = ky1(z) In(x) + 2™ Z ™, >0, co#0
m=0

. The solution in case 1 and in case 3, when the logarithmic terms is admet (k = 0), is obtained by the
Frobenius method itself. The solution in case 2 and 3, where the logarithmic term appears, is obtained by

the method of generalized series.

Definition 1.8. (Regular Singular Point)

The singular point 0 is said to be regular if the functions

() — o), 2D =)

. Are analytic in a neighborhood of 0 .
Hence, equation (1.14) admits a regular singular point at x = 0.

Determination of the coefficients of the solution by recurrence

Let us set
y(z) = cox” 4+ 1" + o™+ L
In
2%y 4 za(x)y + b(z)y = 0.
Then

22y =r(r — Degz" + (r + Dree™™ + (r + 2)(r + Degr”™ 4 ..,
za(z)y = [ag + a1z + asr® + ...] [reox” + (r + Vg™ + ],
b(x)y = [bo + bz + box® + } [cox’” + e+ } ,
Hence

0=0, Forall x

The coefficient of ="
T’(T — 1)00 + agrcg + bOCO =0.

Thus,
[r(r — 1) 4+ agr + bg| ¢ = 0.

If ¢y # 0, then r is a solution of the indicial equation:

r(r —1) 4+ agr + by = 0.

©2026, A. AMRIOU On Legendre Polynomials and Their Applications



1.9. REVIEW OF ORTHOGONAL POLYNOMIALS 21

Then ¢, remains arbitrary.

The coefficient of 2! We have the equation
(r 4+ 1)rey + ayreg + ap(r + 1)eq + bico + boey = 0.
Which can be solve for ¢; in terms of ¢ :

[(r+1Dr+ao(r+1)+ byl ey = —(ayr + by)co.

r+2

The coefficient of 2" ** gives the equation

(T’ + 2)(7" + 1)02 -+ CL()(T + 2)02 -+ CL1<T + 1)01 + 92T Cy + boCQ + blcl + bQCO = O
Which can be solve for ¢, in terms of ¢y and ¢; :
[(r+2)(r+1)+ao(r+2)+bo)ca =—ar(r+ 1)+ b1] g — [agr + bs] co.

Thus, by recurrence, we find the coefficients ¢, of " in terms of co, ..., ¢5_1.

Remark 1.1. If ; and r; are the solutions of the indicial equation (1.15), then the coefficients ¢,

and ¢, A; and ¢y of the nonzero solutions ¥ (x) and y,(x) are nonzero.

1.9 Review Of Orthogonal Polynomials

Polynomial Space

The study of orthogonal polynomials in one variable requires working in the vector space of
polynomials in one real variable R [z]. A polynomial P, (z) is of degree n if it can be written in
the form

with a,, # 0.

Orthogonal Polynomials

Let I = Ja,b] be an interval of R and W : I — R™ a weight function which is strictly positive
and continuous such that

Vn € N, /|x|"w(m) dr < +o00.
I

We define the Hilbert space E = L2 (I) by

E = {f| /IfQ(x)w(x)dx < +oo} .
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The space E is endowed with the inner product

(frg), = /I F(2)g(a)w(x)dr.

The orthogonal polynomials with respect to the weight function w(z) are the polynomials P,
of degree n satisfying the orthogonality relation in E

(P, P) = /Pn(m)Pm(x)w(x)dx =0, n#m, nm=0,1,2,..
I

Jacobi Polynomials
Consider the Hilbert space L? , , ([—1, 1]) with the weight function

w ) (z) = (1 —2)*(1 + z)°.

For the weight function w(®? to be integrable on th interval [—1, 1], we impose the following
condition on the parameters a and 3 [5]

a, B> -1

Definition 1.9. [18] Jacobi polynomials are the most general classical orthogonal polynomials,
denoted by J\*7).

They are solutions of the second-order homogeneous differential equation
1-—2*)'+(B—a—(a+B8+2)z)y +nn+a+B+1)y=0,

Where n is the degree of the polynomial.
Jacobi polynomials are explicitly defined by the following three formulas:
1. Rodrigues’ Formula:

Sy
2nn! dzn

(1—2)%(1+2)PJ > (z) = (1 — )"+ (1 4 2)(nA),

2. Analytic Formula:

JO0) (z) = = ;0 (n M a) (n - ﬁ) (@ — 1)" (1 + 2.

2m 7 n—1

3. Recurrence Relation :

B =1,
2 —
Jl(a’ﬁ):a+§+ x_}_OéQﬂ’
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S0 (@) = (ane + b) S (@) = e\ (@), 0> 1.

n—1

With
Cnt+a+p+)2n+a+5+2)

2n+1(n+a+p+1)

2n+a+ B+ 1)(a? - 3?)
2n+1)(n+a+B+1)2n+a+g)

(a+n)(B+n)2n+a+5+2)
(n+(n+a+B+1)2n+a+p)

n Y

n —

n —

The first of these polynomials :

T (@) = 1,
T (@) = L2(a+1) + (a+ B +2)(x — 1)],
J@) = Lala+1)(a+2) +4a+B+3)(a+2)(z—1)+ (a+B+3)(a++4)(x—1).

Standard orthogonal polynomials are particular cases of Jacobi polynomials. The most well-
known cases are the Gegenbauer (or ultraspherical) polynomials, obtained by setting o = f.
Legendre polynomials P, are obtained by setting o = 3 = 0, and all types of Chebyshev poly-
nomials 7 with i = 1,2, 3, and 4

( (=L,=h
THx) = Jn2 "2,
(3:3)
T2(z) = Jn>'%,
(53)
T = 577,
(3:3)
(Ti(e) = g2
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CHAPTER 2

LEGENDRE POLYNOMIALS

U n the second chapter, we introduces some essential notions on the Legendre polynomials.
First, we present the Legendre differential equation. Then, we present the usual definitions
for these polynomials and we cite some classical properties.

2.1 Legendre Equations

Legendre polynomials are polynomial solutions on the inteval [—1, 1], of the homogeneous lin-
ear differential equation of order 2 with variable coefficients called the Legendre differential

equation. This equation si given by

d*y dy
1 _ 2 - _ 2 — 1 = R .
( x)de :cdx—l—n(n—i— Jy=0, ne (2.1)
Before searching for the solution of equation (2.1), let us first look for the domain of conver-
gence. For this, we use the following theorem : if we have a differential equation of the form

2 dQCU dy

TrT—= — xq(x)£ + p(x)y =0, (2.2)

and if ¢(x) and p(z) can be developed in the following forms

q(z) = Z%‘xia p(x) = szxz
i=0 i=0

Therefore, the domain of convergence of the solution of equation (2.2) is the same as the domain
of convergence of ¢(x) and p(x).
To determine the two functions ¢(x) and p(z), we write equation (2.1) in the form

o, d%y 222 dy  n(n+1)z?

T da? _x(l—xQ)dx * (1 —2?)

y=0. (2.3)

24
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By comparing equation (2.3) with equation (2.2), we deduce that.

227 o) n(n + 1)z*

The expansion into a power series of the functions ¢(x) and p(z) is

1 o0
q(z) = 2x2—2 = 227 Z z%k,
(1 —x?) pr

p(x) = n(n + 1)?

mzn(n—i—l)x kZm :

Thus, the two functions ¢(x) and p(x) are convergent only in the interval |1, 1].

oo
=0

Equation (2.1) is solved by the Frobenius method which consists in searching for solutions in
the form of a power series
~+00 4
y(x) = Z a;xt = ag + a1z + asx? + ... (2.4)

1=0

The only singular points of this equation are 1 and —1. Consequently.

+o00 ! +o00
y'(x) = (Z aiﬂ) = Ziaixi’l, (2.5)
i=0 i=1

and
+00 " —+00
y'(z) = (Z ai:ﬁ) = Z i(i — 1)a;z" 2 (2.6)
i=0 i=2
By substituting the expressions (2.4), (2.5) and (2.6) into equation (2.1), we obtain
(1—2?) Z i(i — aa"™? — 2o Z ia; "t +n(n 4+ 1) Z a;x' = 0. (2.7)

=2 =1 =0

By index changes, we are led to > "% b;z?, where the sequence (b;) is written as a function of
the sequence (a;). We have

x Z jax ! = Z ia;xt, (2.8)

and
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+o0 +oo >
(1—2)) (i — Daa™ = i(i — Daga™> — 2> _i(i — V)az'>
=2 =2 =2 (29)

+oo +0o0
=3 (i +2)(i + Dagor’ =Y ii — D)aza’,
=0 1=0

By substituting the expressions (2.8) and (2.9) into equation (2.7), we obtain

“+oo —+00 “+o00 —+00
Z(i +2)(i + 1)a; 00" — Zz(z — Dag" — 2Ziaixi +n(n+1) Zaixi =0,
=0 =0 =0 =0
+o0 '
S 16+ 2) (i + Daien + [n(n+ 1) = i(i — 1) = 2i] a;] 2’ = 0,
=0
400 ‘
D (i +2)(i + Dagpo + [n(n + 1) —i(i + 1)] a;] 2’ = 0.
=0
+o0 4
D b’ =0=b; =0,
=0
Such that

bi= (i +2)(i+ 1aj+ [n(n+1)—i(i +1)]a; =0.
We therefore have the recurrence relation.

i(i+1) —n(n+1)
(t+1)(i+2)

i=m)m i)

G+ D6+ 2)

Q42 = Q4

On sees that there are two series of solution, one series contains only even powers of z, the

other is a series of odd power. For deducing the form of the general term q; as a function of q,
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(or a;) and i, we consider some particular cases.

B n(n+1)
42 = 74T
o =n)n+2)
2.3
=2+
3.4
_ ao”(” —2)(n+1)(n+3)
1.2.34
=3+
4.5
—a (n—1n-=3)(n+2)(n+4)

1.2.3.4.5

Form the pervious equations, one can deduce the general term which is given by

n(n—2)(n—4)..(n—2i+2)(n+1)(n+3)...(n +2i — 1),

(—1)'ay
2+ 1)!

Thus, the general solution can be written in the form.

agi41 = (n—1)(n—3)...(n—2i+1)(n+2)(n+4)...(n + 27).

+oo

o) = Yo

1=0

—+oc0 —+oco
_ 2 2i+1
= E QT + E A2i+1%
i—0 i=0

+o00o +o0

E : 27 § 2i+1
= Qg A2;T ' + a1 + a2i4+1T ot

i=1 =1

nn—2)(n—-4)..n—-20+2)n+1)(n+3)...(n+20—-1) ,
:a0{1+(—1) (n = 2)(n = 4)... (225! ) +3)..( >x}
n—l( —3)..(n=2i+1)(n+2)(n+4)...(n+2i) 5,
{x+z (2i + 1) ¢ }

= aoy1(z) + a1ya(z).

We emphasize that this solution is valid in the interval —1 < = < 1. In order to extend the

solution to the point x = —1 and = = 1, we use the following observation :

e If niseven,i.e., n = 2i, we have

a27£0,a47£07 """ 7a27§#07
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25192 = Q%44 = cevneeennnn. =0.
e Ifnisodd,ie.,n=2i+1
as # 0,a5 # 0, coveneee. , Qo1 # 0,
243 = (15 = weneevrnreennnannn =0.

Therefore for n = 2i, the polynomial y, () is zero and y; (z) becomes finite for every x inside the
interval [—1, 1]. Conversely, for n = 2i + 1, the polynomial y;(x) is zero while the polynomial
y2(7) becomes finite for every z inside the interval [—1, 1]. The solution of the Legendre equation
in the interval [—1, 1] is therefore given either by y; (x) (in the case where n is even ) or by y,(x)

(if nis odd ). y(x) can be written in the general form

n n—2 n—d ap, if n iseven,
y(x) = apx + ap_2T + Qp_yx 4+ ..+
a;z, if n isodd,

(2.10)
(5]
_ Z an_2kxn—2k‘
k=0
Where
n . .
[n} 5 if n iseven,
2 ”;1, if n isodd
ay—or can be deduced from the general form of a,. We have
0=~ (t+2)(i+1) 211)

(n—9)(n+i+1)

By replacing i by n — 2 in equation (2.11), we find

o~y n(n—1)
"R T — 1)
For i = n — 4, we obtain
B (n—2)(n—3)
=t = =2 (9n — 3)

_ . n(n—1)(n —2)(n — 3)
" 2.4(2n —1)(2n — 3)

Form the equations of a,_s and a,,_4, we can deduce the general form.

= (—1)k nn—1)(n—2)...(n — 2k + 1)
A2k = ( 24...(2k)(2n —1)(2n — 3)...(2n — 2k + 1)
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Replacing a,,_o, in equation (2.10), we obtain

]

nin—1)(n—2)..(n — 2k +1) ne2
y(r) = ap k:o(_l)k2'4"'<2k)(2n —1D(2n—3)...2n — 2k + 1) '

|3

We can simplify the expression of y(x) by writing the numerator and the denominator differ-

ently.
n— ! n!
nn—1)..n—2k+1)=n(n—-1)...(n — 2k +1) E” — ;]]3' = (n = 28)
2.4.6.......... 2k = (2.1)(2.2)(2.3)...(2.k) = 2"k!.
And

2n(2n —1)(2n — 2)(2n — 3)...(2n — 2k + 1)(2n — 2k)!

(2n=1)2n =3)..Q2n =2k +1) = 2n(2n — 2)...(2n — 2k + 2)(2n — 2k)!

B (2n)!
el —k)!
— 2knl(2n — 2k)!
Therefore
(5] n! 1 2Fnl(2n —2k)! o

y($) = ai Z(_l)k(n _ Qk)! ok k| (Qn)l(n — ]{:)' v

_ C1\k (n1)*(2n — 2k)! n—2k
_azﬁ(l)HW—QMMMWn—MW
Choosing a; to be
~(2n)!
= 2n(nl)?’

We obtain the final result for the solution of the Legendre equation (2.1)

]

MBS

[
_ 1\k (2n — 2k)! n—2k
}M@_?ﬂ(l)WMM—kWn—%mx , —lsesld
2.2 Properties Of Legendre Polynomials
2.21 Rodrigue Formula
Proposition 2.1. [2] The Rodrigue formula is given by
o 1 dn 2 n
pulz) = 2”n!%<x - 1" (2.12)

©2026, A. AMRIOU On Legendre Polynomials and Their Applications



2.2. PROPERTIES OF LEGENDRE POLYNOMIALS 30

Proof. If k < n, we have

k
d n_ n! ok

d*" T = k)
According to the Newton binomial formula, we have

n

(22 -1 =3 W_LW(—D%%-%.

k=0
Therefore ) ) | n
i % R (1) g
But ” n
Tt 20k — 0 if 2n—k)<n, ie,if k> R

We can therefore replace ), by >~ ,L ]0 if £ < 2, we have

%m(nk) 2(n — k)] [2(n — k) — 1] [2(n — k) — 2] ....... 2(n — k) — n + 1] g2nk)-n
_ (2n—2k)! 2k)'
(n - Qk)'
Then .
1 da n 2 . (2n — 2k)! ok
Q”n!ﬁ(x - 1) = ko(—l) 2nl(n — B)l(n — 2k)!x
= pn(2)

P0(17> = ]_,
P (z) = x,
1
Py(x) = §(Sx - 1),
Py(z) = %(51’ — 3x),
Py(x) = é(35x 3002 + 3),
Ps(z) = %(6395 702° + 157).
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Figure 2.1: Legendre polynomials of degree 0 to 4

Example 2.1. We determine the polynomial p,(x) using Rodrigued” formula

1 d? 1 d?
P2(7) = ooy da:2( 1= 8dx2(x 2 +1)
1d 1
1

2.2.2 Generating Function

Proposition 2.2. [2] The generating function of Legendre polynomials is given by

G(z,t W(2)th, |z <1, Jt < 1 2.13
(@0) = S Zp o<1 213)
Proof. We have
1 -1
= (1-2at+t})7
V1 — 2zt 4 t2 ( )
=(1—(ut—t2)7
= (1 _u)%l
with u = 2zt — 2 = t(2z — t).
The negative Newton’s binomial formula is given by
1 1 2 1 2)..(2n -1
SR (L) P LR R RS I L LR R
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Then
2 L 330, 3333 5555
(1—u)2:1+2u+ 51 + al rTaak i SR o ut +
Lo 13, 135 1.35.(2n—1) ,
=1+ -u+—u’+—— U+ .. (2.14)

2" 94" Taa6" T T 246.2n
X 135.2n—1)
-y "

2|

n=0

By multiplying the numerator and the denominator of equation (2.14) by (2"n!), we obtain

+oo
- 1.35...(2n -1 2"n!
<1—u>71:2 o x o

—~ 2nn) * npt u
= 12345. (2n—1).(2n)un
= 2nnl x 2n)

SR

— 22n<n|)2
Therefore
2\) 5 — (271)' 2\n
(1— (22t —12))> :222n<n!)2(2 t—12)

n=0 (2.15)

— 22n(n|)2
Using Newton’s binomial formula, we obtain

n . TL' n—

k=0

By substituting (2.16) into equation (2.15), we find

1 _ < (2%)! i( 1)1: n! (2:17)n k(t)n—f—k
VI—2zt+12 2% n!)2 e kl(n — k)]
= (2.17)
+o0o n 2 |
ZZ n) i ktn+k
- Qn-i-kk;l k)lnl
n=0 k=0

Weputm =n+k < n =m — kif k = 0 then m = n. The series in the expression (2.17) is
given starting from k = 0 by

=X 2m—2k) .
222”%' (m — 2k)1" .

m=0 k=
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e If m — 2k < 0then (m — 2k)! = oo,

o If m — 2k > 0 then (m — 2k)! # co.

m—2k>0 < kg%
k=0,1,2,....%, if m iseven,
A
k=0,1,2,..,2% if m isodd
Thus =
I — T t
VI-2zt+12 = — 2mEl(m — k)!(m — 2k)!
+oo
=D pm(@)t”
m=0

]

Example 2.2. We determine p,(0) using the generating function. We put z = 0 in equation

(2.13), we obtain
1

=

+
n

G(0,1) =

1—2
an(o)tn
= po(0) + p1(0)t + pa(0)t* + p3(0)° + ...

And since we have

1 < VR ¢ |
V-1 —;;( Y !

1 3
=1— 24+ Ztt+ ..
5 + 2 +

Then
0, if n isodd.

(—1)g2ils if n s even.
(n!)

Example 2.3. We determine p,(—1) using the generating function. We put + = —1 in equation

(2.13), we obtain
1 1

VI+2a+£2 1+t

=1—t+2 -+t + ...

G(=1,1) =
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2.2.3 Recurrence Relation

Proposition 2.3. [3] Legendre polynomials satisfy the following recurrence relation

(n 4+ Dppgi(z) = 2n + V)ap,(z) — npp_1(x). (2.18)
Proof. We have
+oo
(1—2at+1%)7 = an(:c)t”. (2.19)

By differentiating both sides of equation (2.19) with respect to ¢, we obtain
—1
- (1— 20t +1 2% (=2 + 2t) an ynt" L. (2.20)

By multiplying both sides of equation (2.20) by (1 — 2zt + ¢*), we obtain

+oo
_7(—295 +20)(1— 20t +12) 7 T = (1 - 20t +12) Y pu(a)nt™ ™,
" (2.21)
(@ =1 =22t + )7 = (1 - 20t +12) Y pa(a)nt" ",
n=0

By substituting equation (2.19) into the pervious equation (2.21), we obtain

+0o0

x—thn = (1 — 2t + t?) ann A

n=0
+oo
T an(x)t” — an(x)twrl Z np,(z)t" "t — 22 Z npy (z)t" + Z npy (z)t" .
n=0 n=0

By the following changes of index

pn<x)tn+1 = pnfl(x)tna

npn(2)t" 1 = (n+ Dpaya (2)27,
np(z)t" T = (n = D)po (2)t",

Then, we find

D apa(@) = paca (@) = (04 Dppsa (z) — 2ampa (@) + (n— Dpa_ (2)] 2",
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Which implies
TPn (%) — Pn-1(z) = (0 + D)pnyi(x) — 22npa(z) + (0 — 1)pn_1(2).
Therefore

(n+ )ppa1(x) — 2znpa(x) + (n = D)pp—1(2) — 2pn(x) + pa-i1(z) =0,
(n+ Dpni1(z) — (2n + apyp(z) + npp-1(z) = 0.

Hence
(n+ Dppar(x) = (2n + D)apa(z) — npp—1(z).

]

Example 2.4. Using the recurrence relation to determine p»(z) and p3(z) such that py(z) = 1 and

m(z) = .
We take n = 1 in formula (2.18), we obtain

2po(1) = 3xpy () — po(z) = 32 — 1.

Thus, po(z) = (322 — 1).
We take n = 2, we find

) 1
3ps(x) = bapa(x) — 2p1(z) = 5:6‘(3:62 —1)—2z = 5(15953 — 9z).

Thus, ps(z) = 3 (52? — 3x).

2.24 Orthogonality of Legendre Polynomials

Theorem 2.1. [2|] Legendre polynomials are orthogonal on the interval [—1, 1] with a uniform weight.
If m,n € N*, then

! 07 1f m 7£ n,
(Dm (), pn()) = / P (T)pn(x) do = , ‘
- s if m=n.
Proof.
1. Iftm+#n
Let us consider the Legendre equations
d o dY .
e [(1 - )%} +m(m+1)y=0, meR, (2.22)
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a4
dx

{(1 — mQ)Z—ﬂ nn+1)y=0 nekR (2.23)

These are respectively satisfied by p,,(z) and p,(z)
(1= 2*)pj () = 22p,, (2) + m(m + D)pm(z) =0, (2.24)

(1 — 2®)pl(x) — 2zp),(x) + n(n + 1)p,(z) = 0. (2.25)

By multiplying equation (2.24) by p,(z) and equation (2.25) by p,,(z) and subtracting the

two equation, we obtain
(1= 2%) [pn(@)p (%) = pan(@)p ()] = 22 [pu(2)p1, () — P ()P}, (2)]
+m(m +1) = n(n +1)] pm(@)pn(z) =0,

(1 - 562)6%, [P ()P () = P (€)pm (2)] = 22 [pn (€)py,, (x) = ()i ()]

+ [(m* = n®) = (m = n)] p(@)pn(e) = 0,
%(1 = 2°) [pa(2)phn (%) — P ()pm(2)] = (n = m) [0+ m + 1] o (2)pn ().

By integrating both sides with respect to x between —1 and 1, we obtain

[ = ) (pu(@)p (@) — P(@)pm(@))] ", = / (0= m)m - D)) d

1 Pm(2)pn () da.

O:(n—m)(m+n+1)/

Since m # n, then [, p,,(x)pn(z) dz = 0.

2. If m=n.
Using the generating function, we have

“+oo
(1 -2zt +1%)7 = an(x)t”. (2.26)

n=0

+o0
(1 -2zt + 752)_71 = Z Pm(2)t™. (2.27)

m=0
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By multiplying equation (2.26) by equation (2.27), we obtain

400 +o0o
1 n
T 2wt 2 an(x)t me(x)t
n=0 m=0
+oo

= Z Pn (x)pm(x)tn+m'

n,m=0

(2.28)

By integrating both sides of equation (2.28) with respect to x from —1 to 1, we obtain

+o00 1 1
o)t dr = —d
Z/ = /11—2xt—|—t2 .

n,m=0

We have n = m, then

+oo 1 1
P (@) do = | —————d
Z/ = /_11—2xt—|—t2 .

1 1
= [— In(1+ t* — 2xt)
-9 71
— —21n(1+t2 —2t) — —21n(1+t2+2t)
1
=5 [In(1 —t)* = In(1 + t)?]

- _2%2 (1 —t) — In(1 +t)]

_ % (In(1 +£) — In(1 — )]

Hence

2

Therefore/ Hpn(x)Hg = 2n+1"
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CHAPTER 3

LEGENDRE WAVELETS

U n this chapter, we study the Legendre wavelets, as it has become known.

In recent times, Legendre wavelets have been applied to different problems such as vibra-
tional problems, diffusion computation, mathematical physics, and integrals. The main char-
acteristic of Legendre wavelets in variational problems is that they reduce these to a system of
algebraic equations.

3.1 Wavelets

Definition 3.1. Wavelets are a family of functions formed from the dilation and translation of
the same function ¢ (t) € L*(R), called the mother wavelet. When the dilation parameter a and
the translation parameter b vary continuously, we obtain the following family of continuous
wavelets (see [10] and [11]).

bust) =¥ v (20): avem aro

For a restriction of the parameters a and b to discrete values such as a = a;*,b = nbja; ",
where a; > 1 and b; > 0, we obtain the following family of discrete wavelets :

V() = |ar|? B(abt — nby).

These basis functions are called wavelets. This family )y, ,,(t) 2 Yrn(t) constitutes a wevelet
basis for L*(R).

Remark 3.1. For a; = 2,b; = 1, n, k positive integers, the family of wavelets becomes orthonor-
mal(le <wk,n(t)7 ¢l,m (t)> = 5kl5nm)
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3.2 Shifted Legendre Polynomials

For a partical use of Legendre polynomials on the interval of interest [0, 1], it is necessary to
make a change of variable of the domain of definition: = 2t — 1, 0 <t < 1. Thus, we obtain
new Legendre polynomials.

Definition 3.2. The so-called shifted (or modified) Legendre polynomials, denoted L, () are
polynomials defined on the interval [0, 1] as follows:

Lo(t)= Py(2t —1), neN

Such that
Li(t)=2t—1 (3.1)

Lpi1(t) = &0 — 1)L, (t) — ~2~Ly1(t),n € N*

(n+1) (n+1)

Properties 3.1. 1. The shifted Legendre polynomials are orthogonal polynomials and their
orthogonality condition is:

1
1
L, (t)Ly(t) dt = ————0pn, 3.2
| L0t = 5 (32
Where m,n € N* and 4,,, denotes the Kronecker symbol.
2. The analytical form of the polynomial L, (¢) of degree n is given by:
= byt (3.3)
i=0

With
(n+1)!

(n— )i’
Examples 3.1. The first six shifted Legendre polynomials defined on the interval [0,1]
Lo(t) =1

Li(t)=2t -1

Ly(t) = 6t — 6t + 1

(t) =
()
3(t)
(t)
(t)

bpi = (—1)"" i=1,2,3,...n

Ls(t) = 2062 — 3062 + 12t — 1
L,(t) = 70t* — 1403 + 90t? — 20t — 1
Ls(t) = 252t° — 360t* + 5603 — 210t2 4+ 30t — 1
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3.3 One- Dimensional Legendre Wavelets

Definition 3.3. The Legendre wavelets ¢(k,n,m,x) 2 Ynm () are functions constructed from
Legendre polynomials and form a basis for L?([0,1]), and they have four arguments: n argu-
ment, k£ € N*,m is the order of the Legendre polynomials and = € [0, 1]. They are defined on
the interval [0, 1]:

,/m+12§Pm2ka:—2n+1, =l < g
U () = 724l b 2 (3.4)
0, Otherwise.

Or [11]]
JmA 250, (2 —n+ 1), At <o <t
Vo (T) =
0, Otherwise.
Wherem =0,1,....M —1,M e N*,n=1,2,...,2F 1.
Remark 3.2. 1. In the writing of t,,,,(z), the term (z) will be omitted for convenience. Thus
we set V() = Ynm.
2. The coefficient y/m + 3 in (.4) is to ensure orthonormality, a = 22 is the dilatation pa-
rameter and b = n2? is the translation parameter.
Definition 3.4. The vector of Legendre wavelets is called the column vector ¥(z) of dimension
2F=1 M given by:

\Ij(x) = [¢107 EREE) ¢1(M71)7 ¢20a SRR QZJQ(]\/[fl)v ey 77021(*107 cey 7702K*1(M—1)]T (35)

Remark 3.3. The vector of Legendre Wavelets has the most important role in the approximation
of functions of L?([0,1]) .

Properties 3.2. For m = 0,1,...M — 1,M € N*, n = 1,2,...,2""'and k € N* we have the
following properties:

3. U1 (2)Yna(x) = \/Lrol/)m(ﬁ) + V2o ().
Examples 3.2. Expression of the Legendre wavelets of L?([0, 1]). According to and taking
k =2and M = 3 we obtain

Uio(z) = V2
() = Vo(4z - 1) 0<z<=,
ra(x) = V10 [2(dx — 1)? — 1]
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Uao(z) = V2
Where {110 111 12 a0 a1 122 } is a wavelet basis for L*([0, 1]), therefore the vector of Legendre
wavelets is written in the following form

<z <l,

DO | —

‘1’@) = [¢10,@/J11,¢12,¢20,1/)21,1/)22]T
N7

= V2,642 — 1), v/10 (;(41‘ -1 - %) V2, Vot -3), V10 @(% o §>}(3.6)

3.4 The Product of Two vectors of Legendre Wavelets

The Product Matrix
According to [12], the product of two vectors of Legendre Wavelets ¥(z), U7 (x) can be

developed into a simple expression as follows:

U(2)0T(z) =
Y10%10 R V1a—1)Y10 e P10¥ar-10 e Yro0Par-1(ar—1)
Y-t 0 hi-nyti-ny 0 Viar-nWar-1o o Vi1 Yar-1 (-1
1/)2k71.o¢1o o Yok qulz)l(M—l) X Yo o'%kfl o o Yok 0¢2.k1(M—1)
7702’“—1(]\;[—1)"7Z)1O e ka—l(M—.l)@Dl(Ml) c gk Por-1g Yok (ar—1) Yok -1y

By using the following orthonormality property

Y (X)W =0 if n #n'

We obtain:
V()0 (z)=A (3.7)
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Where A is a matrix of dimension 2"~ M called the product matrix, defined by [12]

A, 0 0 .- 0

0 A, 0 --- 0
A=10 0 . ... 0

0 0 0 -+ A

Where A;,i = 1,2, ...,2""! are matrices of dimension M given by:

YioWio e Yiva-1)Yio

Yioim—1) - Yim—nPi-1)
And O is the zero matrix of dimension M .

Example 3.1. For M = 3,k = 2 and by using the following properties

%o(ﬂf)%m(l") = ﬂwnm(l‘)
%ﬂ@%l(@ = \/%%2@) + \/577/)”0(1’)

We obtain
V()07 (z) = A= ( A 03”) (3.8)
Osxs Az
Where A, A; and O;,3 are 3 x 3 matrices given by:
V21 V21 V21
A= | V2un Tr5tie + V2 Tr5n

\/51?12 \/%%1 %%2 + \/5%0

V219 V22 V212

Ay = | V20 %1/)22 + V20 \/il—oiﬁm
V2029 J%iﬂm %wzz + V2490
And
000
Osxs=10 0 0
000

The Operational Matrix Of The Product
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For any given vector e of dimension 2"~'M, the product of two vector functions of Legendre
Wavelets has the following property:

TOuT = UTE, (3.9)

Where F is a matrix (2571 M) x (21 M) depending on the vector e, which is called the opera-
tional matrix of the product of vector functions of Legendre Wavelets. (see [14]).

Example 3.2. For M = 3,k = 2, we can write for a vector e of dimension 6,
T
e = (61762763764765766)

We have
T T = OTE,

Where E the operational matrix of the product of Legendre Wavelet vector functions is of di-
mension 6 which is written in the following form:

V2e, 2e9 \/563 0 0
V2e, \/iroeg +/2¢; \/%62 0 0
B V2es5 \/Lroeg %63 +v2e; 0 0 0 (3.10)
0 0 V2ey V2es V2
0 0 V2es \/%66 + v2e4 \/%65
0 0 V2eq %65 %66 +/2¢4
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General Conclusions and perspectives

n this dissertation, we studied the simplest example of orthogonal polynomials, which
are the Legendre polynomials. These polynomials are the solutions of second-order linear
differential equations.
In the last chapter, we studied the Legendre Wavelets method for solving an ordinary differen-
tial equation and a partial differential equation.
The results obtained show that the Legendre wavelet method is an effective and powerful tool
for approximating solutions of differential equations. This approach provides good accuracy
and simplifies the computational process.
As prespectives, this work can be extended by applying Legendre wavelets to more complex
problems, such as nonlinear partial differential equations or higher-dimensional systems.
Futher research may also focus on improving numerical efficiency and comparing this method

with other numerical techniques.
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ﬁ) ans ce mémoire, on va étude des polyndmes de Legendre et de leurs principales propriétés (for-
mule de Rodrigues, fonction génératrice, relation de récurrence, équation des polyndmes de Leg-
endre). Nous avons également appliqué les polynomes de Legendre afin de résoudre des équations
différentielles en utilisant la méthode des ondelettes.

Mots-Clés: Polyndomes Orthogonaux, Polynomes de Legendre , Equations Différentielles , Méthode Des
Ondelettes.

U n this dissertation, we studied the Legendre polynomials and their main properties (Ro-
drigues’formula, generating function, recurrence relation, Legendre polynomials equation). We have

also applied Legendre polynomials in order to solve differential equations using the wavelets method.

Keywords: Orthogonal Polynomials , Legendre Polynomials, Differential Equations, Wavelet Method.
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