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Introduction générale

Sliding Mode Control (SMC) has long been recognized as a powerful methodology for the robust
control of nonlinear and uncertain systems. It operates by driving the system states toward a
predefined sliding manifold in the state space and maintaining them on that manifold thereafter.
This is achieved through discontinuous control laws that exploit the system's structure to reject
disturbances and model uncertainties. The resulting closed-loop system behavior known as the
sliding mode ensures insensitivity to certain classes of perturbations and model inaccuracies, thus
offering attractive robustness properties [1][2].

However, classical SMC is restricted by two fundamental limitations. Firstly, it is applicable only
to systems with relative degree one with respect to the sliding variable. Secondly, it tends to
induce chattering a phenomenon characterized by high-frequency oscillations in the control
signal. Chattering can excite unmodeled dynamics, degrade performance, and lead to wear and
damage in actuators, especially in mechanical and electromechanical systems [3].

To address these issues, Higher Order Sliding Mode (HOSM) control was developed as a
generalization of standard SMC. HOSM techniques extend the principle of sliding motion to the
derivatives of the sliding variable, enabling the control of systems with higher relative degrees
while significantly reducing or eliminating chattering [4], [5]. This is achieved by designing
controllers that ensure finite-time convergence of both the sliding variable and a number of its
time derivatives. Such controllers exhibit enhanced robustness and smoother control signals.
Among HOSM controllers, the second-order case has been extensively studied. Algorithms such
as the super-twisting algorithm and the sub-optimal sliding mode controllers have proven
effective in managing uncertain systems with second-order dynamics [6][7]. Furthermore, these
approaches have been extended to multi-input-multi-output (MIMO) systems, enabling broader
applicability [8].

Despite the successes of second-order HOSM controllers, the design of controllers for third and
higher order systems remains a relatively underexplored area, primarily due to increased
mathematical complexity and difficulties in ensuring finite-time stability. Recent studies have
attempted to generalize HOSM algorithms by introducing new formulations based on quasi-
continuous control [11], integral sliding modes [12], and optimal control theory [9][10]. A central
theme in these developments is the concept of the auxiliary system, a mathematical construct

representing a perturbed chain of integrators derived from the system output and its derivatives.



The HOSM problem is then reformulated as the stabilization of this auxiliary system in finite
time [13].

In this context, the present work introduces the Robust Fuller’s Problem, a novel generalization
of the classical Fuller’s time-optimal control problem. This problem considers a chain of
integrators with bounded control and additive/multiplicative uncertainties, aiming to find
feedback laws that guarantee optimal finite-time convergence to the sliding manifold. By solving
this problem, the authors derive a family of HOSM controllers of arbitrary order, each ensuring
optimal reaching times and robust performance. An important practical advantage of this
approach is its capacity to assist in the systematic tuning of control parameters, a task often

performed heuristically in traditional HOSM schemes.

Theoretical results presented in this study establish the convergence and stability properties of the
proposed control laws, supported by homogeneity analysis and Lyapunov function construction.
Furthermore, extensive simulation results demonstrate the superior performance of the derived
controllers in benchmark nonlinear systems, including reduced chattering, improved convergence

speed, and robustness against disturbances.
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I.1Theoretical Background:

Sliding Mode Control (SMC) has long demonstrated its value in control engineering due to
several notable advantages. These include its relatively simple design, the ability to decouple and
independently control system motions (provided sliding conditions are maintained), invariance to
both system dynamic characteristics and external disturbances, and its adaptability to various
control tasks such as regulation, trajectory tracking [14], model following [15], and state
observation [16].

Although extensively studied in numerous research papers [ 17, 18], survey articles [19], and
books [20, 21, 22], SMC continues to be an active area of both theoretical investigation and
practical application. The primary objective of this chapter is to introduce foundational concepts
of sliding mode control, including attractivity, equivalent control, and sliding mode dynamics,
supported by illustrative examples and applications[23].

At its core, sliding mode control is a direct consequence of employing discontinuous control
strategies. During the early 1960s, discontinuous controlparticularly in the form of bang-bang
controlwas a prominent topic among mechanical and control engineers. Notable early
contributions include the work of Hamel [24] in France and that of Cypkin [25] and Emelyanov
[26] in the former USSR, who rigorously addressed the oscillatory behavior inherent in bang-
bang control systems. Initially, these phenomena were viewed as undesirable and efforts were
focused on analyzing and mitigating them. However, this perspective soon evolved toward
synthesis approaches, particularly in the areas of time-optimal control, system linearization, and

robustness enhancement.

In time-optimal control, the emergence of discontinuities in the control signal at specific time
instants was the outcome of solving variational problems. In contrast, the second approachof
greater relevance to SMCrelied on deliberately introducing discontinuities into the control law.
The frequency of switching in these control systems varied depending on the specific control
objective, such as system linearization. A notable early example includes the use of oscillating
aerodynamic spoilers in the 1960s to control aircraft lift. These developments also led to the
design of nonlinear corrective networks capable of overcoming classical limitations imposed by
Bode's gain-phase trade-off, thereby enabling the realization of sliding modes.

Interestingly, although the motivations and objectives of these early approaches differed, they
ultimately converged in their methodologies and theoretical underpinnings. The formal concept

of sliding mode control emerged during the early 1960s in the context of designing robust control
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lawswell before the term robustness became widespread. In military aviation, control engineers
sought control strategies that were inherently insensitive to system parameter variations. Classical
linear networks of the time failed to provide sufficient compensation, particularly because high
gain designsneeded for insensitivitywere constrained by Bode's gain-phase relationship, which
couples and opposes amplitude and phase performance.

In 1962, building on a proposal by B. Hamel, research efforts began focusing on nonlinear
compensators designed to surpass these constraints. These compensators typically acted on the

error signal x of the feedback system and were defined by expressions such as:
u = |F1(x,x,...)| -sgn(FZ(x,x,...)) (1.1)
where denotes the absolute value, and F1, F2 are appropriately chosen linear filters. As a result,

the control output was discontinuous, but modulated by a function of the system state and its

derivatives. A simplified version of this can be

expressed as:
u = —|x| -sgn(x + kx) (1.2)
1.2 Introduction:

Sliding Mode Control (SMC) is recognized as an effective approach for addressing complex
control challenges in nonlinear and uncertain systems. The primary advantages of SMC include
its robustness to parameter variations and external disturbances, finite-time convergence
properties, and relatively straightforward implementation.

The core principle of sliding mode control involves directing the system trajectories toward a
predefined region in the state space, known as the sliding surface, within a finite period. This
surface is characterized by its attractivity; once the system state reaches the sliding surface, it
becomes invariant to disturbances and uncertainties. Consequently, the behavior of the closed-
loop system is governed by the properties of the sliding surface itself.

The design process of a sliding mode controller is typically carried out in two distinct stages. The
first stage involves the formulation of the sliding surface based on the control objectives. This
surface is generally expressed as a differential equation related to the system's output. The second
stage entails the development of a discontinuous control law, which ensures that the system
trajectories not only reach the sliding surface in finite time but also remain confined to it despite

the presence of uncertainties and disturbances.
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1.3 Sliding Variable and Sliding Surface
In sliding mode control (SMC), the sliding variable and sliding surface are key components that
define the control strategy.
The sliding variable o(x, t) is a function of the system states and is used to define the sliding
surface:

S ={x|olkxt) = 0} (1.3)
When the system state reaches this surface, the behavior of the system is governed entirely by the
surface's definition,

allowing for robustness against disturbances and model uncertainties.

1.3.1 Example:
Consider a first-order system defined by:

X =u+ d(t) (1.3)
where x is the system state, u is the control input,and d(t) is a bounded external disturbance.
Define the tracking error as:

€ = X — Xpef (1.4)

where x_ref is the desired reference signal. The sliding variable can be defined as:
o =e=x—x_ref (1.5
The control objective is to drive o to zero in finite time, ensuring that the state x tracks the
reference x_ref.A suitable sliding mode control law is:
u = —K - sign(o) (1.6)
where K is a positive gain chosen large enough to
overcome the effect of disturbance d(t).
Under this control law, the sliding variable ¢ will converge to zero in finite time, leading

to:x = x_ref

This example demonstrates the robustness and simplicity of sliding mode control in handling

uncertain first-order systems.
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Sliding Surface in Phase Plane
S T T T T

— — = Sliding Surface: o = x, *+ 2x_l = O .
A
6 ~ —
L X -1.66667
a | Y 3.33333 i
.\

2 N —
N X 0.454545

o | N Y -0.909091

><C\l ‘.
> | ~ i
A
4 N —
~
~
-6 < —
~
-8 “ —
~
-10 ]
-a -2 o 2 a
X

Figurel:Sliding Variable and Sliding Surface |

I.4Dynamics of Sliding Mode Control:
1.1 [.4.1 Linear Systems (First-Order Linear System):
This section analyzes the behavior of linear systems under the application of Sliding Mode
Control (SMC) techniques. This type of control is known for its robustness and effectiveness in
maintaining system stability, especially in the presence of model uncertainties or external
disturbances.
Consider a first-order linear system described by the differential equation:
X =ax + bu (1.7)
where:
— x is the state variable,
— u is the control input,
— aand b are system parameters.
The sliding surface is defined as:
s(x) = cx
To ensure sliding mode occurs, the control input u must be designed to satisfy the reaching conditior
s = cx = clax + bu) < 0 whens # 0 (1.8)

A suitable control law is:



chapitre I Introduction An Overview of Classical Sliding Mode Control
u = —k = sign(s) (1.9

where k > 0 is the control gain.

Substituting into the expression for §:
§ = ca*x — cbk xsign(s) (1.10)
To fulfill the condition ss < 0, the product cbk must be large enough to dominate the term

ca *x X.

Once the system reaches the sliding surface (i.e., when s(x) = 0), the dynamics during the sliding
mode can be derived using the concept of equivalent control, which represents the average of the
discontinuous control input. Assuming § = 0, we obtain:

c(ax + bueq) = 0 »u_eq = —ca/cb*xx

Substituting u_eq back into the system equation yields:

X =axx +bxueq = x(a—bca/ch) = x(a—a) =0 (1.11)
1.4.2 Figure: Simulation of Sliding Mode Control:

The figure below illustrates the behavior of a first-order linear system under sliding mode control.
The system state x(t), sliding function s(t), and control signal u(t) are plotted over time. It is
observed that the state converges to the sliding surface and remains there, demonstrating ideal

sliding behavior.
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Figure2: Simulation of Sliding Mode Control
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Hence, the system remains stationary on the sliding surface, achieving ideal stability.

This demonstrates the effectiveness of sliding mode control in mitigating the effects of model

uncertainties and maintaining desired system performance even under varying conditions[27].

I.5 Nonlinear Systems in Sliding Mode Control:
Sliding Mode Control (SMC) is widely recognized for its robustness and effectiveness in
handling nonlinear systems. In the case of nonlinear systems, especially those affine in control,
the concept of sliding motion can still be applied, albeit with greater complexity compared to
linear systems.
Consider a general nonlinear system of the form:

dx/dt = f(x) + g(x)u(t) (1.12)
where x € R» is the state vector, u € R™ is the control input, and f(x), g(x) are smooth nonlinear
functions.
A sliding surface is defined as:

S={xeR: s(x) = 0}, (1.13)
where s(x) € R™ is a differentiable function. The goal is to design a control law u(t) such that the
system's trajectories reach and maintain the condition s(x) = 0. When in sliding mode, the
equivalent control ensures:

ds/dt = (0s/9x)(f(x) + g(x)u_eq) = O. (1.14)
1.5.1 Example:

Consider the nonlinear system:

dx/dt = —x° + u (1.15)
Define the sliding surface as:

s(x) = x (1.16)
Then, to maintain s(x) = 0, the sliding condition requires:

ds _ 3+u=0 1.17
- X u = (1.17)

Thus, the equivalent control is:
ueq = x* (1.18)
To ensure reachability and robustness, we use a discontinuous control law:

u = x*—k-sign(s(x)), (1.19)
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where k > 0.

This example illustrates how sliding mode control can be used to stabilize a first-order nonlinear
system. By ensuring that the control law forces the system state to the sliding surface and keeps it
there, robust performance can be achieved even in the presence of nonlinearities and

disturbances.

2System Response with Sliding Mode Control

N\
N\ System Trajectory
N |= = =Sliding Surface o0 =0
1} N\ i
\
\
~ \
< 0r N T
\
\
-1 F N\ J
\
N\
\
-2 L L L L L
-2 -1 0] 1 2
X4

Figure3: System Response with Sliding Mode Control
Figure: The plot showsthe trajectory of the state variable x(t) under sliding mode control. The
system converges to the sliding surface s(x) = 0, demonstrating stable behavior despite the

system nonlinearity

1.6 First-Order Sliding Mode Control Input Design:

To ensure that the system trajectories reach and evolve on the predefined sliding surface, a
control law must be designed that is robust against system uncertainties and disturbances. This
can be accomplished by employing Lyapunov-based methods.

Definition 1.1.3: A function V : R» — R is termed a candidate Lyapunov function if:

- V() = 0,-V(x) > 0, forallx € X\ {0} (1.20).

The sign of the time derivative V(x) provides insights into the system's stability. For the sliding

variable o, a typical Lyapunov candidate is:
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V(o) = (1/2) 07, (1.21)
which is clearly positive definite. For asymptotic stability, the derivative of V must be negative
definite:
V(o) = 00< 0 (1.22)

To ensure finite — time convergence, a stricter condition known as the n

— attractiveness condition is imposed, as proposed by Utkin [1992]:

oco'< —nlo|,n> 0 (1.23)

This implies:
V< —nV(2V) (1.24)

and thus, integrating yields:

V@V (1) —=V(2V(0)) < -nt (1.25)

from which we derive the finite reaching time:

lo(0)]
n

Acontrollawsatisfyingthisconditionwilldriveotozeroinfinitetime. Suchacontrol

tr < (1.26)

inputtakesthediscontinuousform:
u = —Ksign(o), (1.27)
where K is a gain chosen to ensure the n attractive condition is met. From the system

dynamics, the required gain must satisfy:

K = (la(x,t)| + 1)/ b(x,t) (1.28)

According to Assumption 1.1.2, if |a(x,t)] <a_M and b(x,t) > b_m, then a sufficient condition is:

K> (aM+n)/bm (1.29).

Thus, with a control input of the above form and an appropriately chosen gain, the system state is
guaranteed to reach the sliding surface in finite time and remain on it, ensuring robust

convergence of the tracking error.

10
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[.6.1 Example:

Consider a nonlinear system described by the following dynamics:

X1 = X2
X2 = —x1 +u + d(t)
y = x (1.30)

where d(t) is a bounded external disturbance, for example, d(t) = 0.5 sin(3t). The objective is to

design a control input u such that the system output y = X1 converges to zero in finite time.

Define the sliding variable:

o = x*+ c¢'x? (1.31)
where ¢i1 > 0. Then, the sliding surface is defined as ¢ = 0, and once on this surface, the system
dynamics reduce to:
= —clx! = x1(t) = x1(0)e 't (1.32)
which ensures exponential convergence to the origin.

The derivative of the sliding variable is:

6=x*+ c%l= —x'+ u + d(t) + c'x? (1.33)

Substituting 0 = x: + c:x:;, we can rewrite:
o= —x1+u+dt) + c(c—cx) = u + a(x,t) (1.34)
where (x,t) = —x' + d(t) + c'(oc — ctx?l) (1.35).
The control input is designed as:
u = —Ksign(o) (1.36)
To ensure finite — time convergence, choose K such that:
K = |a(x,t)| + n(1.37)
Assuming |d(t)| < d_max and |xi|, |o| bounded, then:
K>|-x'+ dl.x (6—c'xV)|+ 7 (1.38)
Choosing a sufficiently large K ensures finite — time convergence of ¢ = 0, and hence

x> 0

11
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5 Phase Plane: Convergence to Sliding Surface
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Figure 4: Phase trajectory showing convergence to the sliding surface under external disturbance.

1.7 Chattering Phenomenon:

The chattering phenomenon is a well-known issue in classical sliding mode control. Ideally,
sliding mode control relies on an infinitely fast switching control law to maintain the system state
on the sliding surface. However, in real-world applications, infinite switching frequency is
unattainable due to hardware and physical limitations. As a result, the control signal alternates
rapidly but within a finite frequency, causing a high-frequency oscillation around the sliding

surface known as chattering.

Chattering is undesirable for several reasons. It can cause wear and tear in mechanical systems,
generate heat losses in power electronics, and reduce overall control precision. The phenomenon
is primarily attributed to two factors: unmodeled fast system dynamics and the use of digital
control implementations with finite sampling intervals[28].

To mitigate chattering, several techniques have been developed. A common approach is to
approximate the discontinuous sign function near the sliding surface with a continuous function.
For instance, the sign function can be replaced by a saturation function within a boundary layer
defined by +6. In this case, the control law provides a smooth transition through the sliding
surface, producing what is known as a "pseudo-sliding mode" [Burton and Zinober, 1986; Yu and

Potts, 1992].

12
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Three commonly used smooth approximations are:

1. Saturation Function:

sat(o,6) = sign(o),if|o| > &; otherwise,c —§ (1.39)

2. Arctangent Function:

v(o,6) = (%) * arctan (a—é‘) (1.40)

3. Hyperbolic Tangent Function:

v(o,8) = tanh(o /6) (1.41)

Although these continuous functions effectively reduce chattering, they may also degrade the
robustness of the controller by creating a trade-off between precision and smoothness.
Alternatively, high-order sliding mode controllers have been proposed to attenuate chattering by
acting on higher-order derivatives of the sliding variable, thus preserving the robustness of

sliding mode control while offering a smoother control action.

1.8 Summary:

Sliding Mode Control (SMC) has proven to be a highly effective strategy for dealing with
complex control problems, especially in the presence of system nonlinearities, modeling
uncertainties, and external disturbances. By enforcing system trajectories to converge to and
remain on a predefined sliding surface, SMC ensures robust performance and finite time
convergence two features that are particularly valuable in real-world control applications.

This chapter has provided a comprehensive overview of classical SMC, beginning with its
theoretical foundation and historical development. The analysis of both linear and nonlinear
systems under SMC has highlighted the technique's versatility and efficacy. Moreover, the
discussion on the chattering phenomenon and its mitigation has illustrated the importance of

practical implementation considerations.

13
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1.9Conclusion:

SMC is a powerful, practical control method especially suited for nonlinear and uncertain
environments. Its core strength lies in its ability to maintain system performance despite
modeling imperfections, making it a preferred technique in many modern control applications.
Moreover, the inherent robustness of SMC allows it to effectively reject external disturbances
and parameter variations without the need for exact system models. This attribute is particularly
beneficial in systems where conventional linear control strategies fail to guarantee stability or
performance. As research continues to advance, variations such as higher-order and adaptive
sliding mode control are expanding the applicability of SMC to increasingly complex and high-

performance systems.

14
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I1.1.Introduction:

Nonlinear dynamic systems are inherently subject to parametric uncertainties, making their
precise modeling and control a complex task. These uncertainties often result from fluctuating
operational conditions and external disturbances, which impact the physical characteristics of
such systems. While the bounds of these uncertainties might be known in some cases, they may
remain undefined in others. Consequently, control system design must account for these

variations to ensure robust performance across diverse operational scenarios.

Sliding Mode Control (SMC) is a robust control methodology particularly effective for nonlinear
systems. It is distinguished by its robustness against parameter variations and external
disturbances. The fundamental principle of SMC involves applying a discontinuous control signal
that drives the system states toward a predefined sliding manifold in the state space. Once on this
manifold, the system dynamics are governed by a reduced-order system that is insensitive to
certain types of uncertainties [29,30,31].

Despite its advantages, SMC is often criticized for a phenomenon known as chattering—high-
frequency oscillations of finite amplitude around the sliding manifold. These oscillations are
problematic as they may excite unmodeled dynamics, leading to system instability or degradation
in performance [32]

To mitigate the chattering issue, Higher Order Sliding Mode Control (HOSMC) has been
introduced. Unlike conventional SMC, HOSMC applies the discontinuous control to higher
derivatives of the sliding variable. This ensures not only the convergence of the sliding variable
to the origin but also the convergence of its higher-order derivatives. Since the control input is no

longer directly discontinuous, the chattering effect is substantially reduced [33].

This chapter provides an introductory overview of SMC and HOSMC concepts. Initially, the
basic theories and performance aspects of Sliding Mode Control are discussed. Subsequently, the
principles of HOSMC are introduced, accompanied by examples illustrating existing HOSMC
controllers, along with their respective benefits and limitations. The final section of the chapter
presents adaptive first-order and second-order SMC strategies, highlighting the advantages of
incorporating adaptability in sliding mode control schemes[34],[52].

15
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I1.2. Sliding Mode Control:

Sliding Mode Control (SMC) is a robust control strategy designed to compel the state variables
of a dynamic system to reach a predetermined manifold (or surface) within the state-space in
finite time and to remain on that surface thereafter. This manifold encapsulates a set of
relationships among the system's state variables and governs the desired behavior of the system.
Once the system's states reside on this manifold, its behavior becomes entirely determined by the

surface itself, rendering the system dynamics invariant to perturbations and uncertainties[35].
The design of an SMC controller typically involves two primary steps:

1. Manifold Design: A suitable manifold is defined based on the control objectives and the
desired dynamic and static properties of the closed-loop system.

2. Control Law Synthesis: A discontinuous control law is developed to ensure that the state
trajectories reach the manifold in finite time and persist on it, despite the presence of external
disturbances and modeling uncertainties.

Consider a nonlinear control-affine system represented in the Brunovsky canonical form as

follows:
561 == xZ )
Xy = P, ) + (x.t) + (x, )y, (2.1)
Yy = X,

where x € X C R» denotes the state vector within an open set X of R?, and u € U c R is the
control input defined in an open set U. The output y represents a measurable and smooth function

of the system states.

The nominal dynamics of the system are captured by the known function y(x, t), while ¢(x,t) and

v(x, t) are sufficiently smooth yet uncertain functions, defined for all x € X.

In terms of input-output representation, the system can be rewritten as:

yW = Y@ )+ oG t) + yG Dy, (2.2)
where ¥ = [y, 'y, ... y@]. It is assumed that y(x, t) and ¢(x, t) are bounded by positive constants

¥m, YM, and @, respectively, such that:

0 <yw<=y(xt) <ym, |p(t)] <¢ (2.3)
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Therefore, the system can be described by the following differential inclusion:

ymEVE D + [-¢,6] + [ymym]u (2.4)
Here, ¢ represents the bound on parameter uncertainties due to simplifications, unmodeled
dynamics, or external disturbances, while yn and ym denote the lower and upper bounds of the
control gain uncertainty, respectively.
I1.2.1 Design of Sliding Manifold and Controller:
Sliding Mode Control (SMC) involves designing a sliding manifold that guides the system states
to follow desired behavior despite uncertainties and external perturbations. Let s(x, t): X X R —
R be a smooth, measurable output-feedback function, known as the sliding variable. The control
objective is to force this sliding variable to zero. The set

S = {x € X|s(x,t) = 0} (2.5)

defines an (n—1)-dimensional submanifold of the state-space X, referred to as the sliding surface.
Definition I1.2.1:There exists an ideal sliding regime on S if there exists a finite time Ts such that
all trajectories of System (1.1) satisfy s(x, t) = 0 for all t > Ts. Once the system reaches the
surface S, its dynamics reduce to a lower-dimensional system, known as the reduced system,

which is fully determined by the selected sliding surface.

For the system given in Equation (1.1), the control objective is to force the output y to track a
sufficiently smooth reference signal y ref. This implies driving the tracking error e =y - y ref to
zero. A common choice for the sliding surface is a linear combination of the tracking error and its
derivatives:
s(x,t) = e 4+ [ eG4 1% + 1%, (2.6)

where 1 1> 0 fori=0, ..., n—2 are constants such that the polynomial

PO) = 671+ [,_,07%+...+1'0 + I° 2.7)
is Hurwitz. After achieving the sliding regime, the reduced system is governed by the stable

differential equation:

e D4 e 4. plé+1le=0, (2.8)

ensuring exponential convergence of the tracking error to zero.
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I1.2.2 Controller Design:
The control input u should be formulated such that the state trajectories are driven to the sliding
surface S and remain on it, despite disturbances and uncertainties. The dynamics of the sliding

variable s(x, t) are expressed as:
n-2

5066 €Y + -5, + D yulu+ ) LD — 50 29)
i=0

To ensure that the system's trajectories are directed toward S, a condition known as the
attractivity condition must be fulfilled. This involves defining a Lyapunov function V(s), a
positive, continuously differentiable, radially-unbounded function that satisfies V(0) = 0 and
V() = . A typical choice is the quadratic function:
V(s) = (1/2)s? (2.10)
Its time derivative must satisfy:
V=s<0 (2.11)

For finite — time convergence, a stronger condition is applied, termed n — attractivity:

V=ss<-nls,n>0 (2.12)
This condition is met if the control law takes the form:
u = —Usign(s) (2.13),
where U is a sufficiently large constant designed to compensate for the uncertainties,

perturbations, and mismatches in the model. A suitable choice for U is:

1(
U>max| —

x€eX Ym

n-2
W(x, t) + Z e —y ™+ 5 + 77) . (2.14)
i=0

System Behavior Phases

1. Reaching Phase (t € [0, Ts]): During this period, the system state converges to the sliding

surface S.

2. Sliding Phase (t € [Ts, ]): Once on S, the system evolves along the surface, with dynamics

governed by the reduced system.

In an ideal SMC regime, the control law switches at an infinite frequency, which is not practical

due to inherent system delays. This leads to a phenomenon known as chattering, where the state
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oscillates around the sliding surface. To mitigate chattering, higher-order sliding mode control
techniques can be employed, which will be discussed in the subsequent section.

I1.3 Higher Order Sliding Mode Control (HOSMC)

Higher Order Sliding Mode Control (HOSMC) is a powerful technique used to mitigate the
adverse effects of chattering inherent in classical sliding mode control systems. Unlike
conventional Sliding Mode Control (SMC), HOSMC applies discontinuous control actions not
directly to the system input but to a higher-order derivative of the sliding variable. As a result,
both the sliding variable and its derivatives converge to zero, and the phenomenon of chattering
is substantially reduced [33].

11.3.1 Problem Formulation

Consider an uncertain nonlinear system described by the following equations:

{J’c(t) =f(x,t)+g(xthu
y(t) =s(x,t)

where x € R® represents the state vector, u € R is the control input, and s(x, t) is a smooth output-

(2.15)

feedback function. The functions f(x, t) and g(x, t) are uncertain yet smooth. The control
objective is framed in terms of the system’s relative degree, which is defined as follows.
Definition I1.3.1: The relative degree r of the system with respect to the output y(t) is the
minimum number of derivatives of y(t) required before the control input u explicitly appears.
Assuming that the relative degree r is constant, well-defined, and time-invariant, and that the

internal (zero) dynamics are asymptotically stable (Dinuzzo & Fererra, 2009),

we obtain:

YOO = Gx(®), ) + F(x (), Hu(®), (2.16)
where ¢ and y are smooth functions satisfying the bounds:

0<ym <7, t) <ym, P, OI<p (2.17)

Define s”(i) = d”iy / dt”"i. The higher-order sliding manifold of order r is given by:
SO ={xer™|s®=sB=..=50"D =0}, (2.18)

Definition I1.3.2: A higher-order sliding mode of order r exists if there exists a finite time T s

such that for all t > T s, the system trajectories lie on S”(r).
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To formalize this, letz = [z1Z2...z2_r]T = [s’s...s"(r — 1)]", transforming the problem into
the following system:

Zi =Zi+1,i = 1,"‘,7"— 1

. 2.19
B = () + ¥ (O 19
where ¢(t) € [—¢, ¢] and y(t) € [y_m,y M]. This yields the differential inclusion:
7" € 1, +ul,. (2.20)

The primary objective of HOSMC is to stabilize the system to the origin in finite time using discontinuous feec

U(z). Due to the discontinuity in u, the solution is understood in the Filippov sense .

Definition I1.3.3 [36]: At points of discontinuity, the right-hand side vector set is expanded to the
convex hull of all directional limits of velocity vectors approaching the discontinuity, excluding
Zero-measure sets.

A crucial notion is the Real Sliding Mode, defined by [10] as follows:

Definition 11.3.4 [37]: A control algorithm establishes a real sliding mode of order r if, for any

initial conditions and any time interval [ti, tz], there exist constants 01,..0 _r such that for all t > t::
Is| < Ay 18] S Ay, [sTD] < A, (2.21)

11.3.2 Examples of Second Order Sliding Mode Controllers:

Following the introduction of Higher Order Sliding Mode (HOSM) control, this section explores

several well-known Second Order Sliding Mode (SOSM) control algorithms. These include the

supertwisting, twisting, and sub-optimal algorithms. In SOSM control, both the sliding variable

and its first time derivative are required to converge to zero within a finite time horizon.

IT .3.2.1 Supertwisting Algorithm [38, 39]:

The Supertwisting algorithm is a continuous SOSM control strategy applicable to systems with

relative degree one. It assumes the boundedness of the time derivative of system perturbations.

Specifically, for a system defined by Z; = ¢(t) + y(t)u, the condition || < ¢ must hold.

Letting ¢ = z2, the control objective is to stabilize the following differential inclusion:

Z1 € 7y "_' [me Yulu,
Z, € [ ¢, ¢].

The Supertwisting control law is given by:

(2.22)
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1 t
u = —Kplzll{E}sign(zl) — f k; sign(z,)dt, (2.23)
0
where K, and K are positive gains determined as follows:

K, = kyVL,K; = k;L

& (2.24)
m

Structurally, this algorithm can be interpreted as a nonlinear finite-time analogue of the classical

PI controller.

IT .3.2.2 Twisting Algorithm [40]:

The Twisting algorithm is a discontinuous SOSM controller generally employed for systems with
relative degree two. The control action alternates between two values depending on the sign of

the product ziz>. From the differential inclusion:

Zl = Zz
. _ 2.25
{Zz € [-0,0] + [Ymyulu (223)
the control law is defined as:
_ _KmSign(Zl) if Z1Zy < 0,
B {—KMsign(zl) if 2,7z, >0, (2:26)
Alternatively, it can be expressed in a compact form as:
u = —lysign(Z,) — l,sign(Z,), (2.27)

subject to the constraints:

Yulli + 1) = >yM(L—L) + ¢,

Yu(lE = 12) > @. (2.28)
This control scheme is often regarded as a robust, nonlinear analogue of the conventional PD
controller.
11.3.2.3 Sub-optimal Algorithm [40]:

The Sub-optimal algorithm, like the Twisting controller, is a discontinuous SOSM strategy
designed for systems with relative degree two. Its formulation closely mirrors that of the Twisting

algorithm. The control input is given by:
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AT,
2

u = A(t)uysign <zl () —

1 if  z(t) =z (ty), (2.29)

A = {,1* itz (t) <z, (ta),
Here, t M denotes the most recent time at which z» = 0. For finite-time convergence, the gains
must satisfy:

3
A* € (0,1]N (o,ﬂ>
¢ 19 )
AV 3¥mAYu

(2.30)

Uy > max(

This algorithm is similarly interpreted as a robust, nonlinear version of the classical PD controller.
I1.3.3 Arbitrary Order Sliding Mode Controllers

In addition to Second Order Sliding Mode (SOSM) controllers, various High Order Sliding Mode
(HOSM) controllers have been developed to achieve sliding modes of arbitrary order. For
instance, Laghrouche et al. [41] introduced a two-component integral sliding mode control
method to separately address the problems of finite-time stabilization and uncertainty rejection.
Similarly, Dinuzzo et al. [42] approached the HOSM control problem as a Robust Fuller's
problem, offering a novel perspective. Another significant contribution is by Defoort et al. [43],
who proposed a robust Multi Input Multi Output (MIMO) HOSM controller using a constructive
algorithm based on geometric homogeneity to ensure finite-time stabilization of integrator chains.
Furthermore, Levant [44] designed a method for arbitrary-order sliding mode controllers tailored

for Single Input Single Output (SISO) systems, as elaborated in the following theorem.

Theorem 1.3.5: Let L1, ..., 1 {r—1}, M > 0 be chosen sufficiently large in sequence. Then, the
bounded controller u = —M sign(¢_{r—1}) ensures finite-time stability for System, where
¢_{r—1} is defined inductively as:

Ny = Iz,

Ny = (217 + |2 Y0 oo | V=D)L g (2.31)

o =2
$i = zip1 + iN;sign(gy_4), i = 2,7 =1

where d > r is an arbitrary positive constant.
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Despite the guaranteed finite-time convergence of this algorithm, the selection of parameters
1,12, lr — 1, and M remains challenging due to the absence of necessary or sufficient conditions
based on Lyapunov stability analysis.
11.3.3.1 Homogeneity:
The concept of homogeneity plays a crucial role in facilitating the design of finite-time
controllers by establishing an equivalence between local asymptotic convergence and global
finite-time convergence. Consider the time-invariant system:
X = f(2),f(0)=0 z€e R~
11.3.6 Definition [45]:
A family of dilations P_g, with &> 0, is defined on R as:

0E (21,0, 2) = (P12, ,€P72,), (2.32)
where p = (py, ..., pr) and p> 0 for all i=1,...,r.
Definition 11.3.7 [45]:

A vector field f(z) = [fi(z), ..., f(z)]" is homogeneous of degree K€ R with respect to {P_g if:
fi(eP1zy, -, €Prz,) = €T fi(z,++,2,),i = 1,-+,1,€ > 0. (2.33)
system (2.33) is termed homogeneous if its vector field f(z) satisfies this homogeneity condition.
Lemma I1.3.8 [46]: If f is homogeneous under the dilation family 6° & and the origin is an

attractive equilibrium, then it is also globally asymptotically stable.

Lemma 1 IT 3.9 [45]: If system (1.33) is homogeneous of degree k< 0 under 6° g, and f(z) is
continuous with z = 0 as an asymptotically stable equilibrium, then the equilibrium is globally
finite-time stable.

Remark I1.3.10:

The concept of homogeneity extends to differential inclusions of the form x € F(z). In this
context, finite-time convergence remains valid [48].

These lemmas confirm that for closed-loop systems designed with homogeneous controllers of
negative degree, establishing local asymptotic stability suffices to ensure global finite-time
stability. Many HOSM controllers, such as the super-twisting algorithm, exhibit homogeneity
with a degree of kx = —0.5 under the dilation family (1, 0.5). Other algorithms, including the

twisting and sub-optimal schemes, are also negatively homogeneous. Levant’s recent works [47,
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48] have reinforced the use of homogeneity in finite-time stabilization, further elaborated in

Chapter 3 of this thesis.
I1.4 Adaptive Sliding Mode Controllers
Sliding Mode Control (SMC) and Higher Order Sliding Mode Control (HOSMC) have been

widely recognized for their robustness in the presence of system uncertainties. However, a
common prerequisite for their implementation is the knowledge of bounded uncertainties within
the system. Determining these bounds can be practically infeasible as it often demands extensive
testing under worst-case conditions. In cases where such bounds exist but are unknown,
conventional approaches rely on conservative gain selection, which can introduce high control

amplitudes and consequently severe chattering, making them unsuitable for physical applications.

An effective alternative is adaptive sliding mode control (ASMC), where the control gains are
adjusted dynamically. This method ensures that the control effort remains sufficient to counteract
parametric variations and external disturbances without resorting to overly conservative gain
estimations. The pioneering work in this area was by Huang et al. [21], who proposed a gain
adaptation law for first-order SMC based solely on the sliding variable. Although this strategy did
not require prior knowledge of uncertainty bounds, it did not address the issue of gain
overestimation.

Subsequent research has proposed various improvements to ASMC, aiming for efficient
adaptation laws that maintain robustness while minimizing chattering. Among the notable

contributions are:

I1.4.1 Adaptive First Order Sliding Mode Controller [49]:
Designed for systems with relative degree one, this controller modifies the control gain based on
the deviation from the sliding manifold. The control law is given by:

u = K(t) sign(s), (2.34)
where the gain K(t) is adapted as follows:

K

_ {I?|s|sign(|s| —€) , K>O0orsign(s|—¢€)>0

0 , K =0andsign(|s]|—€)<0 (2.35)

where K is a positive constant. This controller guarantees finite-time convergence of the sliding
variable s to a domain |[s| <g, establishing a real sliding mode. However, the state trajectories may

overshoot and reside within a bounded neighborhood |s| < p [49].
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11.4.2 Adaptive Supertwisting Controller [50]:

This controller is based on the supertwisting algorithm, offering continuous control output:

t

u = —ky(t)|z:|"1/2}sign(z:) —f k; (t)sign(z:)dt (2.36)
0

The adaptation dynamics are:

V1 .
wl\g sign(|s| —€) ,Kp, > Ky
1 Ky < Ky, (2.37)

K, =

K; = 2aK,

with @1, y1, Ky, M, and a as positive constants. As in [23], this controller ensures convergence to
|s| <e but does not ensure invariance within this neighborhood, and p is not explicitly defined
[24].
[1.4.3 Adaptive Twisting Controller [51]:
Targeting systems with relative degree two, the control law is:

u = —K(t) (sign(z:) + 0.5 sign(zz)),

with adaptation law:

wq
sV —0) K2k,
o K=K
§ , K<K, (2.38)
defined by :
zi 7%

N(zy,2,) =;+?

The domain of convergence is defined by N(zi, }}

Remark 11.4.1:

A notable limitation across all adaptive SMC algorithms is that although real sliding mode is
achieved, reducing control gains may lead to abrupt system perturbations, causing the sliding
variable to depart from zero. Hence, convergence can be guaranteed only within a neighborhood

of the origin.
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II.5 Summary:

This chapter has provided a comprehensive examination of Sliding Mode Control (SMC) and
Higher Order Sliding Mode Control (HOSMC) as effective strategies for the robust control of
uncertain nonlinear systems. SMC was highlighted for its simplicity and strong robustness
properties, particularly its ability to force system trajectories to a sliding manifold, making the
system's behavior insensitive to matched uncertainties. However, the challenge of chattering was
identified as a critical limitation.

To address this, the chapter introduced HOSMC, which offers smoother control actions by acting
on higher derivatives of the sliding variable, thereby mitigating chattering without compromising
robustness. Several HOSMC strategies, including th supertwisting, twisting, and sub-optimal
algorithms, were explored in depth, each with specific design advantages and constraints.
Furthermore, the concept of homogeneity was presented as a theoretical foundation for ensuring

finite-time stability in the design of these controllers.

Lastly, the chapter addressed the limitations of fixed-gain SMC approaches and introduced
adaptive sliding mode control as a viable solution, particularly in scenarios where uncertainty
bounds are unknown. Adaptive strategies allow for dynamic gain adjustment, offering improved
performance with reduced chattering, though challenges remain in achieving high-order adaptive

schemes.

I1.6 Conclusion:

Sliding Mode Control (SMC) offers a robust approach for controlling nonlinear systems affected
by uncertainties. Despite its effectiveness, its main limitation lies in chattering, which can
degrade performance. To overcome this, Higher Order Sliding Mode Control (HOSMC) was
introduced, significantly reducing chattering by acting on higher-order derivatives. Furthermore,
adaptive versions of SMC and HOSMC provide flexibility by adjusting control gains in real-time,

enhancing performance without prior knowledge of uncertainty bounds.
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II1.1 Introduction:

Higher-order sliding mode (HOSM) control design is considered for systems with a known
constant relative degree. In this paper, we introduce the Robust Fuller’s Problem, a robust
generalization of the classical Fuller’s problem, which serves as a standard benchmark in optimal
control. Solving the Robust Fuller’s Problem enables the derivation of feedback laws that
correspond to generic-order HOSM algorithms, while also ensuring optimal finite-time
convergence to the sliding manifold.

A common challenge in applying existing HOSM algorithms lies in the tuning of design
parameters. Our methodology offers a systematic approach for parameter tuning to guarantee the
desired performance and prevent instability. The convergence and stability properties of the
proposed controller family are analyzed theoretically, and simulation results confirm their
effectiveness[54].

III.2 RELIMINARIESP

Consider a SISO dynamic system affine in the control vari- able

J z=a(z,t) + bz, Hu(b),
3.1

l y(@) = o(z,0),

Wherez € R™, ueR ,0 : R* xR — R is a sufficiently smooth output function. We refer to
system (3,1) as an uncertain system if the system order nand the functions f and g are
unknown[55]. Nevertheless, we assume that the relative degree of the system [56], [57] is
globally well-defined, uniform, time-invariant, and equal to r. The relative degree of the
nonlinear system (3,1) plays a crucial role in the subsequent analysis.For autonomous systemst,is
the minimum orderi of the time derivativesc® inwhich the control appears explicitly. For

suitable functions h(z,t)and g(z,t) , one has

yO(6) = h(z (), ) + g(2(0), Hu(®). (3.2)
Functions h(z(t),t) and g(z(t),t) are assumed to be bounded.More precisely, it is assumed that

there exist positive constants

C .k, kpysuch that
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—C < h(z(t),t) <C,
Let 0 < K, = g(z(t),t) < Ky. (3.3)
o®:= %y
The goal of any rth order sliding mode control is to attain andkeep the manifold
c®(z,t) =W (z,t) = =0T V(z,t) =0 (3.4)
in finite time. By introducing
o= (0(0),0(1), ...,a(r_l))T (3.5)
condition (3.4) can be rewritten aso = 0 .Since the only available information about h(z,t)and
gzt

are the bounds (3.3), the original dynamical system (3.1)implies the differential inclusion

01 -« 0 0
=lo o — 1/°F| o (3.6)
0 0 - 0 fi + fru

f1(t) € [=C,C), f2(¢t) € [Km, Ku], ae.

In the context of sliding mode control, we consider control inputs u defined by discontinuous
feedback lawsu = U(cg). The resulting system dynamics are modeled using differential
inclusions, interpreted in the Filippov sense—meaning that solutions are absolutely continuous
functions whose derivatives satisfy the inclusion almost everywhere. At points of discontinuity,
the right-hand side of the differential inclusion is replaced by the convex hull of all possible

limiting velocity vectors, excluding zero-measure directions [58], [59].

The design of higher-order sliding mode (HOSM) controllers can be reduced to the finite-time
stabilization of an auxiliary system—specifically, a chain of integrators—to the origin. Once the
origin is reached, the system is said to be in an r-th order sliding mode, where the order
corresponds to the number of derivatives (plus one) of the sliding variable driven to zero. This

auxiliary stabilization problem has been extensively studied in the literature [61], [62].

In this work, we focus on controller designs capable of robust finite-time stabilization in the

presence of bounded perturbations. All considered functions are defined on R+, and the control
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inputs are elements of Loo, the Banach space of essentially bounded functions, equipped with the
corresponding norm.[62]
The subsequent theorem pertains to a general class of optimal control problems, referred to as

Problem 1, which is formulated for an ideal (unperturbed) chain of integrators.

01 - 0 0

R : T

Z=\40 0 .. 1 Z+ 0 ,ZER 3.7)
0O 0 - 0 v

with bounded control||v]|., < 1. Let

cg=1¢=20i=2,..,71
T

L(z):= Z cilzi|r+1-,v > 0. (3.8)

i=1
Problem 1:
+o0

||yﬁi21 fo LE®)dt (3.9)

subject to (6) and z(0) = z,,.
In the following, the pair (v*,z*) denotes a generic optimal solution
(control, state trajectory).
Theorem 1: For all the initial conditionsz, € R” , Problem ladmits at least one optimal solution.
Proof: The proof of this Theorem can be found in [63]

There are two limiting cases for Problem 1. Forv — +o0 we

Obtain

r

min " cllz (Ol (3.10)
lv|los1

subject to (6), z(0) = z,. Forv — +0, it can be shown that the solution of Problem 1 converges
to the solution of the minimal time problem defined as
Problem 2:
T
min f 1dt
Ivlles1 J,
subject to (6),z(0) = zy, and z(T) = 0.

Problem 3 (Fuller’s Problem):

(3.11)
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+o0
[ z(t)|Vdt
||§nuirsllfo 210) (3.12)
subject to (6) and z(0) = z,.

Problem 4 (Robust Fuller’s Problem):
min max
[[ullo=a ”fl””ocsc

+00
f lc©@ )| at
Km<f2(O)<Kn

subject to (5) and a(0) = gy,

(3.13)

I11.3 Second Order Sliding Mode Algorithms:

Consider Problem 3 in a two dimensional state space. It canbe shown [64] that an optimal

feedback law with V > 0 is given by:

11
V(r,x) = —sgn(n + B0InGD, B0 E(33) (3.14)

Different values for the continuous function S(v)are tabulatedin [65] where it can be seen that

the curve B(v)is decreasing from 1/2 to 1/4 as vtends +ooto. Forv — +oo, we have
DINUZZO AND FERRARA: HIGHER ORDER SLIDING MODE CONTROLLERS

B(v) - 1, while for v > 0% (minimal time problem) theoptimal feedback law is given by

0, (x1,x2) € My
sen(x,), X1,X5) € M; \ M, 3.15
V(xg,x,) = — g (12) (g, x7) 1\ M ( )
sgn (xl + 5%z |, I), else

where
MO: = {(xl,xZ) € Rz:xl = x2 = 0}

1
Ml: = {(xl,xz) € Rz:xl +§x2|x2| = O}.

By Corollary 1, an optimal family of second order switching curves can be derived from the

solution to the Robust Fuller’s Problem (Problem 4):

)

11
i ﬂﬂ)ﬂﬂEhi (3.16)

U(o,6) = —asgn <a + -
Theorem 2 guarantees that the proposed control laws qualify as second-order sliding mode
algorithms. It is important to note that if the value of the derivative of the sliding variable is not
directly measurable, Levant’s exact differentiator [66] can be employed to estimate it in finite
time. Consequently, the proposed second-order sliding mode control law can be effectively

implemented using only measurements of the sliding variable itself.
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I11.4third-order sliding mode algorithm:

addresses the general Robust Fuller Problem, which, in this case v — 0%, leads to a highly
complex solution structure. Therefore, the analysis is limited to the specific case of minimal-time
control, representing the worst-case trajectory scenario. This approach aligns with the time-
optimal control strategy for third-order systems, as also discussed in [67]. While it is feasible to
extend the analysis to the general casev > 0 by adapting the methodologies presented in [68] and
[69], the minimal-time formulation is particularly significant. It not only establishes an upper
bound on the worst-case reaching time but also ensures finite-time stabilization of the associated

auxiliary system.
The solution to Problem 3 with v — 0% for a chain of threeintegrators is known since [70]. By
applying Corollary 1, the solution to the Robust Fuller Problem 4 withv — 0% in the third order

case 1s obtained.

Ug: = 0, [ S Mo
uq: = sgn(6), g€ M \M,
= — G2u
U(o) ¢ Uy: = sgn (c’r + 1), o€ M,\ M (3.17)
2a,
uz: = sgn(sg(o,d,0)), else
Where

a3 1 . 0%\? 66
s(0,0,0) =0+ -—=+uy|——=|uy0+ +—

302 2 |V, 20,) " @
and the manifolds M;, M,, M5 are defined by
My:={(0,6,6) € R* 0 =6 = ¢ = 0} (3.18)

a3 alal
My:={(0,6,6) ER* 0 ——=10,6 + =0
1 {(O’ g,0) o 6 g 2, }

M,:={(0,6,6) € R*:s(0,6,6) = 0}.

II1.5Generic Order Sliding Mode Algorithms

The methodology presented in the previous sections can be extended to develop a general rth
order Higher-Order Sliding Mode (HOSM) control algorithm with optimal reaching
properties.Solving the Robust Fuller Problem for v — 0%, an arbitrary order n requires the
determination of switching hypersurfaces associated with the standard time-optimal control. This

time-optimal control exhibits a nested structure similar to that described in equation (3.2).
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For practical implementation, it is typically sufficient to compute only the "outer" switching
surface. This can be achieved through a standard procedure involving the backward-time
integration of the system equations (3.6), with the control sign altered at specific time instants,
beginning from either +1 or —1. By parameterizing the state trajectory with these switching
instants, two systems of polynomial equations emerge: one corresponding to the control sequence
(+1,—-1,+1,...), and the other to (—1,+1,—1,...)

If the system state does not lie exactly on the switching surface, only one of these systems will
yield a solution that satisfies the required conditions t; < 0 ,i = 0 for all i1i. Determining which
system has a solution within the real negative orthant enables the identification of the correct sign
for the optimal control input.

By applying an appropriate change of variables outlined in the Appendix it is shown that the
solution to the Robust Fuller Problem for v — 0* order nnn leads to the formulation of a

corresponding rth order HOSM algorithm.
U(o) = a(-1)"1U (o) (3.19)
where U € {—1, +1}is such that the system of equation and inequalities

—i !
U(r i+ 1)! 5=

-
ZI—i+1 42 Z (_1)n+1Z77;—i+1 —
~ ar (3.20)

i=1,..,r
71 <<z <0

The complexity of the switching surface increases rapidly with the system order nnn. An
intriguing research direction is to explore whether exact tests for identifying the switching
hypersurface can be developed using recent advancements in computational algebra [71]. As an
alternative, numerical techniques may be utilized to verify the existence of solutions to equations
(3.20). However, the development of efficient methods—either numerical or algebraic—for

addressing this problem remains an open and unresolved challenge.
II1.6 System Model:

The benchmark system is a nonholonomic car motion planning problem, described by the

following dynamics:
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( X =vcosq,
y = vsing,
Y '
@ = Ytané?, (3.21)
0 =u,
\
Variables:

x,y : Coordinates of the vehicle.
@ : Heading angle of the vehicle.

0 : Steering angle.
u: Control input.

v=10m/s, £=5 , mv=10m/s, £=5m : Constants.

v

FigureS: Kinematic car model.
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I11.6.1 the Sliding Variable Definition:
The objective of the system is to follow the desired path:

y = 10sin(x/20) + 5 (3.22)
Accordingly, the sliding variable is defined as:

o=y—yref =y —10sin(20x) — 5 (3.23)

The purpose of the control is to drive 6—0 in finite time.

I11.7 Relative Degree Analysis
The relative degree is defined as the number of time derivatives required for the sliding

variable oo to explicitly depend on the control input uu. We begin by computing the derivatives

of o:

II1.7.1First derivative:

1

o' =v| sinp — (3.24)

2cos (%) cosQ

This equation represents the rate of change of the sliding variable $\sigma$ with respect to time.
It depends on:

v:The vehicle speed.

¢:The heading angle.

x:The horizontal position.
For small angles (¢=0):
*sing = @

*cosp =1

* cos(20x) can be considered approximately constant if x is small.

I11.7.2. Second Derivative Equation:

v? 1 l x
0" =—|tan@| cosp + p +—sin (—) cos (pz (3.25)
L 2cos (5) sing 40 20
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his equation represents the acceleration (i.e., the second derivative of 6o).
It depends on:

The steering angle ¢,
The wheelbase length [.

For small angles (i.e., =0, ¢=0):
tan ¢ = @,
sin @ = @,
cosp = 1.

I11.7.3. Third Derivative Equation
2

o=u—" sec2 O(cos @

+ %cos (Zx_O) sin @)

3

v 5 .
+ l—ztan 0(—sing

3 3

+2cos () sin (25) cos g sin p(2 tan 8 + 1) + o cos (55 ) cos 2
2COS 20 COS(p) 401511’1 20 COS @ sIn @ an 20COS 20 CoS

I11.7.4Feasibility Condition:

ar=aKm—-C>0

ar=aKm—-C>0

Where:

Km=5(minimum system gain),
C=90(maximum disturbance bound).

For the control to be stable, the following condition must be satisfied:
a>CKkm=a>18

a>KmC=a>18

In the simulation, a value of 0=20 was selected to ensure system stability.
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I11.7.5. Controller Comparison:
(a) Levant Controller (U7 (0)):

1
U (0) = —asgn[d + B,(|6° + o2)3

X sgn (c’r + ﬁ1|a|§sgn(0))] (327

(b) Quasi-Continuous Controller (Ugc (0)):

G+m0ﬂ+me§j@+mw&mwn
Udc(0) = —a . (3.28)

161+ 82 (101 + Bulol)’

(c) Optimal Reaching Controller (U3g (a)):

Usr(0) =

II1.8. Simulation results:

20

15

10

— = LQC
Reference

(6] 50 100 150 200

Figure6:Car trajectory.
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Sliding variable s

s' (derivative)

s" (2nd derivative)

5 10 15

) . 20
Figure7:Sliding variable
5F "\ 7
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Figure8:Sliding derivatives versus time [s].

37



chapitre 111 Higher Order Sliding Mode Controllers With Optimal Reaching.

Control Signals Comparison

200 [
OR Controller
......... L Controller
= = =|L.QC Controller
150 - |
=)
= 100 - |
| o
> I
w
5 |
€ 50l |
o
8 |
0
-50 : | I
5 s 10 15 20

Time [s]

Figure9:Comparison of Control Signals for High-Order Sliding Mode Controllers

II1.8.1Results discussion:

The results clearly demonstrate that the Optimal Reaching (OR) controller outperforms the other
two controllers. It significantly excels in terms of settling time and achieves accurate trajectory
tracking while producing smooth and efficient steering angles free from oscillations. An
important characteristic of the OR controller is that its convergence speed is not strongly

dependent on the maximum control amplitude.

In contrast, the LQC controller shows good performance in terms of smoothness and vibration
avoidance, but it is slower than the OR controller. Meanwhile, the L controller exhibits the

slowest response and may lead to undesirable oscillations.

II1.9 Conclusion:

Based on this comparison, the OR controller is considered the optimal choice for achieving high-
efficiency and dynamic control performance in this scenario, outperforming both the L and LQC
controllers in most key performance aspects.

In addition to its superior tracking capabilities, the OR controller demonstrates enhanced

robustness against disturbances and modeling uncertainties. It also exhibits faster convergence
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and reduced steady-state error compared to the other controllers. These advantages make it a
highly suitable solution for applications requiring precise and responsive control under varying

operating conditions.
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Conclusion générale

This paper has established a clear connection between the design of Higher Order Sliding Mode
(HOSM) controllers and optimal control theory by introducing and solving the Robust Fuller’s
Problem. By extending the classical Fuller’s problem to incorporate robustness with respect to
bounded uncertainties, the proposed framework enables the derivation of HOSM controllers of
arbitrary order that ensure finite-time convergence to the sliding manifold while satisfying
optimality criteria.

The developed approach provides several important advantages. Most notably, it offers a
systematic and theoretically grounded method for designing and tuning HOSM controllers
without relying on heuristic or trial-and-error procedures. The resulting control laws guarantee
not only robustness and finite-time stabilization of the auxiliary system but also allow for the
specification of reaching dynamics in an optimal manner. Furthermore, the approach unifies
several existing HOSM algorithms under a general framework, demonstrating its versatility and
coherence.

Special attention was given to the derivation of second- and third-order controllers, for which
explicit control laws and switching surfaces were obtained. These controllers were shown to
provide desirable properties such as reduced chattering, finite-time convergence, and simplicity
in parameter selection. In particular, the third-order controller designed using the Robust Fuller’s
formulation demonstrated superior performance in simulations, outperforming existing methods
in terms of convergence speed and robustness.

The theoretical contributions were validated through simulation results on a nonlinear benchmark
problem, confirming the effectiveness and practical relevance of the proposed methodology.
Overall, this work represents a significant step forward in the development of high-performance
HOSM controllers, combining robustness, optimality, and simplicity in a unified control design
framework.

Future research may explore the implementation of these controllers in real-time applications, the
extension to multi-variable systems with coupled dynamics, and the development of efficient

numerical methods for higher-order switching surface computation.
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Résume :
Ce mémoire traite de la conception des contréleurs en mode glissant d’ordre supérieur avec un
objectif d’atteinte optimale dans des systémes non lin€aires a degré relatif constant. Un nouveau
cadre théorique basé sur une généralisation robuste du probléme classique de Fuller est proposé,
permettant de dériver des lois de commande assurant une convergence en temps fini vers la
surface de glissement, tout en garantissant robustesse et stabilité. Cette approche offre une
méthode systématique pour le réglage des paramétres du contrdleur, évitant les ajustements
empiriques classiques. Des simulations numériques démontrent la supériorité des contrdleurs
développés, notamment en termes de rapidit¢ de convergence, réduction du chattering, et
résistance aux perturbations

Abstract :
This thesis addresses the design of Higher Order Sliding Mode (HOSM) controllers with optimal

reaching properties for nonlinear systems with known relative degree. A robust extension of the
classical Fuller’s problem—termed the Robust Fuller’s Problem—is introduced to derive control
laws that ensure finite-time convergence to the sliding manifold while maintaining robustness
against uncertainties. The proposed approach provides a systematic parameter tuning method and
unifies various existing HOSM algorithms within a generalized theoretical framework.
Simulation results validate the superior performance of the developed controllers in terms of

convergence speed, chattering reduction, and disturbance rejection.




